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Global view on isotopic effects in ro-vibrational spectra of six-atomic
molecules: case study of eleven ethylene species

Dominika Viglaska-Aflalo,∗a Michaël Rey,a Andrei Nikitin,b,c and Thibault Delahayed

In this work, we present a global view of the impact of isotopic substitutions on eleven ethylene isotopologues spectra obtained
from variational calculations using accurate ab initio potential energy and dipole moment surfaces. That may lead to some
important changes in molecular spectra due to symmetry breaking effects lowering the initial D2h symmetry of 12C2H4 (≡
12CH2

12CH2) to C2v,C2h or Cs. For the very first time, we report ab initio predictions for 12C2D4 (≡ 12CD2
12CD2) and three

Cs species : 12CHD13CH2, 13CHD12CH2 and 12C2HD3 (≡ 12CD2
12CHD). To this end, we have considered the normal-mode

approach based on our reduced Eckart-Watson Hamiltonian combined with ethylene ab initio surfaces. This work will contribute
to the complete theoretical studies of the deuterated and 13C-enriched ethylene isotopologues. A total of 1252 vibrational levels
is computed and all the corresponding transitions in the energy range ≤ 3100 cm−1 are predicted and compared to 151 bands
assigned from experimental spectra analyses.
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1 Introduction

Isotopic substitution may considerably affect the molecular properties related to absorption or emission of radiation. In the Born-
Oppenheimer approximation, an isotopic substitution does not alter the nuclear potential energy surface obtained by solving the
electronic Schrödinger equation on a grid of nuclear geometries. Only the nuclear kinetic energy operator is changed. Because of
symmetry breaking effects and different selection rules, some rovibrational structures in molecular spectra may also substantially
change.
Hydrocarbon molecules are of particular importance due to their atmospheric, industrial, environmental and astrophysical appli-

cations1–3. Isotopically substituted molecules belonging to the family of small hydrocarbons were detected in several planetary
atmospheres4–13. Note that the isotopologues considered for compounds in the terrestrial atmosphere14 include D, T,13C and 14C.
Highly accurate and precise measurements of the isotopic composition of these molecules are now possible thanks to advances in
mass and infrared spectrometry provided either by experiments on spatial missions or by laboratory measurements. These latters
allow to determine accurately all isotopic ratios and are thus crucial for understanding the composition of different atmospheres
(e.g. Earth, Venus, Mars, Jupiter, Saturn, Uranus, and Titan). Moreover, they provide precious information about the evolution
of planets, their origin and the formation of our solar system15,16. For astrophysical applications, deuterated and 13C enriched
isotopologues are of particular importance because they allow to measure the D/H or 13C/12C ratio in the interstellar environ-
ment17. Consequently, its determination permits to explain the origin of several atmospheric compounds which themselves may
play an important role in determining the overall thermal and chemical balance of the atmosphere18,19. The measurements of
the observed fractionation issues from the chemical, physical and biological processes should be accomplished by theoretical,
fundamental studies which will contribute to a better interpretation, analysis and understanding in a variety of environmental
effects. Theoretical spectroscopy aims to provide accurate, reliable and complete theoretical line lists including a large amount
of molecules studied over wide temperature and/or wavenumber ranges.

Ethylene possesses a rich variety of isotopologues (see Tab. 1 for different nomenclatures used in the literature). By

Table 1 Different nomenclatures used in the literature for ethylene isotopologues

Usual notation Chemical formula
12C2H4

12CH2
12CH2

12C2H3D 12CHD12CH2
cis−12C2H2D2 cis−12CHD12CHD
trans−12C2H2D2 trans−12CHD12CHD
as−12C2H2D2

12CH2
12CD2

12C2HD3
12CD2

12CHD
12C2D4

12CD2
12CD2

12C13CH4
12CH2

13CH2
13C2H4

13CH2
13CH2

− 12CHD13CH2
− 13CHD12CH2

comparison with methane, the deuterated substitutions produce four species, namely CH3D, CH2D2, CHD3 and CD4 belonging
to three point groups20–26 (Td , C3v and C2v), while the 12C→ 13C substitution does not change symmetry. In case of ethylene,
both H→ D and 12C→ 13C substitutions produce a large variety of species that may lower symmetry and consequently strongly
affect the overall molecular patterns.

The purpose of this paper is (i) to give an overview of the existing experimental and theoretical studies concerning ethy-
lene isotopologues, (ii) to highlight the consequences of the H→ D and/or 12C→ 13C substitutions on the reorganization of the
vibrational energy pattern and on the molecular spectra in ethylene molecule as well as (iii) to complete our previous studies27,28

by providing first variationally predicted intensities for four additional ethylene isotopologues : 12CHD13CH2, 13CHD12CH2,
12C2D4 and 12C2HD3. By considering our previously reported studies, a total of 11 isotopic species belonging to D2h, C2h, C2v
and Cs symmetry groups is now available and freely accessible via the TheoReTS information system29.
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2 Overview of the isotopic dependence and spectral density of bands for ethylene isotopologues

The most extended theoretical spectra predictions for the main ethylene isotopologue 12C2H4 using molecular PES30 and
DMS31 have been published in Ref.32 (see also Ref.33 as part of the Exomol project) and included in the TheoReTS information
system29. A detailed overview of all existing experimental band centers and line position analyses for 8 isotopologues were
provided in our previous works27,28 where the corresponding line lists were provided. For 13C2H4, 13C12CH4, 12C2H3D and
for the three bi-deuterated cis, trans, as−C2H2D2, rovibrational infrared spectra of these molecules were the subject of several
investigations these past few decades both at low and high resolution. The Fourier transform infrared (FTIR) spectrometers
permitted to record high-resolution spectra (with the uncertainty going up to 0.00096 cm−1) for many ethylene isotopic
species (see Refs.34–43). Because systematic “line-by-line” assignments remain quite tedious, the spectra of the minor ethylene
isotopologues are much less studied than those of 12C2H4. As a direct consequence, most of the line positions and line intensities
are clearly missing in available spectroscopic databases44–46. Fig. 1 shows a comparison between the observed (only 151
available) and our variationally predicted vibrational (1252 calculated energy levels) band centers for 11 isotopologues up to
3100 cm−1. For the very first time, we provide first-principles “global” calculations for 12CHD13CH2, 13CHD12CH2, 12C2HD3
and 12C2D4. To our knowledge, there are no published experimental measurements for 12CHD13CH2 and 13CHD12CH2. A
limited number of publications were devoted to the infrared spectra of 12C2HD3 and 12C2D4. The complete energy level
redistribution under H→ D substitution is clearly seen in the lower panel of Fig. 1. According to the type of substitution, the
density of states will differ significantly (e.g. 213 vibrational states for 12C2D4 against only 73 states for 12C2H4 in the same
spectral range 0−3100 cm−1).

12C2HD3: First measurements and assignments of the 12 fundamental vibrational modes of 12CD12
2 CHD were carried

out by Courtoy et al.47,48 in the 50s and later on by Duncan et al.49 at low resolution. In 1993, Duncan et al.50 extended their
work and assigned 33 vibrational transitions at a resolution of about 0.5 cm−1. Martin et al.51 have calculated the ab initio
fundamental frequencies using augmented coupled cluster methods. The first high-resolution infrared spectra of ν8 band was
carried out by Tan et al.52,53, initially at a resolution of 0.0063 cm−1, which was improved reaching up to a resolution of 0.00096
cm−1 using the high-resolution synchrotron FTIR spectroscopy34. Three rotational constants, a quartic centrifugal constants and
the value of the band center for the ν6 band were also determined. Recently, Ng et al.54 carried out the first analysis of 2ν8 and
its Coriolis interaction with the ν3 +ν4.

12C2D4: The first infrared spectra of some fundamental (ν1,ν5,ν7,ν9,ν11,ν12) and combination (ν2 + ν9,ν5 + ν11,ν1 + ν11)
bands of 12C2D4 were recorded and analyzed by Harper, Morrison, and Duncan55–59 at a resolution of 0.02 cm−1. A complete
analysis of the Coriolis interacting tetrad of four fundamental bands (ν4, ν7, ν10, ν12) was obtained by Mose et al.60 The Raman
spectrum of ν3 and ν6 bands were further investigated in Ref.61 The ro-vibrational analysis of the ν9, ν11 and ν12 bands were
carried out by Tan et al. at different resolutions (with uncertainty varying from 0.04 to 0.00096 cm−1, see Refs.62–65,65).

Table 2 Small sample of variationally predicted vibrational band centers (in cm−1) of as−12C2H2D2 based on the isotopic shifts from the
”mother” molecule 12C2H4 denoted by VIS1 and PMM 12C2H3D denoted by VIS2. The Hamiltonian model H(10−6) and F(10) basis set
were considered.

Band (Sym) VIS1 VIS2 Pred1 Pred2 Obs-Pred1 Obs-Pred2

ν10 (B3u) 141.36 47.55 684.57 684.59 0.07 0.05
ν8 (B3g) -3.53 0.12 943.39 943.39 0.03 0.03
ν7 (B2u) 198.28 55.85 750.49 750.63 0.08 -0.06
ν6 (B2g) 85.14 -16.25 1140.27 1141.52 1.99 0.75
ν12 (B1u) 59.10 17.15 1383.34 1383.61 0.60 0.33
ν2 (Ag) 40.57 19.51 1585.60 1585.99 0.45 0.06
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Table 3 Small sample of theoretically predicted vibrational band centers (in cm−1) of 12CHD13CH2 and 13CHD12CH2 based on the isotopic
shifts from the “mother” 12C2H4 molecule denoted by VIS1 and the PMM 12C2H3D denoted by VIS2 . The observed band centers are
completely lacking in the literature.

12CHD13CH2
13CHD12CH2

Band
(Sym)

VIS1 VIS2 Pred1 Pred2 VIS1 VIS2 Pred1 Pred2

ν10 (B3u) 93.972 0.171 731.954 731.974 95.720 1.918 730.207 730.226
ν8 (B3g) 5.125 8.768 934.735 934.735 -

2.953
0.690 942.813 942.813

ν7 (B2u) 142.669 0.236 806.102 806.237 150.246 7.813 798.525 798.659
ν4 (Au) 25.447 -

0.081
1000.142 1000.121 26.999 1.471 998.590 998.569

ν3 (Ag) 61.769 6.871 1281.771 1281.918 58.370 3.471 1285.170 1285.317
ν12 (B1u) 42.025 0.075 1400.418 1400.688 52.208 10.258 1390.235 1390.505

3 Generalized method of vibrational isotopic shifts applied to all ethylene isotopologues

3.1 Vibrational isotopic shift procedure

In spectroscopy, most of the studies are generally devoted to main isotopologue (the most abundant species) that will be denoted
as the “mother molecule” in the following. Contrary to the minor isotopic species, experimental and theoretical investigations
(determination of the band centers, assignments, etc.) are much more important for the mother molecules for which results are
regularly improved and updated in the well-known spectroscopic databases. However, the increasing number of experimental
studies devoted to ethylene isotopologues makes necessary to have accurate theoretical predictions. In turn, these latter could be
improved from experimentally-determined band centers using the VSS procedure66. So, in order to have access to a large amount
of experimental informations, we have generalized in this work our previously reported vibrational isotopic shifts (VIS) method
which was applied with success to methane24,25, phosphine67 and other ethylene isotopologues27,28. So far, the VIS method was
based on the propagation of information from the mother (major species, called IsoA) molecule to a daughter (minor species,
called IsoB) molecule. Typically, VIS was defined as the energy difference VIS=Calc(IsoA)-Calc(IsoB). Accurate knowledge
of this VIS will help assigning and modelling more easily unknown ethylene bands. From the VIS and the experimental band
centers of IsoA (if available), we can access to the “experimentally” lacking information for IsoB by applying the relation

Pred(IsoB)= Obs(IsoA)- VIS (1)

where Pred(IsoB) can be considered as an “empirical observed value” for IsoB. This method is quite general and could be applied,
in theory, to any isotopic substitution. However, for very pronounced isotopic changes due to one or more H→ D substitutions,
the determination of VIS may be less accurate. This can be simply explained by the fact that resonance interaction schemes for
IsoA and IsoB may differ making convergence of variational calculations quite different. To overcome this problem, we propose
to generalize the VIS method by considering, instead of IsoA, a molecular species IsoA’ for which (i) the vibrational pattern is
closer to that of IsoB and (ii) experimental data is available. We will denote IsoA’ as a “pseudo mother” molecule (PMM) in
the following. In this case, the isotopic vibrational shifts IsoA’ ↔ IsoB will be determined with better accuracy than for IsoA
↔ IsoB (see Fig. 2). By this procedure, we have thus much more possibilities for propagating information to ensure accurate
and consistent VIS. In turn, the same number of vibrational functions and a similar Hamiltonian model both for IsoA’ and IsoB
species have to be considered. In other words, variational calculations must be performed in the same point groups both for IsoA’
and IsoB. In this context, the substitution of four H atoms by D or 12C by 13C does not alter the initial D2h symmetry, while
partial H→ D and/or 12C→ 13C substitutions will lead to three possible ethylene symmetry configurations, namely C2h, C2v and
Cs. Here, all calculations have been carried out in the lowest Cs symmetry using the Hamiltonian model H(10−6) (see Refs.27,68

for the definition of the reduced model H(m− n)). To illustrate the method, Tab. 2 provides a small sample of variationally
predicted vibrational band centers (in cm−1) for as−12C2H2D2 (≡ IsoB) based on the isotopic shifts. Rather than using 12C2H4
(≡ IsoA), we preferred to consider 12C2H3D (≡ IsoA’) which is closer to as−12C2H2D2.

Table 2 corroborates the fact that starting from a PMM slightly improves accuracy of the predicted band centers for
as−C2H2D2 (see Obs-Pred1 and Obs-Pred2). Tab. 3 provides a small sample of vibrational band centers for12CHD13CH2
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Table 4 Theoretically predicted vibrational band centers (in cm−1) of 12C13CH4 based on the isotopic shifts considering as the ”mother”
molecule 12C2H4, 13C2H4 and 12C2H3D denoted respectively as 1,2,3. The Hamiltonian model H(10−6) and F(10) basis set were
considered.

Band (Sym) VIS1 VIS2 VIS3 Pred1 Pred2 Pred3 Obs-Pred1 Obs-Pred2 Obs-Pred3

ν10 (B3u) 0.52 -0.49 -93.28 825.407 825.405 825.426 -0.001 0.001 -0.020
ν8 (B3g) 7.66 -5.33 11.30 932.199 932.199 -0.004 -0.004
ν7 (B2u) 1.33 -3.67 -141.10 947.442 947.437 947.576 0.003 0.008 -0.131
ν4 (Au) -0.11 0.11 -25.63 1025.694 1025.698 1025.673 0.003 0.00004 0.024
ν6 (B2g) 8.76 -8.84 -92.63 1216.654 1217.903 -1.654 -2.903
ν3 (Ag) 6.66 -7.52 -48.24 1336.883 1337.030 -0.044 -0.192
ν12 (B1u) 3.09 -2.70 -38.86 1439.354 1439.355 1439.624 -0.008 -0.009 -0.278
ν2 (Ag) 19.91 -20.67 -1.15 1606.265 1606.654 -0.171 -0.559
2ν10 (Ag) 2.49 -1.69 -193.48 1659.710 0.196
ν8+ν10 (Au) 7.84 -6.13 -81.25 1758.825 1758.816
ν7+ν10 (B1g) 2.17 -3.84 -237.66 1778.837
ν4+ν10 (B3g) 0.46 -0.43 -119.00 1853.502
2ν8 (Ag) 15.54 -10.23 22.31 1865.358
ν7+ν8 (B1u) 8.31 -9.24 -130.94 1880.670 1880.665
ν4+ν8 (B3u) 7.68 -5.04 -12.62 1950.607 1950.618
ν4+ν7 (B2g) 1.05 -3.69 -159.74 1964.394
ν6+ν7 (Au) 9.78 -12.77 -236.31 2168.227
ν4+ν6 (B2u) 8.66 -8.69 -118.44 2244.146
ν3+ν7 (B2u) 8.10 -10.96 -187.35 2283.399
3ν10 (B3u) 3.02 -2.40 -298.16 2501.262
ν2+ν7 (B2u) 22.19 -24.56 -140.13 2549.585
ν7+2ν10 (B2u) 3.48 -4.511 -340.52 2619.373
ν2+ν4 (Au) 19.95 -20.43 -27.40 2624.880
2ν3 (Ag) 13.75 -15.53 -98.92 2671.552
ν11 (B1u) 7.89 -10.79 -707.25 2980.741 2980.393
ν1 (Ag) 5.74 -5.52 11.87 3016.114
ν5 (B2g) 8.44 -5.63 -12.66 3073.918
ν9 (B3u) 5.04 -5.90 -3.98 3099.830

and 13CHD12CH2 based on the isotopic shifts using the observed band centers from 12C2H4 and 12C2H3D. We do not provide
comparisons with observed band centers because they are completely lacking in the literature. In Tab. 4, the VIS method is
applied to the 13C12CH4 isotopologue. To this end, we have considered three PMMs, namely 12C2H4, 13C2H4 and 12C2H3D,
for which experimental data are available. VIS1, VIS2 and VIS3 correspond respectively to the three VIS obtained with respect
to 12C13CH4. We can clearly see that the precision of the corresponding Pred1 and Pred2 (see Eq. 1) is quite similar while
Pred3 leads to larger Obs-Pred3 errors. It proves that this method is not suited for isotopic species whose geometrical structure
considerably differs from the “mother” molecule. However, there are others factors to consider (assuming that all calculations
are well-converged) in order to make this method efficient: the accuracy of experimentally determined band centers, the quality
of the potential energy surface used in variational calculations, the vibrational states in strong resonance, etc. This last factor may
have a significant impact on the precision of the isotopic shift method. As an illustration, let us consider the band ν11 of 13C12CH4
(see Tab. 4) whose the first two terms in the eigenfunction decomposition are 0.794|v11 = 1〉+0.486|v2 = 1,v12 = 1〉+ · · · . The
resonance of the vibrational state |v11 = 1〉with |v2 = 1,v12 = 1〉makes the error between Pred1 and Pred2 more pronounced, that
is 0.35 cm−1 against 0.001-0.01 cm−1 for other vibrational “isolated” bands. Unless a specific treatment (e.g. use of effective
Hamiltonian), such accidental resonances are generally quite difficult to control for such 6-atomic systems and may have an
impact both on the convergence of the energy levels and on intensity borrowing. However, though less accurate, the isotopic
shifts remain quite relevant to refine band centers. In Tab. 5, we aim to provide the most accurate values for a sample of 25
band centers corresponding to 11 ethylene isotopologues resulting either from VIS (with symbols †, M or ∗), direct variational
calculations (denoted as V ) or from analyses (no symbol). The predicted band centers deduced from PMM are denoted by †,
those obtained from the mother molecule 12C2H4 are denoted by M while ”∗” means that the band centers have been obtained as
an average of different band centers deduced from very similar PMM. For example, the ν7 +ν8 band center was determined for
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Table 5 Vibrational band centers (in cm−1) for 11 ethylene isotopologues. The predicted band centers deduced from PMM are denoted by †,
those obtained from the mother molecule 12C2H4 by M and by ∗ the band centers obtained by as an average of different band centers deduced
from very similar PMM.

Band (Sym) 12C2H4
12C13CH4

13C2H4
12C13CH3D 13C12CH3D 12C2H3D cis trans as 12C2HD3

12C2D4

ν1 (Ag) 3021.855 3016.114† 3010.597M 3016.657M 3018.524M 3027.986M 2300.535 2284.854∗ 3017.12 2281.956∗ 2261.950V

ν2 (Ag) 1626.17 1606.095 1585.422† 1580.930† 1588.223† 1605.5 1571.202† 1571.075† 1586.051 1548.109† 1517.644V

ν3 (Ag) 1343.54 1336.838 1329.320† 1281.918† 1285.317† 1288.789 1218.136† 1285.171† 1030.07 1043.217∗ 984.864
ν4 (Au) 1025.589 1025.698 1025.804 1000.121† 998.569† 1000.039 980.364 987.753 890.397∗ 763.655∗ 729.958
ν5 (B2g) 3082.36 3073.918† 3068.292M 3057.304M 3050.764M 3061.254M 3054.735 3046.639† 2334.587† 2221.738† 2314.570V

ν6 (B2g) 1225.41 1216.654† 1207.816M 1116.737† 1120.613† 1125.277 1039.768 1003.891† 1142.27 998.917 1003.347†

ν7 (B2u) 948.77 947.445 943.763 806.237† 798.659† 806.473 842.210 724.755 750.568 724.087∗ 719.771
ν8 (B3g) 939.86 932.196 926.865† 934.735† 942.813† 943.5033 759.958 863.127∗ 943.413 918.733 778.458†

ν9 (B3u) 3104.872 3099.830† 3093.927M 3084.302M 3095.249M 3095.854M 3060.423 3065.2 3094.114 3048.673∗ 2341.837
ν10 (B3u) 825.93 825.406 824.915 731.974† 730.226† 732.144 662.872 673.535 684.642 628.991∗ 593.344
ν11 (B1u) 2988.631 2980.569∗ 2969.602 2269.733M 2259.989M 2273.492M 2252.80 2276.263∗ 2230.545 2331.578∗ 2200.980
ν12 (B1u) 1442.44 1439.346 1436.654 1400.688† 1390.505† 1400.763 1341.151 1298.038 1383.944 1288.552∗ 1076.985
ν8 +ν10 (Au) 1766.665 1758.821∗ 1752.684 1668.678M 1674.947M 1677.571M 1423.599† 1536.938 1629.900† 1548.786† 1372.407V

ν7 +ν8 (B1u) 1888.978 1880.668∗ 1871.428 1740.687M 1741.262M 1749.729M 1599.420 1586.162 1696.784∗ 1644.415∗ 1496.289V

ν6+ν10(B1u) 2047.776 2038.524† 2029.223M 1846.120M 1848.491M 1855.040M 1697.576† 1674.595 1823.516† 1626.213† 1593.157V

ν6 +ν7 (Au) 2178.011 2168.227† 2155.461M 1923.214M 1919.548M 1931.915M 1880.507† 1727.177 1892.537† 1722.063† 1723.205V

ν4 +ν8 (B3u) 1958.282 1950.613∗ 1945.575 1929.367M 1935.761M 1937.989M 1740.306† 1845.987 1826.665† 1681.918† 1505.009V

ν3 +ν7 (B2u) 2291.5 2283.399† 2272.436M 2088.829M 2084.681M 2096.053M 2062.113M 2010.745M 1780.756M 1768.333V 1704.188V

2ν10 (Ag) 1662.2 1659.906 1658.221† 1465.573M 1462.12M 1466.229M 1330.636 1352.039∗ 1371.493 1260.810∗ 1191.218V

ν4 +ν7 (B2g) 1965.44 1964.394† 1960.701M 1804.449M 1795.286M 1804.654M 1816.358 1713.456† 1635.073† 1484.895† 1445.637V

ν6 +ν8 (B1g) 2169.946V 2153.516V 2139.663V 2053.900V 2065.905V 2071.181V 1798.060 1864.250† 2085.815† 1914.788† 1783.141V

ν2 +ν7 (B2u) 2571.77 2549.585† 2525.024M 2384.839M 2384.620M 2409.457M 2410.532M 2294.140M 2335.448M 2269.676† 2235.425
2ν4 (Ag) 2047.759 2047.959† 2048.162M 1994.178M 1991.296M 1994.162M 1954.760M 1964.924M 1778.248M 1524.161V 1458.230V

ν4+ν10(B3g) 1853.96 1853.502† 1853.075M 1734.392M 1731.086M 1734.500M 1644.11M 1663.781M 1576.889M 1393.674V 1324.372V

2ν7 (Ag) 1899.75 1896.991† 1889.805M 1610.146M 1595.459M 1610.587M 1685.499† 1446.364† 1499.410 1444.812† 1440.126V

12C13CH4 by an average of 1880.67015 cm−1 obtained from the mother molecule 12C2H4 and 1880.66512 cm−1 when 13C2H4
was considered.

3.2 Correspondence between vibrational levels

The key point of the VIS approach is to properly link vibrational levels between different species. In other words, we have to be
able to predict the evolution of the state A (or A’) toward another state B. In general, such connection is not direct, in particular
in presence of strong resonances or/and due to important changes of mass. Instead of considering drastic changes between IsoA
(or IsoA’) and IsoB, a way to proceed is to vary the masses almost continuously. In other words, variational calculations have
to be performed on the grid mA,mA + δ ,mA + 2δ , · · · ,mB with δ << mA and mB. As a simple illustration, Fig. 3 shows the
evolution of the harmonic frequencies for five ethylene isotopologues from quasi-continuous H→ D substitutions from 12C2H4
to 12C2D4. Each point on this figure corresponds to an intermediate mass m′ between mA and mB. Note that we have used the
following atomic masses mH = 1.0078250321 a.u., mD = 2.0141017780 a.u., m12C = 12 a.u. and 18 intermediate masses have
been considered. As depicted in this figure, all the correspondences are now clearly established, even for brutal changes (see e.g.
w1 and w11). In Tab. 6 we provide harmonic frequencies for 5 ethylene isotopologues corresponding to the full line of Fig. 3.

4 Computational models for energy level and intensity calculations

Following our previous works24,28,69 a reduced form of the Watson-Eckart Hamiltonian in normal coordinates was employed70.
This Hamiltonian was initially Taylor-expanded up to order n = 10 and then reduced at order m = 6 resulting in the H(10−6)
Hamiltonian model for all ethylene isotopologues. The total number of Hamiltonian operators was only 10882 for the D2h
species 12C2D4 against ≈ 107 000 operators for the Cs isotopologues. Vibrational calculations were performed using the cut-off
criterion as follows: Fki (vmax)⇔ ∑kivi ≤ vmax where ki (i = 1, · · · ,12) stand for weight coefficients and vi = 0, · · · ,vmax. The
weight coefficients were chosen to select 7, 8 and 10 basis functions for the stretching, bending and torsional modes for all 3 Cs
isotopologues (12CHD13CH2, 13CHD12CH2 and 12C2HD3). For the D2h isotopologue (12C2D4), the ki coefficients were chosen
to select 9 functions for stretching and 11 for bending and torsional modes. To ensure that the memory necessary to store the A′

and A′′ blocks for diagonalization does not exceed 100 Gb, the rovibrational calculations were splitted for Cs isotopologues in
two parts : for 1< J < 18, calculations were carried out using the F(10−6) basis and for 19 < J < 30 the F(10−5) basis was
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Table 6 Calculated harmonic frequencies of 12C2H4, 12C2H3D, cis−12C2H2D2, 12C2HD3 and 12C2D4. S. and A. stand for “symmetric” and
“antisymmetric”. All values are given in cm−1.

(Sym = D2h) Description† 12C2H4
12C2H3D cis−12C2H2D2

12C2HD3
12C2D4

ω1 (Ag) S. CH stretch 3159.355 3151.307 2374.690 2363.201 2335.502
ω2 (Ag) CC stretch 1673.811 1644.751 1606.808 1579.701 1548.922
ω3 (Ag) S. HCH bend 1370.120 1313.760 1241.048 1061.270 1002.208
ω4 (Au) H2C–CH2 torsion 1051.450 1023.745 1000.678 936.929 743.773
ω5 (B2g) trans CH stretch 3225.390 3196.283 3187.506 2413.807 2405.222
ω6 (B2g) A. HCH wag 1247.904 1142.722 1054.883 1013.049 1015.796
ω7 (B2u) S. out of plane bend 965.646 959.993 856.174 735.592 730.475
ω8 (B3g) A. out of plane bend 955.743 819.426 772.233 775.525 789.438
ω9 (B3u) cis CH stretch 3251.893 3240.999 3208.553 3198.196 2421.509
ω10 (B3u) S. HCH wag 828.462 734.663 665.524 631.043 595.336
ω11 (B1u) A. CH stretch 3144.151 2355.270 2335.535 2294.605 2270.347
ω12 (B1u) A. HCH bend 1479.819 1433.755 1370.139 1313.772 1096.628
† Types of vibrations for 12C2H4. According to the bond length involved in the vibration, they will change for each isotopologue.

considered. To ensure good convergence of ro-vibrational levels and partition function for 12C2D4, ro-vibrational calculations
were carried out up to J = 35 using the F(11−6) basis set. The total internal partition function at a given temperature is given by

Q(T ) = ∑
v,J
(2J+1)gCe−c2EvJ/T , (2)

where EvJ are our variationally-computed energy levels, c2 corresponds to the factor hc/k = 1.4388 cm·K with k the Boltzman
constant and gC are the nuclear spin statistical weights. For 12C2D4, we have obtained gA = 27 (A ≡ Ag,Au) and gB = 18
(B≡B1g,B2g,B3g,B1u,B2u,B3u). Concerning 12C2HD3 and 12CHD13CH2/ 13CHD12CH2 we have determined, respectively, gA′ =
gA” = 54 and gA′ = gA” = 48. For Cs isotopologues, we have obtained Q(296 K) =163 855.9 for 12C13CH3D, Q(296 K)= 163
252.5 for 13C12CH3D and Q(296 K) = 262 884.9 for 12C2HD3 up to J = 30. After a simple convergence test (error between
QJ=30 and QJ=29), we have estimated that the error on Q does not exceed 1.0% at 296 K. For 12C2D4, we have obtained Q(296
K) = 120 985.2 with an error estimated at ≈ 0.5%. The two quantities (Q, gC) are necessary for the computation of the infrared
line intensities given in cm−1/(cm−2 molecule−1) ≡ cm/molecule

Si f =
8π310−36

3hcQ(T )
gCνi f e−c2Ei/T (1− e−c2νi f /T )Ri f , (3)

where Ei is the lower state energy. The νi f is the rovibrational transition wavenumber (in cm−1), Ri f is the line strength (square
of the absolute value of the ro-vibrational matrix elements of the dipole moment). The probability of a transition i← f is given
by the square of the transition-moment matrix elements by summing over all magnetic sublevels of both initial and final states

Rθ
i f ≡ ∑

Mi,M f

| 〈Ψ(Ji,Ci)
vi,Mi

| µL
θ |Ψ

(J f ,C f )
v f ,M f

〉 |2, (4)

where θ = X ,Y,Z are the space-fixed electronic dipole moment components. Due to the isotropy of space, only the Z component
is necessary such that Ri f = RX

i f +RY
i f +RZ

i f ≡ 3RZ
i f . In that case, we write

µ
L
Z = ∑

α

λZα µ
M
α , (5)

where λZα are the direction cosines71–73 and µM
α are the ab initio molecule-fixed dipole moment components (α = x,y,z).

For matrix element calculations, it is computationally advantageous to consider the spherical tensor formalism and Wigner D-
functions (see e.g.72). Here, we have considered the 12D ethylene DMS reported by Delahaye et al. in Ref.31 which was
originally expressed in symmetry-adapted D2h normal coordinates. The normal mode VQZ 4th order ethylene DMS µα (q)
(α = x,y,z) has been rewritten in terms of the q′i(Iso) coordinates and expanded to third order without any refitting procedures
using the nonlinear transformation given in Refs.25,26,67. The symmetry branching rules are deduced in a straightforward manner
from (µ

(B3u)
x ,µ

(B2u)
y ,µ

(B1u)
z )D2h using the correlation table: (B3u)→ A′ , (B2u)→ A′′ and (B1u)→ A′.
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5 Ab initio rovibrational intensity predictions and comparison with observed spectra

For the first time, accurate theoretical line positions and line intensities are computed for 12CHD13CH2, 13CHD12CH2 , 12C2HD3
and 12C2D4 ethylene isotopologues in the range [0−4500 cm−1]. The corresponding line lists are summarized in Fig. 4 where
the main 12C2H4 isotopologue has been added (top panel). We clearly see in this figure the impact of the successive isotopic
substitutions on the global shape of the spectra with a reorganization of the vibrational bands and polyad structure. In Tabs. 7,
8,9, 10, we provide a sample of theoretical line intensities and Einstein coefficients A for the strongest transitions. The best way
to validate quality and accuracy of our variational predictions is to make direct comparisons with experiment, when available,
except for 12CHD13CH2 and 13CHD12CH2 whose spectra have not been yet measured. As expected and as confirmed in Fig. 4,
the shape of the spectrum of these two species is quite similar to that of 12C2H3D27. Fig. 5 gives comparisons of transmittance
spectra between 12C2H3D, 12CHD13CH2 and 13CHD12CH2. We note that the vibrational isotopic displacement with respect to
12C2H3D is more pronounced for 13CHD12CH2. For 3− d ethylene, we show in Fig. 6 a very good agreement between the
simulated spectrum ad the experiment53 in the region of the ν8 band. Recently, the 2ν8 of 12C2HD3 band was analysed by Ng
et al.54. Figs. 7 and 8 display two comparisons between variational-predicted and experimental spectra54 and show the good
qualitative agreement. The ν12 and ν9 bands of 12C2D4 were analysed by Tan et al. in Refs.62,64,74 The survey spectrum of
ν12 band obtained by our variational calculations is given in Fig. 9 (left) and compared to the experimental spectrum on the
right-hand side. The detailed portion of the P branch is plotted in Fig. 10 where the corresponding experimental spectrum is
taken from Ref.74 The large spectral range involving the Q branch of the ν12 band and located around 1078 cm−1 is shown in Fig.
11 (see also Fig. 12 for a detailed portion). The R branch region portion is displayed in Fig. 13 and compared to the experimental
spectrum taken from Ref.64 Once again, we note a good agreement between theory and experiment. Finally, the detailed portions
of the ν9 band are given in Figs. 14 and 15 where comparisons with experiment show a qualitative good agreement.

6 Conclusion

This paper gives a general insight of rotationally resolved spectra for eleven ethylene isotopic species obtained from accurate
global variational calculations. In this work, we have completed our previous studies with four additional species − 12C2HD3,
12C2D4, 12CHD13CH2 and 13CHD12CH2 − for which the first two molecules contributed to the derivation of the full chain of
successive H→ D substitutions (in total, 6 different deuterated ethylene species were considered). To make calculations tractable
for such 6-atomic systems, we have applied all our previous techniques (reduction/compression, nonlinear transformations be-
tween normal coordinates) and built our normal mode reduced models and basis-sets. The study of the most abundant 13C
enriched ethylene species was the topic of our previous paper27. Here, we give the first theoretical predictions for the 13C and
D enriched isotopologues 12CHD13CH2, 13CHD12CH2 for which no experimental data is available. All calculated line positions
and intensities will be included in the freely accessible TheoReTS database29. In order to predict accurately unpublished vibra-
tional band centers, we have proposed a general method based on the propagation of information between a ”pseudo” mother and
a ”daughter” molecule. This generalizes the vibrational isotopic shift method reported elsewhere24,25,28,67. To properly make
correspondence between vibrational states of different species, we have also introduced intermediate masses in the variational
calculations.
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Table 9 Selected strong transitions for 12CHD13CH2 computed at T = 296 K. A is the Einstein coefficient (in 1/s) and Elow is the lower state
energy.”l” and ”u” stand for lower and upper states.

ν̃(cm−1) I(cm/mol) A(1/s) Elow(cm−1) (JKaKc,C)l (JKaKc,C)u Band
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Fig. 1 Observed vibrational band centers determined by empirical analysis (upper panel) and variationally predicted energy levels for 11
ethylene isotopologues (lower panel) in the range ≤ 3100 cm−1.
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Fig. 2 Schematic representation of vibrational isotopic shift method based on the ”mother” (IsoA) and ”pseudo mother” (IsoA’) molecules.

Fig. 3 Correlation diagram for harmonic frequencies for five ethylene isotopologues from successive quasi-continuous H→ D substitutions
from 12C2H4 to 12C2D4 (see text).
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Fig. 4 Overview spectrum of 12C2H4, 12CHD13CH2,13CHD12CH2, 12C2HD3 and 12C2D4 from calculation at 296 K in log scale using the
ab initio PES and DMS of Refs.31, 30.
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Fig. 5 Comparison between 12C2H3D and 12CHD13CH2 and 13CHD12CH2 simulated spectra in the region 1330−1480 cm−1.
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Fig. 6 Detailed portion of the ν8 band of 12C2HD3 obtained by variational calculations (this work) (top panel) compared to experiment
(bottom panel) taken from Fig. 3 of Ref.34
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Fig. 7 Detailed portion of the 2ν8 band of 12C2HD3 obtained by variational calculations (this work) (top panel) compared to experiment
(bottom panel) taken from Fig. 2 of Ref.54
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Fig. 8 Detailed portion of the R branch of the 2ν8 band of 12C2HD3 obtained from variational calculations (this work) (top panel) compared
to experiment (bottom panel) taken from Fig. 3 of Ref.54
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Fig. 9 Survey spectrum of the ν12 band of 12C2D4 obtained by variational calculations (this work) (left) compared to experiment (right)
taken from Fig. 1 of Ref.64
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Fig. 10 Detailed portion of the P branch of the ν12 band of 12C2D4 obtained by variational calculations (this work) (top panel) compared to
experiment (bottom panel) taken from Fig. 1 of Ref.74
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Fig. 11 Portion spectrum of the ν12 band of 12C2D4 in the region of 1078 cm−1 obtained by variational calculations (this work) (top panel)
compared to experiment (bottom panel) taken from Fig. 2 of Ref.65
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Fig. 12 Detailed portion of the Q branch of the ν12 band of 12C2D4 obtained by variational calculations (this work) (top panel) compared to
experiment (bottom panel) taken from Fig. 2 of Ref.64
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Fig. 13 Detailed portion of the R branch of the ν12 band of 12C2D4 obtained by variational calculations (this work) (top panel) compared to
experiment (bottom panel) taken from Fig. 4 of Ref.64
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Fig. 14 Detailed portion of the P branch of ν9 band of 12C2D4 obtained by variational calculations (this work) (left) compared to experiment
(right) taken from Fig. 2 of Ref.62
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Fig. 15 Detailed portion of the Q branch of ν9 band of 12C2D4 obtained by variational calculations (this work) (left) compared to experiment
(right) taken from Fig. 4 of Ref.62
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