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Abstract 

The adolescent idiopathie scoliosis (AIS) is a 3D deformity of the spine whose origin is unknown and clinical evolution 
unpredictable. In this work, a mixed theoretical and numerical approach based on energetic considerations is proposed to 

study the global spine deformations. The introduced mechanical model aims at overcoming the limitations of computational 

cost and high variability in physical parameters. The model is constituted of rigid vertebral bodies associated with 3D 

effective stiffness tensors. The spine equilibrium is found using minimization methods of the mechanical total energy 

which circumvents forces and loading calculation. The values of the model parameters exhibited in the stiffness tensor are 

retrieved using a combination of clinical images post-processing and inverse algorithms implementation. Energy distribution 

patterns can then be evaluated at the global spine scale to investigate given time patient-specific features. To verify the 

reliability of the numerical methods, a simplified model of spine was implemented. The methodology was then applied to a 

clinical case of AIS (13-year-old girl, Lenke lA). Comparisons of the numerical spine geometry with clinical data 

equilibria showed numerical calculations were performed with great accuracy. The patient follow-up allowed us to 

highlight the energetic role of the apical and junctional zones of the deformed spine, the repercussion of sagittal bending 

in sacro-illiac junctions and the significant role of torsion with scoliosis aggravation. Tangible comparisons of output 

measures with clinical pathology knowledge provided a reliable basis for further use of those numerical developments in 

AIS classification, scoliosis evolution prediction and potentially surgical planning. 

Keywords Global spine · Scoliosis · Mechanical model · Functional minimization · Inverse problem · Medical imaging 

1 Introduction 

The adolescent idiopathie scoliosis (AIS) is a multifacto

rial disease potentially involving genetic, metabolic and 

mechanical aspects, and which affects up to 3% of the 10--16 

years population with a significant female prevalence. AIS 

is characterized by the deviation of anatomical spine cur
vature toward coupled 3D deformation involving abnormal 
bending and torsion. It generally shows a rapid evolution 

during the growth spurt (Riseborough and Wynne-Davies 

1973) which can lead to respiratory and cardiac disorders. 
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If orthotic treatment fails to stop progression which happens 
in 10% of AIS, the surgery is indicated. Scoliosis clinical 

management might improve the early diagnosis, the predic
tion of its unstable evolution and deterministic information 

for the surgical planning. 
The proposed methodology concemed a mechanical 

approach to explore the equilibrium of adolescent scoliotic 
spines. The causality of the disease is not studied. In the 

literature, several modeling strategies have been proposed to 

predict the mechanical response of a scoliotic spine. In van 

der Plaats et al. (2007), the authors developed a numerical 
finite element model to test a buckling hypothesis as initia

tion of the AIS. The results were descriptive and comparison 
with clinical data remained to be performed. Lafage et al. 

(2004) investigated an all spine model using adapted struc
tural elements, but as pointed out by the authors, no physical 
model was developed to adjust the mechanical parameters 
used. Drevelle et al. (2010) proposed a 3D FEM model to 



mimick AIS evolution, a study that was limited by the lack 
of follow-up to assess the clinical evolution of the spine. 
Despite significant progress in the anatomy characterization 
of AIS (Araújo et al. 2017) and previously cited modeling 
efforts, most of studies resulted in qualitative propositions 
for scoliosis description.

In particular, the 3D generic approach of FEM finds its 
limitation in the size of the problem and the lack of knowl-
edge in tissue properties and boundary conditions in vivo 
(Ferguson et al. 2004; Jebaseelan et al. 2012). Alterna-
tive discrete mechanical models of children spines involv-
ing soft tissues and muscles have been proposed (Schmid 
et al. 2019). To examine the soft tissues and, especially the 
intervertebral disk (IVD) role into the AIS time course, 
studies at reduced scale have been proposed. For instance, 
Stokes (2007) focused on the biomechanical interaction 
between the IVD and the vertebral body in scoliosis evolu-
tion. This hypothesis is supported by recent clinical studies 
which highlight the altered response of disk in AIS popula-
tion (Abelin-Genevois et al. 2015; Langlais et al. 2018). The 
poromechanical response of vertebral segments was numeri-
cally predicted using a dedicated substructuring technique 
to reduce computation costs (Swider et al. 2010). As soft 
tissues are structures with maximal energy gradients (Violas 
et al. 2007; Noailly et al. 2007; Swider et al. 2010), multiple 
studies focused more specifically on the IVD characteriza-
tion. Information about effective mechanical properties of 
IVD (Newell et al. 2017) and some components of segment 
effective stiffness are available (Schultz et al. 1979; Stokes 
et al. 2002; Meng et al. 2015). However, these approaches 
involved ex vivo experimental measurements and none of 
them concerned the adolescent. Another strategy could be 
to identify in vivo properties at tissue scale (Jebaseelan et al. 
2012; Langlais et al. 2018; O’Connell et al. 2007) but pedi-
atric functional imaging are rarely available.

To address the lack of physical parameters availability 
and the numerical limitations, we aimed at developing a new 
mechanical and numerical model in order to characterize 
the overall scoliotic spine deformation. The progression of 
scoliosis is targeted after diagnosis and the cause of scoliosis 
initiation is not explored in this study. A 3D wired model 
that overcomes the previous limitations based on original 
key points was constructed. To achieve this modeling, it was 
hypothesized that the quasi-static evolution of scoliosis fol-
lowed an energetic minimization law, and that an effective 
stiffness tensor which models deformable structure inter-
acting at a vertebral segment scale existed. The values of 
this tensor were reconstructed based on clinical data using 
reverse analysis.

2  Materials and methods

In this section, we develop the wireframe model and detail 
the theoretical formulation based on energy minimization and 
numerical methods. This methodology is evaluated on a test 
case and applied to a clinical application on a 2 years follow-up 
of a 13-year-old scoliotic patient.

2.1  Parameterization of the vertebral segment

Parameterization of the spine is described in Fig. 1a, b associ-
ated with  EOS® exams used in the clinical application of para-
graph 2.4.2. Vertebral bodies follow rigid body motions and 
by contrast, disks, vertebral endplates, facet joints, ligaments 
and other soft tissues connected with the vertebral segments 
are considered as deformable tissues. Figure 1c shows a model 
of vertebral segment Si including the deformable structure 
between two rigid vertebral bodies, Vi and Vi+1.

To establish the kinematic description of the wireframe 
model, a unique orthonormal basis Bi was associated to each 
vertebra i as shown in Fig. 1d. The vector �� i joined the cent-
ers Oi and O′

i
 of vertebral endplates of the vertebra i. The sec-

ond vector �� i was defined by the orientation of the spinous 
process. The vector �� i warranted the condition of a direct 
orthonormal reference frame. A similar method defined Bi+1 
attached to i + 1.

Considering now a vertebral segment, composed of two 
vertebrae (i and i + 1 ) and an IVD, the two reference frames 
of vertebra i were Ri(Oi,Bi) and Ri� (Oi� ,Bi) , and the ones of 
the vertebra i + 1 were Ri+1(Oi+1,Bi+1) and Ri�+1(Oi�+1,Bi+1).

The displacement continuity at the boundary of a vertebra 
and an IVD ensured the uniqueness of the points Oi , O′

i
 and 

led to the following linking equations for the local reference 
frames:

where �i was a rotation matrix, expressing the orienta-
tion of a base Bi+1 in Bi , and �i , �′

i , �i+1 were the vec-
tor formed with the points Oi , O′

i
 , Oi+1 and the point O0 . 

Vector �i depended on the deformation of the IVD and 
�i∕Ri

= (lvi, 0, 0)
� , lvi being the length of a vertebrae.

We considered that the matrix �i was the result of 3 succes-
sive rotations of 3 angles noted �i, �i,�i (details in “Appendix 
1”).

The kinematics of the vertebral body i + 1 was described, 
relative to i, in the reference frame Ri by the position vector 
�i∕Ri

 involving the 6 components introduced in �i∕Ri
 and �i:

(1)
��

i −�i = �i, �i+1 −��
i = �i, and

Bi+1 = �iBi,

(2)�i∕Ri
= (Txi, Tyi, Tzi, �i, �i,�i)

�.
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The concatenation of vectors �i∕Ri
 , noted �∕Ri

 allowed the 
kinematics of the whole spine to be obtained iteratively.

To ease further developments and, especially manage-
ment of spine boundary conditions and gravity loading 
(Sect. 2.2), the kinematic fields were also written into an 
absolute reference frame RA(OA,BA) . The unique ortho-
normal basis BA defined the frontal plane of the trunk in 
anatomical position, with OA located at the top of the first 

thoracic vertebra (T1). The basis Bi of each vertebra was 
related to the global basis BA by:

In Eq. (3), �i was a unique rotation matrix resulting from 
cumulative rotations of subjacent vertebral bodies k = 1… i.

(3)Bi =

i∏
k=1

�kBA = �iBA, with �i =

i∏
k=1

�k.

Fig. 1  EOS® radiography of 
a female adolescent with pro-
gressive scoliosis and param-
eterization of the biomechanical 
wireframe model. a Frontal 
acquisition at age 13 (1A Lenke 
type and 40◦ Cobb angle) and 
anatomical description of the 
spine, b frontal acquisition 
at age 15 ( 65◦ Cobb angle), c 
schematic view and notations 
of a vertebral segment T9–T10, 
only frontal components are 
represented and vertical gravity 
is � , d representation of a local 
reference frame associated with 
a vertebral body i 



We had, in the global base BA , the expression of the vec-
tor �i:

We called �i∕RA
 the vector characterizing the displacement 

of the IVD such that:

However, the position of the points Oi,Oi′ allowed us to only 
know the location of each vertebral body. To keep track of 
the information concerning the orientation of the vertebrae 
(torsion), we also introduced �i∕RA

:

For further use, we called �∕RA
 the concatenation of the vec-

tors �i∕RA
 and �i∕RA

.

2.2  Governing equations of spine balance 
by minimization of total potential energy

The spine dynamics was studied in a time scale long enough 
to smooth daily variations and short enough to assume a 
closed and non dissipative system. Consequently, transient 
effects due to diffusion, convection, and structural damp-
ing could be averaged in the studied time window � dur-
ing which all forces could be considered conservative. The 
model achieves an extraction of mechanical parameters 
from clinical data at the specific time of the X-ray image 
capture. No growth model has been integrated. For each 
different clinical data, i.e., time point, a new numerization 
is performed from which we can deduce the length of the 
vertebrae and of the IVD, although the IVD growth is very 
limited for the patient studied as she is older than 12. The 
first hypothesis was that the spine mechanical behavior could 
be described by a succession of quasi-static states, at equi-
librium in � . The second hypothesis was that the nonlinear 
mechanical response eventually due to nonlinear material 
properties, large displacements or large strains, could be 
searched in the form of successive piecewise linear equi-
libria. This implied that associated forces derived from a 
local potential.

The total potential energy V was the sum of internal strain 
energy of the isolated segment generated by the strain of the 
deformable structure between one vertebra relatively to the 
adjacent one and the work of external loading taking into 
account the distributed body weight (gravity) and the role 
of muscles and ligaments. Components of vector � were 
nondimensionalized by the height of thoracic and lumbar 
spine of the patient.

The segment displacement field �i was defined by the 
difference between the kinematics �i and a reference energy 

(4)�i∕RA
= lvi�i ⋅ �� i.

(5)�i∕RA
= �i∕RA

= �i ⋅ �i∕Ri
.

(6)�i∕RA
= �i ⋅ �� i

state �0
i
 . The independent symmetric tensors �i ( 6 × 6 ) and 

�i ( 6 × 6 ) were, respectively, associated with local strain 
energy and potential energy of external mechanical forces. 
Therefore, the contribution of forces inside the vertebral 
segment and due to disk, muscles or any other tissue was 
included into the effective tensor � . The contribution of 
forces outside the vertebral segment such as dorsal muscle, 
gravity, or other components such as braces, was included 
into the effective tensor � . Vector �i ( 1 × 6 ) represented the 
contribution of gravity forces. In the following, the variable 
� will correspond to the components of the effective tensors
( � and � ) and to the reference state �0 . The dependence of
the total potential energy V to � and � was defined as:

When considering energy from internal deformation of a 
vertebral segment, the displacement was expressed in local 
coordinates, with a relative unconstrained position of one 
vertebra to the adjacent one [Eq. (8)]. When considering 
the work of external forces, the description of the spine was 
developed in the absolute reference frame [Eq. (9)].

Using Eqs. (8) and (9), Eq. (7) became:

Kinematics boundary conditions were imposed at the lim-
its of the region of interest. Locations and orientations of 
extremal vertebral bodies were obtained from X-ray clinical 
exams and used as input into the absolute reference frame.

2.3  Numerical resolution

2.3.1  Resolution of the direct problem

Knowing a set of parameters � , the admissible stationary 
kinematic field � which minimized V was called �eq(�) and 
described the static equilibrium of the system. The stability 
conditions were described as:

(7)

V(�, �) =
∑
i

��
i
⋅�i ⋅ �i+

∑
i

��
i
⋅ �i ⋅ �i−

∑
i

�i ⋅ �i.

(8)�i∕Ri
= �i∕Ri

− �i
0
∕Ri

,

(9)�i∕RA
= �i∕RA

− �i
0
∕RA

.

(10)

V(�, �) =
∑
i

�i
�

∕Ri
⋅�i ⋅ �i∕Ri

+

∑
i

�i
�

∕RA
⋅ �i ⋅ �i∕RA

−

∑
i

�i ⋅ �i∕RA
.
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The problem of minimum search was strongly nonlinear, and 
the surface response of the function V(., �) ∶ u ↦ V(�, �) 
was non convex. Solutions were found by implementing 
a trust-region algorithm and a Newton algorithm [Scipy 
library, Virtanen et al. (2019)] sequentially to accelerate 
convergence. Gradient ∇�V and hessian matrix ∇�∇�V were 
also analytically calculated to minimize computation time.

2.3.2  Resolution of the inverse problem

For the clinical problem, we did not have access to mechan-
ical tensors nor initial reference states. To identify the 
parameters and to test the robustness of our approach, we 
implemented an inverse problem methodology (Tarantola 
2005). This was formulated by the set of Eqs. (12), (13) and 
(14) where �eq(�) was the kinematic equilibrium, �c was the
observed clinical equilibrium  (EOS® X-ray) and �sol was the
converged solution of mechanical parameters:

with K̄k,k the mean value defined as: K̄k,k =
1

m

∑
iKk,k,i and 

m the number of vertebral segment. The formulation was 
adapted to full effective tensors � and � . The problem size 
was reduced when clinical applications were considered and 
only diagonal terms of stiffness tensor � were taken into 
account. Therefore, only those terms appeared in the penalty 
function c(�) described by Eq. (14).

The objective function f involved the distance function d 
and the penalty function c. The distance function weighted 
the norm of discrepancies between predicted equilibrium 
�eq(�) and clinical data �c . The direct problem resolution 
provided �eq(�) at each incremental step. Matrix � was used 
to attenuate the impact of values with smaller precision from 
the clinical data (rotation of vertebrae). Penalty function 
c(�) aimed at deforming the image surface of the objective 
function f in order to give more weight to the set of param-
eters minimizing the penalty function c. Mean values and 

(11)�eq(�) = argmin
�

(V(�, �)).

(12)
�sol = argmin

�

(
f (�eq(�), �)

)

with f (�eq(�), �) = d(�eq(�)) + c(�),

(13)d(�eq(�)) = (�eq(�) − �c)
�
⋅ � ⋅ (�eq(�) − �c),

(14)

c(�) = 𝜖1

6�
k=1

(K̄k,k − Kpriork,k
)2+

𝜖2

6�
k=1

m�
i=1

(Kk,k,i − K̄k,k)
2+

𝜖3(‖�0 − �0
prior

‖2),

variances of tensors coefficients were, respectively, penal-
ized in first term and second term of equation (14) using 
prior values as controls.

The inverse problem was solved using a Newton con-
jugate gradient algorithm (Scipy library) which required 
the first and second derivatives of the objective function f. 
The first derivation was obtained using the adjoint method 
detailed in “Appendix 2”. The second derivation was evalu-
ated numerically using finite differences, exploiting the 
multi-core potential of the computer to fill the hessian matrix 
∇�∇�f  faster (linear acceleration).

The nondimensionalized difference aec of �eq and �c 
expressed by Eq. (15) was an indicator of the methodology 
accuracy with a 0 value for a perfect fit.

Beyond the determination of the kinematic field, the meth-
odology allowed us to determine the distribution patterns 
of energies using Eq. (7). The model proposed an energy 
method to circumvent the ignorance of forces, tissue prop-
erties, detailed anatomy and local boundary conditions, 
by assuming the existence of energy local potentials. As 
a result, distribution patterns of energies were determined 
using Eq. (10). In addition, forces considered as model out-
put measures, could be calculated using Eq. (16) in post-pro-
cessing thanks to equilibrium �eq and effective parameters � 
obtained from the inverse problem.

However, we will not work with forces distribution in the 
spine in the following and only the energetic approach will 
be exploited as it includes more information, it circumvents 
the lack of loading knowledge at the boundary conditions 
and it is the starting point of our model.

2.4  Applications

2.4.1  Numerical test case of a 34 elements simplified spine

The vertical wireframe model was made of 34 elements cor-
responding to m = 17 vertebral bodies and deformable ele-
ments as shown in Fig. 2a. Diagonal terms of � were fixed 
to 1 and all other components were nil. The reference state 
was defined by �i0∕Ri

= (1, 0, 0, 0, 0, 0)� , i = 1.17 in the local 
reference frames. This set of parameters was called �ref in 
the following parts. Boundary conditions in the absolute 
reference frame were �∕RA

(1) = (0, 0, 0, 0, 0, 0)� and 
�∕RA

(17) = (25, 0, 0, 0, 0, 0)�.
We solved the direct problem and verified its conver-

gence. We ran it multiple times to obtain many possible 

(15)aec =
‖�eq − �c‖

‖�c‖

(16)�i = �i�i∕Ri
+ �i ⋅ �i∕RA

+�i



equilibrium positions. We then chose one of the equilibrium 
position, and used it as reference position �c for the test on 
the inverse problem. We solved the inverse problem using 
this reference geometry and verified the convergence of the 
numerical solver first. Then we verified that the solution 
geometry �eq and �c were the same. Ultimately, we looked 
for a correspondence between the solution parameters and 
the reference ones.

2.4.2  Clinical application

Clinical data were extracted from a clinic radiological pro-
spective monocentric study approved by the Institutional 
Review Board of the Ethic Committee (Toulouse Univer-
sity Hospital). Spine geometry in frontal and sagittal planes 
were obtained in vertical position by a low-dose X-ray  EOS® 
system. The rotation of vertebrae was calculated using the 
remoteness of the spinal process. The selected patient was 

a 13-year-old girl diagnosed with a 1A scoliosis according 
to Lenke classification (Lenke et al. 2001) and a 40◦ Cobb 
angle in 2014. The deformation progressed to 65◦ and ended 
up to a T2–L2 surgical spinal fusion in 2016 (Fig. 1b for an 
illustration of Cobb angle).

A  python® custom-made script was implemented in 
 ImageJ® to build the wireframe description of the scoliotic 
spine from T1 to L5 and to build �c for 34 elements. The 
boundary conditions were fixed in term of location and 
orientation in T1 and L5. The reference state was defined 
assuming an isotropic level dependent compression of 
deformable elements in standing position, i.e �0 = � × �c . 
This approximation of �0 was based on the mean size vari-
ation of healthy patient between morning and night (Lude-
scher et al. 2008; Zhu et al. 2015).

The terms of effective mechanical tensors �i and �i 
were reduced to the diagonal terms and associated priors of 
Eq. (12) were adapted from the literature (Meng et al. 2015; 

Fig. 2  Numerical test case with 
34 wireframe elements mimick-
ing a simplified adolescent 
spine: a wireframe schematic 
view, b four solutions �eq of 
the direct problem, c conver-
gence of the inverse problem in 
term of objective function and 
residual
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Newell et al. 2017). The gravity loading Gi, followed the 
values introduced in Villemure et al. (2004). These choices 
still led to an inverse algorithm dealing with a size of 153 
parameters. In this clinical application, the direct problem 
numerical resolution was starting close to uc contrary to the 
simplified spine model in Sect. 2.4.1 which explored the 
multiplicity of solutions. This methodology, in addition to 
asymmetric boundary conditions, lead to the uniqueness of 
equilibrium geometry Üe

q
· 

A sensitivity study bas been performed to evaluate the 
impact of errors on parameter calculations. Its main aspects 
are described in "Appendix 3". 

3 Results 

3.1 Numerical test case of a 34 elements simplified 
spine 

The direct problem was geometrically under-constrained 
and several admissible equilibria for 11eq have been obtained 
from energy minimization. Four solutions or deformation 
modes, Üe

q
l• lleq2, u

eq3, lleq4, have been selected in Fig. 2b. 
The convergence criterion of energy balance minimization 
was lower than 10- 12

• Calculations lasted between 0.2 s and 
1 min CPU rime on a desk computer (Intel Xeon® 3.6GHz). 
The inverse problem algorithm was applied using u

eq1 as 
the targeted kinematic mode. It also played the role of uc 
previously introduced in paragraph 2.3.2. The initial vector 
of effective properties p, i.e., Ki, Bi and uf, was randomly 
generated with values between 0.5 X Pref and 1.5 X Pref· 

Without using the penalty fonction c(p), the converged 
solution Psol slightly differed from the target Pref as shown 
in Fig. 3. However, the converged solution geometry Üe

q
! 

was perfect with a
ec 

!::! O. When c(p) was used with priors 
corresponding with Pref• then both kinematic balance Üe

q
! 

Fig. 3 Test case with 34 wire
frame elements: comparison 
of a resolution of the inverse 
problem (IP) with and without 
penalty 
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and effective properties Psol were predicted with a
ec 

!::! 0 and 
the energy distribution fitted the reference energy (Fig. 3). 
A good convergence was obtained, as shown in Fig. 2c with 
computation rimes lower than 1 h CPU time. 

3.2 Clinical application 

For the clinical application, the fitting of spine balance Üeq 
on clinical data uc was excellent since a

ec 
was lower than 

3 x 10-3 (Fig. 4a-c). As shown in Fig. 4d the convergence
of the inverse problem was obtained for calculations lasting 
between 2 and 8 h (CPU rime) with a convergence criterion 
lower than 10-8

• When the impact of distance fonction d and 
regularization fonction c (identical in 2014 and 2016) was 
exarnined, it was found that d(p

501
) was always lower than 

one third of c(p
501

). It showed that the penalty fonction was 
properly chosen and did not altered the main purpose of the 
algorithm to fit clinical and modeled geometries. 

Table 1 summarizes the contribution of energy compo
nents, i.e., compression, lateral bending, sagittal bending 
and torsion, to the total energy of the spine. Components 
were calculated into the segment local reference frame. In 
2014, bending energy was predominant and that of lateral 
bending in the frontal plane greater than that in the sagit
tal plane. The compression energy and torsion energy were 
found with a smaller percentage. The evolution in 2016 did 
not modify the prominence of bending but compressive 
energy decreased to the benefit of lateral and torsion energy. 

The distribution patterns of energies along the spine 
are plotted in Fig. 5. Figure 5a shows an oscillation of 
the lateral bending, especially marked in the apical zone 
(vertebral segment S8, S9, S10, corresponding to vertebrae 
T8-Tl l )  in 2014. For the evolving scoliosis in 2016, the 
energy peak strongly emerged and a noticeable increase 
was predicted in the lower junctional zone (S 14, cor
responding to vertebrae L2-L3). The sagittal energy in 
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Fig. 4 Clinical application: 
2 years follow-up of a 13-year-
old girl (IA Lenke type, 40° 
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Table 1 Clinical application: normalized percentage of total energy 
components in the wireframe mode) of the spine in 2014 and 2016 
(13-year-old female patient, lA Lenke type) 

EOS® exam date Compressive Flexion Laierai Torsion 
extension bencling 

2014 18 52 19 10 
2016 10 54 25 12 

Fig. 5b showed an almost steady distribution up to the 

junctional zone (S13, corresponding to L l -L2) followed 

by a monotonie increase reaching its maximum value at the 

sacro-illiac junction (S 17, corresponding to L5-Sacrum). 

Scoliotic deformation exacerbated energy concentration 

in 2016. Concerning torsion energy Fig. 5c, the distribu

tion was disrupted by a sudden increase before the apex 

(S5-S6, corresponding to T5-T7) and particularly marked 

in 2016. Maximum values were reached in the upper junc

tional zone (S6, corresponding to T6-T7). It was also 

observed that the lower junctional zone (S 12, S 13, cor

responding to Tl2-L2) showed a noticeable increase of 

torsion energy in 2016. 
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Fig. 5 Clinical application: 2 years follow-up of a 13-year-old girl (IA Lenlœ type, 40° Cobb angle in 2014, 65° Cobb angle in 2016). Energy 
distribution patterns: a lateral bending (frontal plane), b flexion-extension (sagittal plane), c torsion 



4  Discussion

We initially hypothesized that a wireframe model based 
upon mechanical energy minimization might depict the 
spine balance in scoliosis time course. The governing 
equations and the associated numerical direct and inverse 
methods were first evaluated with a test case mimicking 
a simplified spine architecture, and second with a 2 years 
evolving scoliosis. The nonlinear response was searched 
in the form of successive piece-wise linear equilibria and 
in the vicinity of the equilibrium all forces derived from a 
local potential. Progressive results supported the proposed 
methodology and confirmed our central hypothesis.

We proposed the concept of mechanical effective tensor 
to condense, in a reduced number of scalars, the complex 
behavior of spine segments involving bones and soft tis-
sues. Additionally, patient medical images constrained the 
inverse algorithm to check kinematic and mechanical bal-
ances to warrant the clinical relevance of the methodol-
ogy. The penalization process guided the inverse problem 
resolution among multiple numerical admissible solutions.

Despite the concept of effective tensors, the amount of 
unknowns was still diminished to diagonal components 
because they played major roles. While accelerating numeri-
cal resolution, this choice provided convincing results com-
pared to clinical diagnosis. However, the set of equations 
can predict the influence of coupled mechanical loading 
(i.e bending, torsion, compression) with enhanced clinical 
relevance by exploring the impact of extra diagonal terms 

potentially asymmetric. Especially, this could improve 
predicting the structure nonlinear response due to loading 
history.

The time scale of the clinical follow-up, allowed us 
to assume that the AIS evolution could be considered 
as being a steady-state mechanical problem at each time 
observation. Two snapshots at 2 year intervals were 
selected to establish the clinical relevance of our pro-
posed methodology. The domain was restrained to thoracic 
and lumbar segments. Indeed, cervical spine balance is 
rarely deformed by AIS and it is mainly determined by the 
dynamical maintain of horizontal sight.

AIS deformation was interpreted in terms of mechanical 
energies and this objective quantification allowed complet-
ing the empirical clinical approach. As observed clinically, 
we found that the apical zone was playing a significant role 
in energy concentration, especially for lateral bending and 

torsion. Beyond that, the prominence of sagittal bending 
found in sacro-illiac junction was also corroborated by pre-
vious clinical studies (Brink et al. 2018). The junction zones 
located on both sides of the apex observed in clinics by curve 
inversion showed intrinsic variations of energies and notably 
for torsion. Indeed, these zones are examined to establish 
clinical diagnosis, AIS classification and surgical planning.

In this article, the energy distribution obtained from avail-
able clinical data was calculated. This can be considered as 
the basis of further clinical studies on multicentric cohorts 
involving main types of AIS in Lenke classification and the 
concept of stable or unstable scoliosis. The implementation 
of specific algorithms will allow a prediction of scoliotic 
curve progression by the analysis of segments effective prop-
erties. In that case, the clinically enriched models will be 
considered as being predictive models.
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Appendix 1: Rotation matrix

Rotation matrix Ri :

(17)
⎛⎜⎜⎝

cos �i cos �i − sin �i cos �i sin �i
sin �i cos�i + cos �i sin �i sin�i cos �i cos�i − sin �i sin �i sin�i − cos �i sin�i

sin �i sin�i − cos �i sin �i cos�i cos �i sin�i + sin �i sin �i cos�i cos �i cos�i

⎞⎟⎟⎠

Appendix 2: Adjoint method

The derivative operator ∇� used on any function h(�eq(�), �) 
is defined as:

Therefore,

Calling �(�, �) = (∇�V)(�, �) , the definition of �eq for every 
� gives:

(18)∇�h =
dh

d�

(19)∇�f =
�f

��eq

d�eq

d�
+

�f

��
.

(20)�(�eq(�), �) = 0 therefore ∇�(�(�eq(�), �)) = 0,

mverza
Zone de texte 



leading to the following equation:

Using this result in Eq. (19) gives:

The vector − �f

��eq

(
��

��eq

)−1

 , often called � , is the adjoint vec-

tor. It is the solution of a linear system, faster to solve than 
an explicit finite difference calculation to access the gradient 
∇� f .

Appendix 3: Sensitivity study

In the proposed methodology, the spine balance was found 
by minimizing the total mechanical energy using  EOS® 
medical images from patient follow-up as input data. We 
assessed the impact of uncertainties of clinical data numeri-
zation on numerical prediction.

The measurements errors were evaluated using ten 
numerizations of a single clinical image. The locations and 
orientations of seventeen vertebral bodies have been com-
puted for each numerization. Inspired by Bayesian method-
ology, the geometry space was described with a probability 
law chosen to be normal, i.e., defined by mean value and 
standard deviation. The first and last decile of the distri-
bution provided the envelops of the clinical geometry. The 
maximum distance between the envelops was evaluated at 
5% of the maximum displacement from vertical spine in 
both frontal and sagittal direction.

The computation cost for the uncertainties propagation 
through the inverse problem was prohibitive. Therefore, we 
investigated the propagation of hypothetical uncertainties on 
the parameters, through the direct problem. The parameters 
uncertainties were chosen to be independent and following 
a normal distribution with a fixed mean and an arbitrary 
initial standard deviation (few percents of the mean). The 
deciles distribution of the computed equilibrium geometry 
�eq was then compared with the deciles of clinical data from 
image numerization. The parameters standard deviation was 
iteratively updated to obtain a good match between clinical 
measurements envelops and equilibrium geometry envelops. 
After computation, the discrepancies between clinical envel-
ops and equilibrium envelops was lower than 6% and was 
obtained with uncertainties on parameters characterized by 
standard deviation of 5% of the mean values.

(21)
d�eq

d�
= −

(
��

��eq

)−1
��

��
.

(22)∇�f = −
�f

��eq

(
��

��eq

)−1
��

��
+

�f

��
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