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Density of thin film planar billiard reflection
pseudogroup in Hamiltonian symplectomorphism
pseudogroup

Alexey Glutsyuk*#

November 26, 2020

Abstract

Reflections from planar curves act by symplectomorphisms on the
space of oriented lines with respect to the canonical symplectic form.
We consider an arbitrary planar curve ~ that is either a germ, or a
strictly convex closed curve. In the case of a germ we show that re-
flections from its small deformations and their inverse transformations
generate a pseudogroup that is dense in the pseudogroup of symplec-
tomorphisms between simply connected subdomains of an appropriate
domain in the space of oriented lines. In the case of a global strictly
convex closed curve we prove a similar density statement in the pseu-
dogroup of Hamiltonian diffeomorphisms between subdomains of the
phase cylinder: the space of oriented lines intersecting the given curve
transversally.
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1 Main results: density of thin film planar billiard
reflection pseudogroup

It is well-known that billiard reflections acting on the space of oriented
geodesics preserve the canonical symplectic form [1, 2, 6, 7, 10, 15]. However
only a tiny part of symplectomorphisms are realized by reflections. There is
an important open question stated in [13]: which symplectomorphisms can
be realized by compositions of reflections?

In the present paper we consider the case of planar billiards. Namely we
deal with a planar curve -y: either a germ, or a strictly convex closed curve.
We consider the pseudogroup of compositions of reflections from its defor-
mations . and of their inverse transformations. In the case of a germ we
show that this pseudogroup is C°°-dense in the local pseudogroup of sym-
plectomorphisms between simply connected subdomains of a small region in
the space of oriented lines. In the case of a strictly convex closed curve we
show that the corresponding pseudogroup is C'°°-dense in the pseudogroup
of Hamiltonian symplectomorphisms between open subdomains of the phase
cylinder: the space of oriented lines intersecting ~ transversally.

In Subsection 1.1 we state the local version of main result: for germs. In
Subsection 1.2 we state the global version: for closed curves.

1.1 Local case: germs of curves

Let v C R? be a germ of a planar C*°-smooth curve at a point O equipped
with natural length parameter s, s(O) = 0. The parameter s induces an
orientation of the curve -y, which will be called the positive orientation.
Consider the (germ of) space II of oriented lines intersecting 7 transversally
at one point and directed outside the domain U bounded by ~ for which - is
a positively oriented boundary. It is identified with the space of pairs (s, ¢),
where s is the point of intersection of an oriented line L with v and ¢ is the
oriented angle between the oriented lines L and Tsy. As L € II varies in the



pencil of lines passing through a given point s € v, the corresponding angle
¢ varies in an interval (¢1(s),¥2(s)), 0 < ¥1(s) < ¢ < ¢2(s) < w. Thus, the
domain II is a topological disk.

The billiard reflection from the curve «, which will be denoted by 7, is
defined on II as follows. Take an oriented line L as above, let A denote its
intersection point with . The image 7, (L) is the line symmetric to L with
respect to the tangent line T4y and directed at A inside the above domain
U bounded by ~.

It is well-known that billiard reflections with respect to all curves pre-
serve the canonical symplectic (area) form on the space of oriented lines
[1, 2, 6, 7, 10, 15]. In the above coordinates (s, ®) the canonical invariant
symplectic form is

w = sin ¢ds A d¢.

We consider the following deformations 7. of the curve v. Let 7i(s) be
the unit normal field on v directed outside the domain U, and let h(s) be a
C*°-smooth function on 7. Set

Ye(8) = Yen(8) == v(s) + eh(s)ii(s).
We study the compositional differences of the corresponding reflections:
AT. = AT = 7;;1 oT,.

Remark 1.1 The domain II is not invariant under the reflection from the
curve . But for every C'*°-smooth function h and every ¢ small enough
(depending on h) the composition A7 is well-defined on a subdomain in
IT converging to II, as ¢ — 0, and AT; — Id in the C'*°-topology, that is,
uniformly with all the derivatives on compact subsets in II. In general, for
every k € N and every sequence of parametrized curves -y, converging to
in the C*-distance the reflections from the curves =, are well-defined on a
sequence of subdomains in II converging to II, and they converge to 7, in
the C*~'-topology: uniformly with derivatives up to order k — 1 on compact
subsets in II.

The derivative

de
is a symplectic vector field on II with respect to the area form w.

The above compositions were studied by Ron Perline [12], who calculated
their derivatives vy in any dimension.



We study the Lie algebra generated by the vector fields v, coming from
all the deformations ~. . We prove that the latter Lie algebra is C'°°°-dense
in the Lie algebra of all the divergence free vector fields on II. As a corol-
lary, this implies that the pseudogroup of compositions of reflections from
curves and of their inverses is dense in the pseudogroup of area-preserving
diffeomorphisms between simply connected domains in II.

Let us pass to the statements of main results.

In our planar case in the coordinates (s, ®) on II, Perline’s formula [12]
yields

vp, = (—2h(s) cot ¢, 2R/ (s)). (1.1)

In what follows we denote

Yy := cot ¢.

The vector fields vy, corresponding to all the possible C*°-smooth func-
tions h(s) form the vector subspace

Lo = {(=h(s)y, ' (s)) | h(s) is a C°° — smooth function} (1.2)

in the space of vector fields on II. It is not a Lie algebra.

R.Perline [12] observed that in all dimensions the vector fields vy, are
Hamiltonian and found the corresponding Hamiltonian functions. Here is
his formula in two dimensions.

Proposition 1.2 FEach vector field vy, = (—h(s)y, h'(s)) € Lo, y = cot ¢, is
Hamiltonian with the Hamiltonian function
1

V14 y?

The proposition follows from definition, see formula (2.1) for the Hamilto-
nian vector field with a Hamiltonian H for the symplectic form w.

H(s,¢) = —h(s)sing = — h(s)

Proposition 1.3 The commutator
[Lo, Lo] = L1

is a Lie albegra. It coincides with the vector space of fields of type (h(s),yh'(s))
where h(s) runs through all the C*-smooth functions of one variable.

Proposition 1.3 will be proved in Subsection 2.1.



Theorem 1.4 The Lie algebra of vector fields generated by the vector space
Lo (which is the vector space generated by Lo and successive Lie brackets of
fields from Lg) is dense in the Lie algebra of symplectic C'°°-smooth vector
fields on 11 with respect to the area form w in the C'°°-topology: the topology
of uniform convergence with derivatives on compact subsets in 11.

Recall the following classical definitions.

Consider a collection of C*°-smooth diffeomorphisms between domains
on some manifold (e.g., the space of oriented lines in R?). We consider each
diffeomorphism together with its domain of definition and all its restrictions
to smaller domains. We will deal with those compositions of diffeomorphisms
and of their inverses that are well-defined on some domains. Recall that the
collection of all the above compositions is called a pseudogroup. (In the case
when we take only compositions of mappings and not of their inverses, the
above collection of compositions is called a pseudo-semigroup.)

Definition 1.5 For a given sequence of domains V,, we say that the inter-
sections V,, NV converge to V, if each compact subset K € V is contained
in V,, whenever n is large enough (depending on K). Let g be a C*°-smooth
diffeomorphism defined on a domain V: we deal with it as with the pair
(9, V). Recall that a sequence g, of elements in the pseudogroup converges
to a mapping g on V in the C'°°-topology, if g is well-defined on V, g, are
defined on a sequence of domains V,, such that V, NV — V and ¢, — ¢
uniformly on compact subsets in V' with all the derivatives. The C'*°-closure
of a given pseudogroup consists of the mappings forming the pseudogroup
and the limits of the above converging sequences.

For every positive-valued mapping ¢ : C*°(y) — Ry set
G(0) := the pseudogroup generated by the collection of mappings (1.3)

{ATen | h € C™(7),0 <e <4(h)}.

Theorem 1.6 For every mapping 6 : C*°(y) — Ry the pseudogroup G(0)
is C*°-dense in the pseudogroup of area-preserving mappings between sim-
ply connected domains in II. In other words, for every simply connected
domain V C Il and every symplectomorphism F : V. — W C Il there ex-
ists a sequence Fy, of compositions of mappings ATz, p;, Fy being defined on
domains Vy, with V, "NV — V| such that F,, — F on V in the C*°-topology.

Definition 1.7 We say that two parametrized planar curves are («, k)-close
if the distance between them in the C*-topology is not greater than o.



Corollary 1.8 For every a > 0 (arbitrarily small) and k € N the pseu-
dogroup generated by reflections from curves («, k)-close to v is C*°-dense
in the pseudogroup of area-preserving mappings between simply connected
domains in II.

Theorems 1.4 will be proved in Subsection 2.1. Theorem 1.6 and Corol-
lary 1.8 will be proved in Section 3.

1.2 Global case: strictly convex closed curves

Let now v C R? be a strictly convex planar C*°-smooth closed curve equipped
with the natural length parameter s. The space II of oriented lines inter-
secting v transversally is a topological cylinder called the phase cylinder.
It is identified with the space of pairs (s, ), where s is the last point of
intersection of an oriented line L with v and ¢ € (0, 7) is its angle with the
tangent line T5v: the oriented angle, as at the beginning of Subsection 1.1.

The billiard reflection from the curve «, which will be denoted by 7,
acts on II as follows. Take an oriented line L intersecting -, let A denote
its last intersection point with . The image 7,(L) is the line symmetric
to L with respect to the tangent line T4y and directed at A towards the
interior: the convex domain bounded by 7. The transformation 7, is a
symplectomorphism of the phase cylinder II equipped with the symplectic
form w = sin ¢ds A do.

We deal with small deformations

Ye(8) :=y(s) + eh(s)7i(s)

of the curve v in the class of strictly convex closed curves depending on
a small parameter ¢; here 7(s) is a parametrization of the curve 7 by its
natural length parameter, 7i(s) is the exterior unit normal vector field and
h(s) is a C*°-smooth function on the circle parametrizing v. Without loss
of generality we can and will assume that the curve ~ has length 27, and
is thus parametrized by the circle R/(277Z) equipped with parameter s. We
study the compositions

AT = AT =T oT,.

Ye

The derivative in € of the composition A7; at € = 0 is the symplectic vector
field vy, on II given by formula (1.1) in the coordinates (s, ¢) on II. Let Lo
denote the subspace of those vector fields v, that correspond to C*°-smooth



functions h on the circle, see (1.2). Recall that the fields v;, are Hamiltonian
with Hamiltonians

1
N

and Lj = [Lg, Lo| is a Lie algebra, see Propositions 1.2 and 1.3.

H(s,¢) = —h(s)sin¢ = — h(s), y = cot ¢,

Theorem 1.9 The Lie algebra of vector fields generated by the vector space
Lo is C*®°-dense in the Lie algebra of Hamiltonian vector fields on I1 with
respect to the symplectic form w.

Let us recall the following well-known definition.

Definition 1.10 Let M be a symplectic manifold, and let V' C M be an
open domain. A symplectomorphism F': V' — V; C M is (M-) Hamiltonian,
if there exists a smooth family F; : V. — V; C M of symplectomorphisms
parametrized by t € [0,1], Vj =V, Fy = Id, Fi = F, such that for every
t € [0,1] the derivative 2t is a Hamiltonian vector field on V;. (In the case
when V = V; = M, this definition coincides with the usual definition of

Hamiltonian diffeomorphism of a manifold [3, definition 4.2.4].)

Remark 1.11 Let M be a two-dimensional topological cylinder equipped
with a symplectic form, and let V' C M be a subcylinder with compact
closure and smooth boundary. Further assume that V is a deformation
retract of the ambient cylinder M. Then not every area-preserving map
F:V — U C M is Hamiltonian. A necessary condition for being Hamilto-
nian is that for every boundary component L of the subcylinder V' the self-
intersecting domain bounded by L and by its image F'(L) has zero signed
area. This follows from results presented in [3, chapters 3, 4]. The above-
defined Hamiltonian symplectomorphisms between domains in a symplectic
manifold form a pseudogroup: a composition of two M-Hamiltonian sym-
plectomorphisms U — V and V — W is M-Hamiltonian.

For every positive-valued mapping 6 : C*°(y) — Ry let G(0) denote
the corresponding pseudogroup introduced in (1.3), which now consists of
mappings between domains in the phase cylinder II.

Theorem 1.12 For every mapping § : C*®°(y) — Ry the pseudogroup G(0)
1s C'°-dense in the pseudogroup of II-Hamiltonian symplectomorphisms be-
tween domains in II. In other words, for every domain V C II and every
II-Hamiltonian symplectomorphism F :' V. — W C 11 there exists a sequence



F, of compositions of mappings ATc, p,, Fy being defined on domains Vi,

with V, NV — V, such that F, — F on V in the C*°-topology.

Corollary 1.13 For every o > 0 (arbitrarily small) and k € N the pseu-
dogroup generated by reflections from closed curves («, k)-close to 7y is C>-
dense in the pseudogroup of II-Hamiltonian symplectomorphisms between
domains in II.

Theorem 1.9 will be proved in Subsection 2.2. Theorem 1.12 and Corol-
lary 1.13 will be proved in Section 3.

Remark 1.14 It would be interesting to study extensions of Theorems 1.4,
1.6 1.9, 1.12 and Corollaries 1.8, 1.13 to higher dimensions. This is a work
in progress.

2 Proof of Theorems 1.4 and 1.9

In Subsection 2.1 we consider the local case and prove Theorem 1.4. In
Subsection 2.2 we consider the global case and prove Theorem 1.9.

In what follows in each case we denote by g the Lie algebra of vector
fields on II generated by the corresponding vector space Lg under the Lie
bracket, see Theorems 1.4 and 1.9. By $) we denote the Lie algebra generated
by the Hamiltonian functions of the fields in Ly with respect to the Poisson
bracket, i.e., the vector space generated by the latter Hamiltonian functions
and their successive Poisson brackets.

2.1 Local case: proof of Theorem 1.4

The Lie algebra g consists of Hamiltonian vector fields, by Proposition 1.2.
The Lie bracket of two Hamiltonian vector fields is the Hamiltonian vector
field for the Poisson bracket of their Hamiltonians. Each divergence free
vector field on II is Hamiltonian with respect to the form w, by simple
connectivity of the domain II. Therefore, for the proof of Theorem 1.4
it suffices to prove density of the Lie algebra $) of the Hamiltonians of the
vector fields in g in the space of functions of two variables (s, ¢) with respect
to the Poisson bracket.

In the proof of Theorem 1.4 we use the following formulas for a Hamilto-
nian vector field xy with Hamiltonian H (s, ¢) and for the Poisson bracket
in the coordinates (s, ¢):

1 OH OH 1 OF 0G OF 0G
= g (aw‘aw) G =405 (asw - aws> - @D

8
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We also use the following trigonometric formulas:

1 B -
Viteot2g  J1+y2
Note that our angles ¢ always lie in the interval (0, 7). Thus, sin¢ > 0, and

we can omit the above module sign.
For every d € Z>¢ and every function h(s) set

|sin | = yp=cot' (@) = —(1+4).  (22)

d
Hyp(s,¢) = yih(s)a y:=cotg; H_1u(s,¢):=0. (2.3)

Ve

Recall that the vector field vy, is Hamiltonian with the Hamiltonian —Hy j, =
Hy _p, see Proposition 1.2.

Proposition 2.1 For every d,k € Z>¢ and any two functions f(s), g(s)
one has

{Ha,p, Hrgy = Havk—1.drg—kf'g + Hatkt1,(d—1) g/ — (k1) fg- (2.4)

Proof For every m € Z>o one has

A A N P S L
56 \ i+ Vitg Vg )

which follows from (2.2). Therefore, for every function ¢(s) one has

0H,
— 1 —((m — 1)Hm+17q + mHm_Lq).
d¢
The latter formula together with (2.1) imply (2.4). O

Corollary 2.2 For everyd € Z>q let Ag denote the vector space of functions
of the type Hq ¢, where f(s) runs through all the C*°-smooth functions in
one variable. Let

g - @;:?)Ad — Ag

denote the projection to the k-th component. One has

{Ao, Ao} = A1, {A1, A} C Ay, (25)
{Adg, A} C Agirk—1 D Nayiy1 whenever (d, k) # (1,1),(0,0), (2.6)
Tr+1({No, Ak }) = Agy1 for every k > 1. (2.7)

The Lie algebra $) generated by Aoy under the Poisson bracket coincides with

Bioc := Ba>0g-



Proof Inclusion (2.6) and the right inclusion in (2.5) follow immediately
from (2.4). Let us prove the left formula in (2.5). One has

{H07f7 HO,Q} = Hl,f’gfg/fa (28)

by (2.4). It is clear that each function 7(s) can be represented by an expres-
sion f’g— ¢ f, since the functions in question are defined on an interval. For
example, one can take f = f;; n(7)dr and g = 1. This proves the left for-
mula in (2.5). The proof of statement (2.7) is analogous. The last statement
of the corollary follows from (2.5)-(2.7). O

Proof of Proposition 1.3. The space Li consists of Hamiltonian vector
fields with Hamiltonians from the space A. This follows from definition, the
first formula in (2.5) and the fact that taking Lie brackets of Hamiltonian
vector fields corresponds to taking Poisson brackets of their Hamiltonians.
This together with the right inclusion in (2.5) implies that L; is a Lie algebra.
The vector field with a Hamiltonian function

= ————h(s) = cosph(s) € Ay

Hir —
1,h \/@

takes the form

1 OHyp  OHyp\ ,
sinqb( 0¢ T 9s >_—(h(s),yh(s)).

Proposition 1.3 is proved. a

Proposition 2.3 The Lie algebra &joc = ©g>0Aq s dense in the space of
C*°-smooth functions on 11 in the C*°-topology.

Proof The polynomials in two variables (s,y) divided by /1 + y? are
dense, by Weierstrass Theorem and since the mapping ¢ — y = cot ¢ is
a diffeomorphism (0,7) — R. Therefore, finite sums

Zm ):ZHd,fd7

d=0
where f; are arbitrary smooth functions, are also dense. This implies the
statement of the proposition. a

Proof of Theorem 1.4. The Lie algebra g generated by the vector space
Ly is dense in the space of Hamiltonian vector fields on II in the C*° topol-
ogy, by Corollary 2.2 and Proposition 2.3. All the area-preserving (i.e.,
divergence-free) vector fields on IT are Hamiltonian, since II is a topological
disk. This implies the statement of Theorem 1.4. O

10



2.2 Global case: proof of Theorem 1.9

Let Hgp, be functions on the phase cylinder II given by formula (2.3); now
h(s) being C*°-smooth functions on the circle. Let A; be the vector space
of all the functions Hyj. Set

27
Ago:={Hgpn € Aq | / h(s)ds = 0}.
0

For every odd polynomial vanishing at zero with derivative,

k
P(y) = ajy¥*, (2.9)
j=1
set
~ 1 1 k .
P(z):=xz"2P(z2) = Zajxj. (2.10)
j=1

Lemma 2.4 The Lie algebra $ of functions on 11 generated by the vector
space Ay under the Poisson bracket coincides with

Ggioh = M ® (Bae2z50Ad) © (Bae2z,,+1440) T, (2.11)

P(y)

1+ 92

U= { | P(y) is a polynomial as in (2.9) with P'(—1) = 0}.

(2.12)

For every C*°-smooth function h : S' = R/27Z — R set

2m
h::/ h(s)ds.
0

In the proof of Lemma 2.4 we use the following four propositions.

Proposition 2.5 For every d,k € Z>o and every pair of smooth functions
f(s) and g(s) on the circle one has

{Ha s Higt = Hayk—1hgpp 1 (s) T Harkr1hgs i (s)s

(d+k —2)hark-1 = (d+ k)hasnii. (2.13)

11



Proof The first formula in (2.13) holds with

hayr—1= (d—l—k)fg'—k(fg)’, hayr+1 = (d+k—2)f9/— (k_l)(fg),a (2.14)

by (2.4). This together with the fact that the derivative (fg)’ has zero
average implies that the ratio of averages of the functions hqyr+1 is equal

to df}iz and proves (2.13). O

It is clear that the Lie algebra $) is contained in the direct sum of the
subspaces Aj, by (2.4). Recall that for every j € Z>o by m; we denote the
projection of the latter direct sum to the j-th component A;.

Proposition 2.6 For every d,k € Z>o one has
{Ag, A} C Agyr—1 ® Aayrgt, (2.15)

0ifd=k=1,
Tath1({Ads Ak }) = Taprt1({Aa0, Aro}) =  Adgrrr, f d+k # 2,
A3,Oa Zf {da k} = {07 2}
(2.16)

In particular,
{Ao, Ao} = Ay (2.17)

Proof For d = k =1 formula (2.16) follows from (2.4). For d =0, k = 2
one has m3({Ag, A2}) C As, by (2.13): the left-hand side in (2.13) vanishes,
hence, ;L\d+k+1 = Eg = 0. Let us prove that in fact, the latter inclusion is
equality and moreover,

m3({A0,0, A20}) = Aszp. (2.18)

Indeed, for every two functions f and g on the circle one has
{Ho,p, Hyg} = Hy—2pg + H3 _(1gy,

by (2.4). It is clear that every function h on the circle with zero average
is a derivative of some function —f on the circle (we choose f with zero
average). Hence, h = —f' = (fg)’ with ¢ = 1. This already implies the
formula 73({Ao, A2}) = A3, but not the above formula (2.18): the function
g = 1 does not have zero average. To prove (2.18), let us show that every
function f with zero average can be represented as a sum Z?zl fjg; with
fj and g; being smooth functions of zero average. Indeed, f is the sum of
a linear combination f—i(s) = ae'® + ae™*, a € C, and a Fourier series f>o

12



containing only e with |n| > 2. It is clear that f—1(s) = e3¥(e ™3 f_1(s))
and f>o = €¥*(e7* f>5), and the latter are products of two complex functions
with zero average. Their real parts are obviously sums of pairs of such
products. Therefore, f can be represented as a sum of four such products.
This together with the above discussion implies that for every function h
with zero average the function Hgz} is the m3-projection of a sum of four
Poisson brackets { Hy, i Hg,gj} with f;, g;j being of zero average. This proves
(2.18) and the third formula in (2.16).

Let us now treat the remaining middle case: d 4+ k& # 2. To do this,
it suffices to show that every smooth function h(s) on the circle can be
represented as a finite sum

N
h=3 haskrrp, haykrrg = (d—1)figi — (k= 1) fla, (2.19)
=1

see (2.13) and (2.4), where f;(s) and g;(s) are smooth functions on the circle
with zero average. Moreover, it suffices to prove the same statement for
complex-valued functions. Indeed, if (2.19) holds for a complex function
h(s) and a finite collection of pairs (fi(s), g;(s)) of complex functions, [ =

., N, then the similar equality holds for the function Reh;(s) and the
collection of pairs (Re f;,Reg;), (—Im f;,Img;) taken for all [. Let, say,
d # 1. Let us write a complex function h(s) as a Fourier series

h(s) = Z ane™
nez

Set
fi(s) =€, gi(s) = > bpel"he,

TLEZ;&l
Set haikt1,1 := (d—1)fig] — (k—1)f{g1. One has

h(s)~hasrsna(s) = a1€® + 3 (an—iby((d—1)(n—1) - (k—1)))e™™. (2.20)
n#l

We would like to make the above difference zero. For each individual n # 1
one can solve the equation

n—ibn((d=1)(n-1) = (k=1)) =0,

provided that (d — 1)(n — 1) # k — 1, i.e., n # n(d, )—d1+1 Take by,
found from the above equation for all n # 1,n(d, k). They yield a converging

13



and C*°-smooth Fourier series

91(8) — Z bnei(nfl)s7

n#1,n(d,k)

since so is h(s) = >, ez ane™ and by, = o(ay), as n — oo. The correspond-
ing function hgypy1,1, see (2.19), satisfies the equality

h(s) — hairi11(s) = are™ + an(d,k)eisn(d’k). (2.21)

Now we set fa(s) = Pt with some p € Z \ {0, —1,n(d, k) — 1}, and we
would like to find a function

92(5) _ Cle—pis + C2ei(n(d,k‘)—(p+1))s
such that h = hqipt1,1 + hdtk+1,2, see (2.19). The latter equation is equiv-
alent to the equation

16" + ap(q e = (d = 1) fa(s)gh(s) — (k= 1) f5(s)ga(s),  (2.22)

by (2.21). Its right-hand side divided by ¢ equals ¢;(—p(d —1) — (p+1)(k —
1)e +ca((d—1)(n(d, k) — (p+1)) — (k= 1)(p+1))e?*™ %) Therefore, one
can find constant coefficients ¢, ¢o in the definition of the function g, such
that equation (2.22) holds, if

(n(d, k)= (p+1))(d=1)=(p+1)(k—=1) # 0, p(d—1)+(p+1)(k—1) # 0. (2.23)

The left-hand sides of inequalities (2.23) are linear non-homogeneous func-
tions in p with coefficients at p being equal to F(d + k — 2) # 0. Hence,
choosing appropriate p € Z \ {0,—1,n(d, k) — 1} one can achieve that in-
equalities (2.23) hold and hence, equation (2.22) can be solved in ¢;, cs.
Finally, we have solved equation (2.19) with an arbitrary complex function
h and N = 2, in complex functions f;, g;, { = 1,2 with zero averages. This
together with the above discussion finishes the proof of statement (2.16).
Statement (2.17) follows from the second statement in (2.16). O

Proposition 2.7 The Lie algebra $ contains the direct sum

B iob,0 := A1 © (DaeazsoNa) © (Dacaz,+1Md,0)-

Proof The algebra $ contains Ag and A; = {Ag, Ao}, see (2.17). It also
contains Ag, by the latter statement and since {Ag,A1} C Ag @ Ao, see
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(2.15), and ma({Ao, A1} = A2, by (2.16). Hence, $ D @?:OAJ-. Analogously
one has $ D Azp, by the latter statement, and (2.15), (2.16) applied to
(d,k) = (0,2). Hence, D (EB?:OAJ») @ Azpo. One has $ D Ay, by the
latter statement and (2.15), (2.16) applied to (d, k) = (0,3). Hence, $ D
(@ogjg,j#gAj) @ Asp. Let us show that § D As. Indeed, the bracket
{Ao, A4} is contained in A3z @& As, see (2.15). For every functions f and g on
the circle one has {Hq f, Hy 4} = H3 p, + Hs 1y, where the ratio of averages
of the functions hz and hs is equal to 2, see (2.13). Therefore, if the average
of the function hg vanishes, then so does the average of the function h3. This
implies that the subspace of those elements in {Ag, A4} whose projections
to As have zero averages coincides with the subspace with the analogous
property for the projection ms. This together with the above statement
implies that $ contains Aso. Applying the above argument successively to
Poisson brackets {Ag, A}, n > 5, we get the statement of Proposition 2.7.

O

Proposition 2.8 The Lie algebra §) is the direct sum of the subspace & gjop,0
and a vector subspace U in

P(y)

it

The corresponding subspace /1 + y2W in the space of polynomials is gener-
ated by the polynomials

P={ | P is an odd polynomial , P'(0) = 0}.

Ri(y) == jy? '+ (j—L)y¥*!, jEN, j>2. (2.24)

Proof The direct sum @©;>0A; D § is the direct sum of the spaces & g0
and P, by definition. This together with Proposition 2.7 implies that $
is the direct sum of the subspace &g, 0 and a subspace ¥ C P. Let us
describe the subspace ¥. To do thus, consider the projection

Todd>1 : Dj>0j = Bjeazs,+14;.

Claim 1. The projection moqq>19 lies in $. It is spanned as a vector
space over R by the subspace A3 o and some Poisson brackets { Hg q(s), Hy p(s) }
with d+k > 4 being even. All the above brackets with all the functions a(s),
b(s) with zero average lie in Toqq>19).

Proof The inclusion mygq~19 C $H follows from the fact that mygq~1 is the
projection along the vector subspace A1 @ (GajezzZOAj) C Bgiob0 C H. Each
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element of the Lie algebra $) is represented as a sum of a vector in Ay and a
linear combination of Poisson brackets {Hg 4, Hyp}, by definition and (2.4).
The latter Poisson brackets lie in Agy k1P Agikr1, by (2.15), and thus, have
components of the same parity d + k + 1(mod 2). Note that if d+k—1 =1,
then the above bracket lies in Ay @ Asg C Sgop0 C 9, by (2.16), and its
Todd>1-projection lies in A3zo. The two last statements together imply the
second statement of the claim. If a(s) and b(s) have zero average, then
Hdﬂ, Hk,b S 059101,’0 C 9, thus, {Hdﬂ, Hk,b} € 9. Hence, they lie in m,q4>19,
if d + k is even and no less than 4. This proves the claim. O

Taking projection my of a vector w € ) to W consists of first taking its
projection

2]+1

k
= H, ., .
Todd>1W ; 2j+1,f;(s) — \/1_‘_72 Zf]

and then replacing each f;(s) in the above right-hand side by its average j/;

k
L Puy), Puly) =Y Ty

V14 y? ot

If w={Hggq, Hip} with d + k = 25 > 4, then P,(y) = cR;(y), see (2.24),
¢ € R, which follows from (2.13). This together with Claim 1 implies that
the vector space \/11+7\I/ is contained in the vector space spanned by the

Tyw =

polynomials ;. Now it remains to prove the converse: each R; is contained
in . To this end, we have to find the above functions a and b with zero
average so that P, (y) # 0, i.e., so that the above constant factor ¢ be non-
zero. Let b(s) be an arbitrary smooth non-constant function on the circle
with zero average. Set a(s) = V/(s). Let d+k = 2j > 4. Then

w = {Haa Hio} = (fi ()™~ + fi(s)y™ ),

o
1+ 92
fi—1=2j(b)* = k(b'D)',

by (2.14). The function f;_i(s) has positive average, since so does its first
term, while its second term has zero average. Therefore, P, = cR;, ¢ > 0.
Proposition 2.8 is proved. g
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Lemma 2.9 The vector subspace generated by the polynomials R; from
(2.24) coincides with the space of odd polynomials P(y) with P'(0) = 0
such that the corresponding polynomial ﬁ(m) = CL‘_%P(I’%) has vanishing
derivative at —1.

As it is shown below, the lemma is implied by the following proposition.

Proposition 2.10 An odd polynomial

k

Pi(y) = ZaijjH (2.25)
j=1

is a linear combination of polynomials Ry(y), see (2.24), if and only if

(1) ja; = 0. (2.26)
1

k
J:
Proof The polynomials (2.24) obviously satisfy (2.26). In the space of odd
polynomials P(y) with P’(0) = 0 of any given degree d > 5 equation (2.26)
defines a hyperplane. The polynomials (2.24) of degree no greater than d
also generate a hyperplane there. Hence, these two hyperplanes coincide.
The proposition is proved. a

Proof of Lemma 2.9. For every odd polynomial P(y) as in (2.25) one
has

k
P(z) = Z a;al.
j=1

Hence, equation (2.26) is equivalent to the equation P’(—1) = 0. Lemma
2.9 is proved. O

Proof of Lemma 2.4. Lemma 2.4 follows from Proposition 2.8 and
Lemma 2.9. O

Lemma 2.11 The Lie algebra Gy, = § is C°-dense in the space of
smooth functions on the phase cylinder 11.

Proof Let us multiply each function from &g by /14 y?; then each
function becomes a polynomial in y with coefficients being smooth functions
on a circle. All the polynomials in i with coefficients as above are C'*°-dense
in the space of functions on IT = S! x (0,7),4, by Weierstrass Theorem and
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since the mapping ¢ — y = cot ¢ is a diffeomorphism (0,7) — R. The
polynomials realized by functions from $ in the above way are exactly the
polynomials that are represented in unique way as sums of at most four
polynomials of the following types:

1) any polynomial of degree at most 2;

2) any even polynomial containing only monomials of degree at least 4;

3) any odd polynomial of type P(y;s) = Z§:1 a;j(s)y¥ ! with coeffi-
cients a;(s) being of zero average;

4) any odd polynomial of type P(y) = Z?Zl bjy2j+1 with constant coef-
ficients b; and P'(—1) = 0.

This follows from Lemma 2.4.

For the proof of Lemma 2.11 it suffices to show that the odd polynomials
of type 4) are C*°-dense in the space of odd polynomials in y with constant
coefficients and vanishing derivative at 0.

Take an arbitrary odd polynomial of type Q(y) = Z?Zl bjy¥*1. The

polynomial @(3:) = x_%Q(:L'%) = Z?Zl bjz® can be approximated in the
topology of uniform convergence with derivatives on segments [0, A] with
A arbitrarily large by polynomials R(x) with R(0) = 0 and R'(-1) = 0.
Indeed, let us extend the restriction Q|{120} to a C*°-smooth function on
the semi-interval [—1, 4+-00) with vanishing derivative at —1. Thus extended
function can be approximated by polynomials H,(z). One can normalize
the above polynomials H,, to vanish at 0 and to have zero derivative at —1
by adding a small linear non-homogeneous function a,x + b,. Then the cor-

responding polynomials H,(y) := yH,, (y?) are of type 4) and approximate

Q(y). This together with the above discussion proves Lemma 2.11. O
Proof of Theorem 1.9. Theorem 1.9 follows from Lemmas 2.4 and 2.11.
]

3 Density of pseudo-groups. Proofs of Theorems
1.6, 1.12 and Corollaries 1.8, 1.13

Let v be either a germ of planar curve, or a strictly convex planar closed
curve; it is supposed to be C*°-smooth. In what follows II will denote an
open subset in the space of oriented lines in R? where the reflection from
the curve v is well-defined: it is either a topological disk as in Subsection
1.1, or the phase cylinder as in Subsection 1.2.

Definition 3.1 Let M be a manifold, V' C M be an open subset, v be a
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smooth vector field on M, and t € R, t # 0. We say that the time ¢ flow map
gt is well-defined on V, if all the flow maps g7 with 7 € (0,¢] (7 € [t,0), if
t < 0) are well-defined on V, that is, the corresponding differential equation
has a well-defined solution for every initial condition in V for all the time
values 7 € (0, t] (respectively, T € [¢,0)).

Recall that $ denotes the Lie algebra of functions on II generated by
the space Ag of functions of type H(s, ¢) = —h(s)sin ¢ with respect to the
Poisson bracket.

Proposition 3.2 Let F denote the pseudogroup generated by flow maps
(well-defined on domains in the sense of the above definition) of the Hamil-
tonian vector fields with Hamiltonian functions from the Lie algebra $. For
every mapping 6 : C°(v) — Ry the C*-closure G(9) of the corresponding
pseudogroup G(9), see (1.3), contains F.

Proof The Lie algebra of Hamiltonian vector fields with Hamiltonians in
$ consists of finite linear combinations of successive commutators of vector
fields with Hamiltonians in Ay, which form the vector space L.

Claim 1. The well-defined flow maps (on domains) of each iterated com-

mutator of a collection of vector fields in Lo are contained in G(9).

Proof Induction in the number of Lie brackets in the iterated commutator.
Basis of induction. The space Ly consists of the derivatives v :=

%Aﬁ,h, ATz = Twib o Ty, for all C*-smooth functions h. Fix an ar-

bitrary function h € C*°(v), a domain W C Il and a t € R\ {0}, say t > 0,

such that the flow map gf)h is well-defined on W. Note that the mapping

F. = (Aﬁ,h)[é] converges to gf,h, as € — 0, whenever it is defined. Since gf;h
is well-defined on W, we therefore see that F. is well-defined on a domain
W, C II such that W.N'W — W, as € — 0, and F. converges to gf;h on W

in the C* topology. Note that F. € G(9). Therefore, gf,hlw € G(6). Thus,

the flow maps of the vector fields in Ly are contained in G(9).

Induction step. Let v and w be vector fields on II such that their well-
defined flow maps lie in G(9). Let us prove the same statement for their
commutator [v,w]. Note that for small 7 the flow maps g7, g, are well-
defined on domains in II converging to II, as 7 — 0. Let ¢ € R\ {0},

say t > 0, and a domain D C II be such that the flow map gfv w] be well-
defined on D. Then g!

|:v7w

+t _t ot
(g 0gd ogy N ogw )N2 is well-defined on a domain Wy with WxyND — D,

]| D € G(9), by a classical argument: the composition
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as N — oo; it belongs to G(J) and converges to g’fv w] O D in the C*°-
topology. The induction step is done. The claim is proved. O

Claim 2. Let well-defined flow maps of vector fields v and w lie in G(9).

Then well-defined flow maps of all their linear combinations also lie in G(9).
Proof It suffices to prove the claim for the sum v+ w, since g, = g¢*. The

it
composition (g g )V obviously converges to gt 1 On every domain where
the latter flow map is well-defined. This proves the claim. a

Claims 1 and 2 together imply the statement of Proposition 3.2. a

Recall the following well-known notion.

Definition 3.3 We say that a symplectomorphism F' of a symplectic man-
ifold M has compact support if it is equal to the identity outside some com-
pact subset. We say that it is Hamiltonian with compact support, if it can
be connected to the identity by a smooth path F; in the group of symplec-
tomorphisms M — M, Fy = Id, I} = F, such that the vector fields % are
Hamiltonian with compact supports contained in one and the same compact
subset.

Proposition 3.4 The group of Hamiltonian symplectomorphisms with com-
pact support is dense in the pseudogroup of M-Hamiltonian symplectomor-
phisms between domains in the ambient manifold M.

Proof Consider the Hamiltonian vector fields % on domains V; from the
definition of a M-Hamiltonian symplectomorphism V' — U C M (see Defini-
tion 1.10); let g¢ : V3 — R denote the corresponding Hamiltonian functions.
We may identify V; with V' by the mappings H; and consider g; as one func-
tion g on V x [0, 1];. We can approximate it by functions g, with compact
supports; g, — ¢ in the C*°-topology, i.e., the convergence is uniform with
all derivatives on compact subsets. The approximating functions yield a
family of globally defined functions g¢;, : M — R with compact supports
contained in V;. Let v, ; denote the Hamiltonian vector fields with Hamilto-
nians g¢ ,. Then the time 1 map of the non-autonomous differential equation

defined by v, converges to ' on V' in the C*°-topology, as n — oo. O

Proposition 3.5 The whole group of Hamiltonian symplectomorphisms I —
IT with compact support lies in the C*°-closure of the pseudogroup generated
by well-defined flow maps of Hamiltonian vector fields with Hamiltonian
functions from the Lie algebra $).
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Proof Consider a Hamiltonian symplectomorphism F' : Il — II with com-
pact support, let v(z,t) = % be the corresponding family of Hamiltonian
vector fields with compact supports. The map F' is the C'°°-limit of com-
positions of time % flow maps of the autonomous Hamiltonian vector fields
v(x, %), k=20,...,n—1, as n = oo. Each above Hamiltonian vector field
v(z, %) can be approximated by Hamiltonian vector fields with Hamiltonians
in 9, by Theorems 1.4 and 1.9. Then F' becomes approximated by products

of their flows. This implies the statement of Proposition 3.5. O

Proof of Theorem 1.12. Each II-Hamiltonian symplectomorphism be-
tween domains in II is a limit of a converging sequence of Hamiltonian sym-
plectomorphisms II — II with compact supports in the C*°-topology, by
Proposition 3.4. The latter symplectomorphisms are, in their turn, limits
of compositions of well-defined flow maps of vector fields with Hamiltonians
from the algebra $), by Proposition 3.5. For every mapping 0 : C°°(v) — Ry
the flow maps under question lie in G(9), by Proposition 3.2. This proves
Theorem 1.12. a

To prove Theorem 1.6, which states similar approximability of (a priori
non-Hamiltonian) symplectomorphisms in the local case, we use the fol-
lowing three well-known propositions communicated to the author by Felix
Schlenk.

Proposition 3.6 Let M be a manifold. Let V C M be an open subset with
compact closure and smooth boundary that is C'°°-smoothly diffeomorphic to
a closed ball. Then every diffeomorphism F :V — F(V) @ M extends to a
C°-smooth diffeomorphism F : M — M isotopic to identity with compact
support. The isotopy can be chosen C°°-smooth and so that its diffeomor-
phisms coincide with the identity outside some compact subset.

Proof (Felix Schlenk). Step 1. It suffices to show that

Lemma 3.7 The space of smooth embeddings p: B — M is connected.

Indeed, given V as in the proposition, choose a diffeomorphism ¢: B" —
V. By the lemma, we find a smooth family ;: B" — M of smooth em-
beddings, t € [0, 1], with @9 = ¢ and ¢1 = F o . Consider the vector field
v(z,t) = %gpt(m) that generates this isotopy. The vector field v is defined on
the compact subset {(z,t) | z € got(En)} of M x [0,1]. Choose any smooth
extension ¢ of v to M x [0, 1] that vanishes outside a compact set. Then the
flow maps of 0, t € [0, 1], form the desired isotopy.

Step 2. Proof of the lemma.
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Let @o,p1: B' — M be two smooth embeddings. Take a smooth isotopy
g, t € [0, 1], of M that moves ¢o(0) to 1(0). Choose € > 0 such that

91 (SOO(EZ)) C p1(B").
Consider the smooth family of embeddings E? — M defined by

gOS(Q?) = 900(31')7 s € [67 1]' (3'1)

By definition, ¢ is the restriction of a smooth embedding 1 of the open ball
BT, 5. We now have two smooth embeddings g1 o ¢, ¢1: B — $1(BT,5)-
Since $1(BY, ;) is diffeomorphic to R™, the classical Alexander trick shows
that the embeddings g o ¢f, ¢1 can be connected, see e.g. [14, Appendix A,
formula (A.1)]. Since g1 o ¢f is connected to ¢§ by g o ¢f, and since ¢f is
connected to ¢g by (3.1), the lemma and the proposition are proven. O

Proposition 3.8 Let M be a two-dimensional symplectic manifold, and let
V C M be an open subset with compact closure and smooth boundary. Let
V be C*®-smoothly diffeomorphic to a disk. Then every symplectomorphism
F:V = F(V) @M can be extended to a symplectomorphism F : M — M
with compact support. Moreover, F' can be chosen isotopic to the identity via
symplectomorphisms with compact supports contained in one and the same
compact subset in M.

Proof (Felix Schlenk). Consider an arbitrary extension G of F' to a diffeo-
morphism G : M — M with compact support that is isotopic to the identity
through diffeomorphisms Gs : M — M with compact supports contained in
a common compact subset K C M, K > (VU F(V)); s € [0,1], Gy = Id,
G1 = G. It exists by Proposition 3.6. Set W := M \ K. Let w be the sym-
plectic form of the manifold M. Consider its pullback « := G*(w), which
is a symplectic form on M. The forms o; = ta + (1 — t)w, t € [0,1], are
also symplectic: they are obviously closed, and they are positive area forms,
since M is two-dimensional. This is the place we use two-dimensionality.
The forms a; are cohomologous to w, the corresponding areas of the man-
ifold M are equal, and oy = w on VU W. One has o9 = w, a1 = a.
There exists a family of diffeomorphisms S; : M — M, t € [0,1], Sy = Id,
such that S} (o) = w and S; coincide with the identity on the set V U W,
where w = ay. This follows from the relative version of Moser’s deforma-
tion argument [8, exercise 3.18]; see also [11], [5, p.11]. The composition
®:=GoS;: M — M preserves the symplectic form w and coincides with
G on VUW. Hence, |y = F, |y = Id.
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Applying the above construction of the symplectomorphism ® to the
diffeomorphisms G, instead of G yields a smooth isotopy @5 of the symplec-
tomorphism ® = ®; to the identity via symplectomorphisms with supports
in K. (But now Gy is not necessarily symplectic on V, and (®;)|y is not
necessarily the identity.) The proposition is proved. O

Proposition 3.9 Fvery symplectomorphism with compact support of an
open topological disk equipped with a symplectic structure is a Hamiltonian
symplectomorphism with compact support.

Proof Every symplectomorphism in question is isotopic to the identity via a
smooth family F; of symplectomorphisms with compact support, by Propo-
sition 3.8. The derivatives % form a t-dependent family of divergence-
free vector fields. Each divergence-free vector field X on a topological disk
equipped with a symplectic form w is symplectic. Hence, Lxw = d(ixw) =
0, by Cartan’s formula. Thus, ixw is a closed 1-form and hence, exact,
ixw = dH, since the underlying manifold is a topological disk. This proves

the proposition. O

Remark 3.10 Proposition 3.9 is a part of the following well-known fact:
the group of compactly-supported symplectomorphisms of an open symplectic
topological disk is contractible and path-connected by smooth paths. The
same statement holds for symplectomorphisms of R* (Gromov’s theorem
[9, p.345, theorem 9.5.2]). In higher dimensions it is not known whether a
similar statement is true. For every k € N there exists an exotic symplectic
structure on R* admitting a symplectomorphism R* — R* with compact
support that is not smoothly isotopic to the identity in the class of (not
necessarily symplectic) diffeomorphisms [4, theorem 1.1].

Proof of Theorem 1.6. Let V C II be an arbitrary simply connected
domain. Let us show that each symplectomorphism F' : V — F(V) C II can
be approximated by elements of the pseudogroup G(9) for every §. Consider
an exhaustion V7 € V5 € ... of the domain V = V, by simply connected do-
mains with compact closures in V' and smooth boundaries. Each restriction
F|y, extends to a symplectomorphism with compact support, by Propo-
sition 3.8. The latter extension is Hamiltonian with compact support, by
Proposition 3.9. The elements of the pseudogroup G(J) accumulate to the
restrictions to V' of all the Hamiltonian symplectomorphisms II — II with
compact support, see the above proof of Theorem 1.12. Therefore, some
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sequence of elements in G(§) converges to F' on V in the C*°-topology. This
proves Theorem 1.6. a

Proof of Corollaries 1.8 and 1.13. Fix some o > 0 and £ € N. We
can choose a mapping § : C*°(y) — Ry so that for every h € C*(y) and
every ¢ € [0,6(h)) the curve v. p(s) = v(s) + eni(s)h(s) is (o, k)-close to 7.
Then the statements of Corollaries 1.8 and 1.13 follow immediately from
Theorems 1.6 and 1.12 respectively. O
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