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We consider the Schrodinger equation with nonlinear derivative term on [0, +o0) under
Robin boundary condition at 0. Using a virial argument, we obtain the existence of blowing
up solutions and using variational techniques, we obtain stability and instability by blow

up results for standing waves.
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I. INTRODUCTION

In this paper, we consider the derivative nonlinear Schrédinger equation on [0, +o0) with Robin

boundary condition at O:

V4V = %|v|2vx - %vzﬂ— ]3—6|v|4v forx e RT,

v(0,x) = vo(x), (1.1)
dv(t,0) = av(r,0) VreR,
where & € R is a given constant. The particular choice for the nonlinearity will become clear after

Remark I.1.

The linear parts of (1.1) can be rewritten in the following forms:

ivi + Hqv =0 forx € R,
(1.2)

v(0) = vy,
where Hy, are self-adjoint operators defined by

Hy : D(Hy) C LA(RY) — L2(RT),

Hou =y, D(Hy)={uecH*(RT):u(0")=ou(0))}.

We recall that e/l : R — & (L>(R™)) is a group which defines the solution of (1.2).

The derivative nonlinear Schrodinger equation was originally introduced in Plasma Physics as
a simplified model for Alfvén wave propagation. Since then, it has attracted a lot of attention from
the mathematical community (see Refs. 1-3).

Robin boundary conditions are a weighted combination of Dirichlet boundary conditions and
Neumann boundary conditions. Robin boundary conditions are also called impedance boundary
conditions, from their application in electromagnetic problems, or convective boundary conditions,
from their application in heat transfer problems. In mathematics, there are many works studying
equations under the Robin boundary condition (see e.g Ref. 4 and 5).

Consider the equation (1.1), and set
3i [ ’
ult.) =exp (5 [ )Py ) vie.x)
Using the Gauge transformation, we see that u solves
iy + e = i0(Ju)?u), tER, x€ (0,00), (1.3)
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under a boundary condition dxu(t,0) = au(t,0) + 3 |u(,0)|>u(z,0). In the case on all line, there
are many papers dealing with the Cauchy problem of (1.3). In Ref. 6, the authors established the
local well posedness in H'(R) by using a Gauge transform. Indeed, since u solves (1.3) on R, by

setting

X
h(t,x) = exp (_,- / |u<r,y>|2dy) u(t, ),
[ 2
k:hx+§]h\ h, (1.4)

we have h, k solve
ihy + hy = —ih2k,
B (1.5)
ik + ko = ik?h.
By classical arguments, we can prove that given /g,kg € L?>(R) satisfying (1.4) there exists a
unique solution &,k € C([0,T],L*(R)) NL*([0,T],L=(R)). To obtain the existence of solution of
(1.1), the authors proved that the relation (1.4) is satisfied for all z € [0,T]. Thus, since &,k solve

(1.5) and satisfy (1.4), if we set

u(t, x) = exp (i/xm |h(t,y)|2dy> h(t, ),

then u € C([0,T],H'(R)) solves (1.1). In Ref.7, the author proved the global well posedness on
H'(R) under a L>(R) norm bound for the initial data (see also Refs. 8 and 9). In Ref. 10, the
authors proved the global well posedness of (1.3) given initial data in H 2 (R) and that furthemore
the H? (R) norm is globally bounded in time. This result closes the discussion in the setting of
the Sobolev spaces H*(R). In the half line case, Wu'! proved existence of blow up solution of
(1.3) under Dirichlet boundary condition, given initial data in £ := {ug € H*(R"),xug € L>(R*)}.
In this paper, we give a proof of existence of blow up solutions of (1.1) under Robin boundary
condition.

To study equation (1.1), we start by the definition of solution on H ! (R™). Since (1.1) contains
a Robin boundary condition, the notion of solution in H'(R*) is not completely clear. We use the
following definition. Let I be an open interval of R. We say that v is a H'(R") solution of the

problem (1.1) on I if v € C(I,H'(R")) satisfies the following equation

e t e
v(t) = e’H“’q) — i/o elH“(t_S)g(v(s)) ds, (1.6)
where g is defined by
1 ] 3
g(v) = E\v\zvx — Evzvx — E\v!“v.



Let v € C(I,D(Hy)) be a classical solution of (1.1). At least formally, we have

1
SA(VP) = =0 Im(v).

Therefore, using the Robin boundary condition we have

P) (% /0 °°|v|2dx) — — Im(vi¥)(t,0) + Im(veD) (t,0)

= Im(v,v)(t,0)
= aIm(|v(t,0)?)
=0.

This implies the conservation of the mass. By elementary calculations, we have
3 (el = L) = o, (2%e(vv) — L pPIve P+ 2v22
t X 16 X xVt 2 X ) x |-
Hence, integrating the two sides in space, we obtain
2 I 6 - 1 2 » 1 252
o /R+ [vy|“dx — 1—6|v| dx | = —2%e(v(t,0)v(1,0)) + §|v(t,0)| [vi(2,0)]" — Ev(t,O) ve(2,0) .

Using the Robin boundary condition for v, we obtain

” (/R ol 1—16’”6‘1’“) = —2a(v(1,0(1,0)) = ~ a3 (Iv(1,0)).

This implies the conservation of the energy which is defined as in (1.7).

In this paper, we will need the following assumption.

Assumption 1. We assume that for all vo € H'(R™) there exists a solution v € C(I, H'(R")) of

(1.1) for some interval I C R. Moreover, v satisfies the following conservation laws:

1
M) = 5 IV ey = M(v0),
1, 0 1 o 5
E(v):= §||Vx||L2(]R<+) - 3—2HVHL6(R+) +5 v(t,0)]7 = E(vo). (1.7)
Remark L1. In (1.1), if we consider the nonlinear term i|v|?v, instead of £|v|?v; — Zv?vy — 13—6|v|4v

then there is no conservation of energy of solution. Indeed, set

u(t, x) = v(t, x) exp (—ﬁLx|v(t,y)|2dy) .
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If v solves
Vi + Vi = i|v|2vx,
v (t,0) = av(t,0)

then u solves

Uy + Uy = %]u!zux — %uzu_x— 13—6\u]4u,

(1.8)
dwu(t,0) = au(t,0) — £|u(t,0)|2u(t,0).

By elementary calculations, since u solves (1.8), we have

1 1 1
o <|th|2 - 1—6|u|6> =0y (2@e(uxu_t) - §|u|2|ux|2 + Euzu_,f) :

Integrating two sides in space, we obtain

% (/ e i|u|6dx) — 2580y (1, 0)7(1,0)) + ~ u(t,0) Py (1, 0)12 — 2 (¢, 0)20,(1,0)
R+ 16 2 2

Using the boundary condition of u, we obtain

o (/R+ 2~ 1—16|u|6dx> = —20%e(u(t,0)ur (1,0)) - %fm(u(t,O)]u(r,0)|2ut(t,0))

. 2
4 %]u(t,0)|4 <a2 + %\u(r,0)|4 - (a+ £|u(t,0)|2> )

= —ad;(|u(t,0)*) +A,

— - 2
where A = —4.#m(u(t,0)|u(r,0) P, (£,0)) + s|u(r,0)[* (02 + flu(r,0)]* — (e + §u(z,0) )*).
Moreover, we cannot write A in form d;B(u(t,0)), for some function B : C — C. Then, there is no

conservation of energy of u and hence, there is no conservation of energy of v.

The existence of blow-up solutions for classical nonlinear Schrodinger equations was consid-
ered by Glassey'” in 1977. He introduced a concavity argument based on the second derivative
in time of ||xu(z) ||%2 to show the existence of blow up solutions. In this paper, we are also inter-
ested in studying the existence of blow-up solutions of (1.1). The limit case &t = +oo is formally
equivalent to Dirichlet boundary condition if we write v(7,0) = évx(t,O) = 0. In Ref. 11, the
author proved the existence of blow up solutions of (1.1) with Dirichlet boundary condition and
some conditions on the initial data. Using similar arguments as in Ref. 11, we obtain the existence
of blow up solutions in the case @ > 0, under a weighted space condition for the initial data and

negativity of the energy. Our first main result is the following.
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Theorem 1.2. We assume Assumption 1. Let & > 0 and vy € ¥ where
= {u € D(Hy),xu € LZ(R+)}

such that E(vy) < 0. Then the associated solution v of (1.1) blows up in finite time i.e Ty, > —oo

and Tyax < +oo.

The stability of standing waves for classical nonlinear Schrodinger equations was originally
studied by Cazenave and Lions'? with variational and compactness arguments. A second ap-

1415 and then considerably

proach, based on spectral arguments, was introduced by Weinstein
generalized by Grillakis, Shatah and Strauss'®!” (see also Refs. 18, 19). The derivative nonlin-
ear Schrodinger equation has a two-parameter family of solitary waves solutions. The stability of
these particular solutions was studied in many works before (see e.g Refs. 20-22). In our work,

we use the variational techniques to study the stability of standing waves. First, we define

1

1
N 2 2 2 6
=5 [HVxHLZ(R+)+wHVHL2(R+)+O‘|V(O)’ ] _3_2”VHL6(R+)7

So(v)
3
- 2 2 2 6
Kp(v) := ||Vx||L2(R+) + w||V||L2(R+) + a|v(0)]" — 1_6||VHL6(R+)’
where v(0) is value of function v at x = 0. We are interested in the following variational problem:
d(®) :=inf{Se(v) | Ko(v) =0,v € H'(RT)\ {0}} . (1.9)

We have the following result.

Proposition 1.3. Let o, a € R such that o > a®. All minimizers of (1.9) are of form €'® o, where

0 € R and gy is given by

Op = 2\4/5sech% (2\/5\)6\ +tanh ™! (\;—%)) .

We give the definition of stability and instability by blow up in H! (R*). Let w(t,x) = e'® @y, (x)

be a standing wave solution of (1.1).

(1) The standing wave w is called orbitally stable in H' (R*) if for all € > 0, there exists § > 0
such that if vy € H' (R™) satisfies

Vo = Qoll g1 (r+) < 8,

then the associated solution v of (1.1) satisfies

inf [[v(r) — €® <E.
fgﬂlg;gRHV() " Qoll i (r+)

Otherwise, w said to be unstable.



(2) The standing wave w is called unstable by blow up if there exists a sequence (¢,) such that
lim ||@, — @p || g (r+) = 0 and the associated solution v, of (1.1) blows up in finite time for
n—yoo

all n.
Our second main result is the following.

Theorem L4. Let a,® € R be such that ® > o>. The standing wave ¢'® @y, where Qg is the

profile as in Proposition 1.3, solution of (1.1), satisfies the following properties.
(1) If o < O then the standing wave is orbitally stable in H' (R™).
(2) If o > 0 then the standing wave is unstable by blow up.

Remark 1.5. The conservation laws play an important role to study the stability of standing waves.
However, the existence of conservation of energy is not always true (see remark 1.1). Our work

can only extend for the models with nonlinear terms such that the energy is conserved.

Remark 1.6. The blow up of solution is true in the case & = 0 i.e Neumann boundary condition.
In addition, there exist standing waves in this case. The formula of standing waves in this case is
only a special case of the general case o € R. Using similar arguments as in Ref. 23 (see also Ref.

24, Theorem 5.2), we obtain that in case o = 0, the standing waves is unstable by blow up.

This paper is organized as follows. First, under the assumption of local well posedness in
H'(R™T), we prove the existence of blow-up solutions using a virial argument: In Section IT A, we
give the proof of Theorem 1.2. Second, in the case & < 0, using similar arguments as in Ref.25, we
prove the orbital stability of standing waves of (1.1). In the case o > 0, using similar arguments
as in Ref.24, we prove the instability by blow up of standing waves. The proof of Theorem 1.4 is
obtained in Section II B. Finaly, in Section III, we prove the invariance of a set under the flow of
equation (1.1) which gives us another proof of the instability of standing waves. In this section,
we also prove that dy,|| (f’w”%z ®) > 0 provided o < 0, which is important in the proof of stability

of standing waves.

II. PROOF OF THE MAIN RESULTS

We consider the equation (1.1) and assume that Assumption 1 holds.
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A. The existence of blow-up solutions

In this section, we give the proof of Theorem 1.2 using a virial argument. Let & > 0 and v be a
solution of (1.1). To prove the existence of blow-up solutions, we use similar arguments as in Ref.

11. Set
1(1) = / 2v(0) | dx.
0
Let

u(t,x) = v(t,x)exp (—;L/Xoo ]v]zdy) (2.10)

be a Gauge transform in H'(RT). Then the problem (1.1) is equivalent with

iut+uxx:i|u|2ux, o)

uy(2,0) = ou(t,0) + £u(t,0)>u(t,0).

The equation (2.11) has a simpler nonlinear form, but we pay this simplification with a nonlinear

boundary condition. Observe that

1) = /Ooox2|u(t)|2dx _ /Ooox2|v(t)|2dx.

By a direct calculation, we get

a1(t) :2%e/ xzu(t,x)&u(t,x)dx:l@e/ X0 (it + |u|*uy) dx (2.12)
0 0
[ 1 [
:2ﬂm/ Xty d ——/ 2x|ul* dx (2.13)
0 2Jo
= 4.9m / Xt T dx — / x|u|* dx. (2.14)
0 0

Define
J(t) = fm/ xXuyudx.
0
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We have

(o]

o, J(t) = Jm/owxuxﬁ,dx—l— fm/o XUty dX
= —fm/owxu,ﬁxdx— /m/om(xﬁ)xutdx
= —ZJm/Oooxu,ﬁxdx— fm/ooo wudx
= —Zﬂm/()wxﬁx(iuxx+ |ua| 1) dx — ﬂm/oo (it + |u|* 1) dx
= —2%e/omxﬁxuxxdx—,%’e/oooﬁuxxdx—fm/o \u|2uxﬁdx
__ /0 " x| dox — Feiy) (1, +o0) + ety (t,0) + Fe /O e dx— Im /0 " |uPusidx
:/Ooo|ux|2dx+%e(ﬁ(t,O)ux(t,O))+/Ooo|ux|2dx—,ﬂm/ow]u|2uxﬁdx
:2/0°°|ux|2dx—fm/0°°|u|2uxmzx+%e(a(t,0)ux(t,0)).
Using the Robin boundary condition we have
3 z/ g dx — ym/ uPusidx+ ofu(t,0)2.

Moreover using the expression of v in term of u given in (2.10), we get

I ( 2/ o2 dx— = / 1v]® dx + at|v(z,0)
= 4E(v) — a|v(t,0)|? < 4E(v) = 4E(vp).
By integrating the two sides of the above inequality in time we have
J(t) < J(0)+4E(vo)t. (2.15)

Integrating the two sides of (2.12) in time we have

O)—|—4/0[J(s)ds—/Ot/owx|u(s,x)|4dxds
0)+4/OIJ(s)ds

Using (2.15) we have

-1—4/ 0)+4E(vo)s)ds

< 1(0) +4J(0)t 4 8E (vo)*



From the assumption E(vg) < 0, there exists a finite time 7, > 0 such that /(7,) = 0,
I(t) >0for0 <t <T,.

Note that

/ Ivo(x) [ dx = / v(t,2)|dx = —2%e / o (t,x)V5(t,%) dx
0 0 0
<2l 2wy sl 2wy = 2V IO vl 2 ey -

Then there exists a constant C = C(vy) > 0 such that

C
Voell72 > ———= > tooast = T,.
Vellzzer) = 5 ) i

Then the solution v blows up in finite time in H'(R™). This complete the proof of Theorem 1.2.

B. Stability and instability of standing waves

In this section, we give the proof of Theorem 1.4. To avoid confusion, throughout of this section,
we denote v(0) is value of function v at point x = 0. First, we find the form of the standing waves

of (1.1).

1. Standing waves
Let v = ¢/ @, be a solution of (1.1). Then ¢, solves

0= Qu— 0P+ 5 Im(9P)p + | o|* ¢, forx>0
¢:(0) = x(0), (2.16)
¢ € H*(RT).
Set
A= 0 5 In(9Pa) — = |0al
T 2 m (P(o(P(D 16 (Pa)

By writing ¢, = f +ig for f and g real valued functions, for x > 0, we have

fxx :Af,
gxx = Ag.
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Thus,
ax(fxg_gxf) = fxx€ — &«f =0 when x > 0.
Hence, by using f,g € HZ(R+), we have

fr(x)g(x) — gx(x) f(x) = 0 when x > 0.

Then, for all x > 0, we have

Im( @ (%) Po(x)) = 8x(x) £ (x) = fr(x)g(x) =0,

hence, ¢4 solves
0=0n— 0@+ 13—6|(p|4(p, forx >0
¢:(0) = a(0), (2.17)
¢ € H*(R").
We have the following result.

Proposition IL.1. Let @ > o. There exists a unique (up to phase shift) solution Qg of (2.17),

which is of the form

0w = 2/@sech? (2\/5|x| +tanh™! (;—%)) , (2.18)

for all x > 0.
Proof. Let ¢ be a solution of (2.17) and w be the even function defined by

Qp(x) ifx >0,
w(x) =
Qu(—x) if x <O.
Then w solves

0= —wix+ow— 13—6]w]4w, for x # 0,
wy(0T) —wy(07) = 20w(0), (2.19)
we H*(R)\ {0} nH'(R).

Using the results of Fukuizumi and Jeanjean’® (see Proposition I1.2), we obtain that

w(x) = 2¢/@sech? (2\/ny| +tanh ™! (\_/—%»

up to phase shift provided @ > a:>. Hence, for x > 0 we have

Po(x) = 2@ sech? (2\/5|x| +tanh™! (\_/—%))

up to phase shift. This implies the desired result. [
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2. The variational problems

In this section, we give the proof of Proposition 1.3.

First, we introduce another variational problem:
d(®) = inf{:S'vw(v) | veven,Ky(v) =0,ve H(R)\ {0}} : (2.20)
where Sy, K, are defined for all v € H' (R) by
~ 1 -
So(v) = 3 [I1sl1F2 gy + @IV gy +200(0) 2] = 55 IVl
~ 3
Ko(v) = il 2) + @lVI72(g) +2elv(0)] —1—6||V||26(R)-

The functional K, is called Nehari functional. The following result was proved in Refs. 26 and

27.

Proposition IL.2. Let o > o®. Consider the following equation

— P +2a80+ 09— Z|o|*e =0,
¢ H'(R)\{0}.

There exists a unique positive solution Qg of (2.21). This solution is the unique positive minimizer

(2.21)

of (2.20). Furthermore, we have an explicit formula for Qg
04
Boo(x) = 2/wsech? <2\/6 |x| +tanh ™! (ﬁ) ) . (2.22)
We have the following relation between the variational problems.

Proposition IL.3. Let @ > a®. We have

Proof. Assume v is a minimizer of (1.9), define the H!(R) function w by

v(x)if x >0,
v(—x) if x < 0.

w(x) =

The function w € H'(R) \ {0} verifies

So(w) =285, (v) = 2d(w),
Ko(w) =2Kq(v) =0.
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This implies that

d(®) < Sp(w) = 2d(o).

Now, assume v is a minimizer of (2.20). Let w be the restriction of v on R™, then,

Hence, we obtain

Combining (2.23) and (2.24) we have

d(w) = 2d().

This implies the desired result.

Proof of Theorem 1.3. Let v be a minimizer of (1.9). Define w(x) € H'(R) by

v(x)if x >0,
w(x) =
v(—x) if x < 0.

Then, w is an even function. Moreover, w satisfies

Ko(w) =2Ku(v) =0,

So(w) =284(v) = 2d(0) = d(o).

d(®) = Sp(v) = 284 (w) = 2d().

(2.23)

(2.24)

Hence, w is a minimizer of (2.20). From Proposition II.2, w is of the form e'? (Pw- Hence, v =w|p+

satisfies
v=2e0Pp|rs = e pp.

This completes the proof of Proposition 1.3.

3. Stability and instability of standing waves

In this section, we give the proof of Theorem 1.4. We use the notations Se and Ky as in Section

II B 2. First, we define

3
N(V) = EHVH?,G(]RH’

L) = sl 2o + 0[] e + v (O

13
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We can rewrite S, K, as follows

We have the following classical properties of the above functions.
Lemma IL4. Let (0, ) € R? such that @ > a?. The following assertions hold.

(1) There exists a constant C > 0 such that

L(v) > C||v||%{1(R+) Vv e H'(RT).

(2) We have d(w) > 0.
(3) If ve H'(RY) satisfies Kg(v) < 0 then L(v) > 3d().

Proof. We have

oo

O == [ o)) dx = —2% | v(x)5i () d
< 20 2 Il 2 -
Hence,
L) = B2 + @IV, + alv(O)
> vl 2 ey + @IV 22y — 21t Wl 2y Il

> vl gy + (1= C) sl + (@ = OV 22y — 21t Ml vl 2w

> Clilz gy + 2V (1= C) (@ —C) = 2|a)) IVl @ il 2+ )-

From the assumption @ > 2, we can choose C € (0, 1) such that

2\/(1-C)(w—C)—2|a| > 0.

This implies (1). Now, we prove (2). Let v be an element of H!(R") satisfying K¢ (v) = 0. We
have
VI ey < LOY) = NO) < GG

Then,
. C

2
||V”H1(R+) > C,

14



V) = So(v) — §Kw(v) = 3L(v), this

From the fact that, for v satisfying K, (v) = 0, we have S, (v)

)ive H' (RT),Ko(v) =0} > 1/ >0

implies that

1
d(w) = §inf{L(
Finally, we prove (3). Letv € H'(R™) satisfying K(v) < 0. Then, there exists A; € (0, 1) such that
Ko (Av) = A2L(v) — A8N(v) = 0. Since v # 0, we have 3d(®) < L(A4;v) = A2L(v) < L(v). O
Define
) 36
N) = 1elvlizsm) (2.27)
L) = el 72) + @IV gy +20v(0) . (2.28)
We can rewrite S, Ky as follows
So=iL—iN
o — 2 6 )
~0_) — l~4 — N

As consequence of the previous lemma, we have the following result

Lemma IL5. Let (, ) € R? such that @ > a?. The following assertions hold

(1) There exists a constant C > 0 such that

Lw)=Clvl3, WveH'(R).

(2) We have d(®) > 0.

(3) If v e H'(R) satisfies Ko (v) < 0 then L(v) > 3d(o).

We introduce the following properties
Lemma I1.6. Ler 2 < p < oo and (f,) be a bounded sequence in LP (R). Assume that f,, — f a.e

in R. Then we have

fallZe = fw = £UZo = IFNZp — O

For the proof of Lemma I1.6, see Ref. 28
Lemma I1.7. The following minimization problem is equivalent to the problem (2.20) i.e they have

the same minimum and the same minimizers
(2.29)

1 _
d —inf{EHqu6 cueven ,uc H' (R)\ {0}, Ky (1) < 0}

15



Proof. We see that the minimizer problem (2.20) is equivalent to following problem:
1 _
inf{1—6\|u||g6 cuevenu € H' (R)\ {0},Kp(u) = O} : (2.30)

Let v be a minimizer of (2.20) then K4 (v) = 0, hence, d(®) = %Hv“?6 > d. Now, let v be a

minimizer of (2.29). We prove that K (v) = 0. Indeed, assuming Ky (v) < 0, we have
Ro(Av) = A2 2 2, +20av(0 2 3%, e 0
Ko(Av) = A7 | [vxllz + llvl[z2 +2ap(0)]" = = ~[vljs | >0,

as 0 < A is small enough. Thus, by continuity, there exists a Ay € (0, 1) such that K¢ (Agv) = 0. We
have d < d(®) < %H?LQVHEG < 11—6||v||26 = d, which is a contradiction. It implies that Kg(v) = 0

and v is a minimizer of (2.30), hence v is a minimizer of (2.20). This completes the proof. [

Now, using similar arguments as in Ref. 27, Proof of Proposition 2, we have the following

result.

Proposition IL8. Let (0, o) € R? be such that oo < 0, ® > a? and (w,) C H'(R) be a even

sequence satisfying the following properties as n — oo.

§w(wn) —d(w),

Ko(wn) — 0.
Then, there exists a minimizer w of (2.20) such that w, — w strongly in H' (R) up to subsequence.

Proof. In what follows, we shall often extract subsequence without mentioning this fact explicitly.
We divide the proof into two steps.
Step 1. Weak convergence to a nonvanishing function for the minimizing sequence. We

have

2L00) = Somn) — cRolw) = d(0),

as n — oo, Then, (w,) is bounded in H'(R) and there exists w € H'(R) even such that w, — w in

H'(R) up to subsequence. We prove w # 0. Assume that w = 0. Define, for u € H'(R),

1 0] 1
Sto(u) = sl 72 + 5 ull 72 = g5 1l

3
Ko () = [luallp + ollull 72 = 1 lullzs.
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Let v, be minimizer of the following problems
d’(w) = inf{Sg)(u) cueven ,u € H (R)\ {0},K (u) = 0}
1
= inf{EHuH?ﬁ ueven ,u € H(R)\ {0},K2(u) < O} :

We have KO (w,,) = Kg(wn) — 20t|w,,(0)|> = 0, as n — oo. Since a < 0, we have K () < 0 and

hence we obtain

= 1
d(0) < Fllvols = d°(@) (2.31)
We set |
A, = ||8an||i2 —}-(DHW,,H%Z ) .
15wl
We here remark that 0 < d(w) = lim 161/wall%. It follows that
n [ee]
KO
Ay —1=—22 w(wng -0,
1_6”WnHL6

as n — oo, We see that K9 (A4,w,,) = 0 and A,w, # 0. By the definition of d°(®), we have
0 1 p g
d’(w) < E!annHLﬁ —d(w) as n — oo

This contradicts (2.31). Thus, w # 0.
Step 2. Conclusion of the proof. Using Lemma II.6 we have

Ko(wy) — Ko(wy —w) — Ky (w) — 0, (2.32)

L(wy) — L(wy, —w) —L(w) — 0. (2.33)

Now, we prove Kg(w) < 0 by contradiction. Suppose that K, (w) > 0. By the assumption
Ko (w,) — 0 and (2.32), we have

Ko(wp—w) = —Kp(w) <O0.

Thus, Kg(w, —w) < 0 for n large enough. By Lemma IL5 (3), we have L(w, —w) > 3d(). Since
L(w,) — 3d(w), by (2.33), we have

L(w) = lim (L(w,) — L(w, —w)) <0.

n—oo
Moreover, w # 0 and by Lemma IL.5 (1), we have L(w) > 0. This is a contradiction. Hence,

Ko (w) < 0. By Lemma IL5 (2), (3) and weak lower semicontinuity of L, we have

3d(w) < L(w) < lim infL(w,) = 3d(o).

n—soo

17



Thus, L(w) = 3d(®). Combining with (2.33), we have L(w, —w) — 0, as n — c. By Lemma IL.5
(1), we have w, — w strongly in H 1 (R). Hence, w is a minimizer of (2.20). This completes the

proof. 0

To prove the stability statement (1) for & < 0 in Theorem 1.4, we will use similar arguments as

in the work of Colin and Ohta®>. We need the following property.
Lemma IL9. Let o <0, @ > a?. If a sequence (v,) C H' (R") satisfies

So(vn) = d(o), (2.34)
Ko (vn) =0, (2.35)

then there exists a constant 8y € R such that v, — €% @, up to subsequence, where Qg is defined

as in Proposition 1.3.
Proof. Define the sequence (w,) C H!(R) as follows,

vu(x) for x > 0,
wn(x) =

vp(—x) for x < 0.

We can check that

So(Wn) = 286(vy) = 2d(0) = d(o),

Ea,(wn) =2Kyp(vy) — 0,

as n — oo. Using Proposition I1.8, there exists a minimizer wq of (2.20) such that w, — wy strongly
in H'(IR), up to subsequence. For convenience, we assume that w, — wy strongly in H!(R). By

Proposition 1.2, there exists a constant 6y € R such that
wo = e'® Po,
where @ is defined as in (2.22). Hence,
Vp — €0 @p|r+ = e g, strongly in H'(RT),

up to subsequence. This completes the proof. [
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Define

Ay ={veH' (R")\{0} : So(v) < d(®),Ku(v) > 0},
Ay ={veH'(R")\{0}: So(v) <d(),Ko(v) <0},
By ={veH (RT)\{0}: Su(v) <d(0),N(v) < 3d(o)},
By =4{ve H'(R)\{0}:Su(v) <d(w),N(v) >3d(w)}

We have the following result.

Lemma IL10. Let o, o € R? such that o0 < 0 and @ > o, The following assertions holds.
(1) The sets </} and <, are invariant under the flow of (1.1).
(2) Ay =B and Ay = B,

Proof. (1) Let ug € <7, and u(r) the associated solution for (1.1) on (Tin, Tnax). By ug # 0
and the conservation laws, we see that S, (u(t)) = Se (1) < d(w) for t € (Tin, Tnax). Moreover,
by definition of d(®) we have Ky (u(t)) # 0 on (Tpin, Tnax)- Since the function 7 — K (u(?)) is
continuous, we have K (u(t)) > 0 on (Tyin, Tinax)- Hence, <7, is invariant under flow of (1.1). By
the same way, .27, is invariant under flow of (1.1).

(2) If v € &7, then by (2.28), (2.27) we have N(v) = 38, (v) — 2Ky (v) < 3d(®), which shows
v € BS, hence o C BL. Now, let v € B;. We show K (v) > 0 by contradiction. Suppose that
Ky (v) <0. Then, by Lemma I1.5 (3), L(v) > 3d(w). Thus, by (2.28) and (2.27), we have

Su(v) = 3L0) ~ N > d(0),

which contradicts Se (v) < d(@). Therefore, we have K (v) > 0, which shows v € 7] and #,, C
. Next, if v € o7, , then by Lemma IL5 (3), L(v) > 3d(®). Thus, by (2.28) and (2.27), we
have N(v) = L(v) — Ky(v) > 3d(w), which shows v € #,,. Thus, <7, C A,. Finally, if v € 4,
then by (2.28) and (2.27), we have 2K, (v) = 3S,(v) — N(v) < 3d(w) — 3d(w) = 0, which shows
v € 4, , hence, B, C <7, . This completes the proof. [

From Proposition 1.3, we have
d(®) = Su(Pw)-

Since a < 0, using Proposition II1.5, we have
1(0) =l = L0l ol >0
(@) w||§0w||L2(R+) 5 a)HQDa)HLz(R) >0,
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We define the function & : (—&, &) — R by
h(t) =d(0w+ 7).

Since /' (0) =d' (@) = H(Pw”iZ(Rﬂ > 0 and #"(0) = d"(w) > 0, by choosing & small enough, we
can assume that #'(7) > 0 and h”’(7) > 0 for T € (—&,&).

Lemma IL11. Let (0, o) € R? such that o < 0 and ® > o and let h be defined as above. Then,
for any € € (0,€), there exists 8 > 0 such that if vo € H'(R") satisfies ||vo — Pollg1(mry < 6,
then the solution v of (1.1) with v(0,x) = vo(x) satisfies 3h(—€) < N(v(t)) < 3h(e) for all t €
(Tmins Tnax)-

Proof. The proof of the above lemma is similar to the one on Ref.25. Let € € (0,¢&). Since 4 is
increasing, we have h(—¢) < h(0) < h(g). Moreover, by Ky (¢@p») = 0 and (2.27), (2.28), we see
that 32(0) = 3d(®) = 35S0 (@e) = N(@p). Thus, if uy € H'(R*) satisfies |lug — Po g1y < 6
then we have 34(0) = N(up) + O(8) and 3h(—¢€) < N(up) < 3h(€) for sufficiently small & > 0.
Since h(+€) = d(w =+ €) and the set %5 are invariant under the flow of (1.1) by Lemma II.10,
to conclude the proof, we only have to show that there exists § > 0 such that if uy € H'(R")
satisfies [|ug — Qo || 1 (r+) < 6 then Sore(up) < h(+€). Assume that ug € H'(R™) satisfies ||ug —

qDCOHH‘(R*) < 6. We have

So+e(to) = So+e(Po) +0(0)
=So(P0) £ eM(¢o) + O(8)
= h(0) £ el (0)+0O(§).

On the other hand, by the Taylor expansion, there exists 7| = 7{(€) € (—&, &) such that
g2
h(d€) = h(0) £eh'(0) + ?h”(ﬁ).

Since 4" (t1) > 0 by definition of &, we see that there exists § > 0 such that if ug € H' (R™) satisfies

[0 — @ || g1 (+) < 6 then Swae(uo) < h(=e). This completes the proof. O

Proof of Theorem 1.4 (1). Assume that ¢/’ @, is not stable for (1.1). Then, there exists a constant

€1 > 0, a sequence of solutions (v*) to (1.1), and a sequence {z,} € (0,0) such that
v (0,%) = @p(x) in H(RT), inf [Va(ta) — € Qo 1 () > 1. (2.36)
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Using the conservation laws of (1.1), we have

So(n(tn)) =So(vh(0)) = Su(@w) = d(®). (2.37)
Using Lemma II.11, we have
N (t,)) — 3d (o). (2.38)

Combining (2.37) and (2.38), we have

Ko (vn(ta)) = 250 (valta)) — %N(vn(tn)) 0.

Therefore, using Lemma I1.9, there exists 6y € R such that (v,(#,,.)) has a subsequence (we denote
it by the same letter) that converges to ¢! ¢, in H!(R*), where ¢, is defined as in Proposition

1.3. Hence, we have

. i0

52£||vn(tn) —e ‘Pw||H1(R+) — 0, (2.39)
as n — oo, this contradicts (2.36). Hence, we obtain the desired result. O]

Next, we give the proof of Theorem 1.4 (2). We divide the proof in two cases.

First, let @ = 0. In this case, we use similar arguments as in Ref. 23. We have
1 1
Eo(v) = 5 0o — 3517 8sqae
1
2 6
P(v) = HVxHLz(R+) - EHVHLﬁ(Rﬂ-

Thus, E(¢@p) = P(¢p) =0. Let € >0 and @y ¢ = (1 +€)@p. We have

1 1 1
E(9o.0) = (148)°3 19025 )~ (1+8)° <1100l Sy = (1472 = (1+8)°)5 92 s <O

In the addition, |x|@g ¢ (x) € L?(RT) by exponential decay of @,. Using Theorem 1.2, the solution
associated to @ ¢ blows up in finite time. As Qg ¢ — Qp in H 1 (RT), we obtain the instability by
blow-up of standing waves.

Now, let & > 0. We use similar arguments as in Ref.24. Let e/ @, be the standing wave

solution of (1.1). Introduce the scaling
vy (x) = l%v(lx).

Let S, Ky be defined as in Proposition 1.3, for convenience, we will remove the index @. Define

d

1 a
P(v) = ﬁS(V/I)’/Izl = HVXHiZ(Rﬂ - EHVH%(W) + E|V(O)|2-

In the following lemma, we investigate the behaviour of the above functional under scaling.
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Lemma I1.12. Assume o > 0. Let v € H'(R*)\ {0} be such that v(0) # 0, P(v) < 0. Then there
exists A € (0, 1] such that

(i) P(vy,) =0,
(ii) Ao = Lifonly if P(v) =0,
(iii) £S(vi) = +P(v;),
(iv) %S(Vg) > 0on (0,4) and %S(V}L) < 0on (Ay,),
(v) The function A — S(v;,) is concave on (A, o).
Proof. A simple calculation leads to

A2 Lo

P(12) = A2l gy — e IV oy + S5 MO

Then, for A > 0 small enough, we have
P (Vl) > 0.

By continuity of P, there exists Ay € (0, 1] such that P(vy,) = 0. Hence (i) is proved. If g =1
then P(v) = 1. Conversely, if P(v) = 0 then

a2
o2,

2 _to—A

(o),

v(0)]

0="P(vy,) = AGP(v) +

By the assumption v(0) # 0, we have A9 = 1, hence (ii) is proved. Item (iii) is obtained by a simple

calculation. To obtain (iv), we use (iii). We have

mmrzﬂ&ﬁmma+<iﬁ—lagw>wmw

2 2
_a(g—1)
e

Hence, P(v;) > 0if A < Ay and P(vy ) < 0if A > Ag. This proves (iv). Finally, we have

v(0)[*.

2
28(02) = PO) ~ p(0) <0

This proves (v). L]
In the case of functions such that v(0) = 0, we have the following lemma.
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Lemma IL13. Let v € H'(R*)\ {0}, v(0) = 0 and P(v) = 0 then we have
S(vy)=S8(v) forallA>O0.

Proof. The proof is simple, using the fact that

%sm) _ %PW) — AP() =0,

Hence, we obtain the desired result. O
Now, consider the minimization problems
dy:=inf{SWVv):ve #}, (2.40)
m:=inf {S(v),v € H'(R")\0,5'(v) =0}, (2.41)
where
M ={veH RM\0,P(v)=0,K(v) <0}.
By classical arguments, we can prove the following property.
Proposition 11.14. Let m be defined as above. Then, we have
m=inf{S(v):ve H' (R")\0,K(v)=0}.
We have the following relation between the minimization problems m and d_ .

Lemma I1.15. Let m and d_, be defined as above. We have
m=dy.

Proof. Let ¢ be the set of all minimizers of (2.41). If ¢ € ¢ then §'(¢) = 0. By the definition of
S, P, K we have P(¢) =0 and K(¢) = 0. Hence, ¢ € .#, this implies S(¢) >d . Thus,m>d 4.

Conversely, letv € .. If K(v) = 0 then S(v) > m, using Proposition II.14. Otherwise, K(v) <
0. Using the scaling v (x) = /l%v(lx), we have

312
16

oA
O = 0f[v| e >0,

K(vy) = AZHVxHiz(Rﬂ - )

6
V1135 @y + @IV F2ry +

as A — 0. Hence, K(v;) > 0 as A > 0 is small enough. Thus, there exists A; € (0, 1) such that
K(vy,) = 0. Using Proposition 11.14, S(v;,) > m. We consider two cases. First, if v(0) = 0 then
using Lemma II.13, we have S(v) = S(v,,) = m. Second, if v(0) # 0 then using Lemma II.12,
we have S(v) > S(v;,) > m. In any case, S(v) > m. This implies d_, > m, and completes the

proof. [
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Define
¥ ={ve H'(R")\{0}: K(v) <0,P(v) <0,S(v) <m}.

We have the following important lemma.

Lemma I1.16. If vo € ¥ then the solution v of (1.1) associated with vy satisfies v(t) € V for all t

in the time interval of existence.

Proof. Since S(vg) < 0, by conservation of the energy and the mass we have
Stv(t))=EW(t))+ oM (v(t)) = E(vo) + @M (vy) = S(vp) < m. (2.42)

If there exists 7o > 0 such that K(v(#p)) > O then by continuity of K and v, there exists #; € (0, 7]
such that K(v(¢1)) = 0. This implies S(v(#1)) > m, using Proposition II.14. This contradicts (2.42).
Hence, K(v(r)) < O for all ¢ in the time of existence of v. Now, we prove P(v(r)) < O for all 7 in
the time of existence of v. Assume that there exists #; > 0 such that P(v(t)) > 0, then, there exists
13 € (0,12] such that P(v(t3)) = 0. Using the previous lemma, S(v(#3)) > m, which contradicts
(2.42). This completes the proof. [

Using the above lemma, we have the following property of solutions of (1.1) when the initial

data lies on 7.

Lemma I1.17. Let vo € ¥, v be the corresponding solution of (1.1) in (Tyin, Tinax). There exists
0 > 0 independent of t such that P(v(t)) < —9, for all t € (Tuin, Tnax)-

Proof. Let t € (Tyin, Tnax), u = v(t) and uy (x) = l%u(lx). Using Lemma I1.12, there exists
Ao € (0,1) such that P(uy,) = 0. If K(uy,) < 0 then we keep Ag. Otherwise, K(uy,) > 0, then,

there exists Ay € (A0,1) such that K (u5

lo) = 0. We replace A by ;'1/0 In any case, we have

S(up,) = m. (2.43)
By (v) of Proposition II.12 we have

S(0) — Sluz,) > (1~ A0) 2 S(ur) 21 = (1~ Ao) Pla).

In addition P(u) < 0, we obtain

S(u) —S(up,) = (1 —Ao)P(u) > P(u). (2.44)
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Combined (2.43) and (2.44), we obtain
S(vo) —m=S8(v(t)) —m=Su) —m > S(u) —S(uy,) > P(u) = P(v(t)).

Setting
-8 :=S(vog) —m,

we obtain the desired result. ]

Using the previous lemma, if the initial data lies on ¥ and satisfies a weight condition then
the associated solution blows up in finite time on H'(R*). More precisely, we have the following

result.

Proposition I1.18. Let ¢ € ¥ such that |x|@ € L>(RT). Then the corresponding solution v of
(1.1) blows up in finite time on H'(R™").

Proof. By Lemma II.17, there exists 8 > 0 such that P(v(t)) < —& fort € (T pin, Tinax). Remember
that

9
SN0 B =T (0) - /R bt (2.45)

where J(7) satisfies

8(1) = (2HvquzR+ Hvum+a\v<ro>|2)=8<P<v<r>>><—86'

This implies that
+8/P ))ds < J(0) —88t.

Hence, from (2.45), we have

) By = ol + [ s — [ [ sl anas
e /0 (J(0) — 855)ds
< Jlevoll72 gy +J(0)r — 461>,

Thus, for # sufficiently large, there is a contradiction with [|xv(¢) |2 (g+) > 0. Hence, Tyax < oo and

Tnin > —oo. By the blow up alternative, we have

lim (vl ey = tim (vl e = o=

— max min

This completes the proof. [
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Proof of Theorem 1.4 (2). Using Proposition I1.18, we need to construct a sequence (¢,) C ¥ such
that ¢, converges to @ in H'(R"). Define

92(x) = A2 Qo (Ax).
We have
S(@w) =m, P(9o) =K(9o) =0, ¢u(0)#0.
By (iv) of Proposition I1.12,
S(py,) <mforall A > 0.

In the addition,
P(py) <Oforall A > 1.

Moreover,
57000 =22 (160, 100l ) + 0l ulO)
dA L*(R*) 16 LS(RY)
=24 (K(90) — 0[|Po|72 (g — &lPo(0)]*) + | @o(0)*
— 20A g0 e, — @22 — 1) p(0)
<0,

when A > 1. Thus, K(¢;) < K(¢p) =0 when A > 1. This implies ¢; € ¥ when A > 1. Let
A, > 1 such that A,, — 1 as n — . Define, for n € N*

On = (plna

then, the sequence (¢,) satisfies the desired property. This completes the proof of Theorem I.4.
O]

III. SOME TECHNICAL LEMMAS

Let ¢4 be defined as in (2.18). Recall that

(04

1 0] 1
So(v) = 3 1vellFaqgey + 5 M2z + 3 WOP = 55 W56z,

3
_ 2 2 2 6
Koy (v) = ||VxHL2(R+) + a)||v||L2(R+) +a(0)" - 1_6||V||L6(R+)’
o 1
PO) = vl + O — ¥z,
for all v € H'(R™). We have the following result.
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Lemma IIL.1. The minimizers of two following variational problems are same:

d() = inf{So(v)|Ko(v) = 0,v € H'(R")\ {0}},
1(@) = inf{So ()|S,(v) = 0,v € H' (R)\ {0}}.

Moreover, d(®) = p(®) and each minimizer is of form e¢'® @, where 6 € R and @y, is defined as

in (2.18)
Proof. This is a classical result (see e.g Ref. 25, Lemma 10). [

Lemma IIL.2. Let a > 0 and v € H' (R") satisfies v # 0. Assume that P(v) < 0. Then the following

holds

SP0) < Sol) ~ ().

Proof. We use similar arguments as in Ref.29, proof of Lemma 4.3. Recall that
vy (x) = A2v(Ax).

Define , .
A 0] o A
f(a’) = S(D(vl) - TP(V) = EHVHI%Z(RJF) + E‘V(())’z (A‘ — 7) .

We have

Hence, in case v(0) # 0 we have

£(1) = max f(R).

A>0

Moreover, in case v(0) = 0 we have f(A) = % HVH%%]W)' Thus, in all case we have

F(1) = max f(A).

A>0

We have

3

Thus, for A > 0 small enough we have K, (v, ) > 0. For A > 0 large enough, using P(v) < 0 and

o > 0 (hence HVX“%Z(IW) < 1—16||v|]26(R+)) we have Ky (v),) < 0. It follows that there exists a A9 > 0
such that K¢ (vy,) = 0. By the definition of u(®), P(v) <0and f(1) > f(Ao), we have
8 1
1(0) < Su(v,) < Solvz) — LPW) < Salv) ~ 5P().
This completes the proof. [
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Next, using the result of the previous lemmas we have the following.
Lemma IIL3. The following set is invariant under flow of (1.1)
H = {Sp(v) <d(®),P(v) <0,ve HI(R+)} :

Proof. Let vy € 7 and v € C(I,H'(R*)) be the associated solution of (1.1). By the conservation
law of (1.1), we have S, (v(t)) = Se(vo) < d(w). It remains to prove that P(v(t)) < 0 on /. By
continuity of function t — P(v(t)), we only need to prove that P(v(¢)) # O for all # € I. On the

contrary, suppose that P(v(fg)) = 0 for some #y € I. Using Lemma III.2, we have
1
d(@) = p(®) < So(v(tn)) = 5P(v(10)) = Sw(v(t0)),

which contradicts the fact that S, (v(7)) < d(®) on I. This completes the proof. O

The following lemma is a consequence of the above lemma.
Lemma IIL.4. Let vy € 5. Then the associated solution of (1.1) blows up in finite time.

Proof. Let v(t) be the associated solution of (1.1). Using Lemma III.3, we have v(r) € .7 for all

t. In the addition, using Lemma II1.2, we have

SP((1)) < Su (1)) — 1(0) = Su(v0) —d(0) <0.

By classical arguments, we have that v(7) blows up in finite time. O

The above lemma gives another proof of instability of standing waves. The following result is

important in the proof of stability of standing waves.

Proposition IILS. Let o0 < 0 and Q) be defined as in (2.22). Then, we have
aa)“@(ﬂ”iz(R) > 0.

Proof. Recall the formula of @ as follows

Qp = 2\4/Esech% (2\/5|x| + tanh ™! (\;—%)) .
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Thus,

H@w”iz(R):/R‘pczodx

_ /R4\/asech (2\/5|x|+tanhl (\_/—%» dx

= 8\/5/ sech <2\/5x+tamh_1 (_—a)) dx
R+

\/5
B 4/tanh1 ( -

=h(w),

R

)

sl

Define the following functions

Thus, we have

Since, a < 0 and

we have

h(z) = 4/oo sech(y) dy,

z(y) = tanh ™' (y),

y(w) = \_/—%
W (@) =H(2)Z (v)y (o)
= —4sech(z) ! (—oc)_—l(xf73

tanh’(tanh~!(y))
1 _
= —20sech(z) . : w?.
tanh’(tanh™ " (y))

4

!/
tanh (X) = m

> 0, for all x,

i (@) > 0.

which completes the proof.
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