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Abstract: Symmetry operators must be defined relatively to a space and to a metric.
Complex symmetries are typically considered in the case of the cartesian product of
the Euclidean space by a space whose elements are tuples of colors. While interesting
open problems exist in this field, challenging ones remain in the Euclidean case, without
invoking colors. We present some of these problems in the case of extreme chirality figures
and of extreme asymmetrical probability distributions.
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1 INTRODUCTION

It is crucial to understand that mathematical constructs are models of real physical
situations, and that a mathematical model of symmetry is a simplified image in our
mind of some physical situation in which we would like to see symmetry. This concept
of symmetry gives rise to an unifying mathematical definition working in most pratical
situations (Petitjean, 2007). It involves first an unambiguous definition of the space in
which symmetries operators must be defined. Then, it involves the choice of a metric,
because symmetry operators must be distance-preserving. The axioms defining a metric
(see Deza and Deza, 2009), are not used to build the unifying definition of symmetry.
In other words, the metric is not required to be a true one, e.g. it is not required to be
positive definite. This is very useful for physics applications in the relativistic spacetime
(Petitjean, 2019, 2020a). However, there must be no ambiguity about the choice of the
metric. When this latter is not clearly specified, incoherent or contradictory conclusions
occur, thus generating controversies (Petitjean, 2020b).
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Then, a mathematical definition of chirality is needed. The main one, due to Lord Kelvin
(1894, 1904), is highly used for teaching, particularly in chemistry and in biology. It
targets the Euclidean space, but it is not a mathematical definition. An other definition
exists, which is sometimes used in high energy physics. It is based on the geometric
product (Hestenes and Sobczyk, 1987), but it is restricted to quadratic spaces. It is why
we retain here the general definition of Petitjean (2010, 2020c), which, in the case of
Euclidean spaces, recovers the one of Kelvin and the one based on the geometric product.
Our main purpose here is to measure the deviation from achirality, i.e., given an idealized
chiral object, measure how much it is chiral rather than simply deciding that it is chiral
or achiral. Despite that some confusion still sometimes occurs about the role of mirrors
in the Euclidean spaces, as noticed by Petitjean (2020d), in the next section we focus on
the mathematical aspects of chirality measures rather than the basic concepts of mirror
symmetry.

2 METHODS

2.1 A simple test set

Since the end of the 19𝑡ℎ century, many methods were developed to build quantitative
measures of the degree of symmetry and of the degree of chirality of various objects:
see Petitjean (2003) for a review. Such measures depend only on the objects themselves
(geometric figures, molecules, probability distributions, etc.), and by no way they should
be confused with any kind of light-matter interaction. It means that a chiral object, for
example a scalene triangle in the plane, is declared to be chiral while no light-matter
interaction is invoked. Before looking at complex situations, it is enlighting to consider
the simplest possible non trivial case of asymmetry: three points on the real line. The
shape of this three points set depends on only one parameter, the ratio 𝛼 of the lengths of
the two adjacent segments. For this set, no rotation is possible except the identity, and so
only translations and mirror reflections are considered. According to Petitjean (2013), in
this situation a safe chirality measure 𝜒 should have the following properties:

1. 𝜒 is function of only the unique parameter of the set, 𝛼.
2. 𝜒 is a continuous function of 𝛼.
3. 𝜒(1) = 0 (the set is achiral when 𝛼=1).
4. 𝜒(𝛼) = 0 =⇒ 𝛼 = 1.
5. 𝜒(𝛼) = 𝜒(1/𝛼)

Property 1 means that 𝜒 is insensitive to isometries and scaling, because the shape
parameter 𝛼 is insensitive to isometries and scaling (thus, 𝜒 is location independant).
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Property 2 is required to preclude ambiguities in the meaning of the measure in the
neighborhood of the points of dicontinuity. Properties 3 and 4 mean that 𝜒 takes a null
value if and only if the set is achiral. This is not the case for many asymmetry coefficients
known in statistics, such as the skewness (see section 4.2.2 in Petitjean, 2003). Property
5 means that 𝛼 and 1/𝛼 correspond to similar sets (see Property 1).

These five properties, enumerated above, are satisfied by the chiral index of Petitjean
(2002), which is presented in section 2.3, and that we also denote 𝜒 further in the text.
For the three points set, the chiral index is given in equation 1 (Petitjean, 2013).

𝜒 =
(1 − 𝛼)2

4(1 + 𝛼 + 𝛼2) (1)

In equation 1, 𝜒 takes values in [0; 1/4], the value 1/4 being reached for 𝛼 = 0. 𝜒 is
insensitive to isometries and scaling. It happens that, except for the chiral index, many
chirality measures proposed in the literature fail to satisfy one or several of the five required
properties, despite that they are supposed to work for sets more complex than the three
points one (Petitjean, 2003). If we except the asymmetry measures developed by the
statisticians (see section 4.2 in Petitjean, 2003), which are intended for symmetry testing
rather than to measure asymmetry, this is rather disappointing.

2.2 Direct symmetry

A general procedure was proposed to build chirality and symmetry measures, based on
the existence of a metric in the space of objects (see section 6 in Petitjean, 2003), but it
was mentioned that, in the case of direct symmetry, it is restricted to finite cardinality sets.
This metric must not be confused with the one used in the unifying definition of symmetry
mentioned in section 1. It is recalled that an object is a function having its input argument
in a metric space. Thus, the metric in the space of objects (the output of the function)
should not be confused with the metric in the space of the input argument of the function.

An open problem is to quantify direct symmetry, discarding any reference to a specified
type of direct symmetry, in the case of infinite cardinality sets. For finite cardinality sets,
with or without colors, a direct symmetry index (DSI) was defined (Petitjean, 1999a). As
stated in section 2.1, apart the identity no rotation exists in the case of the real line. Thus,
the simplest non trivial case is the one of three points in the plane, and we call this set a
triangle. This triangle may also be viewed as the distribution of three equiprobable points
in the plane. It was shown that the most direct symmetric triangle has its angles equal to
𝜋/4, 𝜋/8 and 5𝜋/8 (Petitjean, 1999a). Exhibiting extreme direct symmetric figures for
other classes of finite sets remains to do.



442 M. Petitjean

2.3 The chiral index

The chiral index 𝜒, introduced for finite colored sets by Petitjean (1997), was first applied
to a mathematical model of molecular conformers (Petitjean, 1999b), which led further to
identify an extreme chirality conformer, the [6.6]chiralane (Schwartz and Petitjean, 2008).
Then it was extended to weighted sets (Petitjean, 2001), and finally it was generalized
to probability distributions (Petitjean, 2002). The general case takes in account color
symmetry, either through an additional graph structure (Petitjean, 1999b), or trough a
class of probability distributions involving both a space of colors and an Euclidean space
(Petitjean, 2002). The resulting so-called color mixtures model has a formal relation
with the Wasserstein metric (Dobrushin, 1970; Rachev, 1991), encountered in the Monge-
Kantorovitch transportation problem (Rachev and Rüschendorf, 1998). It is related to
Procrustes methods (Petitjean, 2002), which are used in shape analysis and psychometrics
(ten Berge, 1977, 2006), and it received applications in docking theory (Petitjean, 2004).

In the non-colored case, a random vector 𝑋 taking values in R𝑑 , 𝑑 ≥ 1, is considered, and
𝜒 is defined in equation 2, where the quote denotes a vector transposition:

𝜒 =
𝑑

4𝑇
𝐼𝑛 𝑓{𝑊 ,𝑅,𝑡 }𝐸 (𝑋 − (𝑅𝑌 + 𝑡)) ′(𝑋 − (𝑅𝑌 + 𝑡)) (2)

Where:
𝑇 is the inertia of 𝑋 (i.e. the trace of its covariance matrix), assumed to be
finite and non null.
𝑌 is a random vector distributed as a mirror image of 𝑋 .
𝑊 is a joint distribution of the couple (𝑋,𝑌 ).
𝑅 is a rotation of R𝑑 .
𝑡 a translation of R𝑑 .

The infimum of the expectation is its lower bound, taken over the set of all rotations
and translations applied to 𝑌 , and over all joint distributions of (𝑋,𝑌 ). It is also the
𝐿2-Wasserstein distance between the distribution of 𝑋 and the one of its mirror image 𝑌 ,
minimized for all direct isometries applied to𝑌 . In the case of color symmetry, not all joint
distributions are allowed, because there are constraints due either to an additional graph
structure or to the space of colors (Petitjean, 1999b, 2002). The full theory is outside the
scope of the present paper, and only the non-colored case is considered here.

The chiral index is a parameter of the distribution of 𝑋 . It takes values in [0; 1] and it
is insensitive to isometries and scaling. It is null if and only if the distribution is achiral,
i.e. if it has an indirect symmetry. It follows that 𝜒 is an asymmetry coefficient of the
distribution of 𝑋 .
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The optimal translation is 𝑡 = 0 when 𝑋 is centered, i.e. when 𝐸𝑋 = 0. Specific
expressions are known for the optimal rotation when 𝑑 = 2 and 𝑑 = 3 (Petitjean, 2002). In
the case of a finite number of equiprobable points, an expression of the optimal rotation
valid for any 𝑑 value was proved to stand (ten Berge, 2006).

In the case of a discrete distribution of 𝑛 equiprobable values, or in the case of the empirical
distribution of a sample of 𝑛 observations in R𝑑 , equation 2 can be rewritten as follows
(Petitjean, 1997, 2002):

𝜒 =
𝑑

4𝑇
𝑀𝑖𝑛{𝑃,𝑅}𝑇𝑟 (𝑋 − 𝑃𝑌𝑅′) (𝑋 − 𝑃𝑌𝑅′) ′) (3)

Where:
𝑋 is the 𝑛 by 𝑑 matrix containing the centered observations
(i.e., the 𝑛 observations are translated to get a null mean).
𝑌 is a matrix of 𝑛 lines and 𝑑 columns which is a mirror image of 𝑋 .
𝑃 is a 𝑛 by 𝑛 permutation matrix.
𝑅 is a rotation of R𝑑 .
𝑇𝑟 is the trace operator.
𝑇 = 𝑇𝑟 (𝑋 ′𝑋), is the inertia of 𝑋; it is assumed to be non null.

When 𝑑 = 1, 𝑅 is the identity, and equation 3 receives a simple expression because the
optimal permutation is known: it is such that the sample ordered in increasing values
is correlated with the same sample (no sign change), ordered in decreasing values (see
Lemma 2 in Petitjean, 1997, and equations 2.9.3–2.9.5 in Petitjean, 2003). Denoting by
𝑟𝑚 the corresponding correlation coefficient, we have:

𝜒 = (1 + 𝑟𝑚)/2 (4)

3 RESULTS AND DISCUSSION

3.1 Some maximally chiral sets

The chiral index cannot reach its upper bound 𝜒 = 1 unless the covariance matrix of
𝑋 is proportional to the identity (Petitjean, 2002). This condition stands both in the
colored case and in the non-colored case. It is also a sufficient condition in the case of
𝑛 equiprobable colored points in R𝑑 , not two of them having the same color (Petitjean,
2002). This condition is filled for the regular simplex (Petitjean, 1997), for the 𝑑-cube
and its dual, and for the other regular polytopes for which there is no preferred principal
direction (Petitjean, 2002). All these geometric figures are highly symmetric when the
colors are discarded.
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However, extreme chirality figures are more difficult to exhibit in the non-colored case.
The most chiral three points set in the real line is got for 𝛼 = 0, which means that two of the
three points lie at the same location, and thus 𝜒 = 1/4 (see equation 1). The most chiral
three points set in the plane is got for a triangle for which the ratios of its squared sides
lengths are 1 : (4 +

√
15) : (5 +

√
15)/2 (Petitjean, 1997), and for which 𝜒 = 1 − 2

√
5/5

(𝜒 ≈ 0.105573). This triangle and other maximally asymmetric triangles (with colored
vertices), are displayed in two open access documents: see Bouissou and Petitjean (2018)
and Petitjean (2018).

The most chiral triangle (with non colored vertices), was proposed as a candidate for
the "most scalene triangle", but it is an obtuse triangle. For the "most scalene acute
triangle", it was proposed by Petitjean (2015) and then by Bouissou and Petitjean (2018),
to retain the triangular face of the most chiral disphenoid (Petitjean, 2015), which is
known to be an acute triangle. The chiral index of this disphenoid is 𝜒 = 3(13− 6

√
2)/97

(𝜒 ≈ 0.139630). The ratios of the squared sides lengths of its triangular face are 1 :

3 −
√
2/2 : 3 (Petitjean, 2015). However, the planar coordinates of this triangular face,

given by Bouissou and Petitjean (2018), have a more complicated expression than its
three-dimensional coordinates.

3.2 Seeking for maximally chiral probability distributions

Until now, we considered maximally chiral figures within specific classes of finites sets
of points. Finite sets of equiprobable points (without colors) are of interest because they
can be viewed as random samples from some parent probability distribution. Due to a
convergence theorem (Petitjean, 2002), the sample chiral index is a statistic which is an
estimator of the chiral index of the parent distribution. It is why it was proposed for
symmetry testing: see Monte-Carlo experiments in Petitjean (2020e). Finding closed
forms for the asymptotic distribution of this estimator is an open problem.

In the univariate case (𝑑 = 1), the upper bound of the chiral index is known to be 1/2.
It is asymptotically reached for the Bernouilli distribution of parameter 𝑝 tending to 0
or to 1 (Petitjean, 2002). In the multivariate case (𝑑 > 1), the upper bound of the
chiral index is known to be in [1/2; 1] (Petitjean, 2008). This interval was refined to
[1 − 1/𝜋; 1 − 1/2𝜋] in the case 𝑑 = 2, with a conjecture that the upper bound is 1 − 1/𝜋,
this bound being asymptotically reached by a family of bivariate distributions which was
exhibited (Coppersmith and Petitjean, 2005). This family of bivariate distributions is
presented below in the complex plane.
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Fix an arbitrarily small positive real 𝜖 > 0 and choose an even integer 𝑚 > 1/𝜖 . Then
set 𝜔 = 𝑒𝑖

2𝜋
2𝑚 , where 𝑖 is the pure imaginary number (thus, 𝜔2𝑚 = 1). Select an integer

𝑟 > 𝑚4/𝜖2, and select an even integer 𝑘 > 𝑟𝑚−1

𝜖
. We define 𝑆 =

𝑚−1∑
𝑗=0

𝜔 𝑗𝑟
𝑗

2 , and we define

a complex vector 𝑧 ∈ C𝑛, with 𝑛 = 1 + 𝑟 + 𝑟2 + ... + 𝑟𝑚−1 + 𝑘 + 𝑘
2 + 𝑘

2 , which means that 𝑧
has 𝑚 + 3 blocks of elements, shown in Table 1.

The 𝑛 complex components of 𝑧 define a set 𝑛 points in the complex plane, which have a
null sum. The points within a common block share a common location, which means that
in fact there are 𝑚 + 3 distinct points, each one being weighted by its multiplicity. That
can be seen as a discrete bivariate probability distribution in the plane, whose support is
located over𝑚+3 points, and to each of these𝑚+3 points is associated a probability equal
to its relative multiplicity. The expectation is null and the variance matrix is proportional
to the identity because 𝑧′𝑧 = 0.

block component 𝑧 𝑗 multiplicity
0 1 1

1 𝜔/𝑟 1
2 𝑟

2 𝜔2/𝑟 𝑟2

...
...

...

𝑗 𝜔 𝑗/𝑟
𝑗

2 𝑟 𝑗

...
...

...

𝑚 − 1 𝜔𝑚−1/𝑟 𝑚−1
2 𝑟𝑚−1

𝑚 −𝑆/𝑘 𝑘

𝑚 + 1 𝑖𝑆/𝑘 𝑘/2
𝑚 + 2 −𝑖𝑆/𝑘 𝑘/2

Table 1: The locations of the 𝑚 + 3 elements of 𝑧, with their multiplicities.

To summarize, the family of sets presented in Table 1 has four parameters: the real
𝜖 > 0, and the integer numbers 𝑚 > 1/𝜖 , 𝑟 > 𝑚4/𝜖2, and 𝑘 > (𝑟𝑚−1)/𝜖 . The value
of 𝜖 must be arbitrarily small to approach the limiting value of the chiral index, equal to
1 − 1/𝜋, conjectured to be the upper bound for bivariate probability distributions. Thus,
the three integer parameters increase to infinity when 𝜖 tends to zero. When 𝜖 decreases,
visualizing graphically the geometric figures generated by the 𝑛 points of 𝑧 becomes
rapidly very difficult, not to say practically impossible.
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4 CONCLUSIONS

In the literature, few publications are devoted to the identification ofmaximally asymmetric
probability distributions or sets, with or without colors, both for direct and indirect
symmetry. Computing the chiral index is an efficient way to tackle this problem.

In the non-colored case, the main open problems are that the upper bound of the chiral
index is unknown for multivariate distributions (𝑑 ≥ 2), and that families of distributions
approaching this upper bound remain to be exhibited. The conjecture of Coppersmith and
Petitjean (2005), about the upper bound for 𝑑 = 2, remains to be proved or disproved.

An other open problem is, starting from a given chiral distribution, define what could be
its closest achiral image, if existing. Some preliminary results exist (Petitjean, 2006), but
this problem is far to being solved.
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