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We are interested in the existence results for second-order differential inclusions, involv-
ing finite number of unilateral constraints in an abstract framework. These constraints
are described by a set-valued operator, more precisely a proximal normal cone to a time-
dependent set. In order to prove these existence results, we study an extension of the
numerical scheme introduced in [10] and prove a convergence result for this scheme.

Keywords: Second-order differential inclusions; proximal normal cone; inelastic collisions;
numerical scheme.
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1. Introduction

We consider second-order differential inclusions, involving proximal normal cones.
These were firstly treated by Schatzman [26] in the framework of elastic impacts
and later by Moreau [15, 16] to model inelastic impacts for a mechanical system in
order to describe contact dynamics. The impact law describing the dynamics leads
to a nonincreasing kinetic energy at impacts. These second-order problems appear
in several models of mechanical systems with a finite number of degrees of freedom
and dealing with frictionless and inelastic contacts.

Let us specify this class of problems. Let I be a bounded time-interval,
f:IxR* = R?beamap and Q : I = R? be a multi-valued map. The main
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question concerns the existence for solutions to the following second-order differen-
tial inclusion:

Vtel, q(t)€Q(t)

d?q

vtel, ") =P, ,.qt")
(0) = qo € int[Q(0)],

(](0) = Ug-

We denote by int[Q(0)] the interior of the set Q(0), by N the proximal normal cone
and for g € Q(t), by Cy 4 the set of feasible velocities:

Ciq :={u, ¢+ eu € Q(t + ¢) for small enough € > 0}. (1.2)

We refer the reader to [4] and [5] for details concerning different normal cones
(“limiting cone”, “Clarke cone”, ...). Here we will deal with “uniform prox-regular
sets” Q(t) so, according to [25], all these cones coincide.

Remark 1.1. We are looking for solutions ¢ such that ¢ has a bounded variation,
in order that the second-order differential equation in (1.1) should be thought in
the distributional sense. More precisely, we will solve it for time-measure ¢ € BV (I)
and it should be written with time-measures

dg+ N(Q(-),q(-))dt > f(- q(-))dt.

In all this work, the second-order differential inclusion will be written in the distri-
butional sense for easiness. However, we emphasize that we consider time-measures.

This differential inclusion can be thought as follows: the point ¢(t), submitted
to the external force f(t,q(t)), has to live in the set Q(t) and so to follow its time-
evolution. The unilateral constraint “q(t) € Q(¢)” may lead to some discontinuities
for the velocity ¢. For example, frictionless impacts can be modeled by a second-
order differential inclusion involving the proximal normal cone (see [15, 16]). This
differential inclusion does not uniquely define the evolution of the velocity during
an impact. To complete the description, we impose the impact law

C](tJr) = Pct,q(t) q(t™),
introduced by Moreau in [15] and justified by Paoli and Schatzman in [19, 21] (using
a penalty method) for inelastic impacts.

The set Q(t) corresponds to a set of “admissible configurations” for ¢. In physical
problems, it is generally described by several constaints (g;); as follows:

Q) = ({4 g:t,q) > 0}. (1.3)

i=1
The existence of a solution for such second-order problems is still open in a gen-
eral framework. The first positive results were obtained by Monteiro Marques [12]
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and Paoli and Schatzman [20] in the case of a smooth time-independent admissible
set (which locally corresponds to the single constraint case p = 1 in (1.3)). The
proof relies on a numerical method involving a time-discretization of (1.1) in order
to compute approximate solutions and is based on the study of its convergence.
The multi-constraint case with analytical data was then treated by Ballard with a
different method in [1], where a positive result of uniqueness for such problems was
obtained. Then in [22], an existence result is proved in the case of a nonsmooth
convex time-independent admissible set (given by multiple constraints). There, the
active constraints are assumed to be linearly independent in the following sense:
for each configuration ¢ € 9Q), the gradients (Vg;(q))iesr associated to active con-
straints I := {7, ¢;(¢) = 0} are assumed to be linearly independent.

In the case of nonconvex admissible sets, some results were obtained for a sin-
gle constraint p = 1 (for example in [7, 8] or in [13] and [28] for the first result
concerning time-dependent constraints) and very recently in [23, 24] for the multi-
constraint case under the linear independence of the active gradients. Moreover
in [10], Maury has proposed a numerical scheme for time-independent multiple and
convex constraints ¢g;. The admissible set @) is not assumed to be convex, however
at each time step, the numerical scheme uses a local convex approximation of Q.
This improvement is interesting as it permits to define an implementable scheme,
since the projection onto a convex set can be performed with efficient algorithms.

A first result of convergence for this scheme was proved in [10] for a single con-
straint and applications to the numerical simulation of sytems of particles submitted
to inelastic collisions are studied in [9] by the second author.

We emphasize that in the previously mentioned works, the different numerical
schemes (permitting to discretize (1.1)) are written (or can be written) in a multi-
constraint case. The main difficulties consist in proving on the one hand the exis-
tence of solutions for (1.1) and on the other hand a convergence result for the
associated numerical schemes for such multi-constrained problems. Concerning the
uniqueness, we know from [26] and [1] that even with smooth data the unique-
ness does not hold. The only positive results are proved in [27] for one-dimensional
impact problems and in [1], in the context of analytic data. This critical question
of uniqueness is not studied here.

The framework

In this work, we are interested in extending the previous work [10], in order to prove
the existence of solutions and to get a convergence result of the scheme in the case
of multiple time-dependent constraints. Moreover, we give applications in modeling
inelastic collisions.

First of all, let us precise some notations. We write W% (I,RY) (respec-
tively, W1 (I,R?)) for the Sobolev space of functions in L>(I,R%) (respectively,
LY(I,R%)) whose derivative is also in L> (I, R?) (respectively, L' (I, R?)). BV (I,R%)
is the space of functions in L>°(I,R?) with bounded variations on I. We define the
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dual space M(I) := (C.(I))" where C.(I) is the space of continuous functions with
compact support (corresponding to the set of Radon measure due to Riesz theorem).
We set M (I) for the subset of positive measures.

We consider second-order differential inclusions involving a set-valued map
Q : [0,T] = RY satisfying that for every ¢t € [0,7], Q(t) is the intersection of
complements of smooth convex sets. Let us first specify the set-valued map @. This
general framework has already been described by Venel in [30] for first-order differ-
ential inclusions (fitting into the so-called sweeping process theory) and in [2] for a
stochastic perturbation of such problems.

Fori e {1,...,p}, let g; : [0,T] x R — R be a convex function with respect to
the second variable. For every ¢ € [0,T], we introduce the sets @Q;(t) defined by:

Qi(t) == {g € R, gi(t,q) = 0}, (1.4)

and the feasible set Q(t) (supposed to be nonempty)
P
Q) == () Qi(t). (1.5)
i=1

We denote by I = [0,7] the time interval. The considered problem is the following:
we are looking for a solution ¢ € W1 (I,R%), ¢ € BV (I,R?) such that
Vtel, q(t)€Q(t)

d?q

Vtel, ¢(t")="Pe,,q.,dt")

q(0) = qo € int[Q(0)],

4(0) = ug,

where N(Q(t), ¢(t)) is the proximal normal cone of Q(t) at ¢(t) and C; 4 is the set
of admissible velocities:

Ciq = {u, 0:gi(t,q) + (Vqgi(t,q),u) >0 if g;(t,q) =0}, (1.7)

which corresponds to (1.2) in our framework.

We have to make assumptions on the constraints g;. First we require some
regularity: we suppose that there exist ¢ > 0 and open sets U;(t) D Q;(t) for all ¢
in [0, 7] verifying

A (Qi(t), R\ Uy(t)) > ¢, (A0)
where dy denotes the Hausdorfl distance. Moreover, we assume that there exist

constants «, 3, M > 0 such that for all ¢ in [0,7], gi(¢,-) belongs to C?(U;(t)) and
satisfies

VgeU(t), a<|Vqgltq)l<p, (A1)
VqeUt), [0:gilt,q) <P, (A2)
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VqeUit), 10:Vqgi(t,q)| <M, (A3)
VqeUi(t), |Djgi(t,q)l <M (Ad)

and
Va € Ui(t), 107g:(t,q)] < M. (A5)

In comparison with [30] and [2] where first-order differential inclusion are studied,
we require the new and natural assumption (A5), due to the fact that we consider
second-order differential inclusions.

Note that these assumptions can slightly be weakened. Indeed, the lower bound
in (A1) is only required in a neighborhood of ¢ € 9Q(t). Moreover, we have assumed
C?-smoothness in (A4) and (A5) for the sake of simplicity, but we only need C1+¢
regularity.

Furthermore, we require a kind of independence for the active gradients. For all
t €[0,7] and ¢ € Q(t), we denote by I(t,q) the active set at ¢

I(t,q) :={ie{1,...,p}, gi(t,q) =0}, (1.8)

corresponding to the active constraints. For every p > 0, we define the following
set:

I(t.q) =={ie{l,....p}, gi(t.a) < p}- (1.9)
We assume there exist v > 0 and p > 0 such that for all ¢ € [0, T,

VgeQ(t), YAi=0, > NVeglt, )l <v| Y. AVegilt,q)|. (A6)

1€l,(t,q) i1€l,(t,q)

We will use the following weaker assumption too:

i€l(t,q) i€l(t,q)

Note that assumptions (A6) and (A6’) describe a kind of “positive linear indepen-
dence” of the almost active gradients. In the time-independent case, (A6’) is lightly
weaker than the linear independence assumption made in [22-24]. Assumption (A6")
implies the “uniform prox-regularity” of the admissible set Q(¢), which is a weaker
property than the convexity. Indeed, a set is said to be uniformly prox-regular when
one can move a ball of constant radius on its boundary, this ball staying outside the
considered set. This implies the fact that any point close enough to the set can be
projected on it. In case of time-dependent constraints, one has to impose (A6) in
order to control the dependence in time. This stronger hypothesis will allow us to
prove that the map ¢t — Q(t) is Lipschitz and to have the possibility to find “good
directions” (see the fundamental Lemma 3.1). We emphasize that the notion of
prox-regularity is very useful for the study of first-order differential inclusions (the
so-called sweeping process) and naturally appears in this context. In the framework
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of second-order differential inclusions, this notion is less important. We refer to [3]
for a general result about second-order differential inclusions (involving the notion
of “admissible” sets which is related to the notion of “good directions” appearing
in Lemma 3.1).

Under these assumptions, we have a characterization of the proximal normal
cone N(Q(t),").

Proposition 1.2. (Proposition 2.8 of [30]) In this framework, we know that for
every t € I, and every q € 0Q(t),

N(Q(t)7q) =N Z )\ivq gi(t7Q)a Ai >0

i€l(t,q)

So our problem (1.6) can be written as follows: we are looking for solutions
q € Wh(I,RY), ¢ € BV(I,R%) and time-measures \; € M (I) such that

Viel, q(t)€Q(t)

d?q -
-7 = () + ;)\ivq gi(-q(+)),

supp(Ai) C {t, gi(t,q(t)) =0} forall i (1.10)
Viel, ¢(t*)=Pc, . q(t")

q(0) = qo € int[Q(0)],

q(0) = uo.

We denote by A = (A1,...,A,) € RP the vector of the Lagrange multipliers
associated to these p constraints.

As usual, we obtain the existence results for (1.10) by proving the convergence
of a sequence of discretized solutions.

To do so, we extend the algorithm proposed by Maury in [10] for modeling
inelastic collisions, to the case of abstract and time-dependent constraints. In [10],
the convergence (up to a subsequence) is proved in the case of a single constraint.
Here, we show that this convergence still holds in the multi-constraint case.

Let us describe the numerical scheme. Let h = T'/N be the time step. We denote
by q; € R? and up € R? the approximated solution and velocity at time ty =nh
forne {0,...,N}.

The discretization of the continuous constraints Ci» 4y proposed in [10] corre-
sponds to a first-order approximation of the constraints in the space variable: for
teland qeU(t), we set

Ki(t,q) = {u, gi(t,q) + h{Vq49i(t,q),u) > 0}. (1.11)

The reason why we do not expand the time variable in this discrete admissible set
is that we will use a semi-implicit numerical scheme, with direct impliciting in time
the set K, (t, q) (see (1.13)).
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The approximated solutions are built using the following schemes:
(1) Initialization:
(4> up) = (g0, uo)- (1.12)

n+1
(2) Time iterations: ¢} and u} are given. We define f} := % tt,{‘ f(s,qp)ds,
h

uptt =Py i+ g [uh + BT (1.13)
and

q,’f“ =qp + hu"“, (1.14)

where P¢ is the Euclidean projection onto the set C'. This algorithm is a “prediction-
correction algorithm”: the predicted velocity u} 4 hf;’, that may not be admissible,
is projected onto the approximate set of admissible velocities.

Since the projection PKh(t}T:-%—l’ ) consists in a constrained minimization prob-
lem, with a finite number of affine constraints, it involves Lagrange multipliers
()\ZH) € RP corresponding to the p constraints. It can be checked that we have a
discrete counterpart of the momentum balance appearing in (1.10):
uZ-i-l —un

Th =i+ Z%ﬁlvq gt ap) (1.15)

with /\”Jr1 >0 and A"H =0 when g;(t}, q) + M(Vq gt g), up T > 0.

In [10] the scheme is shown to be stable, robust and to present a good behavior
for large time-steps. That is why, we are interested in continuing its numerical
analysis in the multi-constraint case, with proposing some extensions like the time-
dependence of the constraints.

Results

We recall that I = [0, 7] is the time interval and h is the constant time step (¢} = nh
forn =0,...,N). We denote by g, the piecewise affine function with ¢, (t}) = qJ.

We denote by wuy, the derivative of g, piecewise constant equal to uzﬂ on
Jtn, 71| Finally, we define ), piecewise constant equal to \}™' on J¢2, 7.

The convergence theorem is the following.

Theorem 1.3. Let (qn,un, A\n) be the sequence of solutions constructed from the
scheme (1.12)-(1.15) and suppose that f:I x R® — R? is a measurable map
satisfying:

dKL >0, Vtel, Vq,qeU@), |[f(t,q)—ft. QI <Krlg—ql,  (1.16)

IFeLN(I), Ytel, VqeU(t), |f(t,q)|<F(t). (1.17)
Then, when h goes to zero, there exist subsequences, still denoted by
(an)ns (un)ns (An)n, and

(g,u, A) € WHe(I,R?) x BV(I,R?) x My (I)
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such that

up — u in LY(I,RY),
an —q in WHY(I,RY)  and L>®(I,R?) with ¢ = u,
A ==X in M (I)P,

where (q,u, N) is solution to (1.10) and so (q,u) is a solution to (1.6).

We emphasize that, up to our knowledge, this result is the first one concerning
such multi-constrained second-order differential inclusions with on the one hand
time-dependent constraints and on the other hand a nonconvex and nonsmooth
admissible set.

Remark 1.4. For time-independent constraints, Assumption (A6’) is required but
Assumption (A6) is not necessary.

Remark 1.5. It is important to emphasize that Theorem 1.3 gives a global exis-
tence result since the time T can be chosen independently with respect to the
initial data. This improves the results in the literature (described in the introduc-
tion) which were local such that in case of time-dependent constraints, the time T
was depending on the initial data. Note that, in the case of nondepending on time,
global results in a more regular setting were already proved in [1, 12, 18, 22, 26].

The proof is quite long and technical. We refer the reader to [10] for a first
proof dealing with the case of one (p = 1) time-independent constraint g. We
will follow the same reasoning with some new arguments (appearing in [30]) in
order to solve the difficulties raised by the multiple constraints and the time-
dependence. Section 2 is devoted to the outline and the main ideas of the proof. For
the sake of readibility, the demonstrations of some technical propositions are post-
poned to Sec. 3. In Sec. 4, we describe an application to the modeling of inelastic
collisions.

2. Convergence Result

This section is devoted to the proof of Theorem 1.3. It is divided into 7 steps
and for readibility reasons we have postponed some technical proofs in the next
section.

e Step 1. The scheme is well-defined and produces feasible configurations

Proposition 2.1. For a small enough parameter h, the scheme is well-defined.
Moreover, the computed configurations are feasible:

Vh>0, Vne{0,....,N}, qty) € Q(ty).
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Proof. Let h be smaller than ¢/cy where ¢ and ¢y are given in Lemma 2.2
(below stated) and Assumption (AO) respectively. By assuming that ¢(t}) €
Q(t}), we also deduce that gn(t}) € Q(t}™) + cohB(0,1) C U(ty*'). Then
the gradient V,g:(t}"™ ¢) is well-defined and so is the set Kj(t7+",¢l).
Step 2 of the scheme can be performed and due to the convexity of function
gitptt, ),

upt e Kt ) = gt e QU

Then we conclude by iteration. O

Lemma 2.2. The set-valued map Q is Lipschitz continuous with a constant cy, for
the Hausdorff distance.

We refer the reader to Proposition 2.11 of [30] for a detailed proof of this result.
For the intermediate times ¢ €] Z,t;‘“[, the point g (t) may not belong to Q(t).
However, from Proposition 2.1 and Lemma 2.2, we have the following estimate:

Vh>0, Vtel, d(g(t),Q(t) < max{d(qy,Q(t)),d(gy*,Q(1)} < coh.
(2.1)

e Step 2. uy, is bounded in BV (I,R%)

First, we check that the velocities are uniformly bounded (proved later in Sec. 3.1).

Proposition 2.3. The sequence of computed velocities (up)p is bounded in
L>(I,RY). We set

K = SR lunl poe(ry < oo

Proposition 2.4. The sequence of computed velocities (up)p 1is bounded in
BV (I,R%).

Proof. Since u9 = ug and using Proposition 2.3, it suffices to show that (up)y
has bounded variations on I. This has been proved for a single constraint in [10].
Unfortunately, this proof cannot be extended to the multi-constraint case. To
obtain an estimate on the total variation, we use a similar technique to the one
proposed in [6] and [8]. These ideas rest on the following property: all the cones
Ky (71 glt) contain a ball of fixed radius with a bounded center, which describes
the fact that the solid angles of the cones N(Q(t),qn(t)) are not too small. This
property is proved by using a “good direction” (see Lemma 3.1) which permits to
increase all the almost active constraints. The details of the proof are postponed to
Sec. 3.1. |

e Step 3. Extraction of convergent subsequences
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Proposition 2.4 directly implies the following convergence result:

Proposition 2.5. There exist ¢ in W' (I,R?) and v in BV (I,R%) such that, up
to a subsequence,

U T U in L'(I,R%),
[~ in WHL(I,RY)  and L>®(I,R?) with ¢ = u.
Furthermore, (2.1) yields
viel, q(t)e Q).
In addition, we show that the sequence of Lagrange multipliers converges:

Proposition 2.6. There exists X in M4 (I)P such that, up to a subsequence,

A =X in M (T)P.

Proof. From (1.15), we have

SR gt ) = wt —uf — by
7

with A5t > 0 and A'%! = 0 when
gi(th " an) + h(Va @it ai) ) > 0. (2:2)

Remark that for a small enough parameter h, g; (tZH7 qn) +h({V, gi(tZH, an), up +
hfj’) <0 implies that ¢ € I p(tZH7 q). Consequently, the reverse triangle inequal-
ity (Assumption (A6’)) with (A1) and the Lipschitz regularity (Assumption (A3))
imply for a small enough parameter h

hY A S Jup ™t = — b
7

Therefore, we obtain for this small enough parameter h
[Arllprry S Varr(un) + | F'l| 1)

Hence from Proposition 2.4 together with hypothesis (1.17), (An)n is bounded in
LY(I), which concludes the proof. O

e Step 4. Momentum balance
As in Step 6 of Theorem 1 in [10], using Proposition 2.5 together with Proposi-

tion 2.6, we pass to the limit in the discrete momentum balance (1.15) to obtain

Proposition 2.7. The momentum balance is verified by the limits u and X : in the
sense of time-measure

a=f(,q0)+ Z/\Nq (-, q(-))-
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Note that this equation has to be thought in terms of time-measure (see
Remark 1.1):

du = f()dt + Z vq gi('7 q()))\la

where we denote by du the differential measure of the BV -function wu.
e Step 5. Support of the measures \;

From the uniform convergence of ¢, and the Lipschitz regularity of g; (Assumptions
(A1) and (A2)), it can be checked, as in Step 7 of Theorem 1 in [10], that

Proposition 2.8.
Vi, supp(\i) C {t, gi(t. q(t)) =0}

Indeed (2.2) describes a similar property for the discretized multipliers. The uniform
convergence allows us to go to the limit in (2.2) and to prove the previous
proposition.

This property describes the fact that the measure A\; has a contribution only
when the associated constraint g; is saturated.
e Step 6. Initial condition
As in Step 8 of Theorem 1 in [10], using again the uniform convergence of ¢, it can
be shown that

q(0) =¢qo and u(0) = up.

We emphasize that to prove this point, we use the property go € Int[Q(0)]. From
this, it can be checked that for ¢} < s with s a small enough parameter the desired
velocity uj + hf]} still remains admissible and so we do not need to project. That
allows us to deal with any initial velocity uo € R?. If gy € dQ(0), this property
still holds if we assume that the initial velocity is admissible: ug € Co q,. Else, we
would get

u*(0) = Pey,,, (o)
according to the next proposition.

e Step 7. Collision law

Finally, Theorem 1.3 will follow, provided that we check the collision law for the
limits u and ¢, which is given by the following proposition.

Proposition 2.9.
Vitg € I, u+(t0) = Pctqu(to) (U7 (to)).

Proof. The idea is to let h go to zero in the discrete collision law,

+1 _
’U,Z = PKh(tZ+l,q,’f)[uZ + hf,?]

The main difficulty comes from the fact that the mapping ¢ — Kj(t,q) is not
Lipschitzian. The details of the proof are postponed to Sec. 3.2. O
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3. Auxiliary Results

Before proving the technical Propositions 2.3, 2.4 and 2.9, we recall the following
main lemma. This technical result is very important and all our proofs rest on
this idea. It says that, for each time ¢}/, one can find a “good direction” increas-
ing all the constraints which are almost active, the corresponding increase being
independent of n.

Lemma 3.1. There exist constants 9, k,0 and 7 > 0 such that for allt € I, for all
q € 9Q(t) there exists a unit vector v := v(t,q) satisfying:

o forallse[t—r1,t+7],y € Q(s)NB(q,0) and i € I;,(s,y),

<vq gl(s7 y)v ’U> 2 57
where p is the constant defined in (AG6).

This lemma is a consequence of the reverse triangle inequality (Assumption (AG6)).
We do not give the proof here and refer the reader to Lemma 2.10 in [30] for a
detailed proof with 7 = 0 and to Lemma 5.2 in [2] for a complete proof with some
7 > 0. Indeed in the previously mentioned papers, a detailed construction of such
“good directions” can be found.

3.1. BV estimate for up (Propositions 2.3 and 2.4)

We first prove a uniform bound of the computed velocities up, in L>°(I).

Proof of Proposition 2.3. (1) For any ¢t € I and ¢ € Q(t), construction of a
specific point w € C; 4. From Lemma 3.1, there exists a “good direction”: a unit
vector v satisfying,

Viei(t,q), (Vqgi(t,q),v) >4, (3.1)

for some numerical constants 6,7 > 0 nondepending on t and ¢. For k > 0, a large
enough number, we claim that kv belongs to C; 4. Indeed for ¢ € I;(t,q) (D I(t,q)),
with k > (8 +0)/4, it comes

0tgi(t,q) +(Vqgi(t,q), kv) > 0rgi(t,q) +kd > 6 >0, (3.2)

thanks to Assumption (A2).
Choosing k = (8 + 0)/J, we have built a point w = kv belonging to C; , with
jw| = (8+0)/6.

(2) This vector w belongs to K}, (s + h, q) for (s, G) close to (t, ¢) and h small enough.
Let fix a point (¢,q) (for example the initial condition (¢,q) = (0, ¢qo)). From the
previous point, we know that there exists a bounded admissible velocity w € C; g4,
which satisfies the stronger property (3.2).
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More precisely if s € I and § € Q(s) satisfy
|s —t| + 1§ — q| <min{l/(20),e} :=v (3.3)

with € a small parameter verifying 2e M (1 4 (G + §)/0) < ¢ then w € Kp(s + h, q).
Indeed, from (3.3) we have

Il/?(‘%d) C Il(t7q)
This, together with (3.2) and (3.3) gives, for all i € I;/(s, q)
9e9i(s,q) +(Vqgi(s,q),w) = 6 — eM(1+[w]|) = d/2.

Moreover, for the other indices i ¢ I;/5(s, ¢) we have

| ~

— hGB(1 + |wl).
1+ (B+0)/0) +§/2)), we

gi(s7 Cj) + h[atgi(qu) + <vq gi(qu)7w>] 2

Consequently, for h small enough (h < hg := [/(20
obtain

—~ N

Vi gils,@) + h10i(5,0) + (Vo gi(s, @) w)) > h,
which, by a first-order expansion in time gives:
Vi, gi(s+h,q) +h{Vegi(s+h,q),w) > hg + On_o(h?).
We deduce that there exists h; < hg such that, for h < hy,
Vi, gi(s+h,q) +h(Vegi(s+h,qG),w) >0,
and consequently w € Kp(s+ h, q).

(3) Estimate on the velocities for small time intervals.
Let us fix h < hy (given in the previous point) and a small time interval [t_,¢+] C I

of length
v

|t+ - t—| < " 540 T )
2 (|uh°\ +2888 4 F(t)dt>

where ng is the smallest integer n such that ¢} > t_. We assume that ¢,° € [t_, ¢, ].
We are looking for a bound on the velocity on this time interval. From the first two
points, setting (t,q) = (£,°,¢,°), we have an admissible velocity w € C; 4 such that
for all s € I and ¢ € Q(s) we have

w € Kp(s+h,q)

as soon as |s —t| + |¢ — ¢| < v. Since for s =t} € [t_,t4], |s — t| < v/2, we deduce
that for all integers n such that ¢} € [t_,t], if

lan — a,°| < v/2, (3.4)
then

w e Kh(tz+1vqirzl)'
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Considering such an integer n satisfying (3.4), since uZH is the Euclidean projection
of ul! + hf* on the convex set Kj(t}"", ¢l') (containing the point w), we deduce
that

up ™ —w| < July + hfi — wl,

which implies

n+1
th

lup ™t — w| < |uft — w) —|—/ F(t)dt.
th

We set m the smallest integer (bigger than ng) such that m + 1 does not satisfy
(3.4) or t;"*! ¢ [t_,t,]. By summing these inequalities from n = ng to n = p — 1
with ng < p < m, we get

T
Vp € [no,m|, |uf —w| <|up® —w] —|—/ F(t)dt.
0
Finally, it becomes
)
sup |ub] < |up°| + 2ﬂ+ / F(t (3.5)
no<p<m

By integrating in time, we deduce

0
‘qurl—qh | < <|u |—|—2ﬂ+ / F(t dt) [ty —t_| <v/2

by the assumption on the length of the time interval. As a consequence, we get that
n = m + 1 satisfies (3.4) which by definition of m, yields #* < t, < ¢"™'. Hence,
from (3.5), we have

0
sup ] < fupo] + 2272
to<tn<ty 0

T
+ /0 F(t)dt.

(4) End of the proof.

The parameter h < h; being fixed, we are now looking for a bound on uj; on the
whole time interval I = [0,T]. Let us start with t_ = ¢(0) := 0. From the previous
point we know that with

ty =t(1) := min v ,T

(\u |28 4 (TR dt)

we have

+0
sup (1) < fuol + 2752 / Ft
0<tp <t(1)
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Then, let us assume that there exists ny such that ¢(0) < 7' < ¢(1) < £;*T'. We
have 0 < ¢; :=t(1) — ¢;* < h. In that case, we set t_ = t;* and

ty =1t(2) :==minq t" + v T

<|u | 44828 4o (T dt)

=min{ t(1) — 61 + - T

(\u |+488 4o (T F dt)

From the previous point, we deduce that

n n + 6
s fun()l < s fun(ig)] < huol +4250 1o / F(t
t(1) <t <t(2) 171 <t <t(2)

and so

+6 r
sup  |up(t7)| < uol + 4ﬁ— + 2/ F(t)dt.
0<tr<t(2) 0 0

By iterating this reasoning, for any integer k£ > 1 we set

#(k) == min d t(k — 1) — Sy + - T

(\uo\ +2kEE Lok [T F dt)

k
v
= min 0; + ,T
Z 22(u0+215+5+21f0 dt)

where 0 < h for all k. This construction of ¢(k) can be made while there exists ny
such that t(k—2) < /* " < t(k—1) < t;* "' That is, while t(k—1) —t(k—2) > h.
This condition will be verified as long as

—0p_o + v > h.

2 <|u0| 2k —1)E Lok —1) [ F(t)dt)

Therefore, using the fact that 0 < d;_2 < h, we see that we can construct ¢(k) for
k < N verifying

14

2 (\uo\ 2k — 1)L ok —1) [ F(t)dt)

> 2h,

which is equivalent to

-1

T
k< ko(h) =1+ (é - @) (# +/0 F(t)dt) . (3.6)
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Consequently, we know that the velocities can be bounded on [0, ¢(ko(h))] where

ko(h)— ko (h)

t(ko(h)) = min Z 5 + Z Y dt) ,T

B+1
=1 2(\u0\—|—21 —|—21f0

Now, using the fact that ko(h) goes to infinity when h goes to zero, that the
harmonic serie diverges and that (3.6) yields

ko(h)—1

Zé<hkz0)0

we see that t(ko(h)) is equal to T for h small enough. Therefore, there exists ho < hq
such that, for h < he, T = t(ko(ha)) = t(ko(h)). Finally, we see that, for h < ha,
t(k) can be constructed until k = ko(h2) and uy, can be bounded as follows:

n +6
sup sup |up(ty)] < |uol +2k0(h2)6

T
+ ko (hs) / Fiydt  (3.7)
h<hy 0<tp <T 0 0

which concludes the proof of the existence of a uniform bound in L*° for the veloc-
ities uy,. a

To prove Proposition 2.4, it suffices now to show that the sequence (up), has
bounded variation.

Theorem 3.2. The sequence (up)n has a bounded variation on I.
Proof. In order to study the variation of u;, on I, we split I into smallest intervals.
We define (s;); for j from 0 to P such that:

so=0, sp =T,

1 0
|sj+1—sj|:§min{7',?}, forj=0,...,P—2,

| < 1 . 0
Sp—Sp_ —min< 7, —
P P-1] > 2 ,K )
where 7 and 6 are given by Lemma 3.1 and K is the bound on |[up||z~(r) (see
Proposition 2.3). All these constants do not depend on h and such a construction
gives

2T
min {7’, %}
which is independent of h. Then, for all h, we define ni for 7 from 0 to P — 1 as
the first time step strictly greater than s;:

pP= +1, (3.8)

nd —1 nd
t h < 55 < thh

and nﬁ is set equal to N (t{lv = t"h =1T).
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In the following, we suppose h < min{|s;+1 — s;]}/2. Doing so, we obtain a

J
strictly increasing sequence of (ch ); with

n ]_ 0
ity —t,* | < min {7’, ?} . (3.9)

The variation of u;, on I can be written as follows:

P-1
Var(up) E |u"Jrl up| = E Varjup,
Jj=0

where

J+1
ny " —1

Var;(up) := Z lup ™t —
n:ngl
L. nd pitt
corresponds to the variation on [t,",t," [. To study these terms, we recall that
up ™t = Pr, o g Ul + hf") (3.10)

by construction and state the following lemma:

Lemma 3.3. There exist n > 0 and uniformly bounded vectors y"i such that, for

all small enough h, for all j =0,...,P andn € [nh,n?f [, we have

T = PKh(tZ+1,Q;'f)[x0] — ‘.’El - .’EQ‘ S % (|{EO — yn{1|2 — |{171 — yniP) .

Proof. The outline of the proof is the following: first, we prove that there exist
unit vectors v™ such that

— (28K K
nelnl,n =B < i v"i,n) C Ky(tyth ) with i = 5 (3.11)
where K is a bound on ||us[ (1) (see Proposition 2.3). Then, we conclude using

similar arguments to the ones exposed in [6, §].

j j
Step 1. From Lemma 3.1 with ¢t = tZ and ¢ = qZh, we have a unit “good direction”

J o,Jt1

written v"h. Let n belong to [n],n; " [. From PI‘OpOblthn 2.1, we know that q"+1

belongs to Q(t7*"). Moreover, (3.9) gives |t} — thh| < 7 and |gtt — h"| <40.
Consequently, Lemma 3.1 gives

Vi€ Lo, (t7 L, goth), <vq gi(tZ+1,qZ+1),v"'ib> > 4. (3.12)

We deduce that for all index ¢ € {1,...,p} and a small enough parameter h:

20K j
ﬂ—h(Vq gty gt v > —hBK + 2hBK = hBK.  (3.13)

n+1 n
gty an) + 5
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Indeed, we write

Th<v‘1 gi(th_H’ qh+1>7 v g1>

= [ait g — gty g )]
28K

g G + S h(V g g, o)

gi(t2+17 ql’?) +

The first term can be estimated using (A1) and the bound K on |[lup| p~(). In
order to estimate the second term, if i € I.,(t/ ", ¢ ™), we use (3.12) together
with the fact that g;(t}"', ¢7"") > 0, which gives the required bound. In the case
i ¢ Loty g th), we use gi(t7 T, ¢ ™t) > kp and (A1), which also gives the
required bound for & small enough.

Finally, (3.13) together with assumption (Al) implies that for all v €
B(2Eymi K /2)

ity a) + (Ve ity ai),v) = WK — —— = == >0,
which proves (3.11).
Step 2. Let n belong to [n],n] ™' [. We define
anz = yn‘}]1 + nu where yni e— /8 ’I’L‘}]1
|zo — 1] 0

(Here we assume xo # w1, else the desired result is obvious.) From the previous
step we have

i — (20K
Z"h EB< 55 v"h,77> CKh(tZ+1’QZ)~

The point x; being the projection of xy onto the closed convex set K h(tﬁ“,q,’;),

we get
(xo — xhznib —x1) <0.
From this we have
(2o =y |2 = o1 — y"h 2 4 |zg — @)
+ 2<z"i — y"i,xo —x1) + 2(z — z”{b,xo — 1)

> oy — y"h[2 + 202" — " @ — 1)

> |z — y"'ib 1 + 2n|zo — 1]
This, together with the fact that the vectors y"{z are uniformly bounded by %7
ends the proof of Lemma 3.3. O
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We now come back to the proof of Theorem 3.2. For n in [nh7 n',jfl [, using (3.10)

and the previous lemma (with zg = u} + hfJ and 21 = u}™), it becomes

up ™ —up — hfi] < %(\wo — g = e -y )

1 j
< %(\U%thﬁ—y";lz fup =y )

IN

1 j j
%(\UZ —y" P = Juptt =y ?)

+2_‘hfh‘2+_‘hfh”uh_y "
7
1 " n ni
2—(\u — " =t — g )?)
B fP + S[R P + L)
27 7 ’

where L := 206K/§ (see Proposition 2.3 for the definition of K). By summing up
j+1

these terms for n from nj to n]™ — 1 we get
nfrl 1
L P AR
Var;(up) = Z ‘un+1 —ul| < %(‘u;’h —y"n|? — |uZh — y"h[?)
n:ngl
= : !
+ Y %\hﬁzﬁ oK+ L) > Il
and finally
P-1 P-1
1 g j i+l j 1
Var(up) = Y Var;(up) < % (Jup™ —y™ [ = |up™ =y ?) + %HF”%A(I)
=0 j=0

1
+ ;(K + L+ Fllzn

n(K+L) P+ _HF”Ll(I) + - (K+L+ﬂ)IIFHL1(I>

This completes the proof of Theorem 3.2, since P does not depend on h from (3.8).

3.2. Collision law for the limits uw and q (Proposition 2.9)

This subsection is devoted to the proof of Proposition 2.9, recalled in the following
theorem:

Theorem 3.4. Let ty € I be fized. The limit function u verifies:
ut(to) = Pe, 40 (u” (t0))-
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Note that, from Proposition 2.5, u € BV (I), so that u™(tg) and the u™*(tq) limits
are well-defined.

The proof is quite technical so for an easy reference, we remember the definitions
of the sets Cy 4 (given in (1.7)):

Ciq:={u, 0gi(t,q) +(Vq9i(t,q),u) >0, if g;(t,q) =0}
and Kj(t,q) (given in (1.11)):
Kn(t,q) :=A{u, gi(t,q) + h{Vqgi(t, q), u) = 0}.
Moreover, we recall that

K = SI}ILP l[unllpoe(ry < oo

The desired property
ut(to) = Peyy 00 (w0 (t0)) (3.14)
can be seen as the limit (for h going to 0) of the “discretized property”

uptt = PKh(tZ“,q;;)[uz + hfr. (3.15)

Proof. First we claim that
U+(t0) S Cto,q(to)' (316)

To verify this property, let us consider an index ¢ such that g;(to, q(to)) = 0. Then
a first-order expansion gives:

gi(to + €, q(to + €)) = € [Drgi(to, q(t0)) + (u™ (t0), Vg gi(to, q(t0)))] + 0c—o(e).

The feasibility of ¢(to + €) (see Proposition 2.5) yields

drgi(to, q(to)) + (u™ (o), Vg gi(to, a(to))) >0

which corresponds to (3.16).
Let us now come back to the proof of (3.14). As we just proved u™(to) € Ct, q(10)
and since Cy, q(1,) is a convex set, (3.14) is equivalent to

VYw € Cryq(t),  (u (to) —ut (o), w — ut(to)) < 0. (3.17)

So, in the following, let us choose w € Cy, 4(¢,)- To prove (3.17), we construct a family
of points w, for v > 0 such that w, tends to w when v goes to zero and satisfies
wy, € Kp(t+h, q) for h sufficiently small and (¢, q) close to (to, q(fo)). Then, for each
v, we go to the limit on h, t and g to show that (u™(to) — u™ (to), w, —ut(tg)) <0
and finally, we make v go to zero to conclude.
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Step 1. From Lemma 3.1, there exists a neighborhood U C I xR? around (9, q(to))
and v € R? such that for all t € I and ¢ € Q(¢)

(t7Q) ceU=Vic Iﬁp(t7Q)a <vq gi(taQ>7v> >0, (3'18)

with a numerical constant § > 0. For v > 0, we consider the point w, := w + vv
with v > 0. For all i € I.,(t,q) NI (to, q(to)), (3.18) together with w € Cy 4(1,) gives

9egi(to, a(to)) +(Vqgi(t, @), wy) = 9egi(to, a(to)) + (Vg i(t, @), w) + (Vg gi(t, @), v)
> (Vqgi(t,q) — Vqgi(to, q(to)), w) +v6
> v — Mlw| (|t —to| + |g — q(to)]]
and consequently from Assumptions (A3) and (A5)
Orgi(t:q) + (Vg 9i(t,q), wn) = w6 — (M|w| + M) [[t —to| + |g — q(to)[]

So for every v > 0, if (¢,q) is closed enough to (to,q(to)), we deduce that for all
i€ L-cp(t7 q) n I(t07 q(to))

120)

8tgl(t7q) + <vq gl(t7q)awl/> 2 7

For the indices i ¢ I,.,(t, q), we have
9i(t,q) + h[0ugi(t, q) + (Vg gi(t, q), wi)] = kp — hB(1 + w| +v).
Finally for ¢ ¢ I(to,q(to)),
9i(t, @)+ [0:gi(t, q) + (Vg 9i(t, 9), wp)] > o=hB(1+|w[+v)=F |t —to| + |g — q(to)[]
with

o= min i(to,q(to)) > 0.
i¢1(to,q(t0))g (to, q(to))

We conclude that for each fixed v > 0, there are ¢, and h, such that for every
h < hy, (t,q) € U with |t —to| + |¢ — ¢(to)| < €, and ¢ € Q(t) we have

2]

Via gi(t7 q) + h [atgi(t7 q) + <Vq gi(t7 q)v wl/>] 2 h77

which by a first-order expansion in time gives:

0
Vi, gilt+hiq) +h(Vegilt + h,q)w,) > ho 4+ Ono(h).
At the cost of decreasing h,,, it comes for h < h,,

and consequently, w, € Kp,(t+ h,q) for every h < h,, (t,q) € U with [t —to| + |¢ —
q(to)] < e, and g € Q(1).

Step 2. Let us now fix the parameter v.
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Thanks to the uniform LlprhltZ regularity of the maps ¢; and their uniform con-
vergence towards ¢, there exists h, < h,, such that for € < ¢, /(2+2K) and h < h,,,

thy R e to —e,to + €l = [tFT —to] + g — q(to)] < €.

From this, as ¢ € Q(¢F) from Proposition 2.1, the previous step (with ¢ = t§) gives
w, € Kp(t5, ¢F). Therefore, K, (5™, ¢F) being convex, we have

(uff + hff — bt w, —uf ™y <0. (3.19)

We sum up these inequalities for k from n to p, integers chosen such that ¢} is the
first time step in [to — €,tg — € + h] and tffl the last one in [to + € — h, to + €]. First,
we know that

p

to+e
SR wy — W] < (| +K)/ P()dt, (3.20)
k=n to—e
with K := supy, [|un||eo- We also have
P
3 (uf — ubt w) = (un () — un (), wy). (3.21)
k=n
We deal with the remainder as follows: we write
P P
3 uf — ) = Sl — ) — g
k=n k=n

which gives
1
Z<uﬁ _ u§+1’ _UI;L+1> — Z ‘“h k+1 2 2 [—|Uh(t2)‘2 + ‘uh(t;z—i-l)‘Q}

1 1 .
= §Var2(uh)[2t2,tﬂ + 3 [—lun(tp)]” + [un(E)?],  (3.22)

where we wrote Varp for the L2-variation of a function. Using (3.19)-(3.22), we
finally get:

= [ un(e)P + Jun )P

1
§Var2 (uh)%t;,tﬁ] + 5

to+e
() — (@) w) S [ PO
to—e
Let us now choose a sequence of €, going to zero, such that uy pointwisely converges
to w at the instants ty — €, and to + €, (which is possible as u;, converges almost
everywhere towards u). For each ¢,, and h small enough, we have shown that the
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last inequality holds. Then, passing to the limit for h — 0 we get

1 1
§Var2(u)[2to—em,to+em] + B} [—u(to - em)|? + Ju(to + GM)‘Q]
totem
+ (u(to — em) —u(to + €m), wy) S / F(t)dt,
to—€m

which gives for €, — 0

1 1
§Var2(u)[2tg7t;] + 3 [—\u_(to)\2 + \u+(t0)|2] + (u™ (to) — ut(to), w,) <O0.

Finally we obtain
1 _ 2 1 _ _
5 [u™ (to) = u™ (to)| " + 5 [=u™ (to) * + [u (o) ] + (u™ (o) — u™ (to), wy) < 0.
By expanding the square quantities, this can be written as follows
(u™(to) —u™(to), w, —uT(to)) < 0. (3.23)

To conclude the proof, it now suffices to remember that w, = w + vv and, since
for each v > 0, the previous reasoning holds, we obtain (3.17) by letting v go to 0
in (3.23). O

4. Application to the Modeling of Inelastic Collisions
The continuous model

We consider a mechanical system of N spherical rigid particles in three dimensions.
We denote by ¢; € R? the position of the center of particle i, by r; its radius, by m;
its mass and by f; € R? the external force exerted on it. Let ¢ € RV be defined
by ¢ = (...,q,...) and f € R3* by f:= (..., fi,...). We denote by D;;(q) the
signed distance between particles ¢ and j:

Dij(q) := |gi — q5| — (ri +15),

and we set e;;(q) = (¢; — ¢:)/|¢; — ¢i| (see Fig. 1).

The problem we are interested in is to describe the path of the configuration
q submitted to the force-field f and undergoing inelastic collisions. This inelastic
collision law can be modeled by imposing nonoverlapping contraints on the particles

eij(q)

/

\

‘ D, ij(q)

Fig. 1. Particles ¢ and j: notations.
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(see the work of Moreau [17] introducing this concept). Therefore, we write that
the positions of the particles have to belong to a set of admissible configurations
Qo avoiding overlappings:
q € Qo= {g Dij(q) > 0}.
i,J
We define M as the mass matrix of dimension 3N x 3N, M = diag (...,
mi, M;, My, ...). Then, we denote by G;; € R3N the gradient of distance D;; with
respect to the positions of the particles:
Gij(q) = (...,0, —€ij, 07...,07 €ijs 0,...,0)t.
i J
The set Cg is the set of admissible velocities:
Cq :=A{u, (Gij(q),u) >0, if D;;(q) =0}. (4.1)

To finish with notations, we denote by A = (..., \ij,...) € RNWN=D/2 the vec-
tor made of the Lagrange multipliers associated to the N(N — 1)/2 constraints
“Dij(q) =2 0.

Let I =]0,T[ be the time interval. The multi-particle model we are interested
in may be formally phrased as follows:
g€ Whe(LR*N), ¢ BV(IL,LR®™), Xe (My(I)NN-D/2,
Vtel, q(t")=Pe,,d(t),
M= f+ X;Gii(q)

i<j (4.2)

supp(Aij) C {t, Di;(q(t)) =0} for alld,j
q(0) = ¢° such that D;;(¢") >0 for alli,5, ¢(0)=u’.

The main equation

Mi—f=>> X;Gii(q) € =N (Qo,q) (4.3)
i<j

expresses the fact that overlapping is prevented by a repulsive force (the impulsion)
acting on each sphere along the normal vector at the contact point. When there
is no contact, N(Qo, q) is reduced to {0}, so that (4.3) reads as M{ = f, which is
the Fundamental Principle of Dynamics applied on each sphere. Equation ¢(¢t) =
Fe,.,q(t™) provides the inelastic collision model. It can be extended to an elastic
collision model with a restitution coefficient e by writing

q(t") = Pe,,, d(t™) — ePn(Qo,q()d(t7)-

We assume for simplicity that each mass m; is equal to 1. Then Problem (4.2)
fits into the previously studied framework.
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Remark 4.1. The case of different masses can be taken into account by using the
adapted scalar product (u,v)yr = (Mu,v), as was done in [10]. It turns back to
replace the projection step in the numerical algorithm by

n+1 n —1 rn
u™t :PK;L(tZ+1,q2)(u + hM™Ef"),

where P here denotes the projection relatively to this new norm.
M being a diagonal matrix with non-negative diagonal coefficients, it is easy to
show that the following results still hold true in that case.

We emphasize that Assumption (A0) is satisfied as soon as
minr; > 0,
1

and then Assumptions (A1) and (A4) hold true.

In order to apply our previous results, it remains to check Assumption (A6). As
explained in [30], that corresponds to estimate the Kuhn—Tucker multipliers. Such
an estimate is given in the following lemma.

Lemma 4.2. There exists a > 0 (depending on N and on the radii v;) such that
for all g € R3N | F € R3N and Lagrange multipliers (ju;;) € RNWN=1/2 satisfying

ZMz‘szj (¢) = F with u;; >0 and p;; =0 when D;;(q) > 0,
then
pij < alF|.

Concerning the proof of this lemma, we refer the reader to Proposition 4.7
of [30] (for a geometric proof) and to Proposition 2.18 of [11] (for a more “physical”
proof). These proofs are written in a two-dimensional framework but they can be
easily extended in our three-dimensional case. Actually, Lemma 4.2 is equivalent
to Assumption (A6) with p = 0. However, it can be extended and still holds for
p small enough (for example p < inf; 7;), see Remark 4.11 of [30]. Consequently,
Assumption (A6) is satisfied for some small enough p > 0.

According to our main theorem (Theorem 1.3), it follows that Problem (4.2) has
solutions and that the associated numerical scheme converges (up to a subsequence).

We can allow the radii to depend on time. In that case, the set of admissible
velocities can be written

Ci,q = {u, (Gij(q),u) >0, if Dy(t,q) =0},
where
Dij(t,q) = g — q;| — (r:(t) +7;(t)).
As soon as r; is uniformly twice-differentiable in time and

inf infr;(t) >0,
tel0,T] 1

Theorem 1.3 gives the existence of solutions to the continuous problem and the
convergence of the scheme up to a subsequence.
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These theoretical results permit to legitimate the implementation of this numer-
ical scheme. This was performed by the second author by creating SCoPI Soft-
ware [29]. We refer the reader to [10] for some good properties of stability and
robustness for the algorithm and efficiency for large time steps.

Remark 4.3. We refer the reader to [9], where the second author extends this
model in order to consider gluey particles. In this case, she add an extra parameter
(depending on q) for describing the corresponding admissible set. This new opera-
tion does not keep the necessary regularity of the admissible set. She has already
obtained a result of convergence for the associated numerical scheme in the single-
constraint case. We plan in a forthcoming work to extend this proof with the ideas
presented here in order to deal with the multi-constraint case.
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