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Abstract

Reflections from hypersurfaces act by symplectomorphisms on the
space of oriented lines with respect to the canonical symplectic form.
We consider an arbitrary C*°-smooth hypersurface v C R**! that is
either a global strictly convex closed hypersurface, or a germ of hy-
persurface. We deal with the pseudogroup generated by compositional
ratios of reflections from « and of reflections from its small deforma-
tions. In the case, when 7y is a global convex hypersurface, we show that
the C'°>°-closure of the latter pseudogroup contains the pseudogroup of
Hamiltonian diffeomorphisms between domains in the phase cylinder:
the space of oriented lines intersecting v transversally. We prove an
analogous local result in the case, when v is a germ. The derivatives
of the above compositional differences in the deformation parameter
are Hamiltonian vector fields calculated by Ron Perline. To prove the
main results, we find the Lie algebra generated by them and prove its
C>-density in the Lie algebra of Hamiltonian vector fields. We also
prove analogues of the above results for hypersurfaces in Riemannian
manifolds.
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1 Main results: density of thin film planar billiard
reflection pseudogroup

It is well-known that billiard reflections acting on the space of oriented
geodesics preserve the canonical symplectic form [1, 2, 6, 9, 10, 16]. However
only a tiny part of symplectomorphisms are realized by reflections. There is
an important open question stated in [14]: which symplectomorphisms can
be realized by compositions of reflections?

In the present paper we consider the case of billiards in Euclidean spaces.
Namely, we deal with a hypersurface v C R"*!: either a strictly convex
closed hypersurface, or a germ of hypersurface. We investigate compositional
ratios of reflections from ~ and reflections from its small deformations. They
were introduced and studied by Ron Perline [13]. He had shown that their
derivatives in the parameter are Hamiltonian vector fields and calculated
their Hamiltonian functions. See Subsection 1.4 below.

We show that the Lie algebra generated by the above Hamiltonian vec-
tor fields is dense in the Lie algebra of all the Hamiltonian vector fields
(symplectic vector fields in the case, when 7 is a germ of curve). We apply
this result to the pseudogroup generated by the above compositional ratios
of reflections. In the case of a strictly convex closed hypersurface we show
that the C°°-closure of the latter pseudogroup contains the pseudogroup of
Hamiltonian symplectomorphisms between open subdomains of the phase
cylinder: the space of oriented lines intersecting ~ transversally. We prove
analogous statement for germs of hypersurfaces. The corresponding results
are stated in Subsections 1.1 and 1.2 respectively.

In the case of a germ of planar curve, when n = 1, we show that the
above pseudogroup coming from reflections is C'°°-dense in the pseudogroup
of symplectomorphisms between simply connected subdomains of a small
region in the space of oriented lines. See the statements of the corresponding
results in Subsection 1.3.

The above results on C'**°-closures of pseudogroups are proved in Section
4.

For the proof of main results we find the Lie algebra generated by the
above-mentioned Hamiltonian functions from [13] and prove its C'*°-density
in the space of C"*°-smooth functions. The corresponding results are pre-
sented in Subsection 1.4 and proved in Sections 2 and 3 in the cases, when
n =1 and n > 2 respectively.

In Subsection 1.5 we state analogues of Perline’s formula for Hamiltonian
function and of main results for hypersurfaces in Riemannian manifolds. We



prove them in Section 5.
In Subsection 1.6 we present a brief historical survey and state an open
problem.

1.1 Main density results: case of global hypersurface

Here we deal with billiards in R?*!, n > 1: reflections from hypersurfaces,
which act on the space of oriented lines in R"*!, see the next paragraph. It is
well-known that the space of all oriented lines is canonically diffeomorphic
to the tangent bundle of the unit sphere S™, and it carries a canonical
symplectic form induced from the standard symplectic form on T'S™. All the
reflections from hypersurfaces act symplectomorphically [1, 2, 6, 9, 10, 16].

Let v € R™! be a closed strictly convex hypersurface. Recall that the
reflection 7, from v acts on the space of oriented lines in Rt as follows. If
a line L is either disjoint from +y, or tangent to it, then it is fixed by 7,. If L
intersects v transversally, then we take its last point A of intersection with
7 (in the sense of orientation of the line L). We set 7,(L) to be its image
under reflection from the tangent hyperplane T4~y and orient it by a vector
in T4R"*! directed inside the compact domain bounded by +.

Let now N be the exterior unit normal vector field on the hypersurface ~.
Let f : ¥ = R be a C*°-smooth function. Consider the following deformation
of the surface ~:

Y = e = {z +ef(@)N(@) |z € 7} (1.1)

We deal with reflections 7, and 7,. = 7,_, acting on oriented lines. Recall
that the phase cylinder is the domain

IT =TI, := {the oriented lines intersecting ~ transversally},

~ dAT:
 de

For every compact subset K & II the symplectic mapping A7 is well-
defined on K, whenever ¢ is small enough dependently on K. Hence, vy
are symplectic vector fields on II. They are Hamiltonian with Hamiltonian
functions given in [13, p.623], see also (1.6). We prove the following theorem.

AT. = AT f = 7;;1 oTy, wvyf:

le=0- (1.2)

Theorem 1.1 The Lie algebra generated by the vector fields vy, f € C*(v),
is C°°-dense in the Lie algebra of Hamiltonian vector fields on IL,: dense in
the topology of uniform convergence with all derivatives on compact subsets..



Using Theorem 1.1, we prove density results for pseudogroups gener-
ated by the compositional differences A7;. To state them, let us recall the
following well-known definitions.

Consider a collection of C*°-smooth diffeomorphisms between domains
on some manifold (e.g., the space of oriented lines in R"*!). We consider
each diffeomorphism together with its domain of definition and all its restric-
tions to smaller domains. We will deal with those compositions of diffeomor-
phisms and of their inverses that are well-defined on some domains. Recall
that the collection of all the above compositions is called a pseudogroup.
(In the case when we take only compositions of mappings and not of their
inverses, the above collection of compositions is called a pseudo-semigroup.)

Definition 1.2 For a given sequence of domains V,, we say that the inter-
sections V,, NV converge to V, if each compact subset K € V is contained
in V,, whenever n is large enough (depending on K). Let g be a C*°-smooth
diffeomorphism defined on a domain V: we deal with it as with the pair
(9, V). Recall that a sequence g, of elements in a pseudogroup converges
to a mapping g on V' in the C'°*°-topology, if g is well-defined on V, g, are
defined on a sequence of domains V,, such that V, NV — V and g, — ¢
uniformly on compact subsets in V' with all the derivatives. The C'**°-closure
of a given pseudogroup consists of the mappings forming the pseudogroup
and the limits of the above converging sequences. (The latter closure is a
pseudogroup itself.)

For every positive-valued mapping ¢ : C*°(y) — R4 set
G(9) := the pseudogroup generated by the collection of mappings (1.3)

{ATen | he C%(7),0 <e < d(h)}.

Let us recall the following well-known definition.

Definition 1.3 Let M be a symplectic manifold, and let V C M be an open
domain. A symplectomorphism F : V. — Vi C M is (M-) Hamiltonian, if
there exists a smooth family F; : V. — V; € M of symplectomorphisms
parametrized by t € [0,1], Vj =V, Fy = Id, F1 = F, such that for every
t € [0,1] the derivative % is a Hamiltonian vector field on V;. (In the case
when V = V; = M, this definition coincides with the usual definition of

Hamiltonian diffeomorphism of a manifold [3, definition 4.2.4].)

Remark 1.4 Let M be a two-dimensional topological cylinder equipped
with a symplectic form, and let V' C M be a subcylinder with compact



closure and smooth boundary. Further assume that V is a deformation
retract of the ambient cylinder M. Then not every area-preserving map
F:V — U C M is Hamiltonian. A necessary condition for being Hamilto-
nian is that for every boundary component L of the subcylinder V' the self-
intersecting domain bounded by L and by its image F'(L) has zero signed
area. This follows from results presented in [3, chapters 3, 4]. The above-
defined M-Hamiltonian symplectomorphisms between domains in a sym-
plectic manifold form a pseudogroup: a composition of two M-Hamiltonian
symplectomorphisms U — V and V' — W is M-Hamiltonian.

Theorem 1.5 For every mapping 6 : C*°(y) — Ry the C*®-closure of the
pseudogroup G(0) contains the whole pseudogroup of I1-Hamiltonian diffeo-
morphisms between domains in I1. In other words, for every domain V C I1
and every II-Hamiltonian symplectomorphism F :'V — W C 1l there exists
a sequence Iy, of finite compositions of mappings AT, p;, 0 < g < d(hj),
F,, being defined on domains V,, with V,, "V — V such that F, — F onV
in the C*°-topology.

Definition 1.6 We say that two hypersurfaces are (a, k)-close if the dis-
tance between them in the C*-topology is no greater than «. This means
that the hypersurfaces are diffeomorphically parametrized by the same man-
ifold, and their parametrizations can be chosen so that the C*-distance be-
tween them is no greater than a.

Corollary 1.7 For every o > 0 (arbitrarily small) and k € N the C*-
closure of the pseudogroup generated by reflections from hypersurfaces (o, k)-
close to v contains the whole pseudogroup of 11-Hamiltonian symplectomor-
phisms between domains in II.

Theorem 1.1 will be proved in Subsection 2.5 (for n = 1) and 3.3 (for
n > 2). Theorem 1.5 and Corollary 1.7 will be proved in Section 4.

1.2 Main results in the local case

Here we consider the case, when v is a germ of (not necessarily convex)
C>-smooth hypersurface in R"*! at some point zy and state local versions
of the above results.

Each function f : v — R defines a deformation 7. = 7. ¢ of the germ
v given by (1.1). Let A7, vy be the same, as in (1.2). Fix an arbitrary
small contractible neighborhood of the point zg in v, and now denote by
~ the latter neighborhood. It is a local hypersurface parametrized by a



contractible domain in R". Fix an arbitrary domain II = II, in the space
of oriented lines in R™"! such that each point in II represents a line L
intersecting 7 transversally at one point x = x(L). Let w = w(L) € Ty
denote the orthogonal projection to T, of the directing vector of L at . We
identify all the tangent spaces T,y by projecting them orthogonally to an
appropriate coordinate subspace R” C R"*!. For simplicity in the local case
under consideration we will choose II to be diffeomorphic to a contractible
domain in R?" via the correspondence sending L to (z,w).

Theorem 1.8 The Lie algebra of vector fields on 11, generated by the fields
v, [ e C®(y), see (1.2), is C*®-dense in the Lie algebra of Hamiltonian
vector fields on IL,.

The definitions of pseudogroup G(4) and («, k)-close hypersurfaces for
local hypersurfaces (germs) are the same, as in the previous subsection.

Theorem 1.9 The statements of Theorem 1.5 and Corollary 1.7 hold in
the case, when 7y is a local hypersurface: a C*-smooth germ of hypersurface
in R™TL,

Theorems 1.8 will be proved in Section 2.5 (for n = 1) and 3.3 (for
n > 2). Theorem 1.9 will be proved in Section 4.

1.3 Case of germs of planar curves: density in symplectic
vector fields and maps

Let now v be a C*™-smooth germ of planar curve in R? at a point O. Let II
be the same, as in the previous subsection.

Theorem 1.10 In the case, when v is a germ of planar curve, the Lie
algebra generated by the fields vy is dense in the Lie algebra of symplectic
vector fields on 11.

Theorem 1.11 If~ is a germ of planar curve, then the statements of The-
orems 1.5 and Corollary 1.7 hold with density in the pseudogroup of sym-
plectomorphisms between simply connected domains in II.

Theorem 1.10 is proved in Subsection 2.5. Theorem 1.11 is proved in Sub-
section 4.2.



1.4 Hamiltonian functions for vector fields v; and the Lie
algebra generated by them

Let us recall a well-known presentation of the symplectic structure on II
coming from the identification of the outwards directed unit tangent bundle
on v with the unit ball bundle T1y C Ty [1, 2, 6, 9, 10, 16]. To each
oriented line \ intersecting ~ transversally we put into correspondence the
pair (z(A),u())), where x(\) is its last intersection point with + in the
sense of orientation of the line A, and u = u(X) € T, R"™ is the unit
vector directing A. To a unit vector u € T,R"™! x € 5, we put into
correspondence its orthogonal projection w := 7 (u) € T,y to the tangent
hyperplane of v at x; one has ||w|| < 1. In the case, when ~ is a strictly
convex closed hypersurface, the composition of the above correspondences
yields a diffeomorphism

J = Toy, A= (z(N\),w(N) € Tary :={(z,w) € Ty | ||w]| < 1}.
(1.4)
In the case, when ~ is a germ, J is a diffeomorphism of the corresponding
domain II in the space of oriented lines onto an open subset J(II) C T<17.
The tangent bundle Ty consists of pairs (z,w), x € v, w € T,7, and carries
the Liouvillian 1-form « € T*(T+y) defined as follows: for every z € -+,
w € Tyy and v € Ty 4,y (Ty) one has

a(v) =< w,m(v) >, m =dmw, wisthe projection Ty — 7. (1.5)
The standard symplectic form on T+ is given by the differential
w = da.

The above Liouville form o and symplectic form w are well-defined on every
Riemannian manifold ~.

The above diffeomorphism J is known to be a symplectomorphism [1, 2,
6, 9, 10, 16]. In what follows we switch from II to T'<17y; the images of the
vector fields vy under the symplectomorphism J are symplectic vector fields
on T'«17y, which will be also denoted by vy.

Remark 1.12 Consider the correspondence A — (z(A), u(A)) from the be-
ginning of the subsection between II and a domain in the restriction to ~ of
the unit tangent bundle of the ambient space R"*1. For every function f
on v the vector field vy on II given by (1.2) is identified via the latter cor-
respondence with a well-defined vector field on the space of all pairs (z,u),
where z € v and u € T,R"! is a unit vector transversal to 7. (See the



next theorem and remark.) Therefore, the J-pushforward of the field vy is
a well-defined vector field on all of T'<17y, which will be also denoted by vy.
In what follows, whenever the contrary is not specified, we deal with vy as
with the latter vector field on T-17y.

Theorem 1.13 [13, p.623] For every C*-smooth function f : vy — R the
corresponding vector field vy is Hamiltonian with the Hamiltonian function

Hy(z,w) := —2y/1 — |[w|]?f(z). (1.6)

Remark 1.14 The formula from [13, p.623] was given in the chart (x,u),
with the Hamiltonian function Hy(z,u) = —2 < u, N(x) > f(x). The latter

scalar product being equal to /1 — ||w||?, w = 7 (u), this yields (1.6).

Proposition 1.15 The vector space over R generated by the Poisson brack-
ets of the functions H¢(x,w) given by (1.6) for all f € C*(v) is a Lie algebra
(under Poisson bracket), where each element can be represented as a sum
of at most 2n + 1 Poisson brackets. It consists of the functions on T<17y of
type n(w), where n is an arbitrary C*°-smooth 1-form on v, and is identified
with the space of 1-forms. The Lie algebra structure thus obtained on the
1-forms is isomorphic to the Lie algebra of all C*°-smooth vector fields (with
Lie bracket) via the duality isomorphism T*~y — Ty given by the metric.

Proposition 1.15 is proved in Subsection 3.1.

Theorem 1.16 Let v be an arbitrary Riemannian manifold (neither nec-
essarily embedded, nor necessarily compact). Let §) denote the Lie algebra
generated (under the Poisson bracket) by the Hamiltonian functions (1.6) on
T<17v constructed from all f € C*®(y). The Lie algebra $) is C*°-dense in the
Lie algebra of all the C*°-functions on the unit ball bundle T<1y: dense in
the topology of uniform convergence with all derivatives on compact subsets.

Below we formulate more precise versions of Theorem 1.16, which give
explicitly the Lie algebra generated by functions (1.6) in different cases. To
obtain its simpler description, we deal with the following renormalization
isomorphism

w
Y Ty =Ty, (z,w) = (2,y), y=y(w) = m € Tyy. (1.7)

This equips Ty with the pushforward symplectic structure Y,w.



Convention 1.17 Sometimes we rewrite functions in (x,w) € T<1vy as
functions of (z,y) € T~. By definition, the Poisson bracket of two functions
in (x,y) is calculated with respect to the pushforward symplectic form Yiw.
It coincides with the pushforward by Y of their Poisson bracket as functions
of (x,w), with respect to the canonical symplectic form w on T<17.

Example 1.18 For every function f on ~ the corresponding Hamiltonian
function Hy(x,w) of the vector field v; written in the new coordinate y is
equal to
flx
Hf(fC,U)) = —2H07f(flf,y), HO,f(xay) = # (18)

VI+Iyl*
This follows from (1.6) and (1.7).

Let S*(T*v) denote the space of those C*°-smooth functions on Ty whose
restrictions to the fibers T, are homogeneous polynomials of degree k. For
every ¢ € S*(T*v) we write ¢ = ¢(y) as a polynomial in y € T,y with
coefficients depending C'*°-smoothly on = € . Set

H’Wﬁ = % Hk#) c COO(T"}/), (19)

VI
Ay = {Hk’qg | NS Sk(T*’y)}

Example 1.19 Let n = 1 and let, for simplicity, v be connected. Then ~
is either an interval, or a circle, equipped with a Riemannian metric. Let
s be the length element on 7. Then y is just one variable, each element in
S¥(T*v) is a product ¢ = h(s)y*, h € C=(7). In this case, when n = 1, we
will use simplified notations replacing ¢ by h and writing Hy, ¢ as Hy, p:

h(s)y"

Vi
In the case, when + is a closed planar curve with induced metric, the phase
cylinder II is indeed a cylinder: it is diffeomorphic to the product of a circle
and an interval via the following correspondence. To each oriented line L
intersecting  transversally we put into correspondence its last intersection
point with 7 (identified with its natural parameter s), running all of y ~ S*,
and the intersection angle 6 € (0, 7). The above-defined symplectic form on
IT is equal to sin f#ds Adf (see [17, lemma 3.7]). The natural parameter yields
a canonical trivialization of the tangent bundle to . After this trivialization

Hk7¢ = Hk:,h = Ak = {Hk,h ’ h e Coo(’)/)} (110)

10



the corresponding vectors w and y become just real numbers that are equal
to
w=cosf, y=coth. (1.11)

In the renormalized coordinates y the Lie algebra $) admits the following
description.

Theorem 1.20 Let v be the same, as in Theorem 1.16. If n = dim~y > 2,
then one has

H = Srzolk. (1.12)

Theorem 1.21 Statement (1.12) remains valid in the case, when n = 1
and v is an interval equipped with o Riemannian metric.

It appears, that in the case, when n = 1 and ~ is a topological circle,
statement (1.12) is not true. To state its version in this special case, let
us introduce the following notations. Let d € Zx>q, Hgj be functions on
the phase cylinder II given by formula (1.10), and let Az be their space,
see (1.10). Let us consider that the length of the curve v is equal to 2w,
rescaling the metric by constant factor. Set

2m
Ago:={Hgn € Aq | / h(s)ds = 0}.
0

For every odd polynomial vanishing at zero with derivative,

k
P(y)=> ajy ™, (1.13)
j=1
set
~ 1 1 k .
P(z) :=x 2P(x2) = Zajx]. (1.14)
j=1

Theorem 1.22 Let n = 1 and v be a topological circle equipped with a
Riemannian metric. The Lie algebra $ generated by the functions Hy s,
feC®(n), see (1.8) and (1.10), is

Ggiop 1= M1 B (Dae2z50Ma) © (Pac2z5,+18a0) & T, (1.15)
P(y)

NiEnT
(1.16)

Theorems 1.16, 1.20, 1.21, 1.22 will be proved in Sections 2 (for n = 1) and
3 (for n > 2).

U= { | P(y) is a polynomial as in (1.13) with P'(—1) = 0}.

11



1.5 Case of hypersurfaces in Riemannian manifolds

Let M be a complete Riemannian manifold. Let v C M be a closed strictly
convex hypersurface bounding a domain 2 C M homeomorphic to a ball.
Let for every geodesic I' lying in a small neighborhood U = U(Q2) C M the
intersection I' N €2 be either empty, or an interval bounded by two points
of transversal intersections with 9€2. The space of geodesics intersecting 2
will be called the phase cylinder and denoted by II. The billiard ball map
T, of reflection from v acts on the space of oriented geodesics in the same
way, as in Subsection 1.1. This action is symplectic with respect to the
standard symplectic form on the space of oriented geodesics that is given
by symplectic reduction (Melrose construction, see [1, 2, 6, 9, 10, 16]). The
phase cylinder II is a symplectic manifold symplectomorphic to the unit ball
bundle T4y equipped with the standard symplectic form, as in Subsection
1.4.

Let us repeat Perline’s thin film billiard construction. For every C*°-
smooth function f : v — R consider the family of hypersurfaces v, consisting
of the points 7. (x) defined as follows. For every x € ~ consider the geodesic
'y (x) through the point x that is orthogonal to v and directed out of Q2. The
point 7. (x) is obtained from the point x by shift of (signed) distance ¢ f(x)
along the geodesic I'y(z); one has v.(z) ¢ €, if f(x) > 0, and v.(z) € Q, if
f(z) <O0.

Theorem 1.23 Consider the following compositional ratio and its deriva-
tive

dAT:

de
The derwative vy is a Hamiltonian vector field on the phase cylinder 11 ~
T<17y with the same Hamiltonian function Hy(x,w) = —2/1 — ||w||?f(x),
as in (1.6).

AT. = AT f = 7;;1 oTy, vf:=

|5:0-

Theeorem 1.23 follows easily from its Euclidean version due to R.Perline
(Theorem 1.13 in Subsection 1.4).

We will deal not only with the global case, when ~ is a closed hypersur-
face, as above, but also with the case, when + is a germ of hypersurface.

Theorem 1.24 The statements of Theorem 1.5 and Corollary 1.7 hold for
any hypersurface v as above and for any germ of hypersurface in any Rie-
mannian manifold.

Proofs of Theorems 1.23 and 1.24 will be given in Section 5.

12



1.6 Historical remarks and an open problem

In 1999 R.Peirone studied dynamics of billiard in thin film formed by a
hypersurface v and its given deformation 7. with small €. He proved the
following transitivity result for small e: for every two points p1,p2 € v there
exists a billiard orbit starting at p1 that lands at po after sufficiently many
reflections [12]. A series of results on dynamics in thin film billiard, including
results mentioned in Subsection 1.1 (calculation of the vector field vy and its
Hamiltonian function), together with relation to geodesic flow were obtained
in [13]. For other results and open problems, e.g., on relations to integrable
PDE’s, see [13, sections 8, 9] and references to [13].

Corollary 1.7 states that the C°°-closure of the pseudogroup generated
by reflections from hypersurfaces close to « contains the whole pseudogroup
of II-Hamiltonian diffeomorphisms between domains in the phase cylinder
IT = IL,. That is, each II-Hamiltonian diffeomorphism is the limit of a
sequence of compositions of reflections and their inverses.

Open Problem. Is it true that for every closed strictly convex hy-
persurface v C R*™! the C*°-closure of the pseudo-semigroup generated by
reflections from the hypersurface v and from its small deformations (without
including their inverses) contains the whole pseudogroup of II-Hamiltonian
diffeomorphisms between domains in the phase cylinder 117

2 The Lie algebra in the case or curves. Proof of
Theorems 1.21, 1.22, 1.16, 1.10, 1.1, 1.8

In the present section we consider the case, when  is a connected curve
equipped with a Riemannian metric. We prove Theorems 1.21, 1.22 and
Theorem 1.16 for curves. To do this, first in Subsection 2.1 we calculate
Poisson brackets of functions of type Hy, from (1.10). Then we treat sepa-
rately two cases, when 7 is respectively either an interval (Subsection 2.2),
or a circle (Subsections 2.3, 2.4), and prove Theorems 1.21, 1.22, 1.16. Then
we deduce Theorems 1.1, 1.8, 1.10 in Subsection 2.5.

2.1 Calculation of Poisson brackets

We work in the space T<1y = v X (—1,1) equipped with coordinates (s, w).
Here s is the natural parameter of the curve 7, and w € (—1,1) is the
coordinate of tangent vectors to v with respect to the basic vector % We

identify a point of the curve « with the corresponding parameter s. Recall

13



that the canonical symplectic structure of T4y is the standard symplectic
structure dw A ds. Therefore the Poisson bracket of two functions F' and G
is equal to

OF 0G  0F 0G

We write formulas for Poisson brackets of functions from (1.10) in the coor-

dinates
w

S, ’ = T

in which they take simpler forms. Recall that for every d € Z>( and every
function h(s) we set

d
Hyp(s,y) = ———=h(s), H_y1u(s,y) =0,

Vi

see (1.10), and for every function h(s) on v the vector field vy on Teq7 is
Hamiltonian with the Hamiltonian function —2H ,, = Ho _2p, see (1.8).

Proposition 2.1 For every d,k € Z>¢ and any two functions f(s), g(s)
one has
{Ha,ps Hyg} = Havk—1,dfg'~kf'g T Harhi1,(a-1)fg'~(k-1)f7g- (2:2)

Proof For every m € Z>o one has
m m

Y _ w
Vitg (et

o < ym ) mwmfl (m _ 1)wm+1

A = + = my™ 4 (m—1)y™ .
o0\ Vi) " e Ay Y

Substituting the latter expression to (2.1) yields

(dy?=' + (d — Dy Nk fg' — (ky*=! + (k — Dy )ydgf!

V1492

This implies (2.2). 0

{Ha,p, Hyg} =

14



2.2 Case, when 7 is an interval. Proof of Theorems 1.21,
1.16, 1.10

Recall that for every d € Z>o A4 denotes the vector space of functions of the
type Hg g, see (1.10), where f(s) runs through all the C*°-smooth functions
in one variable. Let

T - @jﬁg/\d — Ay

denote the projection to the k-th component.

Proposition 2.2 One has

{AQ,A()} = Al, {Al,Al} C A1, (23)
{Adg, A} C Agirk—1 D Nayiy1 whenever (d, k) # (1,1),(0,0), (2.4)
Tr+1({Ao, Ak }) = Mgy for every k > 1. (2.5)

Proof Inclusion (2.4) and the right inclusion in (2.3) follow immediately
from (2.2). Let us prove the left formula in (2.3). One has

{Ho’f7 HO,Q} = Hlyf’Q*Q’f’ (2'6)

by (2.2). It is clear that each function 7(s) can be represented by an ex-
pression f'g— ¢’ f, since the functions in question are defined on an interval.
For example, one can take f = fsi) n(7)dr and g = 1. This proves the left
formula in (2.3). The proof of statement (2.5) is analogous. O

Proof of Theorem 1.21. The Hamiltonians of the vector fields v; are
the functions —2Hj y. The Lie algebra §) generated by them coincides with
@2 Ak, by Proposition 2.2. This proves Theorem 1.21. O

Proof of Theorem 1.16 for v being an interval. Each function from
. 00 . 1 . cq . . B
the direct sum $ = ®72 Ay is Tie times a polynomial in y with coefli

cients depending on s. The latter polynomials include all the polynomials
in (s,y), which are C*°-dense in the space of C*° functions in (s,y) € v xR
(Weierstrass Theorem). Therefore, §) is also dense. Theorem 1.16 is proved
in the case, when -y is an interval. a

2.3 Case of closed curve. Proof of Theorem 1.22

Let Hgp, be functions given by formula (1.10); now h(s) being C*°-smooth
functions on the circle equipped with the natural length parameter s. Recall
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that we consider that its length is equal to 2w, rescaling the metric by
constant factor. Let A4 be the vector space of all the functions Hyp. Set

2
Ago:={Hapn € Ag | / h(s)ds = 0}.
0

For every C*°-smooth function h : S' = R/27Z — R set

1 2w

)

= h(s)ds.
o7 J, (s)ds

In the proof of Theorem 1.22 we use the following four propositions.

Proposition 2.3 For every d,k € Z>o and every pair of smooth functions
f(s) and g(s) on the circle one has

{Haps Higt = Hayk—1hgyp 1 (s) T Harkr1hgs i (s)s
(d+k— 2)ﬁd+k71 = (d+ k)EdJrkJrl- (2.7)
Proof The first formula in (2.7) holds with
hivi—1 = (d+k)fg' —k(f9), hitkt1 = (d+k—=2)fg —(k=1)(fg)', (2.8)

by (2.2). This together with the fact that the derivative (fg)" has zero
average implies that the ratio of averages of the functions hqir1 is equal

to di—l‘gﬁ2 and proves (2.7). O

It is clear that the Lie algebra $) is contained in the direct sum of the
subspaces Aj, by (2.2). Recall that for every j € Z>¢ by m; we denote the
projection of the latter direct sum to the j-th component A;.

Proposition 2.4 For every d,k € Z>p one has
{Ad; Ak} C Agvk—1 D Adrrst, (2.9)

0ifd=k=1,
Tarkt1({Ad Ak }) = Tarnr1({Ag0, Aro}) = § Advit1, fd+k #2,

Asp, if {d,k} = {0,2}.
(2.10)
In particular,
{Ao, Ao} = Ay. (2.11)
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Proof For d = k = 1 formula (2.10) follows from (2.2). For d =0, k = 2
one has m3({Ag,A2}) C Asp, by (2.7): the left-hand side in (2.7) vanishes,
hence, 7Ld+k+1 = 23 = 0. Let us prove that in fact, the latter inclusion is
equality and moreover,

m3({A0,0, A20}) = Az (2.12)

Indeed, for every two functions f and g on the circle one has

{Ho,f, Ha gt = Hi,—2pg + Hz _(gy>

by (2.2). It is clear that every function h on the circle with zero average
is a derivative of some function —f on the circle (we choose f with zero
average). Hence, h = —f' = —(fg)’ with ¢ = 1. This already implies the
formula 73({Ao, A2}) = A3, but not the above formula (2.12): the function
g = 1 does not have zero average. To prove (2.12), let us show that every
function f with zero average can be represented as a sum 2?21 fjg; with
fj and g; being smooth functions of zero average. Indeed, f is the sum of
a linear combination f—i(s) = ae'® + ae™*, a € C, and a Fourier series f>o
containing only e with |n| > 2. It is clear that f—1(s) = e3¥¥(e™3* f_1(s))
and f>o = €'*(e ™ f>2), and the latter are products of two complex functions
with zero average. Their real parts are obviously sums of pairs of such
products. Therefore, f can be represented as a sum of four such products.
This together with the above discussion implies that for every function h
with zero average the function Hjzy, is the m3-projection of a sum of four
Poisson brackets { Hy, i Hj 4.} with f;, g; being of zero average. This proves
(2.12) and the third formula in (2.10).

Let us now treat the remaining middle case: d 4+ k # 2. To do this,
it suffices to show that every smooth function h(s) on the circle can be
represented as a finite sum

N

h = Z hitks1ls havks1 = (d—1)figi — (k= 1) fia, (2.13)
=1

see (2.7) and (2.2), where fi(s) and g;(s) are smooth functions on the circle
with zero average. Moreover, it suffices to prove the same statement for
complex-valued functions. Indeed, if (2.13) holds for a complex function
h(s) and a finite collection of pairs (fi(s),¢;(s)) of complex functions, [ =
1,..., N, then the similar equality holds for the function Reh(s) and the
collection of pairs (Re f;,Req;), (—Im f;,Img;) taken for all [. Let, say,
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d # 1. Let us write a complex function h(s) as a Fourier series
h(s) = Z ane™®.

Set

Set haikt1,1 := (d—1)f1g] — (k—1)f{g1. One has
h(s)—hairt1,1(s) = alels+z n—ibp((d—1)(n—1)—(k—1)))e™. (2.14)
n#l

We would like to make the above difference zero. For each individual n # 1
one can solve the equation

n—ibn((d=1)(n—1) = (k=1)) =0

in by, provided that (d — 1)(n — 1) # k — 1, i.e.,, n # n(d, k) = % + 1.
Take b, found from the above equation for all n # 1,n(d, k). They yield a
converging and C°°-smooth Fourier series

91(3) _ Z bnei(n—l)s,

n#1,n(d,k)

since so is h(s) = >, oz ane™ and b, = o(ay), as n — oo. The correspond-
ing function hqyry1,1, see (2.13), satisfies the equality

h(s) = hatri11(s) = a1e’® + apg e, (2.15)

Now we set fo(s) = ePt1)is with some p € Z\ {0, —1,n(d, k) — 1}, and we
would like to find a function

92(5) = Cleipis _|_ 026i(n(d7k)7(p+1))8

such that h = hgyky1,1 + hatk+1,2, see (2.13). The latter equation is equiv-
alent to the equation

16" + apg e = (d = 1) fa(s)gh(s) — (k — 1) f5(s)g2(s),  (2.16)

by (2.15). Its right-hand side divided by i equals ¢;(—p(d —1) — (p+ 1)(k —
1)e" +co((d—1)(n(d, k) — (p+1)) — (k—1)(p+1))e*™ @) Therefore, one
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can find constant coefficients ¢, ¢o in the definition of the function go such
that equation (2.16) holds, if

(n(d, k)= (p+1))(d=1)=(p+1)(k—=1) # 0, p(d—1)+(p+1)(k—1) # 0. (2.17)

The left-hand sides of inequalities (2.17) are linear non-homogeneous func-
tions in p with coefficients at p being equal to F(d + k — 2) # 0. Hence,
choosing appropriate p € Z \ {0, —1,n(d, k) — 1} one can achieve that in-
equalities (2.17) hold and hence, equation (2.16) can be solved in c;, cs.
Finally, we have solved equation (2.13) with an arbitrary complex function
h and N = 2, in complex functions f;, g;, { = 1,2 with zero averages. This
together with the above discussion finishes the proof of statement (2.10).
Statement (2.11) follows from the second statement in (2.10). O

Proposition 2.5 The Lie algebra $ contains the direct sum

Biob,0 := A1 & (DdeazsoNa) © (Dacaz,+1Md,0)-

Proof The algebra $) contains Ag and Ay = {Ag, Ao}, see (2.11). It also
contains Ag, by the latter statement and since {Ag, A1} C Ag® Ag, see (2.9),
and m2({Ao, A1}) = A9, by (2.10). Hence, $ D @?:OA]-. Analogously one has
$ D Az, by the latter statement, and (2.9), (2.10) applied to (d, k) = (0,2).
Hence, $ D (@?ZOAj) ® Asp. One has $ D A4, by the latter statement and
(2.9), (2.10) applied to (d,k) = (0,3). Hence, $§ D (@03]‘347]‘7&3AJ’) ® Aszp.
Let us show that $ D Aso. Indeed, the bracket {Ag, A4} is contained in
A3 @ Aj, see (2.9). For every pair of functions f and g on the circle one has

{Hovf’ H47g} = H3,h3 + H5,h57

where the ratio of averages of the functions hs and hs is equal to 2, see
(2.7). Therefore, if the average of the function hs vanishes, then so does
the average of the function hz. This implies that the subspace of those
elements in {Ag, A4} whose projections to A5 have zero averages coincides
with the subspace with the analogous property for the projection m3. Recall
that 75({Ao, As}) = A5, by (2.10). This together with the above statement
and the inclusion A3y C $ implies that $ contains Asg. Applying the
above argument successively to Poisson brackets {Ag,An}, n > 5, we get
the statement of Proposition 2.5. a

19



Proposition 2.6 The Lie algebra $) is the direct sum of the subspace & g0
and a vector subspace ¥ in

g P(y)
Vi+y?

The corresponding subspace \/1 + y2¥ in the space of polynomials is gener-
ated by the polynomials

Ri(y) :==jy? '+ (j— L)y¥*!, jEN, j>2. (2.18)

Proof The direct sum @©;>0A; D § is the direct sum of the spaces & g0
and P, by definition. This together with Proposition 2.5 implies that $
is the direct sum of the subspace &g, 0 and a subspace ¥ C P. Let us
describe the subspace ¥. To do thus, consider the projection

| P is an odd polynomial , P'(0) = 0}.

Todd>1 * Dj>0Nj = Djeozs,+14;.

Claim 1. The projection Toqq>19 lies in . It is spanned as a vector
space over R by the subspace A3y and some Poisson brackets {Hdﬂ(s), Hk,b(s)}
with d+k > 4 being even. All the above brackets with all the functions a(s),
b(s) with zero average lie in Toqq>19).

Proof The inclusion m,44-19 C $ follows from the fact that m,q4~1 is the
projection along the vector subspace A1 @ (®jcaz.,Aj) C Bgopo C $H. Each
element of the Lie algebra §) is represented as a sum of a vector in Ay and a
linear combination of Poisson brackets {Hg 4, Hyp}, by definition and (2.2).
The latter Poisson brackets lie in Agyx—1 ® Agig+1, by (2.9), and thus, have
components of the same parity d + k + 1(mod 2). Note that if d+k—1=1,
then the above bracket lies in Ay ® Azp C Sgap0 C 9, by (2.10), and its
Todd>1-Projection lies in Agy. The two last statements together imply the
second statement of the claim. If a(s) and b(s) have zero average, then
Hyo, Hip € Sgiop0 C 9, thus, {Hyq, Hip} € $H. Hence, the latter bracket
lies in 7wogq>19), if d+ k is even and no less than 4. This proves the claim. O

Taking projection 7y of a vector w € $ to ¥ consists of first taking its

projection

k
2 1
Todd>1W = Z H2j+1,fj(5) m Z f] -+

J=1

and then replacing each f;(s) in the above right-hand side by its average j/’;

k

1 - .

mgw = ————=Py(y), Pu(y) = > fy7T
V1+y? ; ’
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If w={Hggq, Hip} with d + k = 25 > 4, then P,(y) = cR;(y), see (2.18),
¢ € R, which follows from (2.7). This together with Claim 1 implies that
the vector space /1 + y2¥ is contained in the vector space spanned by
the polynomials ;. Now it remains to prove the converse: each R; is
contained in y/1 + y2W¥. To this end, we have to show that one can choose
the above functions a and b with zero average so that P,(y) # 0, i.e., so
that the above constant factor ¢ be non-zero. This statement is implied by
the second equality in (2.10) and can be also proved directly as follows. Let
b(s) be an arbitrary smooth non-constant function on the circle with zero
average. Set a(s) =b'(s). Let d+ k = 2j > 4. Then

= {Haos i} = s (2 (0 + 5,

fio1=25(0")? — k('b),

by (2.8). The function f;_1(s) has positive average, since so does its first
term, while its second term has zero average. Therefore, P, = cR;, ¢ > 0.
Proposition 2.6 is proved. O

Lemma 2.7 The vector subspace generated by the polynomials R; from
(2.18) coincides with the space of odd polynomials P(y) with P'(0) = 0
such that the corresponding polynomial 15(33) = m_%P(mi) has vanishing
derivative at —1.

As it is shown below, the lemma is implied by the following proposition.

Proposition 2.8 An odd polynomial
k .
Py(y) = a7 (2.19)
j=1

is a linear combination of polynomials Ry(y), see (2.18), if and only if

k

D (=1)ja; =0. (2.20)

J=1

Proof The polynomials (2.18) obviously satisfy (2.20). In the space of odd
polynomials P(y) with P’(0) = 0 of any given degree d > 5 equation (2.20)
defines a hyperplane. The polynomials (2.18) of degree no greater than d
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also generate a hyperplane there. Hence, these two hyperplanes coincide.
The proposition is proved. a

Proof of Lemma 2.7. For every odd polynomial P(y) as in (2.19) one
has

k
P(z) = Z a;l.
j=1

Hence, equation (2.20) is equivalent to the equation P'(—1) = 0. Lemma
2.7 is proved. u

Proof of Theorem 1.22. Theorem 1.22 follows from Proposition 2.6 and
Lemma 2.7. O

2.4 Proof of Theorem 1.16 for closed curve

Theorem 1.16 is implied by Theorem 1.22 proved above and the following
lemma.

Lemma 2.9 The Lie algebra & g0p, see (1.15), is C*°-dense in the space of
smooth functions on T<1y >~ vs x Ry,.

Proof Let us multiply each function from &g, by /1 + y?; then each
function becomes a polynomial in y with coefficients being smooth functions
on a circle. All the polynomials in iy with coefficients as above are C'°°-dense
in the space of functions in (s,y) € v x R, by Weierstrass Theorem. The
polynomials realized by functions from &, in the above way are exactly
the polynomials that are represented in unique way as sums of at most four
polynomials of the following types:

1) any polynomial of degree at most 2;

2) any even polynomial containing only monomials of degree at least 4;

3) any odd polynomial of type P(y;s) = Z?Zl a;(s)y* 1 with coeffi-
cients a;(s) being of zero average;

4) any odd polynomial of type P(y) = Z?Zl bjy* ! with constant coef-
ficients b; and P'(—1) = 0.

For the proof of Lemma 2.9 it suffices to show that the odd polynomials
of type 4) are C*°-dense in the space of odd polynomials in y with constant
coefficients and vanishing derivative at 0.

Take an arbitrary odd polynomial of type Q(y) = Z?:l bjy¥*1. The

polynomial @(x) = xféQ(x%) = Z?Zl bjz¥ can be approximated in the
topology of uniform convergence with derivatives on segments [0, A] with
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A arbitrarily large by polynomials R(x) with R(0) = 0 and R/(—1) = 0.
Indeed, let us extend the restriction é|{m20} to a C*°-smooth function on
the semi-interval [—1, +00) with vanishing derivative at —1. Thus extended
function can be approximated by polynomials ﬁn(x) One can normalize
the above polynomials H,, to vanish at 0 and to have zero derivative at —1
by adding a small linear non-homogeneous function a,x + b,,. Then the cor-
responding polynomials Hy,(y) := yH,(y?) are of type 4) and approximate
Q(y). This together with the above discussion proves Lemma 2.9. This
finishes the proof of Theorem 1.16 for curves. a

2.5 Proof of Theorems 1.1, 1.8 and 1.10 for n =1

Theorems 1.1 and 1.8 follow from Theorem 1.16.

In the case, when 7 is a germ of curve (a local curve parametrized by an
interval), the bundle T+ is a contractible space identified with a rectangle
in the coordinates (s,w). Therefore, each symplectic vector field on T~y
is Hamiltonian. This together with Theorem 1.8 implies density of the Lie
algebra generated by the fields vy in the Lie algebra of symplectic vector
fields. This proves Theorem 1.10.

3 The Lie algebra in higher dimensions. Proof of
Proposition 1.15 and Theorems 1.20, 1.16, 1.1

Here we consider the case, when n > 2 (whenever the contrary is not speci-
fied). In Subsection 3.1 we give a formula for Poisson brackets of functions
Hy 4 with ¢ € S¥(T*y) and prove Proposition 1.15. Then in Subsection
3.2 we find the Lie algebra generated by the functions H¢(x,w) and prove
Theorem 1.20. In Subsection 3.3 we prove Theorems 1.16, 1.1 and 1.8.

3.1 Poisson brackets and their calculations for n > 1. Proof
of Proposition 1.15

The results of the present subsection are valid for all n € N.

Let v be a n-dimensional Riemannian manifold, x € v. Fix some or-
thonormal coordinates z = (z1, ..., z,) on T,y. Recall that the normal coor-
dinates centered at x on a neighborhood U = U(z) C 7 is its parametrization
by a neighborhood of the origin in R? ~ T, that is given by the exponential
mapping: exp : Ty — ~. It is well-known that in thus constructed normal
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coordinates z on U the Riemannian metric has the same first jet at x, as
the standard Euclidean metric dz? + - - - + d22.

Proposition 3.1 Fix arbitrary normal coordinates (z1,...,z,) centered at
xo € v on a neighborhood U = U(xg) C «y. For every x € U and every vector
w € Ty let (wy,...,wy,) denote its components in the basis a%j in Tyy. This
yields global coordinates (z1,...,2n;W1,...,wy) on Ty|y. At the points of
the fiber T,y C Ty the canonical symplectic form w = da coincides with
the standard symplectic form we = Z;L:1 dw; A dz;.

Proof Let a and a. := }77_; w;dz; denote the Liouville forms (1.5) on
T~ defined respectively by the metric under question and the standard Eu-
clidean metric dz? + --- + dz2. Their 1-jets at each point (z¢,w) of the
fiber T}, coincide, since both metrics have the same 1-jet at xg. Therefore,
w = da = doe = we on Tyy. O

Corollary 3.2 In the conditions of Proposition 3.1 for every two smooth
functions F and G on an open subset in 71 (U) C T~ their Poisson bracket
at points of the fiber Ty, is equal to the standard Poisson bracket in the
coordinates (z,w):

dFdG  dF dG

{6y = dw dz  dz dw

on Tyyy. (3.1)
Proof of Proposition 1.15. Fix a point xyp € 7 and a system of nor-
mal coordinates (z1,...,2,) centered at xo. Let (wi,...,w,) be the corre-
sponding coordinates on tangent spaces to v introduced above. For every
f,9 € C*°(~) one has

{fGVI=Ilwl? 9(2) V1 = [[w][*}z=0

g 8f> w;
= /1 — 2 —— | —= 3.2
V=Tl }j)( 9 9) e (82

= (9df — fdg)(w) = (29df — d(g[))(w) :

the derivative in z of the function /1 — ||w||? vanishes at the points of the
fiber {z = 0}, since the metric in question has the same first jet at 0, as
the Euclidean metric (normality of coordinates). Thus, the latter Poisson
bracket is the function on T~ given by a 1-form.

Claim 1. The Poisson bracket (3.1) of any two 1-forms ni(w), na(w)
considered as functions on Ty is also a 1-form. The dual Poisson bracket
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on vector fields on v induced via the duality isomorphism T vy — T~ given
by the metric is the usual Lie bracket.

Proof The result of taking Poisson bracket (3.1) of two 1-forms in normal
chart at the fiber 7,7y is obviously a linear functional of w. This is true
for every xp € v and the corresponding normal chart. In more detail, let

ni(w) = 3% a;j(z)w;. Then
- 8a2j

) Doy = 3 (00520 - a0 520 ) vy (33)

s=1

Thus, the bracket is linear on fibers, and hence, given by a 1-form. The
fact that the duality given by the metric transforms the Poisson bracket
on 1-forms to the Lie bracket on the vector fields follows from (3.3) and
coincidence of 1-jets of the given metric and the Euclidean metric at xo. O

Claim 1 already implies that the space of functions on T« given by
1-forms is a Lie algebra dual to the usual Lie algebra of vector fields.

Now it remains to show that each 1-form is a sum of at most 2n + 1
Poisson brackets (3.2). To do this, we use the next proposition.

Proposition 3.3 On every C'°°-smooth n-dimensional manifold v each smooth
1-form n can be represented as a finite sum Zzzl gedfe, where f¢, go are
smooth functions on 7.

Proof Consider v as an embedded submanifold in Rg?,...,szn (the Whitney
Theorem). We would like to show that the form 7 can be written as the
restriction to v of some differential 1-form 77 on R?". To do this, fix a
tubular neighborhood I'Y  R?*" of the submanifold + given by the Tubular

Neighborhood Theorem. Here § = d(x) > 0 is a smooth function,
I°:= {p e R*™ | dist(p,z) < d(z) for some z € ~}. (3.4)

Each point p € T° has the unique closest point x = m5(p) € v, and the
projection s : I'Y — 7 is a submersion. The projection 75 allows to extend
the form 7 to the pullback form 7) := 737 on %, which coincides with 7 on
~. Take now an arbitrary smooth bump function 8 on I'? that is identically
equal to 1 on v and vanishes on a neighborhood of the boundary oI'°. The
1-form 77 := 7 extended by zero outside the tubular neighborhood I'? is a
global smooth 1-form on R2? whose restriction to v coincides with 1. Taking
its coordinate representation 7 = Egﬁl nedsy and putting g = 7y, fo = s¢
yields the statement of the proposition. O
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Let now n be an arbitrary smooth 1-form on ~. Let f;, g, be the same,
as in Proposition 3.3. Set gont1 = 1, font1 = 2521 gefe. Then

2n 2n
=2 gedfe = (2gedfe — d(gefr)) + (292n41df2n11 — d(gant1fon11))-
=1 =1

Therefore, 2n, and hence 1 can be presented as a sum of at most 2n + 1
Poisson brackets (3.2). This finished the proof of Proposition 1.15. 0

For every x € v let Sym*(T%~) denote the space of symmetric k-linear
forms on T,7: each of them sends a collection of k vectors in T,y to a real
number and is symmetric under permutations of vectors. The union of the
latter spaces through all x € v is a vector bundle of tensors. The space
of its sections will be denoted by Sym*(T*y). Similarly, by S*(T;v) we
will denote the space of degree k homogeneous polynomials as functions on
the vector space Ty. The space S*(T*7) introduced before is the space
of sections of the vector bundle over v with fibers S*(T7v). It is well-
known that the mapping Xxsym : Sym*(Tv) — S*(T*v) sending a k-linear
form ®(y1,...,yx) to the polynomial ¢(y) := ®(y,...,y) is an isomorphism,
which induces a section space isomorphism Sym®(T*y) — S¥(T*y). The
notion of covariant derivative of a tensor bundle section ® € Sym*(T*7) is
well-known. For every = € 7, v € Ty, ¢ € S¥(T*~) the covariant derivative
V¢ € S¥(T#v) along a vector v € T, is

V¢ = Xsym(Vo (Xagm®))- (3.5)

Remark 3.4 For every ¢ € S¥(T*v) one has

Vi(0)(y) == (Vyo)(y) € S*HH(T™). (3.6)
Let z = (z1,...,2,) be normal coordinates on v centered at x, and let
(w1, ..., wy) be the corresponding coordinates on the fibers of the bundle
T~ in the basis 6%1, cee %. For every v € T,y and every ¢ € S*(T*v) con-

sidered as a polynomial in w with coefficients depending on z the covariant
derivative (3.5) is obtained from the polynomial ¢ by replacing its coeffi-
cients by their derivatives along the vector v. This follows from definition,
since in normal coordinates the Christoffel symbols vanish.

Convention 3.5 Everywhere below for every ¢ € S¥(T*y), x € v and v €

Ty by %(y) we denote the derivative of the polynomial ¢(y) considered

17
as a function of y € Ty along the vector v (treating v as a tangent vector
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to Ty at 0, identifying the vector space T,y with its tangent spaces at all its
points by translations). For every function f € C*(~) by dg%(}/) we denote
the above derivative calculated for v =V f(z) at each point x € . Note that

the latter derivative lies in S*=1(T*~), by definition.

Proposition 3.6 For every k,m € Zso and every ¢ € SF(T*y), f €
S™(T*~) the Poisson bracket of the corresponding functions Hy, 4 and Hy, ¢
from (1.9) (see Convention 1.17) lies in Agim—1 ® Agrms1- In the case,
when m =0, i.e., f = f(z) is a function of x, one has

LW 4 (T, (F0)) () + (k — 2)b(y) <y, Vf >
1+ [lyl? '

{Hr.p, Hos} = (3.7)

Here Vf is the gradient of the function f(x) with respect to the metric of
v, and Vy(f¢) is the above-defined covariant derivative of the form f¢ €
Sk(T*~) along the vector y, see (3.5), (3.6).

Proof Let us prove the first statement of the proposition. Fix an arbitrary
xo € 7. It suffices to show that the restriction to 7,7y of the Poisson
bracket is (1/1 + ||y||2) ! times a sum of two homogeneous polynomials in
y of degrees k +m — 1 and kK +m + 1. Let us pass back to the initial unit

ball bundle T<;v. Fix some normal coordinates (z1, ..., z,) centered at z
and the corresponding coordinates w = (wz, ..., wy) on the fibers. One has
= $(w) : (3.8)

k., — )
(V1= [lwl[?)k!

here the squared norm ||w||? is given by the metric and depends on the point
z € ~v. This follows by definition and since

2 ||w||2 2, 1=(1 2\—1 3.9
[yl| = Tl yll*+1 =1 —[lw|[*)"". (3.9)

Let us calculate the Poisson bracket {H}, ¢, H,y, r} at points in T3,y by for-

8521?4) is (1/1— [[w]]2)~*=Y times a degree

k homogeneous polynomial in w obtained from the polynomial ¢(w) by re-
placing its coefficients by their partial derivatives in z;. This follows from
definition and the fact that /1 — ||w||? has zero derivatives in z; at points

of the fiber T},vy. The latter fact follows from normality of the coordinates

. . . OH
zi. The partial derivative =522
J ow;

mula (3.1). The partial derivative

is a sum of a degree k£ — 1 homogeneous
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polynomial in w divided by (1/1 — [[w|[2)*~! and a degree k + 1 homoge-
neous polynomial in w divided by (/1 — [|w||2)**! (Leibniz rule). Finally,
the expression (3.1) for the above Poisson bracket is a sum of terms of the
two following types: 1) a degree k + m — 1 homogeneous polynomial in w
divided by (1/1 — |Jw|[2)¥*™=2; 2) a degree k + m + 1 homogeneous poly-
nomial in w divided by (/1 — [|w||2)¥T™. The terms of types 1) and 2) are
homogeneous polynomials in y of degrees respectively k 4+ m + 1 divided by
V' 1+ [y||?, by (3.9). This implies the first statement of the proposition.

Let now f = f(z) be a function of z € . Let us prove formula (3.7).
For z =0 (i.e., x = x¢) one has

-k 9 (k — Do(w)w;
ou; ) (T iy

8H07f _ w; 8H0f — 287_]0
et =~ s, = il
O0Hy, 4 3H[)f o pdwp(w) (k—1p(w) < Vfw>
Z ow, oz, T T A e
(3.10)
OHrg OHoy / . 9p(w) _ (Vwd)(w)f
Z T TR v T A R i
(3.11)
3.11) and the
) yields

OH
) — 1 o 2
Gt = (VT=TolP)

which follows from Remark 3.4. Substituting formulas (3.10),
formula < Vf,w > ¢(w) + (Vuwo)(w)f = (Vu(fd))(w) to (3.

dw$(w)

dv f
{Hy,p, Ho,p} =
(V1= [Jwl][?)k=2

(
1

(k:—2)gb(w)<Vf,w>+ 1
(V1= [[w|[?)* (V1= [[w|[?)*
which is equivalent to (3.7). Proposition 3.6 is proved. O

(Vo (f¢))(w),

Remark 3.7 Formula (3.7) remains valid for n = 1 and yields formula (2.2)
from Subsection 2.1 in the case, when & = 0 in (2.2). Indeed, in this case
¢ = h(s)y?, f = f(s). The corresponding first term in the numerator in
(3.7) is equal to dhf'y?~!. The second term equals (hf)'y?t!. The third
term equals (d — 2)hf’y*+1. Thus, the numerator is equal to dhf'y?! +
((d — 1)hf" + fh')y™*L. This together with (3.7) yields (2.2).
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3.2 The Lie algebra. Proof of Theorem 1.20

Proposition 3.8 The Lie algebra $ generated by functions Hy 4 for all
k€ Z>o and ¢ € Sk(T*~) with respect to the Poisson bracket is contained
in A := @p>oAi, and the latter direct sum is a Lie algebra.

Proposition 3.8 follows from Proposition 3.6.
In what follows by 7, we denote the projection 7 : A — Ag.
We will deal with the linear operators V}, given by (3.6):

Vit S5(T*) = SMHT™), dly) = (Vyo)(y).
Proposition 3.9 One has

Agt1 for k # 2,

Ap, Ao} = .
Tie+1 Ak, Ao} o RSP (1) for k=2,

Proof The higher order part of a Poisson bracket {H}, 4, Ho r} is equal to

(3.12)

1
———=((k =2)8(y) <V .y > +(Vy(01)) ),
V1I+]lyl?

[lyl] (313

by (3.7). If either f =1, or k = 2, then the above expression in the brackets
is reduced to (Vy(¢f))(y) = Vi(éf)(y). Moreover, if f = 1, then the whole
numerator in (3.7) is reduced to Vi(¢f)(y). Therefore, each element in

1+1||y||2 Vi(S*(T)) is realized by a Poisson bracket, and hence,

{Hp.¢, Ho £} o1 =

1

va(sk(T’Y)) C {Ag, Ao} (3.14)

In particular, this implies the statement of the proposition for £k = 2. To
treate the case, when k # 2, we use the following proposition.

Proposition 3.10 For every k € Zs1 the vector subspace in S*+1(T*)
generated by all the products ¢(y) < Vf,y >= gb(y)% with ¢ € S*(T*~)
and f € C®(v) coincides with all of S¥*1(T*~). Moreover, each element in
SkHL(T*~) can be represented as a sum of at most 2n products as above.

Proof Consider v as an embedded submanifold in Rg?,...mn
Theorem); the embedding needs not be isometric.

Claim 3. Each ¢ € S*Y(T*v) is the restriction to T~y of some h €
Sk+1(T*R2n).

(the Whitney
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Proof Let 6(z) > 0 be a smooth function on v with 04, := supd < 1 that
defines a tubular neighborhood T C R?" of the submanifold =, see (3.4).
Let 75 : T — ~ be the projection, which is a submersion. Let us extend ¢
to a form 5 =750 € Sk+1(I%) as the projection pullback. Let ¢ : T® — R
be a bump function that is identically equal to 1 on a neighborhood of
the submanifold v and vanishes on a neighborhood of the boundary or’.
Then the form h := ¢ extended as zero outside the tubular neighborhood
I becomes a well-defined form h € S*+1(T*R?") whose restriction to Ty
coincides with ¢. O

Let us consider the standard trivialization of the tangent bundle TR?"
given by translations to ToR?". Let y = (y1,...,y2n) be the corresponding
coordinates on the fibers. Every h € S¥+1(T*R?") is a homogeneous poly-
nomial in y with coefficients being C*°-smooth functions on R?". Therefore,
h can be decomposed as

2n 2n
hy) =Y di)y; =Y 65(w)ds;(y), o5 € SHTR™).
st =1

The restriction of the latter decomposition to T7 together with Claim 3
yield the second (and hence, the first) statement of Proposition 3.10. a

The statement of Proposition 3.9 for k # 2 follows from formula (3.13),
statement (3.14) and Proposition 3.10. O

Corollary 3.11 The sum Ag@A1DAs and the subspace mVQ(S’2 (T*y))
y

in A3 are contained in the Lie algebra 9. If A3 C §), then $ = Gr>oAk.

Proof The first statement of the corollary follows from definition and the
statement of Proposition 3.9 for £k = 0,1,2. Its second statement follows
from the statement of Proposition 3.9 for £ > 3. a

Now for the proof of Theorems 1.20 it suffices to show that Ag C §). As
it is shown below, this is implied by formula (3.7) and the following lemma.

Lemma 3.12 Let n > 2. For every k € N consider two R-linear mappings

G 5 SH(T*) 92 C(7) = S*1(T™), 60a f 6. (319)
Gy : SE(T*y) @r C®(7) = S 1 (T*y), ¢k [+~ C%;é(fw (3.16)
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(In (3.15) for every x € v and y € Ty the derivative % = %(x) means
the derivative of the function f at x along the vector y.) For every even k,
e.g., k =4, one has G, (Ker G;) = Sk=1(T*~): more precisely, there exists
ady, €N, dg, < (4n)*+1, such that for every h € S¥=Y(T*v) there exists
a collection of dy, , pairs

(95, i), b € SE(T*y), f; € C®(), j=1,....dn,
such that

Zsbg Z i’l@fj = h. (3.17)

Lemma 3.12 is proved below. In its proof we deal with v as an em-
bedded submanifold in Ré\; Lenss) (the Whitney Theorem, in which one can
take N = 2n), equipped with its intrinsic Riemannian metric (not coincid-
ing with the restriction to 7%y of the standard Euclidean metric). Let us
trivialize the tangent bundle TR by translation to the origin and denote
by ¥ = (y1,...,yn) the corresponding coordinates on the tangent spaces.
Let P* = PH(T*RN) c S¥(T*RY) be the subspace of degree k& homogeneous
polynomials in y with constant coefficients. Let . ¢ C*°(R") denote the N-
dimensional vector subspace over R generated by the coordinate functions
S1y---3SN-

Remark 3.13 The operator G, given by formula (3.15) extends as a well-
defined linear operator S¥(T*RY) @g C®(RN) — Sk+1(T*RN) by the same
formula, which will be also denoted by G;. For every h € SK(T*RY) ®g
C>°(RY) the restriction (G} h)|r coinsides with the image of the restriction
hlry € S*(T*y) ®@r C*(v) under the operator G; acting on S¥(T*y) ®r
C° (7). In particular, the restrictions to Ty of elements of the kernel of the
operator G} in the space S*(T*R™) @r C*°(R") are contained in the kernel
of the operator G acting on S*(T*v) ®@r C*°(7).

Step 1: finding basis of the kernel of G;’ in P*L:=PFerL.

Proposition 3.14 For every k € N the kernel Ker];ol of the restriction to
Pk @ L of the linear operator Gg s the vector space with the basis

Qmij =y"(Yi®sj—y; ®s;), m=(mi,...,mn) € Z>0, (3.18)

ml =Y "me=k-1, i,j=1,....N, j>i,
j > maxind(m) := max{¢ | my > 0}.
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Proof It is obvious that G:Qmm = 0. Let us show that the elements
Qm,i,j are linearly independent. Indeed, if there were a linear dependence,
then there would be a linear dependence between some @, ; j, for which
the corresponding monomial P := y™y;y; is the same: a fixed monomial.
All the @y, ¢, corresponding to P have pu = j, by definition, while ¢ runs
through those indices less than j, for which P contains y,. It is clear that
these Q¢ ; are linearly independent, — a contradiction.
Fix an arbitrary () € Ker’;Ol:

Q= chmym ® s5; |m| = k. (3.19)
j?m
Let us show that () is a linear combination of elements @), ; ;. In the proof
we use the formula

Gl (y™ ® s;) = y;y™ for every m € Z]ZVO, |m| = k, (3.20)

which follows from definition. Without loss of generality we can and will
consider that i > ¢y := maxind(m) for every (i, m) with ¢;,, # 0. Indeed,
if the latter inequality does not hold for some (i,m), one can achieve it by
adding
Ci,mymyzol (yz R Spy — Yoo & Si) = Ci,QO’,i,&)

to @. This operation kills the (¢, m)-th term and replaces it by an (¢, m’)-th
term. Here m/ is obtained from m by replacing my,, m; by mg,—1 and m;+1
respectively. Let us show that Q = 0. Indeed, G;(ci,mym ® 8i) = CimYiy™
should cancel out with similar monomials coming from other (j, m) # (i, m),
since G,::Q = 0. Therefore, there exist j # i and m # m for which ¢; 7 # 0
and y;y™ = y;y™. Hence, y™ is divisible by y; and j < ¢y = maxind(m).
On the other hand, j > maxind(m), by the above assumption on all the
monomials in Q, and y™ is divisible by y;. Hence, o > j > i > £, since
j # 1, a contradiction. Therefore, ) = 0. The proposition is proved. O

Step 2: proof of an Euclidean homogeneous version of Lemma 3.12. In
what follows by 73(])"’ C P* we denote the subspace of polynomials with zero
average along the unit sphere.

Lemma 3.15 Let N > 2. Consider the mapping g, : PFoL — Pkl
acting by the formula

dP(y) =
g, Ply)@f——5 f= chsj, cj =const, Vf=(ci,...,cn),
j=1

(3.21)
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i.e., the above gradient is taken with respect to the standard Euclidean met-
ric. One has g;(Ker’;Ol) = (]f*l. The latter image coincides with all of

PE=Lif and only if k is even.

In the proof of Lemma 3.15 we will use the following equivariance and in-
variance properties of the operators G;, g, and the kernel Kerkol under the

p
actions of GLy(R) and O(N) on P¥ and P* @ LL:
H(P):=PoH, HP®s):=(PoH)®(soH)
for every H € GLy(R), P € P*, s € L.

Proposition 3.16 1) The restriction of the mapping GZ to PF®L is equiv-
ariant under the action of the linear group GLx(R) on the image and the
preimage:

Gl (H(P®s))(y) = H(Pds)(y) = P(Hy)ds(Hy)

for every H € GLN(R). In particular, the kernel Kerlgol is GLy (R)-invariant.
2) The mapping g, is equivariant under action of the orthogonal group
O(N):
9, (H(P®s)) =H((g;, )(P®s))

for every H € O(N). In particular, the image g, (Kerlgol) is O(N)-invariant.

3) The latter image is generated by derivatives of monomials y™, |m| =
k —1, along the vector fields v;j = yia%j — yjaiyi, i # j; each v;; generates
the one-dimensional Lie algebra of the standard SO(2)-action on RN in the
variables (Y, y;)-

Proof Statements 1) and 2) of the proposition follow by definition. The

image g, (Kerlgol) is generated by the polynomials

_ _ oy™ oy™
9 Qmiig) = 9;, W (Yi®s;—y;®8)) = yir——y;—=—, |m|=k—1, (3.22
k (Qmiig) = g5, (Y (4i®s;—y;®s;)) oy, Yoy, Im| (3.22)

by Proposition 3.14. The latter right-hand side is the derivative of the

polynomial y™ along the generator v;; of the SO(2)-action on the variables
(vi,y;). This proves Proposition 3.16. a

Proposition 3.17 The derivatives from Proposition 3.16, Statement 3), lie
. k—1
in Py .
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dy™
dv;
(vi,v;) yields zero, analogously to tfle well-known fact that the derivative of
a function on a circle has zero average. Every function on the unit sphere in
RY having zero average along the above SO(2)-action has zero average on
the whole unit sphere as well, since the volume form of the sphere (foliated by
SO(2)-orbits) is the product of the family of length elements of the SO(2)-
orbits and a measure transversal to the foliation by SO(2)-orbits. This
proves Proposition 3.17. O

Proof of Lemma 3.15. One has g, (Kerlgol) C PE~! (Proposition 3.17 and

Proof Averaging the derivative along the SO(2)-action in the variables

Proposition 3.16, Statement 3)). For even k one has P~! = PF-1 since
each odd degree homogeneous polynomial has zero average along the unit
sphere: the antipodal map changes the sign of such a polynomial. Therefore,
it suffices to prove that each polynomial in 73(’)C L lies in 9% (Ker’;d). We prove
this statement by induction in the number N of variables.

Induction base: N = 2. A homogeneous polynomial in (yi,y2) has zero
average along the unit circle, if and only if it is the derivative of another ho-
mogeneous polynomial by the vector field v generating the SO(2)-action.
Indeed, writing the restriction to the unit circle of a homogeneous polyno-
mial of degree k — 1 as a trigonometric polynomial in ¢ = arctan(z—?) of
the same degree reduces the above statement to the following well-known
one: a trigonometric polynomial of a given degree has zero average, if and
only if it is the derivative of another trigonometric polynomial of the same
degree. Therefore, the space 73571 of polynomials in (y1,y2) coincides with
g5 (Ker];ol), by Proposition 3.16 (Statement 3)) and Proposition 3.17.
Induction step. Let the statement P[If_l =05 (Kerlgol) be proved for all
N <d, N > 2. Let us prove it for N = d + 1. Fix an arbitrary P € 73571.
It can be represented as the sum

P =Q+ R, Q has zero average along the SO(2) action in (y1,y2);

the polynomial R is SO(2) — invariant.

Namely, R is the average of the polynomial P under the above SO(2)-action.
Let us show that @, R, and hence, P lie in g, (Kerlgol). The polynomials
@ and R are homogeneous of the same degree kK — 1. The polynomial @
is a derivative, as above, see the proof of the induction base. Therefore,

Qe g,;(Kerl;Ol), by Proposition 3.16, Statement 3). One has

(3]

R(y)=> (yi+v3)Ri(ys,-..,yn),
7=0

m‘z
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R; are homogeneous polynomials, deg R; = N — 27,
by SO(2)-invariance. For every j € N the SO(2)-average of the monomial
y%j is equal to ¢j(y3 +y3)7, ¢; > 0. Set

(3]

R(y) = Cj_lyij](y377yN)
7=0

vl

The difference R — R has zero average along the SO(2)-action, by construc-
tion. Therefore, it lies in gk_(Ker’;Ol), see the above argument. Now it
lgol). The polynomial R has zero average
along the unit sphere in RY, by assumption. On the other hand, it is a poly-
nomial of N —1 variables yo, ..., yn. Therefore, it has zero average along the

(N — 2)-dimensional unit sphere in Ré\;:{yN. Hence, it lies in the g, -image

remains to show that R € g5, (Ker

of the kernel Kergol from the space P* ® LL in variables (yo,...,yn), by the
induction hypothesis. The induction step is over. Lemma 3.15 is proved. O

Step 3: proof of Lemma 3.12 in the general case. Recall that S*(T*vy)
is the space of sections of a smooth vector bundle E; whose fiber over each
point x € « is the space of degree k£ homogeneous polynomials on the tangent
space T,7v. The bundle Ej is isomorphic to the k-th symmetric power of
the cotangent bundle T*~, see the discussion before Remark 3.4. To prove
Lemma 3.12, we show that for every even k each section of the bundle Ej_1 is
a finite linear combination of the restrictions to Ty of elements of the image
G,;(Kerlgol) with C*°-smooth coefficients. To this end, we will show that the
latter image spans the space of degree kK — 1 homogeneous polynomials at
each point = € ~: see the following definition.

Definition 3.18 Let v be a C*-smooth manifold (not necessarily com-
pact). Let 7 : E — =y be a C*°-smooth finite-dimensional vector bundle. A
(finite or infinite) collection of its sections (f;)ics is called generating (for
the bundle E), if for every = € 7 the vectors f;(z) € E(x) span the fiber
E(x) over z.

Proposition 3.19 Let k be an even number. The sections from the image

G;(Kergol) generate the vector bundle Ej,_1.

Proof Fix an arbitrary point z € 4. We consider that the origin in RY is
distinct from z and the line connecting = with the origin is transversal to
T,7y. One can achieve this by translation. Let us choose a Euclidean scalar
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product on RY and orthonormal coordinates (si,...,sy) centered at 0 so
that

- the vector subspace parallel to T,y be the coordinate subspace Ry,

- the translation pushforward of the Riemannian metric on T,y to RY,
be the standard Euclidean metric given by ds? + - - - + ds2;

- the radius vector of the point x be orthogonal to T,.

One can achieve this by applying a linear transformation and choos-
ing appropriate scalar product. These operations change neither the space
Pk ® L, nor Kerlgol (Proposition 3.16, Statement 1)). Let us equip the tan-
gent spaces to RV with the coordinates y1, ..., yy obtained from s1,..., sy
by translations. This identifies the tangent subspace Ty with Ry, . For
every Q € P*®L containing only s; and y; with j < n the image G (Q|7y)
coincides on the fiber 7,7 with the restriction to it of the form g, (Q), by
construction. The g, -image of the subspace in Kerkol consisting of polyno-

seesSn,

2
mials in 91, ...,y, coincides with the similar subspace in P*~1, i.e., with
the fiber at x of the bundle Ej_1, by Lemma 3.15. This proves Proposition
3.19. 0

Proposition 3.20 Let v and w: E — ~y, be as in the above definition. Let
fi,---, fe be a finite generating collection of sections of the bundle E£. Then
every C'°-smooth section of the bundle E is a linear combination of the
sections fi,..., fe with coefficients being C'°°-smooth functions on .

The author is sure that this proposition is well-known to specialists, but he
did not find a reference.

Proof Set d = dim E. Each point of the manifold v has a neighborhood
U such that there exists a collection of distinct indices j1, ..., jg for which
the values f;, (x),..., fj,(z) are linearly independent at every x € U. Each
section F' on such a neighborhood is a linear combination F' = Z?Zl N fj;s
where 7; are C*°-smooth functions on U. If F' has compact support in U,
then so do ;.

Now fix a locally finite at most countable covering of the manifold ~
by open subsets U, as above and the corresponding partition of unity con-
sisting of functions p, compactly supported in U,. Let F' be an arbitrary
C*°-smooth section of the bundle E. Each function p,F is compactly sup-
ported in U, and hence p F = Zle Niofj;or Where 1; o are compactly
supported in U,. Writing F' = ) _(poF') and replacing poF' by the latter
linear combinations yields that F' is a linear combination of the sections f;
with C*°-smooth coefficients. The proposition is proved. a

36



Proof of Lemma 3.12. Each element h € S¥~1(T*) is a linear combina-
tion of the images G (Qumn,i,j|7+) with coeflicients 1, ; ; € C*(v), by Propo-
sitions 3.14, 3.19 and 3.20; Qr,i; = ¥y ® 5; —y™y; ® si, |/m| = k—1. The
elements hu,i j := (m,i, gy Yi) @85~ (1hn,ijy"™y;)@si € S*(T*7)@rC®(7y) lie
in Ker Gz', by construction. One has G} hp i j = Nm,i,jG}, (Qm,ij|Ty), since
the operator G,  is C°°(7)-linear in the first tensor factor: G (n¢ ® f) =
nG, (¢ ® f) for every n € C*(y), by definition, see (3.16). Therefore,
h = G;(Zm” him,i ;). This proves Lemma 3.12 for the number dy,, be-
ing equal to the number of elements Qy,;; with |m| = kK —1, N = 2n:
dk,n < (2N)k+1. O

Proposition 3.21 The space A3 is contained in {Ag, Ao}.

Proof The Poisson bracket space {Ag, A4} is contained in Ag® A5 (Propo-

sition 3.6). Fix an arbitrary A = % € Ag; h € S3(T*y). Let us show

that A € {A4,Ao}. To do this, fix an element

d
X = Z‘bl’ @ fi € SHT*y) @r C™(y), X € KerGy, Gy (X) = h.
i=1

It exists by Lemma 3.12. Set

d
i(y) fi(z)
Hi=———t —cAy, F; = ——2— ¢ Ao, B = {Hz,Fz} € A3DAs.
V1+ 1yl V1+1yl? ;

One has

(Vy9)(y)

d
m3(B) = A, m5(B) = =, =) fidi € SHT™y),  (3.23)
=1

V1l

by construction and (3.7). Now replacing B by

= _ o W) 1
vy {