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Abstract

A comparison between two methods to derive reduced-order models (ROM) for geometrically nonlinear
structures is proposed. The implicit condensation and expansion (ICE) method relies on a series of
applied static loadings. From this set, a stress manifold is constructed for building the ROM. On the
other hand, nonlinear normal modes rely on invariant manifold theory in order to keep the key property
of invariance for the reduced subspaces. When the model coefficients are fully known, the ICE method
reduces to a static condensation. However, in the framework of finite element discretisation, getting all
these coefficients is generally too computationally expensive. The stress manifold is shown to tend to the
invariant manifold only when a slow/fast decomposition between master and slave coordinates can be
assumed. Another key problem in using the ICE method is related to the fitting procedure when a large
number of modes need to be taken into account. A simplified procedure, relying on normal form theory
and identification of only resonant monomial terms in the nonlinear stiffness, is proposed and contrasted
with the current method. All the findings are illustrated on beams and plates examples.

Keywords: model order reduction, nonlinear normal mode, geometric nonlinearity, invariant manifold,
implicit condensation and expansion

1. Introduction

When vibrating with large amplitudes, thin structures such as beams, plates and shells experience
geometric nonlinearity due to the nonlinear relationship between strains and displacements [1, 2, 3]. In
turn, this may give rise to a number of nonlinear phenomena that have no counterparts in linear vibra-
tions: jump phenomena [4], sub and superharmonic resonances [5], quasiperiodic regimes [6, 7], strong
nonlinear couplings due to internal resonances [8, 9, 10], chaotic vibrations [11, 12], and appearance of
a continuous spectrum highlighting the presence of wave turbulence [13, 14, 15]. Most of these nonlin-
ear effects create strong couplings and energy exchange in the frequency domain, so that the number of
modes required to simulate these dynamical solutions are far larger than what could be expected from
linear theory. As a consequence, the derivation of efficient reduced-order models (ROMs) has always
been a topic of interest.

In the past decades, numerous methods have been proposed. A number of them rely on a linear
change of coordinates: Ritz vectors [16], Proper orthogonal decomposition (POD) [17, 18, 19], as well
as the proper generalized decomposition (PGD) [20, 21]. A large body of work has been devoted to
geometrically nonlinear models expressed with simplifying assumptions such as von Kármán models for
beams and plates [22] or Donnell variants for shells [7, 23]. In this case the equations of motions are
known as partial differential equations (PDE), and methods from the applied mathematics community
can be directly used. This gives rise in particular to all the developments on nonlinear normal modes
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(NNMs), defined as invariant manifolds in phase space [24, 25, 26]. In the same line, the normal form
theory has also been used in order to derive efficient ROMs with normal coordinates linked to the in-
variant manifolds [27, 28, 29]. More recently, spectral submanifolds have been defined in order to get
a more generic and mathematically rigorous definitions of the reduction subspaces that could be used
independently for conservative or dissipative mechanical systems [30, 31].

When the structure of interest is discretized with the finite element (FE) approach, as is routinely
used nowadays in engineering, the analyst cannot rely on a PDE to implement its favourite reduced
basis. Consequently, a large body of literature has been developed in order to cope with the specificities
of finite-element based formulations. One of the main problem in this case is to derive first a model that
can be used for processing a reduction method. In this respect, numerous studies have been oriented
towards non-intrusive methods, capable of computing the nonlinear coefficients of the geometrically
nonlinear restoring force. By non-intrusive, it is meant that the methods can be used with any commercial
FE software without the need of coding a computation at the level of the element [32], contrary to the
so-called direct methods [33, 34]. Among these, two main families of methods have been proposed.
The first one relies on applying a series of static prescribed displacements, and has been called STEP
for Stiffness Evaluation Procedure. From the static displacements, a simple algebra shows that one
can directly retrieve the modal nonlinear coupling coefficients [35, 36, 37]. The second one relies on
applying a series of static selected forces, and has been called the implicit condensation and expansion
(ICE) method [38, 39, 40]. From the loadings and resulting large-amplitude displacements, a so-called
stress manifold can be constructed in order to reduce the dynamics [41]. A main advantage of these
two procedures (STEP and ICE) thus relies in their versatility and ease-of-use due this non-intrusive
characteristics.

Despite the number of studies concerned with reduced-order models, very few of them have been
devoted to explaining the connections between the methods developed independently by two different
communities and briefly sketched in the previous paragraphs. Kuether and Allen addressed the computa-
tion of the backbone curves (or amplitude-frequency relationship, also defined as NNM in a conservative
framework) for ROMs built with the ICE method [42], but without clearly evidencing the relationship
between the two methods. In the same lines, the backbone curves have been computed with ROMs built
from modal derivatives in [43], but the exact connection between invariant manifold and quadratic mani-
fold built from modal derivatives has been reported in [44]. The aim of this contribution is thus to analyse
the relationship between the stress manifolds produced with the ICE method, and the invariant manifolds
defining NNMs. Since the invariance property is key in order to define an efficient ROM (otherwise the
trajectories produced by the ROM will not exist for the full system), understanding in the phase space of
the system, how these two reduced subspaces compares, is key. This will be achieved thanks to analytical
calculations and examples on a simple two degrees-of-freedom system, and will assess the quality and
limitations of the ICE method in producing efficient ROMs for geometrically nonlinear structures.

The paper is organized as follows. Section 2 recalls the theoretical settings and explains the ICE
method and the invariant manifold approach. In particular, it is shown that in the specific case where
all the coefficients of the model are fully known, then the ICE method simplifies to the standard static
condensation of current use to simplify the high-frequency components of a vibrating structure. From a
theoretical point of view, contrasting the two methods is then equivalent to comparing static condensation
with NNM-based reduction. It is then shown in a general framework that if one assumes a slow/fast
decomposition between the master and slave coordinates, then the static condensation approach reduces
to the invariant manifold approach, at the leading order. Section 3 confirms these general findings by
simplifying to a two degrees-of-freedom (dofs) system, for which explicit analytical expressions can
be derived thanks to asymptotic expansions, leading to an accurate term-by-term comparison. Section 4
extends the results to the case of continuous structures. Beam examples with plate and three-dimensional
elements are tested, as well as a plate with simply supported boundary conditions. In this section, a
thorough discussion on the construction of multi-mode ROMs with the ICE method is given, and a
proposition in order to reduce the burden of the fitting procedure, is developed. Using normal form
theory and the recognition that only resonant monomial terms have a strong influence on the dynamics,
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it is proposed to fit only these resonant monomials in the nonlinear restoring force.

2. Theoretical settings

2.1. Framework
Thin structures experiencing large displacements are considered, so that geometrical nonlinearities

are excited. The usual framework assumes also small strains and a linear behaviour law, so that the
relationship between the second Piola Kirchhoff stress tensor S and the the Green-Lagrange strain tensor
G reads, following the Saint-Venant Kirchhoff law [45, 1] :

S = A : G, with G =
1
2

(
∇u + ∇tu + ∇tu · ∇u

)
, (1)

where A is the tensor of constant stiffness terms describing the material law, and u is the three-dimensional
displacement. The weak form is then written in the reference configuration and reads:∫

Ω0

ρü · wdΩ +

∫
Ω0

P : ∇twdΩ =

∫
Ω0

ρF · wdΩ +

∫
S0

f · wdS, ∀ w ∈ C0, (2)

where w is a continuous test function, P is the first Piola-Kirchhoff stress tensor, P = (1 + ∇u) · S, and
ρF and f are respectively volumic and surface external forces exerted on the body occupying the domain
Ω0 with boundary surface S0.

Most of the developments in this article are concerned with a space discretization relying on the finite
element (FE) procedure. In that context, the equivalent semi-discrete, finite dimensional expression of
Eq. (2), generally reads:

Mq̈ + Kq + Γ(q) = F, (3)

with q the vector of generalized displacements (displacements at the nodes) with dimension N, M the
mass matrix, K the tangent stiffness matrix, Γ(q) representing the nonlinear restoring force and F the
external forces. It can be shown in particular that in the context of geometrically nonlinear structures, the
nonlinear part of the stiffness Γ(q) is polynomial and contains only quadratic and cubic terms [32, 34, 46].

The linear modal basis is defined by the vectors φi such that

Kφi = ω2
i Mφi. (4)

In the modal basis, the equations of motion can be rewritten, using the linear change of coordinates
q = PφX, with Pφ the matrix of eigenvectors and X the modal coordinates :

Ẍp + ω2
pXp +

N∑
i=1

N∑
j≥i

gp
i jXiX j +

N∑
i=1

N∑
j≥i

N∑
k≥ j

hp
i jkXiX jXk = F̃p, (5)

with F̃ = Pt
φF the vector of modal forcings, gp

i j and hp
i jk the quadratic and cubic nonlinear coupling

coefficients. This formulation is exact in the case of a structure discretized with FE [32, 34, 46] assuming
geometric nonlinearity, as well as for simplified models based on von Kármán assumptions for beams,
plates and shells [46, 22]. For the sake of simplicity, the modal equations are also rewritten as:

Ẍp + ω2
pXp + fp(X1, X2, ..., XN) = F̃p. (6)

The main problem when using a FE procedure is that the nonlinear coupling coefficients are a priori
not available, and require an additional direct or indirect method to compute them [32, 34, 33]. Also
the number of modes can be prohibitively large to derive reduced-order models, as underlined in e.g.
[46, 47]. Consequently ad-hoc methods are given in the literature in order to overcome these problems
and directly propose reduced-order models with a limited number of selected coordinates and number of
coupling coefficients to compute. The aim of this study is to compare the implicit condensation method
with nonlinear normal modes. We begin with a description of the ICE method.
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2.2. ICE method and stress manifold
The Implicit Condensation and Expansion (ICE) method has been first introduced by McEwan, Gor-

don and Hollkamp [38, 39, 48, 40], and recently used by Kuether et al. [42], and Frangi and Gobat [41].
As compared to the STEP method, where a series of static prescribed displacements are used in order to
get the values of the modal coupling coefficients gp

i j and hp
i jk given in Eq. (5), the ICE method relies on a

series of applied static forcings. Whereas the STEP method gives a direct access to the modal coupling
coefficients, the values obtained with the ICE method are different and depend on the level of applied
force and are thus load dependent. This is directly related to the fact that the coordinates used to build
ROMs from the ICE method are not the modal coordinates. Instead, a stress manifold is built from the
series of applied loads, and new coordinates are used to describe the dynamics onto this manifold. In
other words, ICE method allows to directly pass from the physical space (nodes of the FE structure) to
the curved stress manifold and the reduced variables describe the dynamics onto this stress manifold;
without resorting to an intermediate step where modal coordinates are needed. Since the stress manifold
is curved and amplitude-dependent, it is fully logical to obtain coefficients that are load-dependent. On
the other hand, if one refers to the STEP applied to eigenmodes, then the computed coupling coefficients
should not depend on amplitude since related to planar linear eigensubspaces. This explains why the
coefficients from STEP do not depend upon amplitude in the large range of amplitude where the nonlin-
earity is correctly excited, see e.g. [46]. Using applied forces instead of prescribed displacements allows
one to get a better track of how the nonlinear couplings generated by the nonlinear internal force transfer
energies between oscillators. But the drawback of the method relies on the fact that a fitting procedure is
needed after application of the forces in order to get the nonlinear restoring force on the stress manifold.

The procedure is as follows. First one imposes body forces F that are proportional to the inertia of the
linear modes, F = βiφi(x) in Eq. (3), for a selected number i of modes, i = 1...m, where m is the number
of modes selected in the final ROM. A static problem is then solved and the obtained displacement
field is projected onto the eigenmodes in order to get the modal displacements Xp corresponding to the
imposed force. A mapping is thus constructed with entries βi and outputs Xp. Assuming that the stress
manifold can be inverted, one obtains Xp(βi), from which the ROM can be built. For this last step, a
fitting procedure is needed so as to derive functional forms from the computed clouds of points.

As noted by different authors [40, 42], the method allows to make an implicit condensation of the
non modeled degrees of freedom. The procedure is thus particularly appealing when working with thin
structures, in order to implicitly take into account the axial-bending nonlinear coupling that gives rise
to geometric nonlinearities. One may also notice that, in the specific cases of small models where the
equations of motion are fully known (i.e. if one is able to get the full model equations as in (5) for all the
degrees of freedom, which is generally out of reach for complex structures meshed with FE), the implicit
condensation becomes explicit, so that the method is equivalent to the usual static condensation.

In the context of drawing out a full comparison of ICE method with NNMs, we will first use full
models where all coefficients are known, so that ICE method reduces to static condensation. Let us first
separate the degrees of freedom of the modal displacement X between the first m master coordinates
X1, ..., Xm, and the remaining slave coordinates Xm+1, ..., XN . Let us also assume that for the slave coordi-
nate s ∈ [m + 1,N], inertia Ẍs can be neglected. This hypothesis is generally justified by the fact that the
slave coordinates correspond to high-frequency modes with fast oscillations. The method then assumes
that a functional relationship cs exists between the master coordinates and the slave coordinates:

∀ s ∈ [m + 1,N], Xs = cs(X1, X2, ..., Xm). (7)

These relationships define the stress manifold in phase space, and only depend on the displacements.
The functions cs are determined from:

∀ s ∈ [m + 1,N], ω2
scs(X1, ..., Xm) + fs(X1, ..., Xm, cm+1(X1, ..., Xm), ..., cN(X1, ..., Xm)) = 0. (8)

then, the reduced-order model for the master coordinates reads:

∀ t ∈ [1,m], Ẍt + ω2
t Xt + ft(X1, ..., Xm, cm+1(X1, ..., Xm), ..., cN(X1, ..., Xm)) = 0. (9)
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2.3. Invariant manifolds

In this article, we use the definition of NNMs as proposed by Shaw and Pierre [24, 49, 50, 25]. The
method relies on the center manifold theorem [51, 52], and allows a clear conceptual definition of an
NNM as an invariant manifold in phase space, tangent to the linear eigenspaces at the origin. One of
the main advantages of the method is to provide a clear continuation of linear eigenspaces to nonlinear
regimes, as well as giving efficient reduced-order subspaces for building ROMs since the key property of
invariance is conserved. Application of the method to full FE models has been however rarely discussed
in the literature, see e.g. [53] for an example. The main reason lies in the fact that application of the
method as it was presented in [24, 49, 26] needs as input the nonlinear coupling coefficients, obtained for
example from a STEP. However, recent developments overcome this limitation, see e.g. [54] for a direct
approach using spectral submanifolds (with general third-order formula equivalent to the ones given with
the invariant manifold method proposed by Shaw and Pierre), and [55, 56] for a direct method based on
normal form.

The starting point is to put Eqs. (6) in first-order form (dynamical system), for the rth mode:

Ẋr = Yr,

Ẏr = −ω2
r Xr − fr(X1, ..., XN).

(10)

The invariant manifold is defined by functional relationships as and bs relating the slave coordinates to
the master ones by, ∀ s ∈ [m + 1,N]:

Xs =as(X1,Y1, ..., Xm,Ym), (11a)

Ys =bs(X1,Y1, ..., Xm,Ym). (11b)

Following the guidelines of the center manifold theorem, one arrives at the two following equations,
describing the geometry of the 2(N − m) dimensional invariant manifold in phase space :

m∑
t=1

(
∂as

∂Xt
Yt +

∂as

∂Yt

[
−ω2

t Xt − ft
])

= bs, (12a)

m∑
t=1

(
∂bs

∂Xt
Yt +

∂bs

∂Yt

[
−ω2

t Xt − ft
])

= −ω2
sas − fs. (12b)

The solutions of these partial differential equations are generally difficult to obtain. No analytical so-
lutions exist and the early developments proposed asymptotic expansions in order to compute the first
nonlinear dependences of invariant manifolds upon amplitudes [24, 49, 50, 25]. Numerical methods
have also been formulated to get effective ROMs based on invariant manifolds up to very large ampli-
tudes [26, 57, 58, 59]. Whatever the method, once the unknown functions as and bs have been obtained,
the dynamics of the ROM reads:

∀ t ∈ [1,m], Ẍt + ω2
t Xt + ft(X1, ..., Xm, am+1(X1,Y1, ..., Xm,Ym), ..., aN(X1,Y1, ..., Xm,Ym)) = 0. (13)

One can note that the static condensation and invariant manifold approaches share similarities in
the way reduced-order models are derived. However, this general presentation shows that the invariant
manifold approach appears to be more general. Indeed, whereas static condensation works out only
on displacements, the invariant manifold approach includes also the velocities as independent variables,
so that two unknown functions are to be found, each of which depending on two master coordinates.
Furthermore, no assumption on neglecting any inertia is introduced when computing the NNMs. This
suggests that the two methods should have similarities only in the case where a clear slow/fast decom-
position holds between slave and master coordinates, and that the stress manifold would not be able to
take into account internal resonance relationship, a key feature in nonlinear vibrations. Finally, the NNM
approach allows conserving the key property of invariance for the reduced subspaces, an attribute that is
not embedded in the stress manifold.
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2.4. Slow/fast decomposition
Let us assume that a slow/fast decomposition of the system is at hand, which means that the slave

coordinates Xs, for s ∈ [m + 1,N], have a radian eigenfrequency ωs which is much larger than those of
the master coordinates Xt, for t ∈ [1,m]: ωs � ωt. In order to take this assumption into account in the
equations of motion, one can introduce a small parameter ε and scale the linear and nonlinear restoring
forces of the slave variables by 1/ε in order to express the fact that the slave coordinates are much more
stiff and thus corresponds to fast oscillations. Therefore the dynamics of the system (6) without external
forcing, can be rewritten as:

∀ t ∈ [1,m], Ẍt + ω2
t Xt + ft(X1, X2, ..., XN) = 0, (14a)

∀ s ∈ [m + 1,N], Ẍs +
1
ε
ω2

s Xs +
1
ε

fs(X1, X2, ..., XN) = 0. (14b)

With this formulation, Eq. (14b) justifies the assumption of neglecting the inertia of the fast variable so
that one arrives easily at Eq. (8) allowing the computation of the stress manifold.

The equations describing the geometry of the invariant manifold, Eqs. (12), rewritten with the slow/fast
assumption, read:

m∑
t=1

(
∂as

∂Xt
Yt +

∂as

∂Yt

[
−ω2

t Xt − ft
])

= bs, (15a)

m∑
t=1

(
∂bs

∂Xt
Yt +

∂bs

∂Yt

[
−ω2

t Xt − ft
])

= −
1
ε
ω2

sas −
1
ε

fs. (15b)

Eq. (15b) shows that thanks to the slow/fast assumption, as is, at first order, solution of the following,
obtained by neglecting the ε terms:

∀ s ∈ [m + 1,N], ω2
sas(X1,Y1, ..., Xm,Ym) + fs (X1, ..., Xm, am+1, ..., aN) = 0. (16)

This equation is completely equivalent to Eq. (8), showing that with the slow/fast assumption, the func-
tion as shall thus tend to the cs obtained with the static condensation, the only difference being the
dependence on the velocities of as, that is not assumed for the cs functions. Based on this observation,
one can also assume that the as, as being solutions of the same problem as the cs, will not depend on the
velocities, so that ∀ t ∈ [1,m], ∂as/∂Yt = 0. Reporting this in Eq. (15a) shows that a simple relationship
should hold between as and bs as:

bs =

m∑
t=1

∂as

∂Xt
Yt. (17)

All these relationships shows that static condensation and invariant manifolds should propose equiv-
alent results when a slow/fast decomposition of the system can be assumed. However, if the slave modes
are not stiff as compared to the master, then the ICE method should be used with care, and a better
approach is to use invariant manifolds in order to propose efficient ROMs.

2.5. Type of nonlinearity
In this section, we compare how both methods allow predicting the type of nonlinearity, defined

as the hardening/softening dependence of the oscillation frequency upon amplitude. Indeed, the ability
of a method to correctly predict the backbone curve of a nonlinear oscillator is key, and reduced-order
models need to be able to give a correct prediction at least to the first order. For that purpose, let us
assume that a single master coordinate, label p, is retained, all other coordinates for s , p belonging to
the slave variables. The reduced-order model will then consist of a single oscillator equation from which
one can derive the type of nonlinearity. Also, the leading order term that dictates the hardening/softening
behaviour can be found from a perturbative solution where the single nonlinear oscillator equation is
truncated to the cubic order [4, 27]. Consequently the general equations describing the stress manifolds,
the invariant manifolds, and the dynamics within them, can be truncated up to order three.
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In the case of the static condensation, one has to solve Eq. (7) up to quadratic term only since, when
replacing in Eq. (9), the slave coordinates are at least of second order. The first-order term for Eq. (7) is
easy to derive and one can write immediately, for all s , p

Xs = cs(Xp) ' −
gs

pp

ω2
s

X2
p + O(X3

p). (18)

Consequently the dynamics of the master mode on the stress manifold reads

Ẍp + ω2
pXp + gp

ppX2
p +

hp
ppp −

N∑
s=1
s,p

gp
psgs

pp

ω2
s

 X3
p + O(X4

p) = 0 (19)

The frequency-amplitude relationship can be derived from this equation by a perturbative approach, see
e.g. [4, 27]. One arrives at the following generic formula

ωNL = ωp
(
1 + Γa2

)
, (20)

where ωNL is the nonlinear frequency, depending on amplitude a, and Γ is a coefficient dictating the type
of nonlinearity (hardening oscillator for Γ > 0, softening for Γ < 0). Applying the first-order formula
from a perturbation method to Eq. (19), the type of nonlinearity for the static condensation approximation
ΓSC reads

ΓSC =
1

8ω2
p

3hp
ppp −

10(gp
pp)2

3ω2
p
−

N∑
s=1
s,p

3gp
psgs

pp

ω2
s

 . (21)

In the case of the invariant manifold approach, Eqs. (11) can be rewritten with the assumption of a
single master NNM, for all s , p, and up to the second order:

Xs = as(Xp,Yp) = Ap
s,1X2

p + Ap
s,2XpYp + Ap

s,3Y2
p, (22a)

Ys = bs(Xp,Yp) = Ap
s,4X2

p + Ap
s,5XpYp + A2

s,5Y2
p. (22b)

where the individual expressions of the coefficients can be found in [49, 25, 60], and read:

Ap
s,1 =

(ω2
s − 2ω2

p)

ω2
s(4ω2

p − ω
2
s)

gs
pp, (23a)

Ap
s,3 =

−2
ω2

s(4ω2
p − ω

2
s)

gs
pp, (23b)

Ap
s,5 =

2
4ω2

p − ω
2
s
gs

pp, (23c)

Ap
s,2 = Ap

s,4 = Ap
s,6 = 0. (23d)

Consequently the reduced-order dynamics writes

Ẍp + ω2
pXp + gp

ppX2
p +

hp
ppp +

N∑
s=1
s,p

gp
psA

p
s,1

 X3
p +


N∑

s=1
s,p

gp
psA

p
s,3

 XpY2
p = 0, (24)

and the type of nonlinearity is dictated by ΓIM (where IM stands for invariant manifold):

ΓIM =
1

8ω2
p

3hp
ppp −

10(gp
pp)2

3ω2
p
−

N∑
s=1
s,p

3ω2
s − 8ω2

p

ω2
s − 4ω2

p

gp
psgs

pp

ω2
s

 . (25)
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Figure 1: Correction factor R defined in Eq. (26) as a function of ρ = ωs/ωp the ratio between the eigenfrequencies
of the slave mode s and the master mode p. From this figure, one can conclude that the static condensation gives a
correct prediction on the type of nonlinearity when ωs > 6ωp.

Comparing the two predictions given by Eqs. (21) and (25), one can observe that the only difference
relies in the summed term, taking into account the important contributions of the slave modes to the type
of nonlinearity. Interestingly, one can notice that under the slow/fast assumption, if for all s, ωs � ωp,
then the asymptotic value of ΓIM is equal to ΓSC. More precisely, assuming that a single slave mode s
is present in order to decompose their contributions, the ratio R between the summed terms appearing in
(21) and (25) simply writes

R =
ω2

s −
8
3ω

2
p

ω2
s − 4ω2

p
=
ρ2 − 8

3

ρ2 − 4
, (26)

where the ratio ρ = ωs/ωp has been introduced. Fig. 1 shows the variations of R as a function of ρ. First,
as noted in previous articles, the formula obtained from the invariant manifold approach is correct, mainly
because the reduction subspace is an NNM having the property of invariance embedded in its definition,
so that trajectories simulated in the reduced subspace also exist for the complete system. Consequently
Fig. 1 shows how the prediction given by static condensation diverge from the correct prediction when
R is different to 1. One can observe that the static condensation does not take into account 2:1 internal
resonance. In this region, when ρ ' 2, a strong coupling between the two modes exist and it becomes
meaningless to define Γ since no single-mode motions exist anymore [27]. Interestingly, Fig. 1 gives a
quantitative limit from which the slow/fast assumption is fulfilled so that the static condensation can be
used safely. From the figure the criterion the the eigenfrequencies reads: ωs > 6ωp.

3. Slow/fast decomposition in a two dofs system

In this section, we first begin by giving more insights to the general formulas. By restricting on a
two dofs system and using asymptotic expansions to derive the first terms of the solution of the invari-
ant manifold and the static condensation, one can realize a term-by-term comparison and contrast the
similarities between the two methods.

3.1. Asymptotic expansions

Restricting to two degrees of freedom, the initial system simply writes:

Ẍ1 + ω2
1X1 + f1(X1, X2) = 0,

Ẍ2 + ω2
2X2 + f2(X1, X2) = 0,

(27)

where fp(X1, X2) are the nonlinear internal force for p = 1, 2, which are of the polynomial type with
quadratic and cubic terms so that their general expressions read:

fp(X1, X2) = gp
11X2

1 + gp
12X1X2 + gp

22X2
2 + hp

111X3
1 + hp

112X2
1 X2 + hp

122X1X2
2 + hp

222X3
2 . (28)
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Let us assume that X1 is the master coordinate and X2 the slave. Applying static condensation, one
looks for a relationship X2 = c(X1), where c is solution of Eq. (8) which can be rewritten here as:

ω2
2c(X1)+g2

11X2
1 +g2

12X1c(X1)+g2
22c(X1)2 +h2

111X3
1 +h2

112X2
1c(X1)+h2

122X1c(X1)2 +h2
222c(X1)3 = 0. (29)

The solution for c can be found based on an asymptotic expansion:

X2 = c(X1) = k2X2
1 + k3X3

1 + k4X4
1 + ... + k9X9 + O(X9), (30)

which is stopped here at order 9 but no maximal order of the polynomial expansion can be inferred
from Eq. (30) which produces new order each time the expansion for c is pushed further. Term-by-term
identification of the coefficients of same power gives a direct analytical solution for the ki coefficients
introduced in (30). The quadratic and cubic coefficients read:

k2 =
−g2

11

ω2
2

, (31a)

k3 =
−h2

111ω
2
2 + g2

12g2
11

ω4
2

, (31b)

while the other k4 to k9 coefficients are given in Appendix A.
For the invariant manifolds, general expressions for the coefficients of the asymptotic expansions

have already been derived in [49, 25, 60]. The two unknown functions describing the geometry of the
invariant manifold can be written up to order three as:

X2 = a2(X1,Y1) = A1
11X2

1 + A1
12X1Y1 + A1

22Y2
1 + B1

111X3
1 + B1

112X2
1Y1 + B1

122X1Y2
1 + B1

222Y3
1 , (32a)

Y2 = b2(X1,Y1) = A2
11X2

1 + A2
12X1Y1 + A2

22Y2
1 + B2

111X3
1 + B2

112X2
1Y1 + B2

122X1Y2
1 + B2

222Y3
1 . (32b)

where the general expressions for the quadratic terms can be derived from Eqs. (23), and are recalled in
Appendix B, together with the full expressions for the cubic coefficients. Higher-order terms can also
be found for the invariant manifold approach but their derivation leads to difficult and lengthy expres-
sions needing for a symbolic computation processor. Comparing the expressions up to order three, one
can observe that the coefficients derived from the invariant manifold approach shows singularities when
internal resonances exist between the eigenfrequencies, a feature that is not expressed in the static con-
densation. In the next section we will show how a slow/fast assumption reveals the similarities between
the two approaches.

3.2. Slow-fast decomposition
The general expressions given in the previous section can be simplified and directly compared if one

assumes that a slow/fast decomposition is at hand between the two degrees of freedom of the system, i.e.
if ω2 � ω1. All expansions are also compared up to the third-order for consistency. The geometry of the
stress manifold as given by the ICE method is obtained from Eq. (30) up to cubic terms and reads:

X2 = c(X1) =
−g2

11

ω2
2

X2
1 +
−h2

111ω
2
2 + g2

12g2
11

ω4
2

X3
1 (33)

The dependence on the eigenfrequencies is much more pronounced in the expressions giving the geom-
etry of the invariant manifold in phase space, as a consequence that the inertia of the slave coordinate
is not abruptly neglected. The limit values of all the coefficients Ap

i j and Bp
i jk, for i, j, k, p = 1, 2, when

ω2 � ω1 are detailed in Appendix B. Consequently the nonlinear relationships between slave and
master coordinates simplifies to :

X2 =
−g2

11

ω2
2

X2
1 +

2g2
11

ω4
2

Y2
1 +
−ω2

2h2
111 + g2

12g2
11 − 2g1

11g2
11

ω4
2

X3
1 +

6ω2
2h2

111 − 8g2
11g2

12 + 20g1
11g2

11

ω6
2

X1Y2
1 ,

(34a)

Y2 = −
2g2

11

ω2
2

X1Y1 +
−3ω2

2h2
111 + 3g2

11g2
12 − 10g1

11g2
11

ω4
2

X2
1Y1 +

6ω2
2h2

111 − 8g2
11g2

12 + 20g1
11g2

11

ω6
2

Y3
1 . (34b)
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Now comparing Eqs. (33) with (34a), one can see that the quadratic terms in X2
1 are the same. As

announced, no dependence on the velocity master variable Y1 exists for the stress manifold, however this
dependence is proportional to 1/ω4

2 in (34a) for the quadratic term in Y2
1 , and can thus be considered as

negligible as compared to the term in X2
1 , scaling as 1/ω2

2. For the cubic term in X3
1 , one can see that

the coefficient is almost the same in the two expressions. Rewriting the difference in the last two terms
in the X3

1 coefficient in (34a) as g2
11(g2

12 − 2g1
11), and recalling that the slow/fast assumption should also

hold for the nonlinear stiffness so that g2
12 � g1

11, one thus meet the conclusion that both X3
1 coefficients

tends to have the same values assuming the slow/fast decomposition. Finally the last cubic term in X1Y2
1

in (34a) is also one order of magnitude smaller, scaling as 1/ω4
2, and can thus be neglected.

Consequently, the conclusion drawn in section 2.4 holds, and the present developments show that
the results given by the static condensation tend to those given by the invariant manifold approach if a
slow/fast decomposition is present. The dependence on the velocity also tends to disappear, being one
order of magnitude smaller. One can also see that Eq. (17), given in the general case and now specifying
to

b2 '
∂a2

∂X1
Y1, (35)

also holds, if and only if one also assumes g2
12 � g1

11, which is the case if the slow/fast dynamics is
assumed.

Finally one can also compare the reduced-order dynamics given by the two methods, up to order
three, if ω2 � ω1. The dynamics of the master coordinate X1 with the ICE method is given by Eq. (9)
and reads:

Ẍ1 + ω2
1X1 + g1

11X2
1 +

h1
111 −

g1
12g2

11

ω2
2

 X3
1 = 0. (36)

On the other hand, the dynamics on the invariant manifold is given by:

Ẍ1 + ω2
1X1 + g1

11X2
1 +

 (ω2
2 − 2ω2

1)

ω2
2(4ω2

1 − ω
2
2)

g1
12g2

11 + h1
111

 X3
1 +

 −2
ω2

2(4ω2
1 − ω

2
2)

g1
12g2

11

 X1Y2
1 = 0, (37)

which simplifies to the following with ω2 � ω1:

Ẍ1 + ω2
1X1 + g1

11X2
1 +

h1
111 −

g1
12g2

11

ω2
2

 X3
1 +

2g1
12g2

11

ω4
2

X1Y2
1 = 0, (38)

Comparing Eqs. (38) with (36), one can observe that the cubic term in X3
1 is exactly the same, confirming

again that the stress manifold should be able to give reliable results only under the slow/fast assumption.
The supplementary term in X1Y2

1 for the invariant manifold based ROM scales as 1/ω4
2 and should thus

be negligible. The next section will illustrate all these findings on an example system.

3.3. Example system

In order to illustrate the previous results, the system composed of a mass connected to two nonlinear
springs, is selected. Note that this system has been used in a number of studies so that numerous results
are already present in the literature on this example [27, 28, 59, 61, 62].

The equation of motion for the system reads:

Ẍ1 + ω2
1X1 +

ω2
1

2
(3X2

1 + X2
2) + ω2

2X1X2 +
ω2

1 + ω2
2

2
X1(X2

1 + X2
2) = 0,

Ẍ2 + ω2
2X2 +

ω2
2

2
(3X2

2 + X2
1) + ω2

1X1X2 +
ω2

1 + ω2
2

2
X2(X2

1 + X2
2) = 0.

(39)

An advantage of the present two-dofs system is that the coefficients are fully parameterized by the two
eigenfrequencies ω1 and ω2 only, since the expressions of the quadratic and cubic coupling nonlinear
terms simply writes as functions of ω1 and ω2. The aim of this section is to compare the results provided
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Figure 2: Comparison of stress manifold obtained with static condensation (light blue), and invariant manifold
obtained from numerical continuation of periodic orbits (yellow) in phase space (X1,Y1, X2) for the two-dofs system
of Eq. (39). In each figure, ω1 = 1 while ω2 is increased to meet the slow/fast assumption. (a) ω2 = 2.5, (b) ω2 = 5,
(c) ω2 = 10 and (d): ω2 = 100.

by the static condensation with those obtained with NNMs, in terms of geometry of the manifold used
to reduce the dynamics, and expression of the dynamics onto this reduced subspace. As we are in a case
where the model is fully known, then the ICE method is equivalent to the static condensation.

Fig. 2 shows a comparison of the stress manifold obtained from the static condensation with the
invariant manifold obtained from the definition of an NNM as a collection of periodic orbits in phase
space. The stress manifold has been obtained by solving numerically Eq. (8) for s = 2, with X1 the master
coordinate. The numerical solution of this nonlinear equation allows obtaining an exact expression for
the stress manifold, without any assumption on amplitudes. On the other hand, the invariant manifold
is also computed numerically without any approximation so that the exact NNM is represented. The
manifold is computed using numerical continuation of periodic orbits from the original system given by
Eqs. (39). The continuation method uses an asymptotic-numerical method implemented in the software
Manlab, where the unknowns are represented thanks to the harmonic balance method [63, 64, 65]. In
order to ensure convergence, the computation has been realized with 30 harmonics.

In order to compare the results when the frequency gap between the two eigenfrequencies is increased
so as to meet the slow/fast assumption, four cases are tested and reported in Fig. 2. In each case ω1 is set
to 1 while ω2 is increased. As already underlined, the stress manifold does not depend on the velocity of
the master variable Y1 so that the curvatures in this direction are not well approximated. When ω2 = 2.5
and ω2 = 5, Figs. 2(a-b) clearly shows that the shape of the invariant manifold can be very complex
with numerous foldings, a feature that is completely missed by the static condensation. On the other
hand, from ω2 = 10, the slow/fast assumption is sufficiently met so that the geometry of the two reduced
spaces tends to be equivalent. These figures allows confirming the limit exhibited in Section 2.5 on the
type of nonlinearity, with a factor 6 between slave and master eigenfrequencies. Note that the shape of
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the invariant manifolds in Figs. 2(c-d) is obtained by continuation of periodic orbits and the computation
has been made up to very large amplitudes where the periodic orbits saturate to the specific shape shown.
This figure, obtained with the exact stress and invariant manifolds, evidences the fact that when the
slow/fast assumption is verified, then the two reduction subspaces tend to share the same geometry. Note
however that the geometry in phase space does not give precise information on the frequencies of the
periodic orbits living inside, an issue that will be investigated later.

In order to gain more insight, further comparisons are made using the asymptotic expansions obtained
in the previous section. The static condensation gives the following formula for the stress manifold up to
the third order :

X2 = c2(X1) = −
1
2

X2
1 +

ω2
1

2ω2
2

X3
1 . (40)

The expansion up to order 9 can be computed using the formulas given in Appendix A which are
not analytically detailed because of the lengthy expressions. In order to draw out a comparison, the
geometry of the invariant manifold can be explicited by replacing in Eqs. (32) the coefficients by their
values. Focusing solely on X2 = a2(X1,Y1) for the sake of comparison in the plane (X1, X2), the first
equation describing the geometry of the manifolds reads

X2 = a2(X1,Y1) = A1
11X2

1 + A1
22Y2

1 + B1
111X3

1 + B1
122X1Y2

1 . (41)

The coefficients A1
11, A1

22, B1
111 and B1

122 are given below, together with their approximate value when
one considers the slow/fast assumption ω2 � ω1:

A1
11 =

ω2
2 − 2ω2

1

2(4ω2
1 − ω

2
2)

ω2�ω1
−−−−−→ −

1
2
,

A1
22 =

−1
4ω2

1 − ω
2
2

ω2�ω1
−−−−−→

1
ω2

2

,

B1
111 =

(ω4
2 − 18ω4

1 − 3ω2
1ω

2
2)ω2

1ω
2
2

ω2
2(4ω2

1 − ω
2
2)(ω2

2 − ω
2
1)(ω2

2 − 9ω2
1)

ω2�ω1
−−−−−→

ω2
1

−ω2
2

,

B1
122 =

(−11ω2
2 − 9ω2

1)ω2
1ω

2
2

ω2
2(4ω2

1 − ω
2
2)(ω2

2 − ω
2
1)(ω2

2 − 9ω2
1)

ω2�ω1
−−−−−→

11ω2
1

ω2
2

.

(42)

These expressions show clearly that the invariant manifold approach method gives more general results
that tend to retrieve those given by static condensation at the leading order only, when a slow/fast as-
sumption holds. Indeed, replacing the values of the coefficients A1

11, A1
22, B1

111 and B1
122 obtained with

the slow/fast assumption in (41), one obtains

X2 = a2(X1,Y1) ' −
1
2

X2
1 +

1
ω2

2

Y2
1 −

ω2
1

ω2
2

X3
1 +

11ω2
1

ω2
2

X1Y2
1 , (43)

an expression that can be directly compared to (40), showing that additional terms implying the velocities
are present in the invariant manifold, but scales according to 1/ω2

2 which is assumed to be negligible.
Also the cubic term in X3

1 is not the same for the two methods but again is scaling according to 1/ω2
2 and

is thus negligible. Consequently, the leading order term is the first quadratic term in Eqs. (40) and (43)
so that a cut of both stress and invariant manifold in the plane (X1, X2), and in the slow/fast limit, should
show a parabola scaling as −1

2 X2
1 .

This result is illustrated in Fig. 3. In the first panel, Fig. 3(a), the two eigenfrequencies are set as
ω1 = 1 and ω2 = 2.5. The cut in the (X1, X2) plane clearly shows that only the invariant manifold
method up to order three is able to recover the correct curvature of the exact invariant manifold for
moderate amplitudes of vibrations, while the static condensation gives an erroneous geometry whatever
the amplitude. When increasing ω2 so as to meet the slow/fast assumptions, Figs. 3(b-d) shows that all
curves collapses to the same parabola following the first-order term underlined before : X2 = − 1

2 X2
1 . The
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Figure 3: Comparisons of stress and invariant manifolds in the plane (X1, X2) for the two-dofs system of Eq. (39).
The static condensation up to order 3 (red dashed curve) and up to order 9 (continuous violet line) is compared to
the exact invariant manifold obtained from numerical continuation of periodic orbits (black thick line, reference
solution) and its third-order analytical approximation (blue dash-dotted curve). Increasing values of the frequency
ratio are considered in order to meet the slow/fast assumption, with ω1 = 1, and (a): ω2 = 2.5, (b): ω2 = 5, (c)
ω2 = 10 and (d): ω2 = 100.

results also clearly show that static condensation up to order three is as accurate as the invariant manifold
up to order three when ω2 � ω1. However a better accuracy on the geometry can be obtained when
pushing the development of the static condensation up to order 9, a calculation which is far easier to
conduct as getting up to order 9 for the invariant manifold. We can also underline that in the range of
amplitudes considered (corresponding to large amplitudes and complicated nonlinear dynamics for this
system), the static condensation up to order 9 is completely equivalent to the exact value obtained by
numerically solving the equation defining c2. The exact curve for the static condensation has not been
reported in Fig. 3 since it was fully merged with the ninth order approximation.

To conclude this analysis we now compare the results given by the reduced-order dynamics. Indeed,
projecting the equations of motion on the correct subspace is one important point but of utmost impor-
tance is also how the periodic orbits and their frequencies are predicted by the reduced models. Using
static condensation up to order three, Eq. (40), leads to the following reduced-order dynamics :

Ẍ1 + ω2
1X1 +

3ω2
1

2
X2

1 +
ω2

1

2
X3

1 = 0. (44)

This equation can be compared to the reduced dynamics given by the invariant manifold approach,
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Eq. (37), which reads, by replacing the quadratic and cubic coefficients by their values :

Ẍ1 + ω2
1X1 +

3ω2
1

2
X2

1 +
ω2

1(4ω2
1 + ω2

2)

2(4ω2
1 − ω

2
2)

X3
1 +

ω2
2

ω2
2 − 4ω2

1

X1Y2
1 = 0. (45)

Using now the slow/fast assumption in Eq. (45), one obtains :

Ẍ1 + ω2
1X1 +

3ω2
1

2
X2

1 −
ω2

1

2
X3

1 + X1Y2
1 = 0. (46)

Consequently even with the slow/fast assumption, one can observe in this case that the reduced-order
dynamics given by the two methods, Eqs. (44) and (46) differ one from another. Again, static conden-
sation does not give rise to any velocity-dependent terms. Since a term-by-term comparison could be
misleading about the dynamics produced by the two ROMs, a better idea is to compare the outcomes of
the two methods, focusing on the prediction of the type of nonlinearity, as already exemplified in section
2.5. Using the value of ΓSC given in Eq. (21) and replacing the quadratic coefficients by their values, one
arrives at ΓSC = −3/4 for static condensation, i.e. a constant value that do not depend on the parameter
of the system. On the other hand, using Eq. (25) shows that

ΓIM =
−3ω2

1 + ω2
2

4ω2
1 − ω

2
2

. (47)

Interestingly, the type of nonlinearity predicted by the invariant manifold approach has a divergence at
the 2:1 internal resonance, a classical feature due to the strong coupling arising in the two modes in
this region, and tends to -1 when ω2 � ω1. This means that even if the two approaches tend to the
same reduced subspaces when the slow/fast assumption holds, a persistent error in the prediction of the
type of nonlinearity is given by the static condensation. This conclusion is a bit different from the one
obtained in section 2.5, which is due to the particular values of the quadratic coefficients gp

i j. Indeed,
being fully dependent on ω1 and ω2, their relative values when applying the slow/fast assumption has
a direct consequence on the results. Note also that whereas the static condensation always predicts a
softening behaviour, there is a small tongue of hardening behaviour since ΓIM can reach positive values.
This feature thus cannot be correctly predicted by the static condensation.
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Figure 4: Comparison of backbone curves for the two-dofs system and different reduced-order models, computed with direct
continuation on the equations of motion. The exact solution from the full model, Eqs. (39) (black curve with unstable part
dashed), is compared to the predictions given by the static condensation up to order three, Eq. (44) (red curve) and up to order
9 (purple curve), as well as the invariant manifold approach up to order 3, Eq. (45) (blue line). Also shown as an eyeguide are
the first-order backbone curves from the type of nonlinearity coefficients ΓS C = −3/4 (dashed green line) and ΓIM given by
Eq. (47) (brown dash-dotted line). The parameters are set as ω1 = 1 and increasing ω2: (a): ω2 = 2.5, (b): ω2 = 5, (c): ω2 = 10
and (d): ω2 = 100.

These findings are illustrated in Fig. 4. One can clearly see that even with the slow/fast assumption,
there is a persistent small error induced by using static condensation in order to predict the amplitude-
frequency relationship, whereas the invariant manifold approach is always able to catch the first-order
curvature of the backbone accurately. One can also remark that in each of the case studied, the back-
bone predicted using invariant manifold is close to the reference solution, except in Fig. 4(a) where the
discrepancy is more proeminent and increases with amplitude. The reason for that is connected to the
appearance of a more complex behaviour including a 1:2 internal resonance. Indeed, Fig. 4(a) refers
to the case with ω1 = 1 and ω2 = 2.5. Since the behaviour is softening, nonlinear frequencies are de-
creasing and upon increasing amplitudes one tends to meet the 1:2 condition between the two nonlinear
frequencies. This results in a change of behaviour of the full model solution that is not caught by the
reduced order model since it is built outside such a resonance condition. Taking properly the internal
resonance into account would need to have two master coordinates.

4. Numerical examples on continuous structures

In this section, the comparison between the implicit condensation and expansion (ICE) method and
the invariant manifold is further discussed on typical beam and plate examples discretized with the finite
element method, so that a better assessment of the advantages and drawbacks of each method can be
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proposed. First a beam example is selected, and reduction to a single mode is achieved with either 2D
or 3D elements. Then a simply supported plate is studied, and the question of increasing the number of
master modes in the ICE method is investigated. A proposition is tested in order to decrease severely the
number of coefficients to be fitted when considering an important number of master modes.

4.1. A clamped-clamped beam

In this section, a clamped-clamped beam is investigated as a first test example. Material properties
are selected as: density ρ = 7800kg.m−3, Young modulus E = 2.1e+11 Pa, whereas the Poisson ratio is
selected as ν = 0 in order to better mimic the assumptions of the theory of beams (see e.g. [41]).

To begin with, a simple case of a single master mode (the fundamental bending mode) is investigated,
and the comparison between the ICE method and the NNM approach is discussed. The ICE method is
derived by first applying a set of static loadings along the master mode of interest. Denoting φ1 the
fundamental mode, a set of body forces proportional to the first mode, F = β1φ1, for increasing values of
the parameter β1, are imposed to the structure, i.e. to Eq. (3). One can retrieve the modal displacement by
projecting the solution of the finite element procedure along φ1, so that a nonlinear relationship between
the displacement and the scaling factors β1 is numerically obtained. Fitting this relationship allows one
to retrieve the nonlinear restoring force for the reduced-order model. In this paper, all the calculations
have been realized with the open-source finite element software Code aster [66]. Two different cases are
selected: a thin beam meshed with 2D DKT elements, and a thick beam meshed with 3D elements, in
order to underline the differences between using either surface or volume finite elements.

4.1.1. A thin beam discretized with DKT plate elements
We first investigate the case of a thin beam, discretized with DKT elements. The dimensions are

selected as: length L = 1m, width b = 0.05m and thickness h = 0.001m. The beam has been meshed with
100 elements in the length and 4 elements in the width, so as to guarantee the convergence of the first 10
eigenfrequencies of the structure. Previous investigations using the STEP method, see e.g. [46, 47, 43],
show that a suitable reduced-order model can be obtained by selecting the first bending mode together
with the first three even axial modes (modes number 2, 4 and 6). Indeed, the fundamental bending
mode is quadratically coupled to in-plane modes and the symmetry of the problem imposes that coupling
occurs only with even in-plane modes. Next, after generating this 4-mode reduced-order model with the
STEP method, one can also apply either static condensation or invariant manifold approach in order to
reduce the dynamics to a single dof.

The construction of the reduced model with the ICE method is illustrated in the insert in Fig. 5, where
the fitting procedure for a single coordinate is shown. A total of 50 values of β1 have been selected, where
the load scales β1 as defined from the ICE method, see section 2.2, are chosen to obtain displacements
in the range of ±1.5 times of thickness. The curve is fitted with a polynomial expansion so that the ROM
given by the ICE method reads

Ẍ1 + ω2
1X1 + γ1

111X3
1 = F1, (48)

with γ1
111 = 5.2310e + 09. Note that since the beam is a flat, symmetric structure, only the cubic term

appears for symmetry reasons.
Application of the STEP method using the four linear modes described above allows computing the

associated quadratic and cubic coefficients. Quadratic coefficients appear due to the membrane/bending
coupling [46]. Next one can apply static condensation, leading to an equation having the form of Eq. (48),
with a computed coefficient now reading

γ̃1
111 = h1

111 −

4∑
p=2

g1
1pgp

11

ω2
p

, (49)

where the h and g are the modal coupling nonlinear coefficients computed from the STEP method. In
this case one has γ̃111 = 5.2308e+09, clearly showing the equivalence between implicit and explicit con-
densation. Finally, starting from the ROM obtained with the STEP method, one can apply the reduction
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Figure 5: (a): Comparison of ROMs for a clamped-clamped beam, statically excited at the center with an increasing
load. The FE solution (black line) is compared to three reduced order models: a single mode obtained with the
ICE method (blue line with circle), a four mode projection using the STEP method (red line with cross), and the
reduction to a single NNM from this four mode solution (green line). Insert: illustration of the fitting procedure
for the ICE method: blue stars represent the outputs obtained from static applied force on the FE model, red curve
is the fitted polynomial of order 3. (b): Frequency response curves of a clamped-clamped beam in the vicinity of
the fundamental eigenfrequency, for three different amplitudes of the forcing: 0.00525N (blue), 0.00875N (black),
0.01225N (red), with pointwise excitation located at center. A ROM constructed with the ICE method, Eq. (48)
gives the predictions plotted with continuous lines obtained by numerical continuation, and is compared to direct
time integration on the full FE model (stars).

to a single NNM, thus obtaining a reduced dynamics reading

Ẍ1 + ω2
1X1 + γ̄1

111X3
1 + B1

111X1Ẋ2
1 = F1, (50)

where γ̄1
111 = 5.2308e + 09 and B1

111 = 1.2506. Comparing the values of the coefficients appearing in
the reduced dynamics, on can conclude that the three methods give exactly the same results, which is in
line with the findings of the previous section. Indeed, in-plane modes have very high eigenfrequencies so
that the slow/fast assumption definitely holds. This is illustrated in Fig. 5 (a) with a static test, where the
displacement resulting from a static force applied at the center of the beam is computed with the three
reduced dynamics, and compared to the result given by the full FE solution, showing a good agreement
up to 1.5 times the thickness.

A dynamical test is also performed by computing the nonlinear frequency response curve in the
vicinity of the first eigenfrequency. Fig. 5 (b) shows the obtained results, where the full FE solution have
been obtained using direct numerical integration (resulting in dotted points), whereas the response of the
reduced models has been obtained by numerical continuation using Manlab. A Rayleigh damping of the
form Cs = 1.34[M] has been selected, corresponding to a damping ratio of 2 percent for the first mode.

4.1.2. A thick beam discretized with 3D elements
The second example addresses a thick beam meshed with 3D elements, in order to illustrate some of

the problems one can encounter when using 3D elements in a STEP method, and how the ICE method
circumvents these issues. The convergence problems of the STEP method with 3D elements has been
fully analyzed in [47]. The selected beam has the following dimensions: length L = 1m, width b =

0.03m, thickness h = 0.03m, and is discretized with 40 elements in the length and 4 elements in the
cross-section, with three-dimensional hexahedral 20 nodes finite elements. A static test with an applied
force at the center of the beam is used to compare the different methods. The results are shown in
Fig. 6, where the full order solution is compared with different reduced-order models, in a range of
displacements up to 2.5 times the thickness.
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Figure 6: Static response of a thick beam discretized with 3D elements: displacement at x = 0.5L versus the
amplitude of the force in Newton. The reference solution, obtained with the full FE model (black line), is compared
to two models using explicit static condensation: the first one composed of four eigenmodes (fundamental flexural,
in-plane modes number 2,4 and 6, red dashed line), the second one composed of 87 eigenmodes (fundamental
bending plus static condensation of 86 strongly coupled non-bending modes including thickness modes, red solid
line); and a model obtained with the ICE method (single mode, blue solid line).

In order to illustrate the convergence problems encountered when using the linear eigenmodes as
basis functions with 3D elements, a first ROM is built by using the fundamental bending mode, plus
the same 3 in-plane modes identified in the previous section as the most meaningful for rendering the
transverse/in-plane coupling in the case of 2D elements (axial modes 2, 4 and 6). This ROM is composed
of a single oscillator equation obtained from explicit static condensation of these axial modes, where all
the nonlinear coefficients are computed using the STEP method. The results plotted in red dashed line
show that the ROM fails to retrieve the correct nonlinear stiffness of the beam, putting in evidence
that in the case of 3D elements other major couplings arise with other non-bending modes. Indeed,
as fully analyzed in [47], strong interactions occur with thickness modes having very high frequencies.
Identifying these high-frequency modes is still possible in this simple case of a clamped-clamped beam
with a coarse mesh, but would become impractical with more complex geometries and refined mesh.
In order to achieve convergence in this case, a set of 86 non-bending modes (including in-plane and
thickness modes) are needed, and the explicit static condensation of these to the first flexural mode
allows retrieving the correct stiffness. On the other hand, the ICE method, which performs implicit
condensation, allows finding out directly the correct result. This examples clearly stresses the main
advantage of using implicit condensation, since a very rapid convergence is obtained without requiring
major efforts in identifying all the coupled modes.

4.2. A simply supported rectangular plate

In this section we investigate a simply supported rectangular plate with the aim of developing ROMs
with the ICE method including a large number of modes. Indeed, the previous section has shown the main
advantage of the ICE method which, thanks to the implicit condensation, guarantees a fast convergence.
However a drawback of the method consists in the multidimensional fitting procedure which is required
once the set of applied static loadings have been computed. While in the case of a single master mode
the fitting is easy and gives good results, when switching to a larger number of master modes two main
issues arise: first, the loadings must be selected with care; second, a multivariate function has to be fitted
on a multi-dimensional cloud of points. The objective of this section is to investigate these two issues
on the illustrative example of the plate. In the course of the section, the dimensions of the plate are:
length Lx = 0.254m, width Ly = 0.3556m, thickness h = 0.00102m, with material properties: density
ρ = 2763kg/m3, Young modulus E = 7.3e+10 Pa, and Poisson ratio v = 0.3. For the FE model, the plate
was discretized with 20 elements in the length and 20 elements in the width.
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4.2.1. Construction of multivariate ROMS based on the ICE method
In order to build a ROM with m master modes, a combination of loads associated to these is needed.

The force vector to be applied in the static computation generally reads F = ±β1φ1 ± ... ± βtφt ± ... ±

βmφm, but numerous practical questions need to be solved for selecting the correct combinations with
meaningful amplitudes. Previous studies advocated that a third-order polynomial is a correct choice in
this multivariate procedure [38, 39, 40, 42]. However, a number of different methods can be used for
performing this STEP, as for example local interpolations. Also, deriving a functional relationship is
not mandatory and a purely numerical fitting can also be used. To reduce the number of tests, we select
here third-order polynomials for this fitting procedure and refer to previous studies for some details, see
e.g. [42].

A key point for the computational burden is the number of static loads one has to perform before
the fitting procedure. When a cubic polynomial fitting is targeted, then one can simply use, in the force
vectors to be applied, combinations with only one mode, F = ±βtφt, two modes, F = ±βtφt ± βsφs, or
three modes can be used, since this is sufficient in order to fit quadratic and cubic polynomial terms. The
number n of operation associated is :

n = 2m + 4 ×C2
m + 8 ×C3

m, (51)

where Cp
m =

(
m
p

)
is the binomial coefficient and m the number of master coordinates retained in the

ROM. Note that n scales as m3 and can be rapidly out of reach if ones targets ROMS with, let say, 20 to
50 modes.

Another key point is also the amplitude of the factors βp to be selected. As discussed in numerous
studies, these amplitudes need not be too small so that the nonlinearity is excited, but not too large also
since the FE static computation may then encounter convergence issues. Here we follow the prescription
given by [40, 42, 41]. One main idea is to select the βp’s such that the resulting displacement of the
structure is in a good range to excite sufficiently the nonlinearity, and the larger the value is (before
having convergence issues), the better it is. A last point discussed in [42] is to add reduction factors (1/2
for combinations with two modes, and 1/3 for combinations with three modes), in order to achieve a
coherent range of amplitudes for each loading case. This method will be tested next and we will refer to
these as the correction factors.
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Figure 7: Illustration of the fitting procedure with two master modes, for the case of the simply supported plate.
The red points represent the outputs obtained from static forces applied on the FE model with 44 load cases derived
by different combination of ±β1φ1 ± β4φ4, with β values as 0, 0.3, 0.5, 0.8, 1. The surface represents the fitted
polynomial of order 3.

The fitting procedure is illustrated in Fig. 7, for the case m = 2, and for the simply supported plate
studied in this section. It shows how a third-order multivariate polynomial is fitted from the points
obtained from the static load cases. Augmenting the number of variables makes the problem more and
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more difficult, since the number of load cases is increasing drastically,and the fitting procedure is more
and more sensitive to small variations.

When increasing the number of modes with a third-order polynomial representation of the restoring
force, a specific problem is related to the number of cubic coefficients that have to be fitted (and con-
sequently the number of applied loads needed). Indeed, the number of cubic coefficients for m master
modes is equal to m × (C3

m + 2 × C2
m + m). This number scales as m4 and thus dramatically increases

with the number of master modes. In order to reduce the computing cost, one possibility would be to
identify only the monomials corresponding to the resonant terms. As known from normal form the-
ory [67, 27, 68], not all the monomial terms in the restoring force do have the same importance, and
one can distinguish between resonant terms, that will have a strong influence on the nonlinear dynamics
and bifurcations of the problems, and non-resonant monomials that could be easily cancelled thanks to a
nonlinear change of coordinates. Among the resonant terms, one can also separate the trivially resonant
terms, always present since linked to a trivial resonance relationship, from the resonant terms linked
to an internal resonance relationship, see [27, 68] for more details. Trivially resonant terms are all the
monomials of the form XpX2

i , for the p-th oscillator equation, with i ranging from 1 to m. Counting only
the trivially resonant terms, one can see that the number of coefficients that have to be identified scales
as m2, a drastic reduction with respect to the global estimate. This also has an implication on the number
of static loads ñ to apply which reduces to:

ñ = 2m + 4 ×C2
m, (52)

which now scales as m2. Of course identifying only the resonant monomial terms will have drastic
consequences on the fine representation of the nonlinear restoring force. However, normal form theory
ensures that these monomials are the most important from the dynamical systems point of view, so
that even if less precise fittings could be awaited, one is sure that no important bifurcation or nonlinear
phenomena will be missed. And since the number of operations is so importantly decreased to build the
ROM, it is worth testing the behaviour of such a ROM as compared to the one with all the nonlinear
terms retained.

In the next sections we will discuss the choice of the scaling factors and the identification of the
complete set of nonlinear terms as opposed to the reduced set of resonant ones.

4.2.2. Simply supported rectangular plate, static excitation
The first numerical example considers the case of the simply supported plate with a static force

applied at the center. This test is more challenging than the beam case, since the number of eigenmodes
needed to represent correctly the static bending of the rectangular plate is far larger. In the beam case
most of the energy is concentrated in the first bending mode, while this is not the case for the plate.
Indeed figure. 8 (a) shows the modal amplitudes for a static load of 70 N applied at the center of the
plate and clearly points out that, although most of the energy is concentrated in the fundamental mode,
all other ones have a meaningful contribution. As a consequence, a large number of master modes are
needed to achieve convergence in the reduced-order model, making this test example interesting for
testing different computational strategies.

ROMs with a maximum of 8 master modes have been tested. The number of static loads to be applied
and the number of coefficients to identify are given in Table 1 for 3, 5 and 8 master modes, and for the
two different strategies proposed (fitting either all the monomials up to cubic order, or only the resonant
terms), showing that the computational burden is already important for 8 modes, especially in the offline
phase where one has to apply numerous load cases to the FE model. On the other, fitting only resonant
terms leads to a drastic reduction.
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Number of load set cases Number of coefficients
3 modes: 26 48

All terms 5 modes: 130 175
8 modes: 576 960

Only 3 modes: 18 9
resonant 5 modes: 50 25

terms 8 modes: 128 64

Table 1: The number of load cases and the number of coefficients to be fitted with the different fitting strategies proposed, with
either all the monomials, or only the resonant terms.

Also, Two different strategies for selecting the βi’s coefficients in the applied load cases, have been
tested, and shown in Table 2 gathering these coefficients for the first 8 modes of interest, sorted by order
of increasing frequencies, and selected according to Fig. 8(a). For load case 1, the amplitudes βi have
been selected such that for a linear plate, the corresponding maximal displacement for each applied force
on a single mode, is equal to 2.4 times the thickness. In the simulation and due to the nonlinear restoring
force, the computed static displacement is a bit smaller than the targeted one. Also in load case 1, the
reduction factors (1/2 if the forcing is a combination of two modes, and 1/3 if a combination of three
modes) have been applied, so that the resulting displacements from combinations of 2 and three modes
are not too large. For load case 2, a different strategy has been used, without reduction factors, and with
decreasing targeted linear resulting displacements, ranging from 1.5h for the first mode to 0.5h for mode
23.

Scalar
weighting β1 β4 β8 β11 β12 β19 β22 β23 Reduction
factors βi factors

Load case 1 5.24e-5 1.95e-4 3.32e-4 4.73e-4 4.80e-4 7.56e-4 8.91e-4 9.07e-4 yes
Load case 2 3.28e-5 9.75e-5 1.38e-4 1.77e-4 1.60e-4 2.20e-4 2.23e-4 1.88e-4 no

Table 2: Scalar weight factors βi [m], selected for the two different load cases tested, for the simply supported plate.
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Figure 8: (a): Amplitudes of the first 100 modal coordinates Xp as a function of the mode number, for a static load of 70 N
applied at center of the simply supported plate. (b): Comparisons of ROMs on the static force applied at center. reference
solution (full FE model, black line) is compared to the ICE method fitting with all terms (solid lines), or only with resonant
terms (dashed lines). Convergence study, ICE method with all terms with 1 mode (red line), 5 modes (modes 1, 4, 8, 11 and 12,
purple line) and 8 modes (adding modes 19, 22 and 23, blue line). With only resonant terms, ROM with 3 modes (1, 4 and 8,
red dashed line), 5 modes (purple dashed line) and 8 modes (blue dashed line).

Fig. 8(b) shows the results obtained with ROMs generated by the ICE method with an increasing
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number of bending master modes selected in the basis. The results are given for ICE method fitted with
all nonlinear terms (solid lines), or retaining only the resonant monomial terms (dotted lines). The results
given by the two strategies for the load cases 1 and 2 reported in Table 2 have not been reported since
they were not distinguishable, showing in this case that the effect of the selection of the βi coefficients is
negligible, once the amplitude is large enough to excite the nonlinearity.

As expected, the figure highlights the slow convergence of the method. When all the nonlinear terms
are fitted in the polynomial, the convergence trend is clear and the restoring force tends slowly to that of
the full model. As in the case of the beam, a comparison with the STEP method has also been drawn
for the plate, showing again the advantage of the implicit condensation. Indeed, in order to achieve the
same accuracy as the ROM given by the ICE method with 4 master modes, it was necessary to include
141 membrane modes in the STEP method, resulting in a model with 145 modes.

The behaviour of the ROM built with only resonant terms fitted in the ICE procedure is different.
First its convergence is not clearly stated with the test realized, and a larger number of master modes
should be used. The conclusion is that this ROM is softer than the one with all the nonlinear terms,
which appears logical. Even though most of the nonlinear terms are not meaningful in terms of the
dynamical behaviour of the structure with respect to the most important phenomena such as bifurcations,
retaining less terms in the polynoms leads to a softer nonlinear restoring force as that of the full model.
Hence one has to keep in mind that fitting only resonant terms will produce a model that is generally not
as stiff as it should be, but would be able to reproduce qualitatively the dynamic of the structure. Coming
back to Fig. 8(b), it seems clear that the ROM with only resonant monomials converges to a behaviour
where the internal force of the structure is not stiff enough as compared to the reference. In order to
further analyze this point, the next section is devoted to dynamical simulations.

4.2.3. Simply supported rectangular plate, dynamic response
In this last section, we try to gain more insight on the ICE method and an increasing number of dofs

focusing on the dynamic response obtained by numerical integration, for the specific case of the free
vibrations of the plate when dynamically excited. The input force is applied at (0.4Lx, 0.35Ly) and its
time variation is defined by

F(t) =

{ Fmax
2 [1 + cos(π(t − t0)/Twid)], if |t − t0| ≤ Twid,

0, if |t − t0| > Twid.
(53)

The temporal content F(t) of the excitation is illustrated in Fig. 9 and depends on two parameters: Fmax
is the maximum amplitude of the strike force (in Newton), and is used to calibrate the level of geometric
nonlinearities excited in the response. In the simulations, the values selected for Fmax are 7 N, 15 N and
50 N. Twid is the interaction time, and is used as a parameter to control the number of modes directly
excited by the strike force. Indeed, denoting as fm = 1/Twid the frequency associated to this interaction
time, all the modes below fm are thus directly excited by the strike force. Two values of Twid have been
selected: Twid = 0.005 s and Twid = 0.0025 s, so as to excite the first three and eight bending eigenmodes,
respectively. The first eight eigenfrequencies of the plate are listed in Table 3.

Mode 1st 2nd 3rd 4th 5th 6th 7th 8th
Frequency[Hz] 58.25 117.30 174.10 215.94 233.00 331.33 353.77 367.19

Table 3: Natural frequencies of the first eight modes of the simply supported plate.

In order to test the sensitivity of the ROM constructed with ICE method to the scaling factors βi used
to define the load sets, we have also selected three different strategies summarized in Table 4. Load case
1 has been selected as in the previous section, based on the advice given in [42], with a targeted linear
displacement equal to 2.4 times the thickness. Note however that in the dynamic response the first eight
modes (at least) are participating to the vibration so that the ROM is built for these master coordinates.
Load case 2 and 3 have been selected so as to obtain the largest resulting static displacement possible in
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the full FE model without encountering convergence issues due to the appearance of large rotations. The
difference lies in the use of reduction factors or not, when a combination of modes is used in the applied
force. Finally, three families of ROMs are constructed, with either 3, 5 or 8 master modes, in order to
test the robustness of the method with respect to an increasing number of modes.

Scalar
weighting β1 β2 β3 β4 β5 β6 β7 β8 Reduction
factors βt factors

Load case 1 4.34e-5 8.82e-5 1.31e-4 1.62e-4 1.75e-4 2.49e-4 2.67e-4 2.77e-4 no
Load case 2 3e-4 3e-4 3e-4 3e-4 3e-4 3e-4 3e-4 3e-4 no
Load case 3 9e-4 9e-4 9e-4 9e-4 9e-4 9e-4 9e-4 9e-4 yes

Table 4: Scalar weighting factors βi used for computing the ROM with ICE method for the simply supported plate, for the case
of the dynamical response.

The two strategies proposed in order to fit the nonlinear multivariate restoring force, i.e. by iden-
tifying only the resonant monomials or all the nonlinear terms, have been tested and compared. Note
also that a few more resonant monomials have to be added to the ROM, depending on the internal res-
onance relationship existing between the eigenfrequencies of the structure addressed. Their selection is
explained in Appendix C.

All these choices resulted in a series of 108 time simulations (3 values for the force amplitude, 2
values for the interaction time, 3 load cases to construct the ROM, 3 cases with different number of
master modes, and two different strategies with either all nonlinear terms or only the resonant monomial
terms) that have been thoroughly analyzed with different indicators, in the time and frequency domain,
to understand the quality of the ROMS obtained. In all the simulation, the time step is set to be 0.0001s,
the simulation time is 0.5s, the damping of the ROM is selected as Cs = 5 + 0.00001ω2

s , while in the FE
model a Rayleigh damping matrix is used with [C] = 5[M] + 0.00001[K], leading to damping ratios ζ
between about 0.8 and 1.3 percent for all eight modes in the excitation band.

In the next paragraph, we show only two representative examples of the results obtained and give our
comments based on the analysis of the 108 simulations.
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Example 1: Fmax = 7N, Twid = 0.0025s, 8 master modes
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Figure 9: (a): Temporal content of the striking force given in Eq.(53), for the two different values of Twid and
three different amplitude Fmax used in the simulations. (b): Time response of the plate subjected to a strike force.
The full model (reference FE solution) is plotted in black. Displacements of two ROMS with 8 master modes and
either all the nonlinear terms fitted (red curve), or only the resonant terms (blue curve). (c): Fundamental frequency
variation in the case of fitting with all the terms (red) and with only resonance terms (blue); the black curve shows
the reference FE solution.

The first example is a case of small excited nonlinearity (Fmax = 7N) resulting in a maximal ampli-
tude displacement of 0.6h with h the thickness of the plate. A small Twid is selected so that the first 8
modes are directly excited by the load, consequently two ROMs with 8 master modes are compared : one
with all the polynomial terms fitted, and one with only the resonant terms. For both ROMs, load case 3 is
analyzed in the following. The results are shown in Fig.9(b) for the time series of the displacement, while
Fig.9(c) shows the evolution of the fundamental frequency of each displacements (full model versus the
two tested ROMs), obtained directly with the yin algorithm [69]. In this case of moderate nonlinearity,
it can be observed that the two ROMs are able to recover finely the temporal dynamics. The nonlinear
frequency shift decreases from 66 to 58.2 Hz (hardening behaviour) is also very well recovered by the
two ROMs. And the fact that only resonant terms are selected has no clear visible effects since the two
ROMs gives hardly the same result. Regarding the different results obtained when changing the load
cases reported in Table 4, it has been found that when all the terms are fitted, the three methods gives
almost the same result, with a small deviation for load case 2. When fitting only the resonant monomi-
als, load case 3 gave the best result. The variability of the resulting ROMs with respect to load cases
was more important when fitting only resonant terms, mainly because the geometric nonlinearity in the
restoring force is a little less excited in this case.
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Example 2: Fmax = 50N, Twid = 0.005s, 3 or 8 master modes
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Figure 10: (a,c): Time response of the plate subjected to a strike force. (b)-(d) : variation f the fundamental
frequency. (a-b): 3 master modes in the ROMS, (c-d) : 8 master modes. Comparison of the full FE (reference)
solution in black, ROM with all the nonlinear terms fitted (red) and only resonant terms (blue).

The second example considers a stronger nonlinearity, with Fmax = 50N, resulting in a maximum
displacement of two times the thickness. A larger Twid = 0.005s is selected, so that only the first
three modes are directly excited by the load, however since the nonlinearity is strongly excited, energy
exchanges occur and other modes are then excited via nonlinear couplings. Consequently two results are
reported: Fig. 10(a-b) is concerned with a ROM composed of 3 master modes, while 8 master modes
are taken into account in Fig. 10(c-d). One can first observe on the time series of the displacements
that whatever the ROM used, it has not been found possible to retrieve exactly the result of the full
model. However the global trends are recovered in term of maximum amplitude, global decrease in time,
frequency content. The decrease of the fundamental frequency is now much more pronounced with an
impressive frequency shift of 50%. Fitting with 3 modes, Fig. 10(a-b) shows that the non-resonant terms
can be easily discarded to the ROM since the results are fully comparable. But none of the ROM is able
to recover exactly the frequency shift.

Increasing the number of master modes to 8 shows that the two ROMs depart in the solution they
compute, and the ROM with all nonlinear terms performs better, in particular with regard to the variation
of the fundamental frequency. In each of these cases, the load case 3 from Table 4 has been used. It has
been found that whatever the fitted model, load case 2 has the best results but very close to load case 3
used in the figure, while load case 1 gives the worst predictions.

Based on the full analysis of the 108 simulations (where also indicators on decay time, accuracy of
frequency spectrum, indicators on time series and phases of the signals, have been analysed) the results
show that the methods are very sensitive to either the load case, or the model used. No clear trends have
been found, since some load cases could give better results for the estimation of the phase, but not on
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the decay time, just to give an example. The only clear trend found is that as long as the nonlinearity is
small (example 1), and that a small number of modes (typically 3) are concerned, then all the methods
converge and are able to finely recover the dynamical solutions. Increasing either the nonlinearity, and/or
the number of modes involved in the dynamics, then all methods depart slowly from the full-order model
solution. Even though all methods give generally good qualitative predictions, quantitative discrepancies
appear and have a strong dependence on the input parameters and load cases. A general conclusion
also is that even though fitting only the resonant terms does not give the best results when increasing
the nonlinearity and the number of master modes, the results are qualitatively acceptable. Since the
computational burden is so drastically reduced, the method still presents an advantage.

Our final conclusion on all these simulations is that the main drawback of the ICE method relies in
this fitting procedure, which is very sensitive to a number of parameters that are difficult to control, so
that it appears difficult to give clear advice on a best strategy that would work in any case and would be
able to retrieve all the nonlinear characteristics of a full system.

5. Conclusions

This paper addressed the understanding of the implicit condensation and expansion (ICE) method,
with detailed comparisons to the results provided using nonlinear normal modes (defined as invariant
manifolds in phase space) so as to better understand the advantages and drawbacks of the method. One
of the main advantage is to propose an implicit condensation of the non-modeled degrees of freedom
(or slave variables), which has very important consequences when dealing with structures discretized
with the FE approach, and for which there is no direct and simple access to the full expression of the
restoring force. This main advantage leads to the fact that using the ICE method is much more efficient
than using the STEP method. Indeed, the STEP method allows computing the nonlinear modal coupling
coefficients, which are not dependent of the amplitude of the prescribed displacement. But the drawback
is that, using the modal basis, all the known problems related to its very slow convergence for nonlinear
structures, are present. This point has been clearly underlined in this contribution, in line with the results
already presented by previous authors.

A second important conclusion is that the ICE method, being an implicit condensation, can not, in
any case, perform better than the usual static condensation. This fact has been analysed by comparing the
geometry of the reduction subspaces in phase space, together with the predictions of hardening/softening
behaviour. The stress manifold, used in the ICE method to fit the nonlinear restoring force, does not
depend on the velocities, and is not invariant. These two features are of great importance for producing
accurate ROMS, and are embedded in the definition of NNM as invariant manifold, which produces
better ROMs. In particular, our theoretical analysis shows that if a slow/fast assumption is at hand, then
the results of the static condensation tend to those given by invariant manifold at the leading order only.
Based on the prediction of the type of nonlinearity, a quantification of the slow/fast assumption has been
proposed, with a ratio of 6 between the eigenfrequencies of master and slave coordinates.

Several numerical experiments have been addressed to better understand the behaviour of the ROMs
produced with ICE method with regard to two important problems at hand when increasing the number
of master modes: the strategies used to impose the prescribed forces, and the fitting procedure. In par-
ticular, it has been proposed to derive lighter ROMs by fitting only the resonant terms in the polynomial
expression of the restoring force, thus drastically reducing the associated computational burden. Our
main conclusion from all these experiments is that the method is generally very sensitive to the numer-
ous parameters involved in the process (selection of βi coefficient, fitting procedure). Even though the
obtained ROMs perform qualitatively well, quantitative differences are unavoidable, and are increasing
with the level of nonlinearity and the number of master modes. For all these reasons, our results clearly
point out that the main drawback of the method is in this fitting procedure, which needs a particular
and dedicated attention. Also, all of our tests show that there is no clear guideline of which method can
be used safely as giving always better results. Depending on the nonlinear characteristics one wants to
reproduce accurately with a ROM (which can be for example: a correct static behaviour, a correct esti-
mate of the nonlinear frequency shift, an accurate prediction of an important bifurcation point, a correct
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reproduction of the nonlinear couplings, etc ...), all the tested methods have shown to give, for some
indicators, good results, but not for some other.

All these findings argue for using ROMs derived from the general theorems from dynamical system
theory. Indeed, they are not dependent on a putative assumption of slow/fast separation between master
and slave coordinates, and can be directly computed from the model, so that they belong to the class
of simulation-free methods (which is not the case for e.g. POD or PGD based methods). Also, recent
contributions propose their derivation in a setting that fits to the FE formulation, see e.g. the derivations
with either the spectral submanifold method [54] or the normal form approach [55, 56]. In particular,
general formula are given for an arbitrary number of master modes in [56]. As a consequence, these
methods bypass the fitting procedure of the ICE method which is its main drawback, particularly when
increasing the number of master modes.
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Appendix A. Analytical coefficients of asymptotic expansions for the static condensation

In this section we give the exact analytical expressions of the coefficients obtained in the asymptotic
expansion for the static condensation of a two degrees of freedom system. The functional relationship
between the slave coordinate X2 and the master one X1 write X2 = c(X1), and c is expanded in polynomial
form up to order 9 following Eq. (30). Identification of like powers term give the following values for
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the coefficients k2 to k9:
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Appendix B. Analytical coefficients of asymptotic expansions for invariant manifold

The full expressions of the quadratic coefficients introduced in Eq. (32) read:
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while the cubic coefficients of the invariant manifold asymptotic expansion write:
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Assuming a slow/fast decomposition, i.e. ω2 � ω1 for this two-dofs system, we give here the
limited values of all the coefficients Ap

i j and Bp
i jk (i, j, k, p = 1, 2) appearing in Eqs. (32). We begin with

the quadratic coefficients Ap
i j:
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For the cubic coefficients we have :
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Appendix C. Identification of resonant monomials for the simply supported plate

Apart from the trivially resonant terms that always need to be taken into account in the reduced
model, whatever the relationships between the eigenfrequencies, some additional monomials shall also
be taken into account if the eigenfrequencies of the studied structure present internal resonance rela-
tionships. Note that since a flat symmetric structure is studied, only the third-order internal resonance
relationships need to be verified, since the restoring force shall not contain quadratic terms. For the se-
lected rectangular plate with simply supported boundary conditions, whose first eight eigenfrequencies
are given in Table 4, one can observe that the following third-order relationships of closeness to internal
resonance are verified:

ω3 ≈ 3ω1 (C.1a)

ω3 ≈ 2ω2 − ω1 (C.1b)

ω5 ≈ 2ω1 + ω2 (C.1c)

ω5 ≈ 2ω3 − ω2 (C.1d)

ω5 ≈ ω2 + ω3 − ω1, (C.1e)

ω6 ≈ 2ω1 + ω4 (C.1f)

ω6 ≈ ω3 + ω4 − ω1 (C.1g)

ω6 ≈ ω4 + ω5 − ω2 (C.1h)

ω7 ≈ 3ω2 (C.1i)

This means in particular that all the resonant monomial terms corresponding to these relationships need
to be added to the ROM. For example from ω3 ≈ 3ω1, one has to take into account a term of the form
h3

111X3
1 in the equation for X3, and a term h1

113X2
1 X3 in the equation for X1. If the relationships involves

three eigenfrequencies like ω3 ≈ 2ω2 − ω1, then three additional terms are needed: h3
122X1X2

2 in the
equation for X3, h1

223X2
2 X3 in the equation for X1, and h2

123X1X2X3 in the equation for X2. Finally four
terms are needed if the internal resonance relationship involves 4 eigenfrequencies. Consequently, in the
ROM composed of 8 master mode, a number of 28 more monomials have been added.
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[10] O. Thomas, C. Touzé, and A. Chaigne. Non-linear vibrations of free-edge thin spherical shells:
modal interaction rules and 1:1:2 internal resonance. International Journal of Solids and Structures,
42(11-12):3339–3373, 2005.

[11] J. Awrejcewicz, V. A. Krysko, and T. V. Shchekaturova. Transition from regular to chaotic vibra-
tions of spherical and conical axially-symmetric shells. International Journal of Structural Stability
and Dynamics, 5(3):359–385, 2005.
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