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p-ADIC ETALE COHOMOLOGY OF PERIOD DOMAINS

PIERRE COLMEZ, GABRIEL DOSPINESCU, JULIEN HAUSEUX, WIESLAWA NIZIOL

ABSTRACT. We compute the p-torsion and p-adic étale cohomologies with compact support of period
domains over local fields in the case of basic isocrystals for quasi-split reductive groups. As in the
cases of {-torsion or f-adic coefficients, ¢ # p, considered by Orlik, the results involve generalized
Steinberg representations.

For the p-torsion case, we follow the method used by Orlik in his computations of the ¢-torsion
étale cohomology using as a key new ingredient the computation of Ext groups between mod p
generalized Steinberg representations of p-adic groups. For the p-adic case, we don’t use Huber’s
definition of étale cohomology with compact support as Orlik did since it seems to give spaces that
are much too big; instead we use continuous étale cohomology with compact support.
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1. INTRODUCTION

Let p be a prime number. One of the main results of [12] and [13] is the computation of the
geometric p-adic étale cohomology of Drinfeld p-adic symmetric spaces in arbitrary dimension. The
final result is analogous to the one in the case of f-adic étale cohomology with ¢ # p, which was
known by the work of Schneider and Stuhler [62]. The Drinfeld symmetric spaces are among the
most classical examples of p-adic period domains but it is well-known that they are very special®.
In fact, the proofs in [12| and [13] use these unique properties of Drinfeld spaces hence it was not
clear to us whether the results of loc. cit. would extend to more general p-adic period domains.

The purpose of this paper is to show that, for compactly supported p-torsion étale cohomology, it
is possible to treat fairly general p-adic period domains. Moreover, the result is similar to the one for
{-torsion, £ # p, cohomology with compact support obtained® by Dat [16] (for the Drinfeld spaces)
and by Orlik [51] (in general). That this is the case is a little surprising since, as we will explain
below, the p-adic étale cohomology with compact support (in the sense of Huber [36]) of p-adic
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1See [57, Sec. 3] for a list of such properties.

2The Euler characteristic of period domains was known before, thanks to Kottwitz and Rapoport, see [17] for a
beautiful presentation.
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period domains is not at all similar to its ¢-adic counterpart, £ # p, computed by Orlik [53|, and
seems to produce not very useful objects. On the other hand, the continuous compactly supported
cohomology that we define gives reasonable objects (at least in the situation we consider or in the
case of the complement of a subvariety in a proper analytic variety as considered? in [44]).

While the arguments in [12] and [13] are based on p-adic Hodge theory (via the syntomic method)
and its integral versions [4, 5, 9|, this paper combines a beautiful geometric construction due to
Orlik [51] with a vanishing result for extensions between mod p representations of p-adic reductive
groups. The proof of the second result is the main difference with the £ # p case. We are not able to
recover the results of [12] and [13] using the methods used here, and conversely the methods in loc.
cit. do not seem to give the results obtained in this paper for Drinfeld spaces (Poincaré duality with
p-torsion coefficients holds for “almost proper” analytic varieties [44], but probably does not hold
for general analytic varieties, at least in a naive sense). Orlik did recover in |54] the computation of
p-adic pro-étale cohomology of Drinfeld spaces from [12] using his method — which is the one of this
paper as well — but one encounters considerable technical difficulties* when working with the étale
cohomology instead of the pro-étale one.

1.1. Notation. In order to state the main results of this paper we need to introduce some notation.
Let C be the completion of an algebraic closure of Q,, and let (G, [b],{u}) be a local Shtuka datum
over Q,. Here G is a connected reductive group over Q,, [b] is an element of the Kottwitz set B(G)
of o-conjugacy classes in® G(Qp), i.e., an isomorphism class N, of isocrystals with G-structure over
Qp, and {u} is a conjugacy class of geometric cocharacters of G. Moreover, we ask that [b] lies in
the Kottwitz set® B(G, i), a certain finite subset of B(G) defined roughly by a comparison between
the Hodge polygon attached to p and the Newton polygon attached to Nj (see [42, ch. 6] for the
precise definition of the set B(G, u)). This assumption is made so that the period spaces whose
cohomology want to compute are not empty.

The pair (G, {u}) gives rise to a generalized flag variety” .# = .Z (G, {u}) defined over the field
of definition E of {u}, a finite extension of Q, and a local analogue of the reflex field in the theory
of Shimura varieties. We will consider .% as an adic space over Spa(FE, OF). Letting E= EQp, the
p-adic period domain introduced by Rapoport and Zink [60]

T = TG, ], {p})

is a partially proper open subset of . ®p E’, classifying the weakly admissible filtrations of type
{p} on the isocrystal N,. Basic examples of p-adic period domains are the adic affine spaces, the
projective spaces, and the Drinfeld symmetric spaces (complements of the union of all Q,-rational
hyperplanes in the projective spaces).

As we have already mentioned, Orlik computed in [51| the f-adic compactly supported étale
cohomology of these period domains when G is quasi-split over Q,, [b] is a basic class, and ¢ # p
is a sufficiently generic prime number. We will also assume that G is quasi-split over Q, and that
b e G(Qp) is basic and s-decent®. We refer the reader to the main body of the article for these

3In both cases this continuous compactly supported cohomology coincides with the naive one.

AFor example, the rational p-adic pro-étale cohomology of an open ball has a simple description in terms of
differential forms [14], but the integrality conditions coming from the p-adic étale cohomology make the computations
subtler.

5Qp is the completion of the maximal unramified extension of Q) in C.

6For the main result of the paper it would be enough to assume that [b] belongs to the larger set A(G, 1), since
all we need is that the period domain is nonempty, which is equivalent to [b] € A(G, u) by a result of Fontaine and
Rapoport [25].

If G is quasi-split over Qp, which will be the case in our main result, we can choose pu € {u} defined over E and
then .7 = % (G, {u}) is the quotient of Gg by the parabolic subgroup P(u) associated to .

8The hypothesis that b is decent is harmless, since any o-conjugacy class in G(Qp) contains an s-decent element
for some positive integer s > 1.
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notions, introduced by Kottwitz (for the first one) and Rapoport-Zink (for the second one). This
implies, for instance, that b € G(Qps) and that the period domain F#“* = Z%“*(G, [b], {u}) has a
canonical model (still denoted .#%*) over Es = EQps C Qp. Let J, be the automorphism group of
Np. It is a connected reductive group over Q,, which is an inner form of G (this is equivalent to b
being basic). The natural action of G(Q,) on the flag variety .# @g E induces an action of J,(Q,)
on the period domain .Z**. In particular, we obtain an action of Jy(Qp) X ¥k, 95, = Gal(Q,/E),
on H} (F3* Z/0") and H}, (F5* Zy), for any prime £. The main theorem of this paper gives a
simple ,description of these re’presentations in the case £ = p.

Let T be a maximal torus of G such that p factors through 7', and let W = N(T')/T be the
(absolute) Weyl group of G with respect to T', which acts naturally on X, (7). Let W* be the set
of Kostant representatives with respect to W/Stab(pu), i.e., the representatives of shortest length
in their cosets. The group ¥g, acts on W and preserves W*# since pu is defined over Es;. One can
associate to each ¥g_-orbit [w] € W#/¥g, the following objects:

e An integer If,, the length of any element of [w].

e For any prime /, a Z/{"[¥p,]-module p,(Z/¢"), which is simply the Z/¢"-module of Z/¢"-
valued functions on [w], with the obvious ¥, -action twisted (a la Tate) by —lj,.

We will simply write J instead of J;, from now on. Choose a maximal Q,-split torus S of Jger
contained in 7" and a minimal Q,-parabolic subgroup Py of J containing S. Let A C X*(S) be the
associated set of relative simple roots. For each subset I of A, we denote by Pr the corresponding
standard Q,-parabolic subgroup of J, so that Py = Py and Po = J. Consider the compact p-adic
manifold

X = J(Qp)/PI(Qp)-
If R is an abelian group, let
v, (R) =i, (R)/ Y ip,(R), ip,(R)=LC(Xy, R),
Icr
be the corresponding generalized Steinberg representation of J(Q,), with coefficients in R (here
LC(?, R) is the space of locally constant functions on ? with values in R).

Finally, choose an invariant inner product (—, —) on G, i.e., an inner product on X, (7T") ® Q, for
all maximal tori 7" of G, compatible with the adjoint action of G (Qp) and the natural action of 9q,
on maximal tori of G. It induces an invariant inner product on J as well. For each ¢g_-orbit [w] of
w € W, define

I[w] = {a €A ‘ (w,u — I/,wa) < 0}, P[w] = P][w],

where wy € X4 (9) ® Q, a € A, form the dual basis of A.
1.2. The main result. Recall that, for ¢ # p, we have the following computation of Orlik.

Theorem 1.1 (Orlik [51, 53]). Let (G, [b],{u}) be a local Shtuka datum with G/Q, quasi-split,

be G(Qp) basic and s-decent. Let £ # p be sufficiently generic® with respect to G.
There are isomorphisms of 9, x J(Qp)-modules

H (FE2)0) > @ o (Z/0)® pg(B/0) [y,
[wleW* /9E,
hem(FP 2o~ P VU, (Ze) © ppu) (Ze) =gy
[’LU]EW"‘/{?ES
where np, = 21, + AN I[w]| and Hgm,Hu denotes Huber’s compactly supported cohomology. In
particular, the action of J(Qp) on H (FE*,Zy) is smooth.

ét,c,Hu

Our main result is the following computation.

9See [51, Sec. 1] for the definition.
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Theorem 1.2. Let (G, [b], {u}) be a local Shtuka datum with G/Q,, quasi-split, b € G(Qy) basic and
s-decent. Assume thatp > 5.
There are isomorphisms of 9g, x J(Qp)-modules

Ha (820 = @ vhy, (/") © p)(Z/0") i),

[w]eWH /G
* J,cont
Hy (Z82) > @D b ™ (Z) ® ()i,
[w]eW* /Gy,
where H, . denotes the continuous compactly supported cohomology, Jcont(Zp) = @n v}])I(Z/p”)
denotes continuous Steinberg representations, and pp,)(Z Ln 1(Z/p")

Remark 1.3. The result for torsion coefficients in Theorem 1.2 is analogous to the one of Orlik
quoted above. The analog of Orlik’s second isomorphism is false: in the case of the adic affine space
A} " which is a period domain for the group G' = Gy, q, X Gm,q,, we obtain (in the appendix) the
isomorphism
Het cHu(Aév Zp(l)) = (ﬁIP’lc,oo/C) D Zp ;

where ﬁ]}ﬂc oo 1s the stalk of analytic functions at oo. This result is to be compared with the
isomorphism etcHu(A Zy(1)) ~ Zy, for ¢ # p. Note, moreover, that the action of G(Q,) on
H? (AL, Z,(1)) is not smooth.

ét,c,Hu

Remark 1.4. The case of A}QP suggests that Huber’s definition is not the right one for p-adic coeffi-
cients. On the other hand, the continuous compactly supported cohomology'®

R4 (X, Zp) := R@ RI¢ (X, Z/p"),

gives sensible results, as Theorem 1.2 shows. In this particular case, we have an isomorphism
et C(‘gwa7 ) Hétcnalve L tc ﬂwa’z/p ) 120,

with the naive version of compactly supported cohomology. We note that in a recent preprint [44],
Lan-Liu-Zhu prove a rational Poincaré duality for p-adic étale cohomology of "almost proper" adic
spaces and the compactly supported cohomology that they use is the naive one, which is equal to
the continuous one in their setting because their torsion cohomology groups are finite (hence satisfy
the Mittag-Leffler condition).

Note that one could use also the continuous compactly supported cohomology in the ¢-adic case,
£ # p, instead of Huber’s version. One would get continuous generalized Steinberg representations
instead of smooth ones in Theorem 1.1, which would fit better with the objects appearing in the
p-adic Langlands program such as Emerton’s completed cohomology. That would also make a
(topological) Poincaré duality possible for the spaces that we consider.

Remark 1.5. Moreover:

(1) We expect that the hypothesis p > 5 in Theorem 1.2 is not needed. This hypothesis is made
so that we can use Theorem 1.8 below, which almost surely holds for any p.
(2) Let p > 5. Let Hép be the Drinfeld symmetric space of dimension d over Q,. Recall that

Hép = IPC(SP \UgenrH, where 7 is the set of Q,-rational hyperplanes. Set G := GlLg11,q,-
Theorem 1.2 yields an isomorphism of 4q, x G(Qy)-modules

Hiy J(HE, Z/p™) ~ Spyg_i(Z/p™)(d — 1),

101pstead of requiring a proper support for a compatible sequence of global sections we just take sequences of
properly supported global sections.
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where the generalized Steinberg representations Sp;(Z/p") are as defined in Section 6.1.3.
Comparing this isomorphism with that of [13]:

Hi (HE, Z/p") = Spi(Z/p")* (—i)
one finds an abstract duality of GL441(Qp) X 9q,-representations:
Hy (HE,Z/p")(d) =~ HE T (HE,Z/p")"

ét,c
It seems likely that this abstract duality is induced by the cup-product with values in
HE (HE, Z/p"(d)) ~ Z/p" but we did not verify this.
This suggests that Poincaré duality holds for .#** and that one can deduce from Theorem
1.2 a description of the étale cohomology Hg (F&®, Z/p") as J(Qp) x Yq,-modules.

(3) Suppose moreover that u is minuscule. Thanks to the work of Fargues-Fontaine [24], Kedlaya-
Liu [37], and Scholze [63], we can define the admissible locus F* C #? a partially proper
open subset of .% having the same classical points as .# "2 and a p-adic local system over it
interpolating the Galois representations associated to these classical points by the theorem of
Colmez-Fontaine. In some remarkable situations (which can be completely classified thanks
to the work of Chen-Fargues-Shen [10] and Goertz-He-Nie [26]) we have .#“* = %% and
so the above theorem describes the p-adic étale cohomology with compact support of the
admissible locus. For instance, this is the case for the quasi-split group G = SO(V/ q), where
V' = Qy endowed with the quadratic form q(z1,...,z,) = 212y + T2Tp—1 + - + zH21, the
minuscule cocharacter p(z) = diag(z,1,...,1,2z7 1), and the basic class [b] = [1] € B(G, u),
for which J = G. The flag variety is then the quadric .% over Qp with equation g(x) = 0 in
projective space and we have .#"* = 7% = .7 \ G(Q,)S, where S is the Schubert variety
with equations z[, /9141 = -++ = z,, = 0 inside F (we learnt this example from Fargues).
For n = 21, we obtain a very concrete description of the p-adic period domain for polarized
K3 surfaces with supersingular reduction and the previous theorem yields its p-adic étale
cohomology with compact support. In general, we do not know how to describe the f-adic
étale cohomology (with compact support) of #®, even for ¢ # p.

1.3. The proof of the main result. We will sketch the proof of Theorem 1.2 in the torsion case;
the continuous case follows by taking limits.

1.3.1. The geometric part. As we have already mentioned, the geometric part of the proof is analo-
gous to Orlik’s proof of the corresponding result with ¢-torsion coefficients, for ¢ # p. Our contri-
bution here lies solely in the verification that all ¢-torsion statements in Orlik’s proof work in the
p-torsion setting as well. That this was not guaranteed is shown by the fact that it fails in the f-adic
setting: Orlik’s ¢-adic proof for ¢ # p breaks down p-adically (as we have already seen in remark 1.3,
Huber’s compactly supported [-adic cohomology behaves rather badly for [ = p, while it behaves as
expected for [ # p, and this is crucial for Orlik’s argument to work).

The argument goes as follows. One starts with the distinguished triangle (associated to the triple
(FVa F O0FY), OF YV .= F\ .FWV)

Rl o(F&*,Z/p") — R« (Fc,Z/p") — RU(0F5, Z/p").
This reduces the computation of Hy .(#¢*,Z/p") to that of Hg (0-FF* Z/p™): one needs to prove
an isomorphism (we omit the coefficients Z/p™ in the formula):
Diasy=1 (5, ® [~ 2w)
(1.6)  Hg(9.78%) = D
Daviy>1 (Pl =2 & (V5 ® Pl —2lw) — 1A\ Ty| +1]))

To do it, one stratifies the complement 9.#%? by Schubert varieties whose cohomology is easy
to compute. More precisely, one uses the Faltings and Totaro description of weak admissibility
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as a semistability condition: the period domain %™ is the locus of semistability in .# and the
complement 0.7 %2 is the locus in .%, where semistability fails. To test semistability one applies the
Hilbert-Mumford criterion: for a field extension K/E, 2 € .7 (K) is semistable (hence 2 € .Z"*(K))
if and only if u(x, \) > 0, for all A\ € X.(J)“F. Here u(—,—) is the slope function associated to a
linearization of the action of J.

The slope function, a priori convex on each chamber of the spherical building %(Jger), is actually
affine. This implies that, in the Hilbert-Mumford criterion, it is enough to test the 1-parameter
subgroups associated to the relative simple roots and their conjugates. This leads to the stratification

aﬂwazzlD"'DZi—lDZiDZH'lD'”

that is defined in the following way. For A € X,(J)q, let Y) be the locus in .#, where A\ damages
the semistability condition. For I C A, let Y := Ny¢;Y,, be the associated Schubert variety. Then
the locus Z; of 0.7V where the semistability fails to the degree at least ¢, can be described as

Zi= \J 21, Z1:=J(Q) Y.
|ANT|=i

We note that Z; is a closed pseudo-adic subspace of .#%?. In particular, so is 9.V = Z; =
U|A\I|:1 Zr.

Having this stratification, by a procedure akin to a closed Mayer-Vietoris, one obtains an acyclic
complex of sheaves on 0.#7%2, called the fundamental complez,

0—=2Z/p" = P @/ )i—- P Zi—-— D (2= (Z/r")s 0,

|A\I|=1 |A\T|=2 |ANI|=|A]-1

where (Z/p"); denotes the constant sheaf Z/p" evaluated!! on Z; . This complex yields a spectral
sequence

(1.7) EY = @ HLOFZE(Z/p")1) = H  (0FE 2/p").
|ANT|=i+1

Using the fact that Pr(Q,) is the stabilizer of Y7 in J(Q,) and X1 = J(Q,)/Pr(Qp) one computes
that

HE (078 (Z/p")1) = LC(X1, Hy (Yre, Z/p")) = ity (Z/p") © H(Yi,c, Z/p")
~ it (Z/p")© (D pu)(Z/p")[~2lw)]).

[w]GQI

Here Q is a subset of W# /¥g_ (see Section 5.5). The third isomorphism is obtained by the classical
computation of the cohomology of Schubert varieties. Via a simple Galois-theoretic weight argument,
this computation implies that the above spectral sequence degenerates at Ey. Using results of Grosse-
Klonne [27], Herzig [34], and Ly [46] on generalized Steinberg representations mod p, one can also
compute the Ey terms: they are equal to the terms on the right hand side of the formula (1.6).

1.3.2. The group-theoretic part. It follows from the above section that the grading of H}, (0.75%,Z/p")
associated to the filtration induced by the spectral sequence (1.7) is isomorphic to the right hand side
of (1.6). It remains to show that this filtration splits. And this is where things get much harder for
p-torsion coeflicients than for the ¢-torsion ones. Splitting this filtration essentially comes down to
understanding Ext groups between generalized Steinberg representations with p-torsion coefficients.
Fortunately, it suffices to deal with Ext!’s, which are the only ones we can handle, contrary to the
usual theory with complex coefficients (adapted to the f-adic setting by Orlik [52] and Dat [16]). It is
indeed a well-known phenomenon in the theory of smooth mod p representations of p-adic reductive

Hywe simplify for the sake of the introduction; see Section 6.2.1 for details.
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groups that Ext groups can be very hard to compute, since most of the techniques for complex or
l-adic coeflicients fail.

Before stating the key result that allows us to split the filtration, let us briefly explain the argument
for complex or ¢-torsion coefficients and point out the difficulties occurring for p-torsion coefficients.
Let R be one of the rings C,Z/¢™,Z/p™ (¢ being sufficiently generic with respect to J). One can
construct an acyclic complex

0—iA(R)—» & i, (R) = @ i, > ib,(R) > vh(R) = 0.
ICI'CA IcI'cA
AN [=1 [INI|=1

For R = C or Z/¢" this is a rather standard result, and it also works for Z/p" thanks to the above-
mentioned work of Grosse-Klonne, Herzig, and Ly (the acyclicity of this complex is also crucial
in computing the Fy terms of the above spectral sequence). Suppose that R # Z/p™. A spectral
sequence argument reduces the computation of Extj(Qp)(vf,I(R),v}Z,ﬂ (R)) to the computation of

Ext’:‘](Qp)(i% (R), il‘]gﬂ (R)) for all I,I' C A. The exactness of the Jacquet functor (which fails when

R =Z/p"™) reduces the problem to understanding extensions between the Jacquet module of i‘{;} (R)
(which can be understood by the Bernstein-Zelevinsky geometric lemma) and the trivial represen-
tation. After several other relatively standard but technical arguments one reduces everything to
the computation of H*(J(Qp),i}]jl(R)) = H*(M[(Qp), R), where My is the Levi quotient of the
standard parabolic P;. Thus we are reduced to computing H*(G(Q,), R) for a reductive group G
over Q,,, which can be done using the contractibility of the Bruhat-Tits building of G and the fact
that z%’;(l) is injective as smooth representation whenever K is a compact open subgroup of G (since
passage to K-coinvariants is exact). This again fails when R = Z/p". Actually, it is an interesting
problem to compute H*(G(Qy),Z/p") for a reductive group G over Q). Unfortunately we don’t
have much to say about this except to mention that the computation of H*(GLy(Z,),Z/p) seems
rather complicated: Lazard’s theory allows one to compute H*(1 + pM,(Z,),Z/p) (at least when
1 + pMy(Z,) is a uniform pro-p group, e.g. if p > 2), so one is reduced to the computation of
H*(GL,(Z/p),Z/p), a well-known open problem.

The previous paragraph makes it clear that a new idea is needed in order to compute extensions
between generalized Steinberg representations modulo p. We will only focus on the computation
of Ext!’s, which is enough for our needs. All Ext groups below are computed in the category of
smooth J(Qp)-representations with coefficients in Z/p". The key result needed to split the abutment
filtration of the spectral sequence (1.7) is then:

Theorem 1.8. Assume thatp >5 and let I,1' C A. If [(IUI')\(INI")| > 2, then
Ext}yq,)(vh,(Z/p"), v}, (Z/p")) = 0.

We refer the reader to Section 2.3 for an overview of the rather technical proof of the theorem.
(Actually we compute the Ext!’s between generalized Steinberg representations, with coefficients in
an artinian commutative ring in which p is nilpotent, for any reductive group over a local field of
residue characteristic p.) The most difficult part is to compute H'(G(Q,), St), where St denotes the
ordinary Steinberg representation, for a reductive group G over Q, and one can actually reduce the
theorem to this computation by rather painful dévissage arguments involving Emerton’s ordinary
parts functor and its derived functors. The computation of higher Ext groups seems much more
involved: extending our method would require at least to compute H*(G(Q),St) and to prove a
conjecture of Emerton (see [20, Conj. 3.7.2]).

Acknowledgments. We would like to thank Sascha Orlik for patiently explaining to us the details
of his work. We also thank Laurent Fargues for helpful discussions concerning the content of this
paper. G.D. would like to thank Shanwen Wang and the Fudan University, where parts of the paper
were written, for the wonderful working conditions.
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2. EXTENSIONS BETWEEN GENERALIZED STEINBERG REPRESENTATIONS

Let F' be a local field of residue characteristic p, G be the group of F-points of a connected
reductive algebraic F-group, and R be an artinian commutative ring in which p is nilpotent. We
compute the Ext! groups between generalized Steinberg representations in the category of smooth G-
representations with coefficients in R. In particular, we will prove Theorem 1.8 from the introduction.

2.1. Notation. Let us fix the notation for this section. We fix a separable closure F of F and let
Yr = Gal(F'/F). Let ¢ : Q; — Zj denote the p-adic cyclotomic character and let £ : Q; — F}
denote its reduction mod p.

2.1.1. Linear algebraic F-groups. A linear algebraic F-group will be written with a boldface letter
like H and its group of F-points will be denoted by the corresponding ordinary letter H = H (F').
We will write Zg for the center of H.

Let G be a connected reductive algebraic F-group. We fix a maximal split torus § C G and a
minimal parabolic subgroup B C G containing S. Let £ be the centralizer of S in G, which is the
Levi factor of B containing S, and U be the unipotent radical of B, so that B = ZU. We write
B = 2°U for the opposite minimal parabolic subgroup. Let A4 be the normalizer of S in G and let

W=AN|Z=N]Z
be the relative Weyl group of G. For w € W, we let
U,=Unw 'Uw and B, =2U,.

Let X*(S) be the group of characters of S, let X.(S) be the group of cocharacters of S, and let
(—,—) : X*(S) x X«(S) — Z denote the natural pairing. Let

dPOPTDOA

be the subsets of relative roots, positive roots, simple roots in X*(S). We let &~ = —d+ = ¢\ o,
For a € A, we let a¥ € X,(S) be the corresponding coroot, s, € W be the corresponding simple
reflection, and U, C U be the corresponding root subgroup. If U, is one-dimensional, then «
extends to a character of 2 which will be denoted a.

For I C A, we let Pr = M;Ny be the corresponding parabolic subgroup of G containing B,
where M is the Levi factor of P; containing S and Ny is the unipotent radical of P;, and we let
B; = M;N B (a minimal parabolic subgroup of M containing S) and U; = M;NU (the unipotent
radical of By), so that By = ZU;.'? We write P; = M;N; and B; = ZU; for the opposite
parabolic subgroups. We also let Z; denote the center of M;. We let A4 ; be the normalizer of S
in M; and we let

Wr=N1|Z =M%
be the relative Weyl group of M;. We let WI C W be the set of representatives of minimal length
of the right cosets Wi\W, we let wy o € Wr be the longest element, and we let
W[ = wLoW[ \ U ’UJJ’OWJ.
JoI
For w; € Wy, we let
ﬁ[,w; = ﬁ[ N wl_lﬁ[w[ and E[’wl = ‘@Pﬁ[,wl
When I = {a} (resp. I = A\ {a}), we rather write P,, M, Ny, etc. (resp. P*, M®* N, etc.).

121 the case I = @ we have Pr=B, M; =%, Nt =U, By =%, and U; = {1}. In the case I = A we have
P[:G, M[:G, sz{l},szB,andezU.
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2.1.2. Smooth representations. All representations will be smooth with coefficients in R and all maps
between R-modules will be R-linear.

Given a locally profinite space X, we let LC(X) be the R-module of locally constant functions on
X with coefficients in R, we let supp(f) = X \ f71({0}) denote the (open and closed) support of a
function f € LC(X), and we let LC.(X) C LC(X) be the R-submodule consisting of those functions
with compact support.

Given a closed subgroup H of G and a smooth H-representation o, we define a smooth G-
representation by letting G act by right translation on the R-module

nd% (o) = {f: G — o | IK; C G open subgroup s.t. f(hgk) = h- f(g) Vh € H,g € G,k € K;}.
Let 1 be the trivial representation of any locally profinite group. For any subset I C A, let
i, =Ind®, (1) ~ LC(P/\G).
If J D I is another subset, then there is an injection igj — igf which is induced by the natural
surjection Pf\G — Pj\G. The generalized Steinberg representation with respect to I is the quotient

UP[ ZPI/ ZZPJ
JoI
In the case I = @ we obtain the ordinary Steinberg representation denoted St. In the case I = A
we obtain the trivial representation 1.
Given a closed subgroup U’ C U stable under conjugation by 2, we endow the R-module LC.(U")
with a smooth action of the group B’ = 2°U’ defined by

(za- f)(@') = f(z7 ' za) for z € Z, a,a € U', and f € LC(TU").
2.2. The main results. We prove the following result (cf. Theorem 1.8 in the introduction).
Theorem 2.1. Assume thatp > 5 andlet I,J C A. If [(IUJ)\(INJ)| > 1, then Exté(vgl,vgJ) =0.

Remark 2.2. We expect Theorem 2.1 to hold true for all p. Actually, we prove the result in almost
all cases when p = 3 and in some cases when p = 2. Moreover, it follows from our computations
that the above Ext! is always killed by 3 when p = 3 and by 16 when p = 2 (see Remarks 2.11 and
2.44). In particular, if char(F) = 0 and E/F is a finite extension, then the analogous Ext! in the
category of admissible unitary continuous G-representations on F-Banach spaces vanishes for all p
(see [30, Prop. 5.3.1] and [29, Lemme 3.3.3]).

When I = J, the R-module EXtG(UP ,vP ) has been computed in [33] without any assumption
(see Proposition 8 in loc. cit.). In the course of the proof of Theorem 2.1, we also treat the case
J =TU{a} under a very mild assumption (which is always satisfied if p > 5) and, when p # 2, we
reduce the remaining case I = J U {a} to the special case where A = {«a}. We treat the latter case
under some assumption on G. In particular, we obtain the following result.

Theorem 2.3. Assume that G = GL, (D) for some division algebra D over F and let I,J C A. If
J ¢ I assume moreover that D # Q.

(1) If J = I U{a}, then the R-module Exté(vl%}7 vg]) is free of rank 1.
(2) If I = JU{a}, then there is an R-linear isomorphism
EXtG(”vaPJ) HOHI(E* R)

where E denotes the center of D.
(3) If [(TUJ)\(INJ)| > 2, then Extg (v, vf,) = 0.

In contrast we do not know how to compute the R-module Ext},(St, 1) when G = GL2(Qz2), o
Extg (v§ Ps VB, ) when G = GL3(Q2) and P, P, denote the two maximal proper standard parabohc
bubgroupb of G.
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Remark 2.4. A locally analytic version of part (2) of Theorem 2.3 (when D = F' and char(F") = 0)
is established in the work of Ding [18] and generalized to split reductive groups by Gehrmann [45].
Higher Ext groups are computed by Orlik and Strauch [55], for split reductive groups and in a
suitable category of locally analytic representations (but not in the category of admissible locally
analytic representations). We note that a vanishing result for Ext! in the locally analytic world
gives a corresponding vanishing result in the context of admissible Banach representations, since
the continuous generalized Steinberg representations are the universal unitary completions of their
locally analytic vectors. We thank Lennart Gehrmann for pointing out the references above. Let us
mention though that the vanishing mod p in Theorem 1.8 is crucial for the proof of Theorem 1.2:
the corresponding result for Banach representations is not sufficient for our needs.

2.3. The general strategy. We fix two subsets I,J C A. First, we recall the computation of the

R-module Homg(vgl , vgj ).

Proposition 2.5 (Grosse-Klonne, Herzig, Ly). There is an R-linear isomorphism

G)E{R if =1,

G
Homg (UPI UPs 0 otherwise.

Proof. If I = J, then the result is a special case of [33, Cor. 5|. If I # J, then by dévissage the
result reduces to the case where R is a field of characteristic p, which is proved by Grosse-Klonne
[27], Herzig [34], and Ly [46]. O

Now, using the results of Sections 2.4-2.8, we compute the R-module Exth(U%,vgJ) when [ #£ J.
We treat the two following cases separately.
Case J ¢ I: Let o € (ANI)NJ. If F = Q, and dimU, = 1 assume that £o a # 1 (this is
always true if p > 5, and actually we only need this assumption when J \ {a} = I N {a}*,
see Remark 2.11). There is an R-linear isomorphism (see (2.7)):

R if J=TIU/{a},

1,G Gy
EXtG(UPI’UP") o {0 otherwise.

In the case J = IU{a}, the R-module Exth(ng , v%) is generated by the class of Ind%. (v%zmpl)
(see (2.6)).
Case J C I: Assume that p # 2 and let us prove the following results.
(1) If I = JU{a} and the adjoint action of 2 on U, \ {1} is transitive (e.g. if G = GL, (D)
for some division algebra D over F'), then there is an R-linear isomorphism

Extg(v§,,v5,) = Extly(1,1)%=!

where the right-hand side denotes the R-submodule of Ext}@p(l, 1) consisting of those

extensions on which s, acts by multiplication by —1.
(2) If [T\ J| > 1, then Extg (v, v8)) = 0.
We proceed by induction on |[A\I|. If I # A, then we fix « € A\ I and we can use the
induction hypothesis twice with the exact sequence of R-modules (see (2.8))

0— Exté(v%,v%) — Extlya (v%;’mp[, U%ZQPJ) — Exté(v%u{a},vgj).

In the case I = A, we proceed by induction on |J|. If J # &, then we fix a € J and we can
use the induction hypothesis twice with the exact sequence of R-modules (see (2.12))

0— Exté(l,vgj) — Ext&a(l,v%f{a}) — BExtg(1, vgj\{a}).

In the base case I = A and J = &, the results are given by Propositions 2.45 and 2.47 (this
is the most difficult part, which needs the assumption p # 2).
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This completes the proof of Theorem 2.1. We turn to Theorem 2.3. Assume that G = GL,, (D)
for some division algebra D over F. In the case J ¢ I, the above assumption becomes D # Q.
In the case J C I, the above results hold true when p = 2 (see Remarks 2.46 and 2.48 for the base
case).

2.4. Reduction to the case I = A and J = @. We recall some results on the parabolic induction
functor and its right adjoint. Let I C A. The parabolic induction functor IndIGDI, from the category
of smooth Mj-representations to the category of smooth G-representations, is exact and preserves
admissibility. When char(F) = 0, Emerton [19] constructed a functor Ordp, (the ordinary part),
from the category of smooth G-representations to the category of smooth Mj-representations, which
is left-exact, preserves admissibility, and is right adjoint of IndIGgI when restricted to admissible
representations. His construction was generalized by Vignéras [67] to include the case char(F') = p.
When char(F) = 0, Emerton [20] extended the functor Ords, (which is not exact as soon as I # A)
to a sequence of functors H ”Ordpl which preserve admissibility and form a J-functor when restricted
to admissible representations. When char(F') = p, the restriction of the functor Ordﬁl to admissible
representations is exact (this is due to one of us, see [31, Th. 1]) and we set H"Ordp, = 0 for n > 1.
2.4.1. Reduction to the case I = A. Assume that I # A and let « € A\ I. By exactness and
transitivity of parabolic induction, there is a short exact sequence of G-representations

(2.6) 0— U%u{a} — Ind€. (U%ZOPI) — vgl —0

which induces an exact sequence

0— Homg(v%,v%) — Homg(Ind%. (v%zmpl), v%) — Homg(v%u{a},v%)

— Exté(vgl, vgJ) — Ext} (IndBa (’U%SHPI), v%) — Extlg(vglu{a},vgJ).
The adjunction between Ind%. and Ordpe yields an isomorphism
Homg (IndG. (v%zmpj), vgj) ~ Homjya (v]]\\/[/[zmpl, Ordpe (vg])).
Moreover, there is a short exact sequence
0 — Extjya (vfanp,, Ordpe (v8,)) = Extg(IndGa (vifanp, ), vE,)
— Hom o (v]\]\f[[zmpl, H'Ordpe (vgj))

(see 20, (3.7.6)] if char(F) = 0 and [31, Cor. 2| if char(F) = p). By [2, Th. 6.1(ii)], there is an
M“-equivariant isomorphism

M ifad¢J
O d—se G ~ MNPy ! ’
P (UPJ ) {0 otherwise.

Using Lemma 2.9 below and taking into account Proposition 2.5, we obtain the following results.
Case a € J: If = Q,, and dimU, = 1 assume that £o a # 1. There is an isomorphism

R iftJ=TU{a}

2.7 Exte (08,08 ) ~ ’

27 Xt (VB vF,) {O otherwise.

In the case J = I LI {a}, the R-module Exté(vgl, vgj) is generated by the class of (2.6).
Case o ¢ J: There is an exact sequence
(2.8) 0 = Extg; (v, v8,) = Extise (Vifanp,, Vifanp,) = ExtG (0, vE).
Lemma 2.9. (1) If H'Ordpe (vg,) #0 then F = Qp, dimU, =1, and o € J.
(2) Assume that F = Qy, dimU, =1, and a € J. IfEoa # 1, then

Hom /o ('U%gmpl7 H'Ordzpe (v%)) = 0.



12 P. COLMEZ, G. DOSPINESCU, J. HAUSEUX, W. NIZIOL

Proof. First, we review a filtration on v§ P, . As explained in [28, §2.1]*3, the Bruhat decomposition

G = |_| BwB
weW
induces a filtration on % @ by B-subrepresentations with graded pieces I,, indexed by W, and there
is a By,-equivariant isomorphism I, ~ LCC(U w) for all w € W. Using the G-equivariant morphisms

-G -G G
B — ZPJ - UPJ’

the filtration on ig induces a filtration on vgJ by B-subrepresentations whose graded pieces are the

B-representations Iy, for @) € W, (see the proof of [29, Prop. 2.3.6]).

Now, the filtration on U}% induces a filtration on H 1Ord o (VB G ) by B°- subrepresentations whose
graded pieces are exactly the B”-representations H 101“d o(Ig,) for all wy € 1% 7 (see the proofs of
[29, Prop. 2.3.6, Th. 2.3.7]). We partlally compute the latter using [32, Th. 2. 6]14 If F=Qpand
dimU, = 1, then for any w; € WJ, which we write w; = (0®)~tw® with w* € W and w® € we,
there is a Eza—equivariant isomorphism
LC(Uoa)® (e0@) if 0* = sa,

0 otherwise.

(2.10) H'Ordpe (Ig,) ~ {

In particular, H!Ordpe (v%) # 0 if and only if (saWO‘)ﬂ/W 7 # @, which implies o € J (actually it is
equivalent to a € J and J\{a} C {a}!). If either F # Q, or dim U, > 1, then H!'Ordpe(I5,) =0
for all @; € W so that H'Ordpe (v%) = 0. This proves (1).

We turn to (2). Assume that F' = Q,, dimU, = 1, and a € J. The G-equivariant surjection
z%zm P fu%zm Py induces an injection

Hom /o (v%zmpl, H'Ordpe (vgj)) — Hompya (i%ZmPp H'Ordpe (v%))

and the adjunction between Ind%im p, and Ord MorP; yields an isomorphism
HomMa(Z%amPI,HlOrd—a(vp )) == Homyy, (1, Ordy a5, (H! Ord—a(vp )))-
Since Ordysap, 18 left-exact, it is enough to prove that if £ o a # 1, then
Homyy, (1, Ord o p, (H'Ordpe(Ig,))) = 0

for all wy € WJ We partially compute the Bj-representation Ord MariP, (H'Ordpe(I5,)) using the

isomorphism (2.10) and, once again, [32 Th. 2.6]. For any w; € W, such that @ = squw® with
w® € W<, which we write w* = w, Lwy with wy € W[ and wy € Wi, there is a By w -equivariant

isomorphism
LC.(Urw,) ® (coa) ifw; =1,

Ord, o5 (H'Ordpe (I5,)) ~
M QP( rdpe (I ‘])> {0 otherwise.

For any w; € W7, we have LCC(ULU,I)UL“’I # 0 if and only if Uy, = {1}, i.e. w; = wr, hence an
isomorphism

_ 5 H o 1’ ~ if _ ’
HomB,,wI(l,LCC(ULwI))®(goa))2{ omg(l,eoa) ifwr=wrp

0 otherwise.
Finally, we see by dévissage that Hom (1, o &) = 0 if and only if £ o & # 1, hence the result. [

131 loc. cit. G is split but the results extend verbatim to any G.
141p Joc. cit. G is split but the result extend to any G if one replaces £(w) by dim(U/U.).
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Remark 2.11. Assume that F' = Q, and dimU, = 1.

(1) We have €oa # 1 if p > 5. More precisely, £o a = 1 if and only if either p = 2, or p = 3 and
a € 2X*(S), in which case the irreducible component of ® containing o must be of type A;
or C; (I > 2) with a being the long root. Indeed, if p > 5 then foaoa” =82 £ 1;ifp=3
and o ¢ 2X*(S) then there exists A € X,(S) such that (o, \) =1 so that Eoao =& # 1
if p=3and a € 2X*(S) then foa =220 (3a)=1;if p=2then & = 1.

(2) Assume that o € J and € o a = 1. We deduce from the proof of Lemma 2.9 that

Hompja (v%zmpl, H'Ordpe (vgj)) #0

only if sqwr o € W), and the latter condition is equivalent to J\ {a} = I'N {a}*. Actually,
we expect the above R-module to be non-zero if and only if J \ {a} = I N {a}* and
A\ {a} = TU{a}*. In any case, this R-module is killed by 2 if o ¢ 2X*(S), and by 3 or 4
if & € 2X*(S) (because the same is true for the R-module Hom (1, o @)).

2.4.2. Reduction to the case J = @. Assume that J # @ and let « € J. Taking into account
Proposition 2.5, the short exact sequence (2.6) with J \ {a} instead of I induces an exact sequence

0 = Extg(1,05,) — Extg (L, IndBa(vpl 1)) = Bxtg(LoF, ).

Using Lemma 2.13 below with m = v% (\1{ ,r e obtain an exact sequence

(2.12) 0 = Extg(1,08,) = Extha(Lopl, ) = Extg (1,08, ).
Lemma 2.13. Let m be a smooth M®-representation. There is an isomorphism
Ext}/e (1, 7) ~ Exts (1, Ind%a (7).
Proof. By a straightforward generalization of |20, Lemma 4.3.3| to any G, there is an isomorphism
Exthba(1,7) ~ Ext5(1, Ind%a (7))
where P% acts on 7 by inflation. Thus it remains to prove that there is an isomorphism
Extlsa(1,7) =~ Extha(1, 7).

By [20, Prop. 2.2.2|, such an isomorphism can be rewritten in terms of group cohomology, computed
using continuous cochains, as follows:

HY(M®, 1) ~ HY(P%, 7).

Using the fact that N% acts trivially on 7, the inflation-restriction exact sequence for continuous
group cohomology yields an exact sequence

0— H'(M® 7) - H'(P* n) — Hom(N®, 7)M".
We prove that the last term is zero. Let ¢ : N — 7w be a continuous group homomorphism. The
action of m € M% on ¢ is given by m - ¢ : n + m - ¢(m~tnm). Since ¢ is continuous, ker(¢) is

open in N®. If ¢ is M%invariant, then ker(¢) = ker(m - ¢) = mker(¢)m~" for all m € M?, hence
ker(¢) = N%, i.e. ¢ = 0. O

We assume from now on that I = A, J = &, and A # &. The goal of the next sections is to
compute the R-module Extl(1,St). Using [20, Prop. 2.2.2|, the latter can be expressed in terms of
group cohomology, computed using continuous cochains, as follows:

Extg(1,St) ~ HY(G, St).
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2.5. Vanishing and isogenies. We begin with a few technical lemmas.

Lemma 2.14. Assume that G = G1 x Gy for some connected reductive algebraic F-groups G1 and
G such that G has positive relative semisimple rank. Let St; denote the Steinberg representation
of G; fori € {1,2}.

(1) If G also has positive relative semisimple rank, then Ext{(1,St) = 0.

(2) If G4 has relative semisimple rank 0, then there is an isomorphism

Extg (1, St) = Extg, (1,St1).

Proof. We write B = By X Bsy. There is a G-equivariant isomorphism ig ~ zgi ® Rig; which induces
a G-equivariant isomorphism St ~ St; ® g Sto. Note that the R-module Sty is free by [46, Cor. 5.6].
Thus St ~ (St1)%1 ®p Sty = 0 by Proposition 2.5. Therefore, using the fact that the R-module
Sty is also free, the inflation-restriction exact sequence for continuous group cohomology yields an
isomorphism

HY(G,St) 3 H'(G1,St1 ®r (St2)?)

and the result follows from Proposition 2.5. U

Lemma 2.15. Let ¢ : G’ — G be a central isogeny of connected reductive algebraic F-groups. Let
St” denote the Steinberg representation of G'.

(1) If Extli(1,St') = 0, then Extl(1,St) = 0.
(2) The converse holds true if the order of ¢ is a power of p.

Proof. Proceeding as in the proof of [1, I1.8 Lemma|, we see that the R-module St endowed with
the action of G’ via ¢ is isomorphic to St’. In particular, Ste(@) ~ (St’)G/ = 0 by Proposition 2.5
and ¢ induces an isomorphism

H'(p(G"),St) = HY(G',St).

(Here we also use the fact that ¢ is central and that the center of G’ acts trivially on St’.) Therefore,
the inflation-restriction exact sequence for continuous group cohomology yields an isomorphism

HY(G,St) S HY(G', St/

hence (1). Moreover, if the order of ¢ is a power of p, then G/¢(G’) is a pro-p group (since it is a
closed subgroup the pro-p group H'(F,ker ¢)) acting smoothly on H'(G’,St), hence (2). O

2.6. Comparison of Ext! for G and for B.

2.6.1. Construction of a map. We construct a map

(2.16) Extg(1,St) — Extlh(1,1).
Recall that the R-module LC.(U) is endowed with a smooth action of B defined by
(2.17) (za- f)(@) = f(z" ' zu) for z € %, u,4 € U, and f € LC.(U).

We deduce from the Bruhat filtration that there is a B-equivariant isomorphism 7 : LC.(U) = St
(see the proof of Lemma 2.9 and use the fact that Wy = {1}), which is the composite

(2.18) LC(U) < i% — St

where the first map is induced by the open immersion U < B\G and the second map is the G-
equivariant surjection. The evaluation at 1 € U yields a Z’-equivariant surjection ev; : LCo(U) — 1.
The Z-equivariant surjection evy 09~ : St — 1 induces a map

(2.19) Extr(1,St) — Extly(1,1).
Finally, we define (2.16) as the map obtained by composing (2.19) with the restriction map
(2.20) Ext (1, St) — Exty(1, St).
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Lemma 2.21. (1) Any extension in the image of (2.19) is trivial on Z, for all « € A.
(2) If |A] > 2 or A ={a, B} with o L B, then (2.19) is zero.

Proof. Let I C A be non-empty and Sty denote the Steinberg representation of M. Since evy
factors through the Bj-equivariant surjection LC.(U) — LC¢(U7) given by the restriction to Uy,
(2.19) factors through the map

(2.22) Exty; (1,St7) = Extiy(1,1)

induced by the Bj-equivariant isomorphism St; = LCC(UI) and the Z-equivariant surjection
LC.(U;) — 1 given by the evaluation at 1 € U;. Since Homg (1,5t;) = 0 (as can be seen from
the previous isomorphism), any extension in the source of (2.22) is trivial on Z, hence (1) with
I = {a}. Now assume that there exist o, 5 € A such that a L 3 (e.g. |A| > 2). Proceeding as
in the proof of Lemmas 2.14(1) and 2.15, we see that the source of (2.22) with I = {«, 8} is zero,
hence (2). O

2.6.2. Injectivity of the map. First, the map (2.20) is injective by a straightforward generalization
of [20, Lemma 4.3.5] to any G. In order to prove that the map (2.19) is also injective, we generalize
the results of |20, §A.2].

We define an action of B on LC(U) using the formula 2.17. This action is not smooth and we let
LC,(U) c LC(U) denote the R-submodule consisting of those functions on which the action of B

is smooth. We keep the notation LC,(U) from [20, A.2| but this is not the R-module of uniformly
locally constant functions on U.'® Since Z°\B ~ U, there is a B-equivariant isomorphism

(2.23) LCo(U) ~ Ind5.(1).
We consider the long exact sequence

0 — Homz(1,LC(U)) — Homyz(1,LC,(U)) — Homp(1, LC,(T)/LC.(T))
— Ext5(1,LCc(U)) — Ext(1,LCy(D)).

Clearly Homz(1,LC(U)) = 0, while Frobenius reciprocity and (2.23) induce isomorphisms

Homz(1,LC,(U)) ~ Hom#(1,1),
Ext(1,LCy(U)) ~ Extly(1,1).

(For the latter see the proof of |20, Lemma 4.3.3].) By a straightforward generalization of |20,
Lemma 4.3.4] to any G, there is an isomorphism

Homz(1, LC,(U)/LCc(U)) ~ Hom (1, LCy(U)/LC.(U)).

Finally, the B-equivariant injection LC.(U) — Indg)(l) induced by the inclusion LC.(U) C LC,(U)
and (2.23) corresponds via Frobenius reciprocity to the Z-equivariant surjection evy : LCo(U) — 1.
Therefore, using the isomorphism 7 (which is the composite (2.18)), the above long exact sequence

can be rewritten as
(224) 0 Homy(1,1) — Hom (1, LC,(T)/LC(T)) — Exti(1,8t) 22 Bxtl(1,1).

Lemma 2.25. Assume that the adjoint action of 2 on U \ {1} is transitive or that |A| > 1. Then
the R-module Hom (1, LC,(U)/LC.(U)) is free of rank 1.

I5A function f € LC(U) is uniformly locally constant if and only if the action of U on f is smooth, but, contrary
to what is claimed in [20, §A.2], the action of 2 on such a function is not necessarily smooth.
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Proof. Let f € LC,(U) such that z-f— f € LC(U) for all 2 € 2. We will prove that f € R+LC.(U),
where we identify R with the R-submodule of LC,(U) consisting of the constant functions.

We fix a Compact open subgroup Ug C U and an element z4 € Zg strictly contracting Uy, i.e.
such that z4Ugz;' C Up and Nis1 24Uz} " = {1} (or equivalently, Uit 27'UozY, = U). We have
a decomposition of U into a disjoint union of open subsets

U=UyU |_| Z;i(ﬁo \ Z+Uoz;1)zi.
i>1
Correspondingly, we can write
f=f+d 2" f
i>1
with supp(fo) C Ug and supp(f;) € Ug \ z+ﬁoz;1 for all i > 1. We have
ap f—f=zp-fo—fot+t i+ 2 (fis1 — fi):
i>1
Since zy - f — f € LCo(U) and supp(z;" - (fir1 — fi)) € 25 (Uo \ 21Ug2; ")z for all i > 1, there
exists j > 1 such that f;41 = f; for all ¢ > j. Thus we can rewrite
F=fo+) =’
i>1
with fy € LC.(U) and supp(foo) C Ug \ Z+U()Z_T_1. Note that f € R+ LC.(U) if and only if f is
constant on Ug \ Z+Uoz;1.

We prove a key identity. Let @ € Ug \ Z+Uoz;1 and z € Z such that zuz"! € Uy \ z+Uoz;1. For
any j > 0 large enough so that 2,7z, ¢ supp(z~!'- f — f) and 2z, /a2’ & supp(z~'- fo — fo), we
have

0= ("1 f - )z uz))
(=71 fo— fo) (2 uzl) + ) (27 foo = foo) (2 02LT)

i>1
= Z foo(zi_j(zaz_l)z];i) - Z foo(zi_jazi_i)
i>1 i>1

= foo(zuiz™l) — fool(a),
the last equality resulting from the fact that aeUg\ Z+U02+ and zuz" ! € Ug\ z+Uoz;1 whereas
supp(fso) C Ug \ ,erUoz+ , 0 that foo (2! (zuz DT = foo(zJr jﬂzi "y = 0if j # i. Therefore,

(2.26) foo(zuz™") = foo(@).

In particular, we deduce that f., is constant on Ug \ z+Uoz;1 if the adjoint action of 2 on U \ {1}
is transitive. B B B o o B B o

Now let o« € A. We let Up g = Uy NUg and Ny = No NUp. Replacing Ug by Uqa,0Na,0, We
can assume that Up = U, 0N q,0, hence 2 Uoz+ (24.Uq ozjrl)(erWmoz;l), and we fix an element
Za+ € Zg strictly contracting Na 0. Let w € Up\ z+Uoz+ We write @ = @ono With 4, € Ua,o and
Mo € Noévo. Let ¢ > 0 such that z+ uo,z+ € Ua,() \ z+Uavgz;1. For any j > 0 large enough so that
zi+zfﬁaziz;ﬂr € Nayp, we have

é+z+ uz+za = (27 a2 ) (2 4 27 Pzl 252 ) € U \ 20 Ugz

hence using (2.26) we obtain

Joo (ﬂ) = foo((zziaazi) (Zi7+zliﬁaziz;£r)),
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Since f is locally constant, we deduce by passing to the limit as j — +oo that
(2.27) Foo(@) = foo(21 Taz").

Therefore, fs is constant on Ug \ z+U0z;1 if and only if it is constant on Ua,() \ Z+Uajozjrl.
Finally, assume that |A| > 1 and fix fia € Nag \ Z+Wa70z;1. For any iy € Ua \ Z+Uayozfrl and
for any ¢ > 0, we have ziﬂazfﬁa e Up\ Z+U()Z_T_1, hence using (2.27) we obtain

foo (2027 M) = foolTia)-
Since f4 is locally constant, we deduce by passing to the limit as i — +o00 that
Joo(Ta) = foo(tla).
Therefore, f. is constant on Ua,(] \ z+Ua,oz;1. O
Using the exact sequence (2.24), we deduce from Lemma 2.25 the following result.

Proposition 2.28. Assume that the adjoint action of 2 on U \ {1} is transitive or that |A| > 1.
Then (2.16) is injective.

Remark 2.29. If A = {a} and the adjoint action of 2° on U \ {1} is not transitive, then (2.19) need
not be injective. For example, if G = SLo(F'), then the R-module in Lemma 2.25 is free of rank
|F*/F*?| > 1 so that (2.19) is not injective. However, if A = {a} and p # 2, then one can prove
that (2.16) is still injective under the weaker condition that for all € U \ {1} there exists z € &
such that ziz~' = @~!. For example, if G = SLy(F) and p # 2, then (2.16) is injective if —1 € F*2,
i.e. if ¢ = 1 mod 4, where g denotes the cardinal of the residue field of F.

2.6.3. Image of the map. The R-module Ext}gf(l, 1) is endowed with the action of W induced by the
action of A on Z by conjugation. The corresponding action of W on the R-module Hom(Z', R)
via the isomorphisms
Extl(1,1) ~ H'(Z,1) ~ Hom(Z, R)

is given by w- ¢ : z — ¢(n~1zn), where n € 4 is a representative of w. We also write ¢¥ = w=!-¢.
When w = s, for some o € A, we rather write ¢®. We let € : W — {£1} be the character defined
by e(w) = (—1)', where I,, denotes the length of w, and we write Extl, (1,1)¢ for the e-isotypic
component of Extl,(1,1), that is the R-submodule consisting of those ¢ such that w - ¢ = e(w)¢ for
all w € W. When A = {a}, we rather write Ext’,(1,1)%="1.

Lemma 2.30. The image of (2.16) lies in Extl,(1,1)c.

Proof. Using |20, Prop. 2.2.2|, we can rewrite the map (2.16) in terms of group cohomology, computed
using continuous cochains, as follows:

HY(G,St) — H(Z,1) ~ Hom(Z, R).

Explicitly, this map sends a continuous cochain ¢ : G — St to the continuous group homomorphism
2+ 77 5¢(2))(1), where the isomorphism 7 is the composite (2.18). It is enough to prove that for
all @ € A, s, acts by multiplication by —1 on the image of this map.

Let a € A and n, € 4 be a representative of so. If ¢ : G — St is a continuous cochain, then ¢
and ng - ¢ 1 g = Ny - d(ng gne) are cohomologous since n, € G, thus their images in Hom(Z, R)
are equal, i.e. 771(¢(2))(1) = 77 (na - ¢(n;  2na)) (1) for all z € 2. Therefore, it is enough to prove
that 371 (ng - v)(1) = —3~1(v)(1) for all v € St.

Let v € St and f (resp. f,) be the unique lift of v (resp. ng - v) in ig with support in BU. Since
foa and ng - f have the same image in St (that is ng - v), we have fo, —ng - f € 217&@ i%. Moreover,

since n, € Pq, we have supp(fy — na - f) C BP, = P,B. We let c—igﬁ” (resp. c—z'gZB) denote the
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P,-subrepresentation of i% (resp. i]GDa) consisting of those functions with support in BP, = P, B,

so that fo —ng - f € c—igﬁa. By [2, Lemma 7.8|, we have

-G :BPg, G BP,
(S i) neifl = 37, neif™)
I#o I#2
and we deduce from [2, Prop. 7.11] that, for I # @, we have
_ .PoB . _
Z.]GDI n c_igpa _ 1P, it I = .{04}7
0 otherwise.

Therefore, fo, —no - f € c—ing . Now we compute:

7 (e 0)(1) = fa(1) = (fa =10 /)1) = (fa = na - ng") = —F(1) = =7 (0)(1).
(The first and last equalities follow from the definition of f and f,, the second and next to last
equalities result from the fact that n,' ¢ BU whereas supp(f) C BU and supp(f,) C BU, and the
middle equality is a consequence of the fact that fo, —ng - f € iIGDQ.) O

Now we generalize the proof of |20, Prop. 4.3.22(2)]. We consider the composite

(2.31) Extly(1,1) < Exth(i%, %) — Exth(1,St) 2% Extl (1, 1)¢
where the first map is induced by the exact functor Indg, the second map is induced by the G-
equivariant injection 1 — ig and the G-equivariant surjection ig — St, and the third map is (2.16)
(which takes values in Extl,(1,1)¢ by Lemma 2.30).
Lemma 2.32. Assume that A = {a}. Then (2.31) is given by ¢ — ¢ — ¢*.
Proof. First, we consider the Z-equivariant surjection

7% = St 5 LC(U) — 1
where the first map is the G-equivariant surjection, the second map is the G-equivariant isomorphism
97! (which is the inverse of the composite (2.18)), and the third map is the evaluation at 1 € U (which
is Z-equivariant). Let n, € .4 be a representative of s,. For any f € i%, the function f— f(n,) € i
has the same image as f in St and supp(f — f(na)) C BU. Therefore, n(f) = f(1) — f(nq) for all
feib.

Now let ¢ : & — R be a continuous group homomorphism. We let E be the corresponding
extension of 1 by 1, i.e. E = Re; @ Rey as an R-module and the smooth action of 2 is given
by z-e1 = e; and z - e3 = ez + ¢(z)e;. We consider the G-representation Indg(E), which is an
extension of ig by ig. Any f € Indg(E) can be uniquely written f = fie1+ faeo with fi1, fo € LC(G)
satisfying f1(zug) = f1(g9)+é(2) f2(g) and fo(zug) = fo(g) forallz € 2, u € U,and g € G. Welet I
denote the extension of 1 by i obtained from Ind%(E) by pullback along the G-equivariant injection
1 < i%, i.e. I is the G-subrepresentation of Ind§(E) consisting of those functions f = fie; + foeo
with fo constant. The image of F under (2.31) is the extension E’ of 1 by 1 obtained from I
by pushforward along the Z-equivariant surjection w. We fix f € I such that f = fie; + e2, so
that fi(zug) = fi(g) + ¢(z) for all z € 2, w € U, and g € G. Therefore, the continuous group
homomorphism ¢’ : 2 — R corresponding to E’ is given by

¢'(z) =7(z- fr = fr)
=(z-fi—f)A) = (z- fi = f1)(na)
= (i(z) = A1) = (fi((nazng " )na) — fi(na))
= ¢(2) — p(nazng'),
ie. ¢ = ¢ — . O
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Remark 2.33. In general, one can prove that the map 7 in the proof of Lemma 2.32 is given by
T(f) = S wew €(w) f(ny), where n,, is a representative of w, for all f € i%. Therefore, (2.31) is
given by ¢ — > i e(w)o®.

We deduce from Lemma 2.32 that (2.31) is surjective if A = {a} and p # 2. Since (2.31) factors
through (2.16), we obtain the following result.

Proposition 2.34. Assume that A = {a} and p # 2. Then the image of (2.16) is Extly(1,1)%="1

Remark 2.35. Assume that A = {a} and p = 2. Using Lemma 2.32, we see that (2.31) is surjective
if G = GL2(D) for some division algebra D over F, so that the image of (2.16) is Ext,(1,1)%="1
in this case too. On the other hand, we see that (2.31) is zero if G = SLo(F') and char(R) = 2.

2.7. A vanishing result. This section is devoted to the fairly technical proof of the following
vanishing result.

Proposition 2.36. Assume that G is absolutely almost-simple, |A| = 2, and p # 2. If pt|Zg|,
then (2.16) is zero.

Thanks to Lemma 2.30, this result is a consequence of the short exact sequence (2.40) and of
Lemmas 2.41 and 2.43 below.

Let £ be the simply connected covering of the derived subgroup Z4er of 2. The action of A
on Z by conjugation stabilizes & 4qor and Zg. The induced action of A on £y, lifts uniquely to
Z . and stabilizes Zg__. Note that the action of A on Zg and Zg__ factors through W. Moreover,
the morphisms of the canonical short exact sequence of algebraic F-groups

(2.37) 1= Zy, > ZsexZy % —1

are A -equivariant.
Recall that £ is the direct product of its almost-simple factors, each of which is a simply
connected almost-simple anisotropic algebraic F-groups, hence an isomorphism

,fgsc ~ SLl(Dl) X oo X SLl(Dr)

for some division algebras D1, ..., D, over F and H 1(F , Zsc) = 0. These results are due to Kneser
[39, 40] when char(F') = 0 and Bruhat-Tits [8] in general. Thus passing to F-points in (2.37) yields
an exact sequence of topological .4#-modules

(2.38) 1= Zy, = Ziex Zy - % — H (F, Zg,)) — H'(F, Zy).

By a result of Riehm [61], the abelianization of SL;(D;) is a finite group of prime-to-p order (see the
corollary to Theorem 21 and Theorem 7(iii) in loc. cit.), hence Hom (%, R) = 0. Therefore, (2.38)
induces an exact sequence

(2.39) 0 — Hom(H#, R) - Hom(%', R) — Hom(Z#, R)
where H 4 is the topological abelian group defined by
Hy =ker(H (F,Zy,) — H'(F, Zy)).

Note that Z4 and Hs are both topological W-modules. Taking the e-isotypic components in (2.39)
yields an exact sequence

(2.40) 0 — Hom(H#, R)* - Hom(Z, R)* — Hom(Z«, R)*.

We will assume for the rest of this section that G is absolutely almost-simple, |A| = 2, and p # 2.
Moreover, we will write A = {«, 8}. In Table 1 below, we list the possible Tits indices |65] for G
(extracted from Table 2 in loc. cit.) with the corresponding groups Zg 7 aond Zy T

Lemma 2.41. Assume that pt|Zg|. Then Hom(Z, R)¢ = 0.
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TABLE 1. Tits indices of relative rank 2 over a local field

0
2,2

Name Index Z G..F Z > F
d
1A£(’>d)—1,2 O OO 080 0 H3d Ha X g X g
d—1 d—1 d—1

2A%) :> 4 1

2A4(13 ) M5 1

2A%) > Ho 2

B2 =-e o 1

Bg)g —e—-0 o J75

Cf% o—e—o=-e M2 M2 X 2
Cg; 0—e—0—e<%0 [1%) M2 X o X U2
1Dz(11,% F{ Mo X o M2 X pio
1Dr(72% o—o—o—o—{ 7 M2 X o X by
2D§2 % 4 H2 X 2
21(2)

D6,2 o—o—o—{i M2 X 2 M2 X o X o X o
3Di,2 6 o X o 1

°Di,

'ESS, ot oo B3 B3 X p3

=

1 1

Proof. We claim that there is a short exact sequence of algebraic F-groups of multiplicative type
(2.42) 1w Zg—ZyxZg— Zgp — 1.

Let X be the group of characters of a maximal torus of G containing Sz and A?Ps be the set of
absolute simple roots in X relative to a Borel subgroup G# contained in Bz. The restriction map

r: X = X*(S5) ~ X*(S)
induces a map
r: A {a, 3,0}
We let A2Ps = r=1({q,0}), Agbs = r~1({B,0}), and Ag"» = r=1({0}). These are the subsets of
absolute simple roots corresponding to the Levi subgroups M +, M 5T and 2% respectively. We
let Xo = Z[AZ] and Xp = Z[AF*®]. Note that X, N Xz = Z[AF™] and X, + X = Z[A*].
Therefore, (2.42) corresponds to the short exact sequence of ¥p-modules

0= X/(XaNXg) = (X/Xa) ®(X/Xp) = X/(Xa+Xp) =0

via the duality between algebraic F-groups of multiplicative type and finitely generated abelian
groups endowed with a continuous action of ¥ (see [47, §12g]).

Now let ¢ : Z# — R be a continuous group homomorphism such that s, - ¢ = sg- ¢ = —¢.
Passing to F-points in (2.42) yields an exact sequence of topological abelian groups

1= Zg — Zo x Zg — Zy — HY(F, Zg) — H'(F, Z,) x H'(F, Zg).
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The actions of s, and sg on Z, and Zg respectively are trivial. Since p # 2, we deduce that ¢
is trivial on Z, and Zg. Therefore, ¢ factors through ker(H(F, Zg) — HY\(F, Z,) x H'(F, Zg)),
which is |Zg|-torsion. We conclude that ¢ = 0 since p 1 |Zg]|. O

Lemma 2.43. If G is of type lAgCCll)_l o, and p = 3 assume that 31|Zg|. Then Hom(H», R)® = 0.

Proof. Since Hy is |Zg,_|-torsion (as Hy C HY(F, Zg,,)), we have Hom(Hy,R) =0 if p{|Zg_|.
Looking at Table 1, we see that p | [Zg_| if and only if either G is of type 1Aéf?_1’r with p | d, or
G is of type lEé% and p = 3 (recall that p # 2).
(a) Assume that G = SL3(D) for some central division algebra D over F' with reduced degree d.
_d
Then Zg, ~ (pnq)® and Zg = ker((Gp)3 LG, 5 G, ), with W acting via the isomorphism

W ~ S3. We let T = ker((G)? 1, Gq) be the maximal subtorus of Zg. There is a short exact
sequence of algebraic F-groups of multiplicative type

1—)T—>Zg£}ud—>1.

Since T is a torus, the product map induces an isomorphism at the level of H'. Thus Hy is the
kernel of the map induced at the level of H! by the product map Z .. 1, 4, hence

Hy = {(2,y,2) € (F*/F*")? | ayz = 1)

with W acting via the isomorphism W ~ S3. Note also that W acts trivially on H(F, Zg_)/H .
There is an isomorphism

Hom(H#,R)* ~ Hom(Hy/H%, R)

where H¢, is the subgroup of Hy generated by the elements of the form h(s, - h) and h(sg - h) with
h € Hy, that is those elements of the form (z,z,2z~2) and (=2, z,z) with z € F*/F*?. A simple
computation shows that the map Hy — F*/F *d given by (7,y,2) = x2~! induces an isomorphism

Hy [HYy = (F*[F*)/(F* [ F*)*,

Therefore, Hom(H g, R)* = 0 if p # 3.
ssume that G is of type " o, 1.e. Ggc = SL3 or some central division algebra D over
b) A hat G is of type 'ALY |, i.e. Ge = SLa(D) f I division algebra D

F with reduced degree d. Let 2’ denote the inverse image of Z& in Gy.. Since the homomorphism
%o — Z factors through &/, there is an inclusion H4» C H4, hence an exact sequence

0 — Hom(Hy /H, R) — Hom(Hzy, R) — Hom(H 4/, R)".

By (a), Hom(H y/, R) = 0if p # 3 and W acts trivially on H*(F, Zg_)/H . Thus W acts trivially
on the submodule H #/H %+, hence Hom(H % /H %+, R)¢ = 0 since p # 2. Therefore, Hom(H #, R)® =
0if p # 3.

(¢) Assume that G is of type 1A:($)_1,2 and p = 3. We write d = 3"d’ with 3 t d’ so that
ZaG,. ~ M3r+1 X pg. Since 31 |Zg| by assumption, the homomorphism Gs. — G factors through
Gso/psr+1. Let Z' (resp. Z) denote the inverse image of 2 in Gy (resp. Gsc/pgr+1). There are
inclusions H g C Hgn C Hg, hence an exact sequence

0— HOm(Hgﬂ/Hgg’N, R)E — HOm(Hgf, R)E — HOm(Hgg’//, R)e.

By (a), W acts trivially on HY(F, Zg, )/Hzy:. Thus W acts trivially on the subquotient Hy/H g,
hence Hom(H »/H %, R) = 0 since p # 2. Let T be the maximal subtorus of Zg as in (a). There
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is a commutative diagram of algebraic F-groups of multiplicative type

l —— p3 —— pgr+1 —> pgr —>1

|

1 T Zoyr 11 e 1
i(—)S | i
1 E—— T e Zﬁpu I,I,d/ 1

whose rows and columns are exact. Thus H g is the kernel of the map induced at the level of H' by

)3T
the maps Zg_, 1, 7y o, g . Letting H (32, denote the 3"-torsion subgroup of H g, we deduce

that Hg?, ~ (F*/F*3")? with W acting via the isomorphism W ~ S3 and ng/Hg’), is d’-torsion.
A simple computation as in (a) shows that Hom(H_(;’?,, R)¢ = 0 (using the fact that p # 2), hence
Hom(H 4, R)¢ = 0. Therefore, Hom(H#, R) = 0.

(d) Assume that G is of type 1E(15?2 and p = 3. Let a denote the relative simple root corresponding
to the distinguished vertex of the Tits index of G with 3 neighbors and 5 denote the other relative
simple root (see Table 1). Then Zg_  ~ puz x p3 and the action of s, permutes the two copies of p3
whereas sg acts trivially. Thus sg acts trivially on H4 so that Hom(H 4, R) = 0 since p # 2. [

Remark 2.44. Keep the assumptions on G but assume that p = 2.

(1) If G is quasi-split and 2 { |Zg/|, then the image of (2.16) is zero. Indeed, using Lemma
2.21(1) and proceeding as in the proof of Lemma 2.41, we see that any extension in the
image of (2.16) is trivial on Z, and Hy = 0 since &5 = 1. Likewise, (2.16) is zero when
G = SL3(D) for some central division algebra D over F' with reduced degree d, since in this
case Zy|ZoZg ~ F*/(F**)3 and Hom(Hy, R)* = 0 (see (a) in the proof of Lemma 2.43).

(2) We deduce from the short exact sequence (2.40) and the proofs of Lemmas 2.41 and 2.43 that
the image of (2.16) is killed by the highest power of 2 dividing the product of the exponents
of the groups Zg and Zg_. Looking at Table 1, we see that this power is at most 16 (when
G is of type 1D(f)).

2.8. Conclusion. Finally, we compute the R-module Extg (1, St).
Proposition 2.45. Assume that A = {a} and p # 2. If the adjoint action of 2 on U \ {1} is

transitive, then there is an isomorphism

Extg (1, St) = Extly(1,1)%="1,
Proof. This follows from Propositions 2.28 and 2.34. O
Remark 2.46. Assume that G = GLa(D) x (D*)" for some division algebra D over F. Then the
assumptions of Proposition 2.45 are satisfied when p # 2, but the result holds true when p = 2 (see
Remark 2.35 and Lemma 2.14(2)). Letting £ denote the center of D, we obtain an isomorphism

Extg(1,St) ~ Hom(E*, R).

When D = Q,, this result is originally due to one of us (see [11, Th. VII.4.18]).

Proposition 2.47. Assume that |A| > 1. If A = {«a,B} with a and B non-orthogonal assume
moreover that p # 2. Then Ext}(1,St) = 0.

Proof. If |A| > 2 or A = {a, 5} with a L 3, then (2.16) is zero by Lemma 2.21(2) and the result
follows from Proposition 2.28. Assume that A = {«, f} with a and § non-orthogonal and p # 2.
Using Lemmas 2.15 and 2.14(2), we can assume that G is almost-simple. Replacing F' by a finite
separable extension, we can assume that G is absolutely almost-simple. Using Lemma 2.15(2), we
can assume that p{ |Zg|. Then the result follows from Propositions 2.28 and 2.36. O
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Remark 2.48. Assume that A = {a, } with a and 3 non-orthogonal and p = 2. Proceeding as in
the proof of Proposition 2.47 and using Remark 2.44(1), we see that Ext{,(1,St) = 0 in the following
cases: G is quasi-split or G is a Levi subgroup of GL, (D) for some division algebra D over F.

3. THE KoTTwITZ SET B(G)

This section is devoted to a brief review of basic facts concerning the theory of o-conjugacy classes,
due to Kottwitz. We fix in the sequel a finite extension F of Q, and an algebraic closure F of F.
Let C be the completion of F, let F™ C F be the maximal unramified extension of F and finally
let F' ~ F @pn F be the algebraic closure of F' inside C. Let o be the (relative to F) Frobenius
automorphism on F™ and F. Let % = Gal(F/F), with inertia subgroup Ir = @pnr ~ Gy =

Gal(E/ F’) and Weil subgroup Wpg. Finally, let G be a connected reductive group defined over F'.

3.1. Various incarnations of B(G). In [41] and [42] Kottwitz attached to G a pointed set B(G).
This set has now several incarnations which nicely complement each other. We will review them
briefly.

3.1.1. Via Galois cohomology. The first definition is a cohomological one [41, 1.7], [42, 1.1-1.5]:
B(G) = H'(o?, G(F))

is the (pointed) set of o-equivalence classes in G(F), two elements b, € G(F) being in the same
equivalence class if b’ = gbo(g)~! for some g € G(F’ ), or equivalently if the elements bo,b'o €
G(F) x (o) are conjugate under G(F). We will write [b] = {gbo(g)~t|g € G(F)} € B(G) for the
o-equivalence class of b € G(F).

We have a natural isomorphism'®

B(G) = H'(Wp,G(F))

induced by the inflation-restriction sequence associated to the exact sequence of topological groups
1 = Ir — Wp — 0% — 1 and the vanishing H'(F',G) = 0, the latter being a consequence of
Steinberg’s theorem [64, Th. 1.9], since G is connected and F' has cohomological dimension 1. The

natural map, obtained using the restriction Wr — % and the inclusion G(F) C G(?L

~

HY(F,G) — H'(Wg,G(F)) & B(G)
is injective.

Ezample 3.1 (Torus). A fundamental result of Kottwitz [41, Sec. 2| gives a functorial isomorphism
X.(T)g, = B(T) for F-tori T, uniquely pinned down by the requirement that in the induced
isomorphism B(G,,) ~ Z the element 1 € Z corresponds to the o-conjugacy class in F* consisting
of elements with normalized valuation 1. Concretely, the isomorphism X.(T)g, — B(T) sends
the class of u € X.(T) to [Ng/g,(u(7E))], where E is a finite Galois extension of F' inside F
splitting T', 7w is a uniformizer of E, Ey is the maximal subfield of F unramified over F' and finally
Ng/g, : T(E) — T(Ep) is the norm map.

16Here and below, to simplify the notation, we will write H* (F, G) etc. for the Galois cohomology H* (¥, G(f))
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3.1.2. Via G-isocrystals. The second incarnation (see [41, Sec. 3|) of B(G) is as the set of iso-
morphism classes of G-isocrystals (relative to F /F), i.e., exact, faithful F-linear tensor functors!”
Repr(G) — Mod (), where Repp(G) is the category of finite dimensional algebraic F-representa-
tions of G and Mod () is the category of isocrystals relative to F /F.

There is an equivalence (even an isomorphism) of categories between the grupoid of G-isocrystals
and the grupoid having as objects the set G(I:’), the set of morphisms b — b being the set of

g € G(F) with gbo(g)~! = ¥'. Specifically, every b € G(F) yields a G-isocrystal N:
Ny : Repp(G) = Mod (), (V,p) = (V @ F,bo = p(b)(idy ® o)),

whose isomorphism class depends only on [b]. Sending [b] to the isomorphism class of N} yields a
bijection between B(G) and the set of isomorphism classes of G-isocrystals. For instance, B(GL,,)
is identified with the set of isomorphism classes of n-dimensional isocrystals [58, Rem. 3.4 (ii)].

3.1.3. Via the Fargues-Fontaine curve. This incarnation of B(G), due to Fargues [23|, will not
be used in the rest of the paper, but is particularly appealing and we feel that it gives a better
understanding of many of the constructions to come. We fix an embedding of the residue field F, of
F into the residue field F,, of C' and consider the Fargues-Fontaine curve X = X FF, OVer Spec(F)

attached to F' and F,. There exists an exact, faithful, F-linear tensor functor
& : Mod () — Bunx,

where Buny is the category of vector bundles on X. While not fully faithful, this functor is essen-
tially surjective and induces an equivalence of categories between the isoclinic isocrystals and the
semistable vector bundles on X as well as a bijection

& : [Mod ()| ~ [Bunx|

between the sets of isomorphism classes of the corresponding objects'®. Every b € G(F ) yields
therefore an exact, faithful, F-linear tensor functor

&, = & o N : Repp(G) — Buny,
i.e., a G-bundle on X in the Tannakian sense!? and we have the following beautiful result:
Theorem 3.2 (Fargues, [23, Th. 5.1]). The construction b — &, yields bijections of pointed sets
B(G) ~ |Bung| ~ HA4(X,G),
where |Bung| is the set of isomorphism classes of G-bundles on X.

3.2. The structure of B(G). In order to describe B(G) Kottwitz defined two rather technical but
very important maps, which we briefly review.

17G—isocrystals can be defined for any linear algebraic group G over F'. In that case one adds an assumption that
the defining functor is strictly compatible with the fiber functors. If the group G is connected, as it is the case in this
paper, this assumption is not necessary by the vanishing theorem of Steinberg [17, Lemma 9.1.5].

18Despite its innocuous-looking character, this is one of the most difficult results in the book of Fargues and
Fontaine [24].

T here is a natural equivalence between the category of G-bundles on X and the category of G-torsors on X locally
trivial for the étale topology: if Y is G-torsor étale locally trivial, we obtain a G-bundle by sending (V, p) € Repr(G)
to Y x@,, V; conversely, each G-bundle w yields a locally trivial G-torsor Isom® (wWean, w), where wean(V, p) = VQr Ox.
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3.2.1. The Newton map. Let b € G(F’) and let IV, be the associated G-isocrystal. If D is the
pro-torus over F' with character group Q (the “slope torus”) there is a unique morphism

Vb:DF%GF

such that for all (V,p) € Repp(G) the composition po vy, : Dy — GL(V ®F F) corresponds to

the (Dieudonné-Manin) slope decomposition of Ni(V), considered as a Q-grading on V ®p E. The
homomorphism vy, is the Newton or slope map attached to b [41, Sec. 4]. It satisfies

Vor) = (1), Vs = Int(b) 0 0(1), Vgpo(g)-1 = Int(g) o vy = gipg ™,

hence the G(F)-conjugacy class [v3] of 14 depends only on [b] € B(G) and is o-invariant, thus
(] € A (G) := [Homp(Dp, G ) /Int G(F)]7=1.
The elements of .4/ (G) are called Newton vectors.

Remark 3.3. By choosing a maximal torus T of G defined over F', we obtain a more concrete
description A/ (G) =~ (X.(T)q/W)?F, where W is the absolute Weyl group of G with respect to 7.
If we also choose a basis A for the root system, each element of .4#'(G) has a unique representative
in X*(T)a = {v € Xi(T)q| (v,a) > 0Va € A}. One infers from this a partial order on A (G),

induced from the natural partial order on X*(T)a (for which v; < vy if vy —v1 € 3 cn Q0 @Y).
Pulling back along the Newton map we deduce a partial order on B(G).

Sending [b] € B(G) to [1p] € A (G) yields the Newton map
v:B(G) = A (G).

Kottwitz proves [41, 4.5 that vy is trivial if and only if [b] € H'(F,G) C B(G).

@ 9

Ezample 3.4. If G =T is an F-torus then A (T') ~ Homp(D,T) ~ X.(T)q" and v, (for b € T'(F))
is the unique element of X*(T){éF such that (\, 1) = vp(A(b)) for A € X*(T)?F, where vp is the
normalized valuation on F. The composite map?®

sends p € X,(T) to its Galois average u°. We have an exact sequence 0 — H'(F,G) — B(T) %

X(D)§.

Ezample 3.5. For G = GL,, the partially ordered set .4 (G) is naturally in bijection with

(Qn)+ = {(xla"'awn) S Qn|x1 2 Z xn};

endowed with the usual dominance order, for which (y1,...,y,) < (z1,...,2,) if and only if z1 +
coo 4wy >y + -+ y; for all 4, with equality for ¢ = n. An element z = (mgnl), . ,x&nr)) e N (G)
is thus given by rational numbers z; > x5 > --- > x, and multiplicities ni,...,n, € Zsg such
that >, n; = n. If [b] € B(G) and w1, ...,xz, are the slopes of the isocrystal N, (in decreasing

order), then v([b]) = (l‘gnl), e ,xﬁm)), where n; are the dimensions of the isotypic parts of N. The

Newton map v is injective with image consisting of those z = (azgm), . ,:Cs«m)) € (Q™)4 such that
nx; € Zyi=1,...,r (see |58, Ex. 1.19]).

20¢f. Example 3.1 for the isomorphism in the displayed formula.
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3.2.2. The Kottwitz map k. Let m1(G) be the (Borovoi) algebraic fundamental group of G [7], [58,
1.13]. It is a finitely generated discrete ¥r-module, functorial and exact in G, and isomorphic (as
abelian group) to X.(T)/ X ca(c,m) ZoV, where T is a maximal torus of Gz and ®(G,T) is the set
of roots of T, a¥ being the co-root corresponding to a € ®(G,T). For example, m1(GL,,) ~ Z and
m(T) ~ X.(T) for an F-torus T. We also note [58, 1.14] that 7 (G) ~ 71 (G’) for any inner form
G’ of G, and that m1(G) = 71(Gap := G/Gger) Whenever G e, is simply connected.

By a theorem of Kottwitz (see [42, Sec. 6]), [58, Th. 1.15]) there is a unique natural map?*

k: B(G) = m(G)g,

making the following diagram commute:

j Qup— y/

|

B(Grn) —> m1(Gun -

For instance for G = GL,, the map & sends [b] € B(G) to vp(detb). In general, the induced map
(v,k) : B(G) = A (G) x m1(G)g, is injective and there exists a natural map of exact sequences

H(F,G)C B(G) —X— ¥ (Q)

zl,@ i law

T (G)%F,torsc—> US| (G)%F m ™ (G)aF

Fargues [23, Sec. 8|, inspired by Labesse’s [43| reinterpretation of the constructions of Kottwitz,
also gave a geometric interpretation of the Kottwitz map x using the Fargues-Fontaine curve X:
(1) Using cohomology theory of crossed modules [43], he defined a map s : HL(X,G) —
71(G)y, which agrees with the Kottwitz map r after the identification B(G) = HJ (X, G).
(2) Then, using the universal G-torsor and cohomology of cross modules again, he defined a
Chern class map c{' : HL(X,G) — 77/(5)% (the profinite completion) and showed that

(b)) = =c§(&), beG(F).

3.2.3. Automorphism groups. Letb € G (F' ) and let J, be the automorphism group of the G-isocrystal
Ny, i.e., the connected reductive group over F' such that for any F-algebra R

Jy(R) := {g € G(F ®F R)| gbo(g)~" = b}.

Clearly, if b = 1 then J, = G. Suppose that G is quasi-split and let M, be the centralizer of v, a
Levi component of an F-parabolic of G. By results of Kottwitz [41, Sec. 6] the group J; is an inner
form of Mj,.

3.2.4. Basic and decent elements. The subset B(G)pasic of basic elements of B(G) consists of those
[b] € B(G) for which v, factors through Zz, where Z is the center of G. If [b] € B(G)pasic the
Newton map v : Dp — Zj is defined over F', since its conjugacy class is o-invariant. It follows
from results of Kottwitz (see [41] and [58]) that an element [b] € B(G) is in B(G)pasic if and only if
it satisfies one of the following equivalent conditions:

e The automorphism group Jp is an inner form of G.

e [b] is a minimal element for the partial order on B(G).

21Kottwitz formulated his theorem in [41], [42] in terms of the center Z(G) of the Langlands dual group. The
formulation we present here in terms of the algebraic fundamental group is due to Rapoport-Richartz [58]. It has
better functoriality properties than the original one.
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e The associated G-bundle &}, on the Fargues-Fontaine curve X is semistable (i.e., &,(Lie(G), Ad)
is a semi-stable vector bundle on X, or equivalently?? &(V, p) is semi-stable for any homogeneous
representation p of G). For G = GL,, the set B(G)pasic corresponds to that of isoclinic isocrystals
of dimension n.

Kottwitz |41, Ch. 5] proved that the Kottwitz map  induces a bijection

K : B(G)basic ~ 7T1(G){¢F.
Since r identifies H(F, G) and 71(G)gy tors, it follows that H'(F,G) C B(GQ)pasic- 1t also follows
that when G, is simply connected the map G — Gap, := G/Gger induces a bijection B(G)pasic —
B(G,p). In particular, B(G)pasic is trivial if G is semisimple and simply connected.
Let now F' = Q, and let s be a positive integer. We say that b € G(Qp) is s-decent if sy, factors
through the quotient Gmép of DQp and we have an equality in G (Qp) X o2:

(bo)® = (ss)(p)o”.
By [60, Cor. 1.9] this implies that v, is defined over Qs and b € G(Qs). We say that [b] € B(G) is
decent if it contains an s-decent element for some positive integer s. Since GG is connected and the
residue field of Q, is algebraically closed [17, Lemma 9.1.33] implies that any [b] € B(G) is decent
(see also [41]). Moreover, by [17, Lemma 9.6.19|, if G is quasi-split each [b] € B(G) contains an
element b which is s-decent for some s and such that v, is defined over Qps.

4. PERIOD DOMAINS

The period domains we are interested in classify weakly admissible filtrations on isocrystals. We
briefly review here the relevant facts. A beautiful reference for everything that follows is [17, Ch. I,
IV, V, VI, VIII].

4.1. Filtrations. We start by reviewing some basic facts concerning filtrations of Tannaka fiber
functors, following [17].

4.1.1. Filtrations on vector spaces. If K is a field we denote by Vecg the category of finite dimen-
sional K-vector spaces. An R-filtration F'V on V € Vecg is a decreasing, exhaustive, separated
filtration (F*V)zcr by K-vector subspaces of V, such that F*Vx = Ny, FYVi for all z. We
denote by gr*(FV) = F*V/3 _ FYV and gr(FV) = ©zergr®(FV) the associated R-graded vec-

tor space. The type of F'V is the nonincreasing sequence v(FV) = (:pgm), e ,I,(ﬂnr)) € R", where
xy > --- > x, are the jumps of the filtration (i.e., those x for which gr*(FV') # 0) and x; is repeated
n; = dim gr¥ (F'V') times. We say that F'V is a Q-filtration if v(FV) € Q™.

Let K/k be a field extension and let Fﬂf be the category of pairs (V, FVk), where V € Vecy,
and F'Vy is an R-filtration on the K-vector space Vi := V ®; K. This is a quasi-abelian category
endowed with the degree, rank and slope functions, defined, for V := (V, F'Vk), by

_ deg(V)

deg(V) = wdimg gr” (Vi), rk(V) = dimy V, u(V) = ) V #£0.

One has a good Harder-Narasimhan formalism with respect to this slope function. In particular,
there is a notion of semi-stability for objects of Fﬂf and the tensor product of semistable objects
is semistable when K/k is separable, thanks to the theorems of Faltings [21] and Totaro [66] (this
fails when K /k is not separable). Moreover, one can characterize the semistable objects in terms of
the inner product (this will be a recurrent theme in the sequel) as follows. Recall that, if F'V, F'V
are R-filtrations on V € Vecg, their inner product is defined by

(FV,F'V) = ) aydimy griy (grh),
z,yeER

22This uses the deep fact that semi-stable vector bundles on X are stable under tensor product.
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where gri.y, (gré.,) is the zth graded piece of the K-vector space gr¥(F'V') endowed with the filtration
induced by F'V. The semistability criterion is then:

Proposition 4.1 ([17, Cor. 1.2.6]). The pair (V, FVk) is semistable if and only if
<FVK, F/VK> < /J,(‘/, FVK) deg(V, F/VK)
for all Z-filtrations F'Vi of Vic. Moreover, it suffices to check this inequality when deg(V, F'Vi) = 0.

Let Q— File be the full subcategory of those (V, FVk) for which FVi is a Q-filtration on Vi and
let Q — Gradg be the category of Q-graded finite dimensional K-vector spaces. There are natural
functors, the first being (V, FV) — gr(FV') and the second being the forgetful functor

Q - Fil¥ - Q — Gradg — Veck,

as well as a functor Q — Gradg — Q — F il,i( sending V' = ©,ecqV, to the filtration F'Vi such that
PV =305, Va

4.1.2. Filtrations on Rep,(G). Let K/k be a field extension and let G be a linear algebraic group
over k. Let w® : Repy(G) — Vec, be the standard fiber functor, sending (V, p) to V. Recall that
Dy is the pro-torus over K with character group Q. The functor sending (V, p) € Repy (Dg) to
V' = @qeqVa, where V, is the weight space of V' corresponding to a € Q = X*(Dg), induces an
equivalence of neutral Tannakian categories over K

Repg (Dg) ~ Q — Gradg.

Any morphism of K-group schemes D — G induces therefore a Q-grading of w® over K, i.e.,
a tensor functor F' : Rep,(G) — Q—Gradg whose composition with the forgetful functor Q —
Gradg — Vecg is (V,p) = V @ K. All Q-gradings of w® over K are thus obtained, thanks to the
Tannakian formalism. If G = GL(V) with V' € Vecy, giving F' comes down to giving a Q-grading
of V Rk K.

A Q-filtration of W& over K is a tensor functor F : Rep,(G) — Q — File whose composition with
Q—Filf — Q—Gradg is exact?® and whose composition with the forgetful functor Q—Filf — Vecy,
is w¥. When G = GL(V) with V &€ Vecy, giving F comes down to giving a Q-filtration of V ®;, K
[17, Rem. 4.2.11].

Let Gradg(w®) (resp. Filg(w®)) be the set of Q-gradings (reps. Q-filtrations) of w® over K.
Composition with the natural functor Q — Gradg — Q — Filk,K yields a natural map

Hompg (Dg, Gx) ~ Gradg (w%) — Filg (w%),

which is surjective when G is reductive or k has characteristic 0 (see [17, Th. 4.2.13]).

We assume in the sequel that G is reductive. Two morphisms X\, N : Dg — G are in the same
fiber of the map Homg (Dg,G) — Filg(w®) (in which case we say that they are par-equivalent)
if and only if X = Int(g)\ for some g € P(\)(K), where P(\) is the parabolic subgroup of G
defined over K consisting of those g € G for which lim;_,o Int(A(¢))g exists. If U()\) is the unipotent
radical of P(\), A and \" are par-equivalent if and only if there is a unique g € U(M\)(K) such that
N = Int(g)A, and then P(\) = P(\) (however the latter equality does not imply that A\, X" are
par-equivalent). To summarize, we obtain maps

Hompg (Dg, Gi)/par — equivalence ~ Filg (w®) — K — Par(G),

where K — Par(G) is the set of parabolic subgroups of G defined over K.

23The exactness condition is imposed so that filtrations can be described using gradings.
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4.1.3. Filtrations on isocrystals. Consider the setup described in the introduction to Section 3: F
is a finite extension of Q,, etc. Let K be an extension of F. An object of the category of filtered
isocrystals over K (relative to '/ F) consists of an isocrystal (V, @) over F' together with a Q-filtration
FVg on Vi. This category has a good Harder-Narasimhan formalism for the slope function

n(V, ¢, FVi) = ()i dimg grp (Vi) — v (det ),

1
dimV prs

and its semistable objects of slope 0 are the weakly admissible filtered isocrystals introduced by
Fontaine, and they are stable under tensor products by the theorem of Faltings and Totaro.
The above slope function can also be described as

(Vo FVi) = i(V, FVk) + u(V, Ry V),

where FyV' is the slope filtration (defined by FjV = €
sition (V, ) = @aeq Vg of the isocrystal (V, ).

a<—z V) associated to the slope decompo-

4.2. Period domains. We will define now the period domains we will be working with. Let the
notation be as at the beginning of Section 3.

4.2.1. Flag varieties and period domains. Consider a triple (G,b,{u}), where G is a connected
reductive group over F, b € G(F ), and {u} is a conjugacy class of cocharacters of G over F. Let
E = E(G,{u}) C F be the associated reflex field*. Let .# = .Z(G,{u}) be the associated flag
variety, a smooth projective variety over E, homogeneous under Gz and whose F = F-points are
the par-equivalence classes of elements in {u}. If G is quasi-split, which will be the case in our
applications, a result of Kottwitz [42, Lemma 1.1.3] shows that {u} contains elements u defined over
E, and then .% = Gg/P(u) (recall that P(u) is the associated parabolic subgroup of Gg).

Let ¢/ be an element of {u} defined over an extension K of E. We say that the pair (b, ') is weakly
admissible if the filtered isocrystal (Ny(V'), Fj (Vi )) is weakly admissible for all (V, p) € Repp(G).
By the tensor product theorem it suffices to check this for a single faithful representation (V p).

Let £ = EF and let .Z be the adic space attached to .# @p E. By [60, Prop. 1.36] there is a
partially proper open subset %" = ﬁ(G, b, {u})™ of Z such that jwa(K) is the set of weakly
admissible points in x € F (K), i.e., points with associated cocharacter u, € {u} defined over K
and for which the pair (b, 15) is weakly admissible. This is the period domain attached to (G,b,{p}).
We will see in the next section, and this will be crucial for the computation of its étale cohomology,
that the period domain is of the form

FV = F\|J W(F) 2,

where {Z;}icr is an ezplicit finite set of Schubert varieties.
Up to isomorphism, % (G, b, {u})™* depends only on [b] € B(G) (sending p to Int(g)(u) yields

an isomorphism jg”a o~ ﬁ;’lﬁ (g)—1)~ The group J,(F) acts naturally on the flag variety .# over E

(via Jy(F) C G(F)) and this action restricts to an action on .Z"*. Moreover, if F = Q, and b is
s-decent, the period domain has a canonical model #“* C % @p E, over Es := EQys.

Ezample 4.2. Take G = GL,, [b] = [1], and {u} = (n — 1,—1,—1,...,—1). The corresponding
period domain is IF”}_I \ UgewH, where J7 is the set of F-rational hyperplanes, i.e., the Drinfeld
symmetric space of dimension n — 1.

24Recall that E is simply the field of definition of {u}, a finite extension of F.
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4.2.2. Existence of weakly admissible filtrations. Fontaine and Rapoport in [25, Th. 3| found a simple
criterion for the existence of weakly admissible filtrations on isocrystals; this result was extended
in [17, Th. 9.5.10] (see also |59, Prop. 3.1]). To present it, we assume, for simplicity, that G is
quasi-split (see [59, Sec. 3] for the general case) and we recall that the set of acceptable elements for
{u} 59, 2.2] is
A(GAn}) = {Ib] € B@)lwy < i},

a finite nonempty set, intersecting nontrivially with B(G)pasic (see [59, Lemma 2.5]). Here u®
(denoted fi in [59]) is the average of the cocharacters in the Gal(F/F)-orbit of p.

The following result is a generalization (and a group-theoretical reformulation) of Mazur’s “the
Hodge polygon lies above the Newton polygon” property of isocrystals.

Theorem 4.3 (Fontaine-Rapoport, [17, Th. 9.5.10]). The space ﬁz\(G, b, {u})"® is nonempty if and
only if [}] € A(G, {1}).

4.2.3. Local Shtuka datum. The following notion will be useful in the rest of the paper. It is a
modification of the notion of a local Shimura datum of Rapoport-Viehmann [59, Def. 5.1|, where
we drop the assumption that p is minuscule and allow [b] to be just acceptable (instead of neutral
acceptable).

Definition 4.4. A local Shtuka datum over F' is a triple (G, [b],{p}) consisting of a connected
reductive algebraic group G over F', a o-conjugacy class [b] € B(G), and a geometric conjugacy class
{1} of cocharacters of G defined over F. We assume that [b] € A(G, {u}).

As discussed above, associated to a local Shtuka datum are the following data:
(1) the algebraic group J = J, over F, for b € [b],
(2) the reflex field E = E(G,{u}),
(3) the flag variety .# = .7 (G, {u}) over E,
(4) the period domain .Z%* = .Z (G, b, {u})* over E.

Remark 4.5. As explained in [17, Sec. IX.8|, assuming F' = Q,, is not really a restriction since Weil
descent allows one to pass from a general F' to Q, (this is similar to the situation for Shimura
varieties, where restriction of scalars allows one to reduce the study to groups defined over Q).
In particular, we can get the Drinfeld symmetric space over general I’ as a period domain in this
context as well (see [17, Example 9.8.9]). For simplicity, we will work from now on with F' = Q.

5. THE GEOMETRY OF COMPLEMENTS OF PERIOD DOMAINS

Via the embeddings of period domains into flag varieties, we will reduce the computation of the
cohomology of a period domain to that of its complement in the flag variety. The period domain
is a locus of semistability and its complement can be stratified by Schubert varieties given by the
degree to which this semistability fails?®. This section describes this stratification.

5.1. The Hilbert-Mumford criterion. Suppose that a connected reductive group G over a field
k acts on a proper algebraic variety X over k. The Hilbert-Mumford criterion [48] describes the
semistable points of this action via eigenvalues of 1-parameter subgroups (1-PSs, for short). We will
review it briefly.

Let . € Pic%(X) be a G-equivariant line bundle on X. If A € X,(G) is defined over k, Mumford
defined the slope of = € X (k) with respect to A and .Z, denoted pu? (x,\) € Z. If zo = limy_,o A\(t)
(this limit exists since, by properness of X, the map G,, — X,t — A(t)x extends to A!), then
p = pZ(x, \) is characterized by the fact that A acts by the character t — ¢t~ on the fiber Zro
(note that xg is fixed under the action of G, so this makes sense).

25This stratification shares many properties with the Harder-Narasimhan stratification of the space of vector
bundles over a Riemann surface.
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Since
Mﬁﬁ@% (z,\") = r(,ufl (z,A) + M“% (z,N))

for r € Z~p, the previous definition extends to .Z € Pic%(X)q and A € X.(G)q. Moreover, we have
w? (gz, \) = u? (x,g~ ' \g) for g € G(k) and, most importantly [48, Prop. 2.7]

pwZ (ax, \) = pZ(x, ), ae P\)(k).

The construction has good functoriality properties: we have p/ (%) (z,\) = p? (f(x),\) for a G-
morphism f : X — Y of G-varieties and .# € Pic®(Y)q. Moreover, if X = X1 x --- x X, is a
product of G-varieties and .%; € Pic%(X;)q then

m

pABEI (@, am), ) = D (@i, ).
i=1

Let now k be algebraically closed. Recall that the (open) semistable locus X*(.Z) in X can be
defined as the set of points € X (k) having an affine open neighborhood of the form Xy = {f # 0}
with f € T'(X,.Z2%")¢ for some n. We have the following Hilbert-Mumford numerical criterion:

Theorem 5.1 (Hilbert-Mumford). If k is algebraically closed and £ is ample then, for x € X (k),
r € X5(L) = p?(x,)\) >0 for all A € X.(G).

5.2. A Hilbert-Mumford criterion for weak admissibility. Since weak admissibility was de-
fined as a semistability condition in Section 4.1.3 we can test it using a Hilbert-Mumford criterion
once the right linearization of the group action is defined. We will now describe it. For the rest of
this section G will be a reductive group over a perfect field k.

5.2.1. Invariant inner products. An invariant inner product on G (IIP for short) is the data of a
positive-definite bilinear form on X, (T)q for each maximal torus T of G (defined over k), compati-
ble? with the action of G(k) and %;,. These objects are standard in GIT and they seem to go back
at least to Kempf’s celebrated paper [38].

One can describe IIP’s on G in terms of a fixed maximal torus Tp of G' (defined over k) as follows.
Let W = W(G, Ty) be the associated Weyl group and consider the L-action®” of 4, on X, (Tp) (if G is
quasi-split over k and Tj is defined over k, this is the usual action of 4 on X,(7p)). The conjugacy
of maximal tori in GG implies that IIP’s on G correspond to ¢, x W-invariant inner products on
X.(To)q, hence any G has an IIP (the action of ¥, factors through a finite quotient).

When G is semisimple there is a natural choice of an ITP on G corresponding to the inner product
on X.(Tp)q given by the Killing form:

ZAN) =) 0N x),

X

the sum being taken over the roots of Ty. In general, [17, 6.2.4] shows that any IIP on G is the
orthogonal direct sum of IIP’s on the torus Z(G)° and on Gqe;. Moreover, on a k-simple semisimple
group any IIP is a positive multiple of the Killing form; on the other hand, any %-invariant inner
product on X, (7T)q is an IIP on the torus 7', so there is no canonical choice in this case.

26That is, such that the maps Int(g) : X.(T)q — X.(gT9 ")q and 7 : X.(T)q — X+("T)q, "T = 7T, induced
by any g € G(k) and T € ¥, are isometries.

27Explicitly, pick a Borel subgroup By of G defined over k and containing Tp; if 7 € %, one can find g € G(k), unique
up to left translation by Tp(k), such that g"Tog ™' = To and ¢" Bog~* = Bo, and then Int(g)o is an automorphism of
X.«(Ty) independent of the choice of g and By and this defines the L-action.
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5.2.2. A Q-linearization of the G-action: the Hodge filtration. We will explain now how to construct
the ample equivariant line bundle needed to apply the Hilbert-Mumford criterion. We start with a
simple but crucial case.

Example 5.2. Let G = GL,,, with diagonal torus 7" and the standard IIP & on X,(T)q = Q". Let
p(t) = (L%, . oot oo %L %), t% appearing n; times and a3 > - -+ > a, being integers. Then
Z(G,{n}) = G/P, P being the upper triangular parabolic with Levi M = [],_, GL,,,. We define a
Gr-equivariant line bundle on .7 by

Lo y.2 = G xF Gqp,

where A\ € X*(M) = X*(P) is defined by A(g1,...,9r) = [[;_,(det g;)~% for (g1,...,9r) € M. The
minus sign appears here to get an ample line bundle. We can interpret this geometrically as follows.
Let V = k™. Then .7 := .7 (G, {u}) is the variety (over k) of partial flags of V', of type (ni,ni +
ng,...,ni +--- +mn, = n) and so . is naturally a closed subvariety .# — [[;_; X; of a product
of Grassmanians X; := Gry,4+...40, (V). Each X; has a natural very ample GL(V')-equivariant line
bundle .Z; obtained from €'(1) via the Pliicker embedding X; < P(A™* " (V)). Then % (,}, »
is isomorphic (as equivariant line bundle) to the restriction of .31@(‘“7“2) X 02”2@(@2%3) X-.. XK.gor
If x € #(K) is a point corresponding to a filtration F, of Vi, then the fiber of £ = £ (3 » at
T is ®; det(gr (F,))~®%. We deduce immediately from this (see [17, Lemma 2.2.1, Lemma 2.2.2|)

v

that for any point 2 € .Z(K) (K being an extension of E), and any A € X,(G)?F with associated
filtration F, we have

e (x,\) = —(Fy, Fy).
In particular the Hilbert-Mumford criterion is nothing but Corollary 4.1 in this special case.

Proposition 5.3. Given a connected reductive k-group G, an element {u} € X.(G)q/G and an
IIP & on G, one can naturally construct a Q-line bundle

Za(uy,» € P ™(F (G, {u}))q

defined over the reflex field of (G,{pu}) and such that:
(1) If . : G — G is a closed immersion defined over k and & is induced by an IIP &' on
G, then Zg (w2 is the restriction of Lev quy, 00 via the closed immersion F(G,{u}) —
F (G, {u}) @p E, where E, E" are the corresponding reflex fields.
(2) If G = GL,, and & is the standard invariant inner product, 26 {uy,» 18 the one in Example
5.2.

Proof. This follows from the discussion preceding [17, Th. 6.2.8] (for example, [17, Lemma 6.2.5]).
The key point is that an I[IP &2 on G induces one on the Levi quotient M of any parabolic subgroup
P of G in a natural way (since any maximal torus of M is an isomorphic image of a maximal torus
of G contained in P), which allows one to associate to any A € X,(G) an element \* € X*(P(\))q.
The recipe is then induced by sending X to &\, = G xF Gg,— 2+, the G-equivariant Q-line bundle on
G/P()) corresponding to —A*, the minus sign being chosen to ensure that %) is ample. O

5.2.3. A Q-linearization of the J-action: the Hodge and the slope filtrations. Let now k = Q,
and consider a local shtuka datum (G, [b], {u}) over F = Q,. Fix an IIP & on G and a decent

beG (Qp), with associated automorphism group J = J, and slope morphism 1. The element A, :=
- € HomQP (]D)Qp, GQp) gives rise to an ample GQp—equivariant Q-line bundle %, := Zg 1,3, on

TP =T (G, IN}) = G, /P(w),

which will be considered as a Jép—equivariant line bundle via the natural map JQp — GQP' By the
same token we consider £ 1,3 » as a Jz-equivariant Q-line bundle on 7, and define

e uyo =1 (Loguy.o X L) € Pic/B™™(F1)q,
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the closed embedding i : F — Fp X F % being given by the identity on the first factor and by the
F-rational point Ay of ﬁg on the second factor. The construction enjoys similar properties to the
one from Proposition 5.3, concerning functoriality with respect to closed embeddings ¢ : G — G’ (by
taking ' = 1(b), of course).

5.2.4. A Hilbert-Mumford criterion for weak admissibility. We keep the notations introduced in the
previous paragraph and set £ = Z (.}, € Pic/mample( g o where ¥ := (G, {u}) -

Theorem 5.4 (Totaro, [66, Th. 3], [17, Th. 9.7.3]). Let K/E be a field extension and let x € 7 (K).
Then x € . (G, b, {u})"*(K) if and only if % (x, ) > 0 for all A € X, (J)7F.

Ezample 5.5. Suppose that G =T is a torus over Q,. We then have J =T and

Mg('%)‘) = _('@<)‘7 )‘90) + '@()‘ﬂ v)),

for any IIP &2 on T, any )\ € X.(T), and A\, € X.(T) attached to x. Hence the Hilbert-Mumford
inequality takes the form: Z(\,A;) + Z(A\, 1) < 0 for all Qp-rational 1-PS A of T'. Since we may
replace A with —\ this condition is satisfied if and only if A; + 13, is orthogonal to all Q-rational
1-PS of T Since the inner product is ¥q, -invariant, the Qp-rational characters of T' correspond

to the Qp-rational 1-PS and the Hilbert-Mumford criterion becomes the familiar criterion: (u,b) is
weakly admissible if and only if i 4 14 is orthogonal to all Q,-rational characters of T.

Ezample 5.6. Consider the set-up from Example 5.2. The data of b is equivalent to that of an
isocrystal N = (V, ) of dimension n over Qp, with slope decomposition V' = ©aeqVa. Let ag >
.-+ > oy be the different slopes and let m; = dimV,,, so that the Newton vector of N is v(N) =
(a&ml),...,agmt)) € (Q™)4. Consider the filtration Fy defined by Fég = Ba<—pVa (its type is
thus vy = (—agmi),...,—agml)) € (Q")+). An immediate computation [17, Lemma 8.4.2] shows
that if K/Q, is an extension and z € .%(K) with corresponding filtration F, of Vi, then for all
A€ X, (J)%F
w7 (@, X) = =((Fe, Fx) + (Fo, Fa)).
The Hilbert-Mumford inequality pu (x, A) > 0 is thus equivalent to (Fy, F)\) + (Fy, Fy) < 0.

The computations in Example 5.6 and the basic properties of the slope function recalled in Section
5.1 yield the first part of the following lemma. The second part is an immediate calculation.

Lemma 5.7 (Orlik, [51, Lemma 2.2|, [50, Lemma 2.2]). Let V' be a faithful F-rational representation
of G (defined over F') and consider the IIP &7 on G induced by the standard IIP on GL(V).

(1) Let K/E be an extension, = € F(K) and A € X.(J)?F. Let F,, Fx, and Fy denote the
filtrations on Vi, induced by x, X and N\, = —vy, respectively. Then

w? (2, 2) = =((Fy, ) + (Fo, Fy)).
(2) If T C G is a mazimal torus and \, X' € X,(T)q, then (F\,Fyx) =2\ N).

5.3. A simplified Hilbert-Mumford criterion. We will show here that in the Hilbert-Mumford
criterion from Theorem 5.4 it suffices to test the 1-PS associated to the relative simple roots and
their conjugates. This will follow from the fact that the slope function, a priori just convex on every
chamber of the spherical building, is, in fact, affine.

5.3.1. The criterion. We will assume from now on that (G, [b],{p}) is a local Shtuka datum over
F = Q, with G quasi-split over Qp, and b € [b] basic and s-decent. Let J = Jy, v = 1, let
E = E(G,{u}) be the reflex field and let E; = EQ,s. The associated period domain has a canonical
model over Ej invariant under the natural action of J(Q,) on .#.

We fix an invariant inner product & on G and we note that it gives rise to an invariant inner
product on J. Fix a maximal Q,-split torus S C Jyer, of Qp-rank d, and a minimal parabolic
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subgroup Py of J defined over Q,. Let A = {a1,...,aq4} C X*(S) be the corresponding set of
relative simple roots. Let wq,,...,wa, € X«(S)q be the associated dual basis for the natural
pairing between X*(S5)q and X.(5)q. Fix a maximal torus T of G containing S and such that
JINZAS HomQP(]D),T) ~ X.(T)q-

Proposition 5.8 (Orlik, [50, Cor. 2.4]). Let z € .Z(K), for a field extension K of E. Then x is
not weakly admissible if and only if there exists an element g € J(Qp) and a simple root oc € A such
that p? (z,Int(g)wa) < 0.

5.3.2. The combinatorial and spherical buildings. If G is a connected reductive group over a field k,
one can associate to G two buildings, as follows.

The combinatorial building A(G) of G. An abstract simplicial complex with G(k)-action whose
simplices are the proper k-parabolic subgroups of G ordered by the opposite of inclusion (thus
vertices are the proper maximal k-parabolics and (P, ..., Py) is a simplex if and only if PyN---N Py
is a parabolic subgroup). If n denotes the k-rank of the derived group of G then A(G) has the
homotopy type of a bouquet of (n — 1)-spheres.

The spherical building (G) of G. Unlike A(G) it takes into account the center of G. If m is the
k-rank of G the set #(G) is, in a G(k)-equivariant way, the (m — n)-fold suspension of A(G). Thus
suitably topologized, it has the homotopy type of a bouquet of (m — 1)-spheres. The building #(G)
is functorial for injective maps of reductive groups f : G — H over k: we have a natural embedding
of topological spaces A(f) : B(G) — #(H).

If G = S is a split k-torus, then Z(S) is simply the sphere corresponding to half-lines in the
vector space X, (5)i r. In general, Z(G) is obtained by gluing the different spheres Z(S) (over all
maximal k-split tori S C G), where we identify b and Int(g)b for b € #(S) and g € P(b)(k). Here
P(b) is a k-parabolic of G naturally attached to b in a way compatible with the definition of P(\),
for A € X,(S)q. There is a natural action of G(k) on #(G) and a natural map b — P(b) from #(G)
to the set of k-parabolic subgroups of G (we note P(b)(k) is the stabilizer of b in G(k)). Moreover,
if S is a maximal k-split torus of G, the map B(S) — Z(G) is injective and consists precisely of
points b of Z(G) for which S C P(b). We call the image the apartment attached to S. Any two
points of #(G) belong to a common apartment.

Assume that G is semisimple. Then, by a theorem of Curtis, Lehrer and Tits [15, Prop. 6.1],
there is a natural G(k)-equivariant bijection 7 : |A(G)| — A(G) between the geometric realization
of A(G) and B(G), such that for b € |A(G)|, the k-parabolic P(7(b)) is the one corresponding to the
simplex of A(G) containing b in its interior. Hence the combinatorial building yields a triangulation
of the spherical building.

For a k-rational parabolic subgroup P C G, we set

¢ (P):={be B(G): P(b) D P}.

We have €(P) C %(S), where S is a maximal k-split torus contained in P. We can think of € (P)
as parametrizing dominant 1-PS A of P up to conjugation and ramification A +— A"™. The map 7
induces a homeomorphism between the closed simplex of |A(G)| corresponding to P and ¢(P). If
P is a minimal k-parabolic than %' (P) is called a chamber; if P is a proper maximal k-parabolic
subgroup then %'(P) is called a vertex.

5.3.3. The slope function revisited. We return to the notation from Section 5.3.1. Let S be a maximal
Q,-split torus in Jyer. Fix z € F(K), for a field extension K of E. We can extend the slope function
1 (z,\) on X.(S)q to a function on X,(S)r by using its description as an infimum of values of
certain rational linear functionals [56, Sec. 1]. This description also implies that the slope function
u?Z (x,\) is convex on the rational points of %(S) [48, Cor. 2.15].

It turns out, as shown by Orlik, that the slope function is, in fact (in a suitable sense), affine. To
state precisely what this means, for a chamber ¢ in %(Jqe:), we start with “straightening it”, i.e.,
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we deform it homeomorphically to the simplex

0E ={)_ raral0 <1a <1, 1o =1} C X.(@S)R,

acEA aEeA

where the rational 1-PS A\, € X,.(wS)q, a € A, for some maximal Q,-split torus wS C Jyer,
represent the vertices of €. What we have gained doing this is that the slope function % (x, \) on
X, (wS)R while needing to be normalized to v (x,\) := u? (x,\)/|)\| to descend to a function on
B(wS) (after which it glues to a function on %(Jye)) is defined on w¢. We say that u? (z, —) is
affine on € if it is affine on w%, i.e., we have:

u"g(:p, Z Tala) = Z roéug(x, Aa), for all Z Tada € WE.

aEA acA acA

The following lemma is now a simple consequence of Lemma 5.7 that describes the slope function
via the invariant inner product (which is linear in each variable):

Lemma 5.9 (Orlik, [50, Prop. 2.3]). Let x € .F(K), for a field extension K of E. The slope function
wZ (x,—) is affine on each chamber of B(Jger).-

5.3.4. Proof of Proposition 5.8.

Proof. Among the chambers of #(J4e;) we will distinguish the base chamber € := € (Py). We note
here that A(J) = A(J4er), hence Z#(Jger) is homeomorphic to |[A(J)|. The vertices of this chamber
are the rational 1-PS w,, o € A; the corresponding parabolic subgroups 28 P/ (wa), @ € A, are the
maximal Q,-rational parabolic subgroups that contain Py. If € = € (P) is a chamber in #(Jger)
there exists a g € J(Qp), unique up to multiplication by an element of Py(Q,) from the right, such
that the conjugated 1-PS Int(g)wa, @ € A, are the vertices of €.

Proposition 5.8 follows now easily from Lemma 5.9. O

5.3.5. Contractibility of a subcomplex of the spherical building. Let
Y = % Qg E,\ 7

be the complement of .Z¥2. Let 2 € Y (K), for a field extension K of E. Consider the subcomplex
T, of the spherical buidling %(J4er) corresponding to the following set of vertices:

{gP(wa)g ™ g € J(Qp), o € A such that u? (2, Int(g)was) < 0}.

We will need to know that this subcomplex is contractible. This follows from two facts:
(1) Let
Cyp i={\ € B(Jaer)|VZ (z, ) < 0}.

This set is convex and the intersection of C, with each chamber in Z(Jge) is convex [48,
Cor. 2.16).

(2) Because the slope function i (x,)\) is affine on every chamber of %(Jg.;) we have an in-
clusion T, — C,. This is a deformation retract [50, Lemma 3.4] (in fact, we deform to a
projection).

 28We have P (wa)(@,) = P(wa)(@,) N J(Q,).
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5.4. Stratification of the complement of .#V*. The complement Y of #V* in .#g, can be
stratified using Schubert varieties, an essential result for the computation of its cohomology. In order
to describe this stratification we will fully use the results presented above (we keep the notation from
Section 5.3.1).

Each A € X,(J)q determines a closed subvariety

Yy = {z € Z|pZ (z,)\) <0}

of .7, defined over Ej, consisting of points where A damages the semistability condition. In partic-
ular, each subset I C A gives rise to a closed subvariety of .%, defined over F,

Y7 =) Y
ag¢l
and the properties of the slope function imply that the natural action of J(Q,) on .Fg, restricts to
an action of Pr(Qp) on Y7 [51, Lemma 3.1], where P; = Nyg P’ (wa). For example PA = J and
Py = B, a fixed minimal Q)-parabolic subgroup of J containing S.
Let
X = J<Qp)/PI(Qp)a

a compact p-adic analytic manifold, and let?"

X d
zr = v,
teXry

a closed pseudo-adic subspace? of Y (since X7 is compact, see [51, Lemma 3.2]). Now, by Proposition
5.8 and the properties of the slope function pu? (—, —) (see Section 5.1), we get the decomposition

v=J z™
|ANI|=1

5.5. The cohomology of Schubert varieties. Orlik used the results from GIT described in the
previous sections to show (see [51, Prop. 4.1], [50, Prop. 4.1]) that the varieties Y7 are Schubert
varieties, hence their cohomology is not difficult to compute.

More precisely, fix a Borel subgroup B of G contained in all the parabolics P(w,) and such that
p belongs to the positive Weyl chamber with respect to B. Let W = Ng(T')/T be the Weyl group,
let W, C W be the stabilizer of y and let W* be the set of Kostant representatives for W/W,,, i.e.,
representatives of shortest length in their cosets. The action of ¥, on W preserves W (since p is
defined over Ej). For w € W, let [w] € W#/9g_ be its orbit.

Define

Q= {[w] S Wu/gEs’ ‘@(w:u - l/7wa) >0, Vo ¢ I}7

where &2 is the fixed invariant inner product on G. Then Qrn; = Q5 N Qs and a similar property
holds for the varieties Y7. The Bruhat decomposition of the flag variety .# g, combined with the fact
that, by Lemma 5.7, the semistability criterion can be expressed using the invariant inner product,
yield the decomposition of Y7 in terms of the Bruhat cells of G with respect to P(u):

(5.10) Y= |J BwP(u)/P(n).
[w]€Qr

To each ¥g -orbit [w] € W# /9y, we associate the following objects:

e An integer If,), the length of any element of [w].

e The induced Z/p"[¥g,]-module pp,(Z/p") of Z/p"-valued functions on the finite set [w], with
the natural ¥p,-action twisted (& la Tate) by —Ij,,. Similarly, we define a Z,[¥g,]-module pp,(Zp).

29The definition makes sense since Pr(Q,) preserves Y;.
30We refer the reader to the appendix for the formalism of pseudo-adic spaces, due to Huber [35].
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The Bruhat decomposition (5.10) yields the following computation of the étale cohomology of the
varieties Y7.

Corollary 5.11. We have
(5'12) Hgt(}/}7c,Z/pn> = @ p[w](z/pn)[_Ql[w}]'
[w]eQr

Proof. The computation in the f-adic setting in [50, Prop. 4.2] [49, Prop. 7.1] carries over to the
p-adic setting, the key element being the standard form of the compactly supported cohomology of
the affine space.

The computation goes as follows. For 0 < i < my := max{l,|[w] € Q;}, set

vie | BuP)/P().
[wleQr,l(w)<i

We have a filtration by closed subvarieties

V=Y oYM s oY oy =0
such that
(5.13) Yizyi = || BwP(u)/P(u).

[w]eQy l(w)=i
The Bruhat cell BwP(u)/P(u) above is isomorphic to the affine space AiEs. Recall that
‘ ni_ s .
i) {7

The corollary follows now easily from the long exact sequences (the induced Galois representations
arise from the Bruhat decomposition (5.13))
o Hi (V)6 20" = Hi (Y] o\ Y6 B/0") = Hig (Y] 00 2/0")

ét,c
— H (YIS Z/p") — - O

ét,c

Remark 5.14. The following observation will be useful later (see [50, Sec. 4]). For [w] € W /9p,
and I C A, let H(Y7, [w]) denote the part of the direct sum (5.12), which comes from [w], i.e.,

w(Z/p™) =21, if [w] € Qy,
0 if [w] ¢ Q.
We have
Hy(Yie,Z/p") ~ @ H(Yr,[w).
[w]eWH /9,
Let I € J C A. Consider the projections

prg Hg(Yye, Z/p™) — Hy (Y10, Z/p")

induced by the closed embeddings Y; < Y. The proof of Corollary 5.11 shows that they decompose
into the direct sums:

pr,J &y Py P HYLw)— P H W)

([w],[whe(WH/9g,)? [wleWH /Y, [w]eWr /g,
with pp, (v equal to the identity for [w] = [w'] and to zero otherwise.

6. THE MAIN RESULT

We are now ready to formulate and to prove the main result of this paper.
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6.1. The setup. Consider a local Shtuka datum (G, [b], {n}) over F' = Q,, where G is a quasi-
split reductive group over Q,, [b] € B(G) is the o-conjugacy class of a basic and s-decent3! element
be G(Qp), and {p} is a conjugacy class of cocharacters of G, with field of definition F and associated
flag variety .# = .7 (G, {p}) defined over E.

Letting By = EQps C Q,, the period domain #¥* = .Z%(G, [b], {u}) is a nonempty** partially
proper open subset of the adic space .#, stable under the natural action of J(Q,) C G(Qp) on
Z and having a canonical model over E,. Thus the compactly supported étale cohomologies
Hg (FE*,Z/p") and Hy (F5*,Zy) are naturally J(Q,) x ¥p,-modules. Our goal is to describe
these representatlons.

6.1.1. Generalized Steinberg representations. Fix a maximal Q,-split torus S in J = J;, and a min-
imal parabolic subgroup B of J defined over Q, and having Levi component the centralizer of S.
This choice induces a parametrization I — Pr of the standard parabolic subgroups of J by subsets
of A, the set of simple roots associated to B. In particular Py = B and Pa = J.

We slightly change the notation introduced in Section 2 and write simply

X1 =J(Q)/P1(Qp), i1(A) =LC(X1, A), A=27Z/p",Zp,Q,,

where LC(X7, A) is the space of locally constant (automatically with compact support since X7 is
compact) functions on X; with values in A. We also let

i7" (Zy) = €(X1, Zp) = i (Z/p"),

n

where ¢(Xy,Z,) is the space of continuous functions on X; with values in Z,. The associated
generalized smooth and continuous Steinberg representations of J(Q,) will be denoted

vi(A) == ir(A)) Y in(A), A=1Z/p" Zy, Qp,

Icr

v§ont(zp) L cont / Z Zcont L ’U[(Z/p )

Icr

where the last equality follows from [29, Lemme 3.3.3] (in loc. cit. J is split, but the results extend
verbatim to any J). Note that i = va is simply the trivial representation of J(Q,).

For two subsets I C I’ C A with [I"\I| =1, we let pr v : ip(Z/p™) — i1(Z/p™) be the natural
map induced by the surjection X; — X /. For arbitrary subsets I, I’ C A with |I'| — |[I| =1, we fix
a numbering I’ = {f1,...,(,} and we let

4 (=Viprp if I'=TU{B;},

Iy = . ,
0 it ¢ I

The following result is standard for complex coefficients.

Proposition 6.1. Let I C A and consider the complex whose first term is in degree —1

Cr(Z/p") :ia(Z/p") - @ ix@Z/p") » @ k@) == P ix(Z/p") = i(Z)p")
ICKCA ICKCA ICKCA
|A\K|=1 |A\K =2 |K\I|=1

with differentials induced by the di k. Then C1(Z/p™) is a resolution of vi(Z/p™) by J(Qp)-modules.
31Recall that the hypothesis that b is decent is harmless, since any o-conjugacy class in G (Qp) contains a decent

element.
32By the definition of a local Shtuka datum!
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Proof. The proof for complex coefficients goes over in our setup thanks to a multiplicity one result
of Grosse-Klonne (27|, Herzig [34], and Ly [46], as we explain below.

Recall first the following simple fact from [62, Sec. 2, Prop. 6]: if (A4i,...,A4,,) is a family of
subgroups of an abelian group A such that

(6.2) (D A)n(4)=>_(An(4))

€T JjeS €T jeSs
for all subsets T',S C {1,...,m}, then the natural complex

ce = @ AiﬂA]’ﬁAk—) @ AiﬂAj—> @A@—)A

1<i<j<k<m 1<i<j<m 1<i<m

is a resolution of the subgroup >, A; of A.

Now assume that the abelian group A has finite length and say that a subgroup A’ C A is
isotypically closed if each irreducible constituent of A’ has the same multiplicity in A’ and A. Such
a subgroup is uniquely determined by its irreducible constituents. If two subgroups A’, A” C A
are isotypically closed, then A’ N A” and A’ + A” are isotypically closed too, and their irreducible
constituents are, respectively, the intersection and the union of the irreducible constituents of A’
and A”. We deduce that if A; is isotypically closed for all i, then the left and right sides of (6.2) are
isotypically closed and have the same irreducible constituents (as union distributes over intersection),
hence they are equal.

We apply this fact with A = ig(Z/p") and the J(Qp)-submodules ix(Z/p™) for I C K C A,
|A\ K| = 1. The latter are isotypically closed in iz (Z/p™) by Proposition 6.3 below. O

Proposition 6.3 (Grosse-Klonne, Herzig, Ly). The irreducible constituents of ix(Z/p™) are the
representations vi(Z/p) for K C I C A, each occurring with multiplicity n.

Proof. By dévissage, the result reduces to the case n = 1, which is due to Grosse-Klonne [27]| and
Herzig [34] when G is split, and to Ly [46] in general. O

6.1.2. The main result. The following theorem is the principal result of this paper.

Theorem 6.4. Let (G, [b],{n}) be a local Shtuka datum with G/Q, reductive and quasi-split, b €
G(Qp) basic and s-decent. Suppose that p > 5.

(1) There is an isomorphism of 9g, x J(Qp)-modules

(6.5) H (FENZ) = @D vy (Z/0") © pruy(Z/0") [ =npu].

[w]leEWH /YE,

where Ny = 2l + [A\ Lyl
(2) There is an isomorphism of 9, x J(Qp)-modules

(66) Hgt,c(ygaa p) = @ U?Ont(zp) ® p[w](zp)[_n[w}]

[w]
[wleWH /G,

Remark 6.7. (1) Orlik shows in [51, Th. 1.1] that the isomorphism (6.5) holds for compactly
supported étale cohomology with coefficients Z/¢™, ¢ # p (there are additional assumptions
on ¢ needed, see |51, Sec. 1|). This implies (by the same argument as we use below) the
isomorphism (6.6) for compactly supported étale cohomology with coefficients Zj.

(2) Just as in [17, Cor. 10.3.7] one obtains strong vanishing results for H}, (FX&* Z/p™) from
the above theorem, as well as a simple description of the top-degree Cohbmology.
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6.1.3. The case of the Drinfeld space. Let p > 5. Let us discuss an example. Let H%p be the Drinfeld

symmetric space of dimension d over Q. Recall that HdQP = ]P"ép \ UgrewH, where J¢ is the set of
Qy-rational hyperplanes. Set G := GLg41,q,-

Corollary 6.8. (1) There is an isomorphism of 9q, x G(Qp)-modules

d
H, (HE, Z/p") =~ EB Spq—i(Z/p")(=1)[=d — .

(2) There is an isomorphism of 9q, x G(Qp)-modules

H (HE, Z @ SpS™(Zy) (—i)[—d — i].

Here the generalized Steinberg representations Spy_;(Z/p™) and Sp$™(Z,) are as defined in the
proof.
Proof. By Example 4.2, H%p is the period domain corresponding to b = 1, {u} = (d,(=1)¢}. We
have £ = F; = Qp and J = G.

Let B be the upper triangular Borel subgroup of G and let A = {ay, ag,..., a4} be the set of

relative simple roots: o;(diag(ti,...,td+1)) = tit,, _:1 We identify the Weyl group W of G with the

group of permutations of {1,2,...,d 4+ 1} and with the subgroup of permutation matrices in G.
Then W is generated by the elements s; = (i,i 4+ 1) for 0 < ¢ < d + 1. The set W# of Konstant
representatives for W/W,, consists of:

wo = 1, w1 = 81, Wa = $281,...,Wq = 848d—1""* 51, ;) =1

We have A\ I[wl] = {ai+1, .. .,ad}, ‘A \ I[wz]‘ =d—1i. And p[wi}(Z/pn) = Z/pn(—i), p[wi](zp) =
Zy(—i).
Set Spy_,;(Z/p") = vIG[w_](Z/ p") and SpS(Z,) = v? " (Z,). Then our corollary follows from

[w4]

Theorem 6.4. O

We computed that:
H (HE,Z/p") = Spog_i(Z/p")(d — i), Hi (HE, Zy) = SpST(Zp)(d — i)
In particular:
H o(HE, Z/p") ~ Hi o(HE, Zp) =0, 0<i<d-—1,
Heztdc(H Z/pn) = Z/p (_d)v Hthdc<Hd Z ) = ZP(_d)
Recall that in [13, Th. 1.1] we have computed that:
HY (HE, Z/p") = Spi(Z/p") (=i),  Hi(HE, Zp) = Spi™(Zy)* (—i).
Hence (* denotes the linear dual):

Corollary 6.9. There is a duality isomorphism of 9q, x G(Q,)-modules
HY (HE, Z/p")(d) =~ HETHHE, Z/p")*,  HE(HE, Z,)(d) ~ HZ' DN (HE Z,)*

ét,c ét,c

6.2. Orlik’s fundamental complex. In this section we will define a resolution of the constant
sheaf Z /p™ on the complement of the period domain .#* and compute the cohomology of its terms.
The key geometric ideas are due to Orlik, see [51].
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6.2.1. Stratification of the constant sheaf. Let Sh(Yc 4) denote the topos of étale sheaves on Y. We
refer the reader to the appendix for the review of the formalism of étale cohomology of pseudo-adic
spaces developed by Huber in [35]. If X is an algebraic variety over C (for instance Y7 ), let X4
be the associated adic space over Spa(C, O¢).

If Z is a closed pseudo-adic subspace of Y and i : Z — Y is the inclusion, define Fy := i, i*F €
Sh(Yc4) for any sheaf F' € Sh(Yrg). Fix a subset I € A = {a1,...,aq}. If T is a compact open
subset of X7 = J(Q,)/Pr(Qp), then

Zi o= | 17
tel
is a closed pseudo-adic subspace of Y thanks to the compactness of T' (see [51, Lemma 3.2]) and
for any F' € Sh(Yc ;) we have a natural injection FZITC C [Ler Ftyla% . Therefore any partition

X1 = Il4eca Ta by (nonempty) compact open subsets®? induces an embedding

B Fyr, C I Favpa.

acA zeXr
Definition 6.10. If F' € Sh(Yc 4(), define Fr € Sh(Yc4) as the subsheaf of locally constant sections
Of H.Z’EX[ FxYIa:(é, i.e.,

FI = h%nl F67
cEGT

the limit being taken over the (pseudo-filtered) category %7 of compact open disjoint coverings of
X ordered by refinement and Fi for ¢ = {T};}jca € %7 being the image of the natural embedding

Djeca FZIT]'C = [eex, Faypd,-
The following computation will be essential for us later.

Proposition 6.11. (1) If Z is a geometric point of Yo with support x € Y¢, then, for all F €
Sh(Yc 4t ), we have a natural isomorphism
(Fr)z ~ LC(X(x), Fz), where X1(xz) ={g € X;|x € ng‘TdC )
(2) Leti e N. We have
H (Yo, (Z/p")1) ~ LO(X1, Hy (Yi,c, Z/p") = ip,(Z/p") © Hy (Yr,c. Z/p").

Proof. The first claim follows from the definition of F7. Orlik’s proof |51, Prop. 4.3| of the second
claim for /-adic sheaves goes through in our case, the key points of commuting with inductive and
projective limits as well as the comparison algebraic-analytic being also valid p-adically. We describe
briefly the essential steps of the proof. Since Y is quasi-compact and %7 is pseudo-filtered, [35, 2.3.13]
yields an isomorphism

Hi(Ye, (Z/p")r) = lim Hy (Yo, (Z/p")e) = lim (D H(Z] ¢, (Z/07))).
cECT cECT Tee

We can write Yﬁ% = Nsen Z}:SC [51, Lemma 4.4], for a family of compact open neighborhoods of
the point [Pr] of X such that NsenTs = [Pr]. Hence, by [35, 2.4.6],
lim Hét(ZITf@ Z/p") ~ Hét(Yﬁ%, Z/p") =~ Hy(Yro, Z/p"),
seN

the last isomorphism being a consequence of Huber’s comparison theorem [35, Th. 3.7.2]. Combining
the above we get

(Yo, Fr) ~ tim (@) Y (2] 00 Z/p™) ~ LO(X 1, Hy (Yr.0, Z /™),
CE%”] Tec

33Note that A is necessarily finite since X is compact.
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as desired. O

6.2.2. Acyclicity of the fundamental complexr. We will explain now how to create a complex out of
the various Fr for I C A. Choose an ordering on A and fix F' € Sh(Yc¢). We will construct
(following Orlik) maps dj ;» : Fp — Fy for all subsets I,I" of A with |I'| —|I| = 1, inducing the
fundamental complez®*:

(6.12) CF): 0F— P FF—- P Fi>—> P F-F—o
|A\I|=1 |A\I|=2 |ANI|=|A|—1

We set dr,;» = 0 when I is not a subset of I’, so suppose that I C I’. We have a natural surjective
map prp : X; — Xp (induced by Pr C Pp), and for all x € Xp,y € X7 we have a natural map
Fpy,, — F,y;, namely the zero map if p; p/(y) # x and the map induced by the closed embedding
yY7r — xYp otherwise. Unwinding the definitions of Fy and Fp/, we obtain a natural map prp :
Fp— Fr,and we set dy p = (—=1)'pyp if I' = {1 < --- < oy} and T = I'\ {a}.

Recall that a sheaf F' on Y is called overconvergent if the specialization morphism Fy, — Fg, is
an isomorphism for any specialization of geometric points & — &;. If F' is an overconvergent sheaf,
then it is easy to see that the terms of C'(F) are overconvergent [51, Lemma 3.4].

Theorem 6.13. If F is an overconvergent sheaf on Yc ¢, the fundamental complex C(F) is acyclic.

Proof. The arguments from the proofs of [51, Th. 3.3] and [53, Th. 2.1|, for ¢-adic sheaves, also work
in this setting. We sketch them briefly. By overconvergence, it suffices to check the acyclicity of the
stalk C(F),) of C(F) at a maximal geometric point 7 : Spa(K, Ox) — Fc. If z,, € F(K) is the
induced point, the complex C(F;) is given, thanks to Proposition 6.11, by

(6.14)

0= Fy = @ LC(Xi(xy), Fo) == @ LCXi(zy), Fr,) = LC(Xo(2y), F,) = 0
|A\I|=1 |ANI|=|A|—1
where we recall that X7 = J(Q,)/Pr(Qp), X1(zy) = {9 € X1|x, € gY1(K)}, and Py = Fy. But this
is a complex of locally constant functions (with values in F, ) on a subcomplex of the combinatoral
building of J, whose simplices are given by
{9Prg™'lg € J(Qp), o € gY1(K), 1 € A}.
Its geometric realization (via the map 7 from Section 5.3.2) is the subcomplex T, of the spherical

building #(Jger) from Section 5.3.5. Since the complex T, is contractible, by [62, Rem. 66], the
complex (6.14) is acyclic. O

6.3. The key spectral sequence. We will now evaluate the spectral sequence F; induced by the
acyclic complex (6.12) for F' = Z/p™:

EY =HL (Yo, € (Z/p")1) = HL (Yo, Z/p").
|ANT|=i41
In order to simplify some of the rather complicated formulae below we introduce the shorthands:
il,n = i](Z/pn), Vin ‘= v[(z/pn), Plw],n = p[w](Z/pn)
Lemma 6.15. The above spectral sequence degenerates at Fo.
Proof. By Proposition 6.11 we have
EY ~ P LOXLHL(Yie,Z/p")~ B irn® HL(Vic, Z/p").
|ANT|=i+1 |ANT|=i+1
Define
Iy = {a € Al ZP(wp —v,ws) <0}

34Check [17, Ch. XI] for a “geometric” construction of this complex.
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It is the minimal subset of A such that [w] € €, thus we have [w] € Qy if and only if I}, C I.

From the Bruhat decomposition of H. gt (Y7,c,Z/p") obtained in Corollary 5.11, using Remark 5.14,
we obtain a decomposition of the spectral sequence FEi:

Ey = @ El,[w}7

[w]eWH /9E,

where FEy [, is the complex living just in row 2,

El,[w} = ( @ i[,n X Plwl,n — @ il,n ® Plwln =7 " z.I[w]:n ® p[w],n)[_2l[w]]'
I[w]C] I[w]CI
|ANT|=1 |ANT|=2

We get an exact sequence of complexes3?

0= ian @ plu)n[—2lpw) + 1] = Cr, (Z/P") & ppu) nl—2lw)] = 1 juw) — 0.

By Proposition 6.1 and noting that p,,, is a free Z /p"-module, the only nonzero terms of E3 [w]
are given as follows: for [A\ Ij,,[ =1

020 _ .
By ] ™t @ Pluln

and for [A\ I, > 1

0,21[)

. 0,201 .
E27[w] ~iAn @ P, and E; wl Vi @ Plwlns © = AN\ I[w” —1.

[w]

To see that Ey = Ex note that the nontrivial differentials on Ej, ¢ > 2, can only go from Ej | to
E; 1) for [w] # [w'], ljy) # lp)- But such maps have to be trivial by a weight argument. Indeed, all
the terms of Es are free modules over Z/p™ and are given by the tensor product of a J(Q,)-module
and a ¥p,-module. We also have Ea(Z/p") ®g/n Z/p™ =~ E2(Z/p™) for any integer n > m. Thus
the nontrivial differentials of the spectral sequence E;, ¢ > 2, would yield nontrivial maps between
projective systems (Z/p™(a)), and (Z/p™(b))n, a # b. And this is not possible (see [51, Sec. 5] for
details). O

The next proposition crucially uses the results of Section 2.

Proposition 6.16. We have
HE (Yo, Z/p") =( D inuyn @ ppunl~2lw)]) €D

AV [=1
B (Gan® ppal—2lw)) ® (W m @ pugnl—2lw) — 1A Tyl +1])).
‘A\I[w]|>1

Proof. Fix 1,7 € N. Using Lemma 6.15 and its proof we can compute the grading induced by the
spectral sequence Ef:
o' (HL (Yo, 2/p") =BY 7 =B~ @ B
[w]eWr/FE,
(@Brujer: Mm@ Pun) B (Blujer, ian ® pujn) i =0,
69[w]eT3 Vljyin @ Pluln if i >0,

~

where we set
Ty == {[w] € WH/9Gp ||AN Iy = 1,20 = 7}, To = {[w] € WH/Gp,|[AN I > 1,21, = j},
T3 := {[w] S W“/gESBl[w] + ’A \ I[w]| —1=y31= |A \ I[w]| — 1}.

35Recall that the complexes Cr(Z/p™) are defined in Proposition 6.1.
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It suffices to show that this grading splits. Fix j. We start by proving the following:
Lemma 6.17. The cohomology groups H:, (Yc,Z/p™) are smooth J(Qp)-modules.

Proof. We start by observing that Yo is proper, being quasi-compact and closed in .%#¢, which
is proper (see [35, Lemma 5.3.3]). It follows that RI'¢ (Yo, Z/p") ~ RI¢(Yc,Z/p™) and the
distinguished triangle associated to the triple (#%*,.%,Y") becomes

(6.18) Rl e, o( 8™, Z/p") —RTa(Fc, Z/p")——RTa (Yo, Z/p").

Consider the induced long exact sequence of cohomology groups. By a result of Berkovich [6, Cor.
7.8], we know that Hgtvc(ywa, Z/p") is a smooth J(Qp)-module. We note that one cannot apply
this result directly to Y, which is only a pseudo-adic space. And, of course, H (Fc,Z/p") is a
smooth representation of J(Q,), of finite type over Z/p". Our lemma follows then by induction on

1, using the next lemma. O

Lemma 6.19. Let G be a p-adic analytic group and let w be a representation of G over Z/p" living
in an exact sequence
0—=0c—=m—=7—=0,

with o and T smooth representations of G over Z/p™ and o finitely generated as Z/p™-module. Then
™ 1S a smooth representation of G.

Proof. Since o is finitely generated over Z/p™ and smooth, there is an open subgroup H of G acting
trivially on o. Replacing G by H we may thus assume that G acts trivially on . Let v € 7. Since
T is smooth, there is an open subgroup K of G fixing the image of v in 7. Shrinking K, we may
assume that K is a uniform pro-p group. Since kv—v € o, for k € K, we have (g—1)(k—1)v = 0 for
g € G and k € K. Using the binomial formula and the fact that p™ kills 7, it follows that kP v = v
for k € K. Since KP" is open in K and thus in G, we are done. O

To show that the filtration for ¢ > 0 splits, consider the equation
2l[w] +|A \I[w” —1=3= Ql[w/} +1]A \I[w/H —1

with [w], [w'] € WH/Gg, . If I, # ljw this equation implies that |A\ Ij,| and [A\ If,| differ by
at least two. Hence |Ij,)| and |[},| differ by at least two as well. Since Hgt(Y, Z/p") are smooth
J(Qp)-modules and, by Theorem 1.8, the Ext group Ext}](Qp)(vf[w] , ’U[[w/]) in the category of smooth

representations is trivial, we have a splitting of J(Qp)-modules. This splitting is automatically
Galois equivariant: call the section s and consider gs, g € 9g,. The map ¢ := s — gs decomposes
into a direct sum of maps between generalized Steinberg representations v; and vy with I and I’
differing by at least two elements. Hence, by Proposition 2.5, all these maps are trivial and thus
t =0, as wanted.

To include ¢ = 0, we start by showing that

(6.20) Extb(Qp)(z'I[w],n,vl[w,m) =0, weT,uw eTs,
Ext},(Qp)(z'A,n, Vi) =0, W €T

For the first equality, consider the exact sequence (recall that [A\ If,| = 1)

(6.21) 0—=iam — i1

w7 Ul = 0.

[ ]

It yields the exact sequence
1 1 : 1 :
Extq,) (Vi mn: U[[w,])n) — BExtjq,)(i1,,n; U[lw,]m) — Extjq,)(ian U][w,]yn).

Since

|AN Jjy| = =20 + 1+ j = =2y + 2 +1 >3
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and [AN\ | = 1, [I[y)| and [Ij,] differ by at least two and the first term in the above sequence is
zero by Theorem 1.8; similarly, since |A| and |I},,| differ by at least two, the right term of the above
sequence is zero by Theorem 1.8. Hence we have obtained the first equality in (6.20) and along the
way we have shown the second equality in (6.20) as well.

Moreover, the J(Qp)-equivariant sections are automatically Galois equivariant: one argues as
above using in addition the exact sequence

Hom j(q,) (Vi U[[w,]’n) — Hom (q,)(i1,,,n: U[[w,],n) — Hom j(q,)(ian, 'U][w,]yn),

induced by the exact sequence (6.21), which shows that the middle term is trivial since so are the
other two terms (by Proposition 2.5). O

6.4. End of the proof of Theorem 6.4. (1) Torsion compactly supported étale cohomology. In
order to prove claim (1), we use the distinguished triangle (6.18). An argument based on the Bruhat
decomposition of .% ~ Gg,/P(u), as in the proof of Corollary 5.11, shows that

Rl«(Zc,Z/p") ~ B pugnl—2l) = E1.
[w]eWr/9E,
The map
i : Rl (Fo, Z/p") = Rl'& (Yo, Z/p")
can be represented by the map of complexes El — FE7 induced by the canonical maps
Plwln = tAn @ Pluln = n @ Pwlns L) C 1, [ANT] =1
By Propositions 6.1 and 6.16,

Cone(i*)[—1]

12

D vrun © sl =2l — AN Ty ],
[w]eWH /Y,
as wanted.

(2) p-adic compactly supported étale cohomology. For claim (2), take the exact sequence (see
Section A.2.2):

0 — R lim Hi L(FEZ/p") — Hi (FE LL éeo(FEL/p") = 0
n
Since
Ultyyn = VI, ntl ®Z/p”'~‘1 Z/pnv Uf'ﬁzt(zp) = Emvl[w]vn’
n

the pro-system {HZ }(Fg* Z/p™)}, is Mittag-Leffler hence the above exact sequence and claim (1)

ét,c
yield the isomorphlbm

Hy (78 2) S I B (5 B0
and claim (2).

Remark 6.22. In [53] Orlik computed ¢-adic compactly supported étale cohomology for ¢ # p. In the
context of Theorem 6.4 and for ¢ sufficiently generic with respect to G he obtained an isomorphism
of ¥g, x J(Qp)-modules

(6.23) hem(F3 2o~ P V1, (Z0) © pu) (Ze) =),
[w]eW* /Gy,
where H} .1 denotes Huber’s compactly supported cohomology. The proof follows the proof for

torsion coefficients with two main differences:
(1) It starts with the distinguished triangle associated to the triple (#%*, .#,Y):

Rl ¢ o 110 (FE*, Zy)—— R (Fo, Zp)——RTe (Yo, A), A = i* Ry (Z/p")n-
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(2) It uses the fact (from [16, Appendix B.2|) that the representations
gt,c,Hu(ﬁga? p)v Rl ¢ (YC'v A)a oo
are smooth J(Qp)-modules.

As we have mentioned in the introduction the p-adic analog of the isomorphism (6.23) is false and
the smoothness property mentioned above does not hold.

APPENDIX A. ADIC POTPOURRI

We gather here, as a reference, some basic facts concerning pseudo-adic spaces and compactly
supported étale cohomology.

A.1. Pseudo-adic spaces. We start with pseudo-adic spaces. Recall that, Huber defines in [35]
the category PPA of pre-pseudo-adic spaces, consisting of pairs X = (X, |X|), where X is an adic
space and |X| a subset of X, morphisms X — Y being morphisms of adic spaces X — Y that send
| X| into |Y|. A morphism f: X — Y induces therefore a morphism of adic spaces f: X — Y and
a map of topological spaces |f| : | X| — |Y| (we endow | X| with the topology induced from X). We
say that f is étale if f is étale and if | X| is open in f~1(|Y]) (this implies that |f| is an open map).
The étale site Xg of X is the category of pre-pseudo-adic spaces Y étale over X with the topology
such that a family of morphisms f; : ¥; — Y in this category is a covering if |Y| = U;|fi|(|Yi])-

We mention the following properties of this construction, which we need, and we refer the reader
to Huber’s book [35] for the proofs and details (see especially Sections 1.10, 2.3):

(1) The category PPA contains (as full subcategory) the category of adic spaces (via X —
(X,]X])) and the étale topoi of X and (X, |X]|) are equivalent.

(2) If X is an adic space and S C T are subsets of X, the natural morphism i : (X, S) — (X, T)
in PPA satisfies i*i, F' ~ F', for all F' € Sh((X, S)¢t), thus iy : Sh((X,S)s) — Sh((X,T)e¢t) is
fully faithful. Moreover, if S is closed in T', then i, is exact and identifies Sh((X, S)¢) with
the full subcategory of Sh((X,T')¢;) consisting of sheaves F' whose restriction to (7" — )¢ is
the final object of Sh((7 — S)¢) (|35, Lemma 2.3.11]).

(3) Let PA be the full subcategory of PPA consisting of pseudo-adic spaces, i.e., those X
for which |X| is convex and locally pro-constructible in X. An object X of PA is called
quasi-compact /quasi-separated if | X| is so, and a map f : X — Y in PA is called quasi-
compact/quasi-separated if |f| is so. If f : X — Y is a quasi-compact quasi-separated
morphism in PA and if f is adic (i.e., f is adic), then R" f, commutes with pseudo-filtered
inductive limits. If X € PA is quasi-compact quasi-separated, then H} (X, —) commutes
with pseudo-filtered inductive limits. ([35, Lemma 2.3.13]).

(4) If = is a point of an adic space X and if K is the henselization of the residue class field
k(x) with respect to the valuation ring k(x)™, there is a natural equivalence of categories
Sh((X, {x})et) =~ Sh(Spec(K)st) (|35, Prop. 2.3.10]).

(5) Let P be one of the properties “open, closed, locally closed”. A P-subspace of X € PPA
is an object Y € PPA for which Y is a P-subspace of X and |Y] is a P-subspace of |X]|.
The notion of P-embedding in PPA is defined in the obvious way. If i : X — Y is a locally
closed embedding in PPA then ¢ induces an equivalence Sh(Xg) ~ Sh((Y,i(]X]))e) (|35,
Cor. 2.3.8|). In particular if i : X — Y is a locally closed embedding of adic spaces then
Sh(Xar) = Sh(Y, (1 X]))er).

(6) A morphism f : X — Y in PPA is finite if f is finite and |X| is closed in f~'(|Y]). If
f: X — Y is a finite morphism in PA, then f, : Sh(Xg) — Sh(Yj) is exact and commutes
with any base change in PA Y’ — Y (|35, Prop. 2.6.3]).

(7) A geometric point (in the category PPA) is an object S € PA such that S is the adic
spectrum of a separably algebraically closed affinoid field ([35, 1.1.5]) and |S| = {s}, where
s is the closed point of S (|35, 1.1.6]). For a geometric point S, the functor I'(S, —) induces
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an equivalence Sh(Sg;) ~ Sets. A geometric point of X € PPA is a morphism u : S — X in
PPA, where S is a geometric point. The stalk of F' € Sh(Xg;) at S is then Fg = I'(S,u*F).
Somewhat more explicitly, Fis ~ hg W) F(V), the limit being over the cofiltered category
Cyg of pairs (V,v), where V is étale over X and v : S — V is an X-morphism.

The support of w is by definition u(|S|) € |X|. Two geometric points with the same
support yield isomorphic stalk functors. Moreover, each x € X induces a geometric point
Z of X with support z and the family of functors Sh(Xg;) — Sets, F — Fg, for z € |X|, is
conservative ([35, 2.5.5]). If f: X — Y is a morphism of analytic pseudo-adic spaces (i.e.,
X,Y are analytic adic spaces) and f is of weakly finite type and quasi-separated, then, for
any maximal point y of |Y| and any F' € Sh(Xg;), we have a natural isomorphism ([35, Th.
2.6.2])

(R"fuF)y ~ Hi (X xy g, F).

(8) Ome can define (see [35, Sec. 2.5]), for each geometric point & of X € PPA, the strict
localization X (&) of X at &. It comes with an X-morphism £ — X (£), and the isomorphism
class of X (§) as X-space depends only on the support of €. If X € PA and &, &’ are geometric
points of X, a specialization morphism u : £ — £ is an X-morphism in PA X (£) — X (¢).
It induces functorial maps u*(F) : Fer — F¢ for F' € Sh(Xg;), via the natural isomorphisms
[(X(£), FIX(§)) ~ Fg and T'(X(£'), F|X(£)) ~ Fg.

A.2. Compactly supported cohomology. We survey Huber’s compactly supported étale coho-
mology and introduce continuous compactly supported étale cohomology.

A.2.1. Huber’s compactly supported étale cohomology. Huber defined compactly supported étale co-
homology of analytic pseudo-adic spaces in [35, Ch. 5]; in [36] he extended this definition to ¢-adic
sheaves. We will briefly recall its properties.

Fix a prime /. Let X be a taut separated pseudo-adic space locally of Tweakly finite type over C
(i.e., over Spa(C, O¢)). For i > 0, we set

ét,c,Hu(Xa Zf) = HiRFC,Hu(Xétﬂ (Z/En)n)v ét,c,Hu(Xﬂ Qf) = Hét,c,Hu(Xﬂ Zf) ® Q,

where the functor RI'c y1y is defined in the following way.
If X is partially proper, then it is the right derived functor of I'¢ iy, i.e., of the left exact functor

[e o : mod(Xgy — Z7) — mod(Zy), (Fp)n — FC(Xét,yLnFn).
n

Here mod(X¢ — Z3) is the category of projective systems (F}), of Zs,-modules on X such that
p"F, =0, n € N. Recall that, for an étale sheaf F, I'.(X¢, F') denotes the abelian group of global
sections whose support is proper.

In general one sets

RFC,HU(Xét7 (Fn)n) = RFC,HU(Xét7 (i!Fn)n)v

where i : X < X is a locally closed embedding and X is partially proper. This definition is, of
course, independent of the chosen partially proper compactification. We have

Lemu(Xets (Fn)n) = {(sn)n € I'&HF(Xét,Fn)‘Wp(Sn) is proper}.
n
We list the following properties:
(1) If X is proper then
RFC,Hu(Xétv (F)n) ~ RI(Xet, (Fn)n)-
(2) Anisomorphism [36, Lemma 2.3] of exact functors from Dt (mod(Xe—Z3)) to DT (mod(Zy)):
RI'c gy = RI'y o Ry,
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for the discretization functor

T mOd(Xét - ZZ) - mOd(Xét - Zf)a (Fn)n = l‘&nFny
n

and the functor
[y : mod(X¢y — Zy) — mod(Zy), F — Te(Xeg, F).
(3) If X is quasi-compact, there is an exact sequence [36, Cor. 2.4]

0—>R1LH’ H(X, Fn) = H o (X, (F)n )—>hmH (X,F,) =0

ét,c ét,c

(4) Let U be a taut open subspace of X, let Z = X \ U, and let i : Z < X be the inclusion.
Assume that X, U are partially proper. Then we have a distinguished triangle

ch,Hu(Uém (Fn‘U)n) — RFC,HU(Xéta (Fn)n) — RFC(Zéta i*Rﬂ'* (Fn)n)

(5) Let U be an open covering of X such that every U € U is taut and, for every U,V € U, there
exists a W € U such that U UV C W. Then, the map

limg Hg o 110(U, (FulU)n) = Hig o ia(X (Fa)n), 020,
UeU
is an isomorphism [36, Prop. 2.1.].
(6) Let X be adic and partially proper and let G be a locally profinite group acting continuously
on X. Then HY, (X,Z/¢™),i >0, is a smooth G-module [6, Cor. 7.8].

ét,c

Let us now distinguish two cases.

(i) The case ¢ # p. We can say more in this case.

(1) If X is as at the beginning of this section and of finite type over C' and if (F,), is a quasi-
constructible Zj-module on X¢; then the natural map

ét,c,Hu(X7 (Fn)n) — @Hét,c(Xa Fy)

is a bijection. Moreover, the projective system (Hét X, Fy))n is f-adic and every Het (X F)
is a finitely generated Z,-module (hence also H, eiu(Xs (Fn)n) is a finitely generated Z-

module).
(2) If X = Y* for a separated scheme Y of finite type over C, and if (F},), is a constructible
Zj-module on Yy, there is a natural isomorphism

HZ

ét,c

(Y, (Fu)n) = Hi o (X, (Fa)n).

(3) Let X be adic and partially proper and let G be a locally profinite group, with an open
pro-p subgroup, acting continuously on X. Let (F},), be a locally constant overconvergent
Zj-module equipped with a compatible discrete G-action (see [16, B.1.3] for the definition).
Then H: (X, (Fu)n), © >0, is a smooth G-module [16, Prop. B.2.5|, [22, 4.1.19].

ét,c,Hu
(ii) The case ¢ = p. In this case cohomology with compact support behaves very differently. We
will discuss an example.

Ezample A.1. Let Alc be the adic affine space of dimension 1; this is a period domain, with G :=
Gm,q, X Gm,q, the relevant reductive group [3, 5.3.1, 4.2.2]. We have the exact sequence

0 = Hy (o, i5 R (Z/p"(1))n) = Hi e ia(Al, Zp(1)) = HE (P, Z(1))
= HE (w00, i5 R (Z/p" (1)),
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where 1o @ Too — IP% is the point at infinity. Picking the fundamental neighborhoods of z.
consisting of closed balls, we compute easily that

Z,(1) ifi=0,
iR (Z/p" (1)) ligj(yinn HL(E(j),Z/p"(1))) ifi=1,
0 ifi> 2,

where E(j) is the closed ball centered at xo, and of radius p~J. We used here the fact that
H (E(j),Z/p"(1)) = 0,i > 2. Since Pic(E(j)) = 0, the Kummer exact sequence implies that
Hi(B(j), Z/p" (1)) = C{T ™} /C{T~'}*".

Hence HZ (zoo, it R (Z/p"™(1))n) = 0. Since 2o, is simply a geometric point (thus étale sheaves are
acyclic on it), we have (using the spectral sequence relating H? (o, H1(K)) and HPT9(z, K) for
a complex of sheaves K, as well as the computation above)

Hey (oo, 15 R (Z/p" (1))n) = Hig (%00, SR ma(Z/p" (1)) = lim lim Hig (200, He (E(5), Z/p" (1))
j n

~ lim i {7} /C{T 7" o~ limg C{('T) '}
j n J
It follows that
HE (AL Zp(1)) = (i C{(p"T) ' }") @ Zy.

In the case £ # p, the same computation gives Zy as a result since C{(p"T)~1}*" is (-divisible. Note
that C{T~1}*/C* =1+ T 'mc{T~!} and that its image by the logarithm satisfies

pT ' me{T ™'} Clog (1+ T 'me{T'}) € (pT) 'me{ (pT) '}
One gets the same inclusions for the p-adic completion. Hence the above inductive limit is isomorphic,
via the logarithm, to the inductive limit of the (p"T)mc{(p"T)~1} and so
Hgt,c,Hu(Alc’v Zp(l)) = (ﬁpl,oo/c') D ZP'
Hence the f-adic compactly supported cohomology groups behave very differently in the cases

¢ = pand £ # p, where H? (AL,Ze(1)) ~ Z,. Note also that the action of G(Q,) on

ét,c,Hu
Hgt’QHu(AlC, Z,(1)) is not smooth, contrary to the case ¢ # p.

A.2.2. Continuous compactly supported étale cohomology. We will also study a different version of
Huber’s compactly supported cohomology: For X as in Section A.2.1, we define its (continuous)
compactly supported cohomology by:

RFC(Xét7 (Fn)n> = R@RFC(Xétv Fn)

We have
Fc(Xét’ (Fn)n) = {(Sn)n S @F(Xét)Fn)|supp(Sn) is pI"OpeI‘}.

The following properties are obtained directly from the definition and the corresponding properties
for the compactly supported cohomology of F},’s.

(1) There is an exact sequence

0 — R'lim H (X, F) — H]

ét,c ét,c

(X, (Fu)n) — I.&DH&C(X, Fp) — 0.

n

(2) Let U be a taut open subspace of X, let Z = X \ U, and let i : Z < X be the inclusion.
Then we have a distinguished triangle

RI(Ugt, (Fn|U)n) = RT(Xet, (Fr)n) = RT(Zgt, i (Fi)n)-
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To lighten the notation, for ¢ > 0, we will set

1

2]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

(18]
[19]

20]
21]
[22]

(23]
[24]

[25]
[26]
[27]
(28]
29]

(30]

éit,c(Xv Zy) := éit,c(Xv (Z/p")n), Héuc(Xa Q) = Hét,c(X7 Zy) ®z, Qp-
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