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ABSTRACT The performances of Vircators have been reported in different studies showing that a high
discrepancy between the simulated and measured output peak power and radiating frequency can be
encountered. Limited investigations have been reported where the one-variable-at-a-time methodology was
applied. Performing a full analysis requires to apply statistical methods over a large number of experiments
(simulation or measurement) which has been a challenge due to the computation time required to simulate
Vircators. Recently, an surrogate model has been proposed to drastically reduce the computation time.
In this paper, we propose to evaluate the performance variability of a Vircator considering mechanical
manufacturing tolerances as well as the Pulsed Power source variability. The analysis is performed by means
of well-spread stochastic methods (classical Monte Carlo, spectral techniques), and alternative sensitivity
analysis approaches.

INDEX TERMS High power microwave generation, pulse power systems, statistics, uncertainty
quantification.

I. INTRODUCTION
Due to their independence of external magnetic field sources
and their relatively simple construction, Virtual cathode oscil-
lators (Vircators) [1]–[4] are highly attractive. Vircators are
High-Power Microwave (HPM) sources that can produce
peak powers on the gigawatt range at typical frequencies from
1 GHz to 12 GHz.

The diode and the drift-tube are two adjacent regions in
the Vircator that are separated by a transparent anode. The
HPM generation process is initiated in the diode region when
a high voltage is applied between electrodes forming plasma
due to cathode material sublimating. This sublimation is a
consequence of the electric field enhancement on the tip of
the micro-protrusions at the cathode surface. Electrons in the
plasma are accelerated by a diode electric field toward the
anode, resulting in the current injection into the drift-tube
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(ib(t)). In order to form the Virtual Cathode (VC), ib(t) must
be greater than the space-charge-limiting current (Iscl) [5]
which triggers the accumulation of the charge. The oscilla-
tion of the VC and the reflection of the electrons between
the VC and the real cathode results in the HPM radiation.
The complete structure of the axially extracted Vircator is
shown Figure 1. The high sensitivity of the performances
of the Vircator to small changes in the design variables has
been reported by various authors [6]–[8]. These works have
shown that the anode-cathode gap (d), the anode transparency
grade (Ta) and the feed voltage (V ) have a significant influ-
ence on the radiated frequency and peak power variabilities
(see Figure 1). However, the majority of these works were
focused on identifying the effects of the variation of a sin-
gle design parameter at time [8]–[12]. This means that any
potential interaction between two or more variables was not
studied. Moreover, as single parameter was considered as a
random variable, no clear classification of variables has been
performed in terms of relevance.
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FIGURE 1. Scheme of an axially extracted Vircator. Solid of revolution
view.

During the last decades, several statistical methods have
been applied to electromagnetic [13]–[15], mechanical prob-
lems [16], and Vircator studies [17]–[20]. From crude Monte
Carlo (MC) [21], [22] (known as a brute force technique)
to Polynomial Chaos [23], [24], it has been shown how the
confidence level could be assessed when dealing with ran-
dom variables [25]. At the same framework, the analysis of
the dominant random variables has been introduced through
well-known techniques such asMorris or Sobol’ indices [26].
Interesting design recommendations have been deduced as
well as hardening strategies [27].

The International Standard ISO 2768-1 certification is
usually applied to define the tolerances corresponding to
the dimensions of machined parts. This standard specifies
the general admissible ranges for the linear and angular
dimensions to ensure the fabrication of the correct prod-
uct. Following this standard, tolerance criteria were applied
to the random variables of interest assuming linear dimen-
sions. By having a generalised framework, the results are
expected to be guideline for a wider audience due to the
possibility of replicating the proposed methodology to any
other mechanical structures. In addition to the mechanical
variation, electrical components such as capacitors, induc-
tors, resistors, switches as well as spark gap breakdown [28]
can lead to the variation of the feed voltage waveform and
coupling. Typically, the electrical components can present
variations of 10 % around their nominal values. We introduce
in this paper a model of the pulsed power source based on
the High Current Impulse Generator (HCIG) coupled with
the Vircator’s Diode. This model is used as a reference in
order to produce waveform similar to the previous experi-
mentally reported results introducing components variations.
Two cases are considered: a highly stable source will be
considered in Case 1 and a highly varying source is proposed
in Case 2. This is representative of the diversity of sources
that can be found on the market.

By combining statistical methods with mechanical design
tolerance and the variability of the pulsed power source,
the variability of the output power (P) and the radiating fre-
quency (fvc) will be studied by considering all design inputs
as Random Variables (RVs). In what follows, the variability
of the peak power and the radiating frequency is evaluated,

dominant design variables are deduced from a sensitivity
analysis (SA), and the interaction between RVs are estimated.
Guidelines to manufacturers can be drawn in order to achieve
with more certainty better performance of the Vircator.

This paper is organised as follows: in Section II, the math-
ematical description of the SA approach is proposed. Then,
in Section III, the simulation framework used to model and
simulate the Vircator is proposed. The main equations for the
evaluation of the peak power and the radiating frequency are
recalled. In Section IV, the SA of the studied physical quan-
tities, namely the peak power and the radiating frequency,
is described and applied considering two sets of random
variables. Finally, in Section V, conclusions are drawn and
design recommendations are proposed.

II. UNCERTAINTY PROPAGATION (UP) AND SENSITIVITY
ANALYSIS (SA)
A. PREAMBLE
As previously pointed out, Vircators’ manufacturing proce-
dure is subject to the outcome of random processes. As a
matter of fact, the tolerances and uncertainty quantification
guidelines are useful to assess the effect of potential dis-
crepancies: mechanical drifts, electrical parameters known
with given margins, etc. Although, random variables are most
likely associate with the resulting of random function and/or
processes (so uncertain by definition), the terms random
variables (RVs) in this work is referring only to, somewhat
imprecisely, uncertain inputs.

Assessing the influence of uncertain variables is of utmost
importance for a large diversity of complex physical scenar-
ios [29]. In this framework, Vircator modelling and experi-
ments require a particular care since their performance (here
mainly considering the output power level P and the radiating
frequency fvc) are subject to uncertain behaviour.

This section will briefly define the stochastic description of
a given random parameter p. Roughly considering uncertain
behaviour, from aRandomVariable (RV)m, onemay assume:

m = m0 + n (1)

where m0 is the statistical mean (given m0 ≡ E [m]), also
called the initial or mean value, and n is characterised by a
given statistical distribution law having zero-mean, variance
varn ≡ var(n), and Coefficient of Variation (CV) CVn =
√
varn/m0. Thus, m and n will be defined following various

statistical assumptions; for the sake of consistency regarding
available information given by standards, in this example
only Normal distributions will be considered, but the prin-
ciples of the proposed methodology remain applicable to a
variety of statistical laws (e.g. see details in [29]). Xiu [30]
properly introduced the flexibility of spectral expansions for
uncertainty quantification.

In the following, m may be associated to any random
parameter p under evaluation such as geometrical discrep-
ancies as well as electrical drifts. As an example, p may
represent the geometrical drifts due to tolerances when man-
ufacturing the Drift-tube (here parameter rdt as given in
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Figure 1). This random variations will be defined through the
random variable m as depicted in equation (1). At that stage,
it is important to highlight that the stochastic methodology
that will be detailed hereafter will be achieved regarding
a given output (see in the following Z , e.g. peak power
value produced by the Vircator). Section II will give exam-
ple of random parameters when dealing with Vircators’
manufacturing, e.g. geometrical details: anode-cathode gap,
cathode/drift-tube radii, anode transparency, electromagnetic
(EM) parameters: material properties, equivalent impedance,
source characteristics: feeding voltage.

Uncertainty Quantification (UQ) comprises the assessment
of probabilistic and statistical outputs for two distinct classes
of purposes: Uncertainty Propagation (UP) including (but
not restricted to): evaluation of mean trends, probability of
failures, stochastic distributions, and SA which main goal
targets ranking of most influential inputs. Sensitivity analysis
refers to the quantification of the robustness and accuracy of a
model under certain conditions. By evaluating the influence
of random variables on the fluctuation of a physical quan-
tity (also called observable) and by evaluating the potential
relationship between the random variables and the physical
observable, the uncertainty of the output quantity under study
can be reduced; e.g. assuming the least influential inputs to
their initial values. By definition, SA aims at assessing how
variations over inputs of a given model (surrogate, numerical,
experimental. . . ) affect the variability of its output(s). The
Local Sensitivity Analysis (LSA) focuses on how a small
perturbation in the vicinity of an input space value m =
(m1, . . . ,mN ) (e.g. near m where N stands for the number
of inputs; four and/or eight in this work, see Tabs 6 and
9) impacts the output quantity Z (P or fvc in this work).
Parallel to the LSA, the input variations may be understood
at a global stage (Global SA, GSA). Whether GSA may
be expected from the very beginning of the system design
process, it would provide useful information at amacroscopic
stage, highlighting the most influential variables (defined
with a given range of inputs). To put it in a nutshell, LSA
and GSA offer complementary information: GSA gives an
overview about the global response of the Vircator for a wide
range of varying inputs, whereas LSA assesses the impact
of small perturbation around a nominal design of inputs.
In this work, and in the following, it is to be noticed only
GSA has been considered through the analysis of variance
techniques. The next subsection will detail the foundations
of such methods.

B. ANOVA PRINCIPLES
The ANalysis Of VAriance (ANOVA) techniques are part of
the GSA methods [31]. The variance-based methods rely on
the evaluation of the contribution of each input parameter
mj(j = 1, . . . ,N ) to the total variance of the observable Z .
Numerous works have been led in the domain of SA for a
huge diversity of topics including electromagnetic and elec-
tronics [32] (design of experiment, DoE), plasma science [33]
(meta-modelling for design purpose), geoscience [34] (MC).

In this context, the Russian mathematician I.M. Sobol’ pro-
vided a straightforward MC-based strategy for SA of a given
mapping response:

Z = z(m1,m2, . . . ,mN ), (2)

where m = (m1, . . . ,mN ) is the input vector. Given a
square integrable function z over an assumed integrable input
space �N , Sobol’ considered an expansion of z into terms of
increasing dimensions:

z = z0 +
∑
i

zi +
∑
i

∑
j>i

zij + . . .+ z12...N , (3)

in which each term is square integrable over the domain of
existence and is a function of the factors in its index, i.e.
zi = z(mi), zij = zij(mi,mj). Under certain conditions, Sobol’
has demonstrated from conditional expectations E [.] that:
z0 = E [Z ], zi = E

[
Z |mi

]
− E [Z ], zij = E

[
Z |mi,mj

]
−

zi − zj − E [Z ]. Finally, Sobol’ proposed first-order sen-
sitivity indices Si since the variances of the previous term
in the decomposition are the measures of importance being
expected for SA:

Si =
var

[
E
[
Z |mi

]]
var [Z ]

, (4)

whereE
[
Z |mi

]
, as aforementioned, stands for the conditional

expectation given that the parameter mi is known as the
outcome of random variations. Roughly speaking, the mean
of Z is evaluated assuming mi as a random parameter.
The first-order index stands for themain effect contribution

of each input factor (i in relation (4) to the variance of
the observable Z . The precise assessment of such quantities
(i.e. mean trends: average and variance) may be obtained
at different computing costs including a large diversity of
techniques [29], [35]). In the following, we will provide
alternative measures (importance factors) for Si.

C. STOCHASTIC COLLOCATION ANOVA (SCA)
Polynomial Chaos Expansion (PCE) is part of spectral meth-
ods; for the interested reader, some details are given in [36]
dealingwith PCE and stochastic collocation technique (SCT).
The main idea of PCE and SCT relies on the expansion of a
given random process as a linear combination of orthogonal
polynomials (depending on the random inputs). Depending
on the statistical assumptions (marginal probability density
functions, PDFs, from the input space), a particular family
of polynomials is chosen, in order to compute the most effi-
cient representation of the random process. The governing
principle consists in minimising the number of terms in the
previous series for a given approximation error threshold.
The fundamental principles of the SCT, when considering a
given output Z and its statistical moments under N uncertain
inputs mj(j = 1, . . . ,N ), relies on its n−expansion over a
Lagrangian serie. For the sake of simplicity, an illustration
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for one RV may be expressed for output Z = z(s) as follows:

z(s) =
n∑
i=1

ZiLi(s), (5)

where Li(s) stands for the Lagrangian basis function.
As pointed out in [37], a large diversity of polynomial
expansions exists when dealing with stochastic surrogate
modelling. In this framework, polynomial chaos expansion
(PCE) and stochastic collocation techniques mainly differ by
the choice of their polynomial expansion [29] (for instance
Hermite polynomials). Here, Lagrange polynomials Li were
chosen (non-orthogonal polynomials but useful to simplify
weight computations wi as expressed in the following equa-
tion). Eldred et al. illustrated in their paper the difficulty to
classify PCE and stochastic collocation, even considering the
accuracy offered by Hermite polynomials when dealing with
RVs normally distributed (problem dependence). It is to be
noticed that this work aims at demonstrating the interest of the
proposed methodology, out of any consideration regarding
the rank of any given polynomial expansion to another (for
instance PCE with respect to stochastic collocation tech-
nique). It is to be noticed work from [30] offers a pedagogical
description of spectral techniques in the framework of uncer-
tainty quantification, and the use of polynomial expansions.

Relying on the properties of Lagrange polynomials and
assuming a PDF p(s) for a given input parameter, the average
of the observable Z is obtained from:

E [Z ] =
n∑
i=1

wiZi, (6)

where wi stands for the weight devoted to Zi = Z (si),
expression of the mapping function s

z
−→ Z = z(s) for SCT-

points si (i = 1, . . . , n); and the variance of Z is given as:

var [Z ] =
n∑
i=1

wi (Zi − E [Z ])2 . (7)

As pointed out in [29], the PCE and SCT have demon-
strated their high precision and efficiency, comparatively to
MC methods. However, due to the tensor product in the
relations ((5)-(7)), the techniques are facing the curse of
dimensionality that avoids an optimum use of them when
increasing N for a given truncation order n. Indeed, for the
sake of simplicity, the equation (5) is obtained for 1-RV
case; obviously, increasing the number of RVs introduces
tensor product (with respect to summation product) as evoked
in [30]. In the following, we will demonstrate that the SCT
offers a very high level of accuracy for variance computing
with a relatively low computation costs, even when dealing
with random input vector m = (m1, . . . ,m8),N = 8 and n =
2 or 3. As previously mentioned in the relation (4), the sen-
sitivity of the RV i relatively to the other RVs is assessed
through the coefficient Si (first-order Sobol’ indice). Relying
on the same principle, the tensor product needed with the
SCT allows straightforward assessing the same quantity from

the SCT simulations (without any extra computing costs) as
follows:

SCAi =
˜var
[
Z ;mi

]
var

[
Z ;m1, . . . ,mN

] , (8)

where ˜var
[
Z ;mi

]
represents the variance extracted consid-

ering 1-RV case mi (i.e. considering the effect of varying
RV ‘‘i’’ and induced Z-variance). In this work, the authors
propose to take benefit from the ‘‘full-tensor’’ design of
experiment by averaging the variance var[Z ;mi] obtained
using all the data points available, i.e. computing all the
quantities var[Z ;mi] available assuming the other RVs (out
of RV ‘‘i’’) are set to the remaining quadrature points needed
for stochastic collocation calculations. The different vari-
ances computed with the relation (7) are averaged, leading
to the quantity ˜var

[
Z ;mi

]
(including .̃ sign). It is to be

noticed var
[
Z ;m1, . . . ,mN

]
is obtained assuming the whole

RV input space (i.e. with N RVs). The latter quantities are
directly adapted from the relations (6) and (7). The whole
methodology is called the Stochastic Collocation ANOVA
(SCA).

According to the relations (4) and (8), the most influential
inputs will be determined from the ranking of Si [34] and
SCAi, being understood that the highest sensitivity indices
imply the most influential parameters.

III. VIRCATOR SURROGATE MODEL
Vircator’s design variables considered in this study are (see
Figure 1): theAnode-cathode gap (d), the Cathode radius (rc),
the Drift-tube Radius (rdt ), the Anode Transparency (Ta) and
the Voltage (V ). In this section, the adopted frequency and
power models will be described.

A. FREQUENCY MODEL
The frequency model used in this study was proposed by
Alyokhin et al. [7] suggesting that the Vircator dominant
angular frequency (ωvc) can be approximated as

ωvc = a1ωp, (9)

where a1 ≈ 2.14, and ωp is the relativistic plasma frequency
that can be expressed as [38].

ωp =

√√√√ eJb

ε0mc
√
γ 2
0 − 1

, (10)

where e and m are the electron charge and rest mass respec-
tively, c is the speed of the light, Jb is the current density
of the beam injected into the drift area, ε0 is the free space
permittivity and γ0 is the relativistic factor of the electrons at
the anode.

If the electron beam flow is considered laminar, Eq. (10)
can be solved as a function of the design variables. To do this,
Jb could be redefined as JdTa, where Jd is the diode current
which can be approximated using the Child-Langmuir’s [39],
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[40] as

Jd =
4
9
ε0

√
2e
m
V 3/2

d2
, (11)

where ε0 is the free space permittivity.
Solving Eq. (11) and taking into account the energy con-

servation law, (γ0 = kV + 1, where k = e/mc2), we can
transform Eq. (10) into

ωp =
25/4c
3d

√
kVTa
√
kV + 2

. (12)

Notice that Eq. (12) is a function of the design variables
and can be used directly to approximate the dominant fre-
quency (named fvc in the following, and linked to the angular
frequency ωp).

B. POWER MODEL
Regarding the Vircator’s power models, there are some
options available in the literature [7], [38], [41], [42]. How-
ever, the accuracy of these models is assumed under given
conditions. For this study, we chose the model proposed
in [38], which have been fitted from the Larmor formula [43],
and simulations from XOOPIC and XPDP1 [44]. The model
defines the average power radiated at the VC frequency as:

P̄ωp =
π3a21m

12c2e
r4cω

4
p((kV + 1)2 − 1)3/2

×e
−4

(
1− 8c2((kV+1)2/3−1)3/2

r2c ω
2
p (1+ln

( rdt
rc

)√
(kV+1)2−1

)2

, (13)

where a1 = 2.14 (taken from Alyokhin’s frequency model,
see section III-A).

The surrogate model presented in Eq. (13) is suitable for
beam currents (Ib) in the range Ic/2 < Ib < Ic and 2 Iscl < Ib.
Ic is the critical current defining the laminar flow and can be
expressed as [45]

Ic = k1
rc
d

√
γ 2
0 − 1, (14)

and Iscl is the space-charge limiting current. For a solid
circular beam, Iscl is defined as [5]:

Iscl = k1
(γ 2/3

0 − 1)
3/2

1+ ln(rdt/rb)
. (15)

where k1 = 2πε0 mc3/e.

C. DETERMINISTIC SIMULATION - MODEL VALIDATION
In this section, a deterministic simulation of a Vircator
designed to operate at 7 GHz will be carried out. The geo-
metrical variables ensuring the desired dominant frequency
(according to Section III-A complying with the restrictions
of the power model given in Section III-B) are provided
in Table 1. The effectiveness of the surrogate model at the
point of design will be validated through the comparison
of numerical simulation results obtained from two different

TABLE 1. Simulation variables - deterministic simulation.

FIGURE 2. Power Spectral Density obtained by the simulation from
CST-PS, XOOPIC and the Surrogate model for Case #1.

Particle in Cell (PIC) Simulators: XOOPIC [44] and the CST-
Particles Studio.

Equations (14) and (15) can be used to calculate the values
of Ic and Iscl as 86.2 kA and 2.2 kA respectively. For this
validation, the Vircator will be fed with an ideal DC source.
According to the analytical models presented in the previous
section (Eqs. (12) and (13)), the dominant radiated frequency
will be 7.05 GHz with a mean power of 152 MW. The
model assumes no spectral dispersion (ideal simple harmonic
oscillation of the VC) and non additional radiation sources,
and so, the peak power results in twice the average power
(ideal case). In the case of the Xoopic simulation, a 2.5D
simulation was performed with 40 cells in x̂ and 40 cells in
r̂ . The time of simulation was 100 ns. The power leaving
the extraction window was calculated by the integration of
Poynting vector (measured in each cell) over the extraction
surface. The Spectral Power Density (SPD) is presented in
the black line in Figure 2. The dominant frequency and peak
power were 6.9 GHz and 330 MW,respectively.

For the CST simulation (3D model presented in Figure 5),
the simulation was performed with 9,812,250 total number
of cells and 932 emission points over the cathode surface.
The total simulation time was 100 ns. The obtained SPD is
presented in the blue line in Figure 2. The dominant frequency
and peak power were 6.83 GHz and 279 MW, respectively.
The results of the simulation and the surrogate model are
summarised in Table 2. Maximum frequency error between
the simulations and the model was 3.2 %. In the case of
the power error, the maximum difference was between the
simulation and it was of 0.73 dB.
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FIGURE 3. 3D model of the suggested Vircator modelled with CST.

TABLE 2. Estimated Peak Power and Radiating frequency - deterministic
simulation.

TABLE 3. Computation power and simulation time.

Additionally, Table 3 presents the hardware configuration
and the computation time for each simulation tools.

D. DOMAIN OF VALIDITY OF THE SURROGATE MODEL
When building a surrogate, the domain of validity remains a
key evaluation step in order to perform accurate predictions.
In this study, using Xoopic, a parametric analysis has been
performed with regards to the following parameters. The
mean error is estimated between the surrogate model and the
2.5D simulation software. Notice that the model presented
in Section III-B defines the power radiated as a function of
four variables V , rc, rdt , and ωp. Where the three first are
independent variables and ωp is depending on Ta, d and V
(see Eq. (12)). Tables 4 and 5 present two sets of simulations
(Vircator #1 and Vircator #2) in order to evaluate the accuracy
of the surrogate model. For this purpose, rc and V vary while
ωp and rdt remain constant. In order to maintain constant ωp,
the value of d was solved from Eq. (12) for a given Ta.

The first case Vircator #1, was designed with ωp =

17.78 Grad/s, rdt = 5 cm and Ta = 50 %. The considered
parametric variations are: linear for rc and exponential for V .
Figure 4 shows the difference between the power predicted
by the surrogate model and the simulated one. The maximum
error was located in point number 15 indicated with double
contour line. This point is near to the minimal current ensur-
ing the Vircator’s operation (Iscl , see Eq. (15)). Points 2, 3, 5,
6, and 7 show errors exceeding 15dB and together, with point

TABLE 4. Simulation points, results and model predictions for the
Vircator #1.

FIGURE 4. Error map between the simulated mean power and calculated
using the surrogate model.

number 15, define a region where the surrogate model fails.
These points are located near to the line Ib = Iscl . Points 8,
9, 11, 13, 14, and 19 exhibit errors between 5 dB and 15 dB
and define a region of moderate error. Finally, the model was
accurate for points 4, 12, 18,17 and 16 which are close to the
line Id = Ic. Model’s precision increases as the diode current
tends to the critical value (Ic, see Eq. (14)). Notice that the
error magnitude is represented here by colour scale and radii
of the circles.

The second Vircator #2 was designed at ωp =

19.50 Grad/s, rdt = 5 cm and Ta = 50 %. This example
explores the whole space of variables in the same way as
the previous one, but the sampling point were take on the
curves determined by nIscl where n =[1 2 3 4]. Additionally,
some samples were taken over the curve Ic = Id . This
sampling was defined in order to verify how the error scales
over curves nIscl . The maximum error was calculated for
point number 9 which is on the curve Iscl . Notice that the
points closest to this curve present significant errors. The
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TABLE 5. Simulation points, results and model predictions for the
Vircator #2.

FIGURE 5. Mean power simulated for each sampled points of the Vircator
#2.

model error decreases as the distance to the curve increases.
In Figure 5, colours and radii, for the points simulated, do not
present the error, instead it is presenting the power obtained
by simulation. That figure shows that also the accuracy of the
surrogate model is related to the power radiated, being better
for Vircator with optimal power radiation.

The following known limitations of PIC simulations would
apply:
• the plasma expansion is not considered neither in the
surrogate model nor in PIC simulations;

• the plasma interaction and influence from shot-to-shot
are not considered neither in the surrogate model or in
PIC simulations;

Based on the evaluation of the given domain of validity
of the surrogate model, we propose to perform a statistical
evaluation of the peak power by introducing a set or random
variables with a special care of keeping the model in the
low error region (error less than 3 dB). The surrogate model,
which is in good agreement with CST and XOOPIC, provides
the perfect framework for an efficient statistical analysis of
physical quantities for a set of given RVs.

IV. ANALYSIS OF THE VIRCATOR RESPONSE
The random geometrical variables considered in this study
are proposed in Table 6. Unfortunately, no probability density
functions for the Cathode radius, Drift-tube radius, Anode-

TABLE 6. Definition of Random Variables (Test case #1, see Table 1).

Cathode gap and Anode transparency are available. The tol-
erances have been defined based on the ISO standard for
mechanical parts where the Normal distribution is recom-
mended for the different mechanical parts with their tolerance
values. Vircators are typically fed by Pulsed Power sources
such as High Voltage (HVIG) or Current (HCIG) Impulse
Generators which will affect the Vircator optimal operation.
Two cases will be considered: first, the pulsed power source
as ideal then a new set of RVs will be introduced to consider
the interaction between the source and the load referred to the
Vircator impedance.

A. INFLUENCE OF THE ELECTRON BEAM GENERATION
The perveance in most high power pulsed diode system is
known as a time-varying increasing parameter since the elec-
trode sheath plasma is generated which expands the anode-
cathode gap distance reducing the effective gap. During
the process of generating electron beam from the cathode,
the electrode sheath plasma is generated. This process is
highly influencing the perveance of the diode which leads to
changes of the diode output characteristics. Capturing these
changes in simulations tools could allow to increase the accu-
racy of the statistical evaluations. The first analysis proposed
in the study concerns the validation of the reproduction of the
perveance variability.

In recent papers published by Roy et al. [17], [19],
an extensive analysis of the perveance has been proposed
showing its variability due to the plasma expansion and dur-
ing the shot-to-shot operation. In a Vircator vacuum diode,
the 1-D solution of the current is given by the Child-Langmuir
law as I (t) = K (t)v(t)3/2, where K (t) is the diode perveance
and v(t) is the feed voltage. For a circular cathode, the per-
veance can be defined as K (t) = kr2k (t)/d

2
ak (t), where k =

7.33× 10−6V−3/2A, rk (t) is the cathode radius, and dak (t) is
the anode-cathode gap. Roy et al. [17], [19] have proposed
an extensive experimental study of the plasma expansion and
the perveance. Considering that the plasma expands radially
at vpr and axially at vpx , it has been proposed to describe the
two variables as rk = ro + vpr · t and dak = do − vpx · t ,
with ro being the initial emission radius and do the initial
anode cathode gap. Defining the input parameters as random
variables allows for generating different geometries using a
MC simulation approach. When comparing the perveance
from reported measurements/simulations [17], [19] with the
stochastic surrogate model, it can be observed Fig. 6 that
the variability of the perveance due to plasma expansion and
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FIGURE 6. Perveance reported in [19] for a diode of rc = 3.5 cm an
d0 = 0.6 cm constructed with velvet.

FIGURE 7. The histogram of the power computed for 10,000 random
configurations taking into account mechanical variations through the
4 RVs (rc , rdt ,d and Ta) of Case #1.

shot-to-shot operation are well captured by the stochastic
analysis.

In what follows, the perveance will be re-computed for
each random configuration in order to take into account the
influence of the changes in the diode output characteristics on
the peak power output.

B. TEST CASE #1: IDEAL PULSED POWER SOURCE
In this section, we are going to analyse the effects of mechan-
ical variations only (see Table 6) which means that the feed
voltage source will be considered as constant. To do that,
we generated 10,000 different configurations of the Vircator
varying the parameters rc, rdt , d , Ta. Note that the conver-
gence of the 4 first statistical moments has been reached for
10,000 random configurations (less than 1 % variation on the
mean, variance, skewness and kurtosis). Each Vircator was
generated with a random selection of the design variables
following a normal distribution, according to the PDF CV
defined in Table 6. The histogram of the estimated power
is presented in Figure 7. The statistical moments and the
quantiles have been estimated and summarised in Table 8.
It can be observed that based on descriptive statistics the
output power is highly sensitive to parameters variability.

Table 7 summarises the results obtained for test Case #1
(N = 4 RVs) from: Sobol’ indices [34] with 10,000 initial

TABLE 7. Sobol’ indices (MC) and importance variables (SCA) for Test
case #1 (in %), considering fvc and P .

FIGURE 8. HCIG schematic.

population, SCA considering SCT n − expansion (n = 2),
leading to 2N = 24 = 16 simulations and 3N = 34 = 81
(data not shown here). Results shows the excellent agreement
between Sobol’ indexes and SCA importance variables, high-
lighting the prominent impact of d-parameter (in compari-
son to other random inputs) when dealing with fvc-output.
By repeating Sobol’ analysis from 10,000 realisations of
random procedure, same conclusions are obtained focusing
on P-observable (see Table 7. It is to be noticed that SCA
offers excellent agreement with respect to Sobol’ indices (at
the same time consideringP and fvc outputs, without any extra
computing costs, meaning respectively 16 and 81 SCT sim-
ulations). Although the SCT expansion number is bounded
here (n = 2 and 3), the convergence level is extremely high
(data not shown here), jointly with very accurate data.

C. Test CASE #2: NON-IDEAL PULSED POWER SOURCE
Figure 8 presents the typical HCIG schematic, which is a
serial circuit formed by a capacitance Cs charged at V0 at
t ≤ 0, an inductance Ls, and internal resistance Rs, a switch S
and a impedance Rl representing the load (i.e Vircator). Note
that the switch S is considered ideal in the present analysis.
The differential equation defining the circuit could be written
as [46]

i(t)′′ + ai(t)′ + bi(t) = 0, (16)

with initial conditions

i(0)′ = V0/Ls, i(0) = 0. (17)

In the Vircator diode region, the plasma covering cathode
surface expands in the time leading to the variation of the
cathode radius and the anode-cathode gap. If these effects are
not considered, we can define

a =
1
Ls
(Rs + Rl) , (18)
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FIGURE 9. Block diagram of the uncertainty propagation for Case #2.

FIGURE 10. The voltage waveform; solid line is the mean value of the
source, the dotted lines are random configurations.

and

b =
1
Ls

(
1
Cs
+

d
dt
Rl

)
, (19)

Additionally, the current in a vacuum diode can be defined
as [47] (see Eq. (11))

i(t) = Kv(t)3/2, (20)

where K is the perveance.
Rl can be defined, from Eq. (20), as

Rl =
v(t)
i(t)
=

1
K 2/3i(t)1/3

, (21)

For circular cathodes, K could be stated as

K =
4π
9
ε0

√
2e
m
r2c
d2
. (22)

The solution for the set of equation stated from Eqs. (16)
to (22) can be obtained by numerical means.

This HCIG model introduces four new variables (Ls, Cs,
V0 and Rs). The number of realizations needed was 28 =

FIGURE 11. The histogram of the power generated for 10,000 random
configurations taking into account mechanical and electrical variations
through 8 RVs (rc , rdt , d , Ta, Rs, Cs, Ls, and V0) for case #2.

FIGURE 12. The histogram of the frequency generated for 10,000 random
configurations taking into account mechanical and electrical variations
through 8 RVs (rc , rdt , d , Ta, Rs, Cs, Ls, and V0) for case #2.

TABLE 8. Statistical analysis of the peak power and radiating frequency
for case #1 and #2.

256 and 10, 000, respectively for SCA and MC-like Sobol’
indices. Figure 9 present the general schematic of the prob-
lem. Notice that now the problem presents eight design vari-
ables. The values of V0 = 1480 kV, Rs = 3 �, Ls =
200 nH, and Cs = 5 nF were chosen to produce a peak
power of 500 kV for the central mechanical design of the
Vircator (see Figure 10, solid back line). Table 9 shows
the typical variation of the elements. Figure 10 presents the
waveform of 50 random configurations of the source. Peak
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TABLE 9. Definition of Random Variables, including PP Source (Test case
#2 relying on variables from Test case #1).

TABLE 10. Sobol’ indices (MC) and importance parameters (SCA) for Test
case #2 (in %), considering fvc and P .

voltage variation is in good agreement with experimental
results [19]. As in the case of the ideal source, we performed
10,000 evaluations of different random variation of the design
variables. The histograms of the estimated peak powers and
operating frequencies are provided in Figure 11 and Figure 12
respectively. Descriptive statistics are summarised in Table 8.
Table 10 synthesises the sensitivity analysis achieved for
Test case #2 (8 RVs) considering the radiating frequency fvc
and the power P. Complementary to Test case #1, the d-
parameter remains the most influential one with fvc-output;
in this framework, it is to be noticed that the voltage V0 plays
an important role. The results obtained from Sobol’ indices
and SCT importance variables agree very well. As expected,
introducing non-ideal voltage source involves extra influence
of the voltage parameter (hereV0) with differences depending
on the considered output: for fvc (Table 10, SA leads to
ranking the most influential parameter as follows: respec-
tively d- and V0-input, regarding P (Table 10, the uncertain
variations around V0-parameter are the most influential ones,
far from d−input (less influential than in previous case). Out
of d and V0, through a first-order analysis, the other inputs
may be assumed as constant parameters. These results are in
concordance with previous experimental studies available in
the literature [8]–[12].

V. CONCLUSION
A stochastic analysis based on the surrogate model of the
Vircator has been proposedwith a focus on general tendencies
(i.e mean and variance analysis) of physical quantities based
on Sobol’ indices and SCA. The influence of mechanical
tolerances and electrical source variability on the perfor-
mance of Virtual cathode oscillators has been evaluated. Two
cases were analysed. Case #1 took into account the mechan-
ical parameters only; whereas for Case #2, the effects of
the non-ideal pulsed power source was considered as well.

The anode-cathode gap (d) was found to be the parameter
with the highest impact on the power and the frequency in
the case of the ideal source. This high significance could
be a consequence of the high percentage of variability due
to its cumbersome fixing. In the non-ideal pulsed power
source case, Voltage (V ) is the most significant parame-
ter for the power, while d has the highest impact on the
frequency. The results obtained in this study validated the
experimental reports that have suggested the high depen-
dency of the Vircator’s outputs on the feed Voltage (V ) and
anode-cathode gap d . It is to be noted that the proposed
strategy, including surrogate Vircator’s modelling, provides
an efficient methodology to assess realistic statistical infor-
mation regarding the Vircator’s behaviour. Furthermore, as an
alternative to brute force Sobol’ design methodology, SCA
offers trustworthy guidelines to minimise the random varia-
tions due tomechanical manufacturing, at reduced computing
costs (hundreds of simulations at maximum). The proposed
framework can easily be adapted in terms of number of
random variables and distributions. This would allow other
research groups to evaluate the influence of different random
assumptions, e.g. uncertainties introduced by manufacturers
tolerances, electronic components variability through the def-
inition of coefficients of variation and probability density
functions.
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