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‘We propose a method for deriving equivalent one-dimensional models for slender non-linear struc-
tures. The approach is designed to be broadly applicable, and can handle in principle finite strains,
finite rotations, arbitrary cross-sections shapes, inhomogeneous elastic properties across the cross-
section, arbitrary elastic constitutive laws (possibly with low symmetry) and arbitrary distributions
of pre-strain, including finite pre-strain. It is based on a kinematic parameterization of the actual
configuration that makes use of a center-line, a frame of directors, and local degrees of freedom
capturing the detailed shape of cross-sections. A relaxation method is applied that holds the framed
center-line fixed while relaxing the local degrees of freedom; it is asymptotically valid when the
macroscopic strain and the properties of the rod vary slowly in the longitudinal direction. The
outcome is a one-dimensional strain energy depending on the apparent stretching, bending and
twisting strain of the framed center-line; the dependence on the strain gradients is also captured,
yielding an equivalent rod model that is asymptotically exact to higher order. The method is pre-
sented in a fully non-linear setting and it is verified against linear and weakly non-linear solutions
available from the literature.

1. INTRODUCTION

This work aims at identifying efficient and accurate models for non-linear, slender elastic structures. Although there
exists a wide range of one-dimensional beam and rod theories, understanding nonlinear effects arising during the
compression of wide columns (LvHC17, CJ20), predicting the emergence of shape due to heterogeneous pre-stress
generated by growth or thermal effects in slender filaments (LHS+14, TTB-20) and designing structures made of
complex nonlinear materials such as nematic elastomers or active materials (ADK17, TV17) remain challenging
tasks. Well-established, classical rod theories account for the stretching, bending and twisting strains in a linear way
and therefore do not account for finite-strain or finite-thickness effects. Extensions have been proposed to account
for some of these effects, but their justification is often patchy or relies on restrictive hypotheses on the kinematics
or the constitutive behavior; their range of applicability is thus often limited and sometimes ill-defined. This leaves
researchers, engineers and designers with two alternatives: either rely on full three-dimensional finite elasticity (ST98,
GVDO08, DDG11, CJ20) or build their own specific reduced model (LvHC17). Should they choose this latter option,
however, a clear and rigorous methodology for deriving such a model is lacking.

This work builds up on a dimension reduction procedure introduced by the authors in an abstract setting (LA20b)
which is applied here to the case of a hyper-elastic prismatic solid which can stretch, bend and twist arbitrarily
in three dimensions. The present work extends our previous work on one-dimensional structures that can just
stretch (AH16, LA20Db).

The proposed method yields one-dimensional models that account for stretching, bending and twisting modes in
a non-linear way. It is asymptotically correct; a scaling estimate of the error in energy with respect to the full three-
dimensional theory is available in terms of the slenderness parameter. The one-dimensional model is derived based
on an assumption of slow longitudinal variations, implemented by a two-scale expansion. Effectively, this approach
splits the original three-dimensional problem into a set of relaxation problems formulated in the two-dimensional
cross-section, and a one-dimensional variational problem at the scale of the structure, as noted in previous work
(e.g., by Ber81, BV84, TV89, SS99, among others).

‘We improve on existing approaches to asymptotic dimension reduction in three key aspects.

e Our method is variational. While most of the existing work has started from the three-dimensional equilibrium
equations (BV84, TV96), we base our reduction on the energy formulation of the three-dimensional problem.
This helps keeping the derivation as simple as possible, and makes the variational structure of the one-
dimensional model stand out without any effort.

e We start from finite elasticity. Most of the existing work has been limited to linear strains (T'V96, YHO04,
Hod06) but the one-dimensional models derived using the proposed method can retain nonlinearities coming
from both the geometry and from the constitutive behavior.

e Our one-dimensional model is high-order and asymptotically correct, i.e., it captures the energy cost arising
from the longitudinal gradients of the stretching, bending and twisting strains. Besides increasing the accuracy
and expanding the range of validity of the model, gradient terms have been found to help capture localization
phenomena very accurately (LA18, LA20a).

Some of the models from the literature include one or two of these ingredients. Ber81, Hod06, YHH12 use a
variational approach, TV89, NPKI18 introduce higher-order terms, JY16, CGL+88 handle finite strains, MLG20
work with finite elasticity in a variational setting. Yet this paper is the first attempt to combine these three aspects
in a unified procedure.
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The proposed approach has been designed to be as general as possible. It does not make any specific assumptions
regarding the symmetry of the constitutive law, such as isotropy (CGL+88). It is not limited to small rotations,
or to specific shapes of the cross-section. It can readily be applied to a variety of constitutive behaviors, and in
particular it can handle inhomogeneous pre-strain as well as inhomogeneous elastic properties across the sections.
By lack of space, we cannot provide detailed illustrations for all these capabilities but we shortly discuss in §2.4 how
these cases can be covered. Besides, the approach is systematic: it is carried out by applying a sequence of steps,
much like a cooking recipe, and it lends itself naturally to a numerical implementation.

The manuscript is organized as follows. In section 2, we introduce the center-line based representation of a
prismatic hyper-elastic solid and derive the energy functional governing its elastic equilibrium in a non-linear, three-
dimensional setting. In section 3, we introduce a relaxation method which achieves the one-dimensional reduction
formally. In section 4, we combine this relaxation method with a two-scale expansion and derive a concrete recipe
for obtaining one-dimensional models. This method is applied to the linear analysis of the twisting of a prismatic
bar in section 5, and to the weakly non-linear analysis of the Euler buckling of a circular cylinder in section 6.

Our mathematical notations are as follows. We use boldface for vectors such as e; and tensors F'. The longitudinal
and transverse coordinates in the prismatic body are denoted as S and T = (T3, T5), respectively. Einstein’s implicit
summation rules are used throughout, whereby repeated indices appearing on the same side of an equal side are
implicitly summed; any index appearing once on each side of an equation is considered to be a dummy index, i.e.,
the equation holds implicitly for any value of the index. In addition, the range of Greek indices such as « is implicitly
restricted to the cross-sectional directions, o € {1, 2} although Latin indices such as ¢ run over the three directions
of the Cartesian space, i € {1,2,3}; as a result, T, do(S) stands for 22:1 Ta da(S). The prime notation is reserved
for derivatives with respect to the longitudinal coordinate S and we use the notation 0, for partial derivatives along
the cross-sectional directions,

f/(SvT):%(SvT) aaf(svT):a%i(S?T)'
The V notation is reserved for a differentiation with respect to the macroscopic strain h, see equation (4.10). The
notation a ® b = M denotes the symmetrized outer product of two vectors. The restriction of a function
f(S,T) to a cross-section with coordinate S is denoted as f|s: this object is a function of the transverse coordinates
T only, such that f|s(T") = f(S,T). Finally, functionals have their arguments inside square brackets: the notation
W[r, d;] for the energy functional implies that the arguments of ¥ are the entire functions r and d; and not just
their local values.

2. 3D MODEL IN CENTER-LINE BASED REPRESENTATION

In this section, the non-linear equilibrium of a finitely-strained prismatic hyper-elastic solid is formulated without
approximation. Attention is limited to the formulation of the elasticity problem and no attempt to solve it is made
until the next sections. The formulation makes use of a center-line based representation, which sets the stage for the
forthcoming dimension reduction. A similar parameterization was introduced in earlier work by Hodges (Hod06) in
the framework of linear elasticity, and extended to finite elasticity by JY16, JTY16, where it is used as a basis for
a numerical approach to dimension reduction, without any account for the gradient effect.

2.1. Center-line based representation

reference configuration _~ves actual configuration

Figure 2.1. Center-line based representation of a prismatic solid in (a) reference and (b) actual configurations.

We consider a prismatic solid in reference configuration, see figure 2.1a. We denote by £ its initial length, by
S the arc-length coordinate along its axis, such that 0 < S < ¢, by T = (T3, T2) the transverse coordinates and by
(e1, e2, e3) an orthonormal frame initially aligned with the axes T1, T2 and S, respectively. The cross-section domain
is denoted as Q C R2. Let dA =dT; dT5 be the area element in the domain  and Q= ﬂ QdA the cross-section area.
The average of a function f(T') over a cross-section is denoted as

() =g [[remyaa
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The coordinates (S, T) € (0,£) x 2 of a material point in reference configuration are used as Lagrangian variables
in the elasticity problem. The position of this material point in the actual configuration is denoted as (S, T), see
figure 2.1b. We do not assume that the internal stress is zero in the reference configuration, i.e., pre-stress is allowed.

In terms of the mapping « from the reference to the actual configuration, we define an apparent center-line 7(S)
passing through the centroids of the cross-sections,

r(8)=(=(5,T)), (2.1)
and a unit tangent to the center-line d3(S5),
dr
——=(S
ds(S) = %() (2.2)
(9|

The unit vector d3(S) can be complemented by two vectors d1(S) and d2(S) forming an orthonormal frame, the
orientation of d1(S) and d2(S) in the plane perpendicular to d3(S) being fixed by the condition

VS (Tada(S) x (@(S,T) —(S))) - da(S) =0. (2.3)

By Einstein’s implicit summation rule and by our convention that Greek indices are restricted to cross-sectional
directions, the left-hand side in the equation above is implicitly summed over a € {1, 2}. By equation (2.3), the
orthonormal frame d;(S) captures the average rotation of the cross-section about the tangent d3(S) at any point S
along the center-line. The orthonormal vectors d;(.S) are called the directors in the theory of rods.

The condition that the directors are orthonormal writes as

d;(S) - d;(S) =dyj, (2.4)

for any S and any integers 7 and j, where §;; is Kronecker’s symbol, equal to 1 when i = j and to 0 otherwise.
The original transformation can be recovered as

z(S,T)=7(S) +vi(S,T)di(S), (2.5)

where y;(S,T) = (x(S,T) —r(S)) - di(S) for i =1, 2,3 are the microscopic displacement functions (‘displacement’ is
an abuse of language, since this quantity is non-zero in the reference configuration but we will use it anyway). In
terms of the displacement y;, the constraints in equations (2.1) and (2.3) write

v(S, 1) (yi(S,T))
VS <naﬁTcx yﬁ(S7T)>

By Einstein’s conventions, the first equation with a non-repeated Latin index holds for ¢ =1, 2, 3, while the second
equation with repeated Greek indices contains an implicit sum over o, 8 € {1,2}. In the equation above, 7,3 is the
skew-symmetric symbol, such that 711 =n22=0, m2=1 and 7 =—1.

Equation (2.5) shows that r(S), d;(S) and y;(S, T) can be used to parameterize the deformed configuration.
Indeed, it can be checked easily that there is a one-to-one correspondence between the unknown «(S,T) on the one
hand, and the unknowns 7(S), d;(S) and y;(S, T) on the other hand, provided d;(S) satisfies the orthonormality
condition (2.4) and y;(S, T') satisfies the four scalar kinematic constraints (2.6). We will use r(S), d;(S) and
yi(S, T') as the main unknowns: we refer to this as the center-line based parameterization. It is natural to work
with this parameterization in the context of dimension reduction as it brings in the macroscopic variables of the
one-dimensional rod model, 7(S) and d;(S).

0
0.

(2.6)

Note that the apparent center-line 7(.S) is not a material line—in the case of a hollow cylinder for instance, the
curve 7(S) does not even lie within the material domain. Similarly, the directors d;(S) do not provide a detailed
description of the microscopic displacement on their own: the only information conveyed by the directors frame
d;i(S) is the average rotation of the cross-section about the center-line, see (2.3). Neither the fact that the material
frame d;(S) is orthonormal, nor the fact that d3(S) is parallel to the center-line, see equation (2.2), implies any
assumption or restriction on the microscopic displacement field: as noted above, the center-line based representation
can represent any microscopic transformation (S, T).

2.2. Apparent stretching, twisting and bending strain
Together, the center-line r(S) and the directors d;(S) define what is known as a framed curve. The standard
kinematic analysis of framed curves goes as follows. First, we define the axial strain £(5) by the relation

() =(1+¢(9)) ds(9), (2.7)

which implies the condition of adaptation (2.2).
Second, we define the bending strain £1(S) and k2(S) and the twisting strain x3(S) by the relation

d{(S) = —niji k;(S) di(S), (2.8)

where 7,1, is the antisymmetric (Levi-Civita) symbol of order 3. This equation defines the quantities «;(S) uniquely
since the frame of directors d;(S) is orthonormal for all S. The quantities ;(S) defined in this way are the
components of the rotation gradient x(S) = k;(S) di(S) as we have d{(S) = —n;k £;(S) di(S) = £;(S) njik di(S) =
£;5(8) d;j(S) x di(S) =k(S) x d;(S) for any S and any integer 7.

The strain measures are collected in a macroscopic strain vector

h= (e, k1, K2, K3).
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They will be referred to as apparent strain measures as they depend on the center-line and on the directors, which
are immaterial in the following sense. Consider for instance a thin cylindrical tube made up of a soft matrix and
inextensible fibers initially oriented parallel to the axis of the cylinder: upon twisting, the cylinder will shorten due
to the inextensibility of the fibers, making the apparent axial strain negative, € < 0, even though the longitudinal
strain along any of the material (helical) fibers is actually zero.

2.3. Microscopic strain

With a view of formulating an elasticity problem for the prismatic body, we derive the microscopic strain based on
the center-line representation (2.5). The deformation gradient F' such that de=F - (dT', dS) is first introduced as

F=0xRey+x'Q@e3=0,yi(S,T)d;(S)®eq+t:(S,T)di(S) ® es, (2.9)
where t; =’ - d; is the deformed material tangent that was initially oriented parallel to the axis,

ti=(1+(S)) dis+ nijk 15(S) y(S, T) + yi (S, T).

Next, we consider the microscopic Green—St-Venant deformation tensor E = % (FT.F —I) where I is the 3 x 3
identity matrix,

71
— 2

E
2

be,®ep. (2.10)

Outti O51i — Sar
%@eﬁh%m%@eﬁ%

We denote as Y = (Y1, Yz, ¥3) and Y T = (YIT, YQT, YE;[) the collections of functions Y; and YiJr obtained by restricting
the microscopic displacement and its longitudinal gradient to a cross-section, i.e.,

Yi=yils Y =ylls.
By convention, the dagger in YT means that this cross-sectional function evaluates to a longitudinal gradient of
strain, i.e., YiT(T) =yj(S,T); daggers are roughly equivalent to primes but strictly speaking the quantity Y~ cannot

bear a prime ’ :% as it is a function of T only and not of S.

With this notation, the strain E from equation (2.10) can be written as E= E(T;h(S); y|s, y'|s) where

t7

0aYi(T') 9pYi(T) — bap
2

-1
E(thvyvyT): 2 e3®83+ti8ay%(T)ea®eS+

where t; = (1 + E) i3+ Nijk Kj Y}C(T) + Y;T(T)

ea®ep (2.11)

The dependence of E on h = (e, k1, ke, k3) arises through the auxiliary quantity ¢;.

A couple comments on the notation E(T;h(S); Y =y|s, Y T=1y’|s) used in equation (2.11) are in order. The
notation implies that the strain at any point T of the cross-section can be calculated in terms of the local macroscopic
strain h(S), and of the restrictions of the displacement y|s and of its longitudinal gradient y’|s to the cross-
section of interest. In particular, the notation captures the fact that the strain does not depend on the higher-order
longitudinal gradients of displacement, such as y%. Besides, the gradients of the displacement along the cross-section

directions, namely 01y; = 2—;{ and Ooy; = i are not listed as a argument to E(T;h;Y,Y 1L) as they are reconstructed
1

Qv
oLy’
‘internally’ from the cross-sectional restriction Y as 0,yi(S,T) =0,Yi(T). As a result, the dependence of the strain
on longitudinal gradients of the displacement is explicit in this notation, but that on transverse gradients is not.

2.4. Energy formulation

In the classical elasticity theory, the strain energy ® is obtained by integration of a strain energy density w,

4
‘19[h,y}=/ //w(T,E) dAdsS, (2.12)
o J/a
where the microscopic strain E appearing as an argument to w is given by equation (2.11) as
E=E(T;h(S);yls,y’ls)- (2.13)

The bracket notation in ®[h, y| indicates that ® is a functional of its arguments.

The form of the elastic potential in equation (2.12), which serves as a starting point for our dimension reduction
method, is completely general. In particular, the following situations can be handled (not all of which can be
illustrated in this paper, by lack of space). The elastic properties of the body can be inhomogeneous across the
section, as indicated by the explicit dependence of the density of strain energy w(T', E) on the transverse coordinate
T in equation (2.12). Arbitrary hyper-elastic constitutive laws can be specified through the choice of the energy
density w; in particular, no assumption is made on the symmetries of the material. Arbitrary pre-stress distributions
can be taken into account by an appropriate choice of w, the pre-stress being the quantity Z—E(T7 0). It is also possible
to treat the case where the elastic or geometric properties of the body vary slowly in the longitudinal direction, as
discussed in the conclusion.

We assume that the prismatic solid is subjected to conservative forces, represented by a density of external
potential V(r,d;). At equilibrium, the total potential energy

4
Ulr, di, y] = [h, y] +A V(r(S), di(S)) dS, (2.14)
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is stationary with respect to the unknowns 7, d; and y. The macroscopic strain h(S) = (e(5), k1(S5), ..., k3(S)) is a
dependent variable which can be obtained in terms of the main unknowns  and d; using equations (2.7) and (2.8).

The stationarity of the total potential energy (2.14) is subject to the condition (2.4) that the directors are ortho-
normal, to the constraint of adaptation 7’ — (1 +¢) d3 =0 in equation (2.7), and to the kinematic constraints (2.6)
on the displacement. We rewrite the latter as

vS q(yls)=0, (2.15)
where g(Y) lists the constraints applicable to the cross-sectional restriction of the displacement Y =y|sg,
q(Y) = ((Yi(T)), (Ya(T)), (Y3(T)), {napTa Ys(T))). (2.16)

The first three constraints prevent the center-line from drifting away from the real material cross-sections—we use
a redundant formulation where only the sum 7 + y; d; is physically meaningful, see equation (2.5).

In equation (2.14), the potential V (7, d;) of the external load (per unit length dS) depends on the macroscopic
variables but not on the microscopic displacement. This is an assumption in our model. It can typically be justified
by the scaling hypotheses that are introduced in the classical work on dimension reduction—typically, if the load
varies on a length-scale much larger than the cross-section diameter, its potential can be derived by assuming that
cross-sections are rigid, which yields an expression of the form (2.14). If, however, the external load varies quickly
or induces large strain, it might become necessary to couple the potential V' with the microscopic displacement y.
This requires an extension of our work, which entails appending the microscopic variables coupled to the external
load as additional entries inside the vector h. This is however beyond the scope of the present paper, where attention
is limited to an external loading of the form (2.14).

2.5. Summary

We have completed the energy formulation of the elasticity problem. In the center-line based parameterization,
the unknowns are the center-line r(.5), the directors d;(S) and the microscopic displacement y;(S,T'). The center-
line 7(S) and the directors d;(S) define a framed curve which is associated with a macroscopic strain h(S), where
h=(g,K1,K2,K3), € is the axial strain, k1 and kg are the curvature strains and k3 is the twisting strain, see section 2.2.
The microscopic strain is then given as E = E(T; h(S); y|s, ¥’|s) in equation (2.11). The total potential energy
¥[r, d;, y] governing the elasticity problem is given in equation (2.14), and in particular the elastic strain energy
®[h, y] = [[Jw(T, E) dA dS is given in equation (2.12). The equilibrium equations can be derived variationally,
taking into account the kinematic constraints (2.15) for the microscopic displacement, as well as the orthonormality
and the adaptation conditions in equations (2.4) and (2.7).

3. IDEAL ONE-DIMENSIONAL MODEL

In this section we explore a formal method for reducing the equilibrium of the prismatic solid, which is a problem
in three-dimensional elasticity, to a one-dimensional problem. The reduction is based on the relaxation of the
microscopic displacement y. The relaxation problem will be introduced in a formal way in this section; it will not
be solved explicitly until we introduce additional assumptions in the forthcoming sections.

3.1. Condensing out the microscopic displacement by a thought experiment

What we refer to as a relazation of the microscopic displacement y is a minimization of the strain energy functional
®[h, y] for a prescribed distribution of macroscopic strain h(S),

®*[h] = @[k, y]. (3.1

min
y st (VS)a(yls)=0
Note that the relaxation over y is subject to the kinematic conditions (VS) g(y|s) = 0 ensuring that the microscopic
displacement is consistent with the center-line deformation, prescribed through the macroscopic strain h.
We assume that the optimization problem for y is such that the minimum is attained and denote as y = y*[h]
the optimum:

@*[h] = @[h, y*[h]], (3.2)

where all quantities obtained by relaxing the microscopic displacement y are marked with an asterisk.
We also assume that y*[h] is the only stationary point of ®[h, y], so that y*[h] is characterized by the variational
problem

(V9 such that VS, q(gs) = 0) %’[h, y*[h]] - §=0. (3.3)

All these assumptions are typically satisfied under appropriate convexity and compactness assumptions.
In equation (3.3), the notation %[h” y] - g refers to the Fréchet derivative of the functional f[] at point (h,y) in

the direction ¢. The problem for y*[h] in (3.3) is a non-linear elasticity problem with pre-stress in three dimensions,
and is typically impossible to solve in closed form.

A key remark is as follows. If we were able to solve for the optimal microscopic displacement y = y*[h], we could
define a one-dimensional strain energy potential ®* simply by inserting y*[h] into the three-dimensional strain
energy, ®*[h] = ®[h, y*[h]], see equation (3.2). Based on this strain energy functional, one could then build a one-
dimensional rod model governed by the total potential energy functional

14
[, d] = &*[h] +A V(r(S), di(S)) dS. (3.4)
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In this one-dimensional model, r(S) and d;(S) are the unknowns, subjected to the same kinematic conditions as
earlier in section 2, and the macroscopic strain h is a dependent variable that can be calculated as earlier (§2.2).
We refer to this model as the ideal one-dimensional model. It is one-dimensional in the sense that it exposes
the macroscopic variables only, the microscopic displacement y = y*[h] being reconstructed ‘under the hood’. It
is t¢deal in the sense that it is rigorously equivalent to the three-dimensional elasticity problem from section 2, as
shown in section A.2 from the appendix. This shows that dimension reduction is really a relaxation problem.

3.2. Equilibrium and constitutive laws

We derive the equilibrium equations and the constitutive laws of the ideal one-dimensional model variationally,
starting from the total energy potential ¥*[r, d;] in equation (3.4).

The densities of external force p(S) and external moment m(S) are first identified from the variation V of the
external potential as follows,

¢ ¢ .
/VdS:f/ (p(S) - #(S) +m(S) - 6(S)) dS. (3.5)
0 0

where # is the perturbation to the center-line and @ the infinitesimal rotation of the directors d;, such that d;(S) =
6(S) x di(S). As usual in the principle of virtual work, we limit attention to perturbations # and @ such that the
incremental form of the kinematic constraint (2.7) is satisfied.

As shown in section A.1 of the appendix, the condition that the energy ¥*[r, d;] is stationary yields the extensible
variant of the classical Kirchhoff equations for the equilibrium of thin rods,

N(S)=R(S)-d3(5)
R/(S)+p(S)=0 (3.6)
M'(S)+7'(S) x R(S) +m(S)=0

together with constitutive laws for the one-dimensional stress variables N(S) and M;(S). These constitutive laws
can be identified from the first variation of the strain energy (3.2) with respect to the macroscopic strain as follows,

N(S) &+ M(S) = [[ 2T BT h(S): yhlls, v 0)19) ST RSy blls, w* b)) R (1)

Here h = (&, R1, R2, R3) is a perturbation to the macroscopic strain and X is the microscopic Piola-Kirchhoff stress
tensor,

(T, E) :%(T,E). (3.8)

In equations (3.6-3.7), R(S) is the internal force, its component N(S) along d3(S) is called the normal force,
M(S) is the internal moment and M;(S) = M (S) - d;(S) are its components in the directors basis. A microscopic
interpretation of the internal stress N(S) and M;(S) based on equation (3.7) is given in equation (A.5) from
appendix A.3. The last two lines in equation (3.6) are the Kirchhoff equations for the equilibrium of rods; they are
a balance of forces and moments on an infinitesimal segment, respectively. The equilibrium equations (3.6) must
be complemented by boundary conditions which can be derived variationally and vary from one problem to another.

As discussed in section A.2 of the appendix, equations (3.6-3.7) governing the equilibrium of the ideal one-dimen-
sional model are mathematically equivalent to those governing the original three-dimensional model from section 2.
The one-dimensional model involves no approximation. It achieves the ultimate in dimension reduction: it hides the
microscopic variables while preserving the solutions of the original three-dimensional problem. Incidentally, it also
makes the connection with the classical Kirchhoff equations (3.6) for elastic rods. Unfortunately, the constitutive
laws (3.7) are in effect useless as they depend on the optimal microscopic displacement y*[h], which is not available
in closed form: the one-dimensional potential ®*[h] is a mathematical object that hides a daunting problem in non-
linear three-dimensional elasticity.

In the following section, we construct approximations to the ideal one-dimensional model that are mathematically
tractable.

4. ASYMPTOTICALLY EXACT ONE-DIMENSIONAL MODELS

4.1. Strategy

Even though it cannot be used directly, the ideal one-dimensional model from section 3 offers a natural starting point
for building one-dimensional approximations to the original three-dimensional problem. A critical help towards this
goal is furnished by our previous work (LA20b), in which a method to calculate the relaxed displacement y*[h] in
powers of the successive gradients of h(S) has been obtained. In this section, we apply this asymptotic method and
obtain approximations to the ideal strain energy ®*[h]. This leads us to concrete rod, models which are accurate
approximations of the original three-dimensional problem when the gradients of the macroscopic strain h(S) are
small.

The reduction method from LA20b assumes that the macroscopic strain varies on a length-scale ~p /¢ much
larger than the typical dimension of the cross-section ~p, where ¢ < 1 is a small scalar parameter that is used as
an expansion parameter,

d’h
ds?

h(5)=0(1) (8)=0(¢H.
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We emphasize that h(S) is allowed to vary by a finite amount across the length ¢ of the structure as long as
h’(S) = O(¢) remains small everywhere: unlike most (if not all) of the alternate methods from the literature, ours
does not require the strain h(S) to remain uniformly close to a specific value hg, for all values of S—this property
is particularly useful for the analysis of localization, as discussed by AH16 and LA20a. Besides, the expansion has
been shown to give extremely accurate results even beyond its strict conditions of mathematical validity, when the
gradient h’(S) is not small.

The reduction method uses as input the expressions of the strain E(T; h(S); Y, Y T) and the constraint g(Y")
relevant to our particular problem from equations (2.11) and (2.16), and furnishes an approximation to the one-
dimensional strain energy functional

*[h] = @y [h] +£0O(¢P) (4.1)
of the form

£ -
oyl = [ [Whom(hw)) + A(R(S))-h/(S) + 5 h/(S) - D(A(S) - h'(5) | d, (4.2)

where h; = hi(S) + &(h(S)) h{'(S) (no implicit sum on i) is a modified strain measure, see equation (4.17) below.
The reduction method from (LA20b) is summarized in appendix B. Explicit expressions for the potential
Whom(h), the coefficients £;(h) entering in the alternate strain measure h, and for the elastic moduli A(h) and
D(h) are available. Both geometric and material nonlinearities are accounted for, as reflected by the fact that
the quantities &;, A and D all depend on h, typically in a non-linear way.
A lower-order approximation ®*[h] ~ ®{y)[h] +£O(() can also be obtained by discarding the gradient terms in
®5)[h], which are of order ¢ or higher,

4
CDZCO)[h] = /0 Whom(h(s)) ds. (43)

Unlike &%) [h], the strain potential ®{y)[h] does not capture the gradient effect: the strain energy Whom(h) in @5y [h]
is a function of the local strain h(S) only.

The term A(h(S)) - h/(S) being incompatible with the most common material symmetries, see section 6.2.1,
the modulus A(h(S)) is often zero. In this case, ®{yy[h] is a better approximation than announced above, i.e.,
O*[h] = @7 [h] + £ 0O(¢?); by a similar argument the other estimate can be improved as well in the presence of
additional symmetries, i.e., ®*[h]~ ®5[h] + £ O(¢Y).

In the remainder of this section, we apply the reduction method from our previous work to the prismatic solid.
The potential Wi om(h) entering in the lower-order approximation @{0) [h] is derived in section 4.2. The higher-order
approximation ®(5[h] is derived in the subsequent section 4.3.

4.2. Analysis of homogeneous solutions

As recalled in section B.1 from the appendix, the elastic potential Wiom(h) has to be constructed from a catalog
of homogeneous solutions. By homogeneous solutions, we refer to the case where neither h(.S) nor the microscopic
displacement y(S,T') depend on S. Homogeneous solutions are analyzed in this section; accordingly, the macroscopic
strain h = (e, K1, k2, k3) is treated as a constant. Doing so, we are temporarily limiting attention to configurations
of the center-line that are a helix, an arc of circle or a straight line.

The optimal microscopic displacement y*[h] being now independent of S, we denote by Y" = (y*[h])|s its
restriction to any particular cross-section S. Then,

y*[h|(S,T)=Y™T) (homogeneous case, h is constant).

Here, Y = (Yih)lgigg denotes a triple of functions defined over the cross-section, each function Yih(T) being a
component of the local displacement in the basis of directors, see equation (2.5). The superscript h in the notation
Y " serves both as an abbreviation for ‘homogeneous’, and as a container for the macroscopic strain values, on which
Yh =y (e rir2 k) depends.

From equation (2.11), the strain E(T7 h,Y)=E(T;h;Y,0) relevant to homogeneous solutions writes

. 0aYi(T) 95Yi(T) - §
es® e+ 1 0aYi(T) e © eg + 22XHT) ﬁz( ) =008, e (4.4)

where Ez = (1 + E) dis+ Nijk Kj Yk(T)

E(T,h,Y)

_ti-1
T2

This specific expression of the strain is derived from the generic one in equation (2.11) with the gradient term vyt
set to zero.

For any value of the macroscopic strain h, the relaxed displacement Y? of the homogeneous solution must be
found by minimizing the strain energy potential ® with respect to Y among all the microscopic displacements
satisfying the kinematic conditions g(Y') = 0, see equations (3.1) or (3.3). This leads to the following variational
problem, as derived in equation (B.1) from the appendix,

//Q YM(T)dA=0
[ mve) —myimyas=o (4.5)

vY %[E(T,Eh(T))E~h(T)+FZhY;(T)+Qh (TlYQ(T) *TQYG(T))J dA=0.
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where Eh(T) = cdl—f,(T7 h,Yh). Y is the virtual change of strain, and the four scalars (Flh7 Fh, FP, QM) are Lagrange
multipliers enforcing the constraints g(Y®) =0 that have been spelled out in the first two lines of equation (4.5).
This variational problem is a two-dimensional, non-linear problem of elasticity in the cross-section 2 with pre-
strain that depends on h. For the simple examples given at the end of this paper, the solution Y" will be obtained
analytically but a numerical solution might be required in more complex geometries.

Solving this variational problem repeatedly for all possible values of h, one obtains a catalog of homogeneous
solutions Y" indexed by the macroscopic strain h. The elastic potential Whom(h) is then defined as the strain
energy per unit length of the homogeneous solution Y7,

Whom(h)://ﬂw(T,Eh(T))dA, where EMT) = E(T,h,Y"). (4.6)

The lower-order one-dimensional strain energy potential ®(y)[h] can then be readily constructed from equation (4.3):
most engineering models for slender structures make use of the energy potential @{0) [h] which we have just obtained,
see equation (5.11) for instance.

In terms of the catalog of homogeneous solutions Y?, we introduce the following auxiliary quantities relevant to
the homogeneous solution,

FA(T) = (1+4¢)diz+nijir; Y(T)
F(T) = 0.Y™(T)
EMT) = E(T;h;Y",0) (4.7)
shT) = (T, EMT))
2
KMT) = 90T, BMT))

where FZ}(T) are the components of the deformation gradient F?(S,T) = Fi’; (T) di(S) ® ej, E™ is the microscopic

strain, =" the microscopic stress, and K" is the matrix of tangent elastic moduli.

4.3. Analysis of the gradient effect

This section aims at deriving the higher-order approximation <I>(*2) [h] to the strain energy, that captures the gradient
effect. We do so by following the general method from section B.2 in the appendix B.

Given a distribution of macroscopic stress h(S), the idea of the method is to seek the solution to the relaxation
problem (3.1) in the form

y*[h)(S,T) = Y*)(T) + 22 (h(5), T) + O(¢?), (4.8)

where Y(5) is the displacement predicted by the catalog of homogeneous solutions based on the local value h(S)
of the macroscopic strain, Zc’fp(ts )(T , h/(S)) is a correction proportional to the local strain gradient h’(S), to be
determined, and O((2) denotes higher-order terms which do not enter in the determination of @ (5y[h]. We proceed to
show how the correction pr(ts )(h’ (S),T) can be obtained, which is a first step towards constructing the functional
@5 [R].

4.3.1. Optimal displacement

As shown in previous work and summarized in appendix B, the optimal correction ng(ts )(T ,h'(S)) can be found
by solving a variational problem on the cross-section that effectively enforces the optimality condition (3.1). This
variational problem makes use of an operator Bh(hT7 Z) that takes the strain h, its gradient ht and a generic
displacement field Z defined on the cross-section as arguments. We follow the step-by-step recipe from the appendix
to build the operator Bh(hT, Z), based on the knowledge of the homogeneous solutions Y". Auxiliary operators
need to be introduced in this process.

The first step is to identify the structure operators efj, which are the gradients with respect to h, hf, Y and Yt
of the microscopic strain function E(T;h;Y ,Y ) in equation (2.11) about a homogeneous solution. These structure
operators are defined in section B.2.1 and are calculated in appendix C. They are purely geometric quantities.

Next, the linear increment of strain E#(T', k1, Z) associated with a small strain gradient h' = (eT, /11[, ng, /4;;) and
with the corrective displacement Z are obtained from equation (B.5) as

EMT, T, Z)= (b - VY(T)) F(T) e; © e3+ niji 51 FR(T) Zi(T) 1@ es+ FH(T) 0aZi(T)e; @ eaq. (4.9)

The last argument Z = (Z1, Z2, Z3) is a triple of functions defined on the cross-section, representing the corrective
displacement; £P is viewed as an operator acting on the cross-sectional functions (Z1, Z2, Z3) that are not yet known.

The V notation is systematically used to denote a gradient with respect to the macroscopic gradient h, with the
convention that the increment of h is applied by a left multiplication: in equation (4.9), the first term in the right-
hand side must be interpreted as

h
tooyrr = Y (T) s
ht. VYr(T) o h
_ 82;(5’&1’&2’&3)(11) ET+ 82;(5’&1’&2’&3)(11) HT

Oe 8/4]1 1

(4.10)
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(1

Following the general method, we introduce yet another operator C}, ). For a given value of the macroscopic
strain h and for a triple Z T of scalar functions ZiT defined over the cross-sections (representing the components of the

longitudinal gradient of the corrective displacement, hence the dagger notation), C,(Ll) is defined from equation (B.6)

" eV .zt = // (T) z} (T) dA (4.11)

A related operator VC,(Ll) is defined by a formal integration by parts with respect to the { symbol (formally
representing the longitudinal derivative d /dS), see equation (B.7),

—ht.velV. z= //( T)E 5(T) ., T)Zi(T)dA. (4.12)

In our previous work, we have shown that the perturbation to the strain energy per unit length caused by a strain
gradient h and by the corrective displacement Z is given by the operator l’)’h(hT7 Z) defined in equation (B.6) as

Bh(hT,Z):/ SEMT R, Z): KN(T):EM(T, hT, Z) dA..
Q

+ /A ((;2 (h*-vnh(T»?Eé%(T))+hT-VYi’L<T> (min 15 S55(T) Zi(T) + Sa(T) 9pZi(T))... i)

1
+5 (8ij K7 — ki k) SB3(T) Zi(T) Z;(T) + niji 55 S03(T) Zi(T) 00 Zi(T)...

+% S5 (T) 0a.2:(T) aﬁzi(T)) dA-nt.vcd . z.

This operator Bh(hJr Z) is a quadratic form with respect to each one of its arguments htand Z.

The optimal corrective displacement Zopt(hf) is characterized by the fact that it is the stationary point of the
quadratic functional B*(hf, Z) over the set of cross-sectional functions Z’s satisfying the kinematic constraint
q(Z) = 0; this is fully in line with the interpretation of B®(h, Z) as the increment of strain energy caused by the
gradient effect. This leads to the variational problem stated in equation (B.8): given h and hT, find the corrective
cross-sectional displacement Zopt (hT) and the Lagrange multipliers Fopt(hT) and Qopt(hT) such that

// b (R, TYdA=0

/A[Tl ZDpLQ(hT,T) T zopt (R, T)]dA=0 (4.14)

V2 O 2l (h)- 2+ [ [Fly (b Z(T) + @l (b1 (T: Za(T) ~ Ta Za(T))] A =0,

As BP(h', Z) is quadratic, this is a two-dimensional problem of linear elasticity in the cross-section, with residual
strain proportional to hT: its solution Z ot (T, hT) is linear with respect to the strain gradient ht.

This completes the determination of the corrective displacement Z, opt (hT) as a function of the macroscopic strain
h and its longitudinal gradient h 1.

4.3.2. Definition of the one-dimensional model

We have solved for the corrective displacement Z;Lp(ts )(h’ (S),T). There remains to insert the relaxed displacement
y*[h] from equation (4.8) into the original strain energy ®*[h] = ®[h, y*[h]]. This yields the reduced strain energy
@ (3[h] announced earlier in equation (4.2),

£ -
o)) = /0 [Whm(h(s» + A(R(8)) - h/(8) + 5 h/(S) - D(R(S) - h(S)

together with explicit expressions for the elastic moduli A(h), D(h) and for the modified strain h(S), which are
obtained as follows—the reader is referred to appendix B for details.

The auxiliary one-dimensional moduli B(h) and C(h) are obtained by inserting the optimal displacement into
the operators B and C,(Ll) introduced earlier, and by identification from the following equations,

Sh1B(R)-hT = BB, 2l (h1)

(4.15)
C(h)-ht = c{V-zh (nh).
The one-dimensional moduli A(h) and D(h) appearing in ®{)[h] write, from section B.2.3,
A(h)-ht = //zh (T): (T, 0)dA
(4.16)
D(h) = B(h )+2f(h)
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and the modified strain h(S) is defined by

hi(S) = hzgz’:r) &(h(S))hi(S) (no sum on 1)
&(h) = o (4.17)
e (h)

where C;(h) is the i-th component of C(h), i.e., the coefficient in factor of h;r in C(h)-hT, see equation (B.11).

This completes the construction of the functional @(2)[}1,]. The process is long but straightforward. It can be
turned into a fully automated procedure using symbolic calculations, something which we will explore in future
work. In the remainder of this paper, we illustrate the procedure by carrying out the calculations for two problems
that are tractable analytically; the first problem is linear and the other one is non-linear.

5. ILLUSTRATION IN A LINEAR SETTING: TWISTING OF A THICK BAR

Figure 5.1. Pure twisting of a thick bar: actual configuration.

A number of authors have addressed higher-order effects in beam models for prismatic solids in the limited
context of linear elasticity (TV89, NPK18, BCOla, BCO1b). In this section, we derive a higher-order model for the
twisting of a prismatic bar using our method; we show that its predictions are consistent with prior work from the
literature. This provides a first illustration of the reduction procedure described in section 4.

5.1. Problem setting

We consider the pure torsion of a linearly elastic bar including higher-order effect. To simplify the calculations,
we make some convenience assumptions. First, the elastic material is assumed to be linear and isotropic with
homogeneous properties. This corresponds to a microscopic strain energy density

w(T,E):%(,\trQEerE:E), (5.1)

where X and p are the Lamé elastic moduli. Second, we assume that the cross-section €2 has two perpendicular axes
of symmetry, and we set up the cross-section coordinates (11, T2) along these axes; as a result, the cross-section is
invariant by the two mirror symmetries T, <— (—T,). This symmetry assumption decouples the twisting mode from
the bending and stretching modes (TV89). It allows us to analyze twisting while setting ¢ =0 (no stretching) and
Ko =0 (no bending). We will therefore have to deal with a single non-zero macroscopic strain k3 (twisting), which
we rename as T = k3. Accordingly, we shrink the macroscopic strain h to a vector with length 1,

h=(7).

In the context of linear elasticity, the main unknown is the (true) displacement v;(S, T') from the reference to
the actual configuration. It is connected to the microscopic positional unknown y;(S,T) used so far by

ya(svT) = Ta + Ua(S7T)

5.2
y5(S,T) = v5(S,T) (5-2)

Inserting the equation above into equation (2.11), one obtains the strain E as
E(T;m;V, VT) =—TnagTpea ®e3+ 0,Vi(T)eq O e;+ ViT(T) e;®es. (5.3)

Here, V and VT denote the restrictions of the displacement and its longitudinal gradient to a particular cross-section,
Vi=uls  Vii=vfls (5.4)

In linear elasticity, the cross-sectional displacements V' and V1 are used as the unknowns parameterizing the
microscopic displacement, instead of the cross-sectional positions Y and Y T relevant to the non-linear setting.

As we are working in the context of linear elasticity, we linearize all quantities with respect to the twisting strain
7, to the displacement V' and to its longitudinal gradient V' T. Such a linearization has been carried out silently in
the right-hand side of equation (5.3), in particular.

In the forthcoming sections, we apply the method from section 4 and derive a one-dimensional model describing
the twisting of the linearly elastic bar that includes the gradient effect.



BasiLE AuboLy, CLAIRE LESTRINGANT 11

5.2. Analysis of homogeneous solutions

We first focus on homogeneous solutions, obtained by discarding the gradient of the displacement in the local basis,
V=0, in equation (5.3). This yields the strain of homogeneous solutions as

E(T,7,V)=—mn.3Tpeqc®e3+ 0,Vi(T) eq O e;.

Homogeneous solutions V(") are the stationary points V = V(") of the strain energy %ﬂg (A trPE+2uE: E) dA

where E = E(T7 7, V), subject to the kinematic constraint g(V) = 0 in equation (2.16). With the help of
equation (4.5), the variational problem satisfied by V() writes as

/AVZ.(T)(T) dA=0

/A[Tl Vi) -1V (T) ] dA=0 (5.5)

vV //[E(T,E(T)(T)):E‘(T)(T)—f—Fi(T)V;(T)+Q(T)(Tlvg(T)—Tng(T))]dA:O.
Q

where E(7)(T) = E(T, v, V(7)) is the microscopic strain, (T, E((T)) = :—I“;(T, ECN(T) = tr EV)(T) x I +
2uEN(T) =2 i (=10 T+ 0aVa(T)) €a © €3+ (A0 Vo(T) Sop + 2 11 0aV5(T)) €0 @ €5+ A0,V (T) e3 @ e3 is the
microscopic stress, I is the 3 x 3 identity matrix, E (T)(T) = BQVZ-(T) eq ® e; is the virtual increment of strain, and
F( and Q") are Lagrange multiplier enforcing the constraints written in the first two lines of equation (5.5).

By inserting these expressions into (5.5), one obtains two decoupled problems, namely one for the cross-sectional
displacement V,,(T") which has no source term, and one for the longitudinal displacement V3(T') having a source
term proportional to the kinematic strain 7. The solution writes

Vil =0 v{(T)=rw(T) (5.6)

where w(T') is the classical warping function (TV89), defined as the solution of the variational problem

//wdA:O and VW //BawaacadA:—// NapgTo Ogw dA. (5.7)
Q Q Q

The function w(T') depends on the geometry of the cross-section only.
In terms of the solution (5.6), one can reconstruct the microscopic strain and the microscopic stress as

ENT) = E(T,7,V) = 7(-1apTs+0w(T))eaOes

5.8
2O(T) = 2uET(T) = u7(~110sTs+0aw(T)) (€a ®es+e3® eq) 9

Next, the strain energy density Wiom(7) defined in (4.6) is found by inserting the strain E("')(T) into (5.1), which
yields

1
Whom(T) =3 wJr2, (5.9)

where J is the torsional constant, classically defined as

J = //QZ (=1 Tp + Oaw(T))? dA

(5.10)
- /A(Tf +TP)dA - /A((aw)? + (0aw)?) dA.
The last equality can be established by using of an identity obtained by setting & =w in (5.7).
In view of equation (4.3), the one-dimensional strain energy is
“
7y [7] =[) L) ds. (5.11)

We have recovered the classical linear model for the twisting of bars, ignoring the gradient effect for the moment.
Repeating a similar reduction but for stretching and bending modes rather than for the twisting mode, one can

[% e2(S) +

recover the strain energy potential governing the planar Euler-Bernoulli beam model, ® (e, &] = [
YI K2(S )] dS, where € and k are the stretching and bending strain measures, respectively, and YA and YI are the

2
classical traction and bending moduli, respectively. Here, we have considered rods made up of a uniform, linearly
elastic, isotropic material here; extensions accounting for anisotropic or non-linear elastic materials (CGL+88), for
inhomogeneous elastic properties in the cross-section (Hod06), or for a pre-strain distribution across the cross-section
(CRS17, KO18, MLG20) can be obtained easily by following the same procedure.

5.3. Gradient effect

In appendix D, we derive the one-dimensional energy functional capturing the gradient effect associated with a non-
uniform distribution of twist 7(S). We do so by applying the general recipe from section 4.3 to the strain function
E(T;7;V,V1) in equation (5.3). The main results can be summarized as follows.
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A second torsional constant, classically called the warping constant, is defined by

Jw://QWQ(T) dA. (5.12)

The gradient of kinematic twist 7/(S) gives rise to a corrective displacement along to the cross-section
ZP (D) =rhua(T) 2571 1) =0 (5.13)

where uo(T) for =1, 2 are two functions satisfying the variational problem

vaa//({Aapupéaﬁmuw}aﬁanr(Awaaﬁafuaama)fFaaannaﬁTaﬁﬁ)dAzo (5.14)
Q

//uadA:O //naBTaquAZO. (5.15)
Q Q

In equation (5.14), 4o (T') for =1, 2 are test functions defined on the cross-section, and (Fi, F2, Q) are three scalar

multipliers enforcing the kinematic constraints. The solutions u(7") depend on the cross-section geometry and on
A
2(A+p)”
In terms of the corrective displacement u, and of the warping function w(T') found earlier, see equation (5.7),
one can define three additional constants,

Dy = )\// Oaua(T)dA
Dy = p // Bow(T) ua(T) dA (5.16)

Dy = (A+2p)Ju+ Dy

and the kinematic constraints

Poisson’s ratio v =

The final expression of the one-dimensional strain energy is

@(2)[7}=/()Z(%uJ(T(S)+%§—;)2+ (Dw+D )(jg) )dS. (5.17)

To the best of our knowledge, this simple one-dimensional strain energy for the twisting of a linearly elastic bar is
not known from the literature. It captures the gradient effect and is asymptotically correct. It underpins some of
the results of TV89, as discussed below, in an accessible form.

By combining equations (2.5), (4.8), (5.2), (5.6) and (5.13), the solution in displacement is found as x(S,
T)=Se3+ (To+7'(S) ua(T)) da(S) + 7(S) w(T) e3(S) where d1(S) =e1+0(S) ez and d2(S) = ez — 0(S) ey are the
rotated directors and 6(S) is the twisting angle, see figure 5.1 (recall that we are working in the linear setting). The
usual relation defining the twisting strain 7(S) = 6’(S) as the gradient of the twisting angle 6(S) is recovered in the
process.

The particular case of an elliptical cross-section is worked out in section D.2 in the appendix: with a and b as

the semi-major and semi-minor axes, in any order, the constants appearing in the energy <I>(Jr2) are calculated as

3p3 1 (b2 — b ioti -
= T‘aaztierz w=57 % J D,=8ul, (azaierQ D,=YJ, (elliptical cross-section) (5.18)
where Y is the Young modulus,
3A+2p
Y=p———. 5.19
S vy (5.19)

5.4. Equilibrium

In the presence of a distributed external twisting moment m3(S) per unit length d.S, the total potential energy of
the bar is

Y4
WH(6) = By (0] /0 ma(S) 6(S) dS

see equation (3.4). The equations of equilibrium of the bar can be found by making ¥*[0] stationary with respect to
6. Upon integration by parts and after several simplifications, one obtains the equilibrium equation in the interior as

d
ds

along with the applicable boundary conditions. Note the plus sign in front of D, in equation (5.17) and the minus
sign in equation (5.20).

S J T — (D — Dy) 7") +ms3(S) =0, (5.20)

5.5. Comments

The equilibrium equation (5.20) underpins the analysis of the gradient effect in twisted prismatic bar done by TV89,
as shown in Appendix E; however this simple and important equation did not appear explicitly in this work.

In equation (5.20), the quantity inside the derivative M3=p J 1 — (D, — D,,) 7’ can be interpreted as the internal
twisting moment in the bar; it is made up of the prediction M3=pu J7 of the classical model without gradient effect,
and of a correction coming from the gradient effect; it is a hallmark of higher-order gradient models that the stress
not only depends on the local strain but also on its gradients. The quantity Ms=pu J7 — (D, — D,) 7" is identical
to that obtained by the general constitutive law in equation (3.7), as can be checked.
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In the particular case of a circular cross-section, a = b, the gradient effect is absent: in equation (5.18), J, =0
and therefore D, =D, =0.

The gradient model for a twisted bar has been derived here in the context of linear elasticity. A non-linear
extension of this model can be obtained along the same lines; in order to build the catalog of solutions having
homogeneous twist, a non-linear one-dimensional boundary-value problem must be solved, which requires some
numerical solution in general. In the non-linear model, the constitutive law is of the form M35 = H(7) + Q(7) 7".
Consistency with the linear model is warranted by the approximations H(7)~ u J7 and Q(7)~ —(D, — D,,) which
hold when linear elasticity is applicable, i.e., when the microscopic strain is small, |7| < 1/max (a, ). This shows
that the linear model derived in this section is applicable as long as the absolute value of the twisting strain 7
remains small.

6. TLLUSTRATION IN A WEAKLY NON-LINEAR SETTING: BUCKLING OF A THICK BEAM

Euler buckling (i.e., the buckling of an elastic cylinder subjected to an axial compressive force) can be analyzed
using the classical theory of rods: this yields a prediction for the buckling load which is accurate for infinitely slender
beams. With the aim to characterize the buckling load of thicker beams, several authors have derived corrections to
the Euler buckling load in powers of the aspect-ratio. This requires restarting from the non-linear theory of elasticity
in three dimensions, as both constitutive and geometric nonlinearities affect these corrections.

In an early and remarkable work, F'S63 have carried out what is essentially a linear bifurcation analysis of a hyper-
elastic cylinder having a finite length-to-radius ratio. They obtained a prediction of the buckling load that connects
with Euler’s prediction in the limit of a slender cylinder, thereby showing consistency of the buckling analyses based
on three-dimensional versus one-dimensional models. However, their solution assumes that the internal moment
in the cylinder is proportional to the local value of the center-line curvature. This is questionable for thick beams:
the internal moment M given by equation (3.7) depends on higher derivatives of the curvature as well, as earlier in
equation (5.20). It is therefore unclear whether their analysis is valid beyond the infinitely slender case.

In more recent work, ST98 derived the first buckling load of a stubby hyper-elastic cylinder in powers of its
aspect-ratio, starting from the full theory of three-dimensional elasticity with finite strain—a similar analysis has
been carried out independently by GVD08, DDG11. Here, we show that the results of ST98 can be recovered by
(i) deriving a non-linear one-dimensional model for the stubby cylinder that captures the gradient effect, using our
reduction method and (ii) by carrying out a linear bifurcation analysis of this one-dimensional model.

By doing so, our goal is twofold: we provide another illustration of our reduction method and we verify its
predictions in a weakly non-linear setting.

6.1. Problem setting

We revisit the buckling problem of ST98 as follows. We consider a prismatic elastic body having length is ¢ in the
undeformed configuration: in figure 6.1a, the particular case of a cylinder with initial radius p is shown. We use
Cartesian coordinates such that the axis e3 is aligned with the initial axis of the cylinder, and one of the terminal
faces of the cylinder is centered on the origin O of the coordinate system. The two ends S =0 and S =/ are assumed
to slide without friction on two planes perpendicular to es, i.e., the displacement along es is zero on the terminal
faces of the cylinder; in particular the longitudinal displacement is restrained on the terminal faces,

x(0,T)-e3=0 (x(¢,T)—7(0))-e3=0. (6.1)

The distance between the planes is changed from £ in the natural configuration, to £ (1+¢) in the actual configuration
with —1 < e < 0. We seek the critical value of € corresponding to the occurrence of the first buckling modes.

We assume that the prismatic body is made up of an isotropic material, having uniform elastic properties. We
also assume that the cross-section domain €2 is mirror-symmetric about the axes e; and es in reference configuration,
i.e., it is invariant by both (11, T2) < (T1, —T2) and (11, T2) + (=T, T»); this warrants

{(T1)? (T3)7) = 0 whenever i or j is odd, or both are odd (6.2)

With these assumptions, the two bending modes and the stretching modes are uncoupled, and we limit attention to
buckling modes such that the center-line remains in the plane perpendicular to e;. We denote by 6(S) the rotation
of the material frame about the constant vector normal d;(S) =e; to the plane of deformation.

The analysis of less symmetric cross-sections, non-isotropic materials, or elastic properties that vary in the cross-
section is more involved but it does not raise any fundamental difficulty.

The prismatic body is homogeneous and made of an isotropic hyper-elastic material. We can for instance use the
same constitutive model w(T, E) =wst(E) as used by ST98, which reads, after restoring a missing coefficient 1 /4
in their equation [55], wsT(E) = AsT (% 73) + BsT (% — 3) +% W % ([3? _ %)27 where Iy = trC,
Iy :% (I3 —tr(C?)), I3=det C and C = I + 2 E. However, we do not specify the isotropic constitutive law for the
moment. The only constitutive assumptions which we will use in the forthcoming analysis is that, in the unbuckled
configuration, the stress is uniaxial and the incremental constitutive law is transversely isotropic: this holds for any
isotropic constitutive law. Specifically, our analysis makes use of the three constitutive functions wi.(¢), Y;(¢g), p(e)
that characterize the non-linear material response in simple traction, where ¢ is the longitudinal engineering strain:
wir(€) is the strain energy density of the material in simple traction, Y;(e) is the tangent Young modulus and p(e)
is the transverse stretch resulting from Poisson’s effect, see section F.1 in the appendix for details. In terms of these
material functions, we also define the initial Young modulus Yp, the initial Poisson’s ratio vy and the initial curvature
Yy of the load-displacement curve, see equation (F.10) from the appendix.
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Y “ Y
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e1 e; el
reference configuration unbuckled configuration buckled configuration
Figure 6.1. Buckling of a thick circular cylinder with initial radius p, whose terminal faces slide onto two parallel

planes, as analyzed by ST98 and GVDO08. Our analysis addresses the slightly more general case of a prismatic body,
whose cross-section €2 is mirror-symmetric with respect to be axes e; and es.

6.2. One-dimensional reduction

In this section, we apply our reduction method to obtain the one-dimension model for the planar beam capturing
the gradient effect; it describes the bending and stretching of a planar, higher-order Elastica.

For planar deformation, there are two relevant macroscopic strain measures, namely the bending strain k = k1
and the stretching strain e; they are grouped into a macroscopic strain vector h = (¢, k). In the planar twistless
case, the general form (4.2) of the higher-order one-dimensional model writes

£
@{2)[5,1‘@}:/(; |:Whom<€+£()(€7n) e k4 £1(e, K) I‘i”)...
’ , o1 € Doo(e, k) Dio(e, k) el
T Ao(e R)eT+ Asle, 1) +2< K’ >( D?g(a,n) Di?(a,n) )( K >]d5-

We now proceed to calculate the quantities Whom, o0, £1, Ao, A1 and D;;: we consider the case of a finite axial
strain € but limit attention to small values of the curvature k, anticipating that this is all that is needed for the
forthcoming buckling analysis.

(6.3)

6.2.1. Symmetry properties

We first characterize the symmetry properties of the functions Whom, €0, &1, Ao, A1 and D;; as they will save us
from calculating some quantities that are zero by symmetry. The cylinder is invariant both by a mirror symmetry
with respect to the axis es, and by a reversal of the parameterization S < (—S). These symmetries correspond to
changing (g, x,¢’,k’,e", k") into (+e, —k, +e’, —r',+€", —k"") and (+e, —k, —€’, +r’, +€"', —r'"), respectively. For
@{2)[6, k] to remain invariant by both these transformations, both Ag and A; must be zero identically, Wiom, o, &1,
Do and D11 must be even with respect to x, and D1 must be odd with respect to k, see equation (6.3). Therefore,
for any € and k, and for any set of non-negative integers ¢ and j, we have

Ao(e, k) =0 Ai(e,k)=0

§it2itly _ )
W(E,O) =0 for any choice of f m {Whonn 507 51, D007 Dll} (64)
i+27
8,7[;1.0(5,0) =0
Og® OKk=7

In particular, the matrix D;;(e,0) is diagonal, i.e., D1o(e,0) =0.

6.2.2. Analysis of homogeneous solutions

Homogeneous solutions are derived here by solving the equations from section B.l in the appendix, using the
expression of the strain from equation (4.4) relevant to the non-linear and homogeneous setting, and by specializing
to the planar twistless case, ko = k3 = 0. As we are ultimately interested in weakly bent configurations of the
cylinder, close to the bifurcation threshold, we treat x as a small parameter. We refrain from setting x =0 from the
onset, however, as some derivatives of intermediate quantities with respect to k will be needed in the course of the
derivation.
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As shown in section F.2 of the appendix, the microscopic displacement corresponding to a homogeneous axial
strain € and curvature & is
dp

Y& = p(e) (Ta +rge©) eoa(T)) +O(R2)  Y35(T)=0 (6.5)

where ¢1(T') and 2(T) are two functions depending on the cross-section geometry, which are the solutions of the
differential problem on the cross-section

Oapp(T) + 0ppa(T)
2

VT €9 =T200p  (Pa)=0 (napTaps(T))=0. (6.6)

With the symmetry assumptions in (6.2), the solution is

ei(T)=T1T>  2T)= L QTIQ 1) ; (1) (6.7)

Up to a rigid-body displacement, the functions ¢; and @2 match the functions ¢21 and ¢22 classically used in the
linear analysis of bending, respectively—see for instance equations [2.5,3.8,3.9] in the work of TV89. Our analysis
shows that they are relevant to the analysis of finite-stretching and infinitesimal-bending as well.

As shown in the appendix, the displacement (6.5) is such that every point in the bar is in simple traction
with a local longitudinal strain € + « p(¢) T> depending on the transverse coordinate T»: the strain is given by
EC")(T) = Ey(c + 1 p(e) To) + O(k2) and the stress is uniaxial, £ (T) = S, (e + £ p(e) Ta) e3 @ e3 + O(k2),
where Ei,(g) and ¢, (£) e3® e3 are the strain and the stress in simple traction for the particular material considered,
see equation (F.1).

The strain energy per unit length associated with this homogeneous solution is found in the appendix as

Whom(e, k) = A wee(€) +%Yt(5) p2(e) I9 K2 + O (k) (6.8)

where A= [[ dA is the initial area and I e Ir T# dA is the initial geometric moment of inertia. In the small-strain
0

limit, the potential Wi,om is consistent with the classical Euler beam model Whom (g, k) = C + % e2+ % k2 (where

C is a constant) as can be shown by inserting the equivalents of we;, Y; and p for small € derived in section F.1.

6.2.3. Gradient effect
The corrective displacement associated with longitudinal gradients of axial strain et and curvature x1 is found in

the appendix as

(,0) (=,0) p2(e) (o)
Zigin((€hah), T) =0 250 A1), T) =etx () +mf=der

oy (O(T) + cr(e) I(T)) (6.9)

where the contribution associated with e is denoted by an ellipsis and does not need to be calculated, cr(e) is a
material parameter depending on the strain ¢,

Yi(e)

cr(e) = 5 , (6.10)
2Gi(e) ple) (—92(2) ) (1+¢)
and © and I' are the cross-sectional functions satisfying the variational problems
¥Zs [ 0aO(T) 0 2a(T) + 0a(T) 0uZa(T)]dA=0  (©)=0
(6.11)

VZs //Q [0aT(T) 9o Z5(T) + 2T Z5(T)]| dA =0 ry=0

The functions © and I' are denoted as 62 and 72 in the work of TV89, see their equations [2.23] and [2.17].
Finally, we define four constants depending on the cross-section shape,

M=>" ] a(T)dQ2  Jeo= [[ 3.00,0dQ  Jor= [[ 8.00,1'dQ  Jrr= [| 9aT 9l dQ. (6.12)
. Q Q Q Q

As shown in appendix F.3, the reduction method from section 4 yields the following expressions for the quantities
entering in the one-dimensional model (6.3) as

50(6,0) =0
p(e) (- ()
e = aZONEO) (e )

2 /
Dii(e,0) = A3(p(€)j—f(€)) [%@%Jrﬁ(s)@(e) (%+%cﬁ 5))}.

(6.13)

These are the only properties of the one-dimensional model which are needed in the linear buckling analysis, as we
will show.
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For reference, the microscopic solution in displacement is found by combining equations (2.5), (4.8), (6.5)
and (6.9) as

z(S,T)=

(S) + (p(z—:) (Ta +n%(s) @a(T))) da(S) + <£—:’ ()t

d
,P2(2) 22 (e)
1+e

(@(T)+CF(€)F(T))>d3(S)+___ (6.14)

6.2.4. Case of a circular cross-section

When the cross-section is a disk with radius p, as shown in figure 6.1, the initial area is A=r p2, the initial moment
s

4 2
of inertia is I = ‘U‘TQQ dA= Tp = f—n, the functions ¢, in equation (6.7) take the slightly simpler form

T8 — T
p1(T)=T1T» p2(T) =%, (6.15)

and the solutions © and I to equation (6.11) are

o) = —; (T +TF - )T 616
r(T) '

1
+y (TP + T3 = 3 p°) Ta.

After factoring out the cube area A3 = (r p?)3, the constants appearing in equation (6.12) can then be expressed as

A3 A3
M=o (Jeo, Jor, Jrr) =Tn2(+1,71,+7).

Finally, the quantities defining the one-dimensional model in equation (6.13) are calculated as

50(570)
61(57 0)

0
d —147ecp(e)
P> () (_(T]a?(a)) 12(1 +Fe) (6.17)

Dii(e,0) = (p(f—:) %(5))2 (gfigg(%ﬁﬂ%) Ge(e) (1 + 7(:%(5))),

6.3. Buckling analysis of the one-dimensional model

We turn to the analysis of the buckling problem based on the one-dimensional model just derived. We denote by
€* the axial strain in the unbuckled configuration, and by u(S) and v(S) the longitudinal and transverse displace-
ment associated with the buckling mode. The center-line position therefore writes, in the buckled configuration of
figure 6.1c, 7(S) =v(S) ea+ (S (1 +&*) +u(S)) ex.

The axial strain €(S) and the rotation 6(S) are defined by r/(S) = (1 + £(S)) d3(6(S)) where (d2(8), d3(6)) =
(cosf es + sinf es, —sin 6 ez + cos 6 e3) is the rotated basis, see equation (2.7). The bending strain is x(S) = 6/(S)
from equation (2.8). This yields the strain in terms of the displacement as

&(8) = —1+,/A+e"+u/(9)2+v3(9)
_ A V) (6.18)
Kk(S) = @<tan 11+6*+u’(5))'

The buckling problem is governed by the total potential energy
U*u, v] = @ e, 5] — Pu(l), (6.19)

where @{2) is the one-dimensional strain energy obtained in section 6.2 and P is the buckling load applied on the
plane in sliding contact with the endpoint of the cylinder. For the sake of definiteness, we analyze buckling under
force control rather than displacement control; this makes no difference for the calculation of the critical loads.

We proceed to identify the boundary conditions applicable to the one-dimensional model. By inserting the
microscopic displacement (6.14) into the sliding conditions (6.1), we find that the following boundary conditions
must hold on both ends: d, - e3 =0 (which is equivalent to # =0), e’ =0 and &’ =0. In addition, the bottom support
is fixed, which yields u(0) =0. The following kinematic boundary conditions are therefore applicable,

w0)=0 6(0)=0 0(6)=0 67(0)=0 6"(()=0 &(0)=0 ¢&'(£)=0. (6.20)

The high-order boundary conditions on £’ =60"" are legal in the variational problem of equilibrium as the energy (6.3)
depends on k" = 6" when & # 0. The high-order boundary conditions on &’ are normally not legal since £y = 0
and the energy depends on €’ but not on &’’; this points to the fact that boundary layers occur generically near the
boundaries as is known since the work of St-Venant. Such layers are nevertheless absent for the particular choice of
sliding boundaries made here; this will enable us to ultimately satisfy all boundary conditions, even if the problem
looks ill-posed from a variational standpoint.

A principle of virtual work is obtained by inserting the strain (6.18) into the total potential energy ¥*, and by
calculating the first variation with respect to the unknowns u and v.
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To characterize the fundamental solution, we require that ¥*[u, v] is stationary at w =0 and v=0: this yields the

condition f(f BVIa/zom (e*,0)— P) 4/(S) dS =0 for any (S) such that 4(0) =0, after taking into account the identity

&o0(e*,0) =0 in equation (6.17) and the symmetry properties (6.4). Therefore, the fundamental solution selects the
axial strain €* such that

_ 8Whom
S

‘We have just recovered the force-displacement relation of our particular material in simple traction.

The bifurcation condition is found by setting to zero the second variation of ¥*[u, v] about the fundamental
solution u = 0 and v = 0. With the help of a symbolic calculation language, we obtain the following variational
problem for the critical strain e* = e¢; and the buckling mode ©(S): for any V& such that 4’(0) = 4"’(0) = v'(£) =
0""(¢) =0,

P (*,0). (6.21)

L 2
/ [(1 —"—Ecr) (6Whom ) ,E/ ,0/ + (8 WhQOI‘ﬂ ) (6// + (gl)cr 6////) (,l'}// + (gl)cr ,0////) + (Dll)cr ,E/// 1’}/// dS: 0 (6.22)
0 O cr Ok cr

A decoupled eigenvalue problem is obtained for the longitudinal displacement u(S) as well but it is not reported
here as it characterizes necking instabilities, which we ignore. In equation above, all quantities bearing the subscript
‘cr’ are evaluated in the fundamental solution, i.e., (f)cr = f(€cr, 0).

It is interesting to contrast equation (6.22) with the bifurcation equation predicted by a classical beam model,
which ignores the gradient effect. The latter can be be recovered by setting ®{y)le, k] = || (f Whom(g, k) dS in
equation (6.3) and hence corresponds to (£1)cy =0 and (D11)er =0; this yields a different bifurcation equation, namely

13 2
/O |:(1 +€er) (Wg%)cr o'+ (ag/%)cr 17”17":| dS=0 (classical beam model).

OWhom
Here, (7815 )Cr

Comparison with equation (6.22) shows that our asymptotic one-dimensional model corrects the classical buckling
analysis of beams in two ways, which are important for thick cylinders: it makes use of the modified bending strain,
R =0"4 (&1)er """ instead of the standard bending strain ©”/, and it takes into account the energy cost associated
with the gradient of curvature ¥’”, through the term proportional to D1.

We return to the asymptotically correct model, and proceed to solve the bifurcation equation (6.22). An ordinary
differential equation with constant coefficients can be obtained by integration by parts and elimination of the virtual

quantity 9. In view of the kinematic boundary conditions v’(0) = v”"/(0) = v’(£) = v'"(¢) = 0, a simple calculation

2
= P is the applied load, see equation (6.21), and (%) is the incremental bending modulus.
cr

shows that the first buckling mode is 7(S) = 1—#3(1%5) where k = %, and that the critical strain e, is selected by
the dispersion equation
W *Wi
(1+ear) a};"m (€ers 0) + ﬁ(sm 0) (1 — &1(ecr, 0) k)2 k2 + D11 (ecr, 0) k*=0. (6.23)

This implicit equation for the first buckling load e, is valid for finite e.,. For a long beam, i.e., when £/ p is large
and (k p) is small, we can seek an expansion of the critical strain e, in powers of the aspect-ratio parameter
kp _ Ve
N

e=

, 1.€e.,
2 _Tp?
e o (6.24)

With the help of a symbolic calculation language, the series e, satisfying the dispersion equation (6.23) is found as

2
Eor = —% e? —n? (Xl = (x2+ x4) X0+ —;2)(3 X(Q)) et +0(e°%) (6.25)

where the x;’s are dimensionless parameters from the one-dimensional model,

4 9?2 Whom 1 61(0 0) 1 [ 2 Wh 1 3 Wh
_ — D — ) _ om — om , 6.26
Xo="2% ( w2 ), Xi=_1% (D11)o x2= 2,7 BTF 52 ), X4 T\ deon? ), (6.26)

9*Whom
Oe?

be evaluated in the undeformed configuration, (f)o= f(0,0). To derive the expansion (6.25), we have used the fact

OWhom
Oe

where x = ( )0. Here the ‘0’ is subscript means that the quantity inside the corresponding parentheses must

that there is no pre-stress in the reference configuration,
and (F.7): this warrants that ., — 0 for e — 0.

(0, 0) =0, as shown by combining equations (6.8)

6.4. Expansion of the critical load

With the help of equations (F.7-F.10) from the appendix, equations (6.10) and (6.17) for a circular cross-section
become, in the limit € — 0,

1+ T+6vy o (np2)3 7+14u0+81/3
-7 = D =Y .
£1(0,0) 14 11(0,0) 01872 1100

er(0) = 7o 12

Using this, the relations (F.1-F.10) and the expression of Wjom found in (6.8), we can calculate the coefficients
appearing in (6.26) as

xo=1 X1_748(1+u0) X2="5— X8Tyr X4T g

2 / /
T+ 14+ 815 _T+61 Yy 1 (1}@721/0)_ (6.27)
0
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Inserting into equation (6.25), we obtain our final expression for the first critical load of the cylinder as a function
of the aspect-ratio parameter,

_ome? | mPet (3YY vo (14 2vp) 6
e R (WO“‘W +0(e). (628)

This is identical to the result of ST98; we refer the reader to their paper for a comparison of this expansion with
ﬁnite—elen;lent simulations for a finite aspect-ratio e. Note that the correction to the classical Euler prediction
Eer = —%, i.e., the term proportional to e* in equation above, depends on both material nonlinearity (through the
non-linear elastic modulus Yy) and on geometric nonlinearity (through the other terms in the parentheses).

ST98 observed that classical models such as the Euler beam model fail to capture the correction of order e in
equation (6.28) and are therefore inappropriate for the analysis of stubby or thick structures; we concur with this
statement. It has apparently gone unnoticed that this difficulty can be overcome by using a refined one-dimensional
model capturing the gradient effect, as we just did: when this is done in an asymptotically correct way, the expansion
of the critical buckling strain is correctly predicted in terms of the aspect-ratio.

Unlike in earlier work, we have split the analysis of this buckling problem into two distinct tasks: deriving a one-
dimensional model on the one hand, and carrying out a bifurcation analysis on the other hand. Keeping these two
tasks separate is not only arguably more elegant, it also avoids the need to reinvent the wheel for every buckling
problem: if one were to study the buckling of a stubby circular ring or the post-buckling of a stubby Elastica in
compression, for instance, one could reuse the one-dimensional structural model from section 6.2 and simply update
the buckling analysis to reflect the geometry of interest.

7. DISCUSSION

We have proposed an asymptotic method for constructing one-dimensional models, see section 4. The method
achieves dimension reduction by relaxing the microscopic displacement. Concretely, it is implemented as a straight-
forward (albeit lengthy) series of steps, as described in appendix B. It builds up on the general recipe for dimension
reduction published in our previous work (LA20b). The method yields an asymptotically exact, variational model
that accounts for the gradient effect. It also accounts for geometric and material nonlinearities, and thereby may
help broaden the range of applicability of rod theories significantly. With a view to illustrating the method, we have
treated the linear twisting of an elastic cylinder, including higher-order effects; in equation (5.17) we have derived
a simple one-dimensional strain energy potential that governs the equilibrium, which is new to the best of our
knowledge. We have also applied our reduction method to the Euler buckling of a beam having a moderate aspect-
ratio: the expansion of the critical load in powers of the aspect-ratio from earlier work has been recovered based
on a high-order rod model. The capabilities of the method go much beyond these two simple examples; it can be
readily applied to structures involving finite strain, arbitrary pre-stress distributions or low material symmetries,
which will be the subject of future work.

For more complex geometries, the analytical approach adopted here may no longer be tractable, and the quanti-
ties Whom(h), B(h), etc. defining the one-dimensional model may have to be found by solving variational problems
on the cross-section numerically; the finite-element method is perfectly suited to this task. In this approach, the 3D
elasticity problem for the slender elastic body is split into 2D+1D problems, where the 2D problems are microscopic
and are formulated in the cross-section while the 1D one is a macroscopic structural problem. This splitting approach
makes the solution considerably easier, which is precisely the point of dimension reduction.

The rod models that are derived by our method include a kinematic constraint which ensures that the tangent
to the center-line r'(S) stays aligned with the director d3(S), see equation (2.7). One-dimensional model of this
kind are referred to as unshearable but this qualifier is misleading: shear can take place at the microscopic scale
in our approach, even if it is not exposed in the one-dimensional model. As discussed at the very end of §2.1, the
directors capture the deformed cross-sections in an average sense only: the cross-sections are by no ways constrained
to remain aligned with the directors d;(S) and d2(S), i.e., to remain perpendicular to the center-line, not even in
an average sense. For example, in a rod made up of an anisotropic material that is very stiff in a direction making a
45° angle with the axis of the rod, the cross-sections rotate about d2 (and therefore tilt along the axis) by an angle
a £ proportional to axial stretch €. This microscopic shear is accounted for in our approach but it is not reflected
in the directors d;(S): their assigned role is to keep track of the twisting of the cross-sections about the tangent,
not to provide a faithful representation of the microscopic solution. To some extent, our approach therefore has the
same capabilities as Timoshenko models, except that the microscopic shear is dealt with internally. The benefit is
that a minimal set of degrees of freedom are presented to the user. The only minor complication is that, in order to
block the rotation at the endpoints, one has to look up the average orientation of the terminal cross-sections from
the microscopic solution, as the vectors d1(S) and d2(S) cannot be used directly.

In this paper, we have carried out dimension reduction without making scaling assumptions on the intensity
of the loading. This is not a standard way of proceeding. It is the special form of the external force potential in
equation (2.14) that plays the role of the standard scaling assumptions, as discussed at the end of §2.4. Let us briefly
expose how our method can be extended to handle non-standard scaling assumptions for the loading. Consider
for instance the case where the distributed applied torque is so large that it can induce shear, by tilting the cross-
sections towards the center-line. Such a load cannot be represented by equation (2.14) since by design the directors
d; and dz remain perpendicular to the center-line. The solution is to introduce an additional kinematic variable,
similar to Timoshenko’s shear angle, and to modify the procedure as follows. The new internal degree of freedom
is appended to the set of macroscopic strain h, meaning that it is fixed during the relaxation procedure and is a
variable of the one-dimensional model; it is coupled to the large applied torque in the potential energy W. The result
of this modified relaxation procedure is an asymptotic Timoshenko-like model, in which the average microscopic
shear is explicitly represented.
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It is also possible to extend the method to the case where the geometric or elastic properties of the body vary
slowly in the longitudinal direction—such as the case of rods having non-uniform cross-sectional dimensions—,
with little additional work. This extension is discussed at the very end of our previous paper (LA20Db): in this
case the operator C,(f) gets an explicit dependence on the axial variable S, and an additional term proportional to

oc(s)

55 appears in the one-dimensional potential @(2). This, along with other extensions, will be described

h=h(S)
in follow-up work.
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APPENDIX A. EQUILIBRIUM OF THE ORIGINAL (3D) AND IDEAL (1D) MODELS

A.1. Equilibrium of the ideal model

In this section, we derive the equations of equilibrium for the ideal one-dimensional model from section 3 using a
variational method. Doing so, we prove the results announced in section 3.2: the ideal model is governed by the
classical Kirchhoff equations for the equilibrium thin rods and by the constitutive laws (3.7).

Combining equations (3.4) for the total potential ¥*, and (3.2) for the condensed strain energy, we obtain

Y4
W[, di] = Blh, y*[h]) + [) V(r(S), di(S)) dS.

‘We introduce perturbations # and 0 to the macroscopic fields r and d;, as in section 3.2, that satisfy the incremental
form of the kinematic constraint (2.7),

#(S) =2(S) d3(S) + 6(S) x v'(S). (A1)

Using the incremental form of the equations defining the macroscopic strain from section 2.2, one can define the
strain perturbations h = (¢, A1, Re, R3) in terms of # and 6. This leads to a classical result from rod theory,

#i(S) = 0(S) - di(S), (A2)

see for instance AP10.
Using the first variation of the potential of external load in (3.5), one can write the perturbation to the total
potential as
W= 0yl (SR )+ Gyl [ () #(5) 4 m(s) - 0(5)) d
oy’ dh ‘Oh

In the first term, the perturbation (%[h] . fb) to the microscopic solution satisfies the kinematic constraint

q(Y) =0, as can be shown by differentiating g(y*[h]) =0 with respect to h, recalling that g is linear. In view of
equation (3.3), we conclude that this first term is zero, so that

0P

T*
v "~ Oh

¢ R
Solh, y*[h]]-h— /0(p(S)-f‘(S)er(S)-O(S))dS (A-3)

The first term in the right-hand side of equation (A.3) can be rewritten as follows, using equations (2.12), (3.8),
(3.7) and (A.2) successively,

9 ¢ ) . o I
6@(/0 [Le@ BEns) v bls v v 19)aaas ) i
/ //Eij(T7E(T§ h(S); y*[hlls, y*[R]']s)) 88E}zj(T; h(S); y*[R]|s, y*[h]|s) - h(S) dAdS
o Ja

_ /Z[N(S) &4 My(S) /] dS
0
/Z[N(S) £ M(S)-6'(5)]dS
0

92,y [n]

where M (S) = M;(S) d;(S) is the internal moment.
Treating the kinematic constraint (A.1) using a Lagrange multiplier R(S), we obtain by setting ¥* = 0 in
equation (A.3) the principle of virtual work of the ideal one-dimensional model as

~ l ~ l ~
v(#, ) /0(N(S)é(S)JrM(S)-W(S))de/o (p(S) - #(S) +m(S) - 0(S)) dS...

(A.4)
+/ R(S) - (#(S) — £(S) d5(S) — 6(S) x 7/(5))dS =0
We have recovered the classical form of the principle of virtual for thin elastic rods. Upon integration by parts,
one recovers the Kirchhoff equations (3.6) governing the equilibrium of rods, together with the relevant equilibrium
conditions.

A.2. Equivalence with the equilibrium of the three-dimensional model

In this section, we derive the equilibrium equations of the three-dimensional model in center-line representation, as
formulated in section 2. We show that these equilibrium equations are mathematically equivalent to those of the
ideal one-dimensional model.

In the three-dimensional model, the microscopic displacement y(S,T') and the macroscopic variables r(S) and
d;i(S) are treated as independent unknowns.
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The principle of virtual work for the prismatic solid is obtained by setting to zero the first variation of the total
potential energy ¥[r,d;, y| in equation (2.14), with respect to both the microscopic and the macroscopic variables.
The variation with respect to the microscopic displacement y, which is subject to the constraint (2.15) yields

(¥ such that ¥S. q(9]5) =0)  F2ih.y]-y=0.

We have recovered the relaxation problem from equation (3.3), whose solution is

y=y*[h].

The variation of the total potential energy (2.14) with respect to the macroscopic variables writes
- Ly . ¢ N 5
W diy) = Gy u]-h— [ (0(3)-7(8) +m(S)-6(5)) ds

after identifying the external load from equation (3.5). Inserting y = y*[h] in this equation, and taking into
account the constraints in equation (2.4) and (2.7), we obtain the same variational problem as that of the ideal one-
dimensional model, see equation (A.3). By the same reasoning as earlier, one can show that the equilibrium of the
three-dimensional model is governed by the Kirchhoff equations for thin rods, and by the same constitutive laws as
those identified earlier in equation (3.7).

We conclude that the original three-dimensional model and its ideal reduction have the same equations of
equilibrium.

A.3. Microscopic interpretation of the one-dimensional stress

In this section, we show that the one-dimensional stress quantities N(S) and M(S) = M;(S) d;(S) that appear in
equation (3.7) can be interpreted microscopically as the normal force (i.e., the tangent component of the internal
force R(S)) and the internal moment, respectively.

The integrand in the right hand side of (3.7) can be rewritten as 3;; Eij, where Eij = 8;;1”(T; h(S); yls,
vy'ls) fL(S ) is the perturbation to the microscopic strain due to a change h in the macroscopic strain h. By taking
the first variation of the general strain in equation (2.11) with respect to h, we obtain

i Bij = (ts 233 + 0aYi(T) as) tr

where i, = & §;3 + Nijk Rj Y&(T). In the equation above, we can identify the components of the transformation
gradient from equation (2.9) as tx = Fk3 and 9, Y%(T) = Fka, so that

ij Bij (Fr3 £33+ Fra Sas) tr

= (F-X-e3)k (i3 + mrijRiyi(T))
According to the standard interpretation of the Piola-Kirchhoff stress 3, the quantity F' -3 - e3 is the microscopic
internal force do- per unit area dA transmitted across a cross-section (the unit normal to the cross-section is es3

in reference configuration). Denoting as do, the component doy = do - dj, of the microscopic internal force on the
orthonormal basis of directors, we introduce the density of internal force across a cross-section as

d
ﬁ:dk~F~2~63:tk233+8aYk(T)Eag.

Inserting this into the expression of the integrand 3;; E; j» we can rewrite equation (3.7) as
R L « . dog
N(S)E-ﬁ-Ml(S) Ri = 9(56i3+7lkijﬁiyj(T))ﬂdA-
Identifying the coefficients of € and &; on both sides, we obtain

N = do

ds-
M = /A(;(T) d;(5)) xda:%(w—r(S))xda,

which is the classical microscopic interpretation of the internal stress N and M from the one-dimensional model:
in these equations [[ qdo = R is the internal force resultant, r(.5) is the point of the center-line that is formally
associated with the cross-section with coordinate S, and @ is a current point in the deformed cross-section.

(A.5)

APPENDIX B. A COMPENDIUM OF THE REDUCTION METHOD

This section is a self-contained summary of the reduction method from our previous paper, with () small changes of
notation, (ii) a new method for removing boundary terms, see the end of §B.2.3, (4ii) some additional simplifications
arising when the equations are specialized to the case relevant to three-dimensional elasticity where the strain E
depends on the displacement Y, on the longitudinal gradient of displacement Yt and on the macroscopic strain
h only but not on higher-order derivatives. The reader is referred to the original paper (LA20b) for a detailed
justification of the method.
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The reduction procedure uses the definition of the full model in equations (2.12-2.15) as a starting point.

B.1. Analysis of homogeneous solutions

We first focus on homogeneous solutions, such that y’=0. The strain is then E(T7 h,Y)=E(T;h;Y,0), where
Y = y|s denotes the microscopic displacement restricted to a particular cross-section, which is independent of S in
the homogeneous case.

As explained earlier in equation (3.3), we identify the relaxed displacement of the homogeneous solutions by
making stationary the strain energy per unit length ([ w(T, E(T,h,Y))dA with respect to Y for prescribed h,
taking the kinematic constraint (2.15) into account. We denote as Y ?(T') this solution. This variational problem can
be formulated using Lagrange multipliers as follows. Given h, we seek a cross-sectional function Y? and Lagrange
multipliers M" = (Flh7 Fh Fh, Q") dual to the constraints g, such that

q(Y" =0

vY //E(T,Eh(T)):E"(T) dA+ M". g(YM) =0 (B-1)
Q

Here, 3X(T,E) = %(T, E) denotes the microscopic stress, E*(T) = E(T; h,Y") is the distribution of microscopic

strain in the homogeneous solution having macroscopic strain h, and Eh(T) = g—f,(T ,h,Yh) .Y is the virtual
increment of microscopic strain.

Having solved for the microscopic displacement, one can define the strain energy per unit length Wi, o (k) from
equation (4.6), as well as the homogeneous strain Eh | stress 7 and tangent elastic moduli K" from equation (4.7).

B.2. Gradient effect
The microscopic displacement solving the relaxation problem (3.1) is sought in the form

y*[R)(S, T) =Y N(T) + 2(5, T), (B2)
i.e., as the solution YRS predicted by the catalog of homogeneous solutions based on the local value h(S) of the
macroscopic strain, plus a small correction z(.5,T') to be calculated by solving the equilibrium equations.
B.2.1. Structure operators
The restrictions of the displacement and its gradient in equation (B.2) can be calculated as y*[h]|s =Y "+ Z and
y*[h)|s=ht-VYP 4+ Z1 respectively, where

ht=hn'(S) Z==z|s Zt=2s, (B.3)

h
and we use the V notation for gradients with respect to h, i.e., ht.vyh= % -h1 as earlier in equation (4.10).

We define the structure operators e;:k(T , h) as the coefficients entering in the expansion of the strain E(T; h;
Y" 4+ Z ht.VYP 4+ ZT) associated with the solution (B.2), in powers of hf, Z and Z*

E(T;h; Y4+ Z ht.-VYP 4 Z1) = ERT)+elo(T,h)-ht+ed(T,h)-Z +el(T,h)-Z1...

1 B.4
+L(hi-edo(Th) - hI+2RT - elo(T b Z+ Z- (T ) 2 +) Y

The structure operators e;:k(T, h) are calculated explicitly in appendix C.

Note that the arguments Z and Z T are unknown so far: both of them is a triple of functions Z; and Zi]L defined
on the cross-section.

B.2.2. Optimal displacement
In terms of the structure operators efj (T, h) just identified, we define the operator
EM(T, h,Z) =efo(T,h) -hT+elo(T,h)- Z, (B.5)

which corresponds to the difference between the actual microscopic strain associated with the displacement (B.2)
and the crude prediction Eh(s)(T) obtained by looking up the catalog of homogeneous solutions with the local
value of the macroscopic strain h(S). We also define the operators

cV.zt = //zh(T);(egl(T,h)-zf)dA
Q
Bt z) = //lgh(T,m,Z):Kh(T):gh(T,hf,Z)dA...
Q2 (B.6)
+ A%Eh(T):(hT~e%0(T,h)-hT+2hT-e%O(T,h)~Z+Z~eSO(T7h)-Z)dA...
—-nt-vel) . z

Note that the operator C,(LO) defined in (LA20b) is zero here, as the strain E does not depend on the second gradient
of the macroscopic strain h’/ in the theory of elasticity of bulk materials.
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In equation (B.6), the notatlon ht. VC,(II) - Z in the right-hand side of B®(hT, Z) refers to the quantity obtained
by integrating by parts Ch (s) % ’(S) with respect to the variable S,

(1)
—ht.velV. z= —(dch hT> (B.7)

As shown in our previous work, the optimal displacement Zc’fpt (hT) is a stationary point of B*(hT, Z) over all

Z’s satisfying the kinematic constraint, g(Z) =0, for fixed hT. It is therefore the solution of the variational problem
q(2)=0

(Z,f)= (Zopt(hT)7 Fopt(RT)) is the solution of Vg BBAZ’L(hT, 2)- 7 f q(Z) -

(B.8)

As the operator IS’h(hT7 Z) is quadratic with respect to both hT and Z, this is a linear problem of elasticity in the
cross-section with residual strain proportional to k.

B.2.3. Equivalent one-dimensional model

The microscopic solution in equation (B.2) is now available as
YRS, 1) = YPOUT) 4 2550 (W (5), T) + ..

where Y is the catalog of homogeneous solutions, Zopt(hf) is the corrective displacement just found, and the
ellipsis stands for higher order terms that do not enter in the approximation @{Q)UL}.

The one-dimensional strain energy ®(5[h] can then be obtained by inserting the expansion for y*[h](S,T) above
into ®*[h] =®[h, y*[h]]. As shown in previous work, the result of this calculation is

14 4 4 1 4
Bl = [ Whom(h($) a5+ [ AG(S) 1) a5 + | Clhis) - w(S)| 45 ['1(S) BHs)-n(s)as.
where A(h), B(h) and C(h) are the one-dimensional operators

A(h)-ht = / sh(T): (T, hT,0)dA,

%hT-B(h)-th Bh(hT, Zh (T, k1)), (B.9)
C(h)-ht = ci-zh (T,n').

We complement these known results with an original method that eliminates the boundary terms in the expression
of ®%)[h] above, as follows. We rewrite

[c<h<s>>-h'<S)K= /0 [ '(5)-9C n(s)).- '<s>+c<h<s>>-h”<s>}ds

so that
£ 1
oylh)= [ [{Whomm(s» +C(R() (S)} + ARS) - 1(S) + 3 () D(R(S) () [as (B0

where D(h)= B(h) + 2 (h) as announced in equation (4.16). The terms in curly braces can be rewritten as

n—1
Whom(h) +C(h) -h" = Waom(ho, hi,...;hn-1)+ Y Ci(h) h{'(S)
i=0 (B.11)
CO( ) " Cnfl(h) " ) 4
= Wi m(ho+7h e hn 1+ " hy 1 ) + O(¢7),
o dWhom(h) 0 dwhom(h) n—1

dhg dhp -1

where n =4 is the number of macroscopic strain measures in the vector h. The term O(¢?%) is beyond the order ¢2 of
approximation which ® % [h] can resolve, and it will be ignored. Inserting the above result into the expression (B.10)
of ®(y)[h], we obtain the expression of ®{)[h] announced in equation (4.2). In addition, the modified strain is

identified as £;(S) = hi(S) + £:(h(S)) h{'(S) (no implicit sum on i) where
Ci(h)
&i(h) = , (B.12)
S

as announced in equation (4.17).

APPENDIX C. CALCULATION OF THE STRUCTURE OPERATORS

‘We derive the structure operators e;-k(T, h) by identifying the two sides of equation (B.4). To do so, we expand
E(T; h; YP + Z, ht - VY? + Z1) in powers of ht, Z and Zt. We start by setting Y = Y? + Z and
YT=hT.VY" 4+ ZT in the auxiliary quantity ¢; in (2.11),

ti = (1+4&)dis+nijnr; Y (T) + b1 VY(T) + niji ki Ze(T) + Z1(T)
= F(T)+ht-VY(T) + o 5 Z(T) + 2] (T)
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where FJ4(T) has been defined earlier in (4.7).
Inserting this into the expression of E(T;h;Y, YT) in (2.11), we obtain

E(T;h; Y+ Z, ht. VYP+ 2T =
1
5 (-1+ [FB(T) + bt - VY(T) + niji ks Zu(T) + ZH(T)]?) ez @ es...
+ [FA(T) + Rt VY (T) + ik Zi(T) + Z](T)] [FIA(T) + 00 Zi(T)) €0 O €s...
n [FIAT) + 00 Zi(T)] [FI5(T) + 95Zi(T)] = ba
2

Bea®eg

Expanding and identifying with (B.4), we obtain the explicit expression of the operators as

ebo(T,h)-hf (RT-VYMT)) Fl{(T) ej 0 es
edo(T,h)-Z Nijk Kk l(T)Z(T)€l®€3+ ( )0aZi(T)e; © eq
e (T, h)- ZT h(T)ZT( T)e; Oes
%hT-ego(T,h)hT - (hT VYH(T))2es @ es 1)
hi.elo(T h)-Z = hT VY(T) (mijirj Z(T) €3+ 0pZi(T) ep) © €3
%z-ego(T,h).z - %(((Sijmnl—ninj)Zi(T)Zj(T)eg(X)eg...

+20ijk K Zp(T) 00Zi(T) eq © €3+ 0o Zi(T) I3Zi(T) eq © 65)

APPENDIX D. GRADIENT EFFECT FOR A TWISTED BAR

D.1. Derivation of the higher-model for a twisted bar

In this section, we apply the general method from section 4.3 to derive the higher-order model <I>(*2)[T} for a twisted
bar.
In view of the strain definition in equation (5.3) and of homogeneous solution in equation (5.6), the strain reads

BTV 4+ 2,719V 4 21 = EO(T) + 002/(T) ea © ei+ (rTVV,(T) + 2/ (T)) es0 €3 (D.1)

where VVZ-(T)(T) =

o)
(W“T(T) is the gradient of the homogeneous solution with respect to the homogeneous strain 7,

vy =0, vVi(T)=w(T).
By identifying equation (D.1) with the generic expansion (B.4), we obtain the structure operators as
ebo(T,7)-(71) = TTw(T)es@es
elo(T,7)-Z = 9aZi(T)eaOe;
e81(T,7-) .zt = ZZT(T) e;®es
S o™ ) (1) = 0 (D-2)
(r1)-edo(T,7)-Z = 0
%Z-ego(T,T)~Z =0

This is a special form of the non-linear expressions derived in appendix C, relevant to linear elasticity.
The operators defined in equations (4.9) and (4.11) read, respectively,

ENT,71,2) = ebo(T,7)- (r1)+ed0(T,7)- Z
Twa(T) es®es+0a,Z;(T)eaOe;

and
ciy)-zt = %E(T)(T):(egl(T,f)-ZT)dA
- //QQMT(—nQETB—i-Baw(T))(ea®eg):(ZE(T)eBQeg)dA

= MT//Q(_UaBTB"‘BaW(T)) Z}(T)dA.
The operator —7 VCy, (1. Z is obtained by an integration by parts, see equation (4.12),
—rtvel. z= —MT// (=T T + Oaw) Za dA.
Q

‘We proceed to calculate the operator B () (7'1L7 Z) from equation (B.6). Dropping the operators e; rwithi+j+k>
2 which are zero in the linear setting, see equation (D.2), we have

BT+, Z) = //%5“)(1*,7*, 2): K(T): €T, 1, 2)dA — 1 vel) . z.
Q
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In linear elasticity, %5 : K(T)(T) :E=w(T,E) is the (quadratic) strain energy density, as defined in equation (5.1).
This yields

BO(rt, Z) = %/ A2ECN(T, 71, Z2) + 2 u €T, 1, 2): /(T 71, 2)) d A...
Q

—7t ] (ST 0uso(T) Zo(T) a4
= // ANrtw+0aZa)2+2u| 7w +Z +Z (M) dA...
—MT/A)(—nQBTﬁjLaaw)ZadA

1
= 2//‘Q<(2,u+)\)ff2w2+27f()\waaZa(T),uaawZaJr,una,gTﬁZQ)...

2 4 Za \?
MZ oz ) +u Y @uzrany (2720 ) Jaa
fo e af

The next step is to find the stationary point Z of B(T)(TT, Z) subject to the constraint g(Z) = 0, see equa-
tion (4.14). We can drop the term pnqg T3 Zo(T') which integrates to zero thanks to the second constraint in (4.14).
In addition, we observe that the longitudinal correction Z3 appears only in the term p 3 (00 Z3)?: the stationarity
condition with respect to Z3 is that Z3(T') is constant, this constant being zero by the first constraint in (4.14),

Z3P(T) =o. (D3)
We are left with

BT (rt, Z4) = Jort.

+5 //({ 28 Za( T)) ZB (W)Q}+27_T(AW(T)aaZa(T)_Maaw(T)Za(T)>>dA

where the curly bracket is the quadratic strain energy operator in two-dimensional elasticity, and J,, is the warping
constant defined in equation (5.12).

In view of the linearity of the problem with respect to the strain gradient 7T, the solution Z, (T)= ngt (r',T)
that renders B(™)(71, Z,) stationary subject to the conditions q(Za) =0 is of the form

2p+ A
2

ZoPY (1, Ty = 7 g (T). (D.4)

This leads to the variational problem (5.14-5.15) stated in the main text.
Inserting the optimal displacement given by (D.3) and (D.4) into the expression of B, we find from equa-
tion (4.15)

1 2 ” .
§B(7')7'1L = Bl )(7'1L Zc()pg(T TJf))

2p+A o 7t? // 2 (aauBJraBUa)Q
= Jomt 4+ P oty 2 e PP ) YVdA+2(Dy—D
2 LR Q(Ea u)+ua§6 5 +2(Dy—Dy,)

where Dy and D, are the quantities defined in equation (5.16).
This expression can be simplified using an identity for uo found by inserting @, =uq into (5.14), namely

/A{A (Za: Baua)2+2u§; (Bauga-l-agua)z}dA:_(D/\_DH)7

which yields
B(t)=D., — Dy,
where D,, is the quantity defined in (5.16).
The second-gradient modulus B(7) appears to be independent of 7, which is always the case in the framework
of linearized elasticity.
In addition, we have from equation (4.15)

crrt = - Z5(T T

= ,”//Q (=0T + Oaw) ZP'dA

= ,uTTJf//‘(fnaﬁT,ngaaw)uadA
Q

= ,uTTJf//aawuadA

Q
= DN’TTT
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and from equation (4.16), and using the expression for the homogeneous stress (™) in (5.8),
A(r)-(r1) = // =(T): €0)(T, 71,0)dA
Q

// (M) DT es® esdA
Q

=0
Using equation (4.17), we obtain
dC(r
D=8 +29 = (D, D) +2D,= Do+ D,
In view of equation (4.17), the modified strain measure reads 7 =7+ £(7) :—;TQ where
_C(n) _Dur_ Dy
gO(T) — AWhom IU‘JT_ /‘L']
dr

Inserting into (4.2), we arrive at the expression of ®()[h] announced in equation (5.17).

D.2. Case of an elliptical cross-section

‘We consider the case of an elliptical cross-section with semi-minor and major axes a and b, in any order. The elliptical
cross-section satisfies the symmetry assumptions listed at the beginning of section 5.

Analytical solutions for the2 vargous quantities defined in section 5 can be obtained as follows. First, the warping
function is found as w(T') = %—riz
The corrective displacement is found by solving the variational problem in equation (5.14-5.15) as

Ty T, which yields the expressions of J and J,, announced in equation (5.18).

1 b2 —a? (5a2b%+b*— 2 (a? + %) T3) P
T — - 7 ( 442 2 2_p2_gT24oT2
u1(T) 24 a2+ b2 2( a (a2 + b2)2 +M+>\(a b= —6T7 +215%)
1 v2—a? 5 (a*+5a2b%2—2(a?+ b)) TP) A 5 2 2
UQ(T) - ﬂaerszl(‘lb (a2+b2)2 +H+>\(b —a”+ 2Ty _6T2)
ab 2
Do = Sﬂ(m) T
D, = Y']wy

where Y2is the Young modulus, see equation (5.19). The Lagrange multipliers are found as F, = 0 and Q =
b2 — a2
(a2+62) H- 2

The quantities defined in equation (5.16) are obtained as Dy = — )\i m

Ju, and as stated in equation (5.18).

APPENDIX E. HIGHER-ORDER MODEL FOR A TWISTING BAR: CONSISTENCY WITH
PRIOR WORK

In this appendix, we verify that our equation (5.20) for the twisting of a bar accounting for the gradient effect is
equivalent to the equations derived by Trabucho and Viafio [TV89]. Mathematical quantities defined in Trabucho
and Viano’s paper such as [yfx} are enclosed in square brackets; equation number in square brackets refer to equations
in their paper.

We focus on the case where the external load is of order €2, where ¢ is the small aspect-ratio, which they use as
an expansion parameter: in their notation, the external load is represented by the force £2 [ ff} per unit volume in
the bulk, and the force €2 [g?} per unit area applied on the lateral surface.

Trabucho and Viafio seek the average rotation of the cross-section with coordinate S = [z3] as a power series of

the aspect-ratio parameter ¢, [—v(S)] = —¢2 [v%(S)] — e [v*(S)] — --- where the minus signs arise because of their non-
2 4
standard sign conventions. This corresponds to a kinematic twist 7(S) = —¢2 % —et % —

They obtain the principle of virtual work for the twisting of the bar order by order: summing up their equa-
tion [3.11] at order 2 and their equation [5.11] at order €*, their principle of virtual work reads

Vo —/MJT(S)é’(S) dS:/(—YJwT”(S)—f—[Mff])é/(S) dS—/mg(S)é(S) ds, (E.1)

where mz= ([, ([x1] [f2] — [x2] [f3]) dA + S0 ([z1] (93] — [x2] [¢3]) Al is the external twisting moment applied per unit
length, [M3] is the auxiliary quantity defined in [5.12] as

d
(M) = _V(TS(/AQ A+ 1) Dalud] w dA) - u’r”(S)//Q(Bgul — Oyuz) [W]dA, (E2)
and [¥(T)] is the auxiliary function satisfying, see [2.11-12],

81[‘1’] =—0w —T} 82[‘11} =Ow—T,
as well as
[¥] =0 on 09.

The second integrand in equation (E.2) is a rewriting of that given by Trabucho and Viafio that uses the identity
[ua] + [@a] = 7" ua(T). (E-3)
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This identity can be established by noting that our variational problem (5.14) for uq is a linear combination of the
variational problems [3.23] for [u%] and [5.8] for [G2].
To obtain equation (E.2), we have also used the fact that the quantities related to the stretching and bending
modes [u3], [u]], [22] as well as the quantity [w?] are all zero as a consequence of our symmetry assumptions [TV89)].
Using the properties of [¥] just listed, the second term in the right-hand side of (E.2) can be integrated by parts as

—M"/A(am—aluz) (W]dA — ur”//(ulﬁg[lll}—UQﬁl[lI/})dA

Q
= MT//%uaaawdA+MT//%naﬁTQUﬁdA

— 1"
*TDH

To obtain the last equality, we have identified the quantity D, defined in (5.16), and have observed that the integrand
of the second term is zero by equation (5.15). Inserting this into (E.2), and using the identity v = ﬁ, we have

(M) :f)\%(/ﬂlaa[yi}wdfl) — 7D,

Using equation (E.3) one more time, one can eliminate [u2] in favor of [G4],

(M3] = Ad%(//gaa[gg]wdA)—A%(T’(S) //QﬁauawdA)-l—T”DH

_ A%(//Q@a[gfi]wdfl)fT”(DAfDM)

At this point, we introduce two auxiliary functions 4o (T") such that
01 (T)=w(T) O2iia(T)=w(T) O2ir(T)+ raz(T)=0 (E.4)
The existence of the functions @ (T) is warranted by the kinematic compatibility condition
O12(0211 + Or112) — 022(0111) — D11(D2ti2) = 812(0) — Ozow — 11w = —Faaw =0

as can be checked by applying the Euler-Lagrange method to the weak form of the variational problem for w(T")
in (5.7).
The functions 4 (T) are defined up to a rigid-body motion that can be set by requiring

//ﬁadAzo //naﬁTaaﬂdAzo
Q Q

The variational problem [5.8] for [G4] writes
Vo /A{ (ABpliip) Saupp + 1 (Dal@B] + O5l4])) Dpba + AT'(S) w aaﬁa} dA=0
Setting 0o = i in this variational problem, we obtain, after making use of the identities in equation (E.4),

2()\+,u)//Ba[ﬂé}wdA+2)\T’Jw:0.
Q

This identity can be used to rewrite [M3] as
)\2
[M3] = f(m Jow+Dx— DM) T"==((A+2p)—=Y)Jo+Dx—Dy)7"=—(-YJy+ Dy, — D) 7"

after making use successively of the identity % =(A+2 p)—Y, see the definition of the Young modulus in (5.19),
and of the definition of D, in (5.16).
The principle of virtual work (E.1) derived by Trabucho and Viafio can therefore be rewritten as

Vo /{u J7(8) ~ (D~ D) 7(5) } 0'(S) ds = /m3(S) 4(5)ds.

Integrating by parts and eliminating the virtual rotation 0 , one recovers the equation of equilibrium derived by our
method, see equation (5.20).

APPENDIX F. A NON-LINEAR CYLINDER THAT BENDS AND STRETCHES

F.1. Simple traction of an isotropic hyper-elastic material

Here, we characterize the finite-strain material model introduced in section 6.1. We are particularly interested in
simple traction along the material axis e, since this is the state of stress corresponding to the unbuckled solution.
‘We denote by € the axial strain, such that the axial stretch ratio is 1 +&. The simple traction is such that the strain
E.(¢) is equi-biaxial and the stress 3 (FEk,(¢)) is uniaxial:,

2 _
63®63+p )

1
Eu(e) S —ea®ea (F.1)

3(Ew(e)) = Su(e)es®es,

where p(¢) is the transverse stretch ratio due to Poisson’s effect.
The first derivative of the strain energy density in simple traction

wr(€) = w(Bi () (F.2)

_ (14e)?2-1
- 2
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is related to the stress in simple traction by

(1+2) Sue) = 12 ), (F.3)

while the second derivative of wi,(g) defines the tangent Young modulus Yi(¢),

_ detr )

vie) = (F.4)

When in simple traction, an isotropic material has an incremental elastic behavior that is transversely isotropic.
As a result, the tangent elastic moduli

tr d2w
K"(e) = K(E:(e)) :m(Etr(E)) (F.5)
are of the form
U3, 8,(6)=0 K3 g53=Gi(c) 6ap, (F.6)

where Gy (¢) is the tangent shear modulus. In equation (6.10), the ratio of the shear to the Young modulus is defined

d
de
Let us now focus on the natural configuration, e = 0. This configuration being free of stress, we have

in terms of a dimensionless constitutive parameter cr(g) = }’;(5)/[2 Gi(e) ple) (—(e)) (1 + 5)]

dwtr

=0. F.7
wer () =g (5.7)
The following relations warrant that the configuration € =0 is undeformed, and define the initial Poisson’s ratio v,
dp
=1 =2(0)=—vp. F.8
p0)=1 )=y (F3)
In this initial configuration, Hookean elasticity applies and the initial shear modulus is given by
Yo
Gi(0)=—F——7—. F.9
(0=3 (1+wo) (F-9)

We denote by Yp = Y;(0) the initial Young modulus and by Yy = ‘?;

that yields the Kirchhoff stress w{,(¢) as a function of the strain ¢,

(0) the initial curvature of the traction curve

dSwtr
de?

dzwtr
Yo =
07 Tge2

d
O Y§=550) w=-32(0). (F.10)
For the particular constitutive law w(T', E) = wsr(E) used by ST98 and given in section 6.1, these material
constants read
Yo = 4(Ast+ Bst) (1+vsT)
Vg = VST
4(1
Yy = (%”ST)(AST (—23+8vsT +4131) — Bst (31 +8vst +41v37)).
F.2. Analysis of homogeneous solutions
In this section, we check that the solution proposed in equation (6.5) satisfies all the equations applicable to the
homogeneous solution, which have been listed in section 4.2. As the displacement (6.5) satisfies YS(E’K)(T) =0, the
non-linear expression (4.4) of the strain simplifies to EM(T) = E(E’”)(T) =E(T,h, Y(E’”)) where

s 2 (e,kK) (e,k)
1+e+k Yé(; H)(T)) -1 es®esz+ 8aY:Y (T) 832Y'y (T) - (Scxﬁ

E(E’”)(T)z ( eaOeg. (F.11)

To derive this equality, we have used the fact that the shear term %; BQYZ-(E’K")(T) ey © e3 in equation (4.4)
is zero, as t; = (1 + €) d;3 + Nijk Kj Yk(a’ﬁ) = (1 4 &) diz + ni1a & YQ(E’N) = (1 + e + YQ(E’K")) d;3 and so
102V, S"(T) e @ e3 = 130,V (T) ea © e3=0.

Inserting the expansion of YOEE’K) in powers of k from equation (6.5), we have

(Lt+etrpe) 1) -1

E(s,n)(T) — 3 ez es
ty (p2<a> (amm%a) aa%) (éwn%(e) aa%) —m) ea®eg+O(x?)
UretwpORI Lo, pert g (r6) (1420 LT ) 1) enent O (F12)
2
- <1+e+w2<€>T2>2*1eg®eg+§((p<a>+%<a> x [np(a)Tz]) —1)ea®ea+0<f<2>
= (1+E+Hp2(E)T2)2_163®63+(p(EJr[Kp(;)TQD)Qilea®ea+0(“2)

Ei (e + rp(e) To) + O(k?)

Here, we have used the identity dnpg + 98pa = 2 T2 dog from equation (6.6), as well as the identity (14 2x) =
(14 2)2+ O(2?) with z = n%(a) T5, and we have identified the strain in simple traction Ey, from equation (F.1).
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By the constitutive law, the stress writes (5% =S¢, (e 4 k p(e) Tb) €3 ® e3 + O(k2), see equation (F.1).

We proceed to check that Y (¢+%) satisfies the variational problem (4.5).

By design from equation (6.6), the quantities ¢, (T") and T1 ¢2(T) — T2 p1(T') average out to zero on the cross-
section: the kinematic constraints on the first two lines of (4.5) are verified up to terms of order x2.

leen that the _stress is uniaxial to order k, we only need the projection along esz ® e3 of the virtual change of

strain E (T) (T h,Y™M) .Y appearing in the principle of virtual work (4.5). Using equation (4.4), we find
EC(T): (es® e3) = (1+¢) & Yo(T) + O(k2), hence B(T, EM(T)) : E™(T) = (1 + &) & Str(e + 1 p(e) To) Ya(T) +
O(52) = (1 +¢) K Sie(e) Ya(T) + O(2). Therefore, the variational problem (4.5) writes

VYi(T) /A[(He) K Ser(e) Ya(T) + FL5 ) Yi(T) + Q™) (T Ya(T) — Ta Yi(T)) + O(x2)] dA =0, (F.13)

where Fi(E’K) and Q5% are Lagrange multipliers. This variational problem is indeed satisfied with the choice
Fi(g’ﬂ) =062 (14¢) k Sie(e) and Q5%) =0, as can be checked.

There remains to calculate the strain energy Whom (e, k) = ﬂﬂw(E(E’”)(T)) dA associated with the homogeneous
solution Y'(5:%) see equation (4.6). Let O(T) = E-")(T) — Ey,(¢ + r p(e) Tb) denote the deviation of the strain
from the simple traction estimate: O(T) = O(x?2) from equation (F.12). One can then expand Wiom (e, ) as

Whom(e, k) = /A w(Ee(e+ 5 p(e) Tb) + O(T)) dA

//Q [w(Eor (e + 5 p() T5)) + S (e + 5 p(e) o) : O(T) + O(k4)] dA

after identifying the stress 3, (e) = :—:;(En(e)) in simple traction, see equations (4.7) and (F.1). Now, the second
term in the integrand can be evaluated as follows by using equations (F.1), (F.11), (F.1) again, (6.5) and (6.6)
sequentially,

/ S (e + kp(e) o) : O(T) dA // Sele + 1 p(e) o) {es ® es: (BE™)(T) — By (e + 1 p(e) Ts))} dA
Q Q

/A)(&d@—f—@(,ﬂ){(1+5+H3"2(257H)(T))2_ 1 (1+€+K‘T;(€)T2)21}d,4

= //Q (Sule) + O() {(1+) (nYs=™(T) = 5 ple) T+ O(x2)) } dA
JLa+oEu@+0wm) (p<e> D () po(T) + oo-e))
Q

(1+6) Sule) p(e) L) [ a(T) a2 +0(?)
= O(x?)

Returning to the expression of Whom (€, k), we are therefore left with

Whom(e, #) = // [w(Ber(e + 5p(e) To)) + O(5)] dA

dwtr k2 d%wy, 2 2 3
[ e+ 52 rple) T 5 L) (6 T+ O |,

where wy, () = w(E,(g)) is the strain energy density for simple traction.

The integral of T5 is zero in a disk. Identifying the Young modulus Yi(¢) = r(5) from (F.4) and the initial

geometric moment of inertia I = = QT 5 dA, we find
2
Whom (£, 1) = Awer(e) + 5 Yi(e) p2(e) I + O(r?).

The expression announced in equation (6.8) follows by observing that Wiom(e, k) is an even function of k by
symmetry, implying that the remainder O(x2) in equation above is actually of order O(x%).

F.3. Analysis of the gradient effect
This section derives the gradient effect, following closely the outline given in section 4.3.
From equation (4.7), we find the transformation gradient in the homogeneous configuration as Fég ’K")(T) =

1+e+rp(e) To+ O(k?2). Using the identity 2. (e) = d;ue“ (e) /(1 +e) from equation (F.3), the operator C,(Ll) defined
in (4.11) is found as

Ol 2" = [[ (144000 T Sule +mple) ) Z{(T) dA+ O()
thr(5+ﬁp(5)T2)Zs(T)dA+O(H2)
wl(e) //QZJ(T) dA+kYi(e) p(s)/ Ty ZH(T) dA + O(x2)

- /{Yt(e)p(e)//TgZ?,( )dA + O(x2)

(F.14)
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where Y;(¢) is the tangent Young modulus from equation (F.4). The operator C,(Ll) is applied exclusively to cross-
sectional functions Z1 satisfying the constraints q(0) = 0 which implies in particular I a Z?T (T') dA =0, hence the
last equality above.

In the remainder of this derivation, we limit attention to kK =0.

For k =0, the transformation gradient (4.7) is Fi(;’o)(T) =(14¢) ;3034 p(€) dia Jja- The linearized strain £ in
equation (4.9) writes

£=0(T, ht, Z) = <hT (V@) _ype)+ o) 6aZs(T)> ea®es+p(e) daZp(T) ea ©es (F.15)

where hi= (z—:T, /{Jf) denotes the strain gradient. Recalling that the V operator stands for a derivative with respect
to the macroscopic strain h = (g, k), see equation (4.10),

Rt (Vy ) | = ((afjemﬂ)(p(a) (Tt 5 20 %(T))w(n?)))

et L) Tu+ 1 p(e) B(e) a(T)

r=0

and so

5(6,0)({1" ht Z) _

(F.16)
P(&) (e (Tt + p(e) @al(T) k1) e s + (1 42) DaZs(T) €5+ ple) daZo(T) €5) O e
For k=0, the operator VC (1 )ﬁ) introduced in equation (4.12) writes, with the help of equation (F.14),
f(sT,M)-VC(l)O 7z = 7// O(kYi(e) p(e) Tb) et g (rYi(e) p(e) T) , Z5(T) dA
(,0) Q Oe Ok k=0
- —/ (0+Yi(e) p(e) To 1) Z5(T) dA (F.17)
Q

—kTYi(e) p(e) / [ 12,(7)
We proceed to calculate the bilinear operator B?(hT, Z) from equation (4.13):

B<E»°>(hT,Z)://%g(fﬁ)(T,hT,Z):K<E»°>(T):5<E»0>(T,hT,Z) dA
Q
+//Q<;Z (hT-(VYa(E’O)(T))KO)QEtr(€)>dAhT-VC((El?O)-Z,
[e%

where VC((E o) has just been obtained in equation (F.17).
Using the transverse isotropy of K (5:0(T) = Ki,(¢) from equation (F.6), and the expression of £5:°)(T, hi, Z)

in equation (F.15), one can calculate the elastic stiffness term appearing in Ble: 0)(hT, Z) as

1
F €T, R, 2): K©O(T): £=0(T, T, Z) —Gt(z-: (Z 22(£5)? ) L0 k&) 5,

where £(5% = £E0 (T ht Z):(ea®e3)=l(hT-(VY(E’O)(T)) JPE+(1+e) aaZS(T)) from equation (F.15).
e

By equation (F.16), & (E 0) depends on the longitudinal corrective displacement Z3 while 5& 8 0) depends on the

transverse one. This shows that the quantities Zo(T') are uncoupled from Zz(T') in B9 (hT, Z). The source terms
et and kT in B9 (T, Z) being coupled to Z3(T), see equation (F.17), we conclude that the optimal transverse
displacement is zero,

0
Z(E?)t,()x((a'rv HT)7T) =0.
We are left with

BEO(ht, )= / Gi(e) (ME)%(E)T €*+p2(€) ( ) 0a(T) w1+ (1+¢) 3a23(T))2dA

+//< ( (e)Ta aT+p(a)dl( )gaa(T)HT)QEcr(E)>dA—HTp(E)Yt(e) /QTQZg(T) dA

Since we are only interested in capturing the gradient effect associated with bending, we focus attention to the
case where the argument of B0 haset= 0, i.e., we set hT= (o, K]T). Expanding the square in equation above, we
have

500,11, 2)= 2 (50 L)) Su(e..

..+%Gt(5)//< 2(5)(; (&) pa(T) T+ (1 +¢) 8aZ5(T )) dA — k'p(e) / Ty Z3(T) d
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where M is the constant defined in equation (6.12).
The optimal correction Z3 = Opt 3((0 & 1), T') associated with a bending gradient ! makes stationary B-9((0,

&T), Z) among all functions Z3 that have a zero average on the cross-section, see equation (4.14): Z3(T') is such
that, for any virtual displacement Z3(T'),

J[e@a+a (p%s) 9P (e) palT) 6T +(14) aaze,(T)) 90 Z5(T) dA
Q €

—kTp(e) Y // Ty Z5(T) dA + // Fi(e) Z3(T)dA =0, 19

where F. 3Jr (¢) is a Lagrange multiplier enforcing the constraint [, Z3 dA=0. Taking a constant virtual field Z3(T) =
and using [[,72dA= A (T2) =0 by equation (6.2), we find F;(s) =0
With cr(e) as the material constant defined in equation (6.10) the equation above can be rewritten as

I L POEE)

By linearity, the solution Z3(T') of this variational problem is the function Z(;J’g((m xT), T) given in equation (6.9)

00Z3(T) 80 Z3(T) + (0alT) 8o Z3(T) + cr(e) x 2Th Z3(T)) |dA=0.

in terms of the cross- sectional functions © and I" introduced in equation (6.11).
Inserting thlb solution Zopt 3((0 k1), T) into the expression of B2((0, k1), Z) above, and expanding the
%Gt e) [lg( 2dA term, we find the operator B defined in equation (4.15) as

%(O,HT)-B(5,0)~(O,HT) = BEO((0,x1), 252((0,11)))

opt
- =7 (zo(e)—p(e)) (ztr<e>+p2<e)c’t<e>> ~itp@) V(@) | 1250 an
+Gi(e) 1+e) //( 2(5 eoa(T)m+”€a ;;{z,(:r)) W ZS0N(T) dA.

This expression can be simplified using the following identity, obtained by choosing the virtual motion in (F.18)

to be the actual solution, Zz= Z(E;’t(’)%,

d e, e,
JLex@ra+9 (50 LE ealnt+ 1 +2) 00 ptO%,(T)) 252 A
o= rTp(e) /T2 0pt3 T)dA=0.
This yields

20,51 B(=,0)-(0,51) = (“2”2 (p(5)¥(a) (Sule) +p%(e) Gile)) M

——Gt )(1+¢) //Zi: pt3 ))QdA
_ P (,,(5)%(5)) [(Zue) 4220 Gute) M

2
—Gi(e) () /A S (0aO(T) + cr(e) ul(T))?dA ]
a=1

Using the constants from equation (6.12) and eliminating ¥,(e) using equation (F.3), one obtains an following
identity concerning the operator B(e,0) introduced in equation (4.15):

%(0, k1) B(e,0)- (0,x1) = (";)2 Bi(e,0)
where

B0 = () @) ) (112 5800 M+ 220 Gu0) (0 = oo = 2ex(e) Jor k(@) Jr) ). (R19)

In addition, the operator C(e, x) defined in equation (4.15) as C(e, ) - (eT,xT) = C(El) o) Zé;;ﬁ)(sf, &) is found
from equations (F.14) and (6.9) as

Cle,r)- (e mT) = p(@) [[ 72 2f (), T) dA +0(2)
= rkYi(e //T2< T (...) prtPEaE) () ()(e(T)+cF(e)F(T))>dA+O(;-;2)
3
G- J[ @@ +er@rm)aaton
= et Cole, k) + kT Ci(e, k)

= etrx () +rtrYi(e)
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where the ellipsis stands for an expression that does not need to be calculated,

Cole, k) =k X (..) + O(k2) = O(r) (F.20)
and
3(g) dp
p°(e) a €) 2
Cl(a,m):n)@(e)17Jﬁ€E T,0(T)dA+cr(e) || ToaT(T)dA )+ O(k?). (F.21)
Q Q
To evaluate the integrals in the right-hand side, we set Z3(T) = g(T') in the variational problem for I in equa-
tion (6.11),
// Tbg(T)dA = f% // 0aT'(T) 80g(T) dA
@ « . (F.22)
_ | —Jer/2 ifg=0
~ |l —Jrr/2 if g=T.
This yields, after using (6.10),
3 dp
(o) (—32))
— e 2
Ci(e, k) = rYi(e) 2(te) (Jor+ Jrrer(e)) + O(k) (F.29)

d 2
= kGy(e) (pz(e) d—f(a)) (Jor + Jrr cr(e)) cr(e) + O(k2).
The elastic modulus D1 associated with the gradient effect in bending and defined in equation (4.16) is found by
combining equations (F.19) and (F.23) as

oCy
W(Ev 0)

2
— (ML) (2 S0 M+ 57(6) Gule) (M = oo + I ch(e) )

D11(670) = B11(670)+2

as announced in the third equation of equation (6.13).
By a symmetry argument similar to that presented in section 6.2.1, one can show that Cy(e, k) is even with
respect to K, so that equation (F.20) implies the stronger estimate

Co(e, k) = O(x3). (F.24)
The modified strains are then found from equation (4.17) and (6.8) asé=c+ &o(e, k) €’/ and K=k + &1(e, k) k", where
. Cole, k)
€o(e,0) = lim rmrre
"0 TQ(Q K)
. O(k?)
=1
w0 O(r)
=0

and, recalling equations (F.23) and (6.10),

. Cl(E H])
&1(e,0) = lim ==
R e L))

R Gu(©) (r20)2() )° (Jor + Jrr er(2) er(z) + O(x?)
R Yi(0) ) 19+ O() veo

2

Gi(e) (P(©) () )" (Jor + Jrr er(e)) er(e)
Yi(e) p*(e) I

d (Jor + Jrrer(e))
p(e) (—£<e>) Lopt el

This completes the proof of the results announced in equation (6.13).
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