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ABSTRACT

In localization microscopy, the position of isolated fluorescent emitters are estimated with a resolution better
than the diffraction limit. In order to image thick samples, which are common in biological applications, there
is considerable interest in extending the depth-of-field of such microscopes in order to make their accuracy as
invariant as possible to defocus. For that purpose, we propose to optimize annular binary phase masks placed
in the pupil of the microscope in order to generate a point spread function for which the localization accuracy is
almost invariant along the optical axis. The optimization criterion is defined as the localization accuracy in the
plane expressed in terms of the Cramér-Rao bound. We show that the optimal masks significantly increase the
depth-of-field of single-molecule imaging techniques relatively to an usual microscope objective.

Keywords: binary phase masks, depth-of-field extension, single-molecule localization microscopy, co-designed
optical system, wavefront coding, image processing, optimization
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1. INTRODUCTION

Single-molecule localization microscopy is used to observe biological subcellular structures. This super-resolution
imaging technique makes it possible to estimate very accurately the position of an isolated fluorescent emitter in
the field of the camera beyond the diffraction limit.1,2 A lot of work has been devoted to determine the precision
limit of this technique.3–5 Globally, the fundamental limit on localization standard deviation depends on the
numerical aperture (NA) of the microscope and on the signal-to-noise ratio.5 Most of these works have assumed
that the microscope is perfectly focused on the observed object.

Over the last decades, various biological applications have focused on imaging thicker samples in which the
objects of interest are generally not confined within the two dimensions of the focus plane. Several approaches
have therefore been designed to extend the super-localization concept to the third dimension.6 These new
approaches make it possible to estimate the 3D position of the fluorescent emitters in the natural depth-of-field
(DoF) of the high NA objectives used in single-molecule microscopy. In order to further extend the DoF in
3D localization microscopy, sophisticated point spread function (PSF) engineering designs using pupil wavefront
coding have been studied but they all inherently require significant photon spread.7–9 This leads to considerably
reduce the localization performance in the low signal conditions encountered for instance in fast single particle
tracking or deep tissue imaging. Another approach consists in extending the DoF by making the PSF of the
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microscope invariant along the imaging axis to generate volumetric images consisting of 2D projections of the
3D imaging volume. In this work, we present a methodology to apply this optimization concept not to the shape
of the microscope PSF but directly to its localization performance, which is the real parameter of interest.

A similar issue is encountered in classical imaging systems where the DoF can be improved by placing a phase
mask in the pupil of the objective and by restoring the image with an appropriate deconvolution filter.10–12 The
phase function of the mask can be optimized to maximize the quality of the deconvolved image.11,13–15 This
approach consisting in optimizing an imaging system while taking into account the image formation model, the
properties of the optical system and the method of information extraction is called “co-design”.16,17 Our purpose
is to apply this approach to DoF enhancement of localization microscopy. The optimization criterion is different
from that used in classical imaging since it is needed to optimize a location accuracy instead of a restored image
quality, leading to possibly different optimal masks.

This present work proposes to explore two perspectives described in our previous work.18 The first one is
to characterize DoF-enhancing phase masks when the measurements are corrupted by signal-dependent photon
noise, which is a more realistic model than additive Gaussian noise. The second one is to propose different
optimization criteria based on the Cramér-Rao bound (CRB) to extend DoF of localization microscopy.

This paper is organized as follows. Section 2 describes the 2D localization problem and the loss of localization
accuracy when the observed particle is out-of-focus. We introduce the Fisher information matrix and remind the
concept of the fundamental limit of localization accuracy based on the CRB. In section 3, we present a co-design
approach to improve the localization accuracy of defocused imaging systems and introduce the annular binary
phase masks that will be used for that purpose. In section 4, we optimize these masks, present and discuss their
performance. Conclusions and perspectives are drawn in section 5.

2. OUT-OF-FOCUS LOCALIZATION ACCURACY

Within thick samples, the fluorescent particles of interest may be located outside the best focus range of the
imaging system. In this case, the PSF of the emitter varies significantly as a function of its axial position. In
this section, we describe the 2D localization problem and the loss of localization accuracy when the observed
fluorescent particle is out-of-focus. We introduce the Fisher information matrix and recall the concept of the
fundamental limit of localization accuracy based on the CRB.

2.1 Optical model for defocus

In the Fresnel approximation, the generalized pupil phase function corresponding to an out-of-focus object is

Φ(r) =
2πψr2

λ
, r ∈ [0, 1] (1)

where r is the normalized radial distance in the polar coordinates of the exit pupil, λ is the wavelength of the
collected light and ψ is the wavefront error at the edge of the pupil considered as the traditional parameter for
quantifying defocus.19 This parameter (an optical path difference) is defined as

ψ =
NA2 ∆z

2n
(2)

where NA denotes the object numerical aperture of the imaging system; ∆z is the longitudinal distance between
the observed particle and the nominal in-focus plane in the object space; n is the refractive index of the immersion
object space.

The image of the emitter in the sensor plane is the translated PSF of the system:

fψ,θ0(x, y) = fψ (x−Mxp, y −Myp) (3)

where M is the lateral magnification of the imaging setup, and fψ(x, y) is the 2D spatial distribution of irradiance
in the image space when the single-molecule is located at θ0 = (xp, yp)t in the object plane. The superscript
t denotes transposition. The 2D spatial distribution of irradiance is normalized so that its integral is equal to



(a) ψ = 0 (b) ψ = ±0.5λ (c) ψ = ±1λ

Figure 1. Particle image simulations sij of an optical localization microscope such as (a) ψ = 0, (b) ψ = ±0.5λ and
(c) ψ = ±1λ. Simulation parameters: θ0 = (0, 0)t µm, N0 = 500 photo-electrons, ∆xy = 10 µm, 2K + 1 = 21 pixels,
NA = 1.3 (object numerical aperture), λ = 700 nm (wavelength), and M = 60 (magnification).

1 (i.e.
∫∫

fψ,θ0(x, y) dxdy = 1) and is proportional to the squared modulus of the Fourier transform of the
generalized pupil function exp[iΦ(r)], if r < 1, 0 otherwise with Φ(r) defined in Eq. (1).

We assume that we observe a 2D pixelized square image of a single-molecule with a width of 2K + 1 pixels.
To take into account the signal-dependent photon noise, we define sij , the number of photo-electrons observed
at pixel (i, j) ∈ N2 with |i| and |j| ≤ K, as a Poisson distributed random variable of mean

µψ,θ0

ij = N0

∫ (i+ 1
2 )∆xy

(i− 1
2 )∆xy

∫ (j+ 1
2 )∆xy

(j− 1
2 )∆xy

fψ,θ0(x, y) dxdy (4)

where N0 denotes the total number of photo-electrons expected in the whole image and ∆xy denotes the width
of the square pixels.

The ψ-dependence of the PSF is illustrated in Fig. 1, where we present 3 particle image simulations obtained
for 3 different defocus parameters: ψ = {0, 0.5λ, 1λ}. When ψ = 0, the object is in focus and the PSF is
described by the classical Airy pattern whose size is defined by the object NA of the microscope objective. When
ψ increases, the PSF progressively gets wider.

Due to the circular symmetry of the PSF, another way to illustrate its ψ-dependence is presented in Fig. 2.a.
We have indeed represented the variation of the PSF profile along the x-axis as a function of the defocus
parameter ψ for an example of microscope configuration. Only the positive values of ψ are illustrated because
PSF is identical for ψ and −ψ (i.e. on either side of the focus point). We note that as defocus increases, the
PSF spreads out and its central lobe gets fainter.

We therefore perceive that the more ψ increases, the more difficult it is to accurately estimate the position
of an emitter because the PSF deteriorates.

2.2 Fundamental localization accuracy limit

To quantify the loss of location accuracy with defocus, we introduce the well known concept of fundamental limit
of localization accuracy.5 This limit can be obtained from the Fisher information matrix defined by

I(θ0) =

K∑
i=−K

K∑
j=−K

E


 ∂ ln p

(
sij |µψ,θij

)
∂θ

∣∣∣∣∣∣
θ=θ0

 ∂ ln p
(
sij |µψ,θij

)
∂θ

∣∣∣∣∣∣
θ=θ0

t (5)

where the symbol E[.] denotes the mathematical expectation operation and p
(
sij |µψ,θ0

ij

)
is the probability of

measuring sij photo-electrons at pixel (i, j), knowing the average number of expected photo-electrons µψ,θ0

ij .



(a) (b)

Figure 2. Evolutions of (a) the PSF profile along x-axis and (b) the limit of the localization accuracy, denoted RCRB, as
a function of the defocus parameter for an aberration-free microscope objective. Simulation parameters: θ0 = (0, 0)t µm,
N0 = 500 photo-electrons, ∆xy = 10 µm, 2K + 1 = 21 pixels, NA = 1.3 (object numerical aperture), λ = 700 nm
(wavelength), and M = 60 (magnification).

This probability is defined as

p
(
sij |µψ,θ0

ij

)
=

(
µψ,θ0

ij

)sij
exp

(
−µψ,θ0

ij

)
(sij) !

(6)

where the symbol (.) ! denotes the factorial function.

Due to the circular symmetry of the PSF fψ,θ0(x, y) for any value of ψ, the off-diagonal terms of the Fisher
information matrix are zero and the square root of Cramér-Rao bound, denoted RCRB, is the square root of the
inverse of the diagonal elements of the Fisher information matrix. The RCRB along the x and y-axis are equal
and its expression is

RCRB =

N0

K∑
i=−K

K∑
j=−K

(∫ (j+ 1
2 )∆xy

(j− 1
2 )∆xy

[
fψ,θ0

((
i− 1

2

)
∆xy, y

)
− fψ,θ0

((
i+ 1

2

)
∆xy, y

)]
dy
)2

∫ (i+ 1
2 )∆xy

(i− 1
2 )∆xy

∫ (j+ 1
2 )∆xy

(j− 1
2 )∆xy

fψ,θ0(x, y) dxdy


− 1

2

. (7)

We note that the fundamental limit on localization is inversely proportional to the square root of the total
number of photo-electrons

√
N0 expected in the image and depends on the spatial sampling of the PSF.

In Fig. 2.b, we have represented the variation of RCRB as a function of defocus for an example of microscope
configuration. Two y-axis are displayed: the left one uses an absolute nanometric unit in the object space, and
the second one uses an arbitrary unit (a.u.) chosen such as RCRB(ψ = 0) = 1. We have represented RCRB only
over the positive values of ψ since it is symmetric. It is observed that RCRB increases slowly until ψ = λ/4,
then the increase gets much sharper. The range |ψ| < λ/4 corresponds to the Rayleigh criterion: it is classically
considered that defocus is not critical for this range. It is noticed that for a defocus parameter of ψ = 1λ, RCRB
is 2.9 times larger than for a focused particle (i.e. ψ = 0).

Since we have chosen a signal-dependent photon noise model, the value of RCRB is inversely proportional to√
N0, as it appears in Eq. 7. Thus, the absolute value of the RCRB in Fig. 2.b depends on N0, but the global

shape of the curve does not. So we will adopt for the next plots the normalized RCRB.

3. CO-DESIGN APPROACH

As we just showed in the previous section, the lateral resolution in localization microscopy depends on the
defocus. Our objective is to make the location accuracy of a single-molecule as invariant as possible to defocus.
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Figure 3. Example of four-ring annular binary phase mask (a) in 3D and (b) in 2D, defined by ρ = (ρ1, ρ2, ρ3)t. Each
ring is defined as an annular region with constant phase modulation. Dark gray areas induce a phase of 0 radians and
light gray areas induce a phase of π radians at a nominal wavelength λ.

In other words, we want to extend the DoF of the localization microscope. We therefore propose to co-design
annular binary phase masks in order to generate a PSF which achieves this goal.

3.1 Annular binary phase masks

Annular binary phase masks are static spatial phase modulating optical elements (see Fig. 3.a) defined by the
normalized outer radius of their concentric rings (see Fig. 3.b), where each ring introduces a phase modulation of
0 or π radians at a nominal wavelength λ. For example, we have represented in Figs. 3 a four-ring annular binary
phase mask defined by the parameter vector of normalized radius ρ = (ρ1, ρ2, ρ3)t, with 0 ≤ ρ1 ≤ ρ2 ≤ ρ3 ≤ 1,
where ρn is the outer normalized radius of the nth ring. The binary phase function defined by the mask is
Φmask(r,ρ).

In consequence, the pupil phase function corresponding to an out-of-focus object, previously defined in Eq. (1),
becomes

Φ(r,ρ) =
2πψr2

λ
+ Φmask(r,ρ), r ∈ [0, 1] . (8)

An interesting property of annular binary phase masks with π-phase modulation is that the PSF is sym-
metrical on either side of the focus point.20 So we continue to represent the plots for positive defocus values
only.

3.2 Co-design optimization criteria

Co-optimization for DoF extension consists in optimizing optical parameters, here the mask parameters ρ, in
order to obtain a “good” estimated molecule position. But what does “good” mean? And how to perform this
optimization?

A first reasonable criterion for phase mask optimization is to minimize the value of the fundamental limit
of localization accuracy for the worst defocus parameter.18 In mathematical terms, the optimized binary phase
mask parameters, called ρopt, are defined by

ρopt(ψmax) = arg min
ρ

{
max

ψ∈[0,ψmax]
RCRB(ρ, ψ)

}
(9)

where [0, ψmax] characterize the defocus range on which we want localization to be accurate.

This minimax criterion makes it possible to ensure a certain localization accuracy by limiting the maximal
RCRB value. However, for some applications, it might be preferable to optimize the average of the RCRB over
the desired DoF range, rather than its maximal value. Thus, we propose to compare in the next section, the
minimax criterion with a second co-design optimization criterion called minimean criterion and defined as

ρopt(ψmax) = arg min
ρ

{
mean

ψ∈[0,ψmax]
RCRB(ρ, ψ)

}
. (10)



4. ANNULAR BINARY PHASE MASK OPTIMIZATION

By applying the optimization criteria defined in the previous section, we optimize annular binary phase masks
for various defocus ranges. Since these optimization criteria are not simple and present several local minima,
we start by restricting our attention to two-ring mask co-optimization, since this problem involves only a single
parameter. We then consider co-optimization of masks with more than two rings.

4.1 Two-ring phase masks

Since a two-ring phase mask is defined by a single parameter ρ = ρ1, the optimization of this parameter can
be easily performed by exhaustive search. Figure 4.a compares the two co-optimization criteria by plotting,
as a function of the defocus range ψmax, the values of RCRB obtained with and without the optimal mask of
parameter ρopt. The blue line corresponds to the maximal value of the RCRB over the defocus range, called
RCRBmax, obtained with an aberration-free optical system without phase mask and can be used as a reference
for comparison. The orange and purple areas correspond respectively to the set of RCRB values obtained for
all values ψ ∈ [0, ψmax], using a mask optimized with the minimean and the minimax criterion. Figure 4.b gives
the value of the optimal mask parameter ρopt as a function of the defocus range.

The main conclusion that can be drawn from these graphs is that optimal binary masks significantly improve
localization accuracy for all the defocus ranges such that ψmax > 0.3λ whatever the optimization criterion used.
For instance, when the defocus range is equal to ψmax = 0.7λ, the two-ring binary mask optimal for the minimax
criterion yields a RCRBmax 2 times smaller than the one obtained without mask. For the mask optimal for the
minimean criterion, it is 1.5 times smaller. For small defocus ranges such that ψmax < 0.3λ, the optimal mask
parameter is not null but it leads to the same RCRB as no mask at all, so that binary phase masks do not
improve localization accuracy for these ranges.

In Fig. 4.c, we have represented the evolution of the normalized RCRB as a function of defocus for an optical
system using a two-ring binary phase mask optimized for ψmax = 0.7λ. We note that depending on the criterion
used, the compromise on the values of RCRB is not the same. Indeed, the ratio between the RCRB obtained
with minimax criterion and the RCRB obtained with the minimean criterion is equal to 1.32 for ψ = 0 and to
0.81 for ψ = ψmax = 0.7λ. The minimean criterion promotes good localization accuracy for low DoF values,
while the minimax criterion seeks to limit the maximum value of the RCRB over the defocus range. The choice
of the optimization criterion is therefore an important component of the phase mask optimization problem and
depends of the desired final application. We have presented in this section two criteria of co-optimization but of
course, others are possible such as for example a criterion based on a linear combination of the RCRB obtained
for different defocus parameters. In the next section, we will only focus on the minimax criterion.

4.2 Multi-ring phase masks

In this section, we address the following question: is it possible that binary phase masks with more rings, and
therefore more degree of freedom in optimization, further improve localization accuracy? We will discuss the
performance limits of multi-ring binary phase masks for depth-of-field extension in localization microscopy as it
has been investigated for conventional imaging systems20 or for localization microscopy when the measurement
noise is normally distributed.18

To answer this question, we optimize the minimax criterion defined in Eq. (9) with a larger number of rings.
Figure 5.a represents the maximal value of the normalized RCRB over the defocus range obtained with the
optimal mask parameter set ρopt, defined as

RCRBmax = max
ψ∈[0,ψmax]

RCRB(ρopt, ψ) . (11)

This value is plotted as a function of the defocus range until ψmax = 2λ. The blue line is obtained with an
optical system without mask. Similarly to Fig. 4.a, the RCRB increases slowly until ψ = λ/4, then increases
more rapidly, steps down from ψmax ' 0.7λ, then increases again sharply from ψmax ' 1λ, then has a series of
successive steps until ψmax = 2λ. These steps reflect the fact that an increase in ψmax may not always lead to an
increase of RCRBmax. The red line is obtained using a two-ring mask optimized for the corresponding defocus
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Figure 4. (a) Evolution of the maximum (RCRBmax) and minimum (RCRBmin) of the RCRB as a function of the defocus
range, characterized by ψmax, of a localization microscope using a two-ring binary phase mask. (b) Evolution of the
optimized parameter mask ρopt as a function of the defocus range. (c) Evolution of RCRB as a function of defocus for an
optical system using a binary phase mask optimized for ψmax = 0.7λ. Simulation parameters: θ0 = (0, 0)t µm, N0 = 500
photo-electrons, ∆xy = 10 µm, 2K + 1 = 21 pixels, NA = 1.3 (object numerical aperture), λ = 700 nm (wavelength), and
M = 60 (magnification).

range. As pointed out in the previous section, for ψmax > 0.3λ, the use of such a phase mask makes it possible
to reduce the RCRBmax and therefore increases the DoF of the optical system. For instance, for ψmax = 2λ the
use of an optimized two-ring binary phase mask reduces by half the RCRBmax. The curve with yellow dots is
obtained using an optimized multi-ring binary phase mask. Since it is no longer possible to use an exhaustive
search to achieve the multi-ring non-convex optimization defined in Eq. (9) with a larger number of rings, we
use the particle swarm optimization algorithm. We performed this phase mask optimization for discrete values
of ψmax spaced by 0.1λ from 0 to 2λ. We can see that using a multi-ring mask further reduces the RCRBmax. In
other words, these additional degrees of freedom in the optimization lead to obtain more efficient phase masks.
For example, for ψmax = 2λ, the use of an optimized multi-ring binary phase mask makes it possible to divide
by 3 the RCRBmax. However we note again that for ψmax < 0.3λ, phase masks, whatever their number of rings,
are useless since the obtained performance is identical to that obtained without mask.

Figure 5.b represents the parameters of the optimal multi-ring masks whose localization performance is given
by the curve with yellow dots in Fig. 5.a. The outer radii of the optimized annular mask rings are displayed
as a function of the defocus range ψmax. As highlighted previously, the additional degrees of freedom in the
optimization make it possible to obtain more efficient phase masks. In fact, we notice that the number of rings
of the optimal mask increases with the defocus range ψmax. Indeed, from ψmax = 0 to 0.4λ the optimal annular
binary phase masks have two rings, from ψmax = 0.4λ to 0.8λ three rings, from ψmax = 0.8λ to 1.2λ four rings,
and for ψmax > 1.2λ at least four rings. Similar results have already been obtained in classical imaging systems
where the DoF is improved by placing a binary phase mask in the pupil of the objective and by restoring the
image with an appropriate deconvolution filter system.20 In addition, it is seen in Fig. 5.b that the radii of the
rings of the optimal masks vary almost continuously with the defocus range, and “split” into two values when
one more ring is necessary. The few discontinuities, illustrated by dotted curves, correspond to different local
minima in the optimization problem.

5. CONCLUSION

We have investigated the problem of DoF extension in localization microscopy with a Poissonian noise model
(see our previous work18 for more details in the Gaussian case) in order to answer our initial question: Can
phase masks extend depth-of-field in localization microscopy? This work is different from that presented in our
previous work18 where the measurement noise is normally distributed.

We have shown that placing an optimized multi-ring annular binary phase mask in the exit pupil of the
localization microscope allows to significantly increase the localization performance within the required defocus
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Figure 5. (a) Evolution of the RCRBmax as a function of the defocus range, characterized by ψmax, of a localization
microscope using a multi-ring binary phase mask. (b) Evolution of the optimized parameter mask ρopt as a function of
the defocus range ψmax. Simulation parameters: θ0 = (0, 0)t µm, N0 = 500 photo-electrons, ∆xy = 10 µm, 2K + 1 = 21
pixels, NA = 1.3 (object numerical aperture), λ = 700 nm (wavelength), and M = 60 (magnification).

range. For example for a defocus range of ψmax = 2λ, the optimized annular binary phase mask reduces the
RCRB by a factor 3 compared to a standard system. Additionally, we also noticed that the larger the desired
DoF extension, the more rings the optimal mask needs.

The framework developed in this article makes it possible to optimize and compare the performance of any
type of DoF-enhancing mask, since it is based on an explicit and general information theoretical criterion. The
presented results take into account a signal-dependent photon noise model. An interesting perspective of this
work is to extend this approach to other mask models, and to compare their performance in terms of DoF
extension.

Another perspective is to use a more accurate theoretical description of the PSF of optical localization
microscopes. The present work demonstrated the utility of the annular binary phase mask for the DoF extension
problem in localization microscopy using a simple imaging model taking into account signal-dependent photon
noise and defocus aberration. However, more accurate theoretical description of the PSF exist in the literature21

and could be implemented within this framework.
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