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Abstract

Reflections from hypersurfaces act by symplectomorphisms on the
space of oriented lines with respect to the canonical symplectic form.
We consider an arbitrary C°°-smooth hypersurface v C R"**! that is
either a global strictly convex closed hypersurface, or a germ of hy-
persurface. We deal with the pseudogroup generated by compositional
ratios of reflections from v and of reflections from its small deforma-
tions. In the case, when « is a global convex hypersurface, we show
that the latter pseudogroup is dense in the pseudogroup of Hamiltonian
diffeomorphisms between subdomains of the phase cylinder: the space
of oriented lines intersecting ~ transversally. We prove an analogous
local result in the case, when + is a germ. The derivatives of the above
compositional differences in the deformation parameter are Hamilto-
nian vector fields calculated by Ron Perline. To prove the main results,
we find the Lie algebra generated by them and prove its C'°°-density in
the Lie algebra of Hamiltonian vector fields. We also prove analogues
of the above results for hypersurfaces in Riemannian manifolds.
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1 Main results: density of thin film planar billiard
reflection pseudogroup

It is well-known that billiard reflections acting on the space of oriented
geodesics preserve the canonical symplectic form [1, 2, 6, 7, 10, 16]. However



only a tiny part of symplectomorphisms are realized by reflections. There is
an important open question stated in [14]: which symplectomorphisms can
be realized by compositions of reflections?

In the present paper we consider the case of billiards in Euclidean spaces.
Namely, we deal with a hypersurface v C R"*!: either a strictly convex
closed hypersurface, or a germ of hypersurface. We investigate compositional
ratios of reflections from ~ and reflections from its small deformations. They
were introduced and studied by Ron Perline [13]. He had shown that their
derivatives in the parameter are Hamiltonian vector fields and calculated
their Hamiltonian functions. See Subsection 1.4 below.

We show that the Lie algebra generated by the above Hamiltonian vec-
tor fields is dense in the Lie algebra of all the Hamiltonian vector fields
(symplectic vector fields in the case, when 7 is a germ of curve). We apply
this result to the pseudogroup generated by the above compositional ratios
of reflections. In the case of a strictly convex closed hypersurface we show
that the latter pseudogroup is C°°-dense in the pseudogroup of Hamilto-
nian symplectomorphisms between open subdomains of the phase cylinder:
the space of oriented lines intersecting v transversally. We prove analogous
statement for germs of hypersurfaces. The corresponding results are stated
in Subsections 1.1 and 1.2 respectively.

In the case of a germ of planar curve, when n = 1, we show that the above
pseudogroup coming from reflections is C*°-dense in the local pseudogroup
of symplectomorphisms between simply connected subdomains of a small
region in the space of oriented lines. See the statements of the corresponding
results in Subsection 1.3.

Density of the above pseudogroups is proved in Section 4.

For the proof of main results we find the Lie algebra generated by the
above-mentioned Hamiltonian functions from [13] and prove its C'°°-density
in the space of C*°-smooth functions. The corresponding results are pre-
sented in Subsection 1.4 and proved in Sections 2 and 3 in the cases, when
n =1 and n > 2 respectively.

We show that Perline’s formula for the above vector fields, which are
derivatives of the above compositional ratios of reflections, remains valid for
hypersurfaces in Riemannian manifolds. Then we deduce the above pseu-
dogroup density results in this case. These results are stated in Subsection
1.5 and proved in Section 5.

In Subsection 1.6 we state some open questions.



1.1 Main density results: case of global hypersurface

Here we deal with billiards in R?*!, n > 1: reflections from hypersurfaces,
which act on the space of oriented lines in R"*!, see the next paragraph. It is
well-known that the space of all oriented lines is canonically diffeomorphic
to the tangent bundle of the unit sphere S™, and it carries a canonical
symplectic form induced from the standard symplectic form on T'S™. All the
reflections from hypersurfaces act symplectomorphically [1, 2, 6, 7, 10, 16].

Let v C R™! be a closed convex hypersurface. Recall that the reflection
7, from v acts on the space of oriented lines in R"*! as follows. If a line
L is either disjoint from +, or tangent to it, then it is fixed by 7,. If L
intersects v transversally, then we take its last point A of intersection with
7 (in the sense of orientation of the line L). We set 7,(L) to be its image
under reflection from the tangent hyperplane T 47 and orient it by a vector
in T4R"*! directed inside the compact domain bounded by ~.

Let now N be the exterior normal vector field on the hypersurface v. Let
f 7 — R be a C*°-smooth function. Consider the following deformation of
the surface :

Ve = e = {z +eN(@) |z € 7). (1.1)
We deal with reflections 7, and 7,, acting on oriented lines. Recall that the
phase cylinder is the domain

IT =TI, := {the oriented lines intersecting ~ transversally},

-k, (1.2)
For every compact subset K & II the symplectic mapping A7; is well-
defined on K, whenever ¢ is small enough dependently on K. Hence, vy
are symplectic vector fields on II. They are Hamiltonian with Hamiltonian
functions given in [13, p.23], see also (1.5). We prove the following theorem.

A,E:A,E,f = 7;;107;, (e

Theorem 1.1 The Lie algebra generated by the vector fields vy, f € C*(v),
is C°°-dense in the Lie algebra of Hamiltonian vector fields on 1L, .

Using Theorem 1.1, we prove density results for pseudogroups gener-
ated by the compositional differences A7.. To state them, let us recall the
following well-known definitions.

Consider a collection of C*°-smooth diffeomorphisms between domains
on some manifold (e.g., the space of oriented lines in R"*!). We consider
each diffeomorphism together with its domain of definition and all its restric-
tions to smaller domains. We will deal with those compositions of diffeomor-
phisms and of their inverses that are well-defined on some domains. Recall



that the collection of all the above compositions is called a pseudogroup.
(In the case when we take only compositions of mappings and not of their
inverses, the above collection of compositions is called a pseudo-semigroup.)

Definition 1.2 For a given sequence of domains V,, we say that the inter-
sections V,, NV converge to V, if each compact subset K € V is contained
in V;, whenever n is large enough (depending on K). Let g be a C*°-smooth
diffeomorphism defined on a domain V: we deal with it as with the pair
(9, V). Recall that a sequence g, of elements in the pseudogroup converges
to a mapping g on V in the C'*°-topology, if g is well-defined on V', g, are
defined on a sequence of domains V,, such that V, NV — V and g, — ¢
uniformly on compact subsets in V' with all the derivatives. The C'*°-closure
of a given pseudogroup consists of the mappings forming the pseudogroup
and the limits of the above converging sequences.

For every positive-valued mapping ¢ : C*°(y) — R4 set
G(9) := the pseudogroup generated by the collection of mappings (1.3)

{ATon | h e C®(7),0 < e < 8(h)}.

Let us recall the following well-known definition.

Definition 1.3 Let M be a symplectic manifold, and let V'V C M be an open
domain. A symplectomorphism F' : V — Vi C M is (M-) Hamiltonian, if
there exists a smooth family F; : V — V; C M of symplectomorphisms
parametrized by t € [0,1], Vo =V, Fy = Id, F1 = F, such that for every
t € [0,1] the derivative % is a Hamiltonian vector field on V;. (In the case
when V = V; = M, this definition coincides with the usual definition of
Hamiltonian diffeomorphism of a manifold [3, definition 4.2.4].)

Remark 1.4 Let M be a two-dimensional topological cylinder equipped
with a symplectic form, and let V' C M be a subcylinder with compact
closure and smooth boundary. Further assume that V is a deformation
retract of the ambient cylinder M. Then not every area-preserving map
F:V — U C M is Hamiltonian. A necessary condition for being Hamilto-
nian is that for every boundary component L of the subcylinder V' the self-
intersecting domain bounded by L and by its image F'(L) has zero signed
area. This follows from results presented in [3, chapters 3, 4]. The above-
defined Hamiltonian symplectomorphisms between domains in a symplectic
manifold form a pseudogroup: a composition of two M-Hamiltonian sym-
plectomorphisms U — V and V — W is M-Hamiltonian.



Theorem 1.5 For every mapping 6 : C°(y) — Ry the C*®-closure of the
pseudogroup G(0) contains the whole pseudogroup of II-Hamiltonian diffeo-
morphisms between domains in I1. In other words, for every domain V C II
and every II-Hamiltonian symplectomorphism F :'V — W C 11 there exists
a sequence Iy, of finite compositions of mappings AT, p;, 0 < g < d(hj),
F,, being defined on domains V,, with V,, "V — V such that F, — F onV
in the C*°-topology.

Definition 1.6 We say that two hypersurfaces are (a, k)-close if the dis-
tance between them in the C*-topology is no greater than «. Here close-
ness means that the hypersurfaces are diffeomorphically parametrized by
the same manifold, and their parametrizations can be chosen so that the
C*-distance between them is no greater than .

Corollary 1.7 For every a > 0 (arbitrarily small) and k € N the C°-
closure of the pseudogroup generated by reflections from hypersurfaces (o, k)-
close to v contains the whole pseudogroup of 11-Hamiltonian symplectomor-
phisms between domains in II.

Theorems 1.1 will be proved in Subsection 2.5 (for n = 1) and 3.3 (for
n > 2). Theorem 1.5 and Corollary 1.7 will be proved in Section 4.

1.2 Main results in the local case

Here we consider the case, when ~ is a germ of (not necessarily convex)
C>-smooth hypersurface in R"T! at some point z and state local versions
of the above results.

Each function f : v — R defines a deformation 7. = 7. ¢ of the germ
v given by (1.1). Let A7, vy be the same, as in (1.2). Fix an arbitrary
small contractible neighborhood of the point zg in v, and now denote by
~ the latter neighborhood. It is a local hypersurface parametrized by a
contractible open domain in R". Fix an arbitrary domain II = II, in the
space of oriented lines in R™*! such that each point in II represents a line
L intersecting v transversally at one point z = z(L). Let w = w(L) € T,y
denote the orthogonal projection to T, of the directing vector of L at x. We
identify all the tangent spaces T,y by projecting them orthogonally to an
appropriate coordinate subspace R™ C R™*!. For simplicity in the local case
under consideration we will choose II to be diffeomorphic to a contractible
domain in R?" via the correspondence sending L to (z,w).



Theorem 1.8 The Lie algebra of vector fields on 11, generated by the fields
ve, f e C®(y), see (1.2), is C™-dense in the Lie algebra of Hamiltonian
vector fields on IL,.

The definitions of pseudogroup G(d) and («, k)-close hypersurfaces for
local hypersurfaces (germs) are the same, as in the previous subsection.

Theorem 1.9 The statements of Theorem 1.5 and Corollary 1.7 hold in

the case, when 7y is a local hypersurface: a C*°-smooth germ of hypersurface
in RMTL,

Theorems 1.8 will be proved in Section 2.5 (for n = 1) and 3.3 (for
n > 2). Theorem 1.9 will be proved in Section 4.

1.3 Case of germs of planar curves: density in symplectic
vector fields and maps

Let now v be a C*®-smooth germ of planar curve in R? at a point O. Let II
be the same, as in the previous subsection.

Theorem 1.10 In the case, when v is a germ of planar curve, the Lie
algebra generated by the fields vy is dense in the Lie algebra of symplectic
vector fields on II.

Theorem 1.11 If v is a germ of planar curve, then the statements of The-
orems 1.5 and Corollary 1.7 hold with density in the pseudogroup of sym-
plectomorphisms between simply connected domains in II.

Theorem 1.10 is proved in Subsection 2.5. Theorem 1.11 is proved in Sub-
section 4.2.

1.4 Hamiltonian functions for vector fields v; and the Lie
algebra generated by them

Let us recall a well-known presentation of the symplectic structure on II
coming from the identification of the outwards directed unit tangent bundle
on v with the unit ball bundle T-1y C T [1, 2, 6, 7, 10, 16]. To each
oriented line A intersecting v transversally we put into correspondence its
last intersection point z(\) with v in the sense of orientation of the line A and
the unit vector u € T, R"™ directing A. To a unit vector u € T, Rz ¢y,
we put into correspondence its orthogonal projection w := 7, (u) € Ty to
the tangent hyperplane of v at z; one has ||w|| < 1. In the case, when



v is a strictly convex closed hypersurface, the composition of the above
correspondences yields a diffeomorphism

il Tay, A (2(0),wd) € Tary == {(z,w) € Ty | |Jw]] < 1}.

In the case, when « is a germ, J is a diffeomorphism of the corresponding
domain II in the space of oriented lines onto an open subset J(II) C T<17.
The tangent bundle Ty consists of pairs (x,w), x € v, w € T,7, and carries
the Liouvillian 1-form « € T*(T7y) defined as follows: for every z € =,
w € Tyy and v € Ty 4,y (Ty) one has

a(v) =< w,m(v) >, m =dmw, wisthe projection Ty — 7. (1.4)
The standard symplectic form on T is given by the differential
w = da.

The above Liouville form « and symplectic form w are well-defined on every
Riemannian manifold ~.

The above diffeomorphism J is known to be a symplectomorphism [1, 2,
6, 7, 10, 16]. In what follows we switch from II to T<17; the images of the
vector fields vy under the diffeomorphism J are symplectic vector fields on
T<17, which will be also denoted by vy.

Remark 1.12 For every function f on 7 the corresponding vector field vy
given by (1.2) is a well-defined vector field on the space of all pairs (z,u),
where # € v and u € T,R"*! is a vector transversal to . Therefore, the
corresponding vector field vy on J(II) is well-defined on all of T1y. In what
follows, whenever the contrary is not specified, we will deal with vy as a
vector field on T<17.

Theorem 1.13 [13, p.23] For every C*-smooth function f : v — R the
corresponding vector field vy is Hamiltonian with the Hamiltonian function

Hy(z,w) = =21 — ||w||?f(z). (1.5)

Remark 1.14 The formula from [13, p.23] was given in terms of unit tan-
gent bundle: the space of pairs (z,u), z € v, u € T,R""! being a unit
vector directed outside . The Hamiltonian function from loc. cit. is
H¢(z,u) = -2 < u,N(z) > f(z). Taking into account that the latter

scalar product is equal to y/1 — ||w||?, w = 7 (u), this yields (1.5).



Proposition 1.15 The vector space over R generated by the Poisson brack-
ets of the functions Hy(x,w) given by (1.5) for all f is a Lie algebra, where
each element can be represented as a sum of at most 2n+1 Poisson brackets.
It consists of the functions on T<17y of type n(w), where n is an arbitrary
C>®-smooth 1-form on . Thus, it is identified with the space of 1-forms.
The Lie algebra structure thus obtained on the space of 1-forms is isomor-
phic to the standard Lie algebra structure on the space of vector fields via
the duality isomorphism T*~y — T~ given by the metric.

Proposition 1.15 is proved in Subsection 3.1.

Theorem 1.16 Let v be an arbitrary Riemannian manifold (neither nec-
essarily embedded, nor necessarily compact). Let $) denote the Lie algebra
generated by the Hamiltonian functions (1.5) on T<17y constructed from all
the C*°-functions f on v under the Poisson bracket. The Lie algebra $) is
C>-dense in the Lie algebra of all the C*°-functions on the unit tangent
bundle T<17y: dense in the topology of uniform C°°-convergence on compact
subsets.

Below we formulate more precise versions of Theorem 1.16, which give
explicitly the Lie algebra generated by functions (1.5) in different cases. To
obtain its simpler description, we deal with the following renormalization
isomorphism

w
Y Ty =Ty, (z,w) = (2,y), y=ylw) = m € Tyy. (1.6)

This equips Ty with the pushforward symplectic structure Y,w.

Convention 1.17 Sometimes we rewrite functions in (x,w) € T<1vy as
functions of (z,y) € T~. By definition, the Poisson bracket of two functions
in (x,y) is calculated with respect to the pushforward symplectic form Y,w.
It coincides with the pushforward by Y of their Poisson bracket as functions
of (x,w), with respect to the canonical symplectic form w on T<17.

Example 1.18 For every function f on = the corresponding Hamiltonian
function Hy(x,w) of the vector field vy written in the new coordinate y is

equal to
Hy(,w) = Ho g, y) = ———28)_ (1.7)

VI+IyIP

This follows from (1.5) and (1.6).



Let S¥(T*y) denote the space of those C*°-smooth functions on Ty whose
restrictions to the fibers T, are homogeneous polynomials of degree k. For
every ¢ € S*(T*v) we write ¢ = ¢(y) as a polynomial in y € T,y with
coefficients depending C*°-smoothly on = € ~. Set

(z)(y) Hk7¢ c COO(T’)/), (1.8)

Hp 4y = ————,
B T P
Ay == {Hyy | ¢ € S¥(T*)}.

Example 1.19 Let n = 1 and let, for simplicity, v be connected. Then ~
is either an interval, or a circle, equipped with a Riemannian metric. Let
s be the length element on . Then y is just one variable, each element in
S¥(T*v) is a product ¢ = h(s)y*, h € C=(v). In this case, when n = 1, we
will use a simplified notations replacing ¢ by h and writing Hy, 4 as Hy, ,:

h(s)y"
V1t y?

In the case, when 7 is a closed planar curve with induced metric, the phase
cylinder II is indeed a cylinder: it is diffeomorphic to the product of a circle
and an interval via the following correspondence. To each oriented line L
intersecting v transversally we put into correspondence the intersection point
with v (identified with its natural parameter s), running all of v ~ S!, and
the intersection angle 6 € (0, 7). The above-defined symplectic form on II is
equal to sin fds Adf. The natural parameter yields a canonical trivialization
of the tangent bundle to . After this trivialization the corresponding vectors
w and y become just real numbers that are equal to

Hk@ = Hk,h = Ak = {Hk,h ’ h e COO<")/)} (19)

w=cosf, y=-coth. (1.10)

In the renormalized coordinates y the Lie algebra $) admits the following
description.

Theorem 1.20 Let v be the same, as in Theorem 1.16. If n = dim~y > 2,
then one has
H = Dr>ol\k- (1.11)

Theorem 1.21 Statement (1.11) remains valid in the case, when in n =1
and 7y s an interval equipped with a Riemannian metric.

10



It appears, that in the case, when n = 1 and ~ is a topological circle,
statement (1.11) is not true. To state its version in this special case, let us
introduce the following notations. Let d € Zx>o, Hgj be functions on the
phase cylinder II given by formula (1.9), and let A4 be their space, see (1.9).
Let us consider that the length of the curve « is equal to 27, rescaling the
metric by constant factor. Set

2
Ad70 = {Hd,h IS\Y ’ / h(S)dS = 0}
0

For every odd polynomial vanishing at zero with derivative,

k
P(y) =) ajy¥*, (1.12)
j=1
set
~ 1 1 k .
P(z):=xz"2P(z2) = Zaj:xj. (1.13)
j=1

Theorem 1.22 Let n = 1 and v be a topological circle equipped with a
Riemannian metric. The Lie algebra $ generated by the functions Hy s,
feC>®(y), see (1.9), is

Ggiop 1= M1 B (Diae2z-0Ma) © (Baec2z5,+1840) & T, (1.14)

P(y)

N

U= { | P(y) is a polynomial as in (1.12) with P'(—1) = 0}.

(1.15)

Theorems 1.16, 1.20, 1.21, 1.22 will be proved in Sections 2 (for n = 1) and
3 (for n > 2).

1.5 Case of hypersurfaces in Riemannian manifolds

Let M be a complete Riemannian manifold. Let v C M be a closed strictly
convex hypersurface bounding a domain 2 C M homeomorphic to a ball.
Let for every geodesic I' lying in small neighborhood U = U(Q2) C M the
intersection I' N ) be either empty, or an interval bounded by two points in
0f). The space of geodesics intersecting € will be called the phase cylinder
and denoted by II. The billiard ball map 7, of reflection from ~ acts on

the space of oriented geodesics in the same way, as in Subsection 1.1. This

11



action is symplectic with respect to the standard symplectic form on the
space of oriented geodesics that is given by symplectic reduction (Melrose
construction, see [1, 2, 6, 7, 10, 16]). The phase cylinder II is symplectomor-
phic to the unit ball bundle T+ equipped with the standard symplectic
form, as in Subsection 1.4.

Let us repeat Perline’s thin film billiard construction. For every C*°-
smooth function f : v — R consider the family of hypersurfaces +. consisting
of the points 7. (x) defined as follows. For every = € ~ consider the geodesic
'y (x) through the point x that is orthogonal to v and directed out of Q. The
point . (z) is obtained from the point x by shift of (signed) distance € f(z)
along the geodesic I'y(z); one has v.(z) ¢ Q, if f(x) > 0, and .(z) € Q, if
f(z) <0.

Theorem 1.23 Consider the following compositional ratio and its deriva-

tive

dAT; r
de le=o-
The derivative vy is a Hamiltonian vector field on the phase cylinder 11 ~
Ty with the same Hamiltonian function Hy(z,w) = —24/1 — ||w||2f(z),
as in (1.5).

AT =AT.; =T oT,, vfi=

Theeorem 1.23 follows easily from its Euclidean version due to R.Perline
(Theorem 1.13 in Subsection 1.4).

We will deal not only with the global case, when ~ is a closed hypersur-
face, as above, but also with the case, when + is a germ of hypersurface.

Theorem 1.24 The statements of Theorem 1.5 and Corollary 1.7 hold for
any hypersurface v as above and for any germ of hypersurface in any Rie-
mannian manifold.

Proofs of Theorems 1.23 and 1.24 will be given in Section 5.

1.6 Historical remarks and an open problem

In 1999 R.Peirone studied dynamics of billiard in thin film formed by a
hypersurface v and its given deformation 7. with small e. He proved the
following transitivity result for small e: for every two points p1,p2 € v there
exists a billiard orbit starting at po that lands at p1 after sufficiently many
reflections [12]. A series of results on dynamics in thin film billiard, including
results mentioned in Subsection 1.1 (calculation of the vector field vy and its
Hamiltonian function), together with relation to geodesic flow were obtained

12



in [13]. For other results and open problems, e.g., on relations to integrable
PDE’s, see [13, sections 8, 9] and references to [13].

Corollary 1.7 states that the C°°-closure of the pseudogroup generated
by reflections 7,. = T.f, 0 < e < 6(f), and their inverses contains the
whole pseudogroup of II-Hamiltonian diffeomorphisms between domains in
the phase cylinder II = IL,.

Open Problem. Is it true that for every closed strictly convex hy-
persurface ¥ C R"T! the C*-closure of the pseudo-semigroup generated by
reflections from the hypersurface v and from its small deformations (with-
out including their inverses) contains the whole pseudogroup of Hamiltonian
diffeomorphisms between domains in the phase cylinder 117

2 The Lie algebra in the case or curves. Proof of
Theorems 1.21, 1.22, 1.16, 1.1, 1.8

In the present section we consider the case, when v is a connected curve
equipped with a Riemannian metric. We prove Theorems 1.21, 1.22 and
Theorem 1.16 for curves. To do this, first in Subsection 2.1 we calculate
Poisson brackets of functions of type Hgj from (1.9). Then we treat sepa-
rately two cases, when ~ is respectively either an interval (Subsection 2.2),
or a circle (Subsections 2.3, 2.4), and prove Theorems 1.21, 1.22, 1.16. Then
we deduce Theorems 1.1, 1.8, 1.10 in Subsection 2.5.

2.1 Calculation of Poisson brackets

We work in the space T1y = v x (—1,1) equipped with coordinates (s, w).
Here s is the natural parameter of the curve 7, and w € (—1,1) is the
coordinate of tangent vectors to v with respect to the basic vector %. We
identify a point of the curve v with the corresponding parameter s. Recall
that the canonical symplectic structure of 7.1y is the standard symplectic
structure dw A ds. Therefore the Poisson bracket of two functions F' and G
is equal to

OF 0G  OF 0G

We write formulas for Poisson brackets of functions from (1.9) in the coor-

dinates
w

S, ) = T

13



in which they take simpler forms. Recall that for every d € Z>¢ and every
function h(s) we set

d
Hyp(s,y) = ———=h(s), H_y1u(s,y) =0,

Vi

see (1.9), and for every function h(s) on v the vector field v, on Ty is
Hamiltonian with the Hamiltonian function —2Hq , = Hp —ap, see (1.7).

Proposition 2.1 For every d,k € Z>¢ and any two functions f(s), g(s)
one has

{Ha,f, Hi gt = Hark—1,drg'—kfrg + Hatka1,(d—1) fg'—(k—1) f'g- (2.2)

Proof For every m € Z>g one has

m m

w

y _
Vit (VI—w?)mt

9 y" o mw™! n (m—wm™tt my™ - (m—1)y ™+
ow\/1+y2) (VI—w?)m 1 (VI—w?)mtl Y oo

Substituting the latter expression to (2.1) yields

(dy®™ + (d— D)y M)  fg' — (ky* 1+ (k — 1)y )ydgf!
V1+y? '

This implies (2.2). 0

{Ha,f, He g} =

2.2 Case, when 7 is an interval. Proof of Theorems 1.21,
1.16, 1.10

Recall that for every d € Z>o A4 denotes the vector space of functions of the
type Hg ¢, see (1.9), where f(s) runs through all the C*°-smooth functions
in one variable. Let

g - @;:?)Ad — Ay

denote the projection to the k-th component.

Proposition 2.2 One has
{Ao, Aot = A1, {A1, A1} C Ay, (2.3)

{Ag, Ak} C Agyr—1 ® Ngyr+1 whenever (d, k) # (1,1),(0,0), (2.4)
Tr+1({ Ao, Ak }) = Ay for every k > 1.
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Proof Inclusion (2.4) and the right inclusion in (2.3) follow immediately
from (2.2). Let us prove the left formula in (2.3). One has

{Ho,f. Hogt = Hiprg—g' 1 (2.6)

by (2.2). It is clear that each function 7(s) can be represented by an ex-
pression f’g— ¢’ f, since the functions in question are defined on an interval.
For example, one can take f = f:o n(r)dr and g = 1. This proves the left
formula in (2.3). The proof of statement (2.5) is analogous. O

Proof of Theorem 1.21. The Hamiltonians of the vector fields vy are
the functions —2Hj y. The Lie algebra §) generated by them coincides with
@72 oAk, by Proposition 2.2. This proves Theorem 1.21. O

Proof of Theorem 1.16 for v being an interval. Each function from
the direct sum $ = ©F2 (A is ﬁ times a polynomial in y with coefhi-
Y

cients depending on s. The latter polynomials include all the polynomials
in (s,y), which are C*°-dense in the space of C*° functions in (s,y) € y xR
(Weierstrass Theorem). Therefore, §) is also dense. Theorem 1.16 is proved
in the case, when v is an interval. a

2.3 Case of closed curve. Proof of Theorem 1.22

Let Hgp be functions given by formula (1.9); now h(s) being C'*°-smooth
functions on the circle equipped with the natural length parameter s. Recall
that we consider that its length is equal to 2w, rescaling the metric by
constant factor. Let A; be the vector space of all the functions Hyj. Set

2m
Ad70 = {Hd,h € Ay ’ / h(S)dS = 0}
0

For every C*°-smooth function h : S = R/277Z — R set

27
h::/ h(s)ds.
0

In the proof of Theorem 1.22 we use the following four propositions.

Proposition 2.3 For every d,k € Z>o and every pair of smooth functions
f(s) and g(s) on the circle one has

{Ha s Higt = Hayk—1hgpp 1 (s) T Harkt1hgs i (s)s

(d+k = 2)harr-1 = (d+ k)hasnir. (2.7)
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Proof The first formula in (2.7) holds with

hark—1 = (d+k)fg' —k(fg), harki1 = (d+k—2)fg' — (k—1)(fg)", (2.8)

by (2.2). This together with the fact that the derivative (fg)’ has zero

average implies that the ratio of averages of the functions hqyr+1 is equal

to df}iz and proves (2.7). O

It is clear that the Lie algebra $) is contained in the direct sum of the
subspaces Aj, by (2.2). Recall that for every j € Z>o by m; we denote the
projection of the latter direct sum to the j-th component A;.

Proposition 2.4 For every d,k € Z>o one has
{Aa, Ak} C Aak—1 ® Adgrtas (2.9)

0ifd=k=1,
Tatrk1({Ads Ak }) = Taprt1({Aa0, Ako}) =  Adgrrr, f d+k # 2,
A3,Oa Zf {da k} = {07 2}
(2.10)

In particular,
{Ao, Ao} = Ay (2.11)

Proof For d = k = 1 formula (2.10) follows from (2.2). For d =0, k = 2
one has m3({Ag,A2}) C A3, by (2.7): the left-hand side in (2.7) vanishes,
hence, ;L\d+k+1 = Eg = 0. Let us prove that in fact, the latter inclusion is
equality and moreover,

m3({A0,0, A20}) = Aszp. (2.12)

Indeed, for every two functions f and g on the circle one has
{Ho,p, Hyg} = Hy—2pg + H3 _(1gy,

by (2.2). It is clear that every function h on the circle with zero average
is a derivative of some function —f on the circle (we choose f with zero
average). Hence, h = —f' = (fg)’ with ¢ = 1. This already implies the
formula 73({Ao, A2}) = A3, but not the above formula (2.12): the function
g = 1 does not have zero average. To prove (2.12), let us show that every
function f with zero average can be represented as a sum Z?zl fjg; with
fj and g; being smooth functions of zero average. Indeed, f is the sum of
a linear combination f—i(s) = ae'® + ae™*, a € C, and a Fourier series f>o

16



containing only e with |n| > 2. It is clear that f—1(s) = e3¥(e ™3 f_1(s))
and f>o = €¥*(e7* f>5), and the latter are products of two complex functions
with zero average. Their real parts are obviously sums of pairs of such
products. Therefore, f can be represented as a sum of four such products.
This together with the above discussion implies that for every function h
with zero average the function Hgz} is the m3-projection of a sum of four
Poisson brackets { Hy, i Hg,gj} with f;, g;j being of zero average. This proves
(2.12) and the third formula in (2.10).

Let us now treat the remaining middle case: d 4+ k& # 2. To do this,
it suffices to show that every smooth function h(s) on the circle can be
represented as a finite sum

N
h=3 haskrrp, haykrrg = (d—1)figi — (k= 1) fla, (2.13)
=1

see (2.7) and (2.2), where f;(s) and g;(s) are smooth functions on the circle
with zero average. Moreover, it suffices to prove the same statement for
complex-valued functions. Indeed, if (2.13) holds for a complex function
h(s) and a finite collection of pairs (fi(s), g;(s)) of complex functions, [ =

., N, then the similar equality holds for the function Reh(s) and the
collection of pairs (Re f;,Reg;), (—Im f;,Img;) taken for all [. Let, say,
d # 1. Let us write a complex function h(s) as a Fourier series

h(s) = Z ane™

nez
Set
fils) =€, gi(s Z byelnl)s,
TLEZ;&l
Set hatkt1,1 := (d—1)fig] — (k—1)f{g1. One has
h(s)—=hatrt1.( ale”—kz n—ibp((d—1)(n—1)—(k—1)))e™. (2.14)

n#l

We would like to make the above difference zero. For each individual n # 1
one can solve the equation

n—ibn((d=1)(n—1) = (k-1)) =0,

provided that (d — 1)(n — 1) # k — 1, i.e., n # n(d, )—d1+1 Take by,
found from the above equation for all n # 1,n(d, k). They yield a converging
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and C*°-smooth Fourier series

91(8) — Z bnei(nfl)s7

n#1,n(d,k)

since so is h(s) = >, ez ane™ and by, = o(ay), as n — oo. The correspond-
ing function hgypy1,1, see (2.13), satisfies the equality

h(s) — hairi11(s) = are™ + an(d,k)eisn(d’k). (2.15)

Now we set fa(s) = Pt with some p € Z \ {0, —1,n(d, k) — 1}, and we
would like to find a function

92(5) _ Cle—pis + C2ei(n(d,k‘)—(p+1))s
such that h = hqig11,1 + hdtk+1,2, see (2.13). The latter equation is equiv-
alent to the equation

16" + ap(q e = (d = 1) fa(s)gh(s) — (k — 1) f5(s)g2(s),  (2.16)

by (2.15). Its right-hand side divided by ¢ equals ¢;(—p(d — 1) — (p+1)(k —
1)e +ca((d—1)(n(d, k) — (p+1)) — (k= 1)(p+1))e?*™ %) Therefore, one
can find constant coefficients ¢, ¢o in the definition of the function g, such
that equation (2.16) holds, if

(n(d, k)= (p+1))(d=1)=(p+1)(k—=1) # 0, p(d—1)+(p+1)(k—1) # 0. (2.17)

The left-hand sides of inequalities (2.17) are linear non-homogeneous func-
tions in p with coefficients at p being equal to F(d + k — 2) # 0. Hence,
choosing appropriate p € Z \ {0,—1,n(d, k) — 1} one can achieve that in-
equalities (2.17) hold and hence, equation (2.16) can be solved in ¢;, cs.
Finally, we have solved equation (2.13) with an arbitrary complex function
h and N = 2, in complex functions f;, g;, { = 1,2 with zero averages. This
together with the above discussion finishes the proof of statement (2.10).
Statement (2.11) follows from the second statement in (2.10). O

Proposition 2.5 The Lie algebra $ contains the direct sum

B iob,0 := A1 © (DaeazsoNa) © (Dacaz,+1Md,0)-

Proof The algebra $) contains Ag and Ay = {Ag, Ao}, see (2.11). It also
contains Ag, by the latter statement and since {Ag, A1} C Ag® Ag, see (2.9),
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and mo({Ao, A1}) = A2, by (2.10). Hence, $ D @?:OA]-. Analogously one has
$ D Az, by the latter statement, and (2.9), (2.10) applied to (d, k) = (0,2).
Hence, H D (@?ZOAJ») ® Asp. One has $ D A4, by the latter statement and
(2.9), (2.10) applied to (d, k) = (0,3). Hence, $ D (@0§j§47j¢3Aj)@A3,0. Let
us show that £ D As. Indeed, the bracket {Ag, A4} is contained in Az @ As,
see (2.9). For every functions f and g on the circle one has {Ho ¢, Hs g} =
Hs j,, + Hs j,, where the ratio of averages of the functions h3 and hs is equal
to 2, see (2.7). Therefore, if the average of the function hs vanishes, then so
does the average of the function h3. This implies that the subspace of those
elements in {Ag, A4} whose projections to A5 have zero averages coincides
with the subspace with the analogous property for the projection m3. This
together with the above statement implies that §) contains Aso. Applying
the above argument successively to Poisson brackets {Ag, A, }, n > 5, we
get the statement of Proposition 2.5. a

Proposition 2.6 The Lie algebra ) is the direct sum of the subspace & g0
and a vector subspace ¥ in

P(y)

1+ 2

The corresponding subspace \/1 + y2¥ in the space of polynomials is gener-
ated by the polynomials

P={ | P is an odd polynomial , P'(0) = 0}.

Ri(y) =y '+ (j—Ly¥™, jEN, j>2. (2.18)

Proof The direct sum @©;>0A; D § is the direct sum of the spaces & g0
and P, by definition. This together with Proposition 2.5 implies that
is the direct sum of the subspace &g, 0 and a subspace ¥ C P. Let us
describe the subspace ¥. To do thus, consider the projection

Todd>1 * @jZOAj — EBjE?erl-lAj‘

Claim 1. The projection moqq>1% lies in $. It is spanned as a vector
space over R by the subspace Az g and some Poisson brackets {Hdﬂ(s), Hk,b(s)}
with d+k > 4 being even. All the above brackets with all the functions a(s),
b(s) with zero average lie in Toqq>19)-

Proof The inclusion m,44-19 C $ follows from the fact that m,q4~1 is the
projection along the vector subspace A & (@jEQZZOA]’) C Ggiop0 C H. Each
element of the Lie algebra $) is represented as a sum of a vector in Ay and a

19



linear combination of Poisson brackets {Hg 4, Hyp}, by definition and (2.2).
The latter Poisson brackets lie in Agix—1 ® Agtx+1, by (2.9), and thus, have
components of the same parity d + k + 1(mod 2). Note that if d+k—1 =1,
then the above bracket lies in Ay @ Azp C Sgop0 C 9, by (2.10), and its
Todd>1-projection lies in Azo. The two last statements together imply the
second statement of the claim. If a(s) and b(s) have zero average, then
Haa, Hip € Ggiop0 C 9, thus, {Hg,, Hip} € $H. Hence, the latter bracket
lies in moqq>19, if d+ k is even and no less than 4. This proves the claim. O

Taking projection my of a vector w € $ to U consists of first taking its
projection

k k

1 .
Todd>1W = Z H2j+l,fj(s) = \/Tizﬂ Z fj(s)y2]+1

j=1 j=1
and then replacing each f;(s) in the above right-hand side by its average J/”;

1
1+ 2

If w={Hggq, Hip} with d + k = 25 > 4, then P,(y) = cR;(y), see (2.18),
¢ € R, which follows from (2.7). This together with Claim 1 implies that
the vector space /1 + y2¥ is contained in the vector space spanned by the
polynomials R;. Now it remains to prove the converse: each R; is contained
in U. To this end, we have to find the above functions a and b with zero
average so that P, (y) # 0, i.e., so that the above constant factor ¢ be non-
zero. Let b(s) be an arbitrary smooth non-constant function on the circle
with zero average. Set a(s) = V/(s). Let d+k =25 > 4. Then

1
V142

fi—1=2j(b)* = k(b'D)',
by (2.8). The function f;_1(s) has positive average, since so does its first

term, while its second term has zero average. Therefore, P, = cR;, ¢ > 0.
Proposition 2.6 is proved. o

TpWw =

k
Pu(y), Puly) =Y fy**.
Jj=1

= {Haa Hio} = (-1 ()y ™" + fi()y ™),

Lemma 2.7 The vector subspace generated by the polynomials R; from
(2.18) coincides with the space of odd polynomials P(y) with P'(0) = 0

such that the corresponding polynomial ]3(33) = x~2P(x2) has vanishing
derivative at —1.
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As it is shown below, the lemma is implied by the following proposition.

Proposition 2.8 An odd polynomial
k .
Pi(y) =D ajy¥*t (2.19)
j=1

is a linear combination of polynomials Ry(y), see (2.18), if and only if

k

> (=1)ja; =0. (2.20)

j=1

Proof The polynomials (2.18) obviously satisfy (2.20). In the space of odd
polynomials P(y) with P’(0) = 0 of any given degree d > 5 equation (2.20)
defines a hyperplane. The polynomials (2.18) of degree no greater than d
also generate a hyperplane there. Hence, these two hyperplanes coincide.
The proposition is proved. O

Proof of Lemma 2.7. For every odd polynomial P(y) as in (2.19) one
has

k
P(z) = Z a;l.
j=1

Hence, equation (2.20) is equivalent to the equation P'(—1) = 0. Lemma
2.7 is proved. a

Proof of Theorem 1.22. Theorem 1.22 follows from Proposition 2.6 and
Lemma 2.7. O

2.4 Proof of Theorem 1.16 for closed curve

Theorem 1.16 is implied by Theorem 1.22 proved above and the following
lemma.

Lemma 2.9 The Lie algebra & g0, see (1.14), is C*°-dense in the space of
smooth functions on T<1y >~ vs X Ry.

Proof Let us multiply each function from &g, by /1 + y?; then each
function becomes a polynomial in y with coefficients being smooth functions
on a circle. All the polynomials in iy with coefficients as above are C'°°-dense
in the space of functions in (s,y) € v x R, by Weierstrass Theorem. The
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polynomials realized by functions from &g, in the above way are exactly
the polynomials that are represented in unique way as sums of at most four
polynomials of the following types:

1) any polynomial of degree at most 2;

2) any even polynomial containing only monomials of degree at least 4;

3) any odd polynomial of type P(y;s) = Z§:1 a;j(8)y? ! with coeffi-
cients a;(s) being of zero average;

4) any odd polynomial of type P(y) = Z§:1 bjy*1 with constant coef-
ficients b; and P'(—1) = 0.

For the proof of Lemma 2.9 it suffices to show that the odd polynomials
of type 4) are C*°-dense in the space of odd polynomials in y with constant
coefficients and vanishing derivative at 0.

Take an arbitrary odd polynomial of type Q(y) = Z?:l bjy¥+L. The

polynomial @(m) = x_%Q(x%) = Z?Zl bjz® can be approximated in the
topology of uniform convergence with derivatives on segments [0, A] with
A arbitrarily large by polynomials R(x) with R(0) = 0 and R'(-1) = 0.
Indeed, let us extend the restriction Q[(;>0} to a C°*°-smooth function on
the semi-interval [—1, +00) with vanishing derivative at —1. Thus extended
function can be approximated by polynomials Hy(x). One can normalize
the above polynomials H,, to vanish at 0 and to have zero derivative at —1
by adding a small linear non-homogeneous function a,z +b,. Then the cor-
responding polynomials H,(y) := yH,(y?) are of type 4) and approximate
Q(y). This together with the above discussion proves Lemma 2.9. This
finishes the proof of Theorem 1.16 for curves. a

2.5 Proof of Theorems 1.1, 1.8 and 1.10 for n =1

Theorems 1.1 and 1.8 follow from Theorem 1.16.

In the case, when 7 is a germ of curve (a local curve parametrized by an
interval), the bundle T+ is a contractible space identified with a rectangle
in the coordinates (s, w). Therefore, each symplectic vector field on T~y
is Hamiltonian. This together with Theorem 1.8 implies density of the Lie
algebra generated by the fields vy in the space of symplectic vector fields.
This proves Theorem 1.10.
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3 The Lie algebra in higher dimensions. Proof of
Proposition 1.15 and Theorems 1.20, 1.16, 1.1

Here we consider the case, when n > 2 (whenever the contrary is not speci-
fied). In Subsection 3.1 we give a formula for Poisson brackets of functions
Hy 4 with ¢ € S¥(T*y) and prove Proposition 1.15. Then in Subsection
3.2 we find the Lie algebra generated by the functions H¢(x,w) and prove
Theorem 1.20. In Subsection 3.3 we prove Theorems 1.16 and 1.1.

3.1 Poisson brackets and their calculations for n > 1. Proof
of Proposition 1.15

The results of the present subsection are valid for all n € N.

Let v be a n-dimensional Riemannian manifold, x € . Fix some or-
thonormal coordinates z = (z1, ..., z,) on T,y. Recall that the normal coor-
dinates centered at x on a neighborhood U = U(x) C 7 is its parametrization
by an open subset in R? ~ T, that is given by the exponential mapping:
exp : Tpy — ~v. It is well-known that in thus constructed normal coordi-
nates z on U the Riemannian metric has the same first jet, as the standard
Euclidean metric d2? + - - - + d22.

Proposition 3.1 Fiz arbitrary normal coordinates (z1,...,zy,) centered at
xo € 7y on a neighborhood U = U(xg) C «y. For every x € U and every vector
w € Tpy let (wy, ..., wy,) denote its components in the basis a%j i Tyy. This
yields global coordinates (z1,...,2n;W1,...,wy) on Ty|y. At the points of
the fiber T,y C T~y the canonical symplectic form w = do coincides with
the standard symplectic form w, := Z}Ll dw; N dz;j.

Proof Let a and ae := 37, w;dz; denote the Liouville forms (1.4) on
T~ defined respectively by the metric under question and the standard Eu-
clidean metric dz? + --- + dz2. Their 1-jets at each point (zg,w) of the
fiber T}, coincide, since both metrics have the same 1-jet at xg. Therefore,
w=da =dae = we on Ty,7y. O

Corollary 3.2 In the conditions of Proposition 3.1 for every two smooth
functions F and G on an open subset in 7= (U) C T~ their Poisson bracket
at points of the fiber Ty, is equal to the standard Poisson bracket in the
coordinates (z,w):

dF dG  dF dG

{ray = dw dz  dz dw

on Tyyy. (3.1)
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Proof of Proposition 1.15. Fix a point g € v and a system of nor-
mal coordinates (z1,...,2,) centered at zo. Let (w1,...,w,) be the corre-
sponding coordinates on tangent spaces to v introduced above. For every
fyg € C*(~) one has

{fGVI=Ilwl? 9(2) V1 = [Jw][*}|-=0

8 wj
\/1—]‘11}‘22( 2 32{)1—||w||2 (3.2)

= (gdf — fdg)(w) = (29df — d(gf))(w) :

the derivative in z of the function /1 — [|w||? vanishes at the points of the
fiber {z = 0}, since the metric in question has the same first jet at 0, as
the Euclidean metric (normality of coordinates). Thus, the latter Poisson
bracket is the function on T«q7 given by a 1-form.

Claim 1. The Poisson bracket (3.1) of any two 1-forms ni(w), na(w)
considered as functions on T is also a 1-form. The dual Poisson bracket
on vector fields on v induced via the duality isomorphism T*y — T~ given
by the metric is the usual Lie bracket.

Proof The result of taking Poisson bracket (3.1) of two 1-forms in normal
chart at the fiber T,y is obviously a linear functional of w. This is true
for every xy € v and the corresponding normal chart. Thus, the bracket is
linear on fibers, and hence, is given by a 1-form. The fact that the duality
given by the metric transforms the Poisson bracket on 1-forms to the Lie
bracket on the vector fields follows from (3.2). O

Claim 1 already implies that the space of functions on 7«17y given by
1-forms is a Lie algebra dual to the usual Lie algebra of vector fields.

Now it remains to show that each 1-form is a sum of at most 2n + 1
Poisson brackets (3.2). To do this, we use the next proposition.

Proposition 3.3 On every C*°-smooth manifold v each smooth 1-form n
can be represented as a finite sum Z?Zl gedfe, where fo, go are smooth func-
tions on 7.

Proof Consider 7y as an embedded submanifold in R?f so,, (Whitney The-
orem). We would like to show that the form 7 can written as the restriction
to v of some differential 1-form 77 on R?". To do this, fix a tubular neigh-
borhood I C R2?" given by the Tubular Neighborhood Theorem. Here
d = d(x) > 0 is a smooth function,

1% := {p e R*™ | dist(p,z) < 8(z) for some z € 7}. (3.3)
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Each point p € I'Y has the unique closest point x = 7s(p) € 7, and the
projection 75 : ' — ~ is a submersion. The projection 75 allows to extend
the form 7 to the pullback form 7 := 751 on 'Y, which coincides with 7 on
~. Take now an arbitrary smooth bump function 3 on I'’ that is identically
equal to 1 on v and vanishes on a neighborhood of the boundary 9T, The
1-form 7j := 37 extended by zero outside the tubular neighborhood I'? is a
global smooth 1-form on R2? whose restriction to v coincides with 1. Taking
its coordinate representation 77 = Z%Zl nedsy and putting gy = g, fr = sy
yields the statement of the proposition. a

Let now n be an arbitrary smooth 1-form on ~. Let f;, g, be the same,
as in Proposition 3.3. Set gont1 = 1, font1 = Z?Zl gefe. Then

2n 2n
2n =2 dedfé = Z(ngdfe —d(gefe)) + (292n+1df2n+1 — d(g2n+1f2n+1))-
=1 =1

Therefore, 27, and hence 1 can be presented as a sum of at most 2n + 1
Poisson brackets (3.2). This finished the proof of Proposition 1.15. O

For every x € v let Sym*(T~) denote the space of symmetric k-linear
forms on T,7: each of them sends a collection of k vectors in T,y to a real
number and is symmetric under permutations of vectors. The union of the
latter spaces through all € v is a vector bundle of tensors. The space
of its sections will be denoted by Sym*(T*y). Similarly, by S*(T;v) we
will denote the space of degree k homogeneous polynomials as functions on
the vector space Tpy. The space S*(T*7) introduced before is the space
of sections of the vector bundle over v with fibers S*(T;v). It is well-
known that the mapping xsym : Sym*(T*~) — S*(T:v) sending a k-linear
form ®(y1,...,yx) to the polynomial ¢(y) := ®(y,...,y) is an isomorphism,
which induces a section space isomorphism Sym”(T*y) — S*(T*v). The
notion of covariant derivative of a tensor bundle section ® € Sym*(T*y) is
well-known. For every « € 7, v € Ty, ¢ € S¥(T*~) the covariant derivative
V¢ € S¥(T#v) along a vector v € T, is

Vg = Xsym(vu(X;ylmﬁb))- (3.4)

Remark 3.4 For every ¢ € S*(T*v) one has

Vi(#)(y) := (Vyo)(y) € S*HT™). (3.5)
Let z = (z1,...,2,) be normal coordinates on v centered at x, and let
(w1, ..., wy) be the corresponding coordinates on the fibers of the bundle
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T~ in the basis 8%1’ e az . For every v € T,y and every ¢ € S*(T*v) con-
sidered as a polynomial in w with coefficients depending on z the covariant
derivative (3.4) is obtained from the polynomial ¢ by replacing its coeffi-
cients by their derivatives along the vector v. This follows from definition,
since in normal coordinates the Christoffel symbols vanish.

Convention 3.5 Everywhere below for every ¢ € S¥(T*y), x € v and v €

T,y by m(y) we denote the derivative of the polynomial ¢(y) considered
as a functzon of y € Ty along the vector v (treating v as a tangent vector
to Ty at 0, after identifying the vector space T,y with its tangent space at
0 by translations). For every function f € C*®(v) by dV(f) we denote the
above derivative calculated for v = V f(x) at each point x € ~. Note that

the latter derivative lies in S*=1(T*~), by definition.

Proposition 3.6 For every k,m € Zso and every ¢ € S¥(T*y), f €
S™(T*~) the Poisson bracket of the corresponding functions Hy, 4 and Hy, ¢
from (1.8) (see Convention 1.17) lies in Ngim—1 ® Agrme1. In the case,
when m =0, i.e., f = f(x) is a function of x, one has

W 1 (V,(6))(y) + (k —2)d(y) <y, VS >

3.6
L+ ly[? (39

{Hp,g, Hop} =

Here V f is the gradient of the function f(x) with respect to the metric of
v, and Vy(f$) is the above-defined covariant derivative of the form f¢ €
Sk(T*~) along the vector y.

Proof Let us prove the first statement of the proposition. Fix an arbitrary
x9 € 7. It suffices to show that the restriction to 7,7y of the Poisson
bracket is (1/1 + [|y[|?)~! times a sum of two homogeneous polynomials in
y of degrees k +m — 1 and k +m + 1. Let us pass back to the initial unit

ball bundle T<17v. Fix some normal coordinates (z1, ..., z,) centered at z
and the corresponding coordinates w = (wy, ..., wy) on the fibers. One has
= o) (3.7)

k.o — 1
(V1= [[w][?)F1

here the squared norm ||w||? is given by the metric and depends on the point
z € 7. This follows by definition and since

HwH

lyl* =
= |lwl

|THMP+1:O—HMPYy (3-8)
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Let us calculate the Poisson bracket {H}, ¢, Hy, r} at points in T3, by for-

mula (3.1). The partial derivative 85k 2 s (/1 — [[w][2)~* =D times a degree
k homogeneous polynomial in w obtalned from the polynomial ¢(w) by re-
placing its coefficients by their partial derivatives in z;. This follows from
definition and the fact that y/1 — ||w||? has zero derivatives in z; at points
of the fiber T},7. The latter fact follows from normality of the coordinates

k¢

zj. The partial derivative 88H7 is a sum of a degree k£ — 1 homogeneous

polynomial in w divided by (1/1 — [[w|[2)*~! and a degree k + 1 homoge-
neous polynomial in w divided by (/1 — [|w||2)**! (Leibniz rule). Finally,
the expression (3.1) for the above Poisson bracket is a sum of terms of the
two following types: 1) a degree k 4+ m — 1 homogeneous polynomial in w
divided by (1/1 — [Jw][2)¥*™~2; 2) a degree k + m + 1 homogeneous poly-
nomial in w divided by (/1 — [|w||2)¥T™. The terms of types 1) and 2) are
homogeneous polynomials in y of degrees respectively k 4+ m + 1 divided by
Vv 1+ |y||?, by (3.8). This implies the first statement of the proposition.

Let now f = f(z) be a function of z € . Let us prove formula (3.6).
For z =0 (i.e., x = xg) one has

8Hk-¢ 1—k 8

@ _ - (k — Do(w)w;
w, (V1= [[w]]?) aTL]j@b(w) +

(v/1 = [Jw[[2)E+1”

aH()f wy 8H0f 8f
) — , 1 _ 27’
ou; i oy VT

Z OHy 8H0f _ (/i ||w||2)2_kdw¢(w) (k—1)p(w) < Vf,w >

Bw; dv f (VI-TlwlP)*
(3.9)
OHy 4 OHoy f ~ 9pw) _ (Vud)(w)f
JZ Oz  Ow; ( 1—Hw\|2)k; oz (V1= Jfwl[2)F
(3.10)

which follows from Remark 3.4. Substituting formulas (3.9), (3.10) and the
formula < V f,w > ¢(w) + (Vd)(w)f = (Vu(f6))(w) to (3.1) yields

T
{Hi.p, Ho s} =
(V1= [[w|[?)k—2
(k—2)p(w) < Vf,w > 1
(Vu(fo))(w),
(V1= [lwl[*)* (V1= [lwl[*)*
which is equivalent to (3.6). Proposition 3.6 is proved. O
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Remark 3.7 Formula (3.6) remains valid for n = 1 and yields formula (2.2)
from Subsection 2.1. Indeed, in this case ¢ = h(s)y*, f = f(s). The first
term in the numerator in (3.6) is equal to khf’y*~!. The second term equals
(hf)'y**1. The third term equals (k — 2)hf'y**!. Thus, the numerator is
equal to khf'y* =1 + ((k — 1)hf’ + fh')y**+!. This together with (3.6) yields
(2.2).

3.2 The Lie algebra. Proof of Theorem 1.20

Proposition 3.8 The Lie algebra $ generated by functions Hy 4 for all
k € Z>o and ¢ € S*(T*~) with respect to the Poisson bracket is contained
in A = @p>oA, and the latter direct sum is a Lie algebra.

Proposition 3.8 follows from Proposition 3.6.
In what follows by 7, we denote the projection 7 : A — Ag.
We will deal with the linear operators Vj given by (3.5):

Vi : S5(T*) = SMHT™), d(y) = (Vo) (y).
Proposition 3.9 One has

Ay for k # 2,
Ak, Ao} = *
7Tk+1{ k O} WVQ(SZ(T 7)) fOT k= 2.

Proof The higher order part of a Poisson bracket {H}, 4, Ho f} is equal to

1—|—1||y||2((k ~2)6(y) < V,y > +(Vy(ef) ),
(3.12)

by (3.6). If either f = 1, or £k = 2, then the above expression in the

brackets is reduced to (Vy(¢f))(y) = Vi(éf)(y). Therefore, each element in

1+1||y|| ~V},(S¥(Ty)) is realized by a Poisson bracket, and hence,

(3.11)

{Hy,¢, Ho t}iy1 =

VS ) € (o). (3.13)

In particular, this implies the statement of the proposition for £ = 2. To
treate the case, when k # 2, we use the following proposition.

Proposition 3.10 For every k € Zs1 the vector subspace in S*+1(T*)
generated by all the products ¢(y) < Vf,y >= qb(y)% with ¢ € S*(T*~)
and f € C®(v) coincides with all of S**1(T*~). Moreover, each element in
SkHL(T*~) can be represented as a sum of at most 2n products as above.
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Proof Consider v as an embedded submanifold in Rg? (Whitney The-
orem); the embedding needs not be isometric.

Claim 3. Each ¢ € S*Y(T*v) is the restriction to T~ of some h €
S’H'I(T*]RQ”).
Proof Let 6(z) > 0 be a smooth function on v with 04, := supd < 1 that
defines a tubular neighborhood I C R?" of the submanifold v, see (3.3).
Let 75 : F‘S~—> ~ be the projection, which is a submersion. Let us extend ¢
to a form ¢ := 5o € Sk+1(T9) as the projection pullback. Let ¢ : T — R
be a bump function that is identically equal to 1 on a neighborhood of
the submanifold v and vanishes on a neighborhood of the boundary or’.
Then the form h := ¢ extended as zero outside the tubular neighborhood
I becomes a well-defined form h € S¥+1(T*R?") whose restriction to Ty
coincides with ¢. a

+82n

Let us consider the standard trivialization of the tangent bundle TR?"
given by translations to ToR?". Let y = (y1,...,¥2n) be the corresponding
coordinates on the fibers. Every h € S*1(R?") is a homogeneous polyno-
mial in y with coefficients being C*°-smooth functions on R?". Therefore, h
can be decomposed as

2n 2n
hy) =Y oi(w)y; =Y 6;(w)ds;(y), ¢; € SHTR™).
j=1 j=1

The restriction of the latter decomposition to Ty together with Claim 1
imply the second (and hence, the first) statement of Proposition 3.10. O

The statement of Proposition 3.9 for & # 2 follows from formula (3.12),
statement (3.13) and Proposition 3.10. 0

Corollary 3.11 The sum AgBA1BA2 and the subspace WX/Q(S2 (T*y))
in A3 are contained in the Lie algebra 9. If A3 C §), then $ = Gr>oAk.
Proof The first statement of the corollary follows from definition and the

statement of Proposition 3.9 for £ = 0,1,2. Its second statement follows
from the statement of Proposition 3.9 for k > 3. O

Now for the proof of Theorems 1.20 it suffices to show that Ag C §). As
it is shown below, this is implied by formula (3.6) and the following lemma.

Lemma 3.12 Let n > 2. For every k € N consider two R-linear mappings

GL + SH(I") 82 C2(0) > ST, 6 f 6w, (1)
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Gy s SHT™) & C2(0) =S4T, don f o BED. (1)

For every even k, e.g., k = 4, one has G, (Ker G)) = S¥1(T*v): more
precisely, there exists a dp, € N, dy, < (2N)k+1, such that for every h €
SE=1(T*~) there exists a collection of dy.,, pairs

(65, f5), &5 € SH(T™Y), fj € CP(v),

such that

Z@ Z ?C/;;Jf] = h. (3.16)

Lemma 3.12 is proved below. In its proof we deal with + as an em-
bedded submanifold in Ré\s] L) (Whitney Theorem, in which one can
take N = 2n), equipped with its intrinsic Riemannian metric (not coin-
ciding with the restriction to Ty of the standard Euclidean metric). Let us
trivialize the tangent bundle TRY by translation to the origin and denote
y = (y1,...,yn) the corresponding coordinates on the tangent spaces. Let
Pk = PH(T*RYN) c SH(T*RY) be the subspace of degree k homogeneous
polynomials in 3 with constant coefficients. Let L. € C°°(R”) denote the
N-dimensional vector subspace over R generated by the coordinate functions
S1y---,SN-

Remark 3.13 The operator G; given by formula (3.14) extends as a well-
defined linear operator S*¥(T*R™) — SF1(T*RY) by the same formula,
which will be also denoted by G} . For every h € S¥(T*R") the restriction
(G{ )|+ coinsides with the image of the restriction h|p, € S¥(T*y) under
the operator G: acting on S*(T*y). In particular, the restriction to Ty of
the kernel of the operator G in the space S*(T*R¥) is contained in the
kernel of the operator G} acting on S*(T*7).

Step 1: finding basis of the kernel of G,j in P* @ L.

Proposition 3.14 For every k € N the kernel Kerzol of the restriction to
Pk @ L of the linear operator G; is the vector space with the basis

Qm.ij =y (¥ ®sj—y; @ si), m= (my,...,my) € Z5,, (3.17)
m| =Y "me=k-1, i,j=1,....N, j>i,
¢
j > maxind(m) := max{¢ | my > 0}.
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Proof It is obvious that G:Qmm = 0. Let us show that the elements
Qm,i,j are linearly independent. Indeed, if there were a linear dependence,
then there would be a linear dependence between some @, ; j, for which
the corresponding monomial P := y™y;y; is the same: a fixed monomial.
All the @y, ¢, corresponding to P have pu = j, by definition, while ¢ runs
through those indices for which P contains y,. It is clear that these @, ¢ ;
are linearly independent, — a contradiction.
Fix an arbitrary () € Ker’;Ol:

Q=> cjmy™ ®sj; |m| =k (3.18)

j?m

Let us show that () is a linear combination of elements (), ; ;. In the proof
we use the formula

GZ(ym ® sj) = y;jy™ for every m € Z]ZVO, |m| =k, (3.19)

which follows from definition. Without loss of generality we can and will
consider that i > ¢y := maxind(m) for every (i, m) with ¢;,, # 0. Indeed,
if the latter inequality does not hold for some (i,m), one can achieve it by
adding ci,m(ymy[ol (Yi ® Sy — Yo @ 8i) = CimQmy igy to Q. This operation
kills the (i,m)-th terms and replaces it by an (£y, m')-th terms. Here m’ is
obtained from m by replacing my, by my, — 1. Let us show that @ = 0.
Indeed, G; (Cimy™ ® si) = ¢imyiy™ should cancel out with similar mono-
mials coming from other (j,m) # (i,m), since Gjf Q = 0. Therefore, there
exist j # i and m # m for which ¢; 5 # 0 and y;y™ = y;y™. Hence, y™ is
divisible by y; and j < £y. On the other hand, j > maxind(m), by the above
assumption on all the monomials in @, and y™ is divisible by y;. Hence,
by > j > i > Ly, since j # i, — a contradiction. Therefore, Q = 0. The
proposition is proved. O

Step 2: proof of an Euclidean version of Lemma 3.12. In what follows
by 736“ C P* we denote the subspace of polynomials with zero average along
the unit sphere.

Lemma 3.15 Let N > 2. Consider the mapping g, : Pk oL — Pkl
acting by the formula

dPly) . <
g, Ply)® f— W; f= chsj, cj =const, Vf=(ci,...,cn),
j=1

(3.20)
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i.e., the above gradient is taken with respect to the standard Euclidean met-
ric. One has g;(Ker’;Ol) = (]f*l. The latter image coincides with all of

PE=Lif and only if k is even.

In the proof of Lemma 3.15 we will use the following equivariance and in-
variance properties of the operators G;, g, and the kernel Kerkol under the

p
actions of GLy(R) and O(N) on P¥ and P* @ LL:
H(P):=PoH, HP®s):=(PoH)®(soH)
for every H € GLy(R), P € P*, s € L.

Proposition 3.16 1) The restriction of the mapping Gz to PF @ L is
equivariant under the action of the linear group GLy(R) on the image and
the preimage: Gif (H(P ® s))(y) = H(Pds)(y) = P(Hy)ds(HY') for every
H € GLN(R). In particular, the kernel Kerlgol is GLy (R)-invariant.

2) The mapping g, is equivariant under action of the orthogonal group
O(N): g, (H(P®s)) = H((g, )(P®s)) for every H € O(N). In particular,
the image g, (Kerlgol) is O(N)-invariant.

3) The latter image is generated by derivatives of monomials y™, |m| =
k — 1, along the vector fields v;; = yiaiyj — yja%u i # j; each v;; generates
the one-dimensional Lie algebra of the standard SO(2)-action on RY in the
variables (Yi, y;)-

Proof Statements 1) and 2) of the proposition follow from definition. The

image g, (Kergol) is generated by the polynomials

_ _ oy oy™
9 Qmiij) = g9 (W™ (Yi®s;—y;®8i)) = Yi———y;——, |m| =k—1, (3.21
k (Qmiig) = 9, (Y (¥i®s;—y;©s:)) a0, Yoy, Im| (3.21)

by Proposition 3.14. The latter right-hand side is the derivative of the
polynomial y™ along the generator v;; of the SO(2)-action on the variables
(vi,y;j). This proves Proposition 3.16. O

Proposition 3.17 The derivatives from Proposition 3.16, Statement 3), lie
mn 735 -1

Proof Averaging the derivative Z‘Z—: along the SO(2)-action in the variables
(vi,y;) yields zero, analogously to the well-known fact that the derivative of
a function on a circle has zero average. Every function on the unit sphere
in RY having zero average along the above SO(2)-action has zero average
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on the whole unit sphere as well, since the volume form of the sphere is
the product of the family of length elements of the SO(2)-orbits and a mea-
sure transversal to the foliation of the sphere by SO(2)-orbits. This proves
Proposition 3.17. O

Proof of Lemma 3.15. One has g, (Kergol) C PE=! (Proposition 3.17 and

Proposition 3.16, Statement 3)). For even k one has P~! = PF-1 since
each odd degree homogeneous polynomial has zero average along the unit
sphere: the antipodal map changes the sign of such a polynomial. Therefore,
it suffices to prove that each polynomial in 79(’)“_1 lies in g, (Ker’;Ol). We prove
this statement by induction in the number N of variables.

Induction base: N = 2. A homogeneous polynomial in (y1,y2) has zero
average along the unit circle, if and only if it is the derivative of another ho-
mogeneous polynomial by the vector field v generating the SO(2)-action.
Indeed, writing the restriction to the unit circle of a homogeneous polyno-
mial of degree kK — 1 as a trigonometric polynomial in ¢ = arctan(z—f) of
the same degree reduces the above statement to the following well-known
one: a trigonometric polynomial of a given degree has zero average, if and
only if it is the derivative of another trigonometric polynomial of the same
degree. Therefore, the space 73(’)“_1 of polynomials in (y1,y2) coincides with
g5 (Kergol), by Proposition 3.16 (Statement 3)) and Proposition 3.17.

Induction step. Let the statement 73571 =g (Kerllfol) be proved for all
N <d, N > 2. Let us prove it for N = d 4+ 1. Fix an arbitrary P € Pg_l.
It can be represented as the sum

P =Q + R, Q has zero average along the SO(2) action in (y1,y2);

the polynomial R is SO(2) — invariant.

Namely, R is the average of the polynomial P under the above SO(2)-action.
Let us show that @, R, and hence, P lie in g, (Ker’;Ol). The polynomials
@ and R are homogeneous of the same degree kK — 1. The polynomial @
is a derivative, as above, see the proof of the induction base. Therefore,

Qe g,;(Ker];Ol). One has

Rly)=> (yi+v3)Ri(ys,-..,yn),
=0

R; are homogeneous polynomials, deg R; = N — 27,
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by SO(2)-invariance. For every j € N the SO(2)-average of the monomial
3’ is equal to cj(y? +y3)7, ¢; > 0. Set

(3]

R(y) == ;v Rj(ys, . yn)-
=0

[z

The difference R — R has zero average along the SO(2)-action, by construc-
tion. Therefore, it lies in g, (Kerzol), see the above argument. Now it
];ol). The polynomial R has zero average
along the unit sphere in RY, by assumption. On the other hand, it is a poly-
nomial of N —1 variables s, ...,yn. Therefore, it has zero average along the

(N — 2)-dimensional unit sphere in Rz%,_-},yw‘ Hence, it lies in the g, -image

remains to show that R € g5, (Ker

of the kernel Ker]pfol from the space P* ® LL in variables (yo,...,yn), by the
induction hypothesis. The induction step is over. Lemma 3.15 is proved. O

Step 3: proof of Lemma 3.12 in the general case. Recall that S*(T*y)
is the space of sections of a smooth vector bundle E}, whose fiber over each
point x € 7 is the space of degree k homogeneous polynomials on the tangent
space T,7v. The bundle Ej is isomorphic to the k-th symmetric power of
the cotangent bundle T%~, see the discussion before Remark 3.4. To prove
Lemma 3.12, we show that for every even k each section of the bundle Ej_ is
a finite linear combinations of the restrictions to TS of elements of the image
G;(Kergol) with C*°-smooth coefficients. To this end, we will show that the
latter image spans the space of degree kK — 1 homogeneous polynomials at
each point x € v: see the following definition.

Definition 3.18 Let v be a C°°-smooth manifold (not necessarily com-
pact). Let 7 : E — 7 be a C*-smooth finite-dimensional vector bundle.
A finite collection of its sections f1,..., fr is called generating, if for every
x € v the vectors fj(x) € E, span the fiber E, over x.

Proposition 3.19 Let k be an even number. Let Qi ; € Ker’pfol CPFeL

be the same, as in (3.17). The G, -images of their restrictions to Ty are
generating sections of the vector bundle Ey_q.

Proof Fix an arbitrary point x € . Let us choose a Euclidean scalar
product on RY and orthonormal coordinates (s, ...,sy) centered at 0 so
that

- the vector subspace parallel to T,y be the coordinate subspace RY,

\Sn?
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- the translation pushforward of the Riemannian metric on 7,7y to RY,
be the standard Euclidean metric given by ds? + - - - + ds2;

- the radius vector of the point x be orthogonal to T,~.

One can achieve this by applying a linear transformation and choosing
appropriate scalar product. These operations change neither the space P*®
L, nor Kerlgol (Proposition 3.16, Statement 1)). Let us equip the tangent
spaces to RN with the coordinates vi,...,yy obtained from si,...,sy by
translations. This identifies the tangent subspace T,y with R} . For
every @ € P*¥®L containing only s; and y; with j < n the image G (QlTy)
coincides on the fiber T,y with the restriction to it of the form g, (Q), by
construction. The images g, (Qm, ;) generate the space of all the degree
k — 1 homogeneous polynomials in (yi,...,yn), since Qi ; generate Kerlgol
(Proposition 3.14) and by Lemma 3.15. This proves Proposition 3.19. O

yeesSn,

Theorem 3.20 Let v and @ : E — -y, be as in the above definition. Let

fi,---, fe be a generating collection of sections of the bundle E. Then every
C*°-smooth section of the bundle E is a linear combination of the sections
fi, .-, fo with coefficients being C'°°-smooth functions on .

Proof Set d = dim E. Each point of the manifold v has a neighborhood
U such that there exists a collection of distinct indices ji,. .., jq for which
the values f;, (x),..., fj,(z) are linearly independent at every x € U. Each
section F' on such a neighborhood is a linear combination F' = Z?:l i fj;s
where 7; are C"*°-smooth functions on U. If F' has compact support in U,
then so do n;.

Now fix a locally finite at most countable covering of the manifold
by open subsets U, as above and the corresponding partition of unity con-
sisting of functions p, compactly supported in U,. Let F' be an arbitrary
C*°-smooth section of the bundle E. Each function p,F is compactly sup-
ported in U, and hence p F = Zle Niofj;.o» Where n; o are compactly
supported in U,. Writing F' = ) (poF') and replacing poF' by the latter
linear combinations yields that F' is a linear combitation of the sections f;
with C*°-smooth coefficients. The theorem is proved. O

Proof of Lemma 3.12. Each element h € S¥~'(T*y) is a linear com-
bination of the images G (Qm.i j|Ty) with coefficients 7, ; € C*(v), by
Proposition 3.19 and Theorem 3.20; Q.5 ; = ¥y ® 55 —y"y; @ 5;. The ele-
ments hu i j = (Mmij¥"™Yi) @8 — (M jy™y;) @ s; € S¥(T*) lie in Ker G,
by construction. One has G} hyij = Mm,i ;G (Qm.ijlT+), since the operator
G}, is C*-linear in the first tensor factor: G, (n¢® f) = nG, (¢ ® f) for ev-
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ery 1 € C*°(v), by definition, see (3.15). Therefore, h = G}/ (3_,,, ;. ; hm,ij)-
This proves Lemma 3.12 for the number dj,, being equal to the number of
elements Q. ;; with |m| =k — 1, N = 2n: dy,, < (2N)*L. O

Proposition 3.21 The space As is contained in {Ag, Ao}.

Proof The Poisson bracket space {Ag, A4} is contained in Az ® As. Fix an

arbitrary A = % € A3; h € S3(T*y). Let us show that A € {A4, Ag}.

To do this, fix an element

d
X:=> ¢;®fi € SHT™y)@rC®(y), X €KerG{, G;(X)=h.
=1

It exists by Lemma 3.12. Set

i(y) fi(x) d
Hy=——2 €My, Fii=—=""— € A, B:=)» {H;,Fi} € A30A;.
JitweE JIHE 2 Fi € Aaohs
One has
(Vy8) (1) d -
B) = A, B)= Y00 = 0 € SHT*y), 3.22
m3(B) m(B) = e ¢ ;1:”’6 (T*y),  (3.22)

by construction and (3.6). Now replacing B by

=~ P(y) 1
B:=B— ,
{¢1+ 1yl /1 +lyl[?

we_cancel the remainder 75(B) in 75 without changing 73 and get that

75(B) = 0, m3(B) = A. The proposition is proved. O

}

Proof of Theorems 1.20. Theorems 1.20 follows from Corollary 3.11 and
Proposition 3.21. O

3.3 Proofs of Theorems 1.16, 1.1 and 1.8 for n > 2

Proposition 3.22 Let U C ~ be a local chart identified with a contractible
domain in R™. The restrictions to (T7)|y of functions from the space A :=
D oAk are C*-dense in the space of C*-functions on (T)|v.
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Proof Let z = (z1,...,2y) be the coordinates of the chart U. The restricted
tangent bundle (Ty)|y is the direct product Ry x U,. The restrictions to

(T7)y of functions from the space /1 + ||y||?A are polynomials in y with co-
efficients C'°°-smoothly depending on z. The polynomials in variables (y, z)
are C'*°-dense in the space of C*°-smooth functions on (7y)|. Therefore,
v 1+ ||y|]?A is dense there, and hence, so is A. O

Proof of Theorem 1.16. Fix a locally finite covering of the manifold
v by local contractible charts Uy. Let (p)¢=12,.. be a partition of unity,
supp p¢ € Uy. Fix an arbitrary h € C°°(Ty). For every ¢ the function hp,
is supported in U;. Hence, hp, is a C*°-limit of the restrictions to (T)|y,
of functions hy, € A, by Proposition 3.22. For every ¢ fix an arbitrary
function ay(z) compactly supported in Uy that is identically equal to 1 on
a neighborhood of the support supp(hpy). The functions Ek,e = oy(2)hiy
lie in A and converge to hpy, as k — oo, in the C*°-topology of the space of
functions on Ty, by construction. The sums ", %kvg lie in A for every k
and m and C°°-converge to h, as k and m tend to infinity, by construction
and local finiteness of covering. Finally, A is C°°-dense in C*°(Ty).

Recall that the Lie algebra §) consists of functions on T-17. It is trans-
formed to A by the diffeomorphism 71y — T, (z,w) — (z,y == ——%—),

V1-|lwl]?
by Theorem 1.20. This together with density of the algebra A implies density

of the algebra $) in the space C*°(T<1) and proves Theorem 1.16. O
Theorems 1.1 and 1.8 follow immediately from Theorems 1.16 and 1.13.

4 Density of pseudo-groups. Proofs of Theorems
1.5, 1.9, 1.11 and Corollary 1.7

Let 7 be either a global strictly convex closed hypersurface in R"*!, or a
germ of hypersurface in R"*1. It is supposed to be C*°-smooth. In what
follows II will denote an open subset in the space of oriented lines in R?*!
where the reflection from the curve v is well-defined: it is either the phase
cylinder, as in Subsection 1.1, or diffeomorphic to a contractible domain in
R?". First we prove Theorems 1.5, 1.9 and Corollary 1.5. Then we prove
Theorem 1.11.
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4.1 Density in Hamiltonian symplectomorphism pseudogroup.
Proofs of Theorems 1.5, 1.9 and Corollary 1.5

Definition 4.1 Let M be a manifold, V C M be an open subset, v be a
smooth vector field on M, and t € R, ¢ # 0. We say that the time ¢ low map
gt is well-defined on V, if all the flow maps g7 with 7 € (0,¢] (7 € [t,0), if
t < 0) are well-defined on V, that is, the corresponding differential equation
has a well-defined solution for every initial condition in V for all the time
values 7 € (0, t] (respectively, 7 € [¢,0)).

Recall that $ denotes the Lie algebra of functions on II generated by the

space Ag of functions of type Hy(x,w) = —2f(x)/1 — ||w||? with respect
to the Poisson bracket for all f € C*(y).

Proposition 4.2 Let F denote the pseudogroup generated by flow maps
(well-defined on domains in the sense of the above definition) of the Hamil-
tonian vector fields with Hamiltonian functions from the Lie algebra $. For
every mapping § : C°(v) — R4 the C*-closure G(8) of the corresponding
pseudogroup G(9), see (1.8), contains F.

Proof Let Ly denote the space of Hamiltonian vector fields with Hamil-
tonian functions from the space Ag. The Lie algebra of Hamiltonian vector
fields with Hamiltonians in §) consists of finite linear combinations of suc-
cessive commutators of vector fields from the space Ly.

Claim 1. The well-defined flow maps (on domains) of each iterated com-

mutator of a collection of vector fields in Ly are contained in G(9).

Proof Induction in the number of Lie brackets in the iterated commutator.
Basis of induction. The space Ly consists of the derivatives v, :=

%A’E,h, ATy = ’7;:1 o Ty, for all C*°-smooth functions h on v. Fix an

arbitrary function h € C*°(), a domain W C Il and a t € R\ {0}, say ¢t > 0,

such that the flow map gf)h is well-defined on W. Note that the mapping

F, = (A’L'_:,h)[g] converges to gy , as € — 0, whenever it is defined. Since g/,
is well-defined on W, we therefore see that F. is well-defined on a domain
W, C II such that W.N'W — W, as € — 0, and F: converges to gf)h on W
in the C* topology. Note that F. € G(§). Therefore, g |w € G(8). Thus,
the flow maps of the vector fields in Ly are contained in G(9).

Induction step. Let v and w be vector fields on II such that their well-
defined flow maps lie in G(9). Let us prove the same statement for their
commutator [v,w]. Note that for small 7 the flow maps g, g7 are well-
defined on domains in II converging to II, as 7 — 0. Let ¢t € R\ {0},
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say t > 0, and a domain D C II be such that the flow map gfww] be well-

defined on D. Then gfv,w] |p € G(§), by a classical argument: the composition
tt _t ot

(g0 0gy ogy N ogy ™ )N2 is well-defined on a domain Wy with WyND — D,
as N — oo; it belongs to G(0) and converges to gfv w] On D in the C®°-

topology. The induction step is done. The claim is proved. O

Claim 2. Let well-defined flow maps of vector fields v and w lie in G(9).

Then well-defined flow maps of all their linear combinations also lie in G(9).
Proof It suffices to prove the claim for the sum v+ w, since g, = g&. The

ot
composition (g g2 ) obviously converges to g 1 on every domain where
the latter low map is well-defined. This proves the claim. a

Claims 1 and 2 together imply the statement of Proposition 4.2. O

Recall the following well-known notion.

Definition 4.3 We say that a symplectomorphism F' of a symplectic man-
ifold M has compact support if it is equal to the identity outside some com-
pact subset. We say that it is Hamiltonian with compact support, if it can
be connected to the identity by a smooth path F}; in the group of symplec-
tomorphisms M — M, Fy = Id, F} = F, such that the vector fields % are
Hamiltonian with compact supports contained in one and the same compact
subset.

Proposition 4.4 The group of Hamiltonian symplectomorphisms with com-
pact support is dense in the pseudogroup of M-Hamiltonian symplectomor-
phisms between domains in the ambient manifold M.

Proof Consider the Hamiltonian vector fields % on domains V; from the

definition of a M-Hamiltonian symplectomorphism V' — U C M (see Defi-
nition 1.3); let g¢ : V; — R denote the corresponding Hamiltonian functions.
We may identify V; with V' by the mappings H; and consider g; as one func-
tion g on V' x [0, 1];. We can approximate it by functions g,, with compact
supports; g, — ¢ in the C*°-topology, i.e., the convergence is uniform with
all derivatives on compact subsets. The approximating functions yield a
family of globally defined functions ¢;, : M — R with compact supports
contained in V;. Let v, ; denote the Hamiltonian vector fields with Hamilto-
nians g ,. Then the time 1 map of the non-autonomous differential equation
defined by v, converges to F' on V' in the C*°-topology, as n — oo. O

39



Proposition 4.5 The whole group of Hamiltonian symplectomorphisms I1 —
IT with compact support lies in the C*°-closure of the pseudogroup generated
by well-defined flow maps of Hamiltonian vector fields with Hamiltonian
functions from the Lie algebra $).

Proof Consider a Hamiltonian symplectomorphism F : IT — II with com-
pact support, let v(x,t) = % be the corresponding family of Hamiltonian
vector fields with compact supports. The map F' is the C°°-limit of com-
positions of time % flow maps of the autonomous Hamiltonian vector fields
v(z, %), k=0,...,n—1, as n = oo. Each above Hamiltonian vector field
v(z, %) can be approximated by Hamiltonian vector fields with Hamiltonians
in 9, by Theorems 1.1 and 1.8. Then F' becomes approximated by products

of their flows. This implies the statement of Proposition 4.5. O

Proof of Theorems 1.5: global and local cases. Each II-Hamiltonian
symplectomorphism between domains in II is a limit of a converging se-
quence of Hamiltonian symplectomorphisms IT — II with compact supports
in the C*°-topology, by Proposition 4.4. The latter symplectomorphisms
are, in their turn, limits of compositions of well-defined flow maps of vector
fields with Hamiltonians from the algebra $), by Proposition 4.5. For every
mapping & : C°(vy) — Ry the flow maps under question lie in G(§), by
Proposition 4.2. This proves Theorem 1.5 in global and local cases. O

Proof of Corollary 1.7 and Theorem 1.9: global and local cases.
Fix some a > 0 and k£ € N. We can choose a mapping ¢ : C®(y) — Ry
so that for every h € C*(y) and every ¢ € [0,d(h)) the curve v, ;(s) =
v(s) + eN(s)h(s) is (v, k)-close to 7. Then the statement of Corollary 1.7
follows immediately from Theorem 1.5. This proves Theorem 1.9. a

4.2 Special case of germ of planar curve. Density in sym-
plectomorphisms: proof of Theorem 1.11

To prove Theorem 1.11, which states similar approximability of (a priori non-
Hamiltonian) symplectomorphisms in the case, when + is a germ of planar
curve, we use the following three well-known propositions communicated to
the author by Felix Schlenk.

Proposition 4.6 Let M be an oriented manifold. Let V C M be an open
subset with compact closure and smooth boundary that is C°°-smoothly dif-
feomorphic to a closed ball. Then every orientation-preserving diffeomor-
phism F : V. — F(V) € M estends to a C*®-smooth diffeomorphism
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F: M — M isotopic to identity with compact support. The isotopy can be
chosen C*°-smooth and so that its diffeomorphisms coincide with the identity
outside some compact subset.

Proof (Felix Schlenk). Step 1. It suffices to show that

Lemma 4.7 The space of smooth orientation-preserving embeddings ¢ : B" —
M is connected.

Indeed, given V as in the proposition, choose a diffeomorphism ¢: B" -
V. By the lemma, we find a smooth family ¢¢: B" — M of smooth em-
beddings, t € [0, 1], with ¢9 = ¢ and ¢1 = F o ¢. Consider the vector field
v(z,t) = %(pt(x) that generates this isotopy. The vector field v is defined on
the compact subset {(z,t) | z € @t(ﬁn)} of M x [0,1]. Choose any smooth
extension ¢ of v to M x [0, 1] that vanishes outside a compact set. Then the
flow maps of 0, t € [0, 1], form the desired isotopy.

Step 2. Proof of the lemma.

Let g, 1: B' — M be two smooth orientation-preserving embeddings.
Take a smooth isotopy ¢, t € [0, 1], of M that moves ¢ (0) to 1(0). Choose
€ > 0 such that

91(¢0(BL)) C @1(B).
Consider the smooth family of embeddings E? — M defined by

oo(z) = po(sx), s€le1]. (4.1)

By definition, ¢y is the restriction of a smooth embedding ¢ of the open
ball B, 5. We now have two smooth orientation-preserving embeddings g; o
05, 01: BT — ¢1( 4s)- Since ¢1(BY,s) is diffeomorphic to R", the classical
Alexander trick shows that the embeddings g1 o ¢, ¢1 can be connected, see
e.g. [15, Appendix A, formula (A.1)]. Since g; o ¢f is connected to ¢f
by g: o ¢f, and since ¢ is connected to ¢g by (4.1), the lemma and the
proposition are proven. O

Proposition 4.8 Let M be a two-dimensional symplectic manifold, and let
V C M be an open subset with compact closure and smooth boundary. Let
V be C*®-smoothly diffeomorphic to a disk. Then every symplectomorphism
F:V — F(V) &M can be extended to a symplectomorphism F : M — M
with compact support. Moreover, F' can be chosen isotopic to the identity via
symplectomorphisms with compact supports contained in one and the same
compact subset in M.
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Proof (Felix Schlenk). Consider an arbitrary extension G of F' to a diffeo-
morphism G : M — M with compact support that is isotopic to the identity
through diffeomorphisms G5 : M — M with compact supports contained in
a common compact subset K C M, K > (VU F(V)); s € [0,1], Gy = Id,
G1 = G. It exists by Proposition 4.6. Set W := M \ K. Let w be the sym-
plectic form of the manifold M. Consider its pullback o := G*(w), which
is a symplectic form on M. The forms oy := ta + (1 — t)w, t € [0, 1], are
also symplectic: they are obviously closed, and they are positive area forms,
since M is two-dimensional. This is the place we use two-dimensionality.
The forms a; are cohomologous to w, the corresponding areas of the man-
ifold M are equal, and oy = w on VU W. One has ag = w, a1 = a.
There exists a family of diffeomorphisms S; : M — M, t € [0,1], Sy = Id,
such that S} (o) = w and S coincide with the identity on the set V U W,
where w = «4. This follows from the relative version of Moser’s deforma-
tion argument [8, exercise 3.18]; see also [11], [5, p.11]. The composition
®:=GoS): M — M preserves the symplectic form w and coincides with
G on VUW. Hence, |y = F, |y = Id.

Applying the above construction of the symplectomorphism ® to the
diffeomorphisms G, instead of GG yields a smooth isotopy @5 of the symplec-
tomorphism ® = ®; to the identity via symplectomorphisms with supports
in K. (But now G, is not necessarily symplectic on V, and (®s)|y is not
necessarily the identity.) The proposition is proved. a

Proposition 4.9 FEvery symplectomorphism with compact support of an
open topological disk equipped with a symplectic structure is a Hamiltonian
symplectomorphism with compact support.

Proof Every symplectomorphism in question is isotopic to the identity via a
smooth family F; of symplectomorphisms with compact support, by Propo-
sition 4.8. The derivatives % form a t-dependent family of divergence-
free vector fields. Each divergence-free vector field X on a topological disk
equipped with a symplectic form w is symplectic. Hence, Lxw = d(ixw) =
0, by Cartan’s formula. Thus, ixw is a closed 1-form and hence, exact,
ixw = dH, since the underlying manifold is a topological disk. This proves

the proposition. O

Remark 4.10 Proposition 4.9 is a part of the following well-known fact:
the group of compactly-supported symplectomorphisms of an open symplectic
topological disk is contractible and path-connected by smooth paths. The
same statement holds for symplectomorphisms of R* (Gromov’s theorem
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[9, p.345, theorem 9.5.2]). In higher dimensions it is not known whether a
similar statement is true. For every k& € N there exists an exotic symplectic
structure on R* admitting a symplectomorphism R* — R** with compact
support that is not smoothly isotopic to the identity in the class of (not
necessarily symplectic) diffeomorphisms [4, theorem 1.1].

Proof of Theorem 1.11. Let V C II be an arbitrary simply connected
domain. Let us show that each symplectomorphism F : V' — F (V) C II can
be approximated by elements of the pseudogroup G(9) for every §. Consider
an exhaustion V3 € Vo € ... of the domain V = V by simply connected
domains with compact closures in V and smooth boundaries. Each re-
striction F|y;, extends to a symplectomorphism with compact support, by
Proposition 4.8. The latter extension is Hamiltonian with compact support,
by Proposition 4.9. The elements of the pseudogroup G(J) accumulate to
the restrictions to V' of all the Hamiltonian symplectomorphisms II — II
with compact support, see the above proof of Theorems 1.5, 1.9. Therefore,
some sequence of elements in G(0) converges to F' on V in the C*°-topology.
This proves the analogue of Theorem 1.5 with density in the pseudogroup
of symplectomorphisms between simply connected domains in II. The proof
of similar analogue of Corollary 1.7 repeats the proof of Corollary 1.7 with
obvious changes. Theorem 1.11 is proved. a

5 Proof for hypersurfaces in Riemannian mani-
folds

Here we prove Theorems 1.23 and 1.24.

Proof of Theorem 1.23. Fix a point « € . Let V(x) be its neighbor-
hood in M equipped with normal coordinates for the metric of the ambient
manifold M. We deal with two metrics on V: the metric of the manifold
M (which will be denoted by g) and the Euclidean metric in the normal
coordinates (which will be denoted by gg). Consider the reflections 7; with
e € [0,9] as mappings acting on compact subsets in the unit ball bundle
T-17y (after the identifications of geodesics and unit tangent vectors, see
Subsection 1.4). The mapping 7 of reflection from ~ in the metric g has the
same 1-jet, as the reflection from ~ in the metric gg, at each point of the
fiber over z: at each point (z,w), w € Ty, with ||w|| == ||w||g = ||w]|g, < 1.
This holds, since the metrics in question have the same 1-jet at x. Simi-
larly, the mappings 7. constructed for both metrics have the same 1-jets at
points (z,w,0) as functions on (T<17) X [0,6]. Therefore, the derivatives
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vy = d%} le=o calculated for both metrics coincide at all points (z,w) with

w € Ty, ||lw|| < 1. This together with Theorem 1.23 applied to the Eu-
clidean metric gg implies that v; coincides with the Hamiltonian vector field
of the Hamiltonian function Hy(z,w) = —24/1 — [|w||?f(z) at each point
(z,w) as above. Hence, the field v; calculated for the given metric g coin-
cides with the latter Hamiltonian vector field everywhere, since the choice
of the point x was arbitrary. Theorem 1.23 is proved. O

Proof of Theorem 1.24. The Lie algebra generated by the Hamiltonian
functions Hy(x,w) of the above vector fields vy on T-17 is dense in the
space of all the C*°-smooth functions on 71y (Theorem 1.16). Therefore,
the Lie algebra generated by the vector fields v is dense in the Lie algebra
of Hamiltonian vector fields on IT (in both cases, when + is either a closed
hypersurface, as above, or a germ). Afterwards the proof of Theorem 1.24
repeats the arguments from Section 4. a
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