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Abstract

This paper shows the existence of (’)(n%)—Nash equilibria in n-player noncooperative
sum-aggregative games where the players’ cost functions depend only on their own ac-
tion and the average of all players’ actions, is lower semicontinuous in the former, while
~v-Holder continuous in the latter. Neither the action sets nor the cost functions need to
be convex. For an important class of sum-aggregative games which includes congestion

games with v being 1, a gradient-proximal algorithm is used to construct an (’)(%)—Nash
equilibria with at most O(n?) iterations. These results are applied to a numerical exam-
ple of demand-side management of the electricity system. The asymptotic performance

of the algorithm is illustrated when n tends to infinity.

Keywords. Shapley-Folkman lemma, sum-aggregative games, nonconvex game, large
finite game, e-Nash equilibrium, gradient-proximal algorithm, congestion game

MSC Class Primary: 91A06; secondary: 90C26

1 Introduction

This paper studies approximate pure-Nash equilibria (PNE for short) for n-player nonco-
operative games involving non-convexities in players’ costs or action sets. The goal is to
show the existence of such approximate equilibria under certain conditions, and to propose
an algorithm allowing their effective calculation, in some specific cases. In particular, this
paper focuses on a specific class of noncooperative games (which includes congestion games)
referred to as sum-aggregative games (Selten [42], Corchén [9], Jensen [22]). The cost of
each player depends on the weighted sum of the other players’ decisions. These games find
practical applications in various fields in political science, economics, social biology, and
engineering, such as voting [32, [36], market competition [31], public goods provision [2] [15],
rent seeking [I1], population dynamics [I7], traffic analysis [10, 27], communications net-
work control [26], B3] and electrical system management [I8), 21]. However, in these real-life
situations, the players’ action sets and their cost functions are often nonconvex.
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This work is motivated by concrete applications for which it is unreasonable to neglect
the nonconvezities inherent to the problem. In particular, we are interested in demand-side
management in electrical systems [20], where each flexible consumer is considered as a player
trying to minimize her electricity bill by modulating her consumption (e.g. electric vehicle
charging). We design a game where the players’ bills (costs) depend on both their own
consumption and the total consumption of all players in order to ensure that the Nash equi-
libria or e-Nash equilibria attain the goal of shaving the peak demand and smoothing the
load curve of the power grid. Mathematically, we are interested in the existence and com-
putation of Nash or e-Nash equilibria of the game. In this context, the technical constraints
of flexible electrical devices (such as the battery of an electric vehicle) limit the number of
feasible electrical consumption profiles. They also generally imply nonconvex action sets, for
example, only allowing for discrete power consumption profiles. However, most theoretical
or algorithmic results concerning games are limited to the convex framework, in which the
players’ action sets as well as their cost functions are convex. Our motivation is precisely
to propose theoretical and algorithmic tools considering large nonconver sum-aggregative
games, in order to address demand-side management applications in a relevant way.

In the convex framework, a PNE is known to exist under mild regularity conditions (see,
for example, Rosen [38]). Outside the convex framework, it is generally difficult to provide
existence results for PNE and approxzimation algorithms with performance guarantees.

When players have a finite number of actions, Mondrer and Shapley [30] show that
potential games, where a so-called potential function exists, admit PNEs. As a matter
of fact, every finite potential game is isomorphic to a finite congestion game introduced
by Rosenthal [39], where players have equal weights and non-player-specific resource cost
functions. Recall that, in a congestion game, resources are shared among players, with each
resource having a cost function depending on the aggregate load applied to it. However,
when players have player-specific weights and /or resource cost functions, a potential function
no longer necessarily exists. The existence of PNEs is then not guaranteed, except in
some particular cases (cf. Milchtaich [29]). In integer-splittable congestion games where
the unequally integer-weighted players can split their weight into unit-weight blocks, the
existence of PNE is shown by Tran-Thanh et al. [44] for the case where a pure strategy
consists in a single resource and the non-player-specific resource cost functions are convex
and monotone, and by Meyers [28] for the case where the non-player-specific resource cost
functions are linear. For games with discrete (but not necessarily finitely many) strategies,
Sagratella [40] proposes a branching method to compute the whole solution set of PNEs. He
proves the existence of PNEs for a particular class of such games and proposes an algorithm
leading to one of the equilibria. However, when the players’ cost functions are nonconvex
and/or their action sets are nonconvex but not necessarily finite, there is no general result
for the existence of PNEs.

Even in the convex setting, convergent algorithms for the computation of (e-)PNE in
games are known only for some special cases. For example, for potential games or (strongly)
monotone games. A common approach is to solve the variational inequality characterizing
the PNEs in such games (cf. Facchinei and Pang [13] and the references therein). Scutari et
al. 2014 [41] consider generic n-player games which need not be large nor aggregative, but
with strongly monotone inequality characterizing the PNE. They use proximal best-reply
algorithms to solve this variational inequality. Paccagnan, Kamgarpour and Lygeros 2016
[35] consider a specific convex aggregative game and use a decentralized gradient projection



algorithm to solve the strongly monotone variational inequality characterizing the PNE.
Paccagnan et al. 2019 [34] studies e-PNE in convex large aggregative games with coupling
constraints. Their methodology is close to ours in the sense that they only look for an
e-PNE (which they call Wardrop equilibrium) instead of an exact one. They use respec-
tively a decentralized gradient projection algorithm and a decentralized best-reply (to the
aggregate term) algorithm to solve the variational inequality characterizing this Wardrop
equilibrium. Compared with their work, our novelty consists in studying nonconvex games.
We proceed by first finding an e-PNE of an auxiliary convex game. We then develop a
specific algorithm to ensure that the resulting e-PNE verifies a particular condition called
the stability condition, which is necessary for recovering an e-PNE of the original nonconvex
game.

The originality of this paper is to circumvent the nonconvexity by exploiting the fact
that large sum-aggregative games approach a convex framework when the number of play-
ers is large. The counterpart of this approach is to search for an additively e-PNE (cf.
Definition instead of an exact PNE. The main inspirations of the present work are
[43] in economics and [48] in optimization. Starr 1969 [43] was interested in computing
general equilibria for nonconvex competitive economy in terms of price and quantity, while
Wang 2017 [48] considered large scale nonconvex separable optimization problems coupled
by sum-aggregative terms. In both cases, the authors proposed to convexify the problem,
taking advantage of the large number of agents or subproblems to bound the error induced
by the convexification, thanks to the Shapley-Folkman Lemma (cf. Lemma . Roughly
speaking, the Shapley-Folkman Lemma states that the Minkowski sum of a finite number of
sets in Euclidean spaces is close to convex, when the number of sets is very large compared
with their dimensions. It has been applied in nonconvex optimization for its convexification
effect. Aubin and Ekeland [I] used the lemma to derive an upper bound on the duality gap
in an additive, separable nonconvex optimization problem. Since, quite a few papers have
extended or sharpened this result (cf. Ekeland and Temam [I2], Bertsekas and coauthors
[4, [7], Pappalardo [37], Kerdreux et al. [24], Bi and Tang [§]). These theoretical results
have found applications in engineering, such as the large-scale unit commitment problem
[3, 25] and optimization of Plug-in Electric Vehicle charging [47], optimization of multi-
carrier communication systems [50], supply-chain management [46], and spatial graphical
model estimation [14].

Main contributions. The main contribution of the present paper is threefold.

(C1) Theoretically, Proposition and Theorem give the existence of O(=)-PNEs
for n-player nonconvex sum-aggregative games where the players’ cost functions depend
only on their own action and the average of all the players’ actions, is lower semicontinuous
in the former, and v-Holder continuous in the latter. Neither the action sets nor the cost
functions need to be convex.

This contribution makes use of similar approaches to Starr [43] and Wang [48], who
both used the same technique. Starr (resp. Wang) first found an economy equilibrium
of the convexified economy (resp. an optimum of the convexified optimization problem),
then used the Shapley-Folkman lemma to find a profile of choices by the agents (resp.
subproblems) that are almost all feasible except for very few agents (resp. subproblems),
such that the aggregate term remains unchanged. Then, they showed that such a profile is



an approximation of the exact equilibrium (resp. optimum). Our first contribution consists
of two novelties. Firstly, in Proposition [2.4] we extend this approach to nonconvex sum-
aggregative games to show the existence of e-PNE, by the “disaggregation” of an exact
PNE of an auxiliary convexified game. Secondly, in Theorem we show that one can also
construct an e-PNE of the nonconvex game by the “disaggregation” of an e-PNE (instead
of an exact PNE) of the auxiliary convexified game provided that some stability condition is
satisfied. This second novelty is more significant, and it is crucial for our next contribution.

(C2) Algorithmically, for an important class of n-player nonconvex sum-aggregative
games including congestion games with v being 1 and where action sets are compact sub-
sets of Euclidean spaces, we present an iterative gradient-proximal algorithm to compute
an e-PNE of the convexified game which satisfies the above mentioned stability condition
(Proposition . Then, Theorem ensures the performance of this algorithm which al-
lows to recover an O(%)—PNE of the original nonconvex game with at most O(n?) iterations.
We also provide an extremely fast, easy and distributed method to obtain an O(%)-mixed-

strategy Nash equilibrium after the same number of iterations (Corollary .

(C3) Practically, the interest of this approach is demonstrated in Section 4}, where a
numerical simulation with the gradient-proximal algorithm is done for a demand-side man-
agement problem involving flexible electric vehicle charging.

Notations. In a Euclidean space, || - || denotes the [>norm. For a point z € R? and a
subset X' of R%, d(x, X) := inf,ex{||z — y||} is the distance from the point to the subset.
For two subsets X and ) of R?, their Minkowski sum is the set {x +y|z € X,y € Y}. For
z € R and r € RY, B(z,r) := {y € R?||ly — z|| < r}, the r-radial ball centered on x.

For a matrix A € RY x RY, || - ||2 is the 2 -norm of matrices: || A2 := \/Amax(ATA) where
AT is the transpose of A and Aa.(ATA) stands for the largest eigenvalue of the matrix
AT A.

The proof of Proposition and the lemmata used for the proof is given in Appendix
A. All the other proofs and intermediate results are gathered in Appendix B.

2 Existence of «-PNE in large nonconvex sum-aggregative
games

2.1 A nonconvex sum-aggregative game and its convexification

Consider an n-player noncooperative game I'. The players are indexed over N = {1,2,--- ,n}.
Each player i € N has an action set X; C R?, which is closed and bounded but not necessar-
ily convex. Let X; := conv(X;) be the convex hull of &; (which is also closed and bounded)
and denote X' := [, &i, X = [Licn Xy, X_j = [Tien_, X; where N_; := N\ {i}. Let
constant A > 0 be such that, for all i € N, the compact set X; has diameter |X;| :=
maXy, y.cx; ||Ti — vl that is not greater than A.

As usual, let z_; denote the profile of actions of all the players except that of player .
Each player i has a real-valued cost function f; defined on X; x X_;, which has the following



specific form:

filxg,z_y) == <:1:Z, Z A; x]) , foranyz; € X, z_; € X_; , (2.1)

JEN

where each A; is a ¢ X d matrix for all j € N, and 6; is a real-valued function defined on
X; x Q, with Q C R? a neighborhood of {1 > jen Ajyily; € X, Vi € N}
Let constant M > 0 be such that ||A;||s < M for each i € N.

Remark that I' is a weighted sum-aggregative game. It is a generalization of sum-
aggregative games, which correspond to the specific case where, for each j € N, A; reduces
to the identity matrix. For the sake of simplicity, we still call I' a sum-aggregative game.

Definition 2.1 (Additively e-pure Nash equilibrium). For a constant ¢ > 0, an additively
e-pure Nash equilibrium (additively e-PNE) z¢ € X in game T is a profile of actions of the
n players such that, for each player i € N,

filz5,2%;) < fi(zi,2%;) + €, for any z; € ;.
If e = 0, then z€ is a pure Nash equilibrium (PNE).
For the sake of simplicity, we omit “additively” whenever it causes no confusion.

For nonconvex games (where either action sets or cost functions are not convex), the
existence of a PNE is not clear. This paper uses an auxiliary convexified version of the
nonconvex game, which is helpful both in the proof of the existence of an e-PNE of the
nonconvex game and in the construction of such an approximate PNE.

Definition 2.2 (Convexified game and Generators). The convexified game I associated
with I' is a noncooperative game played by n players. Each player ¢ € N has an action set
X; and a real-valued cost function f; defined on X as follows: for all z € X,

. d+1 d+1
fi(zi,x_;) = inf { o fi(2F x ) ‘ ;=Y afF } , (2.2)
Y kYT eSy; 2k e X Wk ; ' Y1 ;

where Sy := {a = (« )zﬂ € Rt VE, ok > 0, Ziﬂa = 1} denotes the probability
simplex of dimension d.

A set of d + 1 points (2F, k = 1,...,d+ 1) in X; that attains the minimum in (2.2) is
called a generator for (i, x).

In the sequel, notation Z(i,z) refers to a certain generator for (i,z), and «a(i,x) refers
to the corresponding (d + 1)-dimensional vector of coefficients.

For a lower semicontinuous (l.s.c.) function, equation (2.2]) just defines its convex hull
(cf. Lemma [5.5)). This particular form of definition is proposed in [5].

PNE and additively e-PNE are similarly defined for the convexified game T.

The remainder of this subsection is dedicated to a preliminary analysis of the convexified
game.

First let us introduce an assumption that will hold in this section. It ensures the existence
of generators for all (i,z) € N x X (cf. Lemma for a proof).



Assumption 1.

(1) For any player i € N, for any y € Q, function x; — 6;(x;,y) is l.s.c. on Xj.

(2) There exists constants H > 0,y > 0 such that, for alli € N, for all z; € X;, function
y > 0;(zi,y) is (H,v)-Holder on y € Q, i.e.

10i (i, ") — 0i (i, y)] < Hly' =yl (2.3)

Remark 2.1. It is straightforward from Assumption [1| that fi(-,z—;) is Ls.c. in z; € A&j for
any fixed x_; € X_;

According to Lemma T; fz(xl, —;) is convex and l.s.c on Xl, its subdifferential
exists and let it be denoted by difi(-,x_;). Then, for each z; € X, 9; fi(x;, x_;) is a nonempty
convex subset of RY.

Proposition 2.3 (Existence of PNE in T'). Under Assumption |1, the convexified game T
admits a PNE.

Proof. Tt results from Theorem [5.3]in Appendix A. O

Remark 2.2. Theorem extends Rosen’s theorem on the existence of PNE in games
with convex continuous cost functions [38] to the case where the cost functions are only
l.s.c. instead of being continuous with respect to the players’ own actions. This extension is
not trivial. Our proof follows the same lines as Rosen, and relies on the use of the Kakutani’s
fixed point theorem [23]. In particular, we show in Lemma that the conditions required
to apply the Kakutani’s theorem are fulfilled in our case of l.s.c. convex games.

The following example shows that even the continuity of f; on &; cannot guarantee the
continuity of f; on Xj;, so that Rosen’s theorem is not suﬂﬁment here.

Con81der d=3,X;=TUBUS where T = {(z},22,23) € R3|(2!)? + (2?)? = 1,23 = 1},

B = {(z%22,23) € R3|(21)? + (22)? = 1,23 :—1},5*{(:1:,:):,:13)61&3\3@ = 1,22 =
0,-1< :1;3 < 1}; fi is independent of z_;, and f;(x) = 0 for = € TU B, fi(z) = |23 — 1
for z € S. Then, for all z € {(z!,22,2%) € R3|(z")? + (22)2 = 1,2° = 0} C A}, fi(z) =0
except for z* = (1,0,0), but f;(z*) = f;(z*) = —

2.2 Existence and construction of an e-PNE of the nonconvex game

The following proposition shows the existence of e-PNE in the nonconvex game I' and its
construction from an exact PNE of the convexified game I'.

Proposition 2.4 (Existence of e-PNE). Under Assumption the nonconvex game I' admits
an e-PNE, where € = 2H(ww.

In particular, suppose that & € X is a PNE in T (which exists according to Proposition
, and Z(i,Z) an arbitrary generator, for each player i, then x* € X such that

¥ € argmin HZAL ZASUZ

;€7 (1,2),iEN iEN

, (2.4)

s such an e-PNFE of the nonconver game T.



Sketch of the proof: By the definition of PNE in I, #; is a best response to Z_; in terms
of f;. By Lemma all the points in Z(i, &) are also best replies to Z_; in terms of f;.

We then use the Shapley-Folkman lemma (Lemma [5.4)) to dlsaggregate = Aix; over
the sets Z(i, ) to obtain a feasible proﬁle x
. ZFlzajvlz, we can show that 2 Y, Az} ~ 1 Z A;Z; and z is (almost) a best response to
n [k A

From an algorithmic point of view, a PNE is not always easy or fast to compute for the
convexified T', even though its existence is guaranteed. Even when we have a convergent
algorithm, the outputs of the algorithm at each iteration provide only approximations of
the exact PNE which may constitute e-PNE but rarely exact PNE. Then, the question that
naturally arises is whether the idea above is still valid if 7 is only an ePNE of T, i.e. &;
is an e-best response to Z_; in terms of fz More explicitly, are points in Z(i, ) still e-best
replies to Z_; in terms of f;? The answer is YES, if the e-PNE Z of the convexified game T
satisfies a more demanding condition, introduced by the following definition.

Definition 2.5 (Stability condition). In game I, a point & € X is said to satisfy the -
stability condition with respect to (Z(i,%)); if, for each player 4, fi(zi, #_;) < fi(Zs, Z—i) + 1
for all z; € Z(1, ).

A point T is said to satisfy the n-stability condition if it satisfies the n-stability condition
with respect to a certain generator profile (Z(i, Z));.

A point Z is said to satisfy the full n-stability condition if it satisfies the n-stability
condition with respect to any generator profile (Z(i,));.

The stability condition of & with respect to (Z(i,Z)); means that, for each player i, her
cost is only slightly increased if her choice is unilaterally perturbed within the convex hull
of the generator Z(i, ).

According to Lemma a PNE of T satisfies the full 0-stability condition.

A sufficient condition for the 7n-stability of Z is given by Lemma
Lemma 2.6. Under Assumptionl for any action profile & € X, for any player i, if there
is a generator Z(i,%) and h € 0;fi(%;,T—;), such that,
(h,m; — %) > —nllw; — &, Va; € convZ(i,Z). (2.5)
then, 3
| fi(zi, @) — f,(xl, I <nllxi —Zi||, for all x; € Z(i, %) .
In particular, T satisfies the nA-stability condition with respect to (Z(i,Z));.

The following theorem shows how to construct an O(-5)-PNE of the original noncon-
vex game I', when we know an e-PNE of the convexified game T satisfying the n-stability
condition and the associated generator profile.

Theorem 2.7 (Construction of e-PNE of I'). Under Assumptwnl suppose that & € X is
an €-PNE in T which satzsﬁes the n-stability condition with respect to a specific generator
profile (Z(i,%));. Let x* € X be such that

¥ € argmin H Z Az — Z A;x;

zi€Z(i,2),ieN " ;e N ieN

(2.6)

Then, x* is a €E-PNE of the nonconvex game I', where € = € +n + 2H(M)



2.3 A distributed randomized “Shapley-Folkman disaggregation”

Once an exact PNE or an e-PNE satisfying the n-stability condition, &, of the convexified
game I is obtained, as well as the associated generator profile (Z(i,%))i, we would like
to find an é&-PNE of the nonconvex game I', whose existence is shown by Proposition
and Theorem However, solving is generally hard (cf. Udell and Boyd [45] for
such a “Shapley-Folkman disaggregation” in a particular setting of optimization). In this
section, we present a method to compute an é-mixed-strategy Nash equilibrium (MNE) in
a distributed way, based on the known e-PNE of T, its associated generator profile and
coefficients. The algorithm is qualified “distributed” because, for each player i, it computes
her mixed-strategy u; from the information of Z;, the generator Z(i,Z) and the coefficients
a(i, z) only.

Proposition 2.8. Under Assumptian suppose that & € X is an e-PNE of T' satisfying
the n-stability condition with respect to (Z(i,));, and each player i plays a mized strategy
i; independently, i.e. a random action X; following distribution [; over X;, defined by
P(X; = 2}) = of, where 2t € Z(i,x) forl =1,...,d + 1, and (aé)f:f = «fi,z) is the
corresponding coefficient. Then, for v <1, i = (fi;); is a &-MNE of the nonconvexr game T,
where € =€+ 1+ 2H(M)7, in the sense that

E[fZ(XZ,X_Z)] < E[fz(a:z,X_Z)] +é, Vax; € A;.

Remark 2.3. Note that this is not an algorithm for the players to attain an e-PNE/MNE
in the nonconvex game in a decentralized adaptation/learning process, but a distributed,
randomized disaggregation algorithm to recover an é-MNE of ' from a known e-PNE of T
satisfying the n-stability condition and its generators.

Besides, when 7 is an exact PNE of T, all the generators of Z can be used in this
algorithm. On the contrary, when 7 is only an ePNE of I', we need a specific profile
of generators (Z(i,x));, with respect to which Z satisfies the n-stability condition. It is
not evident to find such a generator profile. However, in the next section, we provide an
algorithm to compute, for a specific class of games, an e-PNE of T satisfying the full n-
stability condition (i.e. with respect to any profile of generators of Z). In that case, any
profile of generators can be used in the algorithm of Proposition [2.8

Finally, note that the estimated error ¢ for the distributed randomized approximate
MNE in Proposition is larger than the estimated error € for the approximate PNE z* in
Theorem R.71

3 Computing c-equilibria for large nonconvex congestion games

3.1 Nonconvex generalized congestion game

An extensively studied class of sum-aggregative games are congestion games. In this section,
we present an iterative algorithm to compute an w(K,n)A-PNE of the convexification of a
specific congestion game, where w(K,n) tends to zero when both the number of players n
and the number of iterations K tend to +oo, while & tends to zero. Note that any algorithm
returning an approximate PNE of the convexified game will not necessarily ensure that it



verifies the stability condition. The proposed algorithm is of particular interest because we
can show that the iterates provide an w(K,n)A-PNE of the convexified game which satisfies
the full w(K,n)A-stability condition (cf. Proposition . Then, taking K ~ O(n?),
Theorem shows that one can recover a (’)(%)—PNE of the original nonconvex congestion
game from this w(K,n)A-PNE of the convexified game.

Consider a generalized congestion game where each player ¢ € N has an action set
X; € R% and a cost function of the following form:

fi(zi,x ;) < ( Zajxj> xz> + h; (1 Zajxj) + 7 (x;)
jEN
= th (% Z ajxj,t) Tt + hy (% Z aja:j> +ri(x;)
t=1 JEN

jEN

(3.1)

Suppose that the following assumptions hold on &j, (a;)jen € R”, g¢’s, h;i’s and r;’s
Assumption 2.

o There exist constants m > 0 and M > 0, such that m < a; < M for alli € N.

e Fort =1,...,d, function g : R — R is Ly, -Lipschitz continuous and nondecreas-
ing on a nezghborhood of [D1, D3], where constants Dy and Do are such that Dy <
1
min,_  go.c¥n Z]EN AjTj¢ SMAXy g gocy ZjeN ajzje < Da.

e For each i € N, function h; : R - R is Ly, -Lipschitz continuous on [Dy, Do]4.

e Players’ local cost functions r; : R4 — R are uniformly bounded, i.e. there exists
constant B, > 0 such that, for alli € N and all z; € X;, |ri(x;)| < By.

Notation. Let constant A := max{max;ey max, 5 [|2i|, maxen X} Let L, :=
maxi<i<q Lg,, Ly, := max;en Lp,;, By := maxi<;<q,p,<s<D, |9¢(5)|-

The convexification of I' is rather complicated to compute in the general case. Let us
first introduce an auxiliary game which is very close to I' but whose convexification is easier
to obtain.

Fix arbitrarily x:r € X; for each player i € N. The auxiliary game I is defined as follows:
the player set and each player’s action set are the same as in I', but player i’s cost function
is, for all z; € X; and all z_; € X_,

filzi, x—) == <g<% Zajxj + %am:j),x» +ri(x;) -
JF
The original game I" can be approximated by the auxiliary game I' because their equi-
libria are very close to each other as Lemma [5.8/in Appendix B shows.
For any fixed z_; € X_, fi,xy) is composed of a linear function of z; and a local
function of z;. By abuse of notation, let us still use f; to denote its convexification on X;.
More explicitly,

filzs,x_y) := <g<— Za]ajj + aZ ),1’1> + (), (3.2)
J#i



where 7; is the convexification of r; defined on X; in the same way as fi.
By abuse of notation, let I' denote the convexification of I" on X.

3.2 A gradient-proximal algorithm

This subsection presents a gradient-proximal algorithm based on the block coordination
proximal algorithm introduced by Xu and Yin [49] to construct an O(2)-PNE of I' that
satisfies the full O(=)-stability condition.

1
n

Algorithm 1: Gradient-proximal algorithm for T

Initialization: choose initial point z0 = (z¥,29,...,2) € X
for k=1,2,--- do
fori=1,2,...,ndo

xf = argm~in<g(% Z ajx§+% Z ajx§71> , xi—xf71>+a;—ff“azi—xfflH2+fi(xi)

T €X; j<i §>i
(3.3)
end
if stopping criterion is satisfied then
return (%, 2k ... 2F). Break.
end
end

Remark 3.1. This is a decentralized-coordinated type algorithm. The coordinator needs to
know the current choices of the players and (a;); to compute g( > j<i ajx?—i—% > i aj:v?_l).
The value of the vector g(% Zj<i ajx;‘? + %ijl- ajx;‘f’_l) is sent to player ¢ by the coordi-
nator in iteration k, when it is her turn to compute. No detailed information of the other
players’ choices is revealed. Receiving this value, player ¢ uses her local information, i.e. a;

and 7;, to update her choice according to (3.3), then sends it to the coordinator.

Proposition 3.1. Under Assumption@ for K € N*, there is k* < K such that ¥ is an
w(K,n)A-PNE of game I' which satisfies the full w(K,n)A-stability condition, where

\/2CL M 2L,MA
w(K,n) = Tg“% + gT, (3.4)

where C' = (dALgy + 2B, )M.
In particular, if constant K > %n”z‘s + 1 for some constant 6 > 0, then, there exists
g

some k* < K such that ¥ is an LgMA(n*‘; + 2An~1Y)-PNE of game T satisfying the full
LyMA(n=0 + 2An~1)-stability condition.
Theorem 3.2. Under Assumption @ for constant § > 0 and integer K > mQTCL'gnlJr% 1,

let 2* € X be the pure-strategy profile generated by (2.6), where & is replaced by =¥ in
Proposition . Then, x* is a (2L9MA(n*5 + (‘1+1;1)A) + Lh]T\L/[A)-PNE of the mnonconvex
game T'.
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In the case where a “Shapley-Folkman” disaggregation of z*" is not easy to obtain,
one can use the distributed randomized disaggregation method introduced in Section [2.3
to immediately obtain a é-MNE, where ¢ is given by the following corollary. However, the
quality of approximation is less good than a “Shapley-Folkman” disaggregation.

Proposition 3.3. Under Assumption|2, for constant 6 > 0 and integer K > %n“‘%—{—l,

let i = (f1;); be a profile of independent mized strategies defined as in Lemma where T

is replaced by =¥ in Pro osz'tz'on Then, [1 is a (2L MA (n_5—|— (\/ﬁ+4)A) + LhMA)—MNE
P y P g , fi g - -

of the nonconvexr game I.

4 Numerical example

Here is an example of flexible electric vehicle charging control whose convex version is studied
by Jacquot et al. [20].

One day is divided into peak hours (e.g. 6 am—10 pm) and off-peak hours. The electricity
production cost function for total flexible load ¢ and (©F at peak and off-peak hours
are respectively CT(¢7) = o t¥ + Bo(¢7)? and COP(1OF) = a§PLOF + By(£OF)2, where
045 > agp > and [y > 0. Player i’s action is denoted by ¢; = (EZP,EZOP), where EZP (resp.
(9P is the peak (resp. off-peak) consumption of player i. Player i's electricity bill is then
defined by

bt 0p) = S gp O jop
7 1y —1) T KP 1 EOP [ I
where (£ =" 0P (OF =3 (9P Player i’s cost is then defined by
Dils, £-3) = bili, £3) + 1l — 7| (4.1)

where +; indicates her sensitivity to the deviation from her preference ¢"¢f. In [20], the
action set of player i is the convex compact set S; = {£; = (¢, 49F) [ 4P + 9P = ¢, 47 <

EZP < E, ﬁ < EZQP < Eiﬁ}, where e; stands for the energy required by player ¢ to charge an

electric vehicle battery and ¢ and ¢F (resp. ¢9F and (9P are the minimum and maximum
power consumption for player i during peak (resp. off-peak) hours. However, for various
reasons such as finite choices for charging power, or battery protection which demands that
the charging must be interrupted as infrequently as possible, the players’ action sets can
be nonconvex. For example, in this paper a particular case where the nonconvex action set
SNC = {; = (4P 49P) | 0F 4 49F = e, 4F € {¢F,£F}} is adopted for numerical simulation.

Let us apply Algorithm [I] to this game. The asymptotic performance of the algorithm
for large n is illustrated. To avoid rescaling cost functions for each n, multiplicatively e- PNE
defined below are considered instead of additively e-PNE defined by Definition

Definition 4.1 (Multiplicatively e-PNE). For a constant ¢ > 0, a multiplicatively e-PNE
x¢ € X in game I is a profile of actions of the n players such that, for each player i € N,
filaf,a) = ing il at)) < e sup filai, ) = i fileiat).

If € = 0, then z€ is a PNE.
For x € X, €(x) := min{e > 0 | = is a multiplicatively e-PNE } is called the relative error
of x.
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First, game is reformulated with uni-dimensional actions. For simplification, sup-
pose that all the players have the same type of EV (Nissan Leaf 2018) with battery capacity
e, and two charging rate levels pyin, and pmax. The total consumption of player ¢ is denoted
by e; and determined by a parameter 7; as follows: e; = (1—7;)e = ﬁf —i—ﬁiop , where 7; € [0, 1]
signifies the player’s remaining proportion of energy in her battery when arriving at home.

»
Let z; := % denote player ¢’s strategy in the following reformulation of game (4.1)):

F @ y) = B (@, i)+ Fil|lws — 27|12 (4.2)

where 4; indicates how player ¢ values the deviation from her preferred consumption profile
and is uniformly set to be ne for simplification, and

1 1
B (25, 2_5) = (af + fone— Zu —))a) + (afF + fone— 2(1 — 7)1 — )"
j J
1
P _ _OP
=e(l—m) [(ao —ay — Bone + 2,6’0716% Z(l — Tj)x]‘)l‘i
J
1
+a§” + Bone — Bone— Z(l — Tj)x]} .
J
The nonconvex action set of player ¢, introduced in Sectionas SNC = {4; = (eF 49F) | eF +
= ¢;, P € {¢F (P}}, is now translated into X; = {z;,%;} C [0,1], where z; and Z; cor-

1 P
respond respectlvely to charging at pmin and pmas.

By extracting the common factor ne(1 — 7;), player i’s cost function becomes

£ (@i 2) = <9(”) (% Zn:(l - Tj)xj)a$i> + ™ <% Zn:(l - Tj)wj) + Tz(ln)_(il), (4.3)
e — i

J]=

gOP

(n) (4) = 20 =G 1Yy ) () o 08 _ (n) (/) - ref |2
where ¢\ (y) := =2—="—4Boe(2y—1), K" (y) := 2=+ Poe(1—y), and r; " (y) := [Jly—2;" ||

for y € R, where o = —4.17 + 0.59 x 12n (€/kWh), a§¥ = —4.17 + 0.59 x 8n (€/kWh),
Bo = 0.295 (€/kWh?) according to Jacquot et al. [20].

Simulation parameters The peak hours are between 6 am and 10 pm while the remain-
ing hours of the day are off-peak. The battery capacity of Nissan Leaf 2018 is e = 40kWh.
The discrete action set of player i is determined as follows. The players’ arrival time at
home is independently generated according to a Von Mises distribution with parameter
k =1 between 5 pm and 7 pm. Their departure time is independently generated according
to a Von Mises distribution with parameter x = 1 between 7 am and 9 am. The propor-
tion 7; of energy in the battery when a player arrives at home is independently generated
according to a Beta distribution with parameter 5(2,5). Once a player arrives at home, she
starts charging at one of the two alternative levels, pmin = 3.7KW or pprae = TkW. This
power level is maintained until the energy requirement e; is reached. The arrival and de-
parture time parameters are defined such that the problem is always feasible i.e. the energy
requirement e; can always be reached during the charging period by choosing power level
Pmaz- Players are all assumed to prefer charging as fast as possible, so that a:;ef =, for all
1. Fifty instances of the problem are considered for the numerical test. They are obtained
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by independent simulations of those parameters (players’ arrival and departure times and

remaining energy when arriving at home).
Algorithm [1] is applied to EV charging game I'™) ([£.3)) for n = 2%, s = 1,...,15. For

each game T for each iteration k of the algorithm, let z(™"* denote the k" iterate of

Algorithm [1| applied to game I'™). Then, the relative error e(™-* of z("-* ig given by
™k .= min {6 >0 ‘ fi(n) (a:f;n)’k, x(_nl)k) — inf fi(n)(:ci,m(f”i)’k)

< e sup f7aia)) — int 10w}
T, €EX; T, €EX;

Nb of players = 276 Nb of players = 27 Nb of players = 28 Nb of players = 29

107t
102 \ \\\

103

10

Relative error

Nb of players = 2°10 Nb of players = 2711 Nb of players = 2~12 Nb of players = 2713

1t

10

1073

10

1 10t 10¢ 107 10t 10° 107 10t 10° 107 10t 10

Nb of iterations

Figure 1: Log-log chart of relative error e(™:* (averaged over fifty instances of the problem)
as a function of the number of iterations k (for a fixed number of players n = 26,27, ..., 213).

As Figure[I| shows, the relative error decreases with the number of iterations to a certain
limit. This limiting relative error decreases with the number of players n. This observation
is consistent with equation in Proposition For Figure [2| according to Proposition
when the iteration number k is fixed, due to the domination term of % in equation

(3-4) when n is small, e(™)* first decreases linearly in n before reaching a certain threshold.

2C Ly M . . . .
After that, Tg\/% dominates the relative error value so that e™* may increase in n.

The threshold itself increases with the iteration number k. This is exactly what Figure
shows.
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Nb of iterations = 30 Nb of iterations = 40 Nb of iterations = 50 Nb of iterations = 60

1t
10

103

10

10

Relative error

Nb of iterations = 70 Nb of iterations = 80 Nb of iterations = 90 Nb of iterations = 100

1t

1072

103

10

10

10t 10 10 10 10t 10 10° 10 10t 10 10 10 10t 10 10% 10

Nb of players

Figure 2: Log-log chart of relative error e(™-* (averaged over fifty instances of the problem) as
a function of the number of players n (for a fixed number of iterations k = 30, 40, ..., 90, 100).

5 Perspectives

Distributed and randomized “Shapley-Folkman disaggregation”. In Section[2.3] a
distributed disaggregating method is introduced to obtain a randomized “Shapley-Folkman
disaggregation” for the case v < 1. It is extremely fast and easy to carry out: once an e-PNE
Z is obtained for the convexified game as well as the profile of generators (Z(i,Z));, each
player ¢ chooses randomly one feasible action that is in Z(i, Z), according to the distribution
law «(i,z). This method renders an (’)(ﬁ)-MNE, with the error vanishing when the
number of players going to infinity. However, even if an O(%)—PNE can be difficult to obtain
by an exact “Shapley-Folkman disaggregation”, especially if a large, centralized program is
involved, for example, to solve , it would be desirable to find other algorithms to
find better approximations of Nash equilibria of the nonconvex game. Distributed and
randomized algorithms are appealing because they can be faster to carry out, needing less
coordination hence more tractable, and taking advantage of the law of large numbers when

n is large.

Aggregation and disaggregation of clusters. In the setting of power grid manage-
ment, flexible agents can be regrouped into clusters, and each cluster is commanded by
a so-called aggregator. The EV charging game considered in this paper then takes place
between the relatively few aggregators instead of the individuals. This “aggregate game”
is different from the EV charging game in the paper, as the individuals are no longer au-
tonomous but are commanded by their respective aggregators in their choice of charging
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behavior. One can build an aggregate model for each aggregator by defining his action set
as the set of aggregate actions of the individuals in his cluster, and his cost function as
an aggregate of the individuals’ costs. When the clusters are large, it is possible to show,
with the help of the Shapley-Folkman Lemma, that the aggregators’ action sets and cost
functions are almost convex. Then, the game admits an e-PNE (via Rosen’s existence the-
orem), and its computation could be relatively easier owing to the small number of players.
However, each aggregator then has to reconstruct for each individual under his control a
feasible action consistent with their aggregate action at the equilibrium of this “aggregate
game”. When the constraints of each flexible individuals are non-convex, this aggrega-
tion/disaggregation approach can be rather difficult to implement. An original technique
based on the Shapley-Folkman Lemma is proposed in Hreinsson et al. 2021 [19], within the
optimization framework, with applications to the management of consumption flexibilities
in power systems.

Acknowledgments. We are grateful to Frédéric Bonnans and Rebecca Jeffers for stim-
ulating discussions and comments. We particularly thank the reviewers and the associated
editor for their very relevant remarks that have helped greatly to improve the paper.

Appendix A: PNE in l.s.c. convex games

Lemma 5.1. Let R be a nonempty convexr compact set in R™. If real valued function
p(x,y) defined on R X R is continuous in x on R for any fized y in R, l.s.c. in (x,y) on
R x R, and convex in y on R for any fized x in R, then the set-valued map ( : R — R,
x +— ((x) = argmin,ecr p(x, 2) has a fived point.

Proof. The Kakutani fixed-point theorem [23] will be applied for the proof. First, let us
show that ¢ is a Kakutani map, i.e. (i) I" is upper semicontinuous (u.s.c.) in set map sense
and (ii) for all z € R, ((x) is non-empty, compact and convex.

(i) Fix x € R. On the one hand, since p(z,y) is convex w.r.t y, {(z) is convex. On the other
hand, p(z,y) is Ls.c in y, while R is compact, hence p(z,y) can attain its minimum w.r.t y
and ((z) is thus nonempty. Besides, since p is Ls.c., {(z) = {y|p(z,y) < min,cp p(z,2)} is
a closed subset of compact set R, hence it is compact.

(ii) Recall that the set-valued map ¢ is u.s.c. if, for any open set w C R, set {x € R|{(z) C
w} is open.

Let us first show by contradiction that, for arbitrary xzg € R, for any € > 0, there exists
d > 0 such that for all z € B(xo,9), ((2) C ((x0) + B(0,¢). If it is not true, then there
exists €9 > 0 and, for all n € N*, point 2, € B(wg, 1) such that there exists y,, € ((z,) with
d(yn,C(w0)) > €o. Since sequence {y,} is in the compact set R, it has a subsequence yg(,)
converging to some y in R, and d(g,((xg)) > €. Then, for all y € R,

p(r0,9) < m p(2g(n), Yom)) < Hm p(z4m),y) = p(wo,y) ,

n—0o0 n—oo

where the first inequality is by the lower semicontinuity of p in (z,y), the second inequality
is by the definition of ((z4(y)), while the third equality is by the continuity of p in . This
shows that § € ((z0), in contradiction with the fact that d(y, ((xo)) > €o.
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Now fix arbitrarily an open set w C R and some zy € R such that {(zp) C w. Since
((x0) is compact while w is open, there exists € > 0 such that ((z¢)+B(0,€) C w. According
to the result of the previous paragraph, for this particular €, there exists 6 > 0 such that
¢(2) € ¢(x0) + B(0,¢) C w for all z € B(xg,d). This means B(xg,0) C {x € R|{(x) C w}.
As a result, the set {x € R|{(z) C w} is open.

Finally, according to the Kakutani fixed-point theorem, there exists & € R such that
e (). O

Definition 5.2. A family of real-valued functions {f(-,y) : X — R|y € YV} indexed by y,
with X ¢ R4 and Y € R%, is uniformly equicontinuous if, for all € > 0, there exists ¢ such
that, for all y € Y, ||f(z1,y) — f(x2,y)|| < € whenever |21 — z2]| < 9.

Theorem 5.3 (Existence of PNE in Ls.c. convex games). In an n-player game I' where for
each player i € {1,...,n}, if the following three properties hold:

(1) her action set X; is a convex compact subset of RY;

(2) her cost function fi(z;,x_;) : X; X H#i X; = R is conver and l.s.c.in x; € X; for any
fized x—; € I];,; Xj;

(3) the family of functions { fi(z;,-) : [1; & = R|xz; € Xi} are uniformly equicontinuous,
then I' admits a PNE.

Proof. Define function p(z,y) : X x X — R by p(z,y) = > iy fi(yi,x—;), where X =
[[; Xi. It is easy to see that a fixed point of the set-valued map ( : X = X, z — ((x) =
argmin,cp p(x, z) is a Nash equilibrium of game T.

In order to apply Lemma one needs to show that: (i) p(x,y) is continuous in z for
each fixed y; (ii) p(z,y) is l.s.c. in (z,y); (iii) p(x,y) is convex in y for each fixed x.

Results (i) and (iii) are straightforward by the definition of p.

For (ii), first note that, by the uniform equicontinuity of {fi(z;,") : [[;,; &; — Rz; €
AX;} for each ¢ and the fact that n is finite, {p(-,y),y € R} is uniformly equicontinuous. Let
(z*, ) be a sequence in X x X indexed by k which converges to (z,y) € X x X. Then,

lim (p(xkayk) - p(xvy)) = lim (p(xkvyk) - p(x’yk) + p(xvyk) - p(:l:,y))

k—o0 k—o0

= lim (p(z,y") — p(z,y))

k—o0

>0

)

where the second equality is due to the uniform equicontinuity of {p(-,y),y € X} and the
last inequality is because p(x,y) is l.s.c. in y for any fixed x. ]

Remark 5.1. The property (3) is weaker than the condition that f; is continuous on X.
Indeed, since X is compact, f;(z;, x_;) is uniformly continuous on X; x[| j+i Xj which implies
the equicontinuity of {fi(zi,-) : [[;4&; = R|2; € A;}. In other words, Rosen’s theorem
on the existence of convex continuous games with compact convex actions sets is a corollary
of Theorem
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Appendix B: Other proofs and lemmata

Lemma 5.4 (Shapley-Folkman Lemma [43]). For n compact subsets Si,...,S, of RY, let
x € convy | S; = Yy i, convS;, where conv signifies the convex hull, and the sum over
sets are to be understood as a Minkowski sum. Then,

e there is a point x; € convS; for each i, such that r = Z?:l xi, and x; € S; except for
at most q values of i;

e there is a point y; € S; for each i, such that ||z — Y ;" | yillre < /min{q,n}d, where d

denotes the mazimal diameter of S;.

In the proofs of Lemmata in order to simplify the notations, ¢ and z_; € X_;
are arbitrarily fixed. Index ¢ and the parameter z_; are thus omitted in f;, f;, X;, X; and
Z(i,-).

Lemma 5.5. Under Assumption for each x_; € X_;,
(1) filwi, x_y) < fi(wi, x—;) for all x; € X;;
(2) the infimum in (2.2) can be attained, i.e. it is in fact a minimum for all z; € X;;

(3) function fi(-,z_;) is Ls.c. and convex on X;, and conv(epif;(-,z_;)) = epifi(-,z_;) =
conv (epi fi(-,x—4));

(4) both fi(-,x_;) and fi(-,x_;) attain their minimum respectively on X; and X;, and

min fz(:iz,x_z) = min f;(x;,r_;) . (5.1)
T, €X; Ti€X

In particular, if T; € argminyie)eiﬁ(yi,i'_i), then Z(i,2) C argmingex, fi(yi, Z—i)
where Z(i,Z) is an arbitrary generator for (i,Z) defined in Definition .

Proof of Lemma[5.5

The Lemma is a particular case of more general results well-known in Convex Analysis that
have been shown in various work, such as [16, Lemma X.1.5.3]. Let us provide a proof for
this particular case here for the sake of completeness.

(1) For z € X, in the definition of f(z), take 2% = z, o = dj%l for all k. By definition,

fla) < R off () = f (o).

(2) Suppose that ((a*™), (z*™))peny is a minimizing sequence for f(&), i.e.
f(&) = limy o0 Zii} aFm f (k) with ((@F™)g, (2%™)k)nen satisfying conditions in (2.2)).
Since (a") € [0, 1] for all n, so that it has a convergent subsequence a#1(") which converges
to some a!. Consider sequence o>®1(") which has a subsequence a>?2(") converging to some
a?. Note that ¢o(n) is a subsequence of ¢;(n). Repeat this operation d + 1 times and ob-
tain subsequences ¢1(n), ..., pqs1(n) such that a®?(™ converges to o, for k =1,...,d+1.
Consider z5%4+1(") which is in the compact set X. It has a convergent subsequence glPa+2(n)
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converging to x! € X'. Again, take a subsequence ¢43(n) such that z2%a+3(") converges to

z*, and so on. Finally, one obtains a subsequence ¢2d+2(n) of N such that

d+1

F(7) — 1i k,¢2d42(n) k,¢24+2(n)
f(#) = lim Za e ), (5.2)
of = lim of®e2() ok c01], k=1,2,---,d+1, (5.3)
n—oo
d+1 d+1
k _ 1 k,¢ (TL) —
>t = fim 3 akeunt) <1, 54
k=1 k=1
2F = lim 2P%2a2() ok c ¥ kK =1,2,--- ,d+1, (5.5)
n—o0
d+1 d+1
> afak = lim Y altaegheant) = lim g =z (5.6)
n—oo n—oo
k=1
Then,
d+1 d+1 d+1
Z ozkf < lim Z akf ky¢2d12 n)) = lim Z O[k,¢>24+2(n)f(xk,¢2d+2(n))
d+1

f(2) < Zakf(mk
k=1

where the first inequality is due to ( . the second equality due to ., the third equality

due to . and the fourth inequality due to . and (| . This shows that f (z) =
S AR f(ah), e (aF, F)9H1 | is a minimizer.

(3) On the one hand, for all (z,y) € conv (epi f), by Caratheodory theorem [6 Proposition
1.2.1], there exists (x*,y*) € epi f, k = 1,...,d+1 such that (z,y) = Ziﬂ o (2%, y¥), with
a € Sg. Hence, y* > f(aF), y = ZZﬂa y’C > Zii} of f(z*) > f(x). This shows that
(z,y) € epi f. Therefore, conv (epi f) C epi f. Recall that f is Ls.c. hence epi f is a closed
set hence so is conv (epi f). Thus, conv (epi f) C epi f.

On the other hand, for all (z,y) € epi f,y > f(z). Let ((&F™), (%™)1)nen be the min-
imizing sequence for f(z), i.e. f(x) = limy_os Zzﬂ afm (k) with o™, 2P" satisfying
conditions in . Then, y = lim;, Zgﬂ akn(f(xkn) + %), where § =y — f(z) >0
Denote y" Zzﬂ ok (f(akm) + %ﬂ)' Then, (z,y") € conv(epi f), and lim, o (z,y") =
(,y). This means that (x,y) € conv(epi f) and, therefore, epi f C conv (epi f).

In conclusion, epi f (-) = conv (epi f(+)), which implies that the epigraph of f is closed
and convex. Thus, f is Ls.c. and convex on X.

(4) By the lower semicontinuity of f and f on compact sets X and X, their minima can be
attained. The equality (5.1) is thus clear by the definition in (2.2)). O

Remark 5.2. If f;(-,x_;) is not ls.c, the inclusion relationship in Lemma (2) can be
strict, as shown respectively by the following two examples of dimension 1.

o X ={0}U{£l}.cne, f(z) = || for 2 € X\ {0}, and f(0) = 1. Then, f(z) = |z], for
all z € X = [—1,1], and conv (epi f) < epi f.
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e X =[0,1], f(z) =0 for x # 0, and f(0) = 1. Then, f(z) = f(z) for all z € [0,1], and
epi f C conv (epi f).

Lemma 5.6. Under Assumption |1 for any profile & € X, for any player i, for all z; €
Z(i, %),
(1) filws, &) = fi(ws, E4);
(2) for any h € 8 f;(%;, &_;),
fi(zi, i) = fi(xiaf—z) f(l"z, —i) +(hwi — Ty) (5.7)

Proof of Lemmal[5.6, Let {z',..., 2™} C X a generator of (&, f(Z)) and o € Sy their

corresponding weights.
(1) Suppose that there is k such that f(z¥) > f(z*). Then, there exists (y'); in X and

B € Sy such that 2% = 37, Bl and f(z¥) = 33, ' f(4}) < f(z*). In consequence, f(i) =
Som T f(@™) >0 am (™) + 3 a* Bl f(yh), while Zm# am™z™ 4+ Y, ofply! = F and
Dompk @D o*Bl = 1, contradicting the definition of f(%).

(2) By the definition of subdifferential, one has

f@® > f@) + (ha* —3), Vk=1,....,d+1. (5.8)

Multiplying (5.8) by o for each k and adding the d 4 1 inequalities yield

> Fak) > f@) hZaw—@ & f@) = f@) . (5.9)

k=1

If, for at least one k, the inequality in (5.8) is strict, then the inequalities in (5.9) are strict
as well, which is absurd. Therefore, for each k, f(z*) = f(&) + (h, 2% — 7). O

Proof of Lemma 2.6 First note that & is in ri(conv Z(Z)), the relative interior of conv Z(Z).
Hence, for ¢ > 0 small enough, Z =+ t(z — &) is in ri(conv Z(i)) C X. By (2.5 @.5), (h,z +t(z -
I)— &) > —n||& £t(x — &) — ||, which yields |(h,z — )| < n|lz — &||. Then, by Lemma
[f (@) = f(@)] = [(h,z — T)| < nllz— Z]]. [

Proof of Theorem[2.7. For each i € N, define a set F;(Z) := A;Z(i,Z) in R%. Since
Z; € conv (Z(i,T)), one has ) ;. AiT; € Y ;o conv(Ey(T)) = COHV(ZzeN (T )) by the
linearity of A;’s. According to the Shapley-Folkman lemma, there exists e; € conv(E;(Z))
for each i € N, and a subset I C N with |I| < g, such that: (i) Y_,cy AT = Y ;v € and
(ii) e; € E;(Z) for all i ¢ I. Thus, for all i ¢ I, there exists z; € Z(i,Z), such that e; = A;T;.
For all i € I, take arbitrarily z; € Z(i, ). Then,

= | > A

1EN €N iEN 1EN iEN i€l

< JgMA . (5.10)
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Now, for all ¢, 2} € Z(i,Z), so that it satisfies

filar, 3-) < fi(F,3) < filwi, @) +e+n < fi(zi,3_i)+e+n, foralz; e X, (5.11)

according to Lemma [5.6] (1), Lemma and Lemma [5.5](1).

Recall that f;(z) = 0;(x, %Z]EN Aj ;). Hence, for any z; € X;

1 1 .
filwi, &) = 6; <x ~Ajit > ij]>

JEN_;

:9i<mi, sz+— Z Ajac]—i— A (x] — ;) ZA >

JGN, jEN
1 1 . 1 1 . .
=0;| x, EAZ'ZL‘Z‘—F - Z Ajxi+0; | —0;| @i, ﬁAixi+ - Z Ajay | + filwialy)
JEN—; JEN—;
where §; 1= LA; (vf — %) + L Z]EN i (T — ).
(\[—f—l)MA
By (5.10)), [|6;]] < Using now Assumptlon yields that, for any z; € Aj,
(va+ 1)MA>7

n

|fz Ly, T — filwi, - )‘ < H<

Injecting this result in ((5.11)) yields

n

filxl,x*)) < filxg,2) +e+n+2H <(\fq+1)]\4A>7 , VoeX;,Vie N. (5.12)

O]

Lemma 5.7. Under Assumption |1, suppose that & € X is an e-PNE in T satisfying the
n-stability condition with respect to (Z(i, %)), where Z(i,&) = {x},22,... 2%} with 1 <
i <d+1 and z; = Zl 1042 l, where o € S,—1. FEach player i plays a mized strategy

independently, i.e. a random action X; following distribution fi; over X; defined by P(X; =

7t) = al. In other words,

fii = )0l (5.13)
where 0,1 stands for the Dirac distribution on azi Then,
E| Y 4 -
1EN

Proof. By the independence of X;, A;X; are independent of each other. From the definition
of fi;, E(A;X;) = A;Z;. Therefore,

2
(IEHZA@Z— i ) HZAzi%—
iEN iEN

where the first inequality is by Jensen’s inequality. 0

< vV/nMA.

2
; ] =Y Var(4;X;) < nM>A?,
i€
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Proof of Proposition[2.8 By same arguments as in the proof of Theorem one has
| fi(wiy 2—i) — fizs, X—j)| < H[|6:;(X)]|7,
j

where (SZ(X) = %Al (Xz — .iz) + % ZjGN Aj (ii‘] — XJ) By Lemma [5.7]

1+ +/n
E[5:(X)| < nfMA .
Besides, since X; takes values in Z(i, ),

[i(Xi, X—i) = fil X, X)) — filXa, ) + fi( X, T)
< fil X, X)) — fi X, ) + filws, ) + e+
= [i(Xs, X)) — fi(Xa, 2=5) + filws, Tg) — filws, X)) + filws, X)) + e+,

so that

[i( X, X)) = filws, X)) < | fi( X, Xg) — filXa, @=i)| + [ filws, i) — filws, X)) + e+
<2H(6;(X))" +e+n.

Therefore,
E[f;(Xi, X_i) — fi(wi, X_)] < 2HE[|6;(X)|"] + e +n < 2H <<f"+n1>MA>” ety

O
Lemma 5.8. Under Assumptian@ , for the auxiliary game T,
(1) Assumption |1] are verified with H = LyA and v =1;

(2) an e-PNE of T is an (e + Lhi\fA + 2L“"7AL4A2)—PNE of I.

Proof of Lemmal[5.8 (1) First show that, for any fixed z; € X;, function 6;(x;,y) := (g(y +
%(m? — i), 1:1> + ¢i(z;) is LyA-Lipschitz in y on . For this, fix 2; € &;. For any y and ¢/
in Q,

o) =0 = (oo + 51e0 = 0) =+ 5160 - 0) )
<lo(y + L@ = 20) = gy + La? — ) [
_ ;(gt (v + 2500~ ) — g0 (e + 20 (a0, — i) ) 27
< 2AS (y—
= LﬁAQIt;’l— yll*,
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where the first inequality results from the Cauchy-Schwarz inequality, while the second one
is because g; is Lg,-Lipschitz.
. F LgMA?
(2) It is easy to see :chat | filzi, o) — hi(% DojeN @) — j}(l‘l,ﬂf—zﬂ < == for all
z; € X; and all z_; € X_;. Hence, if £ € X is an -PNE of I', then, for each ¢, for any
xT; € Xi,

— AQ
Fi@ 7 <Fi@n )+ (S as;) + %
JEN

<fi(w;, 2 )—i—e—i—h( a;T; + — Zaj J)
J?él
LyMA  2L,MA?

<fi(zi,T—;) +e+ + )
n n

LhMA LyMA?
n

where the second inequality is due to the definition of e-PNE and the Lipschitz continuity

Lemma 5.9. Under AssumpNtion @ let (2*)ren be the sequence generated by Algorithm
with some initial point z° € X. Then,

(1) 332 2t -2

(2) for any K € N*, there exists some k* < K, such that ||z¥ ~! — 2*7|| < %
g9

= (dALy + 2B,)M;

Proof of Lemma[5.9. Consider the following two real-valued functions defined on X':

d .
_ th(% S aswii), Gla) = Gola) + Y Liylay) | (5.14)
t=1

JEN JEN

where G is a primitive function of g¢, which exists thanks to Assumption
Note that function Gy is convex and differentiable on a neighborhood of X, and convex
function 7; is uniformly bounded on X; for all j € N with the same bound By, according to

Assumption [2] )
Besides, it is easy to see that, for any i and fixed x_; € X_;, V;Go(x;, x_;) 1= %ﬁ") =

Yg(lam; +1 ZHAZ a;jxj) is ——Llpschltz continuous on X;.
T herefore Assumptions 1 and 2 in [49] are verified. One can thus apply Lemma 2.2 in
[49] and obtains

2
<[
3 L9 gk — W2 < Glab) - Gkt

y 2n2
iEN
so that )
2n
o — 21 < P (Gat) - Gt)
g
In consequence,
> 22 (Ga) — Gin) (5.15)
|2F — 2112 < ——(G(2°) — Gin) , 5.15
> 2 (G G
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where G, defined as inf{me/{,} G(x), exists and is finite, because G is l.s.c. on compact

set X. Suppose that G, is attained at x € X , then
G(2°) = Gin = G(2%) — G(az)

_ Z/ NN s + > ) - 7)) (5.16)

JEN
<dMAB, +2MB ,

where the last inequality is due to mean value theorem and Assumption Combining (5.15))
and (5.16) yields > 32, [|* — 2*+1||2 < mQQLLQQC . This immediately implies

K
D) 2
Z ka—l _ ka2 < QLC

m#L,

The second result of the lemma is then straightforward. O

Proof of Proposition|3.1l First, notice that vector function ( : /'? — Rz — ((x )
g(% D jeN a;z;) is %—Lipschitz continuous, i.e. [|((z)—{(y)|| <
X. Indeed, |¢(z) — ((y )H2 = Zt 1’9t( ZjeNajxj,t) gt(aneNaij,t)| <

2 2

Zt 1 ‘Lgt | zjeN aj(*'”]'t Yjt H < Zt 1 (n2 Z? 1 12 jeN(xj,t —@/j,t)z) < Lg:lw |z — y||2,

where the first inequality is because g; is Lg,-Lipschitz, while the second results from the
Cauchy-Schwarz inequality.

Next, suppose that sequence (a:k )ken is generated by Algorithm With some initial point

20 € X. Let us show that, if |[z¥~ — 2¥|| < ug, then, 2% satisfies the full 5(uy)A-stability

condition and, furthermore, it is an 7(u ) A-PNE of game T, where 7(uy,) = Lg\Aﬁ“’“ + 2Lg MA

Since ka 2*L| < wy, one has ||(2f,... 2F | 2k, Z+1,...,xf§) (zh,... ok l,xk 1,

f Hl, ..., zF"1)|| < uy. This, the Lipschitz continuity of ¢ on X and the Lipschitz continuity

of g in x; 1mply that

“g(iZ@x?%—i@ﬂ?)—g( Zaﬂ; + aZ k 14 = ;aj zh 1)”
STES SRS eSS
+H( Zaj ) ( Zaﬂ:+ alkl—l— Zajklﬂ‘

7>t

(5.17)

g LgMA . LgMuk |
- on LD

The first order condition of optimality of the optimization problem (3.3) is: there exists
some p; in the subdifferential of 7;(x; ) at mk denoted by 07;(x ) such that for all x; € X},

< ( Za]x + - Za] k— 1) aiLy ( f,x§*1)+pi,$i—xf>20. (5.18)

]>Z
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1 1 1 1 1 _
(o0t Lowt) oot ot 41 )

a; L _
— (et — @ - o)
> _(LL(]MU;C n LyMA n a; LyA
vn n n

LyMu 2L,MA
> —(F o TS Yl = bl = =)~ 2]

Yis = 2k

where the first inequality is due to (5.18)), while the second one by ([5.17) and the Cauchy-
Schwarz inequality. Then, according to Lemma z¥ satisfies the full 7(uy)A-stability

condition for game I, where n(u;) = Lg\]}/[ﬁuk + 2LoM2

n

Furthermore, since 7; is convex on Aj,

_ _ 1 1 . -
filwi aky) = fi(a®) = <9<5 >+ gaz‘xﬂaxi - $f> + Fi(wi) — 7))
JFi
1 1
> <g(ﬁ Zajxf + Eam?‘),xi — a:f> + (pi, x; — xf>
J#i
LoMu, 2L ,MA
> (2 + = |l — 2|

vn
Thus, z* is an an n(u;,) A-PNE of game T.
For any K € N*, there exists some k* < K such that ||z* ~! —2¥7|| < mﬁ according

VI K

to Lemma [5.9(2). The conclusion is immediate by taking w(K,n) = n(m 2?”}(). O
g

Proof of Theorem [3.3. Proposition shows that 2*" is an approximate PNE of game r
(convexification of the nonconvex auxiliary game I'). Then, Theorem is applied to
show that (the “Shapley-Folkman disaggregation” of z*") z* is an approximate PNE of
the nonconvex auxiliary I'. The use of Theorem is justified by Lemma (1) Finally,
Lemma 2) is evoked to show that z* is an approximate PNE of the original nonconvex
game I O
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