N
N

N

HAL

open science

Integral ISS-Based Cascade Stabilization for
Vectored-Thrust UAVs

Davide Invernizzi, Marco Lovera, Luca Zaccarian

» To cite this version:

Davide Invernizzi, Marco Lovera, Luca Zaccarian.
Vectored-Thrust UAVs. IEEE Control Systems Letters, 2020, 4 (1), pp.43-48.

SYS.2019.2921535 . hal-03029035

HAL Id: hal-03029035
https://hal.science/hal-03029035v1
Submitted on 27 Nov 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Integral 1ISS-Based Cascade Stabilization for
10.1109/LC-


https://hal.science/hal-03029035v1
https://hal.archives-ouvertes.fr

Integral ISS-based cascade stabilization for
vectored-thrust UAVs

Davide Invernizzi!, Marco Lovera! and Luca Zaccarian

Abstract—We address stabilization of vectored-thrust Un-
manned Aerial Vehicles (UAVs): a challenging task due to the
peculiar nonlinear underactuated dynamics. According to a well-
established approach based on the selection of suitable error
variables, the error dynamics is described as a pseudo cascade
connection where the attitude subsystem indirectly stabilizes the
position dynamics. Unlike existing works, we address stability
of this cascade using integral Input to State Stability (ISS).
With this extension it is possible to employ a quasi time-optimal
control law to achieve global asymptotic stabilization of any
desired position, thus improving the transient performance with
respect to existing control designs. A simulation example shows
the performance improvement in comparison with a nested
saturations stabilizer.

Index Terms—UAVs, integral ISS,

I. INTRODUCTION

ECTORED-THRUST Unmanned Aerial Vehicles

(UAVs) are platforms endowed with a propulsive system
that can deliver a torque in any direction of the aircraft frame
but a force only along a fixed axis: the thrust vector. Due to
this underactuation, the position dynamics can be stabilized
only through suitable attitude motions. There is a significant
body of literature, well surveyed in [1], dealing with the
stabilization problem for vectored-thrust UAVs as formulated
in this paper, which is challenging also because it evolves on
a nonlinear manifold corresponding to the set of rigid body
motions. Early works on the subject date back to [2] and [3],
while recent approaches are presented in [4], [5], [6].

The goal of this paper is to propose a control design which
overcomes the limitations, in terms of transient performance,
of modern strategies developed to globally stabilize the posi-
tion of underactuated UAVs. In particular, the control designs
proposed in [4], [5] as well as in our previous works [6],
[7] ensure stability of the intrinsic cascade via a reduction
approach [8] assessing the necessary property of “boundedness
of solutions” by requiring the position stabilizer to possess
Input to State Stabiliy (ISS) with respect to small inputs
[9]. This small-signal ISS property is typically guaranteed by
employing nested saturations-based stabilizers [5]: although
very robust, this solution is known to yield poor transient
performance [10].
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In this paper, we propose a hierarchical control design that
extends the class of allowable position stabilizers to solu-
tions having less stringent robustness requirements, thereby
allowing for a more aggressive behavior. In particular, after
introducing the UAV dynamics and the control problem in
Section II, we borrow tools from stability analysis of integral
ISS cascades [11], [12], and we propose in Section III a control
architecture inducing an autonomous pseudo-cascade structure
of the closed-loop error dynamics while giving freedom in
the selection of the attitude and position stabilizers and in
the shape of the interconnection term, as long as they satisfy
certain properties always ensuring boundedness of solutions.
Then in Section IV, we select these three basic components
using high performance strategies. In particular, we suggest
using an exponential attitude stabilizer [13] and a Quasi Time-
Optimal (QTO) stabilizer [14] and we prove that this choice
makes the UAV position dynamics integral ISS. The QTO
stabilizer is the prototypical example of aggressive solutions,
achieving excellent transient performance, which cannot be
included in existing designs, notably [4], [5], [6], since proving
(the previously required) small-signal ISS property is hard if
not impossible. A simulation example discussed in Section V
highlights the advantage of the proposed solution with respect
to a nested saturations approach in a scenario characterized by
a significant initial configuration error.

Notation. R (R.o,R>g) denotes the set of (positive, nonnega-
tive) real numbers, R"” denotes the n-dimensional Euclidean space
and R™*" the set of m x n real matrices. The canonical basis in
R" is denoted as ¢; := (0,...,1,...,0) for i € {1,...,n} and the
identity matrix in R™" is denoted as I, := [e]---€;---e,]. Given
x=(x1,...,%,) € R, ||x|| := {/x?+...+x2 is the Euclidean norm
while for a matrix A € R™", ||A||p := \/tr(ATA) is the Frobenius
norm and skew(A) := A*ZAT is the skew-symmetric part of A. The
set SO(3) := {R € R¥3 : RTR = L3, det(R) = 1} denotes the third-
order Special Orthogonal group while §" := {g € R"*! : ||g|| = 1}
denotes the n-dimensional unit sphere. where the normalized distance
with respect to I3, induced by the Frobenius norm, is denoted as
IRlso) == gIR—Bllr = 1/ §tr(13—R) € [0,1]. Given ® € R3, the
hat map *: R? — 50(3) := {Q € R¥3: Q= —QT} is such that dy =
o xy, ¥y € R3 and x represents the cross product in R3. The inverse
of the hat map is the vee map, denoted as ()" : so(3) — R3. We use
standard comparison functions from [15]: function & : R>9 — R>¢
is of class K if it is zero at zero, strictly increasing, and continuous.
It is of class K. if it is also unbounded. B : R>g x R>o9 — R>¢ is of
class KL if it is of class K in the first argument and nonincreasing

and converging to zero as its second argument tends to —+co.



II. DYNAMICAL MODEL AND CONTROL PROBLEM

The configuration of a UAV is globally and uniquely de-
scribed by the pair (R,x) € SO(3) x R3, where R and x are,
respectively, the rotation matrix and the position vector of a
body-fixed frame Fp = (Op,{b1,bs,b3}) with respect to an
inertial frame %; = (Oy,{i1,i2,i3}). A reasonable model for
control design is described by the following set of differential
equations [1]:

X=v
R=R®

my = —mge3 + Rf. (D
Jo=-0xJo=—-0lo+t, (2

where @ € R® is the body angular velocity, v € R? is the
translational velocity of the center of mass, resolved in 7,
meER-gand J=JT € R%‘g are the mass and the body inertia
matrix of the UAV, respectively, and g = 9.81m/s? represents
the gravitational acceleration. Finally, f. € R? is the control
force and 7. € R? the control torque, both resolved in .%p. The
propulsive system of vectored-thrust UAVs allows to produce
a (bounded) control force directed only along the positive
direction of b3, i.e., the components of f, in the body frame
must satisfy

fc = Tce3a

where T, is the overall thrust that can be assigned by properly
modulating the thrust delivered by each propeller. It is assumed
that the control torque 7. spans R>, i.e., that the rotational
dynamics (2) is fully actuated.

In this paper we exploit a cascade-based design for the
attitude dynamics and consider @, := @ as a control input,
under the assumption that the attitude dynamics in equation (2)
can be made sufficiently fast in tracking @, by a suitable
selection of 7, (for a discussion about this approximation, see
[1]). In this case, the model for control design reduces to:

0<T. <Ty <R, )

x=v 4)
my = —mge3 + T Re3 5
R=Ra, (6)

where the attitude motion (6) is independent of the transla-
tional one (4),(5). This structure is exploited in the hierarchical
control strategy presented in the next section.

This work focuses on the stabilization of the underactuated
model (4)-(6). According to this model, it is either possible to
stabilize a desired attitude and altitude or a desired position
and rotation about the gravity axis e3. This paper addresses
the latter problem under the following standard assumption.

Assumption 1: 1) the desired trajectory is a constant refer-

ence (xg,0,R;) € R3 x R? x SO(3) such that Rye3 = e3; 2) the
maximum available thrust 7y, is larger than the UAV weight,
i.e., Ty > mg; 3) the state of the system (x,v,R) is available
for feedback.
While the first part of the assumption is necessary to account
for the platform underactuation when constraint (3) is included
in the dynamical model, the second part is necessary control
authority requirement to have a solvable control problem. In
view of Assumption 1, the control problem can be formally
stated as follows.

Problem 1: Consider the dynamical model described by
equations (4)-(6) and assume that the control thrust 7; is
bounded as 0 < T, < Ty for a strictly positive scalar Tj,. Find
a state feedback control law for u := (T, @.) € (0,Ty] x R3
such that any constant set point (xz,0,R;) € R? x R? x SO(3)
satisfying Assumption 1, is asymptotically stable.

III. CONTROL DESIGN AND STABILITY ANALYSIS

This section is devoted to presenting the control design and
the corresponding stability analysis. In [4], [S], [6] a small-
signal ISS property was the basic requirement for the position
stabilizer to ensure stability of the closed-loop system. Here
we relax this requirement and enlarge the class of allowable
position stabilizers towards solutions capable of superior per-
formance. To this end, we invoke recent results on stabilization
of nonlinear cascades, based on integral ISS arguments (see
equation (24) below, and [11] for additional details about
iISS). The formulation that we propose leaves the door open
for different selections of stabilizers of the nominal position
and attitude dynamics, therefore parametrizing a family of
solutions to Problem 1.

A. Control law and closed-loop dynamics

We propose an attitude planner paradigm, similar to the
one presented in our previous work [6], to tackle the system
underactuation. Let us first introduce the stabilization error

Ex ‘=X —Xq, ey =V, Re = RZ;(EXaelURd)R’ (7)

where R, : R? x R3 x SO(3) — SO(3) is the reference attitude
provided by the attitude planner (see Figure 1) defined as:

L b,,3 ><Rd€1 b,,3 ><Rd21
Rp(ex,ev,Ra) := bpy xRger]l % Dps bpy xRgerll P3| ®)
her = fld(exaev) n
where by, = [ teren 20
fd(emev) =% (em ev) +mges )

is guaranteed to never vanish by design. Based on (8)-(9) we
select the inputs of dynamics (4)-(6) as

I. = C(Re)egRZ(exaeVaRd)fd(eXaev)
O, = 7R<Re) +RgTwp(eXaeVaRd)7

(10)
(11

where 7, : R¥ x R? — R3 and 7z : SO(3) — R? are static state
feedback stabilizers, c¢(-) is an interconnection term, to be
selected, and @, (ex,e,,Ry) := (RLR,)" is the angular velocity
reference computed by the attitude planner (see [6], [7] for
details).

Proposition 1: Consider dynamics (4)-(6) with the stabi-
lization errors in (7) and controller (10)-(11). If f;(ex,e,) #0
V(ey,e,) € RO, then the closed-loop dynamics reads:

ér=e, (12)
meé, = Y (ex; ev) +AR(Reaexvev>Rd)fd(ex»ev) (13)
Re :Re?R(Re) (14)

where

AR(ReaemewRd) = C(Re)Rp(emeVaRd)ReR; (emewRd) —I3.
(15)



R. ér =€y

e = Rein(Re) 1 me, = T (€, €v) + AR(R., ey, ey, Ra) fa(es, €y)

Figure 1. Cascade structure of the error dynamics (equations (12)-(14)).

Proof. We start by inspecting the position dynamics in (4), (5)
and refer to the position and velocity errors defined in (7). By
taking their time derivative along (4)-(5), we get

(16)
a7

ey =ey
mé, =m (v —vy) = —mges + T Res.

By noting that T.ez = c(Re)R[T, f4» equation (17) becomes

mé, = —mges +c(Re)RR} f,. (18)
The velocity error dynamics can be further rewritten as
mé, = —mges +c(R.)R,RIRRY f,
= —mge3 + c(Re)RpR R}, fy. (19)

Finally, adding and subtracting f; from equation (9), we get
méy = 7y (ex, &) + (c(Re)RpRR) — I3) fa, (20)

corresponding to AR(R.,ey,e,,R;) in (15). For the attitude
dynamics, using the definition of R, in (7), we get:

R.=RIR+R,R=—@®R.R+RIR® 1)
=R} R(®: — (RyR)" @R} R) = R, (. — R} ®pR,). (22)

Finally, using controller (11) and wusing property
(Rewp)" = ReT(Z)pRe, the closed-loop (12)-(14) is obtained. [

Remark 1: The position error (12)-(13) is affected by the
attitude error through the term ARf;, which weighs the mis-
match between the desired force f; in (9) and the control force
resolved in %y, i.e., Rf,.. As shown in [6], the interconnection
function ¢(+) in (15) helps improving the transient performance
by shaping the mismatch term. a

B. Cascade stability analysis and stabilizers

Control law (10)-(11) induces a pseudo cascade structure
of the closed-loop dynamics (Figure 1) while leaving freedom
in the selection of the attitude and position stabilizers Yg(-)
and 7,(-,-), as well as in the selection of the connection term
AR, which depends upon the scaling function c(-). Clearly,
their selection must guarantee asymptotic stabilization of the
equilibrium (R,,ey,e,) = (13,0,0). The following definition
[12] will be used to characterize the admissible iISS gains
when the speed of convergence of the perturbing subsystem is
exponential.

Definition 1: A function n(-) is said to be of class-Hj if it
is of class-K and satisfies fol @ds < oo,

The following result is a slightly modified version of [12,
Corollary 2], adapted to our system evolving on R® x SO(3).

Lemma 1: Let x € R® and R € SO(3) and consider the
cascade x = f(x,R), R= Q(R) where f:R®xSO(3) — R® and
0:S0(3) — TSO(3) are smooth vector fields with £(0,73) =0
and Q(I3) = 0. Suppose that the equilibrium R = I3 is locally

exponentially stable (LES) for R = Q(R), namely there exist
cr, Ar € R and £ € (0, 1) such that [|R(0)|[so3) < ¢ implies

IR(t)l[soi) < crlIR(0)|lso(3) exp(—Art), t > 0. (23)

If the dynamics % = f(x,R) is iISS with respect to input R with
a class-Hj gain, namely, if there exist a class-K.. function ¢(-),
a class-KL function (-), and a class-H; gain 7n(-) such that,
for all ¢t >0,

a([lx@)1) Sﬁ(\lx(O)IIJ)+/Oln(HR(T)Hso<3))dT, (24)

then (x,R) = (0,) is locally asymptotically
stable with domain of attraction including the set
{(.X',R) X e R67 Re SO(3), ||R||SO(3) S E}

Proof. The proof hinges upon the iISS property guaranteed
by inequality (24). In particular, from (23) we have that
IR(0)Iso(s) < ¢ implies

| nUR@so)de < [ (call RO)lso exp(—2em) dv
<rlIRO)]
LN
)LR 0 S

where we used s := cg||R(0)[so(3) exp(—ArT). Then, because
n(-) is of class-H;, the function

o Lo
v(s) '_TR/O s

is well-defined for all § € R>¢ and it is of class-K because
v(0) =0 and @ > 0 for all s > 0. Thus, from property (24),
we can write:

a(lx@)) < B(lx(0)],1) + v(er|[R(0)[[so(3))-

This proves that all solutions are bounded. Furthermore,
since  fo"N(|[R(7)|lso(3))dT is bounded, (24) implies that
x(t) — 0 as t — oo following the arguments in [11, Prop. 6]. O

(25)

(26)

27)

System (12)-(14) can be written as in Lemma 1 by defining
e = (ex,e,) € R® and R := R, € SO(3). Therefore, the stabi-
lization of the cascade (12)-(14) is possible if one can provide
a suitable attitude stabilizer yz(-) in (14) guaranteeing (local)
exponential stability! of the equilibrium R, = I, a position
stabilizer ¥,(-,-) and a scaling function c¢(-) for which the
position error dynamics (12)-(13) is iISS with respect to input
R, in the sense of (24). In this spirit, we define the following
properties.

Property 1: The attitude stabilizer R, — Yz(R,) is contin-
uvous and such that the equilibrium point R, = I3 is locally
exponentially stable for (6) with domain of attraction contain-
ing {R € SO(3) : [[Rlso(3) < ¢} for some £ € (0,1).

Property 2: The position stabilizer (ey,e,) — ¥p(ex,e,) is
continuously differentiable and the scaling function R, —
c(R,) is continuous and they are such that

'Due to topological obstructions of SO(3), only a local exponential result
can be achieved with continuous static state feedback [16]. Nonetheless, it
can be shown that the basin of attraction can be extended up to the set
{R€S0(3) : ||R||so(3y < 1} which does not contain only rotations about any
axis of zwrad away from /5. Moreover, the results can be extended to global
ones by using hybrid stabilizers [17].



1) there exist class-K.. and KL functions o(-) and B(-) and
a class-H; gain n(-) such that the (ey,e,)-subsystem in
equations (12), (13), (15) is iISS from R, as in (24);

2) there exist saturation levels M; € R+, i € {1,2,3}, satis-

fying

3
Y M; <Ty—mg
i=1

M3 < mg, (28)
and such that the components of 7y, are bounded as
WP;‘("’MEV” <M, V(ex,ev,i) € R®x {172';3}'

Remark 2: The second item in Property 2 and the continuous
differentiability of ,(-,-) are required in order to obtain a
planner reference R, (ex,e,,Ry) as defined in equations (8)-(9)
that is well-defined and C' V(ey,e,,Ry) € R3 x R3 x SO(3)
(see [6, Section IV-C] for additional details). J
Based on the above properties and Lemma 1, the main result
of the paper is then given by the following theorem.

Theorem 1: Consider the closed-loop system described by
(4)-(6) controlled by (8)-(11). If Y&(:),%(-,-) and c(-) are
selected according to Properties 1 and 2, then for any desired
constant trajectory (xz,0,R;) € R3 x R? x SO(3) satisfying
Assumption 1, the control law (10)-(11) solves Problem 1,
in particular the point (ey,e,,R.) = (0,0,13) is asymptoti-
cally stable with domain of attraction containing R3 x R3 x
{Re€SO(3): |IRllso3) < £}

Proof. The proof follows the same steps as the proof of

Lemma 1. Indeed, since the planner reference is C! and

well-defined (see Remark 2), the control input @, in (11)

is well-defined as well, and Proposition 1 ensures that the

steps in Lemma 1 can be completed. Moreover, thanks to

(28) and Assumption 1, the control force is bounded by Ty,. I

IV. SAMPLE STABILIZERS DESIGN

In this section we present a selection of the basic com-
ponents of the control law, namely ¥,(-,-), ¥&(-), ¢(-) and
show that they satisfy Properties 1 and 2, thereby guaranteeing
the applicability of Theorem 1. Specifically, we adopt a quasi
time-optimal strategy for position stabilization, adapted from
[14], which consists of a locally Lipschitz state feedback
that behaves linearly in a neighborhood of the origin, but
coincides with the time-optimal bang-bang feedback in the
presence of large velocity errors. The QTO stabilizer is a
representative candidate of aggressive solutions with excellent
transient performance, but limited robustness properties: while
we are not able to prove that the QTO enjoys a small-signal
ISS property, which makes it unfit for existing strategies, we
show that it enjoys integral ISS as in (24).

A. Attitude stabilization

The next proposition gives an example of an attitude stabi-
lizer for which Property 1 is satisfied.

Proposition 2: Given 7z(R.) := ———& —skew(R,)",

1+r(R, )
where kg € R.( is a scalar gain, Property 1 is satisfied for

any ¢ € (0,1). In particular, the (closed-loop) trajectories of
(14) converge exponentially to R, = I3 for all initial conditions
starting in set Sg := {R € SO(3) : |[R||so(3) < 1}

Proof. The proof follows from Lyapunov arguments, by
considering the candidate Lyapunov function Vg(R,) :=
kg(2 —+/1+1tr(R,)) which is quadratic in the error, namely,
kRHReHéog) < Vg(R,) < ZkRHReHéO(3 (see [13, equation
12.4]), and continuously differentiabfe in Sg. Indeed, by
taking its time derivative along the dynamics (14) and by
exploiting the trace operator property tr(Ay) = tr(skew(A)y) =
—2(skew(A))Ty, A e R¥3, y € R3, we get:

. ke Py — ke 7
VeRe) = =3 ety ") G~ 3 et R TR(Re))
N o A
- ZJRitr(SkCW(Re)YR(Re))
= et ) = (R 9

which is continuous and negative definite in Sg (note that
TR(R.) is well-defined in Sg since tr(R) = —1 < [|R|s0(3)

1). Furthermore, since it can be shown that ||vz(R )||
kr||Rel[so3) VRe € Sk, equation (29) can be written as

Ve(R.) = —kg|[Rell3003) —*8Vir(R.) VR, € k. (30)
If we take R.(0) € Sy, := {R€SO(3):Vr(R) < 2kg},
tr(R,(0) # —1 since tr(R,) = —1 < Vr(R,) = 2kg and

Vr(R.) is forced to decrease by continuity by virtue of
(30) and 7:(R.), in turn, is well-defined. Accordingly,
for all initial conditions in Sy,, the solutions of system
(14) satisfy Vr(R.(t)) = Vr(Re(0))exp (J%Rt) Vi > 0.
It is worth remarking that as subsets, Sg and Sy, are
equal, and therefore Sg is positively invariant. Finally,
since Vg is quadratic, it can be easily shown that
IR)lso) < V2IRO)lsopsexp (i) ¥ = 0, for
all initial conditions starting in Sg. Finally, Property
1 is satisfied since for any ¢ € (0,1) we have that
{R€SO(3): |Rllsoz) < £} < Sk. O

Remark 3: The stabilizer used in Proposition 2 is only one
among several possible alternatives. By exploiting the angle
axis parametrization S? x (—7, ) > (n,0) — R(n,0) € SO(3),
it is readily seen that ||¥z(R.(n,0))|| = kg Lg() < kg,
which reveals that the proposed solution 1s bounded for
any R, € Sg and that limg_, .~ ||&|| = kg. For large attitude
errors, this is more aggressive than the standard selection
YR(R,) := krskew(R ) which has a vanishing magnitude for
0 — 7, since ||1R(R.(n,0))| = kg|sin(6)|. For further details
about this comparison see [13]. J

B. Position stabilization

A smooth version of the quasi time-optimal sta-
bilizer for saturated double integrators, originally pro-
posed in [14], and also used in [18], is employed as
the position stabilizer in a decoupled form v,(ey,e,) =

(Vo1 (€xy5€v))s Vs (€xy 5 €0 ) s Vs (€55 €05) )

eyl k.
y[’i(exﬂevi) = —Op; <kxi (exf teyl <|21;}|7 kw))> , (GD
1 Xi

for i € {1,2,3}, where ky,, k,, € R are scalar PD-like gains
assigning the small-signal linear behavior, oy, (-) denotes a




continuously differentiable version of the saturation function
satisfying oy, (s)s > 0 if s # 0, whose components oy, are
bounded away from zero for large values of s and are globally
bounded by |ow, (s)| < M; with M; € R arbitrarily selected.
Finally function p(a,b) := +/a"+ b", a,b € R<y, for some n >
1 is a smooth approximation of the maximum of two non-
negative scalars. The next proposition establishes iISS from
the attitude error input of the arising position closed-loop (12),
(13), (31).

Proposition 3: Consider the selection c(R,) := 1 and the
QTO position stabilizer (31). Then, Property 2 is satisfied.
Proof. The proof is based on [12, Lemma 1] establishing iISS
if there exists a C!, positive definite and radially unbounded
function V(ey,e,) and a class-H; function 7(-) such that
V(ex,ey) <N(|[Rellso@)). To this end, consider the following
Lyapunov candidate for the unperturbed system, proposed in
[18]:

Vp(ex,ey): (32)

Zmzkxzev,+2/ GM d s,
which is positive definite and radially unbounded from the
stated sector properties of oyy,. Applying [15, Lem. 4.3] and
using the structure of the first term of V), there exist class-Ke.
functions 04, (-), ay(-) and a scalar ¢, € Rsq such that

cv||ev||2—|—am(HexH) <Vp(ex,ev) < am(|lepll), (33)

where we denoted e, := (ey,e,). By straightforward deriva-
tions we first obtain

IVplep) _

aexi - _kxl- GMI' (ul) (34)
ava,yetp> = mikyey, — ky,Ou, (1) (ﬂi + ev,) (35)

. vl Ky, .
where we used the shortcut notation y; := (IZEA}I‘ , k—’) Using

Ui > . > 0, the time derivative of V), along the

unperturbed dynamlcs (12), (13), (31) (namely ARf; = 0)
satisfies

3

) 1
Vp(ex,ev) = - kai (IJH- gjt’ ev,) Gzzw (u;) 0.
i=1

(36)

. . vl k1T
The function y; is the n—norm of the vector P;A,;‘ ﬁ} , for

\‘,\

which one has the bound p; < + k" and, by exploiting
homogeneity, the same bound can be shown to hold also for
du; A . . .
Je, €vi- As a consequence, using the bounds and gradients in
(33)-(35), for any r > 0, we may establish the upper bound:

Ve, Volep)ll
Vi(ep)
for some scalars cy,c3 € Ry, and ¢3 € R possibly growing

unbounded as r approaches zero. Inspired by (37), let us now
define a C', positive definite and radially unbounded function

Viene,) = { lfé,,vfe(f‘gf{))

where e denotes Euler’s number. Using (37) and the fact that
the gradient of V), is bounded in any compact set |le,|| < r,

c1tcalle| o
~olelP+on(r) T

llepll =7 (37

ifVy(ex,ep) >

ifVy(ex,en) <e (38)

we obtain ||VV(ep)|| < ¢4 for some ¢4 € R.o. Combining
this bound with the complementary one in (37), inspecting
the perturbed dynamics (12), (13), (31) and exploiting the
unperturbed bound (36), we may write

V(ep) S max (C37C4) HAR(RE;exaevde)fd(exaeV)Hv (39)

where we may use [|[ARfy|| as a shortcut for the right
hand side interconnection term in (13). Consider now the
chain of inequalities [ARf | < [ARI||f] < [AR|e|fil
Then, since ||AR(R,)||F = ||R£R6Rp —L|lF=+/6-2tr(R,) <
ZﬂHReHSO@) (by exploiting the definition of the Frobe-
nius norm, the trace operator properties and the inequality
—1 <tr(A) <3 for any A € SO(3) [7, eqn. (86)]) and since
1 2ll = I (exse0) +mges ]| < X3y Mi-+mg < Ty (by selecting
Z?:l M; < Ty —mg as per (28)), one gets:

IARfa]| < 22T | Re|s0(3)-

Finally, combining bounds (39), (40), we get
Viep) < 2v2max(cs,cq) TullRellso) N([IRellso@)),
where function n(-) is clearly of class-H;, and we can apply
[12, Lemma 1] to conclude that the (ey,e,)—subsystem is
iISS with respect to input R, and that the QTO stabilizer (31)
satisfies Property 2. ]

(40)

Remark 4: The selection c¢(R,) := 1 corresponds to the
choice adopted by most hierarchical strategies [4], [5]. Differ-
ent solutions can be envisaged to improve performance, e.g.,
c(Re) == M, ¢ > 2, which guarantees reduced posi-
tion overshoot for large initial attitude errors (see Remark 1
and [6, Section VI-C]). With this choice, it can be shown that
the proof of Proposition 3 still works. a

V. SIMULATION RESULTS

We present a simulation example to assess the performance
of the proposed control law (10)-(11) when the attitude and
position stabilizers are selected as in Propositions 2 and 3.
We also compare the performance obtained with a nested
saturations-based stabilizer, which is one of the most common
solutions in the recent literature [5], [6], [4] to globally
stabilize the position dynamics of UAVs. To better highlight
the differences, we refer to ideal conditions in which the UAV
is described by the control model (4)-(6). The considered
UAV has mass m = 1kg and can deliver a maximum thrust
of Ty = 40N. The gain of the attitude stabilizer yz(-) used in
Proposition 2 is selected as kg = 40. For the QTO stabilizer

(31), the gains can be freely chosen to have a desired behavior

2
in unsaturated conditions and are set to k,, =9, ky, = 5
(critical damping). The saturation levels are set to M; =9 for
i € {1,2,3} so as to ensure the validity of (28). The nested
saturations stabilizer used for comparison is the one employed

in [5]:
(e i= a0 (3 (e haon (e )

where the gains are set to k; = 0.06, k, =9 and the saturation
levels to Ay = 5,4 = 9. While we have used the same
outer saturation level A, = M; and damping gain k, = k,, of

(41)



the QTO stabilizer, we had to follow the guidelines of [5,
Prop. 1] in selecting k; and A;, to guarantee the small-signal
ISS property. Different selections of the control parameters
could be considered but the constraints among them [5, eq.
(26)] ultimately pose an intrinsic limitation to the achievable
performance possibly caused by the strong ISS robustness
property. As already mentioned, this is a common issue shared
by nested saturations-based stabilizers [10].

The initial state of the UAV is x(0) = (4,4,4)m,
v(0) = (10,0,0)m/s and R(0) = Iz +sin(179.9°)é; + (1 —
c0s(179.9°)é?), which corresponds to an upside-down con-
figuration with a significantly misplaced position with respect
to the desired hovering position x4(0) = (0,0,1)m, R; = I5.
The attitude tracking performance is illustrated in Figure 2
(top) for both controllers. Since the same control law is
used for attitude stabilization, the same attitude transient is
achieved. On the contrary, the position errors are characterized
by a quite different behavior. The aggressive nature of the
QTO stabilizer results in an impressively faster response (see
Figure 2 (bottom)). This desirable aggressive behavior is
confirmed by inspecting Figure 3, where the thrust and the
magnitude of the commanded angular velocity are depicted.
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Figure 2. Stabilization errors: attitude ||R|[so(3) (top) and position [lex]|.

VI. CONCLUSIONS

The stabilization problem for vectored-thrust UAVs has been
addressed using an inner-outer loop paradigm and integral
ISS tools to analyze the arising pseudo cascade. This allows
one to employ stabilizers with superior performance with
respect to existing strategies while guaranteeing the same
basin of attraction. Our stabilization results can be extended to
trajectory tracking following the approach in [6], which should
allow tracking in cluttered environments via suitable planners.
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