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Continuity of the time constant in a continuous model
of first passage percolation®

Jean-Baptiste Gouéréfand Marie Théret!

Abstract: For a given dimension d > 2 and a finite measure v on (0,+00), we consider £ a Poisson
point process on RY x (0, +00) with intensity measure dc ® v where dc denotes the Lebesgue measure on
R?. We consider the Boolean model ¥ = U(. ,ye¢ B(c,7) where B(c,r) denotes the open ball centered at
c with radius 7. For every z,y € R? we define T'(z,y) as the minimum time needed to travel from x to y
by a traveler that walks at speed 1 outside ¥ and at infinite speed inside ¥. By a standard application of
Kingman sub-additive theorem, one easily shows that T'(0, z) behaves like u||z|| when ||z| goes to infinity,
where p is a constant named the time constant in classical first passage percolation. In this paper we in-
vestigate the regularity of p as a function of the measure v associated with the underlying Boolean model.

Keywords: Boolean model ; continuum percolation ; first passage percolation ; time constant ; continuity.

1 Introduction and main results

1.1 The Boolean model

Fix d > 2. Let v be a finite measure on (0, +00) which is not the null measure. Let £ be a Poisson point
process on R? x (0, 4+-00) with intensity measure dc ® v where dc denotes the Lebesgue measure on R,
The Boolean model is the set
S=%(d,v)= |J Bler)
(e;r)€g

where B(c,r) denotes the open Euclidean ball centered at ¢ with radius r. We say that £ and ¥ are
driven by the measure v.

Denote by A the total mass of v, that is A = v[(0, +00)]. Let x the projection of £ on R?. This is a
Poisson point process on R? with intensity measure \| - |. Almost surely, for all ¢ € x there is a unique
r(c) € (0,400) such that (¢,7(c)) belongs to . In other words, we can write

§= {(C,T(C)),C € X}

and thus

5 = Ble,r(e)).

cex

To simplify some notations, we adopt the following convention: 7(c) = 0 if ¢ belongs to R?\ . Condition
to X, (r(c))eey is a family of independent random variables with distribution A~'v.

We refer to the books by Meester and Roy [12] and by Last and Penrose [10] for background on
Poisson processes and the Boolean model.

When

/ rdv(dr) < oo (1)
(0,400)
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does not hold, ¥ = R? with probability one and the models we are interested in are trivial. Therefore,
in the whole of this work, we assume that all our point processes are driven by measures satisfying (1).

1.2 Paths

A path 7 is a finite sequence of distinct points of R?. The length of a path m = (zo,...,,) is the sum
of the Euclidean lengths of its segments:

Um) = |l = aia|
=1

where || - || denotes the Euclidean norm on R?. When (zo,...,z,) is a sequence of points of R¢ (non
necessarily distinct) we define its length by the same formula. The path is said to be inside A C R? if all
its segments [z;,7;11] are included in A. We say that 7 is a path from a € R? to b € R? if its first point
is a and its last point is b. We say that 7 is a path from A C R% to B C R? if its first point belongs
to A and its last points belongs to B. We will occasionally see m as a polygonal curve [0, 4(7)] — R
parametrized by arc length.

1.3 First passage percolation in the Boolean model
1.3.1 Model

A traveler walks on R%. He travels at speed infinite inside the Boolean model ¥ and at speed 1 outside.
We denote by T'(a,b) the time needed to go from a to b along the quickest path.

Here is a formal definition. For any z,y € R? we define 7(z,y) as the one-dimensional measure of
[z,y] N X€ ie., the sum of the lengths of the segments that constitute [z,y] N X°. With each path
m = (zo,...,T,) we associate a time 7(m) defined by

n

7(m) = ZT(xi_l,a:i).

i=1
For any a,b € R? we then set
T(a,b) = inf 7()

where the infimum is taken along the set of paths from a to b'. We define similarly T'(4, B) for two
subsets A, B C R? as
T(A,B)= inf T(a,b).
acAbeB

This model was implicitly introduced in [6] by Régine Marchand and the first author. It was then
explicitly introduced and studied in [7] by the two authors.
1.3.2 Time constant
A standard application of Kingman subadditive ergodic theorem yields the following result.
Theorem 1 ([7]). There exists a constant u(v) = p(d,v) € [0,1] such that:
T7(0,z)

lzl|—o0 [l

= pu(v) almost surely and in L.

The constant p(v) is called the time constant of the model. We enlighten the fact that the convergence
stated in Theorem 1 is uniform with respect to the directions, in particular Theorem 1 implies for instance
that lim, o, 70, B(0,7)¢)/r = p(v) a.s. Moreover, subadditivity ensures that p(v) can be defined as
an infimum, for instance

N E[T(Ov kel)]
w(v) = Héf B — (2)

where e; = (1,0,...,0).

1See Section A in Appendix for remarks on the measurability of 7.



1.3.3 Positivity of the time constant

Consider now the condition
/ v([r, +00))Y4dr < co. (3)
(0,+00)

We call it the greedy condition. It appears in the paper by Martin [11] about greedy lattice paths and
animals. We refer to [11] for a discussion about (3). For example, for any & > 0,

/ réng (r) e u(dr) < 0o = v([r, 400))Y4dr < 0o = rlu(dr) < co.  (4)
(0,4-00) (0,+00) (0,+00)

In particular, notice that the greedy condition (3) implies condition (1).
We say that v is strongly subcritical for percolation if

lim sup P[there exists a path inside ¥ from B(0,r) to B(0,2r)¢] = 0. (5)

r—00
The following theorem is the main result of [7].
Theorem 2 ([7]). If (3) holds, then u(v) is positive if and only if v is strongly subcritical for percolation.

We refer to [7] for more details. When (1) does not hold, ¥ = R? almost surely and therefore p(v) = 0.
In the narrow regime where (1) holds and (3) does not hold, we do not know if u(r) = 0 and we have no
conjecture.

1.4 Main results
1.4.1 Goal

In this paper, we investigate the continuity of v +— p(v). Here is a weak but simple version of our main
result. Let (R,), be a sequence of positive random variables. Let R, and R be two positive random
variables. Let A > 0. Let n > 0. Make the following assumptions:

e For alln € N, RRSR
o E(R™M) is finite.
e lim, , . E(|R, — Ry|") = 0.

Then
lim p(APF") = p(A\PR)
n—oo
where, for any random variable X, PX denotes the law of X. This result is stated in Corollary 6.
To state a stronger version of this result, we first need to explain how we couple Boolean model with
different driving measures v.

1.4.2 Couplings, domination and notations

Coupling. Let = be a Poisson point process on R? x (0, +00) with intensity measure the Lebesgue
measure dc¢ ® du. We define an admissible map as a map R from (0,+00) to [0,40c) such that R is
measurable and R vanishes outside a set of finite Lebesgue measure. For any admissible map we define
a Poisson point process £% on R? x (0, +00) by

R = {(¢,R(u)), (¢,u) € Z such that R(u) > 0} (6)

and a measure v~ on (0, +o0) by

vR(A) = w))du.
(A) /(O)m) 14(R(u))d

As R vanishes outside a set of finite Lebesgue measure, v is a finite measure. The process 7 is a

Poisson point process on R? x (0, +00) with intensity measure dc ® v®. This construction of the process
will enable us to couple such processes with different R in a natural way.



Notations. We define 7® : R? — R, as follows. Let ¢ € R%. If there exists u € (0,+00) such that
(c,u) € =, then such a u is unique and therefore it makes sense to set r%(c) = R(u). Otherwise, we set
rR(c) = 0. We thus can rewrite (6) as follows:

R = {(e, rR(c)),c eR?: TR(C) > 0}. (7)

Representation of a measure. For any finite measure v on (0, +00), we define an admissible map
R, by
Ru(u) = sup{r > 0: v([r,+00)) > u} (8)

with the convention R, (u) = 0 if the set is empty. This admissible map is such that v = v. This is a
variation on the notion of generalized inverse distribution function?.

Domination and coupling. Let v; and 15 be two finite measures on (0,+00). We say that vy is
dominated by o, which we denote by vy < s, if, for all r > 0,

vi([r, +00)) < va([r, +00)).

If 1 < 1o, then R,, < R,,. The converse is true. If Ry and Rq are two admissible maps such that
R1 < Ro, then v®1 < pR2,

Let v and v be two finite measures on (0,+00) such that 11 < 9. Using the coupling described
above, we can define &, := &R and &, := Rv2. These are two Poisson point processes driven by v, and
vy. For short, we write 7 := r™®1 and ry := rRv2. We can write

& ={(c,m1(e)),c€ R? . r1(e) > 0} and & = {(¢,m2(c)),c € R? : ro(c) > 0}.

As R,, < R,,, we have, for all ¢ € R%, r;(c) < ra(c). This is a consequence of the link between r; and
R.,, see above.

1.4.3 Main results

Here is our main result.

Theorem 3. Let Ry, Ro and R be three admissible maps. Assume
1. Ry Sﬁand’Rgg’lA{.

2. [ vR([r, +00))4dr < 0.
3. /J(I/k) > 0.
There exists C = C(d, R) such that

|u(™) = u(w™2)| < C/OOo VIR =Ral([1, 4o0)) /4.

The following simple consequence is weaker. We estimate that it is worth stating because its statement
is simpler as it involves more familiar quantities.

Corollary 4. Let R, R2 and R be three admissible maps. Let n > 0. Assume
1. Ry <R and Ry < R.

2Here is a proof of the fact that R, is an admissible map such that v®» = v. The map R, defined by (8) is non-
increasing and therefore measurable. As the map moreover takes values in [0, +00) and vanishes for u larger than the total
mass of v, R, is an admissible map. The fact that vRv = v is a consequence of the fact that, for any r > 0, we have

{fu>0:Ru(u) >r}={u>0:u<v(r +0))}

and thus vRv ([r, +00)) = v([r, +00)). Let us prove the above equality. If u < v([r, +00)), then R, (u) > r by definition of
Ry. If uw > v([r,400)), then there exists s € (0,r) such that v > v([s,+00)). In this case, by definition of R,, we have
Ry (u) < s < r. This ends the proof.



2. [ R(w) M du < co.

3. u(zﬂi) > 0.
There exists C = C(d,R,n) such that

00 1/(d+mn)
vR) — (e 1 (1) — Ro(w)| ™ du .
(™) — >|§C</0 R () — Ra(u)] d)

Plan of the proof of Theorem 3. Consider two admissible maps R, Rz, with R < R for instance,
and denote for short by i (s) the passage time from 0 to B(0, s)¢ (s > 0) associated with the point process
ERi and write r; = r®i. By coupling we get T (s) < Ty(s), and looking at the difference of passage time
for the two processes along a nicely behaved geodesic 7 for T5(s), we obtain

T( <T2 +227‘2 —7“1 )

xrem

thus

Tls(s) < Tzs(s) +2€(;T) erﬁ(r2€(($))—7”1($))7

where ¢(7) is the Euclidean length of 7, defined as the sum of the Euclidean length of its segments. At
this stage, we need two tools:

(i) a control on ¢(r)/s: it is given by Theorem 11; this is the main part of the proof, and we obtain
roughly speaking the asymptotic upper bound ¢(7)/s < C for a constant C' and large enough s.
The plan of the proof of Theorem 11 is given just after its statement.

(i) a control on ) . (ro(x) — ri(x))/(mr): it is given by known results on the so called greedy
paths (see Corollary 14), and we obtain the asymptotic upper bound . (ra(x) —71(z))/€(7) <
C' [T vR2=Ra([r, 4+00))/4dr for a constant C’ and large enough s.

Letting s go to infinity, this gives the desired control on |u(v™1) — u(r™2)|. The hypotheses required
in Theorem 3 find their origins in the controls (¢) and (i4) described above. These controls must be
uniform in the maps R;, thus a domination by a map R is required. Step () is a control on the
length of a geodesic: it is not surprising that it requires to consider models in the subcritical regime
of first passage percolation, i.e., such that u(’li) > 0 (see the remark below the statement of Theorem
11 for more details). Step (i7) makes use of results on greedy paths, that require the greedy condition

I VR ([r, +00))/?dr < oo to hold.

The following result is also a corollary of Theorem 3.

Theorem 5. Let Roo and R be two admissible maps. Let (Rp)n be a sequence of admissible maps.
Assume

1. For alln € NU{oc0}, R, <R.
2. [v R([r, +00))4dr < co.
3. R, converges almost everywhere (with respect to the Lebesque measure) to Roo

Then

lim (™) = p(R=).

n— 00
Plan of the proof of Theorem 5. It can be divided into two parts that are, roughly speaking, the
upper bound limsup p(v®7) < pu(v®=), and the lower bound liminf u(v™*) > u(v™=). The proof of
the upper bound is the easy part, and relies on the definition of the time constant as an infimum. The
proof of the lower bound is the most delicate part. It is trivial when p(r®=) = 0. Otherwise, it is a
consequence of Theorem 3.

We state as a corollary a special case of Theorem 5. We denote by Px the distribution of a random

variable X.



Corollary 6. Let R,, and R be two positive random variables. Let (R,), be a sequence of positive
random variables. Let Moo, (An)n be positive real numbers. Assume

1. For alln € NU{oo}, PE» is dominated by PR,
2. [ (PR > r})l/ddr < 0.
3. PP converges weakly to PTe.
4. limy, oo Ap = Ao
Then
lim p(APm) = p(AscPH>).

n— 00

1.5 Organization of the paper

In Section 2.1 we gather vocabulary and known results concerning greedy paths (see step (i7) in the plan
of the proof of Theorem 3 above). In Section 2.2 we obtain some uniform controls on the length of a
geodesic (see step (7)). This is the main part of the proof and we believe that some of the results are of
independent interest. In Section 3 we prove Theorem 3, Corollary 4, Theorem 5 and Corollary 6.

2 Control on the length of a good geodesic

2.1 Regular paths, good paths, geodesics

Framework and conventions. Let v be a finite measure on (0, +00). Let £ be a Poisson point process
driven by v (see Section 1.1). As usual, we write

§={(er(e),cext

where y is the projection of ¢ on R?.

We will define several objects depending on £. In some parts of the paper, we will deal simultaneously
with several such point processes. In these cases, we will write for example "¢é-good" instead of "good",
"T'(a,b;£)" instead of "T'(a,b)" and so on. In some part of the proofs, we will shorten such notations and
write for example "I’ (a,b)" instead "T'(a, b; &5)", "T'(a,b)" instead "T'(a,b;€)" and so on. Each time we
abbreviate the notations in this way, we will explicitly mention it.

Regular paths. We say that a path 7 = (zg,...,z,) is regular if, for all ¢ € {1,...,n— 1}, z; belongs
to x. Note that we do not require anything about zg and z,.

Local travel times. Let m = (x¢,...,2,) be a path. For any ¢ € {1,...,n — 1}, we define

Z7 () = [wi—1, 2] N By, r(z;)) and Z;F = (w4, 2441 N By, 7(z;)). (9)

3

(see Figure 1). We also set
Zy () = Z, (m) = 0.

We define a new travel time by

n

F(m) =Y L ([win, @)\ (Z7(m) v Z (1)) .

i=1

In words, this is the time needed for a walker to travel along 7 if it travels at speed 1 outside
n—1
Z(m) = |J (27 (m) vz} (m))
i=1

and at speed infinite inside Z (7).



Figure 1: The path m = (zo,...,25) ; the set Z(7) is represented in dashed line ; the local travel time
7(m) of 7 is equal to the Euclidean length of the parts of = that are in solid line, including parts of 7
that are in ¥ but not in Z(m) (see the intersection of 7w with the balls of ¥ that are represented in dark

grey).

Good paths. Let m = (xq,...,%,) be a path. We say that 7 is a good path if the following conditions
are fulfilled:

1. Foralli e {1,...,n— 1}, z; belongs to x. In other words, 7 is regular.
2. Forallie {1,...,n}, [zi—1, 2] N (Z1,(7) U Z] (7)) = [wi—1, 2] N 2.
Lemma 7. If 7 = (xo,...,%p) 8 a path, then 7(7) > 7(w). If moreover w is £-good, then T(n) = 7(m).
Proof. The inclusion Z(7w) C ¥ always holds by definition of Z(r). Therefore
TNZ(m) CTN.

When 7 is a good path, the previous inclusion is an equality by definition of good paths. The proof then
follows by definition of 7 and 7. O

Geodesics and good geodesics. Let 7 > 0. For any ¢ € R?, denote by S(c,r) the sphere of radius r
centered at ¢. A geodesic from 0 to S(0,r) is a path 7 from 0 to S(0,r) such that 7(7) = T'(0, S(0,7)).
A good geodesic is a geodesic which is, moreover, a good path.

Lemma 8. Let v be a finite measure on (0,+00) satisfying the moment condition (1). For any r > 0,
with probability one, there exists a good geodesic from 0 to S(0,r).

To prove Lemma 8, we need the following intermediate lemma.

Lemma 9. Let A and B be two compact subsets of R:. Let ¢/ be a finite subset of R? x (0, 4+00). There
exists a path m from A to B such that 7(m; &) = T(A, B; ¢7).

Proof. Let ¥/ denote the union of all the balls B(c,r) for (c,r) € ¢/. Let V be the set of connected
components of /. Define V' as the union of V and {A, B}. The set V' is finite. We consider the
complete graph whose vertices set is V/. The length of an edge between any C,C’ in V' is defined as the
Euclidean distance d(C,C”") between C and C’. We consider the natural associated geodesic distance dg
on the graph. Let us prove the equality

and the existence of a path 7 such that 7(m;¢f) = T(A, B; ¢f).
We first prove the inequality T'(A, B;¢/) > dg(A, B). Let m be a path from A to B. We see 7 as
a curve [0, /(m)] — R parametrized by arc-length. Let (C(1),...,C(n — 1)) be the finite sequence® of

3The definition makes sense because of the following facts.
e The set V is finite.
e The sets 7~1(C),C € V are disjoint.

e For each C € V, the set 7~ 1(C) is the union of finite number of intervals.



elements of V' successively visited by w. Set C(0) = A and C(n) = B. Thus, (C(0),...,C(n)) is a
sequence of elements of V'. For any ¢ € {0,...,n — 1}, some part (possibly empty) of 7 goes from C(%)
to C(i + 1) without touching /. The travel time of this part of 7 is at least d(C(i), C(i + 1)) and thus

(m &) > Z C(i+1)) > da(A, B).
=0
Therefore
T(A,B;¢%) > da(A, B). (11)

We now build a path 7 such that
#(m€7) < da(A, B). (12)

Let (Cy = A,C(1),...,C(n) = B) be a sequence of distinct vertices of V' such that

n—1

dg(A,B) =Y _d(C(i),C(i +1)).

=0

If n =1 we set m = (a,b) where a € A and b € B are such that ||b — a|| = d(A, B). The conclusion is
then straightforward. Henceforth we assume n > 2. The path 7 is obtained by a natural concatenation
of paths of the following kinds. We refer to the figure 2 for an example.

Figure 2: Construction of the path 7 from A to B - the travel time 7(r, £/) of 7 is equal to the Euclidean
length of the parts of 7 that are in solid line.

1. Let C € V. This is a connected component of ¥/. We can write C' = Uge,ryeec B(e, ) where ¢Cisa
subset ¢/. For any distinct (c,r), (¢/,7') € £¢ there exists a sequence (c,7) = (co, 7o), - - -, (Ck,Tk) =
(¢',r") of elements of ¢¢ such that 7~'((co, cey C)s ff) = 0. Indeed, it suffices to consider a sequence
in which each ball B(c¢;,7;) touches the ball B(c;t1,7ri41)-

2. Let C and C’ be two distinct elements of V. As before, write C' = U, ;yeec B(e,7) and C' =
U(e,rmeecr Ble,r) where €°,69" c ¢f. There exists (c,r) € €€ and (¢/,') € € such that
7((e,¢);¢7) < d(C,C"). (13)

Indeed, there exists z € C' and 2’ € C” such that ||z —2'|| = d(C,C"). Then, there exists (c,r) € £
and (c/,7") € €9 such that x € S(c,7) and 2’ € S(¢/,r’). Note that z and 2’ belong to the line
segment [c, ¢’]. Actually, [c,d]\ (B(c,r) UB(c,r")) = [z,2'] and therefore (13) holds.

3. Let C € V and K be either A or B. As before, write C' = U, ,ye¢c B(c, ) where € c¢l

(a) If CNK is not empty, consider some z € CNK. There exists (c,r) € £ such that z € B(e, 7).
If ¢ = z consider the path 7’ = (¢). Otherwise consider the path ' = (z,¢). In any case,

F(r';¢7) =0 =d(K,O).



(b) If C N K is empty there exists (¢,7) € £ and z € K such that
7((z,0);¢7) <d(K,C). (14)

Let us prove it. There exists z € K and z € C such that d(K,C) = ||z — z|. Then, as
above, there exists (c,r) € ¢ such that # € S(c,r) and [z,¢] \ B(c,r) = [z, 7] (here we need
CNK =0) and thus (14).

Concatenating paths, we get a path 7 satisfying (12).
From (11), (12) and Lemma 7 we get

da(A, B) < T(A, B;&f) < r(mef) < 7(mef) < da(4,B).
Therefore all inequalities are equalities and in particular 7(m; ¢/) = T(A, B; ¢7). O
We can now prove the existence of a good geodesic from 0 to S(0,r) almost surely.

Proof of Lemma 8. By definition,

7(0,5(0,7)) = inf 7(m)
where 7 is the set of paths from 0 to S(0,7). We can furthermore assume that the paths are entirely
inside B(0,7)*. But for any such path 7, the travel time 7(7) only depends on random balls which
touches B(0,7). Thus 7(0,5(0,7);&) = T(0,5(0,7); ) where

Ef:{(cas) Eg:B(C,S)ﬂB(O,T) 7&0}

But as v satisfies (1) the set &/ is almost surely finite. Therefore, by Lemma 9, there exists a &f-good
geodesic mf from 0 to S(0,7). As a consequence,
7(0,8(0,7);€) = T(0,5(0,7); €7)
7(wf:€h) as mf is a €7-good geodesic
(r/:¢) as € C ¢
7(n7;€) by Lemma 7
T(0,5(0,7);&) by definition of T(0,.5(0,7);&).

%
N

>
2>

Therefore all the inequalities are equalities. From 7(nf;¢) = T(0,5(0,7);¢) we deduce that 7/ is a
geodesic from 0 to S(0,7). The fact that 7/ is almost surely a &-good path is a consequence of the
equality 7(7/;¢) = 7(n¥;¢), and can be proved as follows. On a probability one event, the random balls
B(c,s) with (c,s) € &f are pairwise non tangent, and none of them is neither tangent to S(0,7). We
work on this full probability event. Write 7/ = (xq,...,z,). Since nf is £/-regular it is also ¢-regular.
Suppose that 7/ is not £&-good. Then there exists i € {1,...,n} such that [z;_1,2;]N(Z;"; (7) U Z; (7)) #
[xi—1,2;] N . As the first set is included in the second set, this implies that ¥ N I is non empty where
I = [z;—1,2;] \ (Z;7,(m) U Z; (x)). Therefore I is non empty and, on our full probability event, this
implies that [ is an interval of positive length. As Y is open this implies that the length of ¥ N I is
positive. Therefore, 7(7/) > 7(7/), which is a contradiction. This concludes the proof. O

Another useful consequence of Lemma 9 is the following lemma.

Lemma 10. Let v be a finite measure on (0, +00) satisfying the moment condition (1). Let a,b € RY.
Let 7 be a path from a to b. There exists a path T from a to b such that 7(7) < 7(m).

Proof. We see T as a curve parametrized by arc-length 7 : [0, £(7)] — R and denote by 7 its image in
R?. This is a compact set. The travel time 7(7) only depends on random balls which touches 7. Thus
7(m;€) = 7(m; €7) where

¢ = {(e.r) €€ Bleyr) N7 40},

4Let indeed 7 be a path from 0 to S(0,7). We see it as a parametrized curve. We stop the path at its first intersection
with S(0,7). We thus get a path 7’ from 0 to S(0,r) which is entirely inside B(0,r) and such that 7(7’) < 7(7).




But as v satisfies (1) the set ¢/ is almost surely finite. Therefore, by Lemma 9, there exists a ¢/-good
geodesic 7 from a to b. As a consequence,

7(m;€) = 7(m;¢)
> T(a, b;¢7)
=7(7; &) as T is a £/-good geodesic
> 7(m;€) as & C &

The lemma is proven. O

We will need to study geodesics and travel time of geodesics. Thanks to Lemma 8, we can work with
good geodesics. For good geodesics, thanks to Lemma 7, the travel time 7 is equal to the local travel
time 7. We can thus work with local travel times and local travel times are easier to handle.

p-skeleton associated with a path. Let 7 be a path starting from 0. We see 7 as a curve [0, {(7)] —
R¢ parametrized by arc length. We associate with 7 a p-skeleton 7, as follows. We first set to = 0 €
[0, ¢(7)] and ag = 0 € R? and then proceed by induction. If ¢; and a; are defined for a given i, there are
two cases:

o After time t;, the path 7 stays inside B(a;, p). In this case we set k = k(m,p) = ¢ and the
construction is over.

e Otherwise, we denote by t;1; the first time after ¢; at which the path crosses the sphere S(a;, p) of
radius p centered at a;. We set a;11 = m(t;11) and the construction goes on.

The p-skeleton 7, is the path (ao,...,ax). Its length satisfies the inequality

2.2 Main result

Statement. The main result of Section 2 is the following one.

Theorem 11. Let D be a finite measure on (0, 4+00) satisfying the greedy condition (3). Assume u() > 0.
There exists C = C(d, D) such that the following holds. Let v < D be a measure on (0,+00). Let £ be a
Poisson point process driven by v. Then, almost surely,

lim sup {sup {Z(W), 7 is a £-good geodesic from 0 to S(0, 5)}] <cC.
s

S§—00

Remark on the hypothesis p(7) > 0. We want to enlighten the fact that the condition u(7) > 0
appearing in Theorem 11 is quite natural. For that purpose, let us say a few words about the classical
model of first-passage percolation on Z¢. In this model, a time constant u can also be defined by
subadditivity (see for instance [1] for a review on the subject), and it is known that g > 0 if and only if
F({0}) < p.(d), where F denotes the distribution of the passage times associated with the edges of Z<,
and p.(d) is the critical parameter of i.i.d. bond Bernoulli percolation on Z?. The length L, of a geodesic
between 0 and ne; = (n,0,...,0) in this model have been studied separately in the three following cases:

o F({0}) < pc(d), i.e., p >0 : in this case, it has been proved by Kesten in [9] that L, is a most of
order Cn for some constant C' = C(d, F).

e F({0}) > pc(d) : then u = 0, and some subadditivity can be recovered for a variant of L,,. This
allowed Zhang and Zhang [14] to prove that L, /n converges a.s. and in L' to some constant
C' = C'(d, F({0}) when n goes to infinity in this setting (see also [13] for an improvement of the
previous result).
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e F({0}) = pe(d) : then u = 0 also but it is believed that L, is superlinear in n. Only partial results
of this type are rigorously proved, see for instance Damron and Tang’s paper [5] that proves indeed
the superlinearity of L,, in n in dimension 2.

We also refer to the paper by Bates [2] for recent developments on the subject. Let us go back to the
continuous model of first-passage percolation we are studying here. Theorem 11 requires the same kind
of hypothesis as Kesten’s result, i.e., the underlying Boolean model must be subcritical. Kesten’s proof
is indeed a source of inspiration we widely use here. The study of the supercritical case (i.e., when the
underlying Boolean model is supercritical) should be accessible but quite different, whereas the study of
the critical case is expected to be much more delicate.

Plan of the proof. For some p > 0, write

{(m) _ Am) €mp) 7(7)

s Um,) T(m) s

where 7, is the p-skeleton of 7. We prove an upper bound for each of the three factors.

e Upper bound for 4(m)/¢(m,). In Proposition 15 we give a crude upper bound of the factor £(r)/¢(r,).
The idea is the following. Let m, = (ao, ..., ax) be the p-skeleton of a path 7. Note that the distance
between any two points of any ball or radius p is at most 2p. Therefore, we can check that the
length of 7 is at most

2pN(ag, ... a;) +2(k+1)p

where N(ag, ..., ax) is the number of points of x NU;B(a;, p). As £(m,) = kp, we have

o(m) kE+1 Nag,...,ax)

<2 2
) ="k K
and it remains to control the behavior of the supremum of N(ayg,...,ar)/k over all p—skeleton
(ao, .. .,ax) when k tends to infinity.

e Upper bound on ¢(r,)/7(m). Equivalently, we need to provide a good lower bound for its inverse

7(7)

(mp)
This is the core of the proof. This is achieved in Proposition 24. Recall that the points a; of the
skeleton 7, = (ag,...,ax) are points of . We can thus think of 7 as a union of subpaths: 7 the

subpath of 7 from ag to a1, ¥ the subpath of 7 from a; to az and so on. As moreover £(m,) = kp,
we can write

)

r(m) X)) 1Ty
0 %; p

t(mp) kp

But each «* (except 7*) is a path between two points at distance p from each other. Therefore one
can hope to prove that 7(v%)/p is roughly at least the time constant p. The basic plan to prove such
a result is to use BK inequality. However, one can only use BK inequality if the 7(v*) use distinct
balls of the Boolean model. But this is not the case for several reasons, the most important one
being the existence of very large balls which touch several v¢. We thus have to deal with large balls
before being able to use BK inequality. This is achieved by bounding the influence of large balls by
some greedy paths estimates. This reduction of Proposition 24 to BK inequality and greedy paths
estimates is performed in Proposition 16.

e Upper bound on 7(7)/s. This is the easiest part. Recall that 7 is a geodesic from 0 to S(0, s).
Therefore 7(m)/s = T'(0,5(0, s))/s and thus converges to the time constant y by Theorem 1.

11



A by product of the proof: control of the length of the skeleton of a good geodesic. As a
consequence of Items 2 and 3 of the plan, we obtain the following result which we believe is of independent
interest.

Theorem 12. Let v be a finite measure on (0,+00) satisfying the greedy condition (3). Let & be a
Poisson point process driven by v. Assume p(v) > 0. For all e > 0 there exists po = po(v, e, d) such that,
for all p > po, almost surely,

14
lim sup {sup{ (Wp), m is a good geodesic from 0 to S(O,s)}] <l+e.
s

5— 00

For any geodesic 7 from 0 to S(0, s),

Ump) Ss=p_ | P
s s s

Therefore, by Theorem 12, for all p large enough, almost surely, for all s large enough, ¢(m,)/s is close
to 1 for any good geodesic w from 0 to S(0,s). Note that this is stronger that simply saying that = is
close to a segment after normalization by the distance between its extremities.

The result is not surprising. Here is a heuristic (we rephrase Item 2 and Item 3 of the plan above).
Let 7 be a geodesic from 0 to S(0, s). Denote by (ao,...,ax) its p-skeleton and decompose accordingly
7 in subpaths 70, ..., 7% as in the second item of the plan. Then one can expect

ps =~ 7(m) because 7 is a geodesic between 0 and S(0, s)

~ Zp,u as p is large (16)

From ps ~ pl(m,) we get s = £(m,). The difficulty is in (16) and is mainly due to large balls which
induce long range dependence, as explained with more details in the plan of the proof of Theorem 11

Organization of the remaining of Section 2. Section 2.3 is devoted to greedy paths. In Section
2.4 we prove Proposition 15. This is Item 1 of the plan of the proof of Theorem 11. In Section 2.5 we
prove Proposition 16. This is the first step of Item 2 of the plan. We relate 7(m)/¢(7,) to a quantity AS
amenable to the use of BK inequality and to a quantity related to greedy paths. In Section 2.6 we study
TY. In Section 2.7 we prove Proposition 24 which gives a lower bound on 7(r)/¢(r,). This ends Ttem 2
of the plan. In Section 2.8 we finally prove Theorem 11 and Theorem 12.

2.3 Greedy paths

Let v be a finite measure on (0, +00). Let & be a Poisson point process on R? x (0, +-00) with intensity
measure dc X v(dr). As before, we write

§= {(C7T(C))=C € X}'

If # = (xo,...,x,) is a path we set

n

r(m) =r(m &) =) r(x;) and {(7) = Z i — i1l

i=0
We also set

G =66 = s 5

12



where the supremum is taken over all paths 7 = (zo, ..., z,),n > 1, such that g = 0. If moreover s > 0,
we write

<

G5)=G(si6)=  sup 0

7:0—%,7mZ By (0,s) K(Tr)

where the supremum is taken over all paths m = (zg,...,z,),n > 1, such that o = 0 and at least one
of the z; is outside the open ball B,(0,s) As G is non-increasing in s, we can define

G(0) = G(00;&) = lim G(s). (17)

S§—00

Theorem 13 ([6]). Let v be a finite measure on (0,400). There exists a constant C' = C(d) such that

E(G) <C 1/([7",+oo))1/ddr.
(0,+00)

This is a consequence of (11) in [6] and Lemma 2.1 in the same article. Note that the results requires
the assumption d > 2. The result is the analogue in the continuous setting of a result by Martin [11] in
the discrete setting.

Corollary 14. Let v be a finite measure on (0,400). Then G(0) is constant almost surely. Moreover,
there exists a constant C' = C(d) such that

G(x) < C v([r, —i—oo))l/ddr.
(0,+00)

Proof. For any r > 0, we have G(00; &) = G(o0; ENB(0,7)¢ x (0,+00)). Therefore, by 0— 1 law, G(o0; &)
is almost surely constant. Therefore, using G(oco) < G and Theorem 13, we get a constant C' = C(d)
such that

G(o0) = E[G(c0)] < E(G) < C v((r, +00)) " dr.
(0,+00)

The corollary is proven. O

2.4 Upper bound on {(r)/{(m,)

The aim of Section 2.4 is to prove the following result.

Proposition 15. Let A > 0. Let x be a Poisson point process on R® with intensity A times the Lebesque
measure. There exists C = C(d) such that, for any p > 0,

lim |sup f(m) , T a x-regular path from 0 such that (r,) > kp ¢ | < max(1, \p?)C.
k—o0 ﬁ(ﬂp)

Note that ¢(m)/¢(m,) is always greater or equal to 1. Therefore the upper-bound cannot be of the
form Ap?C. Recall that we very quickly sketched the proof when announcing the plan of the proof of
Theorem 11.

Proof. By scaling, it is sufficient to prove the result when p = 1. We henceforth assume p = 1 and aim
at showing the existence of C' = C(d) such that

lim |sup é(—ﬁ), 7 a x-regular path from 0 such that ¢(m1) > k 3| < max(1,\)C.
k— o0 €(7T1)

Using the standard coupling, we get that the left hand-side is non-decreasing in A. It is therefore
sufficient to prove the result when A\ > 1. We henceforth assume A > 1 and aim at showing the existence
of C' = C(d) such that

L
lim |sup (m) , ™ a x-regular path from 0 such that ¢(m) > k | < AC.
k—o0 5(71'1)
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Let # = (zg,...,2,) be a regular path such that xg = 0. Write m; = (ao,...,ax) and assume £(m;) =
k > 1. For each j € {1,...,k}, write

i (o i
v = (yo,~~-,yn(j))

for the subpath of m between a;_; and a; and

k+1 _ (k41 k+1
8l (yo R 7yn(k+1))

for the subpath of 7 after a. With this notations,

k+1n(j

=> Z Hy —yl_ 1H : (18)

j=11i=1

For any j € {1,...,k+ 1} and any i € {1,...,n(j)},

yi —yzj‘le <2

(recall p = 1) as both points belong to the same ball of radius 1. The points of the family

()
") je{l,....k+1} and i€{1,...,n(j)—1}

are distinct points of y. Moreover any such yZ belongs to B(y07 1) = B(a;—1,1). The number of term of
the sum is therefore bounded by

card (x N S(ag,...,ar)) +k+1

where
k
S(ag, . . U (a;,1
Jj=0

As a consequence,
0(m) < 2k + 2 4 2card (x N S(ag, - .., ax)) -

On the other hand,

Urm,) = k.
Therefore, it remains to prove the existence of a constant C; = C1(d) such that
d (x N S(ao,...
lim sup [sup{car (x ]iao’ ’ak)), (ag,...,ax) is a 1 — skeleton from OH < \Ch. (19)
k—o0

such that B(a, k) N B(b,k) NZ% # () for any a,b € R? satisfying |ja — b|| = 1. Let

Let k = k(d) > 1
1, be a 1-skeleton from 0. Define

(ao,.. )k‘z

k
S'(ag, ... a) = U B(aj, k)

§=0
and
Alag,...,ap) ={z € Z%: 8 (ag,...,ar) N (z +[-1/2,1/2)%) # 0}.

We have
S(a()a"'aak)CS/(aoa-"aak)C U (x+[71/231/2)d)

z€A(ag,...,ar)

and therefore

card (x N S(ao, . ..,ar)) < card | x N U (x4 [-1/2,1/2)%)
z€A(ao,...,ar)
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The random variable on the right hand-side is a Poisson random variable of parameter A cardA(aq, . . ., ag).
The set A(ag, ..., ax) contains 0 and is a connected subset of Z?¢ for the usual graph structure on Z<.
Indeed, B(a;,x) N Z? is connected for any j € {0,...,k} and B(aj_1,x) N B(a;,k) N Z* # () for any
j€{1,...,k}. In other words, A(ag,...,ax) is an animal of Z¢. Moreover, its cardinality is at most Cyk
for some constant Cy = C3(d). Let us denote by A,, the set of animals of Z? (i.e., connected subsets of
7% containing 0) of cardinality at most m. By the previous remarks we get, for any fixed k > 1,

sup {card (x N S(ag,...,ax)), (aog,-...,ar) is a 1 — skeleton from 0}

< sup card (xﬂ U (x + [—1/271/2)d)> .

A€ACyk z€EA
There exists a constant C3 = C3(d) such that, for all m > 1,
card A, < C5".

See for example (4.24) in [8]. The previous supremum is therefore a supremum over at most C’SC 2k Poisson
random variables of parameter at most CokA. We then get, for any M > 0 and any k,

P [sup {card (x N S(aq,...,ax)), (ag,...,ax) is a 1 — skeleton from 0} > MCok)]
<P| sup card | xN U(m+[—1/2,1/2)d) > MCykA

A€Acsk zEA
< CS2FP[P(Cok)) > MCok)|

where P(C2k\) denotes a Poisson random variable with parameter CokA. Using classical Chernov bounds
for Poisson random variables®, we then get, for any M > 1 and any k,

P [sup {card (x N S(ao,...,ar)), (ag,-..,ax) is a 1 — skeleton from 0} > MCakA]

e \ MCakA
5t 5

—C2kA
e
M

1\ MCzk
< C’ng (2> if M > 2e using also A > 1

Cg Cok
Ok
Chose M = M(d) > 2e such that
G5\ _1
oM -2

Then (19) holds with Cl = Cl (d) = MCQ. O]

2.5 Reduction of the study of 7(r)//,(r) to the study of 7" and G
2.5.1 Framework and result

Let £ be a Poisson point process driven by a finite measure v on (0,00). We write as usual £ =
{(c,7(c)),c € x}. Let p > 0. We say that a sequence (ag, ...,ax),k > 1, is a p-skeleton if ap = 0 and,
forall j € {1,...,k},

la; — aj—1ll = p.
We set

k
TD(aO, ...,ag) = inf ZT (aj_l, aj;ﬁj) &t ..., €F are disjoint finite subsets of &
j=1

5If X is a Poisson random variable with parameter v > 0 and if M > 1 then
e

Mu
PX > Mu] < exp [ —u(l— M + MIn(M))] = (M) e v

15



In words, this is the infimum® of the sum over j of the travel times from a;_; to a; where one is not
allowed to use the same ball of the Boolean model for two different j.
For any rg > 0 we set
&7 ={(e,r(c)),c € x such that r(c) > ro}.

We will freely use this kind of notation for different point processes.
The aim of Section 2.5 is to prove the following result. We couple the two point processes as explained
in the paragraph "Domination and coupling" of Section 1.4.2.

Proposition 16. Let v and U be two finite measures on (0,+00). We assume that v is dominated by
. Let & and € be two coupled Poisson point processes driven by v and 0. Let p,6 > 0 and s > p. Let

m = (Zo,...,Tn) be a path from 0 to B(0,s)°. Then
7(m;§)
U(mp)

1 o
> inf {kTD (ao, .. .,ak;f) ck > |s/p| and (ag,...,ax) is a p-skeleton from 0}
0

—(24207HG (s - p;€>5p) — 26.

2.5.2 Proof of Proposition 16

Notice that Lemmas 17 and 18 are actually purely deterministic.

Lemma 17. Let p > 0. Let 7 be a path and let k and (to, ..., tx) be defined as in the construction of the
p-skeleton of m (see section 2.1). Cutting w (seen as a parametrized curve) at each t; and throwing away
the part after time ty,, if any, we get k sub-paths ', ..., v*. Let M > 0. Assume, for allc € x,r(c) < M.
Then

7(m) > Z 7 (') — 2Mk.

Jj=1

Proof. The error term 2ME is due to boundary effects related to the cutting at each a; and to the
definition of 7. For each j € {1,...,k}, write

J— (4] J
7 - (yOa e 7yn(7)) .
With appropriately defined passage times, we can write

YY) =) Al

k k n(j)
=1 j=11i=1

J

Here, Ag denotes the contribution of the segment [yffl, yf ] to the sum of the travel times. Note that it

does not only depend on yg_l and yf . It also depends on whether ¢ — 1 = 0 and on whether i = n(j).
In the same way, disregarding what happens after time ¢; in the path m, we can write

k n()
T(m)= > B

j=11i=1

where the BZJ are also appropriately defined passage times. Here, Bg corresponds to the contribution of
the segment [y!_,,v’] to 7(x), but it may differ from AJ. Let j € {1,...,k} and i € {1,...,n(j)}. One
and only one of the following cases occurs (see Figure 3).

e 0<i—1andi<n(j). In this case AJ = B.
e 0=i—1andi<n(j). In this case, as the radii are bounded above by M, A7 < B + M.

e 0 <i—1andi=n(j). In this case, as above, A7 < B/ + M.

6See Section A in Appendix for remarks on the measurability of TU.
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Figure 3: A portion of the path 7 is represented in dashed line, and for a given j we look at v/ = (yg) =
i1y Y% = aj) (here n(j) = 3). The passage time B/ is the length of the solid thick line included in
the segment [95717 yz] The passage time A{ is the length of the solid line - thick and thin - included in
the segment [yf‘_17 yf ]. The difference between A{ — Bg is thus the length of the thin solid line included
in the segment [y{_l, yg |, if any, and is smaller than M.

e 0=i—1andi=n(j). In this case, A < B! + 2M.

Therefore, for each j,

nG) nG)
dAl<om+> B!
i=1 i=1

and then
E n(j) k n()
Z Z <2MEk+Y > Bl
J=1i=1 j=1i=1
The lemma follows. O

Lemma 18. Let p > 0. Let & be a Poisson point process driven by a finite measure v on (0,00). Let
M > 0. Assume, for all ¢ € x,r(c) < M. Let w be a path from 0 to a point outside B(0, p). Denote by
(agy...,ax), k> 1, its p-skeleton. Then

7(x) > T (ao, ..., a) — 2Mk.
Proof. By Lemma 17 we get

k
ZT ) — 2Mk.

j=1

\ V

Let j € {1,...,k}. Write
= (y37~~~ayi(g‘))’
Write ‘ _ _ _
& ={(yl,r(y])),i € {1,...,n(j) — 1} such that r(y}) > 0}.
Note that we do not assume the paths to be regular, so there may be no ball centered at some yf , this

is why there is this condition "r(y/) > 0". By definition of the paths, the &/ are disjoint finite subsets of
¢. By definition of 7 and 7, for any j € {1,...,k},

F(v) > 71 (v ¢).

Therefore
k k
7> e ()
j=1 j=1
and then
k k _
ZT 7, fj ) —2Mk > Z (aj-1,a;;&) —2Mk
Jj=1 Jj=1
By definition of T5(ay, . . . ,ay), the lemma follows. O
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The following simple lemma is deterministic but we keep the notations of the random setting. We
define 7(+), Z(-) and so on as usual. We will use it in a deterministic setting and in a probabilistic setting
where for example x will be as usual the realization of a homogeneous Poisson point process on R?.

Lemma 19. Let x be a locally finite subset of R%. Let (r=(c))cey and (17(c))eey be two families of
non-negative real numbers such that, for all ¢, r=(c) < r*(c). Write &~ = {(¢,r (¢)),c € x} and
&t ={(¢,7"(¢)),c € x}. Let m = (xg,...,x) be a path. Then

Fm &) <F(men)+2 Y (@) —r(z).

i€{l,...,n—1}

Proof. For all i € {1,...,n — 1}, Z (m; &) is included in the union of Z;"(m;¢7) and of a segment of
length at most 7 (z;) — r~(z;). A similar statement holds for Z; . Recall that Z; (m;-) = Z,, (m;-) = 0.
Therefore,

T(m &™) = if ([zict,zi) \ (Z 1 (m €7 )U Z7 (m367)))

={(m) — Zz (lwimr, 2] N (Z (m €)Y U Z7 (7 €7)))

< {(m) — Zé ([xi,l, x| N (Zf_l(w;f"’) U Z;(W;f"’))) +2 Z (T+(.’17i) — T_(CL'Z'))
i=1 ie{l,...,n—1}

I
(]
~
—
3
I
-
&8
_—
—
N
|
_
—~
3
A%
+
C
N
B
A%
+
=
~—
_|_
[\)
—
=
T+
—
8
N
I
<
)
=

=1 ie{l,...,n—1}
=7(m&T) +2 Z (r+(mi) — r*(xi)).
i€{l,...,n—1}
The lemma is proven. O

The (p,6) enhanced skeleton. Let p,§ > 0. Let 7 be a path starting at 0. Let (ao,...,ax) be its
associated p-skeleton. We define a sequence sz and a path 772. The definition of these objects is in a

sense artificial, since it is built to enable the use of results on greedy paths. For any = € R, write

D(z) ={c€x:6 'r(c)>|c—z| and r(c) > dp}.

e The sequence sg starts from ap = 0 and visits each point of D(ag) it has not visited yet (in an

order given by any specified rule), if any.
e Then it goes to a; and visits each point of D(a) it has not visited yet, if any.
e ...

e Then it goes to ay and visits each point of D(ay) it has not visited yet, if any.

8
p

when going to some a;, the point may have already been visited. With sg we associate the path 772 by

Recall that a path is a sequence of distinct points of RY. The sequence s’ may not be a path because

erasing from si each point which also occurs earlier in the sequence. In other words, we only keep in wg
the first occurrence of each point. Let us prove
) - 0 )
U(mp) < L(s,) < L(mp) +26 1r(7rp;£> 7). (20)

The first inequality of (20) is trivial. The second inequality can be proven as follows. Consider the longer
sequence in which, in the definition, "visits each point of D(a;) it has not visited yet" is replaced by "goes
back and forth between a; and points of D(a;) it has not visited yet". The length of each round-trip
between a point a; and a point ¢ € D(a;) is at most 26~ 1r(c). As moreover each ¢ € D(a;) is such that
r(c) > dp, the total length of all the round-trips is at most 25‘17“(71'2; £>97). Therefore the length of this
new sequence is at most

Um,) + 26 (x5 £99),

As this sequence is longer that 9 this establishes (20).
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Proof of Proposition 16. We begin by throwing away large balls. Set
€590 = {(c,7(c)), c € x such that r(c) < dp}

and
£ = {(¢, min(r(c), 6p)), ¢ € x}.
Using Lemma 19 and greedy paths notations, we get for any path = = (zq,...,2,),
n
F(m; £39°) < F(m) + 2 Z (r(xi) - T(xi)]lr(mi)gsp)
i=0
= 7~—(7T) +2 ZT(xi)]lr(zi)>5p
i=0
=7(m) + 2r(m; §>6").
Therefore

7(m) > 7(m; €3) — 2r(m; €7°°). (21)

With the path # = (xo,...,z,) we now associate the p skeleton 7, = (ao,...,ar) and the (p,0)

enhanced skeletons sf, (which may not be a path) and ﬂg. Note that k is at least 1 because ||z,| > s > p.

For any i € {0,...,n}, there exists j € {0, ..., k} such that ||z; — a;|| < p. If moreover r(x;) > dp, then
llzi —a;|| <67 'r(x;). Thus x; is one of the points of wg. Therefore

r(m€90) < r (whig70). (2
Regarding travel times, by Lemma 18, we have
F(m;:€5%0) > T (ag, . . ., ap; £50°) — 2kdp. (23)
By (21), (22) and (23) we then get
F(m) > T (ao, . .., ax; €5°°) — 2kdp — 2r (n5;£°7) . (24)
Therefore
7(m) 7(m) by (20),

Ump) — 4 (sg)

CT(m) A+ (2420 ) (70;67%) (24207 )r () €7°7)
N 14 (s‘g) 4 (sg)
T(m)+ (2426 YH)r (ﬂ'g; £90) (2425 Yr (71'2; £>0r) s s
> — 2 . >
= U(m,) 26 1r (W,‘Z;§>‘SP) 7 (Wg) by (20) and as £ (sp) >/ (7Tp)
L T2 i €59) = 2+ 207N (nfi %) @270 (nie) |
C(my) + 26~ 17 (m§; £>97) € (79)
As
TD(a07 ceey Ok ggép) - 2k6p < TI:’((LOv ooy O é—St?p) < kp = g(ﬂp)
we have’
7(m) - T ao, . .., ap; ES9P) — 2kdp B (2426~ 1)r (w5;£0°)
tr,) i(r,) e

Using (15) we get 4(m,) = kp and k > |s/p]. Note that 7,, and therefore 772, is not contained in
B(0,s — p) (this is because 7 is not contained in B(0,s)). Using skeleton notations and greedy paths
notations, we get

T 1
;—((ﬂ) > inf {kTD (ao, - .. ,ak;«fgép) ik > |s/p| and (ao,...,ax) is a p-skeleton} — (24 207G (s — p; £7°°) — 26
T, p

> inf {leD (ao, . .,ak;é) :k > |s/p| and (ag,...,ax) is a p—skeleton} — (24 267YHG (s — p; £7%°) — 26.
p

The proposition is proven. [
"We use the fact that (a +c)/(b+c) > a/b for any a < b and any ¢ > 0 with b > 0.
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2.6 Control of T
We need a simple lemma to define the next object.

Lemma 20. Let & be a Poisson point process driven by a finite measure v on (0,00). The dependence
in & is implicit in what follows. Assume f(o +00) riy(dr) < co. Then, with probability one,

1

pP(p,v) ;= lim inf {TD(aO, c.oak) k> ko and (ao, ..., ar) is a p-skeleton from O} . (25)
ko—o00 kp

exists and is deterministic.

Proof. Note that kp is the total Euclidean length of the sequence (ag,...,ax). Therefore the random
sequence

1
ko — inf {kaD(ao, ..yag) k> ko and (ag, . ..,ax) is a p-skeleton from O} =: I(ko)

takes values in [0, 1]. It is moreover measurable® and non-decreasing. Therefore it converges when kg
tend to oo toward a measurable limit that we denote by £(£).

Let e; denote the first vector of the canonical basis of R?. Let ko > 1. For all p-skeleton (ag, ..., ax)
from 0 with k& > ko we have, translating everything by —pe; in the first step® and expliciting the
dependence on the point process,

1 1
7TD(G/07...,G/]€;£) = 7TD(G/O — pPe1,...,0ak _96135 _pel)

kp kp
1
> %(Tu(a07 ap — pei,...,ak — pel;f - Pel) - p)
. €~ per) — =
= ag, g — Pei,...,a — pe1; € — per) — —
(k—l—l)p 0, a0 — pPe1 k — pPe1 PE1 k
1
> I(ko; § — per) — T
0
Taking infimum over all & > kq and all p-skeleton (aq,...,ax) from 0 we get
1
I(ko; &) = I(ko; € — per) — T
0
By symmetry we have the reverse inequality and thus
1
|1 (ko; &) — I(ko; € — per)| < o

As a consequence, taking limit when ko tends to infinity, we have £(§) = £(£ — pe1). By ergodicity, £ is
therefore constant almost surely. O

Proposition 21. Let £ be a Poisson point process driven by a finite measure v on (0,00). Assume
f(o +o0) rdv(dr) < co. Denote by u(v) the associated time constant. Then

lim inf 112 (p, v) > p(v).

p—r—+00

Proof. Let ¢ > 0. We aim at proving that, for any p > 0 large enough,

12 (p,v) > p(v) —e.

Let us assume p(v) —e > 0, otherwise this is straightforward. Write n = €/8. We then have, as u(v) <1,
p(v) (1 =2n) > p(v) —e/2.
8See Section A in Appendix for remarks on the measurability of I.

9We extend in a natural way the definition of p-skeleton to skeletons (ag, ..., ax) starting from a point ag # 0, and the
definition of TH(ay, . .. ,ay) for such skeletons.
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Let @ = a(d) > 0 be such that

R'= | J B(z,1).

reaZd

We then have, for any p > 0,
RY= | B(x,np).

TEanpZ®

Define C' = C(e,d) by
C = card[(B(0,1+ 2n) \ B(0,1 —2n)) NanZ?].

We then have, for any p > 0,
C = card[(B(0, p(1 +2n)) \ B(0, p(1 —2n))) N aand].

Let p > 0. Let (ag,...,ax) be a p-skeleton such that ag = 0. For any j € {0,...,k — 1}, there exists
bj € anpZ® such that

a; € B(b;, np). (26)
For j = 0 we choose by = 0. Moreover, for any such j, as |la;+1 — a;|| = p,
aj+1 € B(bj,p—np)° (27)
and
p(1—=2n) < [Ibj1 = bill < p(1+2n). (28)
By (26) and (27) we get
k—1 _
TD(aO, ...,ag) = inf ZT (aj,aj+1; §7) €0, .., €51 are disjoint finite subsets of &
§=0

k—1
> inf ZT (B(bj, np), B(b;,p — np)c;fj) €9 ..., €1 are disjoint finite subsets of &
§=0

Therefore

P {inf {Tm(ao, ...yak) : (ao,...,ax) p-skeleton from O} < kp(pu(v) —¢)

< Z P |inf ZT (B(bj,mp), B(bj,p — np)c;fj) €0, ... €71 are disjoint finite subsets of & 3 < kp(u(v) —€)
(29)
where the sum is taken over all (bg, ..., bx—1) such that by = 0 and, for all j € {1,...,k — 1},
b — bi 1 € (B(O, p(1+2n)) \ B(0, p(1 — 20))) N ampZZ?

whose cardinality is C. There are therefore at C*~! such sequences.

Claim 22. For all such (bo,...,bx-1),
k—1 4
P |inf ZT (B(bj,np), B(bj,p—np)%; &) : €0, ... €81 are disjoint finite subsets of € y < kp(u(v) — €)
§=0
=1
<P | TY < kp(u(v) —e)
§=0
where the TY) are independent copies of T (B(0,np), B(0,p — pn)°).
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Let us prove the claim. This is a classical application of BK inequality. We follow the same plan
as the proof of (4.13) in Saint-Flour lecture notes by Kesten [9]. Let bg,...,bs—1 € RY For each
j €{0,...,k—1}, the travel time from B(b;,np) to B(b;, p —np)°) only depends on random balls which
touches B(bj, p—np). This is due to the fact that the infimum wich defines the travel time can be taken
over all paths entirely inside B(b;, p—np). Set M = max(||bol|, ..., ||bx—1]]) + p. By the previous remark,
the event on the left-hand side of the claim only depends on restriction £y of £ to the set

U ={(c,r) € R x (0, +00) : B(c,r) touches B(0, M)} = {(c,r) € R? x (0, +00) : ||c|| < r + M}.

As [riy(dr) is finite, de ® v(dr)(U) is finite.
Set
A={(to,. - tho1) € Q" s to + -+ tr—1 < kp(u(v) —e)}.

For all j € {0,...,k — 1} and all (tg,...,tx_1) € QF we set
= {finite subsets S C R? x (0, +00) : T(B(b;,np), B(bj. p —np)%: S) < t;}.

Thanks to the remark above and with the notations of Section C in Appendix, we can thus write

P |inf ZT (bj,mp), B(bj, p—np) &%) + €9,..., "1 are disjoint finite subsets of £ » < kp(u(v) — )

k-1
<P |inf T (B(bj,np), B(bj, p—np)€7) : £2,..., €51 are disjoint finite subsets of & » < kp(u(v)
7=0

<P U U ﬂ{T (bj,np), B(bj, p—np)*: &) <t;}
| (tos--ste—1) €A £0,...,¢k—1 disjoint finite subsets of {u

<P| |J H{weFo--oF_}
_(t07~~~ytk—1)€A

Using Lemma 31, that is BK inequality (see Section C in Appendix), with p = d+ 1, m = k, @ the
restriction of de @ v(dr) to U we get, denoting by &7, . .. ,5[]}_1 independent copies of &7,

P U {&weFo - oF }| <P U {(&er, . .gteF 1}
(tos - ste—1)EA | (tose-stie—1)EA

<P U ﬂ{T bj,np), B(bs, p—np); &) <13}
| (to,--stk—1)EA j=0

<P Z{T bi,np), B(bj, p —np); &) < kp(u(v) —e)

The claim now easily follows by stationarity and we resume the proof of Proposition 21.
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By Claim 22 and Inequality (29) we get, for any 8 > 0,

P [inf {Tm(ao, ..yak) : (agy-..,ar) p-skeleton from 0} < kp(p(v) —e)

k
<

/N

T(0)
CePr)=p [ < u(v) — 5/2] + Ceﬁ6/2>
P
k

op [T —pe/2
< [ CePP e <u(v)—¢e/2| +Ce
as u(v) < 1. Let 8 = B(e,d) be such that
1
—Be/2 < —,
Ce =7

Claim 23.

almost surely as p — co.

Let us prove the claim. Any path from 0 to S(p(1 — 7)), the sphere of radius p(1 — 1) centered at
0, can be seen as the concatenation of a first path from 0 to S(pn) and a second path from S(pn) to
S(p(1 —n)). Taking infimums, we get

T(0,5(pm)) +T(S(pm). S(p(1 = n))) < T(0,S(p(1 = m))). (30)
On the other hand, for any z in S(pn) we have
T(0,8(p(1 =n))) < T(0,2) +T(z,S(p(1—n)))

< ( sup T(O,z’))-l—T(LS(P(l—n)))'

x’€S(pm)

Taking the infimum in z, we now get

T(0,S(p(1 —n))) < ( Sup )T(Oax’)> +T(S(pn), S(p(1 —1))). (31)
x'eS(pn

From (30) and (31) we get

@' €S (pn)

T(0,S(p(1 = 1)) — ( sup T(M’)) < T(S(pn),S(p(1 —n))) <T(0,5(p(1 —n))) —T(0,5(pn)).

By Theorem 1 we then deduce the claim.
We resume the proof of Proposition 21. By the previous claim we have

(0)
TT S ()1 - 20) > p(v) - ¢/2
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almost surely as p — co. We can then fix pg = po(g,d, v) such that, for all p > po,

T 1
CePP | — < u(v) - 5/2} <
P

=

For such p, we thus have
P [inf {TD(aO, ...yag) : (ag, ..., ax) p-skeleton from O} < kp(u(v) — 6)] <

Therefore, for any ko,

P {inf{klpTD(ao, ...yag) k> ko and (ag,...,ax) is a p skeleton from O} < u(v) — 5} < 2?1_1
By Borel-Cantelli lemma we deduce that, with probability one, for ky large enough,
inf {klpTD(ao, ..ya) k> ko and (ag,...,ar) is a p skeleton from O} > u(v) —e.
Therefore = (p,v) > u(v) — ¢ for all p > po. O

2.7 Lower bound on 7(m)/{,()

The aim of Section 2.7 is to prove the following result.

Proposition 24. Let ¥ be a finite measure on (0,4+00) which satisfies the greedy condition (3). Let
e > 0. There exists po = po(P,¢e,d) such that the following holds. Let p > py and let v < D be a measure
on (0,400). Let & be a Poisson point process driven by v. Then, almost surely,

lim [inf{ 7(m) , ™ 15 a £-good path from 0 to B(O,S)CH > u(d) —e.
ﬁp(w)

5§—00

Proof. Let v < 1 and € > 0 be as in the statement of the proposition. We couple ¢, driven by v, and
&, driven by 7, in the natural way explained in Section 1.4.2. Let p > 0 and s > p. By Proposition 16
applied with § = € we get

~ ] R
mo_}igfo,s)c ?(7;,,)) > inf {kaD (ao, ce ak;§> ik >|s/p| and (ag,...,ax) is a p skeleton from O}

—(2+2HG (s - p, é>€”) — 2e.

Therefore, by (25) and (17),

N

lim inf (m,¢)

> 1 (p, ) — (242671 G (00,67 ) — 2e.
s—00 m:0—B(0,s)° E(ﬂ'[,) =H (p,V) ( +e ) (OO75 ) c

By Proposition 21 (as © satisfies the greedy condition (3), we know by (4) that the d-th moment of ¥ is
finite),
lim inf 42 (p, ) > (D).

p—00

By Corollary 14, there exists C = C(d) such that

G (oo,é>ap) < C(d)/ ﬁ([max(sp,r),—l—oo))l/ddr.

(0,4+00)

As 1 satisfies the greedy condition (3), by dominated convergence, we get

lim 7 ([max(ep,r), +oo))1/ddr =0.
P90 J(0,400)
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By the previous remarks, there exists pg = po(d, 7, €) such that, for any p > po,
12 (p, ) = p(9) — e and (2+2671)G (00, < e
and therefore

li inf
SLH;O 71':0—)12(0,8)C g(ﬂ'p)

Using Lemma 7 we get, for such p,

lim inf GEY > u(v) —4e
S—00  m:0 — B(0,s)C, é(ﬂ-p)
7 is a £ — good path
This concludes the proof. O

2.8 Proof of Theorem 11

We first state and prove the following result.

Proposition 25. Let ¥ be a finite measure on (0, +00) which satisfies the greedy condition (3). Assume
w(?) > 0. Let e > 0. There exists po = po(P,¢€,d) such that the following holds. Let p > po and let v < D
be a measure on (0,400). Let & be a Poisson point process driven by v. Then, almost surely,

14
lim sup [sup{ (WP), T is a good geodesic from O to S(O,s)H < Hv) +e.
s

o p(?)

Proof. Let v < and £ be as in the statement of Proposition 25. Let € > 0. Using Proposition 24, fix
po = po(?,d, &) such that, for any p > pg, almost surely,

slggo [inf { ;(:E;f)), 7 is a &-good path from 0 to B(0, s)cH > 1_522)@)

and therefore!®

~

lisrgggf [inf {W7 m is a &-good geodesic from 0 to S(0, S)H > %

and then
, Co(m) : : }] 1+ ep(p)
limsup |sup{ ——2~ 7 is a &-good geodesic from 0 to S(0, s < —. 32
v [ p{T<o,s<o,s>;5> Seood 2 (0,5) 1(9) (32)
By Theorem 1, almost surely,
T(0,5(0, s);
lim 7(0,5(0,5);:§) = p(v). (33)
S$—00 S

For any p > po, by (32) and (33), almost surely,

14 1 5
lim sup {sup{ p(7r)’ 7 is a &-good-geodesic from 0 to S(0, S)H < u(v) +ep(?) < 1) +e
s

s-300 po) T u(@)
as pu(v) < 1. O
Proof of Theorem 12. Theorem 12 is a special case of Proposition 25 when v = ». O

ONote that any &-good geodesic from 0 to S(0,s) is a good path from 0 to B(0,s)¢ and that for any &-good geodesic
from 0 to S(0, s) we have T(0, S(0, s);&) = 7(m; &).
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Proof of Theorem 11. Let 0 and v be as in the statement of Theorem 11. Use Proposition 25 with e = 1.
We get po = po(?,d) such that the following holds. Almost surely,

2u(v) 2
W5) = )

lim sup [sup {e(ﬂ;(’), 7 is a good geodesic from 0 to S(0, S)H < 1) +1< (34)

s—00 () N
where we used 1 > p(v) > u(P). Set A = v[(0,400)] and A = D[(0,400)]. Let x be the projection of &

on R%. This is a Poisson point process of intensity A times the Lebesgue measure. Note \ < A Apply
Proposition 15. We get C’ = C’(d) such that

{(r)

lim |sup , T a x-regular path from 0 such that £(7,,) > kpo ¢ | < max(1,\pd)C".
k—o0 é(ﬂ'po)

As a &-good geodesic from 0 to S(0, s) is a x-regular path from 0 such that £(7,,) > s — po, we get

1
lim sup |sup (m) , 7 is a good geodesic from 0 to S(0,s) p| < max(1,\pd)C". (35)
5§—00 E(WPO)

Therefore by (34) and (35) we get

14 2 .
lim sup [Sup {(W), 7 is a good geodesic from 0 to S(0, s)}] < —— max(1, )\pg)C’.
5300 S (@)
This ends the proof!!. O

3 Proofs of the main results.

3.1 Proof of Theorem 3
Let Rq1,R2 and R be as in the statement of Theorem 3. Define three new admissible maps by

R~ =min(R1,Ry), RT = max(R;,R2) and R =RT —R™ =Ry — Ry|.

Let = be a Poisson point process on R? x (0, +00). As in Section 1.4.2, we build a point process é using
= and R and introduce an appropriate random map 7 such that

~

€ ={(c,7(c)),c € R? such that #(c) > 0}.

Note that we have shortened our notations: we wrote ¢ instead of €% and 7(c) instead of r(c; ﬁﬁ). In a
similar way and with the same kind of notations, we define ¢! using R', €2 using R?, €~ using R~, £
using R and €2 using R?. In particular,

¢ ={(c,77(¢)),c € R such that r~(¢) > 0},

& ={(¢,77(¢)), c € R? such that 77 (c) > 0},

€2 = {(c,7®(c)), c € R? such that 72 (c) > 0}
and, for all ¢ € R4,

r2(c) =rt(e) — 7 (e). (36)

Let s > 0. Thanks to Lemma 8, we can fix a £*-good geodesic 7+ = (zg, ..., z,) from 0 to S(0, s).
By Lemma 19 and (36) we get

Tt ) <Fatieh)+2 0 Y rB(w)

i€{l,..n—1}
STF(rFET) +2r(nh;68), (37)
1 The proof actually shows
lim sup {sup {@, 7 is a good geodesic from 0 to S(O,s)}} < CZEZ; max(l,)\pg)
PRENS

for some constant C' = C(d).
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using greedy paths notations. Lemma 7 then yields, as 71 is a £T-good geodesic,
F(ri ") =7(r"6") = T(0,5(0,5);6F) and T(0,5(0,5);€7) < 7(n567) < F(nh3€7).
Combining (37) and (38), we get
T(0,5(0,5):67) < T(0,8(0,8);6) + 2r(*:6%).

Therefore

T(0,5(00,5):€7)  T(0,5(0, $):67) | T E%) Umt)

s s Lmt) s
_ T0.5(0,9):€") ()
5

- S

+2G(s;6%)
Let C = C(d, R) be the constant given by Theorem 11. We then have

1
lim sup [sup {(:), 7 is a £-good geodesic from 0 to S(0, S)H <C.

S5— 00
Let C’(d) be the constant given by Corollary 14. Then
Glooi€2) < ¢! / VIR2=Ral ([, 400)) 4.
0

By Theorem 1, (39), (40) and (41) we get

W(wR) < p( R + 200" / yIRe=Ral([1, 1-00))1/ 4.
0

But R~ < Ry < Rt and R~ < Ry < R*. Therefore u(v®") < p(@®1) < p(w®" ) and p(vR") <

pu(rR2) < p(v®"). Combined with the previous result, this yields
R — p(rRe)| < 20C" / yIRe=Ral([1, 1-00)) /4.
0

This concludes the proof.

3.2 Proof of Corollary 4

(38)

(39)

(40)

We first prove a lemma relating the moment (d+7) of a map R with the integral appearing in the greedy

condition (3).

Lemma 26. Let 7 > 0 and A > 0. Let R be an admissible map from (0,400) to [0,+00) such that

vR[(0,400)] < A. There exists C = C(d,\,n) such that

- 1/(d+n)
/ VR ([, +00))/Adr < C / R(u)™ " du .
0 (0,400)

Proof. For any r > 0,

A (fr+00) = [

L oo (R(u))du < / R(u)d+n,ﬁ(d+n)du.
(0,400)

(0,+00)
Moreover v ([r, +00)) < v®[(0, +00)]. Therefore

0o 0 1/d
R ([r, +00)) 4dr min | v 00 ) dy | () r
/O ®([r, +00)) 4 S/O (R[(0,+ ), (/(O’M)R( ) d) dt ) d

(d+n) o 1/d
= / R(u) " du / min (I/R[(O, +00)], s_(d+")) ds
(0,400) 0

Vidtn) L
< / R(u)d+"du / min ()\7 5—(d+n)) ds.
(0,400) 0

1/d

The result follows with the choice C' = fooo min ()\, s_(d+")) ds.
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Proof of Corollary 4. Set A =v [(0 +00)]. Let C = C(d, \,n) be given by Lemma 26. As R < R and
Ry < R we get vIR1=R21[(0,400)] < A\. We can therefore apply Lemma 26 and we get

00 1/(d+n)
[ oo ar < ( f R - Ragurran)
0

o R 1/(d+n)
/ VR ([r, +o00))Ydr < C (/ R(u)d+’7du) < 0.
0

We can then apply Theorem 3 and conclude the proof. O

and

3.3 Proof of Theorem 5

For all n > 0, define the admissible maps

R, = inf Ri and R = sup Rei.
keNU{oco}:k>n keNU{oco}:k>n

Let us note a couple of facts.
1. For all n, R; <R and R} <R.
2. R, and R,/ converge almost surely to Roo

Let Z be a Poisson point process on R? x (0, +00). As in Section 1.4.2, we build a point process é
using = and R and introduce an appropriate random map 7 such that

€ = {(c,7(c)), c € R? such that #(c) > 0}.

As in the proof of Theorem 3, we have shortened our notations. In a similar way and with the same
kind of notations, we define £, with R, and, for all n, &, with R,, &, with R, and & with R}, We
denote by fioo, fin, i, and p the associated time constants. We will use similar conventions for r, v, 7
and 7T

Claim 27. On a probability one event,
Ve € RY, limr,, (¢) = 7oo(c).

Proof of Claim 27. Let A C (0,400) be a Borel set with zero Lebesgue measure such that R, (u) con-
verges to Roo(u) for all u € (0, +00) \ A. The Lebesgue measure of R? x A is zero. As a consequence, on
a probability one event, there is no points of Z in R x A. On this full probability event, we then have

V(c,u) € 2, im R, (u) = Roo(u)

and therefore
Y(c,u) € Z, imR,, (u) = Roo(u)

and thus we get (distinguishing whether there exists u € (0, +00) such that (¢,u) € = or not)
Ve € RY, limr;, (¢) = 7oo(c).
n
The claim is proven. O

For all n,
fy < i < ptyy
To conclude the proof, it is therefore sufficient to prove

liminf g} > oo (42)

and
limsup p,, < ploo- (43)

Let us first prove (43). This is a simple consequence of the following claim.
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Claim 28. Forallk > 1,

B [Tn(ok, kel)] . [Too(ok, kel)} |

Let us first prove (43) assuming Claim 28. Let £ > 0. By Theorem 1 we can fix k be such that

E[T5(0, ke1)]

2 < Moo t €.

By Claim 28 we can fix ng such that, for all n > ng,

E{W} <E[T°0(0’ke1)

A }+6<uoo+25.

But for any n, by (2) we know that p, is defined as an infimum thus

i <E {Tn(o,kel)}

k

and therefore, for any n > ng,
My < oo + 2¢.

Thus, (43) is proven assuming Claim 28. We now prove this claim.
Proof of Claim 28. Let k > 1. We first prove the following almost sure equality:

lim 22 (Ok’ kew) _ T“((Z key) (44)

Let € > 0. Let 7’ be a path from 0 to ke; such that 7o (7") < Ty (0, ke;) + . By Lemma 10 we can fix
a path m = (zg, ..., %) from 0 to ke; such that Too (1) < Too(7"). We then have

Too(0,ker) + € > Too(m)
>7 () —2 Z (roo(w;) — 77, (%;)) by Lemma 19

() =2 Z (roo(x;) — 77, (%;)) by Lemma 7.

But, by Claim 27, on a probability one event, for any such path 7, we have
lirrln Z (roo(@i) =7 (2:)) =0
ie{l,....,n—1}
and therefore
limsup 7, (7) < Too(0,ke1) + €
and then limsup,, T, (0, ke1) < Too(0, ker) + &. So,
limsup T, (0, key) < Too (0, keq).

But for all n, R, < R and therefore To(0,ke;) < T, (0,ke;). This yields (44). For all n, 0 <

T, (0,ke1) < k. By (44) and by the dominated convergence theorem, we finally conclude the proof. [

At this stage of the proof, (43) is proven. We now prove (42). This will end the proof. If u., = 0,
the result is trivial. Henceforth, we assume po, > 0. First note that, if R, S are two admissible maps
such that R < S, then for all » > 0,

+00 +oo
(o0 = [ A RS [ 1 fSCuldu =5 (7 40).
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From Item 2 of Theorem 5 we thus get that v, and all the v satisfy the greedy condition (3). As
oo > 0 and as v, satisfies (3) we get, by Theorem 2, that v is strongly subcritical for percolation
(see (5) for the definition of strongly subcritical). By Lemma 29 (see Appendix B below) applied to
the admissible maps R, Roo and the R; (recall that the greedy condition (3) implies condition (1), see
(4)), we get the existence of ng such that v}, is strongly subcritical for percolation. As vf satisfies (3),
we deduce back by Theorem 2 that p is positive. For all n > ng, R} < R;\ and we can then apply
Theorem 3 to the admissible maps R;}, Ro and R;\ . We get

=l < 0 ([ [R5 roen)] ) (45)

where C' = C(d, Rjo) is provided by Theorem 3. For all n > ng, R} — R is non-negative and, for all
r > 0and all u > 0,

]l[r,-i-OO) [(Ri - ROO)(U)} < 1[T,+<X>) [Rfm (u)] : (46)
Recall -

/0 L 4oo) (R (w)]du = vf, ([r, +00)) < oc. (47)

Moreover, for almost all u, R;\ (u) converges to Roo(u). Therefore, for almost all u,

; + _ _
nl;ngo L o0y [(RY = Roo)(w)] = 0 for all 7 > 0. (48)

By (46), (47), (48) we get, using the dominated convergence theorem, for all » > 0,

Jin [ b [(RE — Re)(w)]du=0
that is .
lim vRn =R ([r, +00)) = 0. (49)
n—oo

But, for all n > ng and all r > 0, after integrating (46) we get
yRETR ([r, +00)) < vt ([, +00)). (50)

As v}l satisfies (3), by (49) and (50) we get, using again the dominated convergence theorem,

}Ud dr = 0.

lim [VRI_R“’ ([r, +00))

Using (45) we then get (42) which ends the proof.

4 Proof of Corollary 6

Proof of Corollary 6. Let X = sup{\,,n € NU {oo}}. We have A < oo since (A, ), is convergent. Let
R be the admissible map associated with AP by (8). Note that, with the notations of Section 1.4.2,

vR = S\]P’R (see below (8)). For all n € NU {oo} let R,, be the admissible map associated with A\,Pr,_
by (8). As above, for all n € NU {oco}, v = APg, . We now check that Theorem 5 applies. Item 1 of
Theorem 5 is a consequence of Item 1 of Corollary 6 and the upper bound \,, < Aoralln € N U{oo} (see
the paragraph about domination and coupling in Section 1.4.2). Ttem 2 of Theorem 5 is a consequence
of Item 2 of Corollary 6. Item 3 of Theorem 5 is a consequence of Items 3 and 4 of Corollary 6 and of
a variant of a classical result for the representation of a measure by an admissible map'2. We can now
apply Theorem 5 to conclude. O

12Let us give a proof. For each u > 0 write I(u) = {r > 0 : AocP[Roo > r] = u}. The sets I(u) are pairwise disjoint
intervals. Therefore
A= {u>0:I(u) is an interval of positive length}

is at most countable. To conclude the proof, it suffices to show that, for any u € (0, 4+00) \ A,

limsup Ry (u) < Roo(u) and liminf Ry (u) > Roo ().
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A Some remarks on measurability

Space of configurations. Let (S,.A) denote the usual set of configurations for point processes in
R? x (0, 4+00). In other words, S is the set of locally finite subsets of R? x (0, +0c0) and A is the o-algebra
generated by the family of all maps S — #(S N B) where B is a Borel subset of R% x (0, +00).

There exists a sequence (X,,),, of measurable maps from S to R% x (0, 4+0c0) and a measurable map
N from S to N = NU {oo} such that, for all S € S,

S ={Xi(5),1 <i<N(9)}

and the X;(S5),1 <4 < N(S) are pairwise distinct. We write X;(S) = (Y;(S), R;(S)) where Y; (resp. R;)
takes values in R (resp. (0, +00)).

The map from R?xS to R defined by (z,5) — 1ys)(2) is measurable where %(5) = Ue,nes Bler).
Indeed,
fzex(®)= U {lz-YiS)l < Ri(S)}.

1<i<N(S)

Regularity of the map from R? xR? xS to R defined by (z,y,S5) — 7(z,v;5). Letz,y € R% The
map S — 7(x,y; S) is measurable. If x = y this is straightforward. If z # v, setting u = ||y —z|| 71 (y — )
we can write

1
(. y: S) = / ly — 2l s) (@ + 1y — z]tu)dz.
0

As the map (z,5) — 1y g)(2) is measurable, the above map is measurable by Fubini theorem.

Let S € §. The map (z,y) — 7(z,y;S) is continuous. Let (z,), and (yn)., be two sequences of
R? converging to x and y. It suffices to show that 7(z,,,yn;S) converges to 7(z,y;S). If x = y this is
straighforward as, for any u,v € R%, 7(u,v;S) < |lv — u||. If z # y we can write, for any n large enough
and with u, = ||y — Zn|| " (yn — ),

1
(s S) = / 19 — ZallLs(s) (@n + g — Talltun)dt.
0

The set M = {t € [0, 1], z+||y—z||tw € OX(S)} is at most countable as the boundary of 3(S) is contained
in the union of an at most countable number of spheres. But |y, —2n|| 15 (s)(@n +||yn —Zn [[tu,) converges
to ||y — x| Lg(s)(x + ||y — x|/tu) when n tends to oo for any ¢ € [0,1] \ M. The required continuity result
then follows from the dominated convergence theorem.

Measurability of the map from S to R defined by S — T(a,b;S) for a,b € R? given. By
continuity of (z,y) — 7(x,y;S) for a given S, we can write

T(a,b; S) = inf 7(m; S)

where the infimum is over all paths from a to b whose points (except maybe a or b) have rational
coordinates. The result then follows from the measurability of S — 7(z,y; S) for given x,y.

Let u € (0,+00) \ A. For any € > 0 there exists 7 € (Roo(u), Roo(u) + €) such that r is a continuity point of 7 — P[Roo >
r]. For any such r, lim, P[R, > r] = P[Re > 7| since PEn converges weakly to Pfec. Since lim, An = oo We get
limy, ApP[Ry > 7] = AcP[Reo > 1] < u and therefore, if n is large enough, A\nP[R, > r] < u and therefore R, (u) < r <
Roo(u)+e€. This proves the result about the lim sup. If Roo (u) = 0 the result about the liminf is trivial. Assume henceforth
Roo(u) > 0. For any € > 0 there exists r € (Roo(u) — €, Roo(u)) such that r is a continuity point of 7 — P[Rso > 7] and
AooP[Roc > 1] # u (because u € A) and then AoP[Roo > 7] > u. For any such 7, limp AnP[Rp > 7] = AcP[Roo > 7] > u
and therefore, if n is large enough, A\pP[R, > 7] > u and therefore Ry (u) > r > Roo(u) — €. This proves the result about
the lim inf.

31



Measurability of the map from S to R defined by S — T(A, B;S) for A, B C R? given. We
will only consider very regular sets A, B C R? such as balls or spheres. By the triangular inequality we
get |T(a,b;S) — T(d',b;8")| < T(a,a’;S) +T(b,b;S) < |la—ad| + ||b— V], thus the infimum in the
definition of T'(A, B; S),

T(A,B;S) =inf{T(a,b;5):a € A,be B}

can be taken along any set of points A’ C A (resp. B’ C B) that is dense in A (resp. in B) for the
Euclidean norm. If the sets A and B admit dense subsets that are countable (as it is the case for balls
or spheres), then the measurability of S — T(A4, B;S) follows.

Measurability of the map from S to R defined by S — T (ay,...,ax;S) for ag,. .., a; given.
We can rewrite

k
T (ag, . .., ax; S) = inf ZT(aj,l,aj; {Xi(S),i € I;}) : I, ..., I are disjoint finite subsets of {1,..., N(S)}
j=1

The result then follows from the previous paragraph (and the fact that for any I C N, S — {X;(5),i € I}
is a measurable map from S to S as, for all Borel subset B, #(B N {X;(S),i € I}) =>_..; 15(Xi(9))

is measurable.

icl

Measurability of the map from S to R defined by
1
S — inf {kaD(ao, ooy ax;8) i k> kg and (ag, ..., ax) is a p-skeleton from O} .
Let (ao,...,ax), (a),...,a}) € (RY)*+1. For all disjoint finite subsets I1,..., I of {1,...,N(S)}, for
all j e {1,...,k},
T(a}_y,a; {Xi(S),i € I;})
< T(a;—laaj—l; {XZ(S)aZ € I]}) + T(aj—lvaj; {Xz(S)aZ € I]}) + T(ajva_,j; {Xl(S)aZ € Ij})
< T(aj-1,a5;{Xi(S),i € I;}) + [laf_y — a1 + [la} — a;].
Summing on j and taking the infimum over the disjoint finite subsets I, ..., I of {1,..., N(S)} we get

T9(afy, ..., a}; S) < T (ao, ..., ax; S) + 2 |la; — af]|.
J

By symmetry, we get the reverse inequality and thus

1T (ao, ..., ax; S) — T2 (a}, . .., d}; S)| < 22 laj — dj|.
j

Thanks to this Lipschitz property, the quantity we are interested can be written as an infimum of
measurable maps over a countable set of skeletons.

B Openness of the strongly subcritical regime for percolation

The definition of strongly subcritical is given en (5). It applies to a finite measure v on (0,+0c0), but
via the correspondance between such measures and admissible maps (see Section 1.4.2), it also applies
to admissible maps. The aim of this section is to give a proof of the following result. The result is
essentially not new.

Lemma 29. Let R and Roo be two admissible maps. Let (Rn)n be a sequence of admissible maps.
Assume the following.

1. R < R and, for alln, R, < R.
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2. Ji0.400) R(u)du is finite.
3. Reo 1s strongly subcritical for percolation.
4. Ry converges almost everywhere to R.
Then there exists ng such that, for all n > ng, R, is strongly subcritical for percolation.

The following result is a rephrasing of the core of Proposition A.2 and Lemma A.3 from [7] with the
notations of the current paper.

Lemma 30. There exists K = K(d) such that the following holds. Let R be an admissible map satisfying

+oo
R(u)du < oo. (51)
0
Let vR be the associated measure and let ¥ = X(d,v™) be a Boolean model driven by v™. Let M > 0.
Assume

1
K? / R (a1, +00) (R(u)) du < 5 (52)
and 1
KP[There exists a path inside ¥ from B(0, M) to B(0,2M)°] < 3 (53)
Then
P[There exists a path inside ¥ from B(0,a) to B(0,2a)°] = 0 as ow — 0. (54)

In other words, v is strongly subcritical for percolation.

Proof. Let us start by comparing the notations and the settings of [7] and Lemma 30. In [7] the Boolean
model is driven by a measure denoted by Av where A € (0,4+00) and v is a probability measure on
(0, +00) whose d-moment is finite. In Lemma 30, the Boolean model is driven by v where R is an
admissible map satisfying (51) and thus v™ is a finite measure on (0, +00) whose d-moment is finite.
Therefore, whenever v[(0, +00)] > 0 we are in the framework of [7] by setting A = v™[(0, +00)] and
v = AR, When, on the contrary, v7[(0,+00)] = 0, everything is trivial and we will not mention
further this case.

Let K1 = K;(d) be given by Proposition A.2 of [7]. Let K2 = K»(d) be such that, for all 8 € [10, 100],
there exists a set A C S(0,5) of cardinality at most Ka(d) such that S(0,5) C UscaB(a,1). Set
K =K(d) = K1 Ks.

Let R be an admissible map satisfying (51). Let M > 0. Assume that (52) and (53) hold. We have
to prove that (54) holds.

For all « € [10M, 100M], we have

K/ P[There exists a path inside ¥ from B(0,a) to B(0,2a)] < —. (55)

N =

This is a simple and classical consequence of (53). Set 3 = aM~! € [10,100]. There exists A C S(0,3)
of cardinality at most K»(d) such that S(0,5) C UgeaB(a,1). Multiplying by M and using M = « we
thus have

S(0,@) C Ugea B(Ma, M).

Moreover, for all a € A,
B(Ma,2M) C B(0,2«).

Indeed ||Mal|| = @ and 2M < 10M < «. Therefore, if there exists a path in ¥ from B(0, «) to B(0, 2a)°,
then there exists a € A and a path in ¥ from B(Ma, M) to B(Ma,2M)¢. By a union bound and by
stationarity, we thus get

K/ P[There exists a path inside ¥ from B(0, ) to B(0, 2a)°]
< K1 K,P[There exists a path inside ¥ from B(0, M) to B(0,2M)°]
1

< =
-2
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by (53) as K = K1 K5. Therefore (55) holds. Applying (A.2) of [7] we get

Yo € [10M, 100M], K\ TI(a) < % (56)
where II is defined above Proposition A.2 in [7].
Moreover, by (52) and as K; < K,
K} [ R toat oy (RO < K [ R toa1 oy (R(w)A < 7. (57)
The map ¢ is defined by (A.1) in [7]. For all a > 0,
Ae(a) /[ )rdVR(dr) = /Rd(u)]l[a7+oo)(73(u))du (58)
400

where the last equality is a consequence of the definition of . Note that (56) is (A.7) in [7] for 10M
instead of M. Moreover, (A.6) in [7] for 10M instead of M is a consequence of (57) and (58). Therefore,
applying Lemma A.3 in [7], we get

ah—>néo II(«) = 0. (59)
By (A.2) in [7], (59), (58) and (51) we thus get (54). O

Proof of Lemma 29. Let = be a Poisson point process on R% x (0,+00) with intensity measure the
Lebesgue measure. As in Section 1.4.2, we build a point process ¢ using = and R and introduce an
appropriate random map 7 such that

€ = {(c,7(c)), c € R? such that #(c) > 0}.

As in the proof of Theorem 3, we have shortened our notations. In a similar way and with the same kind
of notations, we define &, with R, for all n € N =NU {co}. Thus, for all n € N,

€" = {(c,n(c)), c € R? such that 7, (c) > 0}.

Moreover o

Vn € N,Ve € R 7, (c) < 7(c). (60)
We denote by £" the Boolean model associated with 7. For all n € N, define the event

Cp, = {There exists a path in 3, from B(0, M) to B(0,2M)°}.

Let K be the constant given by Lemma 30. By Items 2 and 3 of Lemma 29, there exists M > 0 such
that
(61)

A~

K? / R L1 1 o0y (R(w))du <
and

KP[Cy] < -. (62)

e~ =

Write
C = {c € R? such that #(c) > 0 and B(c, #(c)) touches B(0,2M)}.

For all n € N, the event C,, only depends on random balls that touch B(0,2M). By (60), it therefore
only depends on the sequence (r,(¢))cec-

By Item 4 of Lemma 29, there exists a full probability event G; on which, for all ¢ € R?, r,(c)
converges to 7(c). We refer to the proof of Claim 27 for a proof. By the second item of Lemma 29,
the expected value of the cardinality of C is finite. Therefore there exists a full probability event G5 on
which C is finite. Finally there also exists a full probability event G's on which:

e For all distinct (¢,7) and (¢/,7') in €, B(e,r) and B(c',r') are not tangent.
e For all (¢,7) in o, B(c,r) is neither tangent to S(0, M) nor to S(0,2M).

We work on the full probability event G = G1 NGo N G3. On G, the finite sequence (7,(¢))ccc converges
t0 (roo(€))cec and therefore 1o, converges to 1. . Therefore P[C,,] converges to P[Cw]. From (62) we
deduce the existence of ng such that, for all n > ng, R, satisfies (53). By (61) and Item 1 of Lemma
29, for all n > ng, R, satisfies (52). Finally, by Items 1 and 2 of Lemma 29, for all n > ng, R,, satisfies
(51). By Lemma 30 we deduce that, for all n > ng, R,, is strongly subcritical. O
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C BK inequality

C.1 Framework and result

Disjoint occurrence. Let p > 1. Let S denote here the set of finite subsets of RP. Let F denote
the usual o-field for finite point processes on RP. This is the o-field on S generated by the application
S +— card(S N A) for Borel sets A C RP. We say that F' € F is increasing if, for any configuration S in
F, any configuration S’ D S also belongs to F. If FY,..., F,, are m increasing elements of F, we define
the disjoint occurrence of Fy,..., F,, by

Fio---0F, ={S €S8 : there exists pairwise disjoint S1,...,S, C Sst. S1 € Fi,...,Sn € F, }.

Measurability issues. There exists a sequence (X,,),, of measurable maps from (S, F) to R? and a
measurable map N from (S, F) to N such that, for all S € S,

S ={X1(9),..., Xn)(S)} and X1(S5),..., Xn(s)(S) are distinct.

Therefore, F} o--- o Fy, is also the set of all configurations S € S such that there exists pairwise disjoint
Ii,...,I, C{l,...,N(S)} for which

{XZ(S),Z S ]1} eFy, ..., {XZ(S),Z S Im} e F,,.

This rewriting enables to check that Fj o --- o F,, belongs to the o-field F.

Main result. We now state our main result. This is a version of BK inequality for Poisson point
processes which is similar to the version given in the discrete setting by Kesten in its Saint-Flour lecture
notes [9]. As in all the proofs of BK inequality we are aware of, our proof is fundamentally relying
on some splitting techniques. However, contrary to other proofs in the continuum setting ,we do not
perform any discretization step and the key property is captured in a purely combinatorial lemma.

Lemma 31. Letp > 1 and m > 2. Let w be a finite measure on RP with no atoms. Let x1,...,Xm be
independent Poisson point processes on RP with intensity measure w. Let (Fz-t)ie{17.__,m}7t€T be a family
of increasing events on F. We assume that T is finite or countable. Then

PlUueFo-oF}
teT

<P lU{Xl €EFl,....xm€FL}.
teT

For a proof of standard BK inequality for Poisson point processes, we refer to the paper by van
den Berg [3] (see also the book by Meester and Roy [12]) and references therein. Earlier proofs of
BK inequality for Poisson point processes (see for instance Bezuidenhout and Grimmett [4]) were built
in three steps: partition the space in small cells, apply the classical BK inequality to a collection of
independent variables indexed by these cells and then take the limit of the desired probabilities as the
size of the cells goes to 0. This approach, through the use of a limit in the third step, requires some
extra regularity assumptions on the events we can consider. Van den Berg offered in [3] a new approach
to the problem: he still starts by partitioning the space in cells, but then instead of using the discrete
version of BK inequality he adapts directly its proof. More precisely, he uses the splitting method, a well
known method to prove classical BK inequality in which one replaces one after each other the variable
associated to each edge or each cell by an independent copy. Van den Berg has to deal with an error
term due to the discretization (more precisely to the existence of at least two points in a cell) but this
term goes to 0 with the size of the cells.

C.2 A combinatorial lemma

Let n>1and m > 2. Let

Q= Q(n,m) = {(Q1,...,Qm) where Q1,...Qy, are pairwise disjoint subsets of {1,...,n}}.
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For any subset R C Q we define

AL (R) = U {(c1y...yen) €{l,...,m}": forallae {1,...,m} and all i € R,,¢; = a}.
(Ri,....,Rum)ER
One can think about the family (cy,...,c,) as a coloring of the sites {1,...,n} with colors in {1,...,m}
and about the set R as a set of rules. A coloring is (R, ..., Ry )-admissible if for all color a € {1,...,m},

all sites of R, are colored with color a. The set A,,(R) is then the set of coloring which are R-admissible
for some R € R. We also define

Ap(R) = U {(c1y...yen) €{1,...,m}": forallae{l,...,m} and all i € R,,¢; = 1}.

The only difference is that we require all sites of all R, to be colored with color 1.

Lemma 32. Letn>1 and m > 2. Let R C Q(n,m). Then
card(Ao(R)) < card(A,(R)).
Proof. For all k € {0,...,n} let

Ap(R) = U {ce{l,...,m}" : cis (k, R) admissible}
RER

where "¢ is (k, R) admissible" means the following;:
foralla € {1,...,m} and for all i € R,, if ¢ <k, then ¢; = a else ¢; = 1.

This definition is compatible with the previous definitions for £ = 0 and k£ = n. The lemma will follow
immediately from the fact that, for all k € {1,...,n},

card(Ax—1(R)) < card(Ag(R)). (63)
Let k€ {1,...,n}. Forall = (é1,...,Ck_1,Cki1,---,6n) € {1,...,m}"" 1, define
Bk}—l(év R) = {Ck S {1, R ,m} : (61, ooy Clim1, Cly Clot 1, - - - ,@n) S .Ak_l(R)}
and
Be(e.R) = {ex € (L...m} = (ear- ks s ns ) € AK(R)}.

As card(Ap—1(R)) = > card(Br—1(¢,R)) and card(Ax(R)) = >, card(Bi(¢,R)), (63) follows from the
stronger result:

vee {1,...,m}"* card(By_1(¢,R)) < card(Bi(&, R)). (64)
Let ¢ € {1,...,m}" 1. There are two cases:

1. Case Bi_1(¢,R) = (). In this case, (64) is straightforward. This is not needed for the proof, but in
this case we actually also have By (¢, R) = 0.

2. Case Br_1(¢,R) # 0. In other words, there exists ¢y € {1,...,m} and R € R such that
(C1y..+,Ch—1,Chky Chit1,---,Cn) is (k — 1, R) admissible. We now subdivide in two subcases.

(a) There exists ¢ € {1,...,m} and R € R such that (é1,...,¢k—1,Ck, Cht1,--.,6n) is (kK — 1, R)
admissible and such that k ¢ |J, R,. Fix such a R. As a first consequence, being (k — 1, R)
admissible does not depend on the kth coordinate. Therefore By_1(¢,R) = {1,...,m}. As
a second consequence, being (k — 1, R) admissible is equivalent to being (k, R) admissible.
Therefore By (¢,R) = {1,...,m}. In particular, (64) holds.

(b) For all ¢, € {1,...,m} and R € R such that (¢é1,...,8—1,Ck, Ckt1,.--,Cn) is (K — 1, R)
admissible, k belongs to |J, Rq. Therefore By_1(¢,R) = {1}. Let R € R be such that
(é1y.-+,Ck-1,1,8k41,.-.,6n) is (k — 1, R) admissible. Let a be such that k¥ € R,. Then
(1, 81,0, Chy1,--.,Cn) is (k, R) admissible —this uses the fact that Ry,..., R, are pair-
wise disjoint — and therefore {a} C Bi(¢,R). As a consequence, (64) holds. Note that this is
the only case where Bi_1(¢, R) and B (¢, R) can be different.

We proved (64). This yields (63) and then the lemma. O
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C.3 Proof of Lemma 31

Write A = w(RP). If A =0, then x4, ..., Xm are empty and the result is trivial. Henceforth, we assume
A > 0 and write & = A"!'w. Let N be a Poisson random variable with parameter mA. Let X = (X;); be
a family of i.i.d.r.v. on R? with distribution @. Let (U;); be a family of i.i.d.r.v. with uniform distribution
on {1,...,m}. The sets

Xoe ={X;:1€{l,...,N}:U; =a},ae{1,...,m}

are independent Poisson point processes with intensity measure . We can thus work with these real-
izations of the point processes.
Recall the notation of Section C.2 and set

R(N,X)={(Ry,....Rm) € Q(N,m) : It € Tst. {X;,i€ R} € F!,... {X;i€ Ry} €F.}.

With this notation, we can write (using the fact that the X; are almost surely distinct)

]P’[Xle UFtlo-qufn

teT
=P[3(Ry,...,Rm) E R(N,X):Vae{l,...,m} Vi € R,, U; =1]
=E[P(3(R1,..., Rn) € R(N, X) :Va € {1,...,m} Vi € Ry, Us = 1‘N,X)} (65)
and
P lU{xl €Ff,...,xm€F}}
teT
=P[3(Ry,...,Rm) €E R(N,X) :Vac{l,...,m} Vi € R,, U; = aj
- E{P(E(Rl, o Rp) €R(N,X):Vac{l,...,m} Vi€ Ry, U = a‘N,X)] (66)
The variables U; have uniform distribution on {1,...,m}, thus the conditional probabilities appearing
in (65) and (66) are proportional to the cardinal of the corresponding sets of admissible colorings. The
result then follows from Lemma 32. O
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