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ON THE DERIVATIVE NONLINEAR SCHRODINGER EQUATION ON THE
HALF LINE WITH ROBIN BOUNDARY CONDITION

PHAN VAN TIN

ABsTraCT. We consider the Schrodinger equation with nonlinear derivative term on [0, +00)
under Robin boundary condition at 0. Using a virial argument, we obtain the existence of
blowing up solutions and using variational techniques, we obtain stability and instability by
blow up results for standing waves.
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1. INTRODUCTION
In this paper, we consider the derivative nonlinear Schrédinger equation on [0, +00) with Robin
boundary condition at 0:

25— _ 3,4
50Uz — 1glv|tv  for x € Ry,

v(0) = ¢, (1.1)
0,v(t,0) = av(t,0) VteR,

W + Vpy = %|v|2vw — iy

where o € R is a given constant.
The linear parts of (1.1) can be rewritten in the following forms:

{ivt+ﬁav:0forx€R+, (1.2)

v(0) = &,
where H,, are self-adjoint operators defined by
Ho : D(Ha) C L*(R+) = L*(Ry),
Hou =gy, D(H,) = {ue H*(Ry):uy(0%) = au(0%))}.

We call e?fat : R — L£(L2(RT)) is group defining the solution of (1.2).

The derivative nonlinear Schrodinger equation was originally introduced in Plasma Physics as a
simplified model for Alfvén wave propagation. Since then, it has attracted a lot of attention from
the mathematical community (see e.g [4,5,13-16,19,20]).

To study equation (1.1), we start by the definition of solution on H!(R*). Since (1.1) contains
a Robin boundary condition, the notion of solution in H!(R") is not completely clear. We use the
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2 PHAN VAN TIN

following definition. Let I be an open interval of R. We say that v is a H'(RT) solution of the
problem (1.1) on I if v € C(I, H*(R")) satisfies the following equation

_ t
v(t) = eiH”tcp — z/ elH‘*(t*S)g(v(s)) ds, (1.3)
0

where ¢ is the function defined by

We will need the following assumption.

Assumption. We assume that the Cauchy problem (1.1) is local well posedness in sense of [1,

Definition 3.1.5] and if ¢ € D(H,) then the associated solution v(t) € C(I,D(H,)), for I is the
mazximal time of existence solution.

The existence of blowing up solutions for classical nonlinear Schrédinger equations was consid-
ered by Glassey [10] in 1977. He introduced a concavity argument based on the second derivative
in time of ||zu(t)]|3, to show the existence of blowing up solutions. In this paper, we are also inter-
ested in studying the existence of blowing-up solutions of (1.1). In the limit case « = +00, which
is formally equivalent to Dirichlet boundary condition if we write v(0) = L¢/(0) = 0. In [23], Wu
proved the blow up in finite time of solutions of (1.1) with Dirichlet boundary condition and some
conditions on the initial data. Using the method of Wu [23] we obtain the existence of blowing up
solutions in the case a > 0, under a weighted space condition for the initial data and negativity of
the energy. Our first main result is the following.

Theorem 1.1. Assume Assumption A. Let p € 3 where
Y ={ueH'R"),zue L*(R:))}.

Then the associated solution of equation (1.1) satisfies the conservation laws of the mass and the
energy as follows:

1
M(v) := §||11H%2(R+) =M(p) forallt € (Tmin, Tmaz)s

1 1 o
E@) = 5allZan) — g5llvlSa@s) + 3 10(O) = Blg).

Assume o > 0 and E(p) < 0. Then the solution v of (1.1) blows-up in finite time i.e Ty > —00
and Trae < +00.

Remark 1.2. In general case, on the equation (1.1), if we consider the other nonlinear term instead
of £|v|?v, — $v*0; — £5|v[*v then the existence of conservation of energy may be not true (see

remark 2.1 (2)).

The stability of standing waves for classical nonlinear Schrédinger equations was originally stud-
ied by Cazenave and Lions [2] with variational and compactness arguments. A second approach,
based on spectral arguments, was introduced by Weinstein [21,22] and then considerably general-
ized by Grillakis, Shatah and Strauss [11,12] (see also [6], [7]). In our work, we use the variational
techniques to study the stability of standing waves. First, we define

1 1
Su(®) = 5 [[vallfaqes) +wlvlFaqary + alo©)F] = glolfo@e,

2
Ka(o) = loallfaqee) + el + alo(OF = ool foqes.
We are interested in the following variational problem:
d(w) := inf {S,(v) | K.(v) = 0,0 € H'(RT)\ {0}} . (1.4)
We have the following result.

Proposition 1.3. Let w,a € R such that w > o?. All minimizers of (1.4) are of form e*, where
0 € R and ¢ is given by

¢ = 2¢wsech? ( 2y/w|z| + tanh ™" ).
N
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We give the definition of stability and instability by blow up in H*(R*). Let w(t, z) = e“p(z)
be a standing wave solution of (1.1).
(1) The standing wave w is called orbitally stable in H'(R™T) if for all ¢ > 0, there exists § > 0
such that if vy € H(R™) satisfies
[vo — @l g1 @) <6,

then the associated solution v of (1.1) satisfies
inf [|v(t) — e :
igﬂg;gRl\v( ) —epllmmy) <e

Otherwise, w said to be instable.

(2) The standing wave w is called instable by blow up if there exists a sequence (p,,) such that
lim ||y, — @[/ g1 r+) = 0 and the associated solution v, of (1.1) blows up in finite time for
n—oo

all n.
Our second main result is the following.
Theorem 1.4. Let o,w € R be such that w > o?. The standing wave €““*p, where ¢ is the profile
as in Proposition 1.3, solution of (1.1), satisfies the following properties.
(1) If a < 0 then the standing wave is orbitally stable in H'(R™).
(2) If a > 0 then the standing wave is instable by blow up.

Remark 1.5. To our knowledge, the conservation law play an important role to study the stability
of standing waves. However, the existence of conservation of energy is not always true (see remark
1.2). Our work can only extend for the models with nonlinear terms provide the conservation law
of solution.

This paper is organized as follows. First, under the assumption of local well posedness in
H'(R"), we prove the existence of blowing up solutions using a virial argument Theorem 1.1. In
section 2.1, we give the proof of Theorem 1.1. Second, in the case a < 0, using similar arguments
as in [3], we prove the orbital stability of standing waves of (1.1). In the case « > 0, using similar
arguments as in [17], we prove the instability by blow up of standing waves. The proof of Theorem
1.4 is obtained in Section 2.2.

Acknowledgement. The author wishes to thank Prof.Stefan Le Coz for his guidance and encour-
agement.

2. PROOF OF MAIN RESULTS
We consider the equation (1.1). All along this section, we suppose that Assumption 1 holds.

2.1. The existence of a blowing-up solution. In this section, we give the proof of Theorem
1.1 using a virial argument (see e.g [10] or [23] for similar arguments). Let o > 0. Let v be a
solution of (1.1). By density of D(H,) in H!(R'), we can assume that v € D(H,). Recall that
since v € H2(R™), we have
v(x),v(x) = 0 as x — oo. (2.1)
Formally, since v solves (1.1), we have
%8t(|v|2) — 0, Tn(v,7).

Therefore, using the Robin boundary condition we have

1 [~ _ —
O (2/0 |v|? dz) = —Im(v,T)(00) + Zm(v,v)(0)
= ZIm(v,v)(0)
= aZm(|v(0)[*)
= 0.

This implies the conservation of the mass. By elementary calculations, we have

1 1 1
Oy (|vgc|2 - 16|v|6) =0y <2’Re(vmvt) - §|v\2|vz|2 + 2'0211_%) .
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Hence, integrating the two sides in space, we obtain

2

O (/ﬂh |'Uw‘2d$ - Tlfi|v|6 dx) = —2Re(v,(0)T:(0)) + %|U(0)|2|vx(0)|2 _ %U(O)Q%(O)

Using the Robin boundary condition for v, we obtain

2 1 . —_ )
Oy </R+ vz | da — ﬁ|U|6 dac) = —2aRe(v(0)v(0)) = —ady(Jv(0)]?).

This implies the conservation of the energy.
To prove the existence of blowing up solutions we use similar arguments as in [23]. Set

1) = / 22[o(t) 2 da.
0
Let
i [t
u(t, ) = v(t, z) exp (—4 / |v|? dy> (2.2)
T
be a Gauge transform in H'(R, ). Then the problem (1.1) is equivalent with

uz(0) = au(0) + %|u(0)|2u(0).

The equation (2.3) has a simpler nonlinear form, but we pay this simplification with a nonlinear
boundary condition. Observe that

I(t) = /000 22 |u(t)|* dz = /000 22| (t)|? da.

By a direct calculation, we get

0,I(t) = 2Re / 22l 2)Ohult, x) dv = 2Re / 22 (it + [uf2us) do (2.4)
0 0
o] 1 o]
= QIm/ 2xtu, dr — f/ 2x|u|* dx (2.5)
0 2 Jo
o0 o0
= 4Im/ TuLu dx —/ z|ul* dx. (2.6)
0 0
Define -
J(t) :Im/ ruzude.
0
We have

0 t
O J (1) :/ TUL Uy dx—l—/ TUUgt AT
0 (oo} 0 (oo}
= —Im/ TUUy dT — Im/ (20)pus do
0 0
= —2Im/ TU Uy AT — Im/ ugu dx
0 0
= 72Im/ Ty (iU + |u)?ug) do — Im/ T(ityy + |u)?uy) da
0 0
= —Z’Re/ LUy AT — Re/ Uy dT — Im/ |u|?u, T da
0 0 0
_ _/ 20, | ? dz — Re(Tiuy) (+00) + Re(us)(0) + Re/ T do —Im/ 20, d
0 0 0

:/ |uw\2da?+72e(ﬂ(0)uw(0))+/ |u$|2dx—Im/ 2, do
0 0 0

o0 o0
_ 2/ |2 dz — Im/ 2y d + Re(T(0)u (0)).
0 0



ON THE DERIVATIVE NONLINEAR SCHRODINGER EQUATION ON THE HALF LINE WITH ROBIN BOUNDARY CONDITION

Using the Robin boundary condition we have
o0 o0
O J (1) :2/ |ux\2d:c—l'm/ |u2u, @ dx + alu(0)?.
0 0
Moreover using the expression of v in term of u given in (2.2), we get

o0 1 o0
O J (1) :2/ v, |? dx — g/ [v|® dz + alv(0)|?
0 0
=4FE(v) — alv(0)]* < 4E(v) = 4E(y).
By integrating the two sides of the above inequality in time we have
J(t) < J(0) + 4E(p)t. (2.7)

Integrating the two sides of (2.4) in time we have
t t oo
I(t) = 1(0) + 4/ J(s)ds / / olu(s, 2)| da ds
0 o Jo
t
< 1(0) +4/ J(s)ds.

0
Using (2.7) we have

t
I(8) < 1(0) + 4 / (J(0) + 4B(p)s) ds
0
< I(0) +4J(0)t 4 8E(p)t>.
From the assumption E(p) < 0, there exists a finite time T > 0 such that I(7}) = 0,

I(t) > 0 for 0 <t < T..
Note that

[ttt = [ o) de = <2Re [T ot ayese,a) do

<L 2fav| 2 @) lvellzz vy) = 2V I()][ve L2 my)-
Then there exists a constant C' = C(p) > 0 such that
[z ] > ¢ — 4o ast — T
Vgl L2 > — 00 i
x|l L2 (R+) ) I(t)
Then the solution v blows up in finite time in H!(R"). This complete the proof of Theorem 1.1.
Remark 2.1.

(1) We can prove that if ||<p||%2(R+) <  then the associated solution v of (1.1) is bounded in H(R*)
by conservation laws and the Gagliardo-Nirenberg inequality. This implies that the Cauchy problem
(1.1) is globally wellposed in H'(R™) when the initial data is small enough in L?(R™).

(2) In (1.1), if we consider nonlinear term i[v|?v, instead of £|v[*v, — $v°v; — <& |v[*v then there is
no conservation of energy of solution. Indeed, set

u(t,x) = v(t,x) exp (—i /: v(t,y)|2dy> .

If v solves
i + Vpr = i|v[*vg,
0,v(t,0) = av(t,0)

then u solves

dpu(t,0) = au(t,0) — L|u(t,0)[u(t,0).

By similar arguments in proof of Theorem 1.1, since u solves (2.8), we have

1 1 1
Oy (|uz|2 - 16u|6> =0, (27&(umut) - §|u|2|u1\2 + u2uz2> )

{iut + Ugpy = §|u\2uz — %u2@ — 1%|u|4u,

2
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Integrating the two sides in space, we obtain

+ 2O <a2 # 1" = (o {u)?) )
= —adi(u(O)) + A,

where A = —1Tm(u(0)[u(0)[2u:(0)) + L|u(0)|* (oﬂ + L)t = (a+ g|u(0)|2)2). Moreover, we
can not write A in form 9;B(u(0)), for some function B : C — C. Then, there is no conservation
of energy of u and hence, there is no conservation of energy of v.

2.2. Stability and instability of standing waves. In this section, we give the proof of Theorem
1.4. First, we find the form of the standing waves of (1.1).

2.2.1. Standing waves. Let v = ¢™*p be a solution of (1.1). Then ¢ solves

0= g —wp+ %Im((pl@)go + 13—6|L,0|4<p7 forz >0

@2 (0) = ap(0), (2.9)

p € H3(RT).
Set . 3

A=w— =TIm(p, %) — —|o|*
w = 5 Im(aP) = 514l
By writing ¢ = f 4+ ig for f and g real valued functions, for = > 0, we have
fwa: = Af?

Thus,

ax(fafg - gxf) = fr29 — 9o f = 0 when z 75 0.
Hence, by using f,g € H?(RT), we have

fo(z)g(x) — go(z) f(x) = 0 when x # 0.
Then, for all = # 0, we have

Im(pa(2)p(2)) = g2 (2) f () = fa(2)g(2) = 0,

hence, (2.9) is equivalent to

0= ¢us —wp + 35l0l*p, forz >0
¢z (0) = ap(0), (2.10)
p € H2(RT).
We have the following description of the profile .
Proposition 2.2. Let w > o?
which is of the form

. There exists a unique (up to phase shift) solution ¢ of (2.10),

¢ = 2¢/wsech? <2\@|x + tanh ™! <\/g>) : (2.11)

for all x > 0.

Proof. Let w be the even function defined by

p(z)if x >0,
w(z) = {(p(—x) it x <0.
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Then w solves
0= —wzy + ww — Z|w|*w, for z # 0,
wg (07) — w,(07) = 2aw(0), (2.12)
w e H2(R)\ {0} N HY(R).

Using the results of Fukuizumi and Jeanjean [8], we obtain that

w(z) = 2/wsech? (2\@x| + tanh ™! (\_/?:))

up to phase shift provided w > a2. Hence, for > 0 we have

o(z) = 2wsech? (2\@|x| + tanh ™! (\;g))

up to phase shift. This implies the desired result. O

2.2.2. The variational problems. In this section, we give the proof of Proposition 1.3.
First, we introduce another variational problem:

d(w) := inf {gw(v) | v even, K, (v) = 0,v € H'(R) \ {0}} ) (2.13)
where S,,, K,, are defined for all v € H!(R) by
5u) = 5 [Ivelagey + lelFage + 200(OF] = 2= 1ol §oqe)
Ko(v) = s 2@y + wllollZam) +2alo(0) — %HU”%G(R)-
The functional K,, is called Nehari functional. The following result has proved in [8,9].

Proposition 2.3. Let w > o? and ¢ satisfies

¢ € HY(R)\ {0}

Then, there exists a unique positive solution ¢ of (2.14). This solution is the unique positive
minimizer of (2.13). Furthermore, we have an explicit formula for ¢

o(z) = 2¥wsech? (2\/a|x| + tanh ™! (\_/;:)) .

We have the following relation between the variational problems.

(2.14)

Proposition 2.4. Let w > a?. We have
1~
d(w) = §d(w).

Proof. Assume v is a minimizer of (1.4), define the H!(R) function w by

[ v(z)ifz >0,
w(z) = {v(—x) if x <0.

The function w € H'(R) \ {0} verifies
Sy (w) = 28, (v) = 2d(w),
K

Ko (w) = 2K, (v) = 0.
This implies that
d(w) < S, (w) = 2d(w). (2.15)
Now, assume v is a minimizer of (2.13). Let w be the restriction of v on R*, then,
1~
K,(w) = §Kw(v) =0.

Hence, we obtain
d(w) = Su(v) = 25, (w) > 2d(w). (2.16)
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Combining (2.15) and (2.16) we have

d(w) = 2d(w).
This implies the desired result. 0
Proof of Theorem 1.3. Let v be a minimizer of (1.4). Define w(z) € H'(R) by

v(x) if x > 0,
w(z) = {v(—x) if x <0.

Then, w is an even function. Moreover, w satisfies
K, (w) = 2K, (v) =0,
Su(w) = 28,(v) = 2d(w) = d(w).

Hence, w is a minimizer of (2.13). From Propositions 2.3, 2.4, w is of the form ¥, where § € R
is a constant and ¢ is of the form

2 Ywsech? ( 2y/w|z| + tanh ™! —2)).
Vw
Hence, v = w|g+ satisfies
v(z) = (),
for > 0. This completes the proof of Proposition 1.3. O
Remark 2.5. Let w,a € R such that w > «?. Define
Ho, = {ve H' (RY), S, (v) < d(w), K,(v) >0} .

If ¢ € H, then the associated solution v € C((Tynin, Tynaz), H'(RT)) of (1.1) is global. Indeed,
assume that ¢ € H,,. Let t € (Thnin, Timaz ), using the conservation laws, we have

Su(v(t)) = E(v(t) + wM(v(t)) = E(e) + wM(p) = Su(p) < d(w).

Now, assume there exists o > 0 such that K, (v(t9)) < 0, then, there exists ¢; € [0,%y) such that
K, (v(t;)) = 0. Hence, v(t1) is a minimizer of (1.4) and v(t;) = €. This implies that v is a
standing wave solution of (1.1), hence, K, (v(t)) = 0 for all ¢. This contradicts the assumption.
Hence, for all t € (Thin, Tmaz), v(t) € H,, and

1 1 1 1 ~
§||Uac||%2(u@+) + §WHUH%2(R+) + §a|v(0)|2 - QHUH%G(W) < d(w),

3
02|72 g+ + wllvl|Z2@ry + alv(0)]* - TGHUH%G(W) 2 0.

It implies that (£ — &) Hv||%6(R+) bounded. Thus, |[v,z2(®+) is uniformly bounded in (T5nin, Trmaz)
and we obtain the desired result.

2.2.3. Stability and instability of standing waves. In this section, we give the proof of Theorem 1.4.
We use the notations S, and K, as in Section 2.2.2. First, we define

3
N(v) = TG”UH%G(RH’ (2.17)
L(v) := [[vz]|F2@sy + wlol 2@y + alo(0)*. (2.18)
We can rewrite S,,, K,, as follows
1 1
w = L - 7N7
5 2 6
K,=L-— N.

We have the following classical properties of the above functions.

Lemma 2.6. Let (w,a) € R? such that w > o?. The following assertions hold.
(1) There exists a constant C > 0 such that
L(v) 2 Cllv|fg+y Vo€ H'(RT).

(2) We have d(w) > 0.
(3) If v e HY(RY) satisfies K,,(v) <0 then L(v) > 3d(w).
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Proof. We have

/ Da(v(e :-m/

< 2[vll 2w+ ||’Ux||L2(R+)~
Hence,
L(v) = |[vallF2 ) + wllvlZ2@ry + alo(0)?

> ||Uw||%2(11§+) +w||’UH%2(]R+) = 2[al||v]| L2 @+)llvell L2 m+)

> Cllvllf @y + (1 = Ollvalliz@ey + (@ = ONvlli2@+) — 2lelllvll 2@ oo 2y

> Cllvllin gy + 2V = O)w = C) = 2|al) [0l 2 @+) vzl 2+
From the assumption w > a2, we can choose C € (0, 1) such that

2y/(1 = C)(w—-C) —2|al > 0.
This implies (1). Now, we prove (2). Let v be an element of H'(R") satisfying K, (v) = 0. We
have
Clollin @+ < L(v) = N(v) < Cilvll3n ge)-

Then,

C
2 4
||'U||H1(]R+) 2 cy

From the fact that, for v satisfying K. (v) = 0, we have S, (v) = S,(v) — +K.,(v) = $L(v), this

implies that
1. + C
d(w):gmf{L(v):veH (RT) v) =0} > >0

Finally, we prove (3). Let v € H'(R") satisfying K, (v) < 0. Then, there exists A1 € (0, 1) such
that K, (Av) = AN L(v) —ASN(v) = 0. Since v # 0, we have 3d(w) < L(Av) = M L(v) < L(v). O

Define
~ 3
N(v) == 1*6||'U||(257 (2.19)
L(v) = [Jog||72 + wllv]|72 + 2af0(0) . (2.20)
We can rewrite S,,, K, as follows
- 1- 1~
w = —L 7N7
5 2 6
K,=L-N

As consequence of the previous lemma, we have the following result.

Lemma 2.7. Let (w,a) € R? such that w > o?. The following assertions hold.
(1) There exists a constant C > 0 such that
L(v) > Clv||%}: Yo e HY(R).
(2) We have d(w) > 0 ) ) )
(3) Ifve H* satisfies K, (v) < 0 then L(v) > 3d(w).
We introduce the following properties.

Lemma 2.8. Let 2 < p < oo and (fy,) be a bounded sequence in LP(R). Assume that f, — f a.e
in R. Then we have

Ifnllze = I = flIZe = 1f1Ze — 0

Lemma 2.9. The following minimization problem is equivalent to the problem (2.13) i.e same
minimum and the minimizers:

d := inf {116||“||6L6 u even ,u € HY(R)\ {0}, K, (u) < 0} . (2.21)



10 PHAN VAN TIN

Proof. We see that the minimizer problem (2.13) is equivalent to following problem:
1 -
inf {16|u||%0 cueven u € HY(R)\ {0}, K, (u) = 0} . (2.22)

Let v be a minimizer of (2.13) then K, (v) < 0, hence, d(w) = Llvl|$s > d. Now, let v be a
minimizer of (2.21). We prove that K, (v) = 0. Indeed, assuming K, (v) < 0, we have

~ 3)\4
Ro00) = ¥ (Il + wlols + 20O = S0l ) <0,

as 0 < A is small enough. Thus, by continuity, there exists a A9 € (0, 1) such that K, (Aov) = 0. We

have d < d(w) < wl2ov[%s < & lv]|%6 = d. Which is a contradiction. It implies that K, (v) = 0
and v is a minimizer of (2.22), hence v is a minimizer of (2.13). This completes the proof. O

Now, using the similar arguments in [9, Proof of Proposition 2], we have the following result.

Proposition 2.10. Let (w,a) € R? be such that a < 0, w > o? and (w,) C HY(R) be a even
sequence satisfying the following properties

S (wy) = d(w),
Ko (wy,) — 0.

as n — oo. Then, there exists a minimizer w of (2.13) such that w, — w strongly in H'(R) up
to subsequence.

Proof. In what follows, we shall often extract subsequence without mentioning this fact explicitly.
We divide the proof into two steps.

Step 1. Weakly convergence to a nonvanishing function of minimizer sequence We
have

1 ~ 1~ -
gL(wn) = S, (wy) — ng(wn) — d(w),

as n — oo. Then, (wy) is bounded in H!(R) and there exists w € H'(R) even such that w, — w
in H'(R) up to subsequence. We prove w # 0. Assume that w = 0. Define, for u € H'(R),

1 w 1
S0 = 5 lual3s + SheliZa — 5l

3
K (u) = [lugll7z + wllull7z — T6||U||§6~
Let %, be minimizer of following problem
d°(w) = inf {SY(u) : weven ,u € H'(R) \ {0}, KO (u) = 0}
1
= inf {16|u||%5 cueven ,u € H'(R)\ {0}, K2(u) < 0} .

We have KO(w,) = K,,(w,) — 2a|w,(0)[> = 0, as n — oo. Since, a < 0. we have K, (1,,) < 0 and
hence we obtain

~ 1
(W) < 7o llbullle = d*(w) (223)
We set

1
N = <||3wwn||2Lz +w||wn||2Lz)‘*
n - .
i lwn 3o

We here remark that 0 < d(w) = lim Lllwy[|S6. It follows that
n—oo
KO (wy,
N1 = i) (W 6)
76 llwnll7e

as n — oo. We see that KO (\,w,) =0 and A\,w, # 0. By the definition of d°(w), we have

— 0,

1 -
d’(w) < 1—6||)\nwn\|6L6 — d(w) as n — oc.

This contradicts to (2.23). Thus, w # 0.
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Step 2. Conclude the proof Using Lemma 2.8 we have

K (wy) — Ky, (w, —w) — Ky (w) — 0, (2.24)

L(wy) — L(w, —w) — L(w) — 0. (2.25)

Now, we prove K,(w) < 0 by contradiction. Suppose that K, (w) > 0. By the assumption
K, (w,) — 0 and (2.24), we have

K, (wn —w) = =K, (w) < 0.

Thus, K., (wn —w) < 0 for n large enough. By Lemma 2.7 (3), we have L(w, —w) > 3d(w). Since
L(wy,) — 3d(w), by (2.25), we have

L(w) = lim (L(wy,) — L(w, — w)) < 0.

n—oo

Moreover, w # 0 and by Lemma 2.7 (1), we have L(w) > 0. This is a contradiction. Hence,
K, (w) < 0. By Lemma 2.7 (2), (3) and weakly lower semicontinuity of L, we have

3d(w) < L(w) < lim inf L(w,) = 3d(w).

n— oo

Thus, L(w) = 3d(w). Combining with (2.25), we have L(w, —w) — 0, as n — co. By Lemma 2.7
(1), we have w,, — w strongly in H*(R). Hence, w is a minimizer of (2.13). This completes the
proof. O

To prove the stability statement (1) for o < 0 in Theorem 1.4, we will use similar arguments as
in the work of Colin and Ohta [3]. We need the following property.

Lemma 2.11. Let a <0, w > o?. If a sequence (v,) C H'(RT) satisfies
Sw(vn) = d(w), (2.26)
Ko(vn) = 0, (2.27)

then there exist a constant 6y € R such that v, — €%y, up to subsequence, where ¢ is defined as
in Proposition 1.35.

Proof. Define the sequence (w,,) C H!(R) as follows,

() = vp(z) for > 0,
Wnl®) = vp(—x) for x < 0.

We can check that
S(wn) = 28, (v,) = 2d(w) = d(w),
Ko (wy) = 2K, (v,) — 0,

as n — oo. Using Proposition 2.10, there exists a minimizer wy of (2.13) such that w, — wq
strongly in H*(R), up to subsequence. For convenience, we assume that w, — wq strongly in
H'(R). By Proposition 2.3, there exists a constant fy € R such that

0o =

Wo =€ 7,

where ¢ is defined by

('B(m) - { (p?(fm;:)f(f)érxx><0(7). (2.28)

Hence, the sequence (v,,) is the restriction of the sequence (w,) on R*, and satisfies
vp — €%, strongly in H'(R"),

up to subsequence. This completes the proof. O
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Define
Al ={ve H'(RT)\ {0} : S.(v) < d(w), Ku,(v) > 0},
AG = {ve H'(RM)\ {0} : 5.(v) < d(w), Ko (v) < 0},
B ={ve H'(R")\ {0} : Su(v) < d(w), N(v) < 3d(w)},
B, ={ve H'(R")\ {0} : Su(v) < d(w), N(v) > 3d(w)}

We have the following result.

Lemma 2.12. Let w, o € R? such that o < 0 and w > o?.

(1) The sets AT and A are invariant under the flow of (1.1).
(2) AL =B and A = B,.

Proof. (1) Let up € A7, and wu(t) the associated solution for (1.1) on (Tynin, Tmaxz). By uo # 0
and the conservation laws, we see that S, (u(t)) = S, (ug) < d(w) for t € (Thnin, Tmaz)- Moreover,
by definition of d(w) we have K, (u(t)) # 0 on (Tiin, Tmaz)- Since the function t — K, (u(t)) is
continuous, we have K, (u(t)) > 0 on (Thin, Trmaz). Hence, A7 is invariant under flow of (1.1). By
the same way, A, is invariant under flow of (1.1).

(2) If v € A7 then by (2.20), (2.19) we have N(v) = 3S,(v) — 2K, (v) < 3d(w), which shows
v € B, hence A}, C BY. Now, let v € Bf. We show K, (v) > 0 by contradiction. Suppose that
K, (v) €£0. Then, by Lemma 2.7 (3), L(v) > 3d(w). Thus, by (2.20) and (2.19), we have

5u(v) = 3 L(0) ~ SN () > d(w),

which contradicts S, (v) < d(w). Therefore, we have K,(v) > 0, which shows v € AJ and
B} c Af. Next, if v € A, then by Lemma 2.7 (3), L(v) > 3d(w). Thus, by (2.20) and (2.19), we
have N(v) = L(v) — K, (v) > 3d(w), which shows v € B;,. Thus, A, C B . Finally, if v € B,
then by (2.20) and (2.19), we have 2K, (v) = 35,(v) — N(v) < 3d(w) — 3d(w) = 0, which shows
v € A, hence, B, C A, . This completes the proof. O

From Proposition 1.3, we have

Since a < 0, we see that

@) = Dullelaae, = 50ullBlFam) > 0
where ¢ is defined as (2.28) and we know from [9], [8] that
012N Z2 ) > 0,
for a < 0. We define the function h : (—eg,£9) — R by
h(r) =d(w £71),

for g9 > 0 sufficiently small such that A”(7) > 0 and the sign + or — is selected such that h’'(7) > 0
for 7 € (—eg,e0). Without loss of generality, we can assume

h(r) =d(w+ 7).

Lemma 2.13. Let (w,a) € R? such that w > o2 and let h be defined as above. Then, for any
e € (0,e0), there exists & > 0 such that if vo € H(R") satisfies |[vo — ¢||mr(r+) < 0, then the
solution v of (1.1) with v(0) = vy satisfies 3h(—e) < N(v(t)) < 3h(e) for all t € (Trin, Trmaz)-

Proof. The proof of the above lemma is similar to the one of [3] or [18]. Let € € (0,e0). Since
h is increasing, we have h(—¢) < h(0) < h(e). Moreover, by K,(¢) = 0 and (2.19), (2.20), we
see that 3h(0) = 3d(w) = 35,(¢) = N(¢). Thus, if ug € H'(R") satisfies ||ug — ¢ g1 g+) < 0
then we have 3h(0) = N(ug) + O(0) and 3h(—e) < N(ug) < 3h(e) for sufficiently small § > 0.
Since h(4e) = d(w + ) and the set B are invariant under the flow of (1.1) by Lemma 2.12, to
conclude the proof, we only have to show that there exists § > 0 such that if ug € H*(R") satisfies
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|luo—@ll s (r+) < & then Sy,ic(ug) < h(+e). Assume that ug € H*(RY) satisfies |Juo—| g1 (r+) < 6.
We have

Swte(ug) = Swe(p) +O(6)
= 5.(p) £ =M(g) + O0)
— 1(0) + £ (0) + O(6).

On the other hand, by the Taylor expansion, there exists 7 = 7y (¢) € (—&p,&0) such that
2
h(£e) = h(0) £ eh'(0) + Sh" ().

Since A’ (1) > 0 by definition of h, we see that there exists § > 0 such that if ug € H'(RT) satisfies
luo — |l (r+y < 6 then S,c(ug) < h(£e). This completes the proof. O

Proof of Theorem 1.4 (1). Assume that e™*p is not stable for (1.1). Then, there exists a constant
€1 > 0, a sequence of solutions (v™) to (1.1), and a sequence {¢,} € (0,00) such that

0a(0) = ¢ in HYRY), fuf llon(ta) = €%l sy > 1. (2.29)

By using the conservation laws of solutions of (1.1), we have

Sw(Vn(tn)) = Su(vn(0)) = Su(v) = d(w). (2.30)
Using Lemma 2.13, we have
N(vn(tn)) = 3d(w). (2.31)
Combined (2.30) and (2.31), we have

Ko(tm(tn)) = 250 (vn(t)) — %N(vn(tn)) 0.

Therefore, using Lemma 2.11, there exists 6y € R such that (v, (t,,.)) has a subsequence (we denote
it by the same letter) that converges to ey in H!(R™), where ¢ is defined as in Proposition 1.3.
Hence, we have

; _ 6 )
inf llon(tn) — el m @) =0, (2.32)
as n — oo, this contradicts (2.29). Hence, we obtain the desired result. O

Next, we give the proof of Theorem 1.4 (2), using similar arguments as in [17].
Assume o > 0. Let e™“’p be the standing wave solution of (1.1). Introduce the scaling

va(z) = )\%v()\x).
Let S,,, K, be defined as in Proposition 1.3, for convenience, we will remove the index w. Define

0 1 Q@
P(v) := 875(%\”/\:1 = ||Uw||%2(m+) - T6||v‘|%6(R+) + §|U(0)|2-

In the following lemma, we investigate the behaviour of the above functional under scaling.

Lemma 2.14. Letv € H*(R')\ {0} be such that v(0) # 0, P(v) < 0. Then there exists \g € (0,1]
such that

(i) Pvr,) =0,

i) Ao =1 if only if P(v) =0,

(iii) FxS(va) = 5P(va),
)
)

—~

(iv) ZS(va) >0 on (0,X0) and ZS(vy) <0 on (Ao, 00),
(v) The function A — S(vy) is concave on (Ag, o0).
Proof. A simple calculation leads to

A2 Ao
P(va) = N|Jogl|72 gy — T6||v|‘6L6(R+) + 7\v(0)l2~

Then, for A > 0 small enough, we have
P(U)\) > 0.
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By continuity of P, there exists A\g € (0,1] such that P(vy,) = 0. Hence (i) is proved. If Ao =1
then P(v) = 1. Conversely, if P(v) =0 then

Ao — A2 Ao — A2

0= P(uvy,) = \jP(v) + alv(0)]* = alv(0)[*.

By the assumption v(0) # 0, we have Ao = 1, hence (ii) is proved. Item (iii) is obtained by a simple
calculation. To obtain (iv), we use (iii). We have

3 A MATla
P(m)-AzAﬁP(%H(— 0 )v(O)F

2 2
~Aa(Ag —A) 9
=22
Hence, P(vy) > 0if A < Ag and P(vy) < 0if A > Ag. This proves (iv). Finally, we have
82

53 S(w) = P(v) = Sl(O) <o.
This proves (v). O
In the case of functions such that v(0) = 0, we have the following lemma.
Lemma 2.15. Let v € HY(R')\ {0}, v(0) =0 and P(v) = 0 then we have
S(vy) =S(w)  forall A > 0.

Proof. The proof is simple, using the fact that

0 1
=5(13) = 1 P(1x) = AP(v) =0
Hence, we obtain the desired result. O

Now, consider the minimization problems
dam = inf {S(v) :v e M}, (2.33)
m = inf {S(v),v € H'(R")\ 0,5 (v) = 0}, (2.34)
where
M={ve H'(R")\0,P(v)=0,K(v) <0}.
By classical arguments, we can prove the following property.
Proposition 2.16. Let m be defined as above. Then, we have
m = inf {S(v) :v € H'(R")\ 0,K(v) =0}.
We have the following relation between the minimization problems m and da4.

Lemma 2.17. Let m and dq be defined as above. We have
m = d./\/l

Proof. Let G be the set of all minimizers of (2.34). If ¢ € G then S’(p) = 0. By the definition of S,
P, K we have P(p) =0 and K(¢) = 0. Hence, ¢ € M, this implies S(¢) = daq. Thus, m > d.
Conversely, let v € M. If K(v) = 0 then S(v) > m, using Proposition 2.16. Otherwise,
K(v) < 0. Using the scaling vy (z) = Azv(Az), we have
3A2 a\
K(0x) = N [logl|72 ey — 16 -
as A — 0. Hence, K(vx) > 0 as A > 0 is small enough. Thus, there exists A\; € (0,1) such that
K (vy,) = 0. Using Proposition 2.16, S(vy,) = m. We consider two cases. First, if v(0) = 0 then
using Lemma 2.15, we have S(v) = S(vy,) = m. Second, if v(0) # 0 then using Lemma 2.14,
we have S(v) > S(vy,) = m. In any case, S(v) > m. This implies dyq > m, and completes the
proof. O

Define

[01%6 sy + wllvllZ2@ry + 5 [0(O0)* = wlv]|F2@+) >0,

V:={ve H(R")\ {0} : K(v) <0,P(v) <0,S(v) <m}.
We have the following important lemma.
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Lemma 2.18. If vy € V then the solution v of (1.1) associated with vy satisfies v(t) € V for all t
in the time of existence.

Proof. Since S(vg) < 0, by conservation of the energy and the mass we have
S(w) = E() +wM((v) = E(vg) + wM (vg) = S(vg) < m. (2.35)

If there exists tg > 0 such that K (v(tp)) > 0 then by continuity of K and v, there exists t; € (0, %]
such that K(v(t1)) = 0. This implies S(v(t1)) > m, using Proposition 2.16. This contradicts
(2.35). Hence, K (v(t)) < 0 for all ¢ in the time of existence of v. Now, we prove P(v(t)) < 0 for
all ¢ in the time of existence of v. Assume that there exists 3 > 0 such that P(v(t2)) > 0, then,
there exists t3 € (0,t2] such that P(v(t3)) = 0. Using the previous lemma, S(v(t3)) = m, which
contradicts (2.35). This completes the proof. O

Using the above lemma, we have the following property of solutions of (1.1) when the initial
data lies on V.

Lemma 2.19. Let vy € V, v be the corresponding solution of (1.1) in (Tpin, Timas). There exists
0 > 0 independent of t such that P(v(t)) < =0, for all t € (Timin, Trmax)-

Proof. Let t € (Tomin, Timaz), u = v(t) and uy(z) = A2u(Az). Using Lemma 2.14, there exists
Ao € (0,1) such that P(uy,) = 0. If K(uy,) < 0 then we keep Ag. Otherwise, K (uy,) > 0, then,
there exists A\g € (Mg, 1) such that K<“XD) = 0. We replace Ay by A\g. In any case, we have

S(ux,) = m. (2.36)

By (v) of Proposition 2.14 we have

S(u) — S(ux,) > (1— Ao)%S(u,\)L\:l = (1—\o)P(u).
In addition P(u) < 0, we obtain
S(u) — S(ux,) = (1= Ao)P(u) > Plu). (2.37)
Combined (2.36) and (2.37), we obtain
S(vo) =m = S(v(t)) —m = S(u) —m = S(u) — S(ux,) > P(u) = P(v(?)).

Setting
—0 := S(vg) —m,

we obtain the desired result. O

Using the previous lemma, if the initial data lies on V and satisfies a weight condition then the
associated solution blows up in finite time on H!(R"). More precisely, we have the following result.

Proposition 2.20. Let ¢ € V such that |z|¢ € L*(R"). Then the corresponding solution v of
(1.1) blows up in finite time on H'(RT).

Proof. By Lemma 2.19, there exists ¢ > 0 such that P(v(t)) < —6 for t € (Thnin, Tmaz). Remember
that

0 .
S0 Ol ey = IO = [ alo* o (2.33)

where J(t) satisfies

1
0I(0) =4 (200 ey = ol + ol O ) = S(P((0) < -85
This implies that

J(t) = J(0) + 8 / " Plo(s)) ds < J(0) — 8t.
0
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Hence, from (2.38), we have

t t
0Ol sy = 20O e+ [ Te)ds— [ [ aloltdeds

t
< ev(O)aae + [ (7(0) = 865) ds

< Nwo(0))12 0 sy + J(0)E — 452,

Thus, for ¢ sufficiently large, there is a contradiction with ||zv| 2+ > 0. Hence, Tynar < 00 and
Tinin > —oo. By the blow up alternative, we have

tﬁgﬂaw“vaLZ(Rﬁ—) t—>¥wrylin||vz||L2(R+) S

This completes the proof. O

Proof of Theorem 1.4 (2). Using Proposition 2.20, we need to construct a sequence (¢,) C V such
that ,, converges to ¢ in H'(R™T). Define

ox(z) = A2 p(Az).

We have

S(p)=m, P(p)=K(p)=0, ¢(0)#0.

By (iv) of Proposition 2.14,

S(ex) < m for all A > 0.

In the addition,

P(py) <0 for all A > 1.

Moreover,

0 3
5502 =22 (s xen) = g5 lelfeqany ) +lo(0)

= 2MK () = wllellLz vy — alp(0)) + alp(0)[*
2

= —20A[@l1 72+ — @(2X = 1)|p(0)]
<0,

when A > 1. Thus, K(¢x) < K(¢) =0 when A > 1. This implies ) € V when A > 1. Let A\, > 1
such that A, = 1 as n — oo. Define, for n € N*

Pn = Prns

then, the sequence (¢,,) satisfies the desired property. This completes the proof of Theorem 1.4. [
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