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Isotopic relations for tetrahedral and octahedral molecules.

(This paper is dedicated to the memory of Dr. Jon T. Hougen.)
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“Laboratoire Interdisciplinaire Carnot de Bourgogne, UMR 6303 CNRS - Université Bourgogne Franche-Comté, 9 Av.
A. Savary, BP 47870, F-21078 Dijon Cedex, France

Abstract

The study and analysis of heavy spherical-top molecules is often not straightforward. The pres-
ence of hot bands and of many isotopologues can lead to a high line congestion very difficult for
assignment. In this work, using a low-order model we have derived very simple isotopic relations
in order to determine initial parameters of the analysis. We also show that an identical approach
can be used for XY, and XYs molecules and all these results are illustrated by the comparison of
numerical computations and experiments.
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1. Introduction

Spherical-top molecules constitute an important class of molecular species whose study re-
quires extensive use of symmetry [1] and group theory methods [2—4]. Besides the iconic exam-
ple of methane [5], there exist many heaver species of this type, either tetrahedral like CF4 [6],
SIH4 [7, 8], GCH4 [9, 10], OSO4 [11, 12], RllO4 [13], P4 [14], C]QH](, [15], C6N4H12 [16], ...or
octahedral like SF¢ [17], SeFg [18], WFg [19], UF; [20], CgHg [21], .. .. Most of them possess, in
natural abundance, several isotopologues, some being sometimes quite rare [22] or even radioac-
tive [13]. It is thus desirable to derive at least approximate relations to calculate isotopic shift
relations for the lower order molecular parameters in order to get a first estimate and simulation
of the absorption spectrum of low-abundance or radioactive isotopologues [9, 10, 13, 23].

Isotopic relations, however, have never been published in detail for such molecules, although
there exist some partial studies [24-26] (some studies are part of old French theses which are
difficult to find). In the present paper, we reinvestigate this question using a simple low-order
model which is sufficient for the above-described purpose, that is to estimate initial parameters
to allow initial simulations of infrared-active bands of minor isotopologues, based on the main
isotopologue results. This method is applicable to all isotopologues with the same symmetry.
The problem is more more complicated when the isototopic substitution lowers the symmetry
(for instance, the passage from CHy to CH;D,). In the latter case, there exist other techniques,
see for instance the work of Ulenikov et al. [27].
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Quadratic isotopic relations, for all molecules, are usually established using the GF matrix
method [24], since force constants are invariant through isotopic substitution (within the Born-
Oppenheimer approximation).

Here, we apply this method to infrared absorption active triply degenerate modes of tetrahe-
dral and octahedral species using the approach of Hoy er al. [28]. This one leads, a priori, to
two systems of linear equations that allow to calculate harmonic frequencies (or wavenumbers)
and Coriolis constants for the different isotopologues.

We also propose an alternative approach based on force constants in the Cartesian coordinate
system [29].

Section 2 describes the internal coordinate approach, while Section 3 presents the Cartesian
coordinate point of view that leads to the isotopic relations derived in Section 4. Finally, we
illustrate this through simple examples for tetrahedral and octahedral molecules in Sections 5
and 6, respectively.

2. XY, force constants in symmetrized internal coordinates

Let’s consider a molecule made up of one nucleus X of mass M and four nuclei Y of mass
m (see Figure 1). The symmetry group is the T; group and the molecule possesses four vibration
modes; s = 1 of symmetry A, s = 2 of symmetry E and s = 3,4 of symmetry F». The quadratic
potential, restricted to the modes 3 and 4, is expressed as:

1 i i o i
V34=§ Z (F33S§(,+F44Si,+2F34S3a54a), (1

a=xy,z

where the oriented symmetrized coordinates ‘S2, are expressed as a function of internal coordi-
nates (see equations 2).

4 Az

Figure 1: An XY4 molecule in its reference configuration.
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1S3y = = (Ary — Ars — Ara + Ars),

2
: 1
lS3y = E (—Ar2 + Ar3 — Ar4 + AV5),
; 1
IS3Z = E (—Arz — Ar3 + Ar4 + AI’S),

is —ir (A@34 — AB5) @
4x \/§ e 34 25) s

. 1
'Syy = $Ve (A, — AB35),
. 1
'S4, = $re (AOy3; — ABys).

To determine force constants Fs3, F34 and F44, we use the GF method of Wilson [24] which
allows to link these constants to the molecular masses and harmonic frequencies w; following
the secular equation:

det ((GF)U - /l(S,j) =0, 3)
with
Ay = 47rzc2a)§. @

For F, type vibrations we obtain:

F33 Fay
Fpz Fy

Gz Gu

, )
Gz Gy

2 = A(F33G33 + 2F34G3q + FuGag) +

where (F) and (G) are symmetric matrices and (G) depends of the choice of the symmetrized
coordinates. The solutions are A3 and A4 with the following relations:

G33F33 + GaaFag +2G34F34 = A3 + Ay, (6)

(G33G44 - G§4) (F33F44 - F§4) = A344. @)

A third equation is needed to determine the three force constants. We use here this equation
from Ref. [28]:

C33F33 + CagFas + 2C34F34 = 383 + A4, (8)

where C is a matrix only depending of masses and geometry of the molecule and where Coriolis
constants {3 and ¢y are not independant and follow sum rules.

Nevertheless, the above equation (7) is not linear. So, by combining equations (6), (7)
and (8), Hoy e al. [28] have obtained a third linear equation:

(G33C34 — G33C33) F33 + (G34Cas — G44Czq) Fuu+
(G33Ca4 — G44C33) F34 = €(A3 — Ag) VGGG = |Cl,  (9)
3



where |G| and |C| stand for the G and C matrix determinants and € = +1, leading to two possible
solutions.
For XY, molecules, the G matrix has been given by Simanouti [30] and Aboumajd [26], while
ss the C matrix was given by Mills [31]. Considering our choice of symmetrized coordinates, these
matrices can be expressed as follows:

4 41 8 4 S 41

— | 3M m 3M — 3M 3M m
G=1"s" 16,27 1 16, 1) (10)

IM 3M m 3M m 3M m

Therefore (see Appendix 1), equation (9) leads to

F33 —2F 44 + F34 = ,umD

1 (11)
=€z —A4) y[2uM (1 - (4)(5 + 4’4)-

Then, we obtain force constants Fi3, F44 and F34 by solving the system of 3 linear equations
(6), (8) and (11). Their expressions are given in equations (12) and we have two solutions
s depending of the value of e:

(A3 — A4),

1 1
6F33 = (1 +2m) (A3 + Ag) + 3 @Cm—p) 44y —1) + 8e \/Zum(l —{4)(5 +§4)

1
6F34 = (u—m) (43 +/14)+§

1
(m+u) (1 -44) + 26\/2,11’“(1 —{4)(5 + 4'4)}(/13 - ),

m 1
6F44=(H+§)(/l3+/14)+§ (A3 = A).

2

1
(5 -n)@z-n —46\/2,uM(1 —44)(5 ¥ 44)

(12)

Knowing numerical values of these constants from A3, A4 and {4 of one isotopologue, we can
compute A3, A; and £, for other isotopologues by using equations (5) and (8) and by adapting the
G and C matrices.

3. Force constants of XY, in the symmetrized Cartesian coordinate system

6 In a symmetrized Cartesian coordinate system, the quadratic potential, restricted to modes
s =3 and s = 4, is expressed as [29]:

1 o c c C
Vi = E Z (k33LS§a + kaa S?m + 2k34°S 30 S4<x)’ (13)

a=x,y,z



where oriented symmetrized coordinates ¢S ?

+» are expressed as a function of Cartesian coordi-
nates:

5
. 1
S =——=|m ) a—Mai],
33

1
Sox=——=CEn—y3+ya+ys -2+ —u+25),
2V2 (14)
1
Sgyy=——=CF0-x3+x0+x5+0-3-2+25),
)
1
Sar=——=02=y3=Ya+Y5 =X+ X3— X4 + X5).
Z 2 \/E
The A’s are solutions of the secular equation:
det (kij — mas;;) = 0. (15)
70 At that point, let k33 = ki, kaa = k, and k34 = k3 in order to simplify the notations. We thus
write:
(ky = mA) (ky = mA) — k2 =0 (16)
and
ki + Ky — \f(ky = ko)? + 4K3
/13 = 2 )
" (17)
ki + ko + \f(ky = ko)? + 4K3
Ay = .
4 2m
We also obtain:
3
&=1-3cos’y,
3 (13)
=1- 3 sin’y,
hence,
1
G+ = 5 (19)
For XY, molecules [25, 29], we have:
r 11/2
1 ko —k
cosy=—|1+ 2 ! s
V2 i k) a2
) ) (20)

11/2

. 1 ky — ky
siny = — |1 - )

V2| e -kt + 42|

noting that for the XYy molecules, Moret Bailly [29] switched cosy and sin y.
5
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Some additional relations are given in Appendix 2.
We can also deduce from formulas (17)—(20):

ki +k
A3+ Ay = #5
m
k k
B+ s = — = o=, 1)
m 2m
1 2
Bds = — (kiky = 13).
The system of equations (6), (8) and (11) becomes:
ki +k
G33F33 + GaaFag +2G34F34 = 1m 2,
k k
C33F33 + CagFay + 2C34F3q = — — ==, (22)
m 2m
3 /2
F33 —2F 44 + F34 = 5 _#E|k%|
m
By solving the system, we obtain:
2 2
F33 = aky + =k, + =Belks|,
3 = ok + 3 2+35€| 3
1 1
Fyy = aky + gkz - 5ﬁ6|k3|, (23)

1 1
F3y = aky - §k2 + gﬂ€|k3|,

a:i,ﬂzwlz—u. (24)
3m m

4. Isotopic relations in Cartesian coordinates

with

As for the force constants F;;, the k constant is invariant relative to isotopic substitutions as
far as “S4, coordinates do not depend of masses.
Therefore, we can write:

2 2
ak; + 5,36|k3| =k} + gﬁ’e’lkgl,
| | 25)
aky — 5,86|k3| =ad'k| - 5,3/6’|k§|

and so:

Belks| = B'€’|k3]. (26)

However, in the relations from (17) to (20), allowing to calculate frequencies and Coriolis
constants, only the parameter k% is needed. Consequently,

B €kl = ek @7
6
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and thus,

Bl = B2k, (28)
Then kgz can be expressed as

’ m/

kfzﬁz@. (29)

Also, from equation (25) we show that:
K =E0, (30)
wom

and
K, = k. 31

From formula (32) below, deduced from relations (21), we can calculate k;, k, and kg con-
stants for one isotopologue that we know A3 and A4 frequencies and {3 or {4 Coriolis constants,
and apply isotopic relations (29) to (31) to compute frequencies and Coriolis parameters of other
isotopologues using formula (17) to (20):

3k1—/l +l + A +1
T 3|45 3  pel 5
k> ky (32)

—=4+44-—,
m m
k% = k]kz - m2/13/l4.

Moreover, we have shown that isotopic relations (29) to (31) are independant of €. Then,
using GF method, both set of parameters F;; (for € = +1) obtained by (12) lead to the same
frequency values and Coriolis constants (1, and ;) for one isotopologue.

5. Application to XY, molecules

We present here applications of the previous formulas to three tetrahedral spherical-top mole-
cules: methane (CHy), germane (GeHy) and ruthenium tetroxide (RuQy).
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Methane is of course a very important hydrocarbon molecule for many applications in at-
mospheric and astrophysical sciences, whose spectroscopy is exensively studied (see [5, 36] and
references therein). There already exist many studies concerning its different isotopologues. We
use it here as a simple illustration example. Recent studies [5, 36] use sophisticated effective
Hamiltonians that take into account the complex polyad structure of this molecule, with many
intra-polyad interactions (Fermi resonances, Coriolis interactions between different bands, efc).
Their parameters are not easily usable for the present simple application since one would need to
extract decorrelated band centers and Coriolis constants. We rather use here simpler old studies
that considered fits of the v3 and v4 bands as isolated. If the accuracy is not as high as what
can be done nowadays, this is largely sufficient for simple low order calculations like the present
ones. We thus start from '2CH, values taken from Ref. [32] and then deduce, using the method
explained in Sections 3 and 4, the corresponding constants for 13CH,, '2CD, and '2CT,. The
results are compared to the literature [32—35]. This is presented in Table 1.

Some important points should be noticed:

e The method described in Section 2 using internal coordinates gives exactly the same re-
sults, within numerical rounding errors. The two choices for € (+1) give different force
constants F, but the same band center and Coriolis constant values. The cartesian coordi-
nate method (Section 4), as it does not depend on €, does not have this drawback.

o In principle, calculations should use the harmonic wavenumbers w. As an approximation,
we can also use the band center v, knowing that the fitted effective hamiltonian parameter
y corresponds to the true band center (J = 0 level) only when bands are studied as isolated.
As we can see in Table 1, both calculations work well, the one using harmonic wavenum-
bers w being significantly better, considering the relative isotopic shift error. For instance,
the error on the '?CH4 — '>CD shift is 3.3 % for v3 and better for ws, as expected for our
simple model. The result is similar for v;4.

e For high-resolution, more elaborated but heavier models should be used, like for instance
that of Rey er al. [37]. We can notice, however, from Table 9 of this reference, that we get
very similar 2cH, - 2CD, isotopic shifts for v3 and v4 band centers, taking into account
the expected accuracy of our simple model.

e According to the correspondance between the Dijon tensorial formalism [2—4] (used for
the fits) and “classical” notations, [2, 38] we have
g =3 V2B (33)
(with i = 3 or 4) for the tensorial Coriolis parameter. We use this relation to estimate the
value, with the approximation
(BY)i = Bod, (34)

By being the ground state rotational constant.

e The Coriolis constants ¢ should follow the sum rule (19). However, when using such
constants resulting from independent fits of v3 and v4 spectroscopic data, this sum rule is
generally only approximately respected (within a few %). The present calculations proved
to give better results if we make the following choice: (i) we take the experimental {3 value
obtained through (33) and (34) and (ii) we use

1
{ = 57 {3 (35)
9
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This only slightly differ from the experimental {4 value and is more consistent with the
present method that is based on the sum rule.

Our second exemple is GeHs. The fundamental bands of this molecule, which is of impor-
tance in planetology (see [9] and references therein) have been recently studied in our group
[9, 10]. In this case, we do not have anharmonic constants and thus w values cannot be ob-
tained. But band centers are well determined and v are convenient. Moreover, for this molecule,
no strong Fermi resonance is observed between bending and stretching modes. The v; and vy
constants are obtained through fits of two dyads, v,/v4 [10] and v;/v3 [9], which only present
limited rovibrational interactions of Coriolis type. Thus, the fitted values of v3 and v, are almost
identical to band centers as it can be verified by calculating the J = 0 levels.

Germanium in natural abundance presents 5 isotopes. We can thus calculate germane force
constants using experimental v3, v4, {3 and {4 values (with the same remarks as for methane
above) for "°GeH, and then deduce these constants for >GeHy, ">GeH,, "#GeH, and °GeHy
and compare them to the experiment. The results are presented on Figure 2. Taking into account
the many approximations made, the results are very satisfying. The relative error on isotopic
shifts is small. We also notice on the lower right panel the limited error on the { sum rule. The
experimental {4 value is shifted from the 1/2 — {3 value, but follows the same tendency.

2112.2 821.6
v3 band center v4 band center
2112.0 - 821.4 -
2111.8 - E i ;
—+— Experiment 821.2 —— Experiment
—+— Calculation —+— Calculation
2111.6 -
- - 821.0 o
13 £
S 21114 4 S 4
s 1.295 cm = 1.218 cm
s S 8208
2111.2 -
820.6
2111.0 -
2110.8 8204 4
€ o e e e e e e m e m e — o — - g m - —— R “®rrrrrrsoss
---------- 0.0096 o' ~0.80 %
2110.6 - 820.2
T T T T T T T T T T T T T T
70 7 72 73 74 75 76 70 7 72 73 74 75 76
Germanium isotope Germanium isotope
6.40
0550 v Coriolis
6.38 /
e —+— Experiment B 66 _/
° . o - . .
g 0555 —+— Calculation = Vg Coriolis
5 5
5 5 634
T ] 4
0.0984 cm™ ~1.54 % i
E -0.560 —| 0.02cm’ E 6.32 —|Ermor on ¢ sum rule 1.72 % Ex_perlment
g g O —— Using 1/_2 - (Ga)exp
] 2 —+— Calculation
£ e 630
O -0.565 o
6.28
S
0570-{ __000083em ~4i%F---------- 6.26 —
T T T T T T T T T T T T T T
70 71 72 73 74 75 76 70 71 72 73 74 75 76
Germanium isotope Germanium isotope

Figure 2: The band center and Coriolis constant (3 \/f(Bg ), see text) as a function of the germanium isotope for the
GeHy molecule. Blue curves show the values fitted on experimental spectra; the red curves show the calculated values
determined from the 7°GeH, experimental value. In the case of ¢4, we used the 1/2 — {3 value (green curve), the
experimental value being farther away from this sum rule. We also indicate the resulting relative error for the 7°GeH,
itotopologue.
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The third example that we show here is ruthenium tetroxide. This molecule is of importance
for nuclear power plant security and other industrial applications (see [13, 23, 39] and references
therein). In natural abundance, it possesses 5 isotopologues, due to the different ruthenium iso-
tope (we do not consider here oxygen isotopes): ’RuQy, '°°RuQy, '°'Ru0Qy, '?RuO, (the main
one) and '%*RuQ,. There are also two isotopologues with very low abundance, namely *’RuO,
and ®Ru0, and two radioactive, short-lived, isotopologues, 18B3RuO, and %°RuQ,.

In Ref. [13], we analyzed in detail the v3 band for all observable isotopologues and extrapo-
lated the band center and Coriolis parameter for the others. In Ref. [23], we analyzed the v, /vy
bending dyad for '?RuQOy4 only. We can thus apply the same method by starting with '2RuQy4
values. As for germane, we use band centers, the w values being unknown and we also consider
{4 as 1/2 — 5 (the £ sum with the experimental {4 value [23] being 0.484). The calculated results
are compared with experimental and extrapolated values from Ref. [13] on Figure 3. Again, the
results are very satisfying, with small errors on isotopic shifts; values are very close to those of
Ref. [13]. It is then possible to deduce values for the v4 band for the different isotopologues that,
apart from '>RuQ,, have not yet been analyzed up to now. As an illustration, Table 2 gives the
v, predicted band centers and Coriolis constants. For these ones, we can calculate the difference
between the experimental parameter for '’>RuQy [23] and the 1/2 — 3 value used in the present
calculation; then we predict {4 value, say ¢ f thanks to the calculated value j obtained in the
present paper through:

&=+ M (36)

As we saw for GeHy (lower right panel of Figure 2), the variation of the experimental and cal-
culated (starting from 1/2 — 3 for the reference isotopologue) value of {4 are parallel; it is thus
justified to apply the same correction A4 to all isotopologues. The tensorial constant is also
evaluated by multiplying ¢? by 3 V2B,.

1(1,0F )

Isotopologue  v4 / cm™! Vet fayay [ em™
TRuOy 337.047 0.2808 0.1618
%RuO, 336.683  0.2828 0.1629
PRu0, 336.325  0.2848 0.1641
10RuO, 335972  0.2867 0.1652
101RuO, 335.623  0.2886 0.1663
12Ry0, 335281 0.2904 0.1673
13RuO, 334942  0.2922 0.1684
14 RuO, 334.609  0.2940 0.1694
106RuO, 333957  0.2976 0.1714

Table 2: Predicted v4 band centers and Coriolis constants (see text for notations) for the different isotopologues of RuOy.
The reference isotopologue is '92RuQy, so the values given here for this one are identical to the experimental ones [13].

11
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926 — 0.118 -
v3 band center vs Coriolis
—— Experiment —+— Experiment
o Main isotopologue \ o Main isotopologue
O Other observed isotopologues 0.116 O Other observed isotopologues
¢ Extrapolated weak isotopologues \ < Extrapolated weak isotopologues
A Radioactive isotopologues A Radioactive isotopologues
924 — Calculation g — Calculation
e 0.114 —
o
2
e &
S 922 e
5 <
> g 0.112
Q
2
]
IS
(&}
0.110 —
920 —
0.108 —
918 o
T T T T T T T T T T
98 100 102 104 106 98 100 102 104 106
Ruthenium isotope Ruthenium isotope

Figure 3: The band center and Coriolis constant (3 \/E(ng), see text) as a function of the ruthenium isotope for the v3
band of the RuO4 molecule. We use symbols to distinguish between observed and extrapolated data for the different
isotopologues.

6. Application to XY molecules

Formula established for XY, molecules can be applied to XY molecules by simply replacing
G, C and u by [26, 40-42]:

o-(Th B ) e[ B, P2 -
TR Tl COET Y
and M

H= e (38)

In this case, the v3 and v4 normal mode coordinates possess the Fj, symmetry in the Oj point
group.

We can thus apply the present theory to the SF¢ molecule. This one is a very strong green-
house gas, see [17] and references therein. It possesses four isotopologues in natural abundance,
namely *2SFq, 33SFg, 3*SFs and 6SFg, the latter one having a very small abundance of only
0.02 % [22]. We can thus use the very accurate values for 328F, (using band centers as for
germane above) to deduce the constants for the other isotopologues and compare them to ex-
perimental values, when available. The results are presented on Figure 4 and, again, are very

12



190

195

200

satisfying. We see here that this method allows to estimate constants that are not known for some
minor isotopologues and serve as a starting point for their future analysis.
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Figure 4: The band center and Coriolis constant (3 \/i(B{ ), see text) as a function of the sulfur isotope for the SFg
molecule. The legend is the same as for Figure 2. In this case, no data exist for the v4 band of 3°SFg. As for 33SFg the v4
band center is an extrapolated value from Ref. [43], while the Coriolis constant is no known.

7. Conclusion

We have shown that isotopic relations, when established in the Cartesian coordinate system
for tetrahedral and octahedral molecules, lead to simple calculations for harmonic and Coriolis
constants. As a matter of fact, these calculations depend only on masses (4 and m) and not on
the whole G and C matrices as when using the internal coordinate system.

We have also shown that the ambiguity on the determination of force constants is not involved
in these isotopic relations. Moreover, it should be noticed that the ambiguity in Cartesian coordi-
nates only resides in the sign of the interaction parameter k34 = k3, while for internal coordinates,
the three force constants lead to three different values when changing the sign of €.

Finally, we have illustrated the use of the simple isotopic relations developed here for a
few tetrahedral molecules and for octahedral SF¢. Such relations can be of help to make initial
predictions for various rare isotopologues of spherical top molecules, provided that one main
isotopologue is well known.
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Appendix 1: Formulas for the GF method

Following the G and C matrix definition from Equation (10), Equation (9) becomes

F33 = 2F44 + F34 = umD, (39
with Iy
m
- , 40
# M + 4m 40
205
D = e(A3 — A4) V441Gl = |C, (41)
2
|G| = =2|C| = —, (42)
um
whence

1
D= e - )G\ &sdu + 5 (43)

According the sum rules for spherical tops [28, 40, 44, 45]
1

H+l = 3 (44)
and .
GoO+1=01- §4)(§ + 54)- (45)
210 In addition, we have:
1 1
B+ A4dy = I (A3 +A4) - 1 44— 1) (43 - A4). (46)

Appendix 2: Relations in terms of Cartesian force constants

From {3 and ¢4 (cf. Eq. (18)) and noticing that sin 27y is positive by definition, we deduce:

1
cos2y = 3 44 -1),
4 1 “7)
in2y =-4/(1- =+ ).
sin2y =3 ( 54)(2 §4)
Then, from cos y and siny from Eq. (20) we obtain the following relations:
ko —k
cos2y = 2 r ! s
sin2y = Akl .
Y P

with

k= J(ky = i 2 + 442 (49)
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235

240
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250

255

So,

In addition,
m(A3 — Ay) = k. (50)

1
umD = €(A3 — A4) 4 [2um (1 = £4) (z + {4)

3 [2u
— 1/ —€lks).
2Vm€| 3l

(51
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