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Abstract

This paper shows the existence of (’)(n%)—Nash equilibria in n-player noncooperative
aggregative games where the players’ cost functions depend only on their own action
and the average of all the players’ actions, and is lower semicontinuous in the former
while v-Hélder continuous in the latter. Neither the action sets nor the cost functions
need to be convex. For an important class of aggregative games which includes con-
gestion games with v being 1, a proximal best-reply algorithm is used to construct an
O(+)-Nash equilibria with at most O(n?) iterations. These results are applied in a nu-
merical example of demand-side management of the electricity system. The asymptotic
performance of the algorithm is illustrated when n tends to infinity.

Keywords. Shapley-Folkman lemma, aggregative games, nonconvex game, large finite
game, e-Nash equilibrium, proximal best-reply algorithm, congestion game

MSC Class Primary: 91A06; secondary: 90C26

1 Introduction

In this paper, players minimize their costs so that the definition of equilibria and equilibrium
conditions are in the opposite sense of the usual usage where players maximize their payoffs.
Players have actions in Fuclidean spaces. If it is not precised, then “Nash equilibrium”
means a pure-strateqy Nash equilibrium.

This paper studies the approximation of pure-strategy Nash equilibria (PNE for short)
in a specific class of finite-player noncooperative games, referred to as large nonconvex
aggregative games. Recall that the cost functions of players in an aggregative game depend
on their own action (i.e. pure-strategy) and the aggregate, i.e. weighted sum, of all the
players’ actions. In a large nonconvex aggregative game, players may have nonconvex action
sets and nonconvex cost functions, and the number of players are relatively large so that
the impact of each particular player on the aggregate behavior is relatively small, in a sense
to be specified later.
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Background and motivation. The existence of pure-strategy Nash equilibrium has been
proved only for some specific classes of finite-player noncooperative games.

When players have a finite number of actions, Mondrer and Shapley [29] shows that
potential games where a so-called potential function exists admit PNEs and, as a matter
of fact, every finite potential game is isomorphic to a finite congestion game introduced
by Rosenthal [37], where players have equal weights and non-player-specific resource cost
functions. Recall that in a congestion game, resources are shared among players, with each
resource having a cost function of the aggregate load onto it. However, when players have
player-specific weights and /or cost functions for each resource, a potential function no longer
necessarily exists so that the existence of PNEs is not guaranteed, except in some particular
cases (cf. Milchtaich [28]). In integer-splittable congestion games where the unequally
integer-weighted players can split their weight into unit-weight blocks, the existence of PNE
is shown for the case where a pure-strategy consists in a single resource and the non-player-
specific resource cost functions are convex and monotone by Tran-Thanh et al. [41], and
for the case where the non-player-specific resource cost functions are linear by Meyers [9].
For games with discrete (but not necessarily finitely many) strategies other than congestion
games, Sagratella [38] proposes a branching method to compute the whole solution set of
Nash equilibria. He proves the existence of PNEs for a particular class of such games and
proposes a Jacobi-type algorithm which leads to one of the equilibria.

When players have a continuum of strategies, Rosen [36] shows that a Nash equilibrium
exists if each player has a convex and compact action set in an Fuclidean space and her
cost function is continuous in the action profile and convex in her own action. In an atomic
splittable congestion game where unequally weighted players can split their weight into
arbitrary blocks, if the resource cost functions are continuous, then the conditions for Rosen’s
results to be valid are satisfied (cf. Orda, Rom and Shimkin [33]). However, when the
players’ action sets or their cost functions are nonconvex, there is no general result for the
existence of Nash equilibrium.

This paper focuses on a particular class of finite-player noncooperative games which are
aggregative games (Selten [39], Corchén [10], Jensen [22]), which includes congestion games.
These games find practical applications in various fields in political science, economics,
social biology, and engineering such as voting [31) [34], market competition [30], public
good provision [2} 16], rent seeking [12], population dynamics [I8], traffic analysis [11, 27],
communications network control [20, [33] and electrical system management [19, 2I]. In an
aggregative game, for each particular player, the aggregate behavior of the other players
matters instead of their respective identities. Another particularity of these applications is
that the number of players are often very large so that the influence of a specific player’s
behavior on the others are not significant. However, in these real-life situations, the players’
action sets and their cost functions are often nonconvex. Here is an example of flexible
electric vehicle charging control whose convex version is studied by Jacquot et al. [20].

One day is divided into peak hours (e.g. 6 am—10 pm) and off-peak hours. The electricity
production cost function for total flexible load ¢F and ¢“F at peak and off-peak hours
are respectively CT(¢F) = o t¥ + By(¢F)? and COP(UOF) = afPLOF + By(L9F)2, where
al > aff > and By > 0. Player i’s action is denoted by ¢; = (¢7,¢9F), where £ (resp.

Kiop ) is the peak (resp. off-peak) consumption of player . Player i’s electricity bill is then



defined by

bi (L, 0_;) = @g? + @g@’
t\*1y v —1) - EP 1 gOP 1 )
where (£ =" ¢F 1OF =3 (9P Player i’s cost is then defined by
i (L3, 0—i) = bi(i, 0_;) + il i — €7 | (1.1)

where ; indicates her sensitivity to the deviation from her preference ¢"¢f. In [20], the
action set of player ¢ is the convex compact set S; = {¢; = (Kf,ﬁiop) |¢F + ﬁiOP = e, ¢F <

ZZP < E,ﬁ < KZOP < @ﬁ}, where e; stands for the energy required by player i to charge

a electric vehicle battery and ¢/ and ¢ (resp. (9P and (9F) are minimum and maximum
power consumption for player i during peak (resp. off-peak) hours. However, for various
reasons such as finite choices for charging power, or battery protection which demands
that the charging must be interrupted as less as possible, etc., the players’ action sets can
be nonconvex. For example, in this paper a particular case where the nonconvex action
set SNC = {t; = (67 49P) [ 4P +49P = ¢;,¢F € {¢F ¢F}} is to be adopted for numerical
simulation. o

When the players’ action sets or their cost functions are nonconvex, the existence of PNE
is not guaranteed. Although mixed-strategy Nash equilibria always exist in the case of a
finite number of strategies [32], pure strategies are often more relevant than mixed strategies
(where players play pure strategies according to a certain probability distribution on their
action set) for engineering applications. Besides, action sets are often not discrete. This
is why the objective of the present paper is to find approximate PNEs that are reasonable
substitutes, at least for practical purpose, for nonconvex aggregative games. More precisely,
this paper aims to prove the existence and provide approximation schemes for €(n)-Nash
equilibria with €(n) vanishing to zero, when the number of players, n, is sufficiently large.

Methodology and related work. The main idea is to use the Shapley-Folkman lemma
in order to take advantage of the large number of players to circumvent the difficulty related
to nonconvexities. Shapley and Folkman first derived their eponymous lemma in private
communications before it was officially evoked and applied by Starr [40]. It states that,
for n subsets S1,...,S, of R?, if x € conv) ;| S; = > ', convS;, then there are points
x; € convS; such that z = Z;;l x; and x; € S; except for at most ¢ values of 7, where
conv signifies the convex hull, and the sum over sets are to be understood as a Minkowski
sum. Such a profile (z;); shall be called a “Shapley-Folkman disaggregation” of x in this
paper. Roughly speaking, it means that the Minkowski sum of a finite number of sets in
Euclidean spaces is close to convex when the number of sets is very large compared with
their dimensions. It has been applied in nonconvex optimization for its convexification
effect. Aubin and Ekeland [1] used the lemma to derive an upper bound on the duality gap
in an additive, separable nonconvex optimization problem. Since, quite a few papers have
extended or sharpened this result (cf. Ekeland and Temam [I3], Bertsekas and coauthors
[4, 7], Pappalardo [35], Wang [45], Kerdreux et al. [24], Bi and Tang [8]). These theoretical
results have found applications in engineering, such as the large-scale unit commitment
problem [3], 25] and optimization of Plug-in Electric Vehicles charging [44] in the electricity
system, optimization of multicarrier communication systems [48], supply-chain management
[43], and spatial graphical model estimation [15].



In the theories of economics and games, Starr [40] first applied the Shapley-Folkman
lemma in the study of finite exchange economy where agents have nonconvex preference to
show the existence of approximate equilibria. Later, Hildenbrand, Schmeidler and Zamir
[46] further extends the existence results to the case where the agents’ preferences are not
complete either. However, as far as we know, there has not yet been applications of the
Shapley-Folkman lemma in the theory of finite-player noncooperative games to approximate
PNEs in the nonconvex case. The present paper aims to make a first attempt in this
direction, and it takes important inspiration from [40].

Here is a brief sketch of the usage of the Shapley-Folkman lemma in this paper. Consider
an n-player aggregative game where player i’s cost function can be written as 0;(x;, % 2?21 zj).
If ¢; is smooth in its second variable (i.e. the average term), the impact of 1z; in the av-
erage term is very small on player i’s own cost when n is large. Therefore, approximately,
a Nash equilibrium z* = (J:;-‘)j, if it exists, can be seen as an action profile such that for
each player 4, z] is a best reply to the average term £* := %2?21 l’;k or, more explicitly, =}
minimizes 6;(-,£*) over her action set and, furthermore, the average of the best replies of
all the players, %Z?Zl z7;, happen to be £*. In the nonconvex case where the existence of
PNEs are not guaranteed, it is natural to consider the convexification of the players’ action
sets by their convex hulls and the convexification of their cost functions 6; (with respect
to x;) by their Fenchel biconjugates, so as to obtain a PNE in the convexified game z*.
However, the recovery of an approximate PNE of the original nonconvex game from z* is
not immediate. The idea is to keep the average term £* while looking for x; in the original
nonconvex action set for each i such that, on the one hand, x} is a best reply to é* in terms

of the original nonconvex cost function 6(-,£*) whereas, on the other hand, their average
(almost) coincides with §~ *: % Yol 5 *. The Shapley-Folkman lemma is effectively used
to achieve this end.

However, the paper does not end there. For the theoretical results to be able to be
applied in real-life engineering or economic issues, the computation of (approximate) PNEs
is another major topic of the paper. Even though it is mentioned that one can recover an
approximate PNE of the nonconvex game from a PNE of the convexified game, there are two
difficulties now. Firstly, although the existence of Nash equilibria in general convex games
is guaranteed, their computation is far from immediate. Convergent algorithms are known
only for some special cases, such as for potential games or (strongly) monotone games. A
common approach is to solve the variational inequality characterizing the Nash equilibria
in such games (cf. Facchinei and Pang [14] and the references therein). However, the
convexified game as described above can be rarely strongly monotone. This paper provides
an algorithm, referred to as proximal best-reply algorithm, for a particular yet important class
of aggregative games, which includes atomic splittable congestion games. The algorithm
converges in polynomial time. Secondly, an exact PNE z* of the convexified game cannot
always be attained (in reasonable time). If only an approximate PNE Z* can be obtained,
the question arising immediately is that whether the recovery of an approximate PNE z*
is still possible from this approximation. Our answer is yes if this approximate Z* is close
enough to an exact PNE and it satisfies an additional condition called disaggregatability.
Indeed, the proximal best-reply algorithm adopted for that important class of aggregative
games is shown to find such an approximation in polynomial time.



Main contribution. The main contribution of the present paper is twofold.

Theoretically, Theorem [2.9| gives the existence of (’)(n%)—Nash equilibrium for n-player
nonconvex aggregative games where the players’ cost functions depend only on their own
action and the average of all the players’ actions, and is lower semicontinuous in the former
while y-Ho6lder continuous in the latter. Neither the action sets nor the cost functions need
to be convex.

Algorithmically, for an important class of n-player nonconvex aggregative games in-
cluding congestion games with v being 1 and where actions sets are compact subsets of
Euclidean spaces, Theorem ensures the performances of a proximal best reply algorithm
which computes an O(2)-Nash equilibrium with at most O(n?) iterations. In the case where
a “Shapley-Folkman disaggregation” is difficult to carry out, an extremely fast, easy and
decentralized method is introduced to obtain an O(ﬁ)—mixed—strategy Nash equilibrium

after the same number of iterations, as shown by Corollary

Structure of the paper. The paper is organized as follows. Section [2]introduces n-player
nonconvex aggregative games and their convexified game, then shows the existence of an
(’)(n%)—NaSh equilibrium in such nonconvex games when the players’ cost functions is lower
semicontinuous in their own action while v-Holder continuous in the average of all the play-
ers’ actions. Section |3 presents a proximal best-response algorithm to obtain an O(%)—Nash
equilibrium in a subclass of nonconvex aggregative games which includes congestion games
with at most O(n?) iterations as well as a decentralized randomized disaggregation method
to obtain an O(ﬁ)—mixed—strategy Nash equilibrium in case that a centralized “Shapley-
Folkman disaggregation” method is not at hand. In Section [4, a numerical simulation with
the proximal best response algorithm is done for the previously introduced flexible electric
vehicle charging problem. Section [5| concludes with some perspectives. The proofs of some
lemmata are in the appendices.

Notations. In a Euclidean space, || - || denotes the [>-norm. For a point z € R? and a
subset X of RY, d(z,X) = infyex{||x — y||} is the distance from the point to the subset.
For two subsets X and ) of R?, their Minkowski sum is the set {x +y|z € X,y € V}. For
z € R and r € R, B(z,r) = {y € R?| ||y — z|| < r}, the r-radial ball centered on z.

For a matrix A € R4 x RY, || - ||2 is the 2 -norm of matrices: ||A|l2 = y/Amax(ATA) where
AT is the transpose of A, Anaz(ATA) stands for the largest eigenvalue of the matrix A7 A.

2 Existence of ¢-Nash equilibrium in large nonconvex ag-
gregative games

2.1 A nonconvex aggregative game and its convexification

Consider an n-player noncooperative game I'. The players are indexed over N = {1,2,--- ,n}.
Each player i € N has an action set X; C R?, which is closed and bounded but not necessar-
ily convex. Let X; := conv(X;) be the convex hull of X; (which is also closed and bounded)
and denote X' = [[;cn A, X = [Lien X, X = [Tien_, X; where N_; := N\ {i}. Let
constant A > 0 be such that, for all i € N, the compact set X; has diameter |X;| :=
maXy, y.cx; ||Ti — ¥l that is not greater than A.



As usual, let x_; denote the profile of actions of all the players except that of player i.
Each player ¢ has a real-valued cost function f; defined on X; x X_; which has the following
specific form:

1 ~
filxi,z_;) == 6; (:ci, - Z ijj> , foranyz; € X;, x_; € X_; (2.1)
JEN

where A;’s are ¢ x d matrices for all j € N, and 6; is a real-valued function defined on
X; x Q, with Q C R? a neighborhood of {1 > jen Ajyily; € X;,Vj € N}. Let constant
M > 0 be such that ||A;||2 < M for each ¢ € N, where || - ||2 is the 2-norm of matrices.

Remark that I' is a generalization of aggregative games, which correspond to the specific
case where, for each j € NV, A; reduces to the identity matrix.

Definition 2.1. For a constant € > 0, an e-Nash equilibrium z¢ € X in game ' is a profile
of actions of the n players such that, for each player i € N,

fi(af,2%;) < fi(zi,2%;) + €, for any x; € &; .
If € =0, then z€ is a Nash equilibrium.

For nonconvex games (where either action sets or cost functions are not convex), the
existence of Nash equilibria is not clear. In this paper, we show the existence of e-Nash
equilibria with the help of the convexified game associated with I' defined as follows.

Definition 2.2. [5] The convexified game I associated with I' is a noncooperative game
played by n players. Each player ¢ € N has an action set &; and a real-valued cost function
fi defined on X as follows: for all x € X,

d+1 d+1
fi(ws, x_;) = inf { Z of fi(ak ) |ay = Zakwf ,a € Sgand Vk, af € Xi} . (2:2)
k=1 k=1

where Sy := {a = (aF)9t! € R¥|VEk oFf > 0, ZZE of = 1} denotes the probability
simplex in dimension d.

Nash equilibria and e-Nash equilibria are similarly defined for the convexified game T

The remaining of this subsection is dedicated to some preliminary analysis of the con-
vexified game.
First let us introduce two assumptions that will hold in this section.

Assumption 1. For any playeri € N, for any x_; € X_;, fi(,z—;) is lower semicontinuous
(L.s.c.) with respect to its first variable on X;.

Assumption 2. For all i € N, for all x; € X;, function y — 6;(x;,y) is (H,~)-Hélder on
y €€, e
10i(2i,y") — Oi(ay)| < Hly =yl (2.3)

with constants H > 0,v > 0.

Lemma 2.3. For each z_; € X_;,



(1) fl(l‘h ) < fl(mly ) fOT’ all x; € &,
(2) the infimum in (2.2) can be attained, i.e. it is in fact a minimum for all z; € X;;

(3) function fi(-,z_;) is Ls.c. and convex on X;, and conv(epif;(-,z_;)) = epi fi(-,z_;) =
conv (epi fi(-,x—4));

(4) both fi(-,x_;) and fi(-,x_;) attain their minimum respectively on X; and X;, and

min fi(:fi,x,z) = min f;(x;,z_;) . (2.4)
T,€X; T, €EX;

In particular, if ; € arg min, . fi(yis @—s), then Wi(&) C arg ming, ey, fi(yi, T—;) where
Wi(z) is defined in Definition .

Definition 2.4. Let W;(z;, 2—;) := Uyep, W (2i,2—;) denote the collection of all groups of
d+1 (not necessarily d1st1nct) elements of X; that attain the minimum in the definition of
filwi, x_;) (cf. . indexed by indices A € A; C N. Such a group, W (z;,7_;), is called a
generator of (x;, fz(acl, ;). In other words, for any A € A;, Wi(z) = {xil’)‘, . d+1 ’\} C

)

X; and there is a* € S; such that >k akA f)‘ =x;and ), kA f(x f”\,x_i) = fz(xl, T_j).

Remark 2.1. If f;(-,z_;) is not Ls.c, the inclusion relationship in Lemma [2.3(2) can be
strict, as shown respectively by the following two examples in dimension 1.

o X ={0}U{£l} e+, f(z) = || for 2z € X\ {0}, and f(0) = 1. Then, f(z) = ||, for
all z € X = [—1,1], and conv (epi f) C epi f.

X =10,1], f(z) =0 for z # 0, and £(0) = 1. Then, f(x) = f(z) for all z € [0,1], and
epi f C conv (epi f).

Notation. Since z; =3 fz(aﬁz,x_z) is convex and ls.c on /'g'i, its subdifferential exists and
let it be denoted by 0; fi(+,z—;). Then, for each x; € X}, 0;f;(x;, x_;) is a nonempty convex
subset of R,

Proposition 2.5. The convexified game T has a Nash equilibrium.
Proof. Tt results from Theorem in Appendix B. O

Remark 2.2. Theorem extends Rosen’s theorem on the existence of Nash equilibria
in games with convex continuous cost functions [36] to the case where the cost functions
are only l.s.c. instead of being continuous with respect to the players’ own actions. The
following example shows that even the continuity of f; on X; cannot guarantee the continuity
of fl on X; so that Rosen’s theorem is not sufficient here

Con51der d=3, X =TUBUS where T = {(2!,22,2%) ¢ R3}|(2!)? + (2?)2 = 1,2 = 1},

B = {(z!,2? x)€R3]( D2+ (22)? = 1,23 :—1},S—{(az,x,x)eR3|x = 1,22 =
0,-1< :L'3 < 1}; f; is independent of x_;, and f;(x) = 0 for = € TU B, fi(z) = |23 — 1
for € S. Then, for all z € {(z!,22,2%) € R3|(z")? + (22)? = 1,2° = 0} C X, fi(x) =0
except for z* = (1,0,0), but f;(z*) = fi(z*) = —



2.2 n-disaggregability

As explained in the Introduction, once a Nash equilibrium # of the convexified game T is
found, the next step is to find a feasible action profile * of the original nonconvex game I’
such that 13, Az} ~ 13 A;%; and z is (almost) a best response to L Y. 4;;, in the
sense that x} (almost) minimizes 6;(-, 2 >, 4;%;) on X;. Indeed, as is shown below, such a
feasible action profile 2* exists, with =} in W;(Z) for each 4, thanks to the Shapley-Folkman
lemma.

However, from an algorithmic point of view, a Nash equilibrium is not always easy or
fast to compute for the convexified T' even if its existence is guaranteed. The question that
naturally arises then is whether the idea above is still valid if Z is only an approximate Nash
equilibrium of I'. More explicitly, is there still a feasible action profile z* of T’ such that
LS At ~ LS A;%; and 2} is (almost) a best response to + Y. A;#;, while z}’s are in
W;i(Z)? The answer is YES, if the approximate Nash equilibrium Z of the convexified game
I satisfies more demanding conditions.

Definition 2.6. In game f‘ a point x € X is said to satisfy the n- disaggregatable condition
with (\;); € (Ay); if, for each player i, fi(xi, &) < fi(i, &) +n for all z; € W (%4, 7).

Note that a Nash equilibrium of T' satisfies the 0-disaggregatable condition with any

Lemma 2.7. For any profile & € X, for any player i, for all z; € Wi(Zi, 2—4),
(1) filwi, @) = filws, 3);
(2) for any h € 8 f;(Z;, ¥_;),

fi(mivij—i) = .fi(xiv'%—l) .]E(xlﬂ Z) <h Z; — Z) . (2'5)

The following lemma provides a sufficient condition for the n-disaggregatability of Z.

Lemma 2.8. For any action profile & € X, for any player i, if there is \; € A; and
h € 0fi(%;,Z—;), such that,

<h,a:i — @> > —n||x; — &, Vi€ coani)‘i (T4, ) . (2.6)

then,
| fi(zi, & i) — fl(xu Dl <nllws =z, for all z; € W W&y, ) .

In particular, T satisfies the nA-disaggregatable condition with (X;);.
2.3 Approximate Nash equilibrium in the large nonconvex aggregative
game [’

This subsection is dedicated to the construction of an O (n%)—Nash equilibrium of the original
nonconvex game ['.



Theorem 2.9. Suppose that & € X is an e-Nash equilibrium in T which satisfies the n-
disaggregatable condition with (X\;);. Let * € X be such that

¥ argrnin H ZA Ti — ZA T

x, €W Z(a:) iIEN {eN

2.7)

Then, x* is a €-Nash equilibrium of the nonconvexr game I', where € = e+n+2H(%)7.

In particular, this shows the existence of 2H(%)7-Nash equilibrium of I', by taking

% to be a Nash equilibrium of T, which exists according to Proposition .

Proof. For each i € N, define a set E;(z) := AiWi)“' (Z) in RY. Since Z; € conv (Wi’\i (7)),
one has ) . n AiZ; € Y ;cyconv(E(T)) = COHV(ZZEN Ez(;%)> by the linearity of A;’s.
According to the Shapley-Folkman lemma, there exists e; € conv(E;(Z)) for each i € N,
and a subset I C N with |I| < g, such that: (i) ZleNAaNci = > ien @ and (ii) e; € Ey(T)
for all i ¢ I. Thus, for all ¢ ¢ I, there exists z; € W '(Z), such that e; = A;z;. For alli € I,
take arbitrarily z; € W (Z). Then,

HZAZ@_ZA#U: T —ZAi:Z“i = HZ&—ZA@Z- :HZAZ-(JUZ
ieN ieN Pyt = = o

< gMA . (2.8)

Now, for all 7, x] € Wi)‘i (Z), so that it satisfies
f’b(m;kai;—z) Sfl('%ﬂ ) ('rh )+€+n<fl(xla )+6+777 for all Zi GXia (29)

according to Lemma Lemma 2.8/(3) and Lemma 2.3 (1)
Recall that f;(z) = 1(1‘2, = Z]E]V A x;). Hence, for any z; € X;

- 1 1 -
fi(xh x—z) =0; <$za HAZ zi + E Z A] fE])

JEN_;
:6i<xi7 EAZJ}Z-FE Z Aj:E;f-l-l l‘ —l’Z ZA )
" anN,,' " jEN
—9,‘(1'1‘ lAixH—l Z A-x*+6i>—0i<xi lAi.I'i—i—l Z Ax*)—Ffz(ﬂUz x*)
"n e 7 "n n A 7 T

where &; := LA; (2f — %;) + L Z]eN i (& — ).
By (2.8), [|0:]| < M. Using now Assumption [2| yields that, for any z; € X,

v
(e flaw -] < 1 (EDNE)
Injecting this result in (2.9) yields
(g +1)MAY"

filz,z%;) < fi(zi,xt )+e+17+2H< ) , Va, € X;, VieN. (2.10)

n

O



2.4 A decentralized randomized “Shapley-Folkman disaggregation”

In the proof of T heorem the Shapley-Folkman lemma is used to show the existence (e;);,
which can be called a “Shapley-Folkman disaggregation” of & or, more precisely, >, A;Z;.
Nevertheless, the Shapley-Folkman lemma is not constructive and there has been few prac-
tical algorithms proposed in the literature to find such a “Shapley-Folkman disaggregation”
(see Udell and Boyd [42] for a particular setting of optimization) and the disaggregation
is done in a centralized way for the n sets E;(z) = A7;Wi)‘i (Z). This is the reason why
optimization problem is introduced as a constructive solution. Note that z and x*
are not “Shapley-Folkman disaggregations” strictly speaking, but feasible action profiles for
the original nonconvex game while ). A;z and ), A;z} are close enough to ), A;z. For
simplification, they are also called “Shapley-Folkman disaggregation” of Z.

Although this paper does not aim to propose a generic algorithm for the resolution of
discrete optimization program , let us introduce a fast, easy and decentralized method
which finds a feasible mixed-strategy profile that is an é-mixed strategy Nash equilibrium
of the original nonconvex game, and such that the error € is decreasing in n though less fast
than z* in Theorem 2.9

Lemma 2.10. Suppose that & € X is an e-Nash equilibrium in T satisfying the n-disaggregatable
condition with (\)i, where W(2) = {a},a?,... 2k} with 1 < I; < d+1 and & =

1
Z?:l aéx%, where o € S;,_1. FEach player i plays a mized strategy independently, i.e. a
random action X; following distribution fi; over X; defined by P(X; = xﬁ) = aé. In other
words,

=Y ald, (2.11)

where 0,1 stands for the Dirac distribution on :cé Then,

EH S A -3 AKX
iEN iEN

Proof. By the independence of X;, A;X; are independent of each other. From the definition
of fi;, E(A;X;) = A;Z;. Therefore,

2
(EH S A - > AKX, ) <E H S A - > AKX,
iEN iEN iEN iEN

where the first inequality is by Jensen’s inequality. O

<vVnMA.

2
] = Var(A;iX;) <nM*A?,
iEN

Proposition 2.11. Suppose that & € X is an e-Nash equilibrium in T satisfying the n-
disaggregatable condition with (\;);, and each player i plays a mized strategy [i; as introduced

in Lemma |2.10. Then, for v < 1, i = (fu;); is a é-mized-strategy Nash equilibrium of the

((\/ﬁ+$)MA)

nonconvexr game I', where é = e+ n+2H 7, in the sense that

E[fi(X;, X)) <E[fi(z;, X_5)] +€, Vo €,

where X; follows [i; independently.

10



Proof. By same arguments as in the proof of Theorem one has
|fi(wi, ) — filzi, X—5)| < H[[0:(X)[]",
where 6;(X) = 1 A; (Xi — &) + 2 > jen 4j (77 — X;). By Lemma [2.10

E[|6: (X <

1+\/HMA_
n

Besides, since X; takes values in VV;‘i (Z),
[i( X, X)) = fi(Xa, X ) — fi(Xe, ) + fi(Xi, )
< fil X, Xg) — fil X, )+fi(l’i,i’—i)+6+77
:fi(Xi7X—i)_fl(X )+fz( L, Z)_fi(xlaX—Z)+fl(xl7 —z)+6+777

Hz

so that

[i( X, X i) — filwi, X)) < fil Xa, X)) — [i( X, Tg)| + [ filwi, T) — fi(ws, X)) +e+1
<2H(6(X))" +e+n.

Therefore,

(Vn+1)MA\”

E[fi(Xi, X i) — fi(wi, X )] <2HE[6:(X)|]"] + e +n < 2H ( > +e+n.

n

O]

3 Computing c-equilibria for large nonconvex congestion games

3.1 Nonconvex generalized congestion game

An extensively studied class of aggregative games are congestion games.
Consider a generalized congestion game where each player i € N has a action set X; C R?

and a cost function of the following form:

Filas, ;) <( > as;). ->+hi(izajxj)+n(xi)

JEN JEN

d . . (3.1)
= th (ﬁ Z ajfb‘j,t) Tip + hi (5 Z aj:Ej) +ri(z;)
t=1 jEN JEN
Suppose that the following assumptions hold on Aj, (a;)jen € R™, gi’s, hi’s and r;’s.
Assumption 3.
o There exist constants m > 0 and M > 0, such that m < a; < M for alli € N.
e Fort =1,...,d, function g : R — R is Lg,-Lipschitz continuous and nondecreas-
ing on a nezghborhood of [D1, Ds], where constants D1 and Do are such that Dy <

1 e
IIllIl 1,...diweX n 2ujeN EjTjt < max,_ 1,...diweX n 2ujeN EjTjt < Ds.

11



e For eachi € N, function h; : R* — R is Ly, -Lipschitz continuous on [Dy, Dy,

e Players’ local cost functions r; : R4 — R are uniformly bounded, i.e. there exists
constant By > 0 such that, for alli € N and all z; € X;, |ri(x;)| < By.

Notation. Let constant A = max{max;en max, .5 ||2i, max;en |Xi|}. Let L, = maxj<i<g Ly,
Ly, = maxjen Ln,, By = maxi<i<a,p,<s<D, |9¢()]-

The convexification of I' is rather complicated to compute in the general case. Let us
first introduce an auxiliary game which is very close to I' but whose convexification is easier
to obtain.

Fix arbitrarily xf € X; for each player i € N. Auxiliary game I is defined as follows:
the player set and each player’s action set are the same as in I', but player i’s cost function
is, for all z; € X; and all x_; € X_;,

filzi o) = <g<% ;ajxj + %amj),x» +7i(z;) .
The following lemma shows why I' can be approximated by T
Lemma 3.1. For auziliary game T,
(1) Assumptions and@ are verified with H = LyA and v = 1;

Ly MA
h _|_

2Ly MA?
n )

(2) an e-Nash equilibrium of T is an (e + -Nash equilibrium of T

For any fixed z_; € X_;, fi(-,x_;) is composed by a linear function of z; and a local
function of x;. By abuse of notation, let us still use f; to denote its convexification on X;.
More explicitly,

filzs, x_4) <g<— Za]x] + az ),1‘2> + 7i(zi) (3.2)
J#i

where 7; is the convexification of r; defined on X; in the same way as f;.
By abuse of notation, let T’ denote the convexification of T on X.
3.2 A proximal best-reply algorithm

This subsection presents a proximal best-reply algorithm based on the block coordination
proximal algorithm introduced by Xu and Yin [47] to construct an O(%)—Nash equilibrium

of T that satisfies the C’)(%)—disaggregatable condition.

12



Algorithm 1: Proximal best-reply algorithm for r

Initialization: choose initial point 20 = (z9,29,...,29) € X
for k=1,2,--- do

fori=1,2,...,n do
1 =1\ o k—1\ Gilgy g2 s
= argrn1n<g( Za]x +— Za] ),:rZ x; >+ o sz x; H +7i(z;)
T E€X; Jj<i ]>7,
(3.3)
end
if stopping criterion is satisfied then
| return (28 2%, ... 2%). Break.
end
end

Lemma 3.2. Let (z¥)en be the sequence generated by Algorithm with some initial point
20 € X. Then,

(1) 33 ¥t -2

* ; * k*—1 _ k" Vv2Cn
(2) for any K € N*, there exists some k* < K, such that ||z x| < LR

Proposition 3.3. For K € N*, there is k* < K such that ¥ is an w(K,n)A-Nash
equilibrium of game T' which is w(K,n)A-disaggregatable, where

20L,M [n 2L,MA
w(K,n):Tg1/?+gT, (3.4)

— (dALy + 2B,)M;

where C = (dALy + 2B, )M.

In particular, if constant K > m%%gnl”é + 1 for some constant 6 > 0, then, there

exists some k* < K such that ¥ is an LgMA(n_‘S + 2An~Y)-Nash equilibrium of game r
satisfying Lg]\/[A(n_‘s + 2An~1)-disaggregatable condition.

Proof. First, notice that vector function ¢ : X — R¥ z — ((z) = g(% > jeN a;zj) is
L\g/%/[—Lipschitz continuous, i.e. [|¢(x) — ((y)| < L M y|l, for all z,y € X. Indeed,
I¢(2) —<w)I* = Et 119:( 2 jen ajzse) — gt (5 ZjeNaij,t) < Y e (g —
Yt H < Zt . (n2 Z? L 3 jen (@it — yit)?) < La\ﬂ”x — 9|2, where the first inequality

is because g; is Lg,-Lipschitz, while the second results from the Cauchy-Schwarz inequality.
Next, suppose that sequence (%) pen is generated by Algorithm (1| with some initial

point 20 € X. Let us show that, if ||z¥~' — 2¥| < wy, then, z* satisfies the n(ug)A-
disaggregatable condition and, furthermore, it is an n(u;)A-Nash equilibrium of game T,
_ LyMuy 2LgMA
where n(uy) = f +
Since ||z* — 2F~1|| < uy, one has H(a:'f,...,xf_l,xf,xfﬂ,;. L I L ,J;f_l,xf_l,
f Hl, L) H < ug. This, the Lipschitz continuity of ¢ on X and the Lipschitz continuity
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of g in x; imply that

Hg(iZ@xf%—iaix?)—g( Zajx +—al A ga] k= 1)”
<oz Zhﬂ-+az)—daihﬂ®H
—i—"g(n;\[ajxj) ( Za]x + aZ k 1y = Zaj k= I)H

J>1,

(3.5)

o LMA | LyMuy
- n NLD

The first order condition of optimality of the optimization problem (3.3) is: there exists
some p; in the subdifferential of rl(m ) at m , denoted by Or;(x ) such that for all x; € X},

1 e 1 1 a;Lg k
B Toss+ ) ot )20 00
j<i j>i

Then,
k

<g< Zajx + aZ >+pz,mz—xl>
J#i
1 1
:<g<g2ajx§+ﬁaixj)—g( Zaja: + = Zaj k= 1), Z—xf>
JFi

j>l

1 o1 k-1 ilg g k1 k

+<g(ﬁZajxj+ﬁZajxj )+T(xi—mi )+pi,xi_$i>
Jj<i Jj>i

L
(oot - b))

n
S lz.k 1o A _ (L I k=1 ok
> (g a]xj—i— a;x; g Zajxj—i— a;r; + Za]xj s Tj — X;

n#i n nj<l, n n

7>
a; L _
—({f@%m?mm—ﬁ>
T;— X,
- \/ﬁ n n Lo
S _(LgMuk . 2LgMA>
- Vn n

where the first inequality is due to (3.6)), while the second one by (3.5) and the Cauchy-

Schwarz inequality. Then, according to Lemma zF satisfies the n(uy)A-disaggregatable

conditoin for game T, where n(u;) = Lg\]\}uk + A.

s — afl| = —n(we) i — =]
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Furthermore, since 7; is convex on Aj,

filws, z®,) = fi(z®) = <g(% Zajxg? + %amj),xi - a:f> + 7i(zy) — 7 (2F)

J#i
1 ko1 k k
> <g<ﬁ Zajxj + gaiﬂf;r),l‘i — > + (s, vy — a¥)
JFi
LoMu, 2L, MA .
> —(— + ) || — 2]

N4 n

Thus, z* is an an 7(u;)A-Nash equilibrium of game T.

For any K € N*, there exists some k* < K such that ||zF =1 —2¢"|| < ~2¢n_ according

my/LgK
to Lemma (2) The conclusion is immediate by taking w(K,n) = n(m 20n_), O

L K

Theorem 3.4. For constant § > 0 and integer K > %HI—H(S + 1, let 2* € X be the
g

pure-strategy profile generated by ([2.7), where & is replaced by x** in Proposition . Then,
x* is a (2L9MA (nffS + (qtil)A) + Lhﬁ/[A)—Nash equilibrium of the nonconvex game T'.

Proof. Proposition shows that z*" is an approximate equilibrium of game T (convexifi-
cation of the nonconvex auxiliary game I'). Then, Theorem is applied to show that (the
“Shapley-Folkman disaggregation” of z¥") z* is an approximate equilibrium of the noncon-
vex auxiliary . The use of Theorem [2.9| E is justified by Lemma ( ). Finally, Lemma
3.1{(2) is evoked to show that z* is an approximate equilibrium of the original nonconvex
game I'. O

Remark 3.1. For each fixed n, Algorithm [I] converges to a so-called block coordinatewise
minimum point of G(z) = Zle ene dieN 4Tt )+ jen %7;(z;), where Gy is a primitive
function of g¢. (For more details, see Xu and Yin [47].) However, a block coordinatewise
minimum point is not a Nash equilibrium of the convexification of the auxiliary game T.
Indeed, by Definitions 2.3 and 2.4 in Xu and Yin [47], a block coordinatewise minimum
point x> of G satisfies that, for each 4, there exists some p; in 07;(x°) such that

< Za] +pla$z_x;'>o>20, V.Tie/ﬁ;,

while a Nash equilibrium Z of the convexification of the auxiliary game I satisfies that, for
each i, there exists some p; in O7;(Z;) such that

< ZCLJI]—F o i )+pz’$z_i‘i>207 Vl’le/fl
JF#i

Even if X;’s and ¢;’s are convex sets and functions, and h;’s are neglected, x°° is still not a
Nash equilibrium Z of the convexified game of I" which satisfies that, for each i, there exists
some p; in 07;(Z;) such that

< Zajx] ( Zajazj) +p¢,x7;—:ii>20, Va; € X .
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In particular, it means that Gy is not a potential function of the convexified game T in the
sense of Monderer and Shapley [29].

Nevertheless, it is easy to see that, thanks to the Lipschitz continuity of g, °° is an (9(%)-
Nash equilibrium of both T' and I'. However, there is no need to wait for the algorithm to
converge to >, because zF" is sufficient to generate an approximate Nash equilibrium of T
with an error bound of the same magnitude as £ can achieve.

Finally, note that T is getting closer to a potential game when n tends to oo.

In the case where a “Shapley-Folkman” disaggregation of 2*" is not easy to obtain, one
can use the decentralized randomized disaggregation method introduced in Section to
obtain immediately an approximate mixed-strategy Nash equilibrium, though the quality of
approximation is less good than a “Shapley-Folkman” disaggregation.

Corollary 3.5. For constant § > 0 and integer K > n1+25 + 1, let i = (f1;); be a

profile of independent mized strategies defined as in Lemma where % is replaced by z*"
in Proposition . Then, [ is a (2L9MA (n_‘S + (ﬁ#)A) + thyA)-mixed-stmtegy Nash
equilibrium of the nonconvexr game I.

4 Numerical example

This section applies Algorithm (1| to game (1.1) to a specific problem in the field of elec-
tric systems taking the form of (3.1) in dimension d = 1. The asymptotic performance of
the algorithm for large n is illustrated. To avoid rescaling cost functions for each n, rela-

tive e-Nash equilibria defined below are considered instead of e-Nash equilibria defined by
Definition 2.1l

Definition 4.1. For a constant € > 0, a relative e-Nash equilibrium z¢ € X in game I' is a
profile of actions of the n players such that, for each player ¢ € N,

fi(xf, x%;) — IHEIEK filwi,x;) < G(ISIEII))( fi(wi, a€;) — xlgfy filws, 2%5)) -

If e = 0, then z€ is a Nash equilibrium.

First, game (1.1)) is reformulated with uni-dimensional actions. For simplification, sup-
pose that all the players have the same type of EV (Nissan Leaf 2018) with battery capacity
e, and two charging rate levels ppin and pmax. The total consumption of player ¢ is denoted
by e; and determined by a parameter 7; as follows: ¢; = (1—7;)e = EZP —M?P , where 7; € [0, 1]
signifies the player’s remaining proportion of energy in her battery when arriving at home.

P
Let z; := % denote player i’s strategy in the following reformulation of game (|1.1):
@i wms) = 5 (i i) + Fille — 2 (4.1)

7

where 7; indicates how player ¢ values the deviation from her preferred consumption profile
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and is uniformly set to be ne for simplification, and

bgn) (l‘i, QZ_Z')

(o + fones (1= 73)2;)0F + (€ + Bone - S(1 = )(1 — ;)"
J J

=e(l—1) {(ag) — aOOP — Bone + QﬁQTLG% Z(l — Tj)xj)xi

J

1
oP
_ fE 1 7 }
+ a5 + Bone Bonen j( ;)

VY AR
(9P = e;, 0F € {8 ¢F}}, is now translated into X; = {x;,7;} C [0,1], where z; and ; cor-
respond respectively to charging at p,.n, and pmag-
By extracting the common factor ne(1 — 7;), player i’s cost function becomes

The nonconvex action set of player ¢, introduced in Sectionas SNC = {4, = (07 49F) | P+

(1)

fl.(n) (xiyx_;) = <g(") (% zn:(l — Tj)i‘j),xz‘> + n®) (% zn:(l - Tj)xj) + 11_(373-;)’ (4.2)

j=1 j=1

h (n) - a(I)D_O‘(?P 2 —1 h(n) .:ﬁ 1— d (n) — o f‘ef 2
where g\ (y) : —0—+Boe(2y—1), K™ (y) := 2=+ Foe(1—y), and ;" (y) := [ly—z;" |

for y € R, where af = —4.17 + 0.59 x 12n (€/kWh), a§F = —4.17 4+ 0.59 x 8n (€/kWh),
Bo = 0.295 (€/kWh?) according to Jacquot et al. [20].

Simulation parameters The peak hours are between 6 am and 10 pm while the remain-
ing of the day is off-peak hours. The battery capacity of Nissan Leaf 2018 is e = 40kWh.
The discrete action set of player i is determined as follows. The players’ arrival time at home
is independently generated according to a Von Mises distribution with parameter x = 1 be-
tween 5 pm and 7 pm. Their departure time is independently generated according to a Von
Mises distribution with parameter k = 1 between 7 am and 9 am. The remaining energy
proportion 7; is independently generated according to a Beta distribution with parameter
B(2,5). Once a player arrives at home, she starts charging at one of the two alternative
levels, pmin = 3.TkW or pme. = TkW. This power level is maintained until the energy need
e; is reached. Indeed the arrival and departure times parameters are such that the problem
is always feasible i.e. the energy need e; can always be reached during the charging period
by choosing power level p,,q.. Players are all assumed to prefer charging as fast as possible,
so that xgef = 7; for all 7. Fifty instances of the problem are considered for the numerical
test. They are obtained by independent simulations of those parameters (players’ arrival
and departure time and remaining energies).

Algorithm (1] is applied to EV charging game I'(™ forn =2% s=1,...,15. For
each game '™ for each iteration k of the algorithm, relative error (™ is defined by

A 2R — it £ (a7

:L‘iEXi v

S (n) (n),k : (n) (n).k
<l g 170t 170 )

™k . — min {e >0

where 2(™* denotes the k' iterate of Algorithm [1| applied to game I'(™).
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Figurerepresents the minimum current error at iteration K i.e. error(™-K .= min{e(”)7k, k<
K} averaged over fifty instances of the problem for different numbers of players n and dif-
ferent values of iteration number K of the algorithm.

0.001

error

100u

i0u

s 10 2 s 100 2 s 1000 2 s 10k
n

Figure 1: Log-log chart of epsilon-n (player number) relation with k iterations.

According to Proposition when the iteration number K is fixed, due to the domina-

. 2L,MA . . . .
tion term of =<== in (_3.4) when n is small, error™-K first decreases linearly in n before

. . 2CLygM .
reaching a certain threshold. After that, ¥———,/% dominates the error value so that
error™-K may increase in n. The threshold itself increases with the iteration number K.

Figure [I] is consistent with this analysis.

5 Perspectives

In Section a decentralized disaggregating method is introduced to obtain a randomized
“Shapley-Folkman disaggregation” for the case v < 1. It is extremely fast and easy to
carry out: once an (approximate) Nash equilibrium Z is obtained for the convexified game,
each player ¢ chooses randomly one feasible action that is in Wi’\" (Z), the generator of Z;,
according to a suitable distribution law.

This method renders an O( \/lm )-mixed strategy Nash equilibrium, with the error van-
ishing when the number of players going to infinity. However, even if an O(%)—PNE can
be difficult to obtain by an exact “Shapley-Folkman disaggregation”, especially if a large,
centralized program is involved, for example, to solve , it would be desirable to find
other algorithms to find better approximations of Nash equilibria of the nonconvex game.
Decentralized and randomized algorithms are appealing because they can be faster to carry
out, needing less coordination hence more tractable, and taking advantage of the law of
large numbers when n is large.
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Appendix A: Proofs of Lemmata [2.3], [2.7], [2.8], [3.1] and [3.2]

For Lemmata. ., E in order to simplify the notations, i and z_; € X_; are arbitrarily
fixed. Index i and the parameter z_; are thus omitted in f;, f;, X;, X; and W;.

Proof of Lemma[2.3
The Lemma is a particular case of more general results well-known in Convex Analysis that
have been shown in various work, such as [I7, Lemma X.1.5.3]. Let us provide a proof for
this particular case here for the sake of completeness.

(1) For z € X, in the definition of f(z), take 2% = z, o =

f(z) < i oF f(a*) = f(a).
(2) Suppose that ((@®™)g, (")) ney is a minimizing sequence for f(&), i.e.
f(&) = limy o0 Zd—H ok f (k) with ((@F™)g, (2%™)k)nen satisfying conditions in (2.2)).
Since (a'") € [0, 1] for all n, so that it has a convergent subsequence a#1(") which converges
to some o. Consider sequence o®?1(™ which has a subsequence a®?2(") converging to some
a?. Note that ¢o(n) is a subsequence of ¢;(n). Repeat this operation d + 1 times and ob-
tain subsequences ¢1(n), ..., ¢qs1(n) such that a®?(™ converges to o, for k =1,...,d+1.
Consider z1%4+1(") which is in the compact set X. It has a convergent subsequence plPa+2(n)
converging to x! € X. Again, take a subsequence ¢q3(n) such that z2%a+3(") converges to

z*, and so on. Finally, one obtains a subsequence ¢2d+2(n) of N such that

= 79 +1 for all k. By definition,

d+1
Flm) — 1 k,2at2(n) £(.k,¢2d42(n)
f(@)=lim » o e ), (5.1)
of = lim PP ok e01], k=1,2,---,d+1, (5.2)
n—0o0
d+1 d+1
E _ 9; k,¢ (n) —
$ k=t S ket 1. 59
k=1 k=1
2 = lim o922 ke x k=12 d+1, (5.4)
n—oo
d+1 d+1
kok _ i kip2at2(n) kd2di2(n) — Ti 4 — &
Zoz x nlgroloZa x nlLI%ox z. (5.5)
Then,
d+1 d+1 d+1
k k k,p2q4+2(n)y _ 13 k,¢2442(n) k,poq42(n)
« ) < lim o + lim « + T +
S0t 3t i S o
~ d+1
= f(@) <) ok fat
k=1

where the ﬁrst inequality is due to . the second equality due to . the third equality
due to and the fourth inequality due to ( . and (| . This shows that f (z) =

Ziﬂa ( k), ie. (of )gﬂ, is a minimizer.

(3) On the one hand, for all (z,y) € conv (epi f), by Caratheodory theorem [6 Proposition
1.2.1], there exists (z¥,y*) € epi f, k =1,...,d+1 such that (z,y) = Ziﬂ o (2%, yF), with
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a € 8. Hence, y* > f(aF), y = Ziﬂ aFyk > Zdja f(z*) > f(x). This shows that
(x,y) € epi f. Therefore, conv (epi f) C epi f. Recall that f is Ls.c. hence epi f is a closed
set hence so is conv (epi f). Thus, conv (epi f) C epi f.

On the other hand, for all (z,y) € epi f, y > f(x). Let ((a®™)y, (™)) nen be the min-
imizing sequence for f( ), Le. f(x) = lim,_oo ZdH k’"f(xk’”), with o™, zF" satisfying
conditions in . Then, y = lim, o0 Y001 aFn(f(zPm) + dLH), where § = y — f(x) > 0
Denote y" Ziﬂ b (f(akm) + %). Then, (x,y") € conv(epi f), and lim,_,(z,y") =
(z,y). This means that (z,y) € conv(epi f) and, therefore, epi f C conv (epi f).

In conclusion, epi f (-) = conv (epi f(+)), which implies that the epigraph of f is closed
and convex. Thus, f is L.s.c. and convex on X.

(4) By the lower semicontinuity of f and f on compact sets X and X, their minima can be
attained. The equality (2.4) is thus clear by the definition in (2.2)). O

Proof of Lemmal[2.7. Let {z',... 2™} € X a generator of (&, f(Z)) and o € Sy their
corresponding weights.

(1) Suppose that there is k such that f(z*) > f(z¥). Then, there exists (y'); in X and

B € Sy such that 2% = 37, Bl and f(z¥) = 33, 8 f(4}) < f(z*). In consequence, f(i) =
dom " f(z™) > Zm;ék a f(x™) + 3 a® sl f(y"), while Zm;ék amz™ 3 a¥plyl = i and
Dm0 o¥ Bl = 1, contradicting the definition of f(Z).

(2) By the definition of subdifferential, one has

f@F) > f(@)+ (hya* - %), Vk=1,...,d+1. (5.6)
Multiplying (5.6) by o for each k and adding the d 4 1 inequalities yield

d+1

> fah) > f@) hZa B e f(@)=f@) . (5.7)

k=1

If, for at least one k, the inequality in is strict, then the 1nequaht1es in are strict
as well, which is absurd. Therefore, for each k, f(z*) = f(Z) + (h, ¥ — &). O

Proof of Lemma[2.8. First note that  is in ri(conv W(%)), the relative interior of conv W*(Z).
Hence, for t > 0 small enough, # + t(x — Z) is in ri(convW (Z)) C X. By (2.6 [2.6), (h,z +t(z—
i) — &) > —n||& £ t(x — &) — Z||, which yields |(h,x — Z)| < n||lz — Z||. Then, by Lemma
[f(z) = f(@)| = [(h, 2 — 2)| < nllx — Z[]. O

Proof of Lemma[3.d] (1) First show that, for any fixed z; € X;, function 6;(x;,y) := (g(y +
Y (2 — 2;)),zi) + E (1’1) is LyA-Lipschitz in y on . For this, fix 2; € &;. For any y and ¢/
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t=1
= LyA?|ly" — g,
where the first inequality results from the Cauchy-Schwarz inequality, while the second one
is because g; is Lg,-Lipschitz.
. 7 LgMA?

(2) Tt is easy to see that | fi(2i, z—;) — hi(: D jeN 4jT5) — fz(xl,x_Z)J < =2o= for all
x; € X;and all z_; € X_;. Hence, if £ € X is an e-Nash equilibrium of I'; then, for each 4,
for any x; € A},

fi(zs, 2 )<fz(xz’ i) ( ZGJ%) L MAT

n
JEN
Lp,MA N LyMA?

n n

<fi(w;, 2 )+e+h( a;x; + — Zajx])
JFi
LyMA 2L ,MA?

sz(iﬂz,ﬂ_j,l) + €+ + 5
n n

where the second inequality is due to the definition of e-Nash equilibrium and the Lipschitz
continuity of h;. O

Proof of Lemma[3.3 Consider the following two real-valued functions defined on X':

d .
z) = Zat(% Sajie). G i=Gol) + 3 D) (5.8)
t=1

JEN JEN
where G is a primitive function of g;, which exists thanks to Assumption 3|
Note that function Gy is convex and differentiable on a neighborhood of X', and convex

function 7; is uniformly bounded on /"E for all j € N with the same bound By, according to

Assumptlon Besides, it is easy to see that for any ¢ and fixed x_; € X_;, V; iGo(zi,x_;) ==

%ﬂ;;ml) =%g(Lam; + 1 Zﬁéz a;xj) is 4ily -Lipschitz continuous on X;.

Therefore, Assumptlons 1 and 2 in [47] are verified. One can thus apply Lemma 2.2 in
[47] and obtains
2
S Gk b < Gt) - Gt
1EN 2n
so that

lo* — 12 < 22 (Gak) — GatY)
- m2Lg
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In consequence,

3 ’f—x“”gﬁ(mo — Goin) s 5.9
* mng
k=0

where Gip, defined as inf{xef} G(x), exists and is finite, because G is l.s.c. on compact

set X. Suppose that G, is attained at x € X , then

G(2°) = Gpin = G(2°) — G(z)

d s a0
n JEN YI%j,t a; , ~
-3 gs)ds + 30 L) ~ ) (5.0)
t=1 ngeN ajL; ¢ JEN

<dMAB, +2MB ,

where the last inequality is due to mean value theorem and Assumption (3] Combining (|5.9))
and (5.10)) yields Y72, [|l2% — 2*+1|2 < %C . This immediately implies

K

2n?
k-1 k(2
— < —-—0C.
N e
k=1
The second result of the lemma is then straightforward. O

Appendix B: Nash equilibria in l.s.c. convex games

Lemma 5.1. Let R be a nonempty convexr compact set in R™. If real valued function
p(x,y) defined on R x R is continuous in x on R for any fized y in R, l.s.c. in (x,y) on
R x R, and convex in y on R for any fized x in R, then the set-valued map ( : R — R,
z +— ((z) = argmin,cr p(x, z) has a fized point.

Proof. The Kakutani fixed-point theorem [23] will be applied for the proof. First, let us
show that ¢ is a Kakutani map, i.e. (i) I" is upper semicontinuous (u.s.c.) in set map sense
and (ii) for all z € R, {(x) is non-empty, compact and convex.

(i) Fix x € R. On the one hand, since p(z,y) is convex w.r.t y, {(z) is convex. On the other
hand, p(x,y) is l.s.c in y, while R is compact, hence p(z,y) can attain its minimum w.r.t y
and ((z) is thus nonempty. Besides, since p is Ls.c., ((z) = {y|p(z,y) < min,cp p(z,z)} is
a closed subset of compact set R, hence it is compact.
(ii) Recall that the set-valued map ( is u.s.c. if, for any open set w C R, set {z € R|((z) C
w} is open.

Let us first show by contradiction that, for arbitrary xy € R, for any € > 0, there exists
d > 0 such that for all z € B(xo,9), ((2) C ((x0) + B(0,€). If it is not true, then there
exists ¢p > 0 and, for all n € N*, point z, € B(zy, %) such that there exists y,, € ((z,) with
d(yn,((20)) > €0. Since sequence {y,} is in the compact set R, it has a subsequence ()
converging to some y in R, and d(y,((xg)) > €. Then, for all y € R,

p(zo,9) < lim p(zg(n), Yon)) < Hm p(zg(n),y) = p(T0,Y)

n—o0 n—oo
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where the first inequality is by the lower semicontinuity of p in (z,y), the second inequality
is by the definition of ((z4(y)), while the third equality is by the continuity of p in 2. This
shows that y € ((z0), in contradiction with the fact that d(y, ((xo)) > €o.

Now fix arbitrarily an open set w C R and some xy € R such that {(zg) C w. Since
((xo) is compact while w is open, there exists € > 0 such that ((x¢)+B(0,€) C w. According
to the result of the previous paragraph, for this particular e, there exists § > 0 such that
((z) C ¢(xo) + B(0,€) C w for all z € B(xp,d). This means B(zg,d) C {x € R|{(z) C w}.
As a result, the set {z € R|((x) C w} is open.

Finally, according to the Kakutani fixed-point theorem, there exists £ € R such that
z € ((7). O

Definition 5.2. A family of real-valued function {f(-,y) : X — R|y € Y} indexed by v,
with X ¢ R4 and Y € R%, is uniformly equicontinuous if, for all € > 0, there exists 6 such
that, for all y € Y, || f(z1,y) — f(z2,y)|| < € whenever ||x; — x2|| < 0.

Theorem 5.3 (Existence of Nash equilibrium in l.s.c. convex games). In an n-player game
I' where for each player i € {1,...,n}, if the following three properties hold:

(1) her action set X; is a conver compact subset of R?;

(2) her cost function fi(w;,x—;) : Xi x [[; ;& — R is convex and Ls.c.in x; € X; for any
fized x—; € I];,; Xj;

(3) the family of functions { fi(z;,-) : [1;4 &; — R|xz; € Xi} are uniformly equicontinuous,
then I has a Nash equilibrium.

Proof. Define function p(z,y) : X x X — R by p(z,y) = >y fi(yi,z—;), where X =
[L; &i. It is easy to see that a fixed point of the set-valued map ¢ : X = X, z — ((z) =
argmin.cg p(x, z) is a Nash equilibrium of game T

In order to apply Lemma one needs to show that: (i) p(x,y) is continuous in = for
each fixed y; (ii) p(z,y) is L.s.c. in (z,y); (iii) p(x,y) is convex in y for each fixed x.

Results (i) and (iii) are straightforward by the definition of p.

For (ii), first note that, by the uniform equicontinuity of {f;(x;,") : [[;,; & — Rla; €
AX;} for each ¢ and the fact that n is finite, {p(-,y),y € R} is uniformly equicontinuous. Let
(z*,4*) be a sequence in X x X indexed by k which converges to (z,y) € X x X. Then,

lim (p(a*,4*) = p(x,y)) = im (p(=*,y") = p(a,y*) + p(z, y*) — p(2,1))

k—o0 k—oo

= lim (p(z,y") — p(z,y))

k—o0

>0

)

where the second equality is due to the uniform equicontinuity of {p(-,y),y € X} and the
last inequality is because p(x,y) is l.s.c. in y for any fixed z. ]

Remark 5.1. The property (3) is weaker than the condition that f; is continuous on X.
Indeed, since X is compact, f;(z;, x_;) is uniformly continuous on X; x[| j+i & which implies
the equicontinuity of {fi(zi,-) : [[;4&; — R|x; € A;}. In other words, Rosen’s theorem
on the existence of convex continuous games with compact convex actions sets is a corollary
of Theorem
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