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ULRICH BUNDLES ON CUBIC FOURFOLDS

DANIELE FAENZI AND YEONGRAK KIM

Abstract. We show the existence of rank 6 Ulrich bundles on a smooth cubic fourfold. First,
we construct a simple sheaf E of rank 6 as an elementary modification of an ACM bundle of rank
6 on a smooth cubic fourfold. Such an E appears as an extension of two Lehn-Lehn-Sorger-van
Straten sheaves. Then we prove that a general deformation of E(1) becomes Ulrich. In particular,
this says that general cubic fourfolds have Ulrich complexity 6.

Introduction

An Ulrich sheaf on a closed subscheme X of PN of dimension n and degree d is a non-zero
coherent sheaf F on X satisfying H∗(X,F(−j)) = 0 for 1 ≤ j ≤ n. In particular, the cohomology
table {hi(X,F(j))} of F is a multiple of the cohomology table of Pn. It turns out that the reduced
Hilbert polynomial pF (t) = χ(F(t))/ rk(F) of an Ulrich sheaf F must be:

u(t) :=
d

n!

n
∏

i=1

(t+ i).

Ulrich sheaves first appeared in commutative algebra in the 1980s, namely, in the form of
maximally generated maximal Cohen-Macaulay modules [Ulr84]. Pioneering work of Eisenbud
and Schreyer [ES03] popularized them in algebraic geometry in view of their many connections
and applications. Eisenbud and Schreyer asked whether every projective scheme supports an
Ulrich sheaf. That this should be the case is now called a conjecture of Eisenbud-Schreyer (see
also [ES11]). They also proposed another question about what is the smallest possible rank of an
Ulrich sheaf on X. This is called the Ulrich complexity uc(X) of X (cf. [BES17]).

Both the Ulrich existence problem and the Ulrich complexity problem have been elucidated only
for a few cases. We focus here on the case when X is a hypersurface in Pn+1 over an algebraically
closed field k. Using the generalized Clifford algebra, Backelin and Herzog proved in [BH89] that
any hypersurface X has an Ulrich sheaf. However, their construction yields an Ulrich sheaf of
rank dτ(X)−1, where τ(X) is the Chow rank of X (i.e. the smallest length of an expression of the
defining equation of X as sums of products of d linear forms), often much bigger than uc(X).

Looking in more detail at the Ulrich complexity problem for smooth hypersurfaces of degree
d in Pn+1, the situation is well-understood for arbitrary n only for d = 2. Indeed, in this case
the only indecomposable Ulrich bundles on X are spinor bundles, which have rank 2⌊(n−1)/2⌋

[BEH87]. On the other hand, for d ≥ 3, the Ulrich complexity problem is wide open except for a
very few small-dimensional cases. For instance, smooth cubic curves and surfaces always X satisfy
uc(X) = 1, while for smooth cubic threefolds X we have uc(X) = 2, (cf. [Bea00, Bea02, LMS15]).

When X is a smooth cubic fourfold, which is the main object of this paper, there can be several
possibilities. In any case, X does not have an Ulrich bundle of rank 1, but some X can have an
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2 DANIELE FAENZI AND YEONGRAK KIM

Ulrich bundle F of rank 2. Since F is globally generated, one can consider the locus defined by a
general global section of F , which is a del Pezzo surface of degree 5. The moduli space of cubic
fourfolds containing a del Pezzo surface of degree 5 forms a divisor C14 ⊂ C, so a general cubic
fourfold X has uc(X) ≥ 3. A few more cubic fourfolds which have an Ulrich bundle of rank 3
or 4 have been reported very recently by Troung and Yen [TY20]. However, all these cases are
special cubic fourfolds which contain a surface not homologous to a complete intersection. Indeed,
it turns out that the Ulrich complexity of a very general cubic fourfold is divisible by 3 and at
least 6, see [KS20]. On the other hand, it is known that a general cubic fourfold has a rank 9
Ulrich bundle (cf. [IM14, Man19, KS20]). Therefore, the Ulrich complexity of a (very) general
cubic fourfold is either 6 or 9.

The goal of this paper is to prove the following result. This implies that a general cubic fourfold
X satisfies uc(X) = 6.

Theorem. Any smooth cubic fourfold admits an Ulrich bundle of rank 6.

To achieve this, we use a deformation theoretic argument. Let us sketch briefly the strategy of
our proof. As a warm-up it, let us review a construction of a rank-2 Ulrich bundle on a smooth
cubic threefold. First, starting from a line L contained in the threefold, one constructs an ACM
bundle of rank 2 having (c1, c2) = (0, L). Such a bundle is unstable since it has a unique global
section which vanishes along L. By choosing a line L′ disjoint from L, we may take an elementary
modification of it so that we have a simple and semistable sheaf E of (c1, c2) = (0, 2L). The sheaf E
is not Ulrich, but one can show that its general deformation becomes Ulrich. A similar argument
is used to prove the existence of rank 2 Ulrich bundles on K3 surfaces [Fae19] and prime Fano
threefolds [BF11].

For fourfolds, twisted cubics play a central role in the construction, rather than lines. Note
that twisted cubics in X form a 10-dimensional family. For each twisted cubic C ⊂ X, its linear
span V = 〈C〉 defines a linear section Y ⊂ X which is a cubic surface. When Y is smooth,
the rank-3 sheaf G = ker[3OX → OY (C)] is stable. The family of such stable sheaves of rank
3 forms an 8-dimensional moduli space, which is indeed a very well-studied smooth hyperkähler
manifold [LLSvS17, LLMS18]. We will call them Lehn-Lehn-Sorger-van Straten sheaves and the
Lehn-Lehn-Sorger-van Straten eightfold.

To construct an Ulrich bundle of rank 6, we first consider two Lehn-Lehn-Sorger-van Straten
sheaves of rank 3 associated with two points of this manifold. We choose the points so that the
associated pair of twisted cubics spans the same smooth surface section of X and intersects at 4
points. Then, we define a simple sheaf E as extension of such sheaves and show that this enjoys a
large part of the cohomology vanishing required to be Ulrich. In particular, this will show that E
lies in the Kuznetsov category Ku(X) of X, [Kuz04]. Finally, we obtain an Ulrich sheaf by taking
a generic deformation F of E in the moduli space of simple sheaves over X and using that the
cohomology vanishing of E propagates to F by semicontinuity. This step relies on deformation-
obstruction theory of the sheaf as developed in [KM09, BLM+] and makes substantial use of the
fact that Ku(X) is a K3 category.

The structure of this paper is as follows. In Section 1, we recall basic notions and set up some
background. In Section 2, we introduce an ACM bundle of rank 6 which arises as a (higher) syzygy
sheaf of a twisted cubic and review some material on Lehn-Lehn-Sorger-van Straten sheaves as
syzygy sheaves. Then we take an elementary modification to define a strictly semistable sheaf E of
rank 6 whose reduced Hilbert polynomial is u(t). In Section 3, we show that a general deformation
of E is Ulrich. We first prove this claim for cubic fourfolds which do not contain surfaces of small
degrees other than linear sections. Then we extend it for every smooth cubic fourfold.



ULRICH BUNDLES ON CUBIC FOURFOLDS 3

Acknowledgment. We wish to thank Fédération Bourgogne Franche-Comté Mathématiques FR
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1. Background

Let us collect here some basic material. We work over an algebraically closed field k of charac-
teristic other than 2.

1.1. Background definitions and notation. Consider a smooth connected n-dimensional pro-
jective subvariety X ⊆ PN and denote by HX the hyperplane divisor onX and OX(1) = OX(HX).
Given a coherent sheaf F on X and t ∈ Z, write F(t) for F ⊗OX(tHX). Let F be a torsion-free
sheaf on X. The reduced Hilbert polynomial of F is defined as

pF (t) :=
1

rk(F)
χ(F(t)) ∈ Q[t].

Let F ,G be torsion-free sheaves on X. We say that pF < pG if pF(t) < pG(t) for t≫ 0. The slope
of F is defined as:

µ(F) =
c1(F) ·Hn−1

X

rk(F)
.

A torsion-free sheaf F on X is stable (respectively, semistable, µ-stable, µ-semistable) if, for any
subsheaf 0 6= F ′ ( F , we have:

pF ′ < pF , (respectively, pF ′ ≤ pF , µ(F
′) < µ(F), µ(F ′) ≤ µ(F).

A polystable sheaf is a direct sum of stable sheaves having the same reduced Hilbert polynomial.

1.2. ACM and Ulrich sheaves. We are mostly interested in coherent sheaves on X which
admit nice minimal free resolutions over PN , namely ACM and Ulrich sheaves. Equivalently, such
properties are characterized by cohomology vanishing conditions as follows:

Definition 1.1. Let X ⊆ PN be as above, and let F be a coherent sheaf on X. Then F is:

i) ACM if it is locally Cohen-Macaulay and Hi(X,F(j)) = 0 for 0 < i < n and j ∈ Z.
ii) Ulrich if Hi(X,F(−j)) = 0 for i ∈ Z and 1 ≤ j ≤ n.

We refer to [ES03, Proposition 2.1] for several equivalent definitions for Ulrich sheaves. In
particular, every Ulrich sheaf is ACM. If X is smooth, then a coherent sheaf is locally Cohen-
Macaulay if and only if is locally free. Moreover, for Ulrich sheaves, (semi-)stability is equivalent
to µ-(semi-)stability, see [CH12].

Let us review some previous works on the existence of Ulrich bundles on a smooth cubic fourfold
X, possibly of small rank. In terms of Hilbert polynomial, an Ulrich bundle U satisfies:

pU (t) = u(t) :=
1

8
(t+ 4)(t+ 3)(t+ 2)(t+ 1).

Note that X carries an Ulrich line bundle if and only if it is linearly determinantal, which is
impossible since a determinantal hypersurface is singular along a locus of codimension 3. X carries
a rank 2 Ulrich bundle if and only if it is linearly Pfaffian. Equivalently, such an X contains a
quintic del Pezzo surface [Bea00]. Note that a Pfaffian cubic fourfold also carries a rank 5 Ulrich
bundle [Man19]. For rank 3 and 4, Truong and Yen provided computer-aided construction of a rank
3 Ulrich bundle on a general element in the moduli of special cubic fourfolds C18 of discriminant
18, and of a rank 4 Ulrich bundle on a general element in C8 [TY20].

All the above cases were made over special cubic fourfolds, i.e., they contain a surface which
is not homologous to a complete intersection. Such cubic fourfolds form a countable union of
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irreducible divisors in the moduli space of smooth cubic fourfolds C. We refer to [Has00] for the
convention and more details. On a very general cubic fourfold X (so that any surface contained
in X is homologous to a complete intersection), it is easy to find the following necessary condition
on Chern classes of a coherent sheaf to be Ulrich:

Proposition 1.2 ([KS20, Proposition 2.5]). Let E be an Ulrich bundle of rank r on a very general

cubic fourfold X ⊂ P5. Let ci := ci(E(−1)). Then r is divisible by 3, r ≥ 6, and

c1 = 0, c2 =
1

3
rH2, c3 = 0, c4 =

1

6
r(r − 9).

The existence of rank 9 Ulrich bundles on a general cubic fourfold X is known according to
[IM14, Man19, KS20]. Therefore, the Ulrich complexity of a very general cubic fourfold is either
6 or 9. It is thus natural to ask the question: Does a smooth cubic fourfold carry an Ulrich bundle

of rank 6? The goal of this paper is to give a positive answer to this question. In particular, the
Ulrich complexity uc(X) of a (very) general cubic fourfold X is 6.

1.3. Reflexive sheaves. Let E be a torsion-free sheaf on a smooth connected projective n-
dimensional variety X. The following lemma is standard.

Lemma 1.3. For each k ∈ {0, . . . , n− 2} there is pk ∈ Q[t], with deg(pk) ≤ k such that:

hk+1(E(−t)) = pk(t), h0(E(−t)) = 0 for t≫ 0,

Assume E is reflexive. Then ∀k ∈ {0, . . . , n− 3} there is qk ∈ Q[t], with deg(qk) ≤ k such that:

hk+2(E(−t)) = qk(t), h0(E(−t)) = h1(E(−t)) = 0 for t≫ 0,

Moreover, E is locally free if and only if pk = 0 for all k ∈ {0, . . . , n − 2}, equivalently if qk = 0
for all k ∈ {0, . . . , n− 3}.

Proof. Given positive integers p, q with p + q ≤ n, Serre duality and the local-global spectral
sequence give, for all t ∈ Z:

(1) Hn−p−q(E(−t))∨ ≃ Extp+qX (E , ωX(t)) ⇐ Hp(ExtqX(E , ωX)⊗OX(t)) = Ep,q2 .

For t≫ 0 and p > 0 we have Hp(ExtqX(E , ωX)⊗OX(t)) = 0 by Serre vanishing. Then:

hn−q(E(−t)) ≃ h0(ExtqX(E , ωX)⊗OX(t)), for t≫ 0.

Hence hn−q(E(−t)) is a rational polynomial function of t for t≫ 0. By [HL10, Proposition 1.1.10],
since E is torsion-free, for q ≥ 1 we have:

codim(ExtqX(E , ωX)) ≥ q + 1,

while when E is reflexive, for q ≥ 1:

codim(ExtqX(E , ωX)) ≥ q + 2.

Thus, for t≫ 0, the degree of the polynomial function hn−q(E(−t)) is at most n− q − 1, actually
of n− q − 2 if E is reflexive.

Finally, E is locally free if and only if ExtqX(E , ωX) = 0 for all q > 1. Since this happens if and
only if h0(ExtqX(E , ωX)⊗OX(t)) for t≫ 0, the last statement follows. �
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1.4. Minimal resolutions and syzygies. We recall some notions from commutative algebra.
Let R = k[x0, · · · , xN ] be a polynomial ring over a field k with the standard grading, and let
RX = R/IX be the homogeneous coordinate ring of X where IX is the ideal of X. Let Γ be a
finitely generated graded RX -module. The minimal free resolution of Γ over RX is constructed
by choosing minimal generators of Γ of degrees (a0,0, . . . , a0,r0) so that there is a surjection

F0 =

r0
⊕

j=0

RX(−a0,j) ։ Γ.

Taking a minimal set of generators of degrees (a1,0, . . . , a1,r1) of its kernel we get a minimal
presentation of Γ of the form F1 =

⊕r1
j=0RX(−a1,j) → F0. Repeating this process, we have a free

resolution of Γ:

F•(Γ) : · · · → Fi
di−→ Fi−1

di−1
−→ · · · −→ F1

d1−→ F0 → Γ → 0, with: Fi =

ri
⊕

j=0

RX(−ai,j).

Note that the resolution obtained this way is minimal, i.e. di⊗RX
k = 0 for every i, and is unique

up to homotopy, see [Eis80, Corollary 1.4]. In general, it has infinitely many terms.
We define the minimal resolution of a coherent sheaf F on X as the sheafification of the minimal

graded free resolution of its module of global sections Γ∗(F) =
⊕

j∈Z Γ(X,F(j)), provided that
this is finitely generated. In this case, for i ∈ N, we call i-th syzygy of F the sheafification of
Im(di) and we denote this by ΣXi (F). Of course for positive j we have ΣXi+j(F) ≃ ΣXj Σ

X
i (F).

1.5. Matrix factorizations and ACM/Ulrich sheaves. We recall the notion of matrix fac-
torization which is introduced by Eisenbud [Eis80] to study free resolutions over hypersurfaces.

Definition 1.4. Let X ⊆ PN be a hypersurface defined by a homogeneous polynomial f of
degree d, and let F and G are free graded OPN -modules. A pair of morphisms ϕ : F → G and
ψ : G(−d) → F is called a matrix factorization of f (of X) if

ϕ ◦ ψ = f · idG(−d), ψ(d) ◦ ϕ = f · idF .

Matrix factorizations have a powerful application to ACM/Ulrich bundles as follows:

Proposition 1.5 ([Eis80, Corollary 6.3]). The association

(ϕ,ψ) 7→M(ϕ,ψ) := cokerϕ

induces a bijection between the set of equivalence classes of reduced matrix factorizations of f
and the set of isomorphism classes of indecomposable ACM sheaves. In particular, when (ϕ,ψ) is
completely linear, that is, ϕ : OPN (−1)⊕t → O⊕t

PN for some t ∈ Z then the corresponding sheaf is

Ulrich.

1.6. Twisted cubics and Lehn-Lehn-Sorger-van Straten eightfold. Let us briefly recall
how can we construct a rank 2 Ulrich bundle on a cubic threefold X via deformation theory. If
there is such an Ulrich bundle F , then F(−1) must have the Chern classes (c1, c2) = (0, 2) by
Riemann-Roch. Note that X has an ACM bundle F1 of rank 2 with (c1, c2) = (0, 1) which fits
into the following short exact sequence

0 → OX → F1 → Iℓ → 0

where ℓ ⊂ X is a line. We see that F1 is unstable due to its unique global section. We can take
an elementary modification with respect to Oℓ′ where ℓ

′ ⊂ X is a line disjoint to ℓ. The resulting
sheaf F2 := ker [F1 → Oℓ′ ] is simple, strictly semistable, and non-reflexive. One can check that its
general deformation is stable and locally free, and becomes Ulrich after twisting by OX(1). One
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major difference between the case of cubic threefolds is that not lines but twisted cubics play a
significant role both in finding an ACM bundle (of same c1 as Ulrich) and taking an elementary
modification.

Let X ⊂ P5 be a smooth cubic fourfold which does not contain a plane, and let M3(X) be the
irreducible component of the Hilbert scheme of X containing the twisted cubics. Then M3(X)
is a smooth irreducible projective variety of dimension 10 [LLSvS17, Theorem A]. Let C be a
twisted cubic contained in X, and V ≃ P3 be its linear span. According to [LLSvS17], the natural
morphismC 7→ V ∈ Gr(4, 6) factors through a smooth projective eightfold Z ′ so thatM3(X) → Z ′

is a P2-fibration. In Z ′, there is an effective divisor coming from non-CM twisted cubics on X
which induces a further contraction Z ′ → Z so that Z is a smooth hyperkähler eightfold which
contains X as a Lagrangian submanifold, and the map Z ′ → Z is the blow-up along X [LLSvS17,
Theorem B]. The variety Z is called the Lehn-Lehn-Sorger-van Straten eightfold.

We are interested in a moduli description of Z ′. Let Y := V ∩X be a cubic surface containing
C. The sheaf IC/Y (2) is indeed an Ulrich line bundle on Y , and hence it fits into the following
short exact sequence

0 → GC → 3OX → IC/Y (2) → 0.

Lahoz, Lehn, Macr̀ı and Stellari showed that the sheaf GC is stable, and the moduli space of
Gieseker stable sheaves with the same Chern character is isomorphic to Z ′ [LLMS18]. Since we
are only interested in general CM twisted cubics and corresponding Lehn-Lehn-Sorger-van Straten
sheaves, we may regard that a general point of the Lehn-Lehn-Sorger-van Straten eightfold Z
corresponds to a rank 3 sheaf GC , where C is a CM twisted cubic on X, even when X potentially
contains a plane.

2. Syzygies of twisted cubics

Let X ⊂ P5 be a smooth cubic fourfold.

2.1. Twisted cubics and 6-bundles. Here we show that taking the fourth syzygy of the struc-
ture sheaf of a twisted cubic C is a vector bundle of rank 6 which admits a trivial subbundle of
rank 3. Factoring out this quotient gives back the second syzygy of C, with a degree shift. We
will use this filtration later on.

Proposition 2.1. Let C ⊂ X be a twisted cubic, V its linear span and set Y = X ∩ V . Put:

S = ΣX4 (OC(5)), GC = ΣX1 (IC/Y (2)).

Then S is an ACM sheaf of rank 6 on X with:

pS(t) =
1

8
(t+ 2)2(t+ 1)2, H∗(S(−1)) = H∗(S(−2)) = 0.

Moreover, h0(X,S) = 3 and there is an exact sequence:

(2) 0 → 3OX → S → GC → 0.

To keep notation lighter, we remove the subscript C from GC so we just write G, as soon as no
confusion occurs, i.e. until §2.2.

Proof. For the sake of this proof, for any integer i we omit writing OC from expressions of the
form ΣXi (OC) and ΣYi (OC), so that for instance:

(3) ΣX1 ≃ IC/X , ΣY1 ≃ IC/Y .
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The curve C is Cohen-Macaulay of degree 3 and arithmetic genus 0, its linear span V is a P3,
and the linear section Y is a cubic surface equipped with the Ulrich line bundle IC/Y (2). Hence,
we have a linear resolution on V :

0 → 3OV (−3)
M
−→ 3OV (−2) → IC/Y → 0,

where M is a matrix of linear forms whose determinant is an equation of Y in V . Put G1 =
3OY (−2) and G2 = 3OY (−3). Thanks to [Eis80, Theorem 6.1], taking the adjugate matrix M ′ of
M forms a matrix factorization (M,M ′) of Y which provides the following 2-periodic resolution
on Y (we still denote by M,M ′ the reduction of M and M ′ modulo Y ):

(4) · · ·
M ′

−−→ G2(−3)
M
−→ G1(−3)

M ′

−−→ G2
M
−→ G1 → IC/Y → 0.

This gives, for all i ∈ N:

(5) ΣY2i+1 ≃ IC/Y (−3i).

Next, set K0 = OX , K1 = 2OX(−1), K2 = OX(−2) and write the obvious Kozsul resolution:

(6) 0 → K2 → K1 → K0 → OY → 0.

We look now at the exact sequence:

(7) 0 → IY/X → IC/X → IC/Y → 0.

Set F1 = 3OX(−2), F2 = 3OX(−3). We proceed now in two directions. On one hand, the
composition F1 → G1 → ΣY1 lifts to F1 → ΣX1 to give a diagram (we omit zeroes all around for
brevity):

K2

��

// K1

��

// IY/X

��

ΣX2

��

// F1 ⊕K1

��

// ΣX1

��

ΣX1 ΣY1
// F1

// ΣY1

Looking at the above diagram and using that Γ∗(K2) is free, we get:

(8) 0 → K2 → ΣX2 → ΣX1 ΣY1 → 0, ΣXi+1 ≃ ΣXi Σ
Y
1 , ∀i ≥ 2.

Next, (7), (3) and (4) induce a diagram

F1 ⊗ IY/X // ΣX1 ΣY1
//

��

ΣY2

��

F1 ⊗ IY/X // F1
//

��

G1

��

ΣY1 ΣY1

This in turn gives the exact sequence

(9) 0 → F1 ⊗ IY/X → ΣX1 ΣY1 → ΣY2 → 0.



8 DANIELE FAENZI AND YEONGRAK KIM

Lifting F2 → ΣY2 to F2 → ΣX1 ΣY1 , we get the exact diagram:

F1 ⊗K2
//

��

F1 ⊗K1

��

// F1 ⊗ IY/X

��

ΣX2 ΣY1

��

// F1 ⊗K1 ⊕ F2
//

��

ΣX1 ΣY1

��

ΣX1 ΣY2
// F2

// ΣY2 .

Using the diagram and the fact that Γ∗(F1 ⊗K2) is free we get:

(10) 0 → F1 ⊗K2 → ΣX2 ΣY1 → ΣX1 ΣY2 → 0, ΣXi+1Σ
Y
1 ≃ ΣXi Σ

Y
2 ,∀i ≥ 2.

Repeating once more this procedure and using the periodicity of (4) we get:

0 → F2 ⊗ IY/X → ΣX1 ΣY2 → ΣY3 → 0.

Then, using (5) and lifting F1(−3) → IC/Y (−3) ≃ ΣY3 to F1(−3) → ΣX1 ΣY2 , we have the exact
sequence:

0 → F2 ⊗K2 → ΣX2 ΣY2 → ΣX1 ΣY3 → 0.

Summing up, (8) and (10) give ΣX4 ≃ ΣX3 ΣY1 ≃ ΣX2 ΣY2 , so that the above sequence tensored
with OX(5) becomes:

0 → 3OX → S → ΣX1 (IC/Y (2)) → 0,

which is the sequence appearing in the statement. The fact that h0(X,S) = 3 is clear from the
sequence. Since X is smooth and C ⊂ X is arithmetically Cohen-Macaulay of codimension 3, the
syzygy sheaf ΣX4 is ACM and hence locally free. Looking at the above resolution we compute the
following invariants of S:

rk(S) = 6, c1(S) = 0, c2(S) = H2, pS(t) =
1

8
(t+ 1)2(t+ 2)2.

It remains to prove H∗(S(−1)) = H∗(S(−2)) = 0. By (2), it suffices to show H∗(G(−1)) =
H∗(G(−2)) = 0. By definition we have

(11) 0 → G → 3OX → IC/Y (2) → 0,

and IC/Y (2) is Ulrich on Y so H∗(IC/Y (1)) = H∗(IC/Y ) = 0. We conclude that H∗(G(−1)) =
H∗(G(−2)) = 0. �

Along the way we found the following minimal free resolution of OC over X:

3OX(−5) 9OX(−4) OX(−2) 2OX (−1)

· · · → ⊕
d4→ ⊕

d3→ ⊕
d2→ ⊕

d1→ OX → OC → 0.
9OX(−6) 3OX(−5) 9OX (−3) 3OX (−2)

This is an instance of Shamash’s resolution. It becomes periodic after three steps. We record that
S fits into:

· · · // 9OX(−2)⊕ 3OX(−3)
d5

//

**❱
❱❱

❱❱
❱❱

❱

3OX ⊕ 9OX(−1)

((P
PP

PP
PP

P

d4
// 9OX(1)⊕ 3OX

// · · ·

ΣX5 (OC(5))

44❥❥❥❥❥❥

S

77♦♦♦♦♦♦♦♦

Let us fix the notation:

R = ΣY1 (IC/Y (2)) ≃ Im(M), with M : 3OY (−1) → 3OY .
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The following lemma is essentially [LLMS18, Proposition 2.5], we reproduce it here for self-
containedness. In fact, given a Cohen-Macaulay twisted cubic C ⊂ X, the sheaf G = GC repre-
sents uniquely a point of the Lehn-Lehn-Sorger-van Straten eightfold Z associated with the cubic
fourfold X.

Lemma 2.2. Assume that Y is integral. Then the sheaf G is stable with:

pG(t) = u(t− 1) =
1

8
(t+ 3)(t+ 2)(t+ 1)t, H∗(X,G(−t)) = 0, for t = 0, 1, 2.

Finally, we have ExtiX(G,OX ) = 0 except for i = 0, 1, in which case:

G∨ ≃ 3OX , Ext1X(G,OX ) ≃ HomY (IC/Y ,OY ) = OY (C).

Proof. The Hilbert polynomial of G is computed directly from the previous proposition. Next, we
use the sheaf R which satisfies R ≃ ΣY2 (OC(2)). Recall from the proof of the previous proposition
the sequence (9) that we rewrite as:

(12) 0 → 3IY/X → G → R → 0.

By definition of G = ΣX1 (IC/Y (2)), the map 3OX → IC/Y (2) in (11) induces an isomorphism
on global sections, hence H∗(X,G) = 0. The vanishing H∗(X,G(−1)) = H∗(X,G(−2)) = 0 was
proved in the previous proposition.

Next, we show first that G is simple. Applying HomX(−,G) to (11), we get:

EndX(G) ≃ Ext1X(IC/Y (2),G).

We note that IC/Y is simple, HomX(IC/Y (2),OX ) = 0 as IC/Y is torsion and:

Ext1X(IC/Y (2),OX ) ≃ H3(IC/Y (−1))∨ = 0

since dim(Y ) = 2. Hence applying HomX(IC/Y (2),−) to (11), we observe that G is simple:

EndX(G) ≃ Ext1X(IC/Y (2),G) ≃ EndX(IC/Y ) ≃ k.

Suppose that G is not stable. Consider a saturated destabilizing subsheaf K of G so rk(K) ∈
{1, 2} and pK ≥ pG so that Q = G/K is torsion-free with rk(Q) = 3− rk(K). Since K ⊂ G ⊂ 3OX ,
we have µ(K) ≤ 0. From pK ≥ pG we deduce that c1(K) = c1(Q) = 0.

We look at the two possibilities for rk(K). If rk(K) = 1, then K is torsion-free with c1(K) = 0
so there is a closed subscheme Z ⊂ X of codimension at least 2 such that K ≃ IZ/X . If Z = ∅

then K ≃ OX , which is impossible as H0(X,G) = 0. Now for Z 6= ∅ consider the inclusion
IZ/X ⊂ G ⊂ 3OX . Taking reflexive hulls, we see that this factors through a single copy of OX

in 3OX . Looking at (11), we get that the quotient OZ = OX/IZ/X inherits a non-zero map to
IC/Y (2). The image of this map is OY itself because IC/Y (2) is torsion-free of rank 1 over Y as
Y is integral.

Note that pIZ/X
= pG precisely when Z is a linear subspace P2 contained in X, and that

pIZ/X
< pG if deg(Z) ≥ 2 and dim(Z) = 2. Hence, the image of OZ → IC/Y (2) cannot be

the whole OY as then Y ⊆ Z, so we have dim(Z) = 2 and deg(Z) ≥ 3, while we are assuming
pIZ/X

≥ pG . Therefore, the possibility rk(K) = 1 is ruled out.

We may now assume rk(K) = 2. Arguing as in the previous case, we deduce that there is a
closed subscheme Z ⊂ X of codimension at least 2 such that Q ≃ IZ/X . Using (12) and noting
that 3IY/X cannot be contained in K for rk(K) = 2, we get a non-zero map 3IY/X → IZ/X by
composing 3IY/X →֒ G with G ։ IZ/X . The image of this map is of the form IZ′/X ⊂ IZ/X for

some closed subscheme Z ′ ⊇ Z of X. Since 3IY/X is polystable and 3IY/X ։ IZ′/X , we have
IZ′/X ≃ IY/X so Z ′ = Y . In particular, we have Z ⊆ Y .
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Again, we use that pIZ/X
> pG as soon as dim(Z) ≤ 1, so the assumption that K destabilizes G

forces dim(Z) ≥ 2. Hence, Z is a surface contained in Y so that Z = Y since Y is integral. Then
IY/X is a direct summand of G which therefore splits as G = K ⊕ IY/X . But this contradicts the
fact that G is simple. We conclude that G must be stable.

Finally, we apply HomX(−, ωX) to (11) and use Grothendieck duality to compute ExtiX(G,OX )
using that IC/Y is reflexive on Y to get:

Ext1X(G, ωX) ≃ Ext2X(IC/Y (2), ωX ) ≃ HomY (IC/Y (2), ωY ).

Since ωX ≃ OX(−3) and ωY ≃ OY (−1), the conclusion follows. �

The next lemma analyzes the restriction of S onto Y .

Lemma 2.3. There is a surjection ξ : S|Y → R whose kernel fits into:

(13) 0 → R(1) → ker(ξ) → 2IC/Y (1) → 0.

Proof. First of all, restricting the Koszul resolution (6) to Y we find:

T orX1 (IC/Y ,OY ) ≃ 2IC/Y (−1), T orX2 (IC/Y ,OY ) ≃ IC/Y (−2).

Therefore, restricting (11) to Y we get:

0 → 2IC/Y (1) → G|Y → 3OY → IC/Y (2) → 0,

and hence:

(14) 0 → 2IC/Y (1) → G|Y → R → 0.

We also get:
T orX1 (G,OY ) ≃ T orX2 (IC/Y (2),OY ) ≃ IC/Y .

Next, we restrict (2) to Y to obtain:

0 → IC/Y → 3OY → S|Y → G|Y → 0.

Looking at (5), we see that the image of the middle map is R(1), so we obtain:

(15) 0 → R(1) → S|Y → G|Y → 0.

Composing S|Y → G|Y with the surjection appearing in (14) we get the surjection ξ. Using (14)
and (15) we get the desired filtration for ker(ξ). �

2.2. Elementary modification along a cubic surface. In §2.1 we constructed an ACM bundle
S of rank 6. Recall that h0(X,S) = 3, and these three global sections of S make it unstable. Hence,

it is natural to consider an elementary modification of S by a sheaf A such that H0(S)
∼
→ H0(A).

Moreover, Proposition 1.2 suggests a good candidate for A to get closer to an Ulrich bundle on
X. Indeed, we should have:

χA(t) = 6pS(t)− 6u(t− 1) =
3

2
(t+ 2)(t + 1).

A natural choice for A would thus be an Ulrich line bundle on Y . In terms of Chern classes (as a
coherent sheaf on X), we should have:

c1(A) = 0, c2(A) = −H2
X .

Since an Ulrich line bundle on a cubic surface comes from a twisted cubic, we need to choose
another twisted cubic D in Y , construct a surjection S → OY (D) so that the induced map on
H0 is an isomorphism, and take the kernel to perform an elementary modification. To do this,
from now on in this section, we assume that Y is the blow-up of P2 at the six points p1, . . . , p6
in general position and that the blow-down map π : Y → P2 is associated with the linear system
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|OY (C)|. Write L for the class of a line in P2 and denote by E1, . . . , E6 the exceptional divisors
of π, so that C = π∗L and HY = 3C −E1 − · · · − E6. Note that R(1) ≃ π∗(ΩP2(2)).

Lemma 2.4. Let Z = {p1, p2, p3}. Then we have:

0 → OP2(−2) → ΩP2(1) → IZ/P2(1) → 0.

Proof. By assumption Z is contained in no line, hence by the Cayley-Bacharach property (see for
instance [HL10, Theorem 5.1.1]) there is a vector bundle F of rank 2 fitting into:

0 → OP2(−2) → F → IZ/P2(1) → 0.

Note that c1(F) = −L and c2(F) = L2. By the above sequence H0(F) = 0 so F is stable. But
the only stable bundle on P2 with c1(F) = −L and c2(F) = L2 is ΩP2(1). �

Set D = 2C − E1 − E2 − E3. This is a class of a twisted cubic in Y with:

D · C = 2.

Lemma 2.5. There is a surjection η : R(1) → OY (D) such that the induced map on global

sections H0(R(1)) → H0(OY (D)) is an isomorphism.

Proof. Recall the exact sequence:

0 → OY (−C) → 3OY → R(1) → 0,

so that R(1) ≃ π∗(ΩP2(2)). There is an exact sequence:

(16) 0 →
3

⊕

i=1

OEi(−1) → π∗(IZ/P2(2)) → OY (D) → 0.

By the previous lemma, we have

(17) 0 → OP2(−1) → ΩP2(2) → IZ/P2(2) → 0

and thus via π∗ an exact sequence:

0 → OY (−C) → R(1) → π∗(IZ/P2(2)) → 0.

Composing R(1) → π∗(IZ/P2(2)) with the surjection appearing in (16), we get the following:

0 → OY (−C + E1 + E2 + E3) → R(1) → OY (D) → 0.

The map on global sections H0(R(1)) → H0(OY (D)) is induced by the map H0(ΩP2(2)) →
H0(IZ/P2(2)) arising from (17) and as such it is an isomorphism since H∗(OP2(−1)) = 0. �

Given the class of a twisted cubic C in Y , we observe that Ct = 2HY −C is also the class of a
twisted cubic. We denote:

Ct = 2HY − C.

This notation is justified by the fact that ICt/Y is presented by the transpose matrix M t of M .
We have:

Ct ·D = C ·Dt = 4.

Lemma 2.6. There is a surjection ζ : S → OY (D) inducing an isomorphism:

H0(X,S) → H0(OY (D)).
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Proof. According to the previous lemma, we have η : R(1) → OY (D) inducing an isomorphism
on global sections. We would like to use Lemma 2.3 to lift η to a surjection S|Y → OY (D) and
compose this lift with the restriction S → S|Y preserving the isomorphism on global sections.

So in the notation of Lemma 2.3 we first lift η to ker(ξ). To do this, we apply HomY (−,OY (D))
to (13) and get:

· · · → HomY (ker(ξ),OY (D)) → HomY (R(1),OY (D)) → 2H1(OY (C +D −HY )) → · · ·

Now, C + D − HY = E4 + E5 + E6 so H1(OY (C + D − HY )) = 0. Therefore η lifts to
η̂ : ker(ξ) → OY (D). Note that by (13) the map R(1) → ker(ξ) induces an isomorphism on global
sections, so η̂ gives an isomorphism H0(ker(ξ)) ≃ H0(OY (D)).

Next, write:

0 → ker(ξ) → S|Y → R → 0,

and apply HomY (−,OY (D)). We get an exact sequence:

· · · → HomY (S|Y ,OY (D)) → HomY (ker(ξ),OY (D)) → Ext1Y (R,OY (D)) → · · ·

So η̂ lifts to S|Y → OY (D) if we prove Ext1Y (R,OY (D)) = 0. To do it, write again the defining
sequence of R as:

0 → R → 3OY → OY (C
t) → 0.

Applying HomY (−,OY (D)) to this sequence we get:

· · · → 3H1(OY (D)) → Ext1Y (R,OY (D)) → H2(OY (C +D − 2HY )) · · ·

Now, OY (D) is Ulrich so H1(OY (D)) = 0, and HY − C −D = −E4 − E5 − E6:

h2(OY (C +D − 2HY )) = h0(OY (HY − C −D)) = 0.

This provides a lift η̃ : S|Y → OY (D) of η̂ and again ker(ξ) →֒ S|Y induces an isomorphism on
global sections, hence so does η̃.

Finally we define ζ : S → OY (D) as composition of the restriction S → S|Y and η̃. Since
H∗(S(−1)) = H∗(S(−2)) = 0, tensoring the Koszul resolution (6) by S we see that S → S|Y
induces an isomorphism on global sections. Therefore, so does ζ and the lemma is proved. �

Consider Dt = 2HY −D and GDt = ker(3OX → OY (D)). Let E = ker(ζ), so we have:

(18) 0 → E → S → OY (D) → 0.

Lemma 2.7. The sheaf E is simple and has a Jordan-Hölder filtration :

(19) 0 → GDt → E → GC → 0.

Also, we have:

E∨ ≃ S∨, pE(t) = u(t− 1), H∗(E(−t)) = 0, for t = 0, 1, 2.

Proof. The sheaves GDt and GC are stable by Lemma 2.2 and the reduced Hilbert polynomial of
both of them is u(t− 1). Hence E is semistable and has the same reduced Hilbert polynomial as
soon as it fits in (19). Also, E is simple if this sequence is non-split. Moreover, by Lemma 2.2, we
get H∗(E(−t)) = 0, for t = 0, 1, 2 as well by (19).

Summing up, it suffices to prove that E fits in (19) and that this sequence is non-split. To do it,
use the previous lemma to show that the evaluation of global sections gives an exact commutative
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diagram:

0

��

0

��

0 // GDt
//

��

E //

��

GC // 0

0 // 3OX
//

��

S //

��

GC // 0

OY (D)

��

OY (D)

��

0 0

We thus have (19). By contradiction, assume that it splits as E ≃ GC ⊕ GDt . Note that, since
S is locally free, (18) gives:

E∨ ≃ S∨, Ext1X(E ,OX ) ≃ Ext2X(OY (D),OX ) ≃ OY (D
t).

On the other hand, if E ≃ GC ⊕ GDt then by Lemma 2.2 we would have E∨ ≃ 6OX and
Ext1X(E ,OX ) ≃ OY (C)⊕OY (D

t), which is not the case. �

3. Smoothing the modified sheaves

In the previous section we constructed a simple and semistable sheaf E with pE(t) = u(t− 1).
In particular, the sheaf E(1) has the same reduced Hilbert polynomial as an Ulrich bundle U .
However, E(1) itself cannot be Ulrich: for instance it is not locally free since Ext1X(E ,OX ) ≃
OY (D

t). The goal of this section is to show that E(1) admits a flat deformation to an Ulrich
bundle.

3.1. The Kuznetsov category. The bounded derived category D(X) of coherent sheaves on X
has the semiorthogonal decomposition:

〈Ku(X),OX ,OX(1),OX (2)〉,

where Ku(X) is a K3 category. Indeed, Ku(X) equips with the K3-type Serre duality

Exti(F ,G) ≃ Ext2−i(G,F)∨

for any F ,G ∈ Ku(X) [Kuz04]. We have:

H∗(X, E) = H∗(X, E(−1)) = H∗(X, E(−2)) = 0,

and therefore:

E ∈ Ku(X).

Lemma 2.2 says that for a Cohen-Macaulay twisted cubic C ⊂ X spanning an irreducible cubic
surface we have that GC is stable and:

GC ∈ Ku(X).

We also know that GC represents a point of the Lehn-Lehn-Sorger-van Straten irreducible symplec-
tic eightfold Z and that Z contains a Zariski-open dense subset Z◦ whose points are in bijection
with the sheaves of the form GC [LLSvS17, LLMS18].

Lemma 3.1. We have h3(E(−3)) = h4(E(−3)) = 3, extiX(E , E) = 0 for i ≥ 3 and:

ext1X(E , E) = 26, ext2X(E , E) = 1.
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Proof. First note that h3(E(−3)) = h2(OY (D − 3HY )) = 3 since OY (D) is an Ulrich line bundle
on a cubic surface Y . We also have h4(E(−3)) = h4(S(−3)) = 3 since χ(S(−3)) = 6pS(−3) = 3
and hi(S(−3)) = 0 for i < 4.

Recall that E is a simple sheaf and that E lies in Ku(X). Since Ku(X) is a K3 category, we
have ext2X(E , E) = homX(E , E) = 1 and extiX(E , E) = 0 for i ≥ 3. The equality ext1X(E , E) = 26
now follows from Riemann-Roch. �

3.2. Deforming to Ulrich bundles. We assume in this subsection that X does not contain an
integral surface of degree up to 3 other than linear sections. In other words, X does not contain a
plane (equivalently, a quadric surface) nor a smooth cubic scroll, nor a cone over a rational normal
cubic curve.

The content of our main result is that there is a smooth connected quasi-projective variety T ◦

of dimension 26 and a sheaf F on T ◦×X, flat over T ◦, together with a distinguished point s0 ∈ T ◦

such that Fs0 ≃ E and such that Fs(1) is an Ulrich bundle on X, for all s in T ◦ \ {s0} – here we
write Fs = F|{s}×X for all s ∈ T ◦. Stated in short form this gives the next result.

Theorem 3.2. If Y is smooth, then the sheaf E(1) deforms to an Ulrich bundle on X.

Proof. We divide the proof into several steps.

Step 1. Compute negative cohomology of E, i.e. hk(E(−t)) for t≫ 0 and k ∈ {0, 1, 2, 3}.

Let C ⊂ Y ⊂ X be a twisted cubic with Y smooth. The sheaf GC is stable and lies in Ku(X)
by Lemma 2.2. We note that h1(OY (D + tHY )) = 0 for t ∈ Z, while h2(OY (D − tHY )) for t ≤ 1
while:

h2(OY (D − tHY )) =
3

2
(t− 1)(t− 2), for t ≥ 2.

Also, H0(E) = H1(E) = 0 since the surjection (18) induces an isomorphism on global sections.
This also implies that, since H0(OY (D)) ⊗ H0(OX(t)) generates H0(OY (D + tHY )) for all t ≥ 0,
the map H0(S(t)) → H0(OY (D + tHY )) induced by (18) is surjective. Since H1(S(t)) = 0 for all
t ∈ Z, we obtain H1(E(t)) = 0 for t ∈ Z. By (18) we have:















h0(E(−t)) = 0, t ≥ 0,
h1(E(t)) = 0, t ∈ Z,
h2(E(t)) = 0, t ∈ Z,
h3(E(−t)) = 3

2(t− 1)(t− 2), t ≥ 2.

Step 2. Argue that E is unobstructed.

This follows from the argument of [BLM+, §31], which applies to the sheaf E as it is simple and
lies in Ku(X). To sketch this, recall that the framework is based on a combination of Mukai’s
unobstructedness theorem [Muk84] and Buchweitz-Flenner’s approach to the deformation theory
of E , see [BF00, BF03]. To achieve this step, we use the proof of [BLM+, Theorem 31.1] which
goes as follows. Let At(E) ∈ Ext1X(E , E ⊗ ΩX) be the Atiyah class of E .

• Via a standard use of the infinitesimal lifting criterion, one reduces to show that E has a
formally smooth deformation space.

• We show that the deformation space of E is formally smooth by observing that E extends
over any square-zero thickening of X, conditionally to the vanishing of the product of the
Atiyah class At(E) and the Kodaira-Spencer class κ of the thickening, see [HT10] – note
that this holds in arbitrary characteristic.

• We use [KM09] in order to show κ · At(E) = 0. Indeed, in view of [KM09, Theorem 4.3],
this takes place if the trace Tr(κ · At2(E)) vanishes as element of H3(ΩX).
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• We use that Tr(κ ·At(E)2) = 2κ · ch(E), (cf. the proof of [BLM+, Theorem 31.1]) and note
that this vanishes as the Chern character ch(E) remains algebraic under any deformation
of X. It holds as all components of ch(E) are multiples of powers of the hyperplane class,
while κ ·ch(E) is the obstruction to algebraicity of ch(E) along the thickening of X – again,
cf. the proof of [BLM+, Theorem 31.1].

Note that the assumption that that k has characteristic other than 2 is needed to use
the formula Tr(κ ·At(E)2) = 2Tr(κ · exp(At(E))) = 2κ · ch(E).

According to the above deformation argument, there is a smooth quasi-projective scheme T
representing an open piece of the moduli space of simple sheaves over X containing E . In other
words, there is a point s0 ∈ T , together with a coherent sheaf F over T ×X, such that Fs0 ≃ E ,
and the Zariski tangent space of T at s0 is identified with Ext1X(E , E). Note that all the sheaves
Fs are simple. By the openness of semistability and torsion-freeness, there is a connected open
dense subset T0 ⊂ T , with s0 ∈ T0, such that Fs is simple, semistable and torsion-free for all
s ∈ T0.

Step 3. Compute the cohomology of the reflexive hull F∨∨
s of Fs and of F∨∨

s /Fs.

For s ∈ T0, let us consider the reflexive hull F∨∨
s and the torsion sheaf Qs = F∨∨

s /Fs. Let us
write the reflexive hull sequence:

(20) 0 → Fs → F∨∨
s → Qs → 0.

By the upper-semicontinuity of cohomology, there is a Zariski-open dense subset s0 ∈ T1 of T0
such that for all s ∈ T1 we have:

H∗(Fs) = H∗(Fs(−1)) = H∗(Fs(−2)) = 0.

In particular, for s ∈ T1 and t ≥ 0:

hk(Fs(−t)) = 0, for k ≤ 2.

By Lemma 1.3, since Fs is torsion-free there is a polynomial q2 ∈ Q[t], with deg(q2) ≤ 2, such
that h3(Fs(−t)) = q2(t) for t ≫ 0. By semicontinuity, there is a Zariski-open dense subset T2 of
T1, with s0 ∈ T2, such that for all s ∈ T2 we have q2(t) ≤

3
2(t− 1)(t− 2).

Since codim(Qs) ≥ 2, we get Hk(Qs(t)) = 0 for each k ≥ 3 and t ∈ Z. Using Lemma 1.3, we
get the vanishing H0(F∨∨

s (−t)) = H1(F∨∨
s (−t)) = 0 for t ≫ 0, and the existence of polynomials

q0, q1 ∈ Q[t] with deg(qk) ≤ k such that hk+2(F∨∨
s (−t)) = qk(t) for t≫ 0. By (20), for t≫ 0 and

k 6= 2 we have:
{

h2(Qs(−t)) = q2(t)− q1(t) + q0,
hk(Qs(−t)) = 0.

Next, we use again the local-global spectral sequence

Extp+qX (Qs,OX(t− 3)) ⇐ Hp(ExtqX(Qs,OX(t− 3))) = Ep,q2 .

Via Serre vanishing for t≫ 0 and Serre duality this gives:

h2(Qs(−t)) = h0(Ext2X(Qs,OX(t− 3))),

ExtkX(Qs,OX) = 0, for k 6= 2.(21)

Assume Qs 6= 0. By the above discussion, Qs is a non-zero reflexive sheaf supported on
a codimension 2 subvariety Ys of X, in which case h2(Qs(−t)) must agree with a polynomial

function of degree 2 of t for t ≫ 0. Hence the sheaf Q̂s = Ext2X(Qs,OX (−3)) supported on Ys
satisfies:

(22) χ(Q̂s(t)) = h2(Qs(−t)) = q2(t)− q1(t) + q0 ≤
3

2
(t− 1)(t − 2), deg(χ(Q̂s(t))) = 2.
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Note that (21) and [HL10, Proposition 1.1.10] imply ExtkX(F
∨∨
s ,OX) = 0 for k ≥ 3 and there-

fore, via (20), also ExtkX(Fs,OX) = 0 for k ≥ 3. We prove along the way that:

(23) H1(Ext2X(Fs(t),OX )) = 0, for t≫ 0.

Indeed, dualizing (20) and using (21) we get an epimorphism, for t ∈ Z:

Ext2X(F
∨∨
s (t),OX ) ։ Ext2X(Fs(t),OX ).

By [HL10, Proposition 1.1.10], if the sheaf Ext2X(F
∨∨
s ,OX) is non-zero then it is supported on a

zero-dimensional subscheme of X, hence the same happens to Ext2X(Fs,OX(−t)) by the above
epimorphism. Therefore H1(Ext2X(Fs,OX (−t))) = 0 for t≫ 0.

Step 4. Show that, if Fs is not reflexive, then it is an extension of sheaves coming from Z◦.

We have proved that, if Fs is not reflexive, the support Ys of Q̂s is a surface of degree at most 3.
But then, since X contains no integral surface of degree up to 3 other than complete intersections,
the reduced structure of each primary component of Ys must be a cubic surface contained in X,
and hence Ys itself must be a cubic surface. So the open subset T2 ⊂ T1 provides a family of cubic
surfaces Y → T2 whose fibre over T2 is the cubic surface Ys, where Ys0 = Y is smooth. Since
smoothness is an open condition, there is a Zariski-open dense subset T3 of T2, with s0 ∈ T3, such
that Ys is smooth for all s ∈ T3.

It follows again by (22) that Qs is reflexive of rank 1 over Ys, i.e. Qs is a line bundle on Ys since
Ys is smooth. Hence, we have a family of sheaves {Qs | s ∈ T3} where Qs is a line bundle over Ys
and Qs0 ≃ OY (D). Since the Picard group of Ys is discrete, this family must be locally constant.
In other words, for each s ∈ T3 there is a divisor class Ds on Ys corresponding to a twisted cubic
contained in Ys such that Qs ≃ OYs(Ds) and Ds0 ≡ D.

Since H0(Fs) = H1(Fs) = 0, the evaluation map of global sections 3OX → OYs(Ds) lifts to a
non-zero map βs : 3OX → F∨∨

s . The snake lemma yields an exact sequence:

0 → ker(βs) → GDt
s
→ Fs → coker(βs) → 0.

Since the sheaves Fs and GDt
s
share the same reduced Hilbert polynomial, with Fs semistable and

GDt
s
stable, we must have ker(βs) = 0. By semistability of Fs, we note that Ds = coker(βs) is

torsion-free, since otherwise the reduced Hilbert polynomial of the torsion-free part of Ds would
be strictly smaller than pDs = pFs .

Therefore, we have a flat family of sheaves over T3 whose fibre over s is Ds, with Ds0 ≃ GC .
Hence, for all s ∈ T3, the sheaf Ds corresponds to a point of the open part Z◦ of the Lehn-Lehn-
Sorger-van Straten eightfold, i.e. Ds0 ≃ GCs for some twisted cubic Cs ⊂ X. We take a further
Zariski-open dense subset T4 of T3 such that Cs is Cohen-Macaulay and spans a smooth cubic
surface, for all s ∈ T4.

Summing up, in a Zariski-open neighbourhood T4 of s0, dense in T , the hypothesis Qs 6= 0 for
s ∈ T4 implies the existence of twisted cubics Ds, Cs in X such that Fs fits into:

0 → GDt
s
→ Fs → GCs → 0,

where the twisted cubic Cs is Cohen-Macaulay, so that GCs lies in Ku(X). Therefore the sheaves
GCs and GDt

s
correspond uniquely to well-defined points of Z◦.

Step 5. Conclude that Fs(1) is Ulrich for generic s ∈ T .

We compute the dimension of the family W of sheaves Fs fitting into extensions as in the
previous display. Indeed, W is equipped with a regular map W → Z◦ × Z◦ defined by Fs 7→
(GDt

s
,GCs), whose fibre is P(Ext1X(GCs ,GDt

s
)). Since Dt = Dt

s0 and C = Cs0 are contained in Y

and satisfy C · Dt = 4, C · Ct = 5, we have C 6≡ Dt so GDt
s0

6≃ GCs0
. Therefore GDt

s
6≃ GCs for
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all s in a Zariski-open dense subset T5 ⊂ T4, with s0 ∈ T5. Since GDt
s
and GCs lie in Ku(X) and

represent stable non-isomorphic sheaves, we have:

homX(GCs ,GDt
s
) = 0, ext2X(GCs ,GDt

s
) ≃ homX(GDt

s
,GCs) = 0.

Also, extkX(GCs ,GDt
s
) = 0 for k ≥ 3 hence :

ext1X(GCs ,GDt
s
) = −χ(GCs ,GDt

s
) = 6.

Therefore the fibre of W → Z◦ ×Z◦ is 5-dimensional and:

dim(W) = 2 · dim(Z◦) + ext1X(GCs ,GDt
s
)− 1 = 21.

So there is a Zariski-open dense subset T6 ⊂ T5 with s0 ∈ T6, such that Qs = 0 for all
s ∈ T6 \ {s0}. Hence Fs is reflexive for all s ∈ T6 \ {s0}. Then F∨

s is also semistable and shares
the same reduced Hilbert polynomial as Fs, hence we have:

h4(Fs(−3)) = ext4X(OX(3),Fs) = h0(F∨
s ) = 0.

Since hk(Fs(−3)) = 0 for k ≤ 2, by Riemann-Roch we obtain h3(Fs(−3)) = 0, i.e. H∗(Fs(−3)) =
0. We have now proved that Fs(1) is Ulrich for s ∈ T6 \ {s0}.

Put T ◦ = T6. We have proved that, for all s ∈ T ◦ \ {s0}, the sheaf Fs(1) is an Ulrich bundle of
rank 6. �

3.3. Fourfolds containing planes or cubic scrolls. We turn now our attention to the case of
smooth cubic fourfolds X containing a surface of degree up to three, other than linear sections.

The goal is to prove our main theorem from the introduction, in other words, we would like to
extend Theorem 3.2 to these fourfolds. Note that Steps 1, 2 and 3 of the proof of Theorem 3.2 are
still valid. Also, the argument of Step 5 holds once Step 4 is established. Summing up, it remains
to work out Step 4. Recalling the base scheme T2 introduced in Step 3, we are done as soon as
we prove the following result.

Proposition 3.3. There is a Zariski-open neighborhood of s0 in T ◦
2 such that, for all s ∈ T ◦

2 , the

sheaf Qs = F∨∨
s /Fs is either zero or it is supported on a linear section surface of X.

Proof. We proved in Step 3 that, for s ∈ T2, the sheaf Qs is zero or it is a locally Cohen-Macaulay
sheaf supported on a projective surface Ys ⊂ X with deg(Ys) ≤ 3. Assuming Qs 6= 0, we would
like to show that Ys does not contain any surface Z other than linear sections of X. Passing to
the purely two-dimensional part of the reduced structure of each primary component of Z, we
may assume without loss of generality that Z is integral, still of degree at most 3 and not a linear
section: we must then seek a contradiction. The surface Z is either a plane, or a quadric surface,
or a smooth cubic scroll, or a cone over a rational normal cubic. The Hilbert polynomial of OZ

is thus either r1 = (t + 1)(t + 2)/2, r2 = (t + 1)2, or r3 = (t + 1)(3t + 2)/2, and Z is locally a
complete intersection in any case.

We denote by H union of primary components of Hilbr(X) containing integral subschemes
Z ⊂ X having Hilbert polynomial r, with r ∈ {r1, r2, r3}. Note that Hilbr1(X) is a finite reduced
scheme consisting of planes contained in X. For r = r2 or r = r3, a priori a surface in Hilbr(X)
might be badly singular. However, we have the following claim.

Claim 1. Each surface of Hilbr2(X) is a reduced quadric. For r = r3, all surfaces of H are purely

2-dimensional Cohen-Macaulay. For r = r2 or r = r3, each component of H is a projective plane.

Proof. Take a surface Z = Zh in Hilbr2(X). If Z is reduced, then Z is a quadric. Otherwise,
the reduced structure of a component of Z must be a plane L ⊂ X. By computing the Hilbert
polynomial of IL/Z , we see that this sheaf must be supported on a plane L′ ⊂ Z and have rank one
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over L′. Hence its OL′-torsion-free part is of the form IB/L′(b) for a subscheme B ⊂ L′ and some
b ∈ Z. Note that IL/Z ≃ IL/X/IZ/X , so the surjection 3OX(−1) → IL/X induces an epimorphism
3OL′(−1) → IB/L′(b), whence b ∈ {−1, 0}.

Computing Hilbert polynomials and arguing that the leading term of the Hilbert polynomial
of the possible L′-torsion part of IL/Z must be non-negative, we see that actually b = −1. This
in turn implies B = ∅, i.e. IL/Z ≃ OL′(−1). This says that Z is a quadric surface. A direct
computation shows that Z must be reduced, for a cubic fourfold containing a non-reduced quadric
surface is singular at least along a subscheme of length 4.

All surfaces of a component of Hilbr2(X) are residual to the same plane in X so each component
of Hilbr2(X) is the projective plane of linear sections of X containing a given plane.

Assume now r = r3 and let Z = Zh ⊂ X be an integral surface, so that Z is a smooth cubic
scroll or a cone over a rational normal cubic. We work roughly like in Proposition 2.1. The linear
span V of Z is a P4 that cuts X along a cubic threefold W and IZ/W (2) is an Ulrich sheaf of rank
1 over W so we have a presentation:

(24) 0 → 3OV (−1)
M
−→ 3OV → IZ/W (2) → 0.

Note that the threefold W can have only finitely many singular points as if W had a 1-
dimensional family of singular points then X would singular along the intersection of this family
and a quadric in V .

The idea is to prove that, on one hand, denoting by NZ/X the normal sheaf of Z in X, we have

h0(NZ/X) = 2. On the other hand, inspired by [Has00, §4.1.2], we describe an explicit projective
plane parametrizing elements of H by proving that each global section of IZ/W (2) gives an element
of H and that all elements obtained this way are Cohen-Macaulay and indeed contained in W .

Let us first accomplish the second task. By (24), the projectivization P = P(IZ/W (2)) is

embedded into V × P2 = P(3OV ) and the subscheme P is cut in V × P2 by 3 linear equations
defined by the columns of M . Write π and σ for the projections to V and P2 from V × P2 and
by h, l the pull-back to V ×P2 of the hyperplane divisors of V and P2 via π and σ. Use the same
letters upon restriction to P . From the Koszul resolution we obtain:

0 → OP2×V (−2h− 3l) → 3OP2×V (−h− 2l) → 3OP2×V (−l) → OP2×V (h) → OP (h) → 0.

Taking σ∗, we get that the sheaf V = σ∗(OP (h)) fits into:

0 → 3OP2(−1)
N
−→ 5OP2 → V → 0.

Observe that H0(OP2(1)) is naturally identified with H0(IZ/W (2)). The choice of a line ℓ ⊂ P2

corresponds uniquely to surjection ℓ : H0(OP2(1)) ։ 2k and thus to an epimorphism 3OV → 2OV .
Composing with M , the line ℓ gives uniquely a matrix Mℓ : 3OV (−1) → 2OV .

We have P(V) ≃ P . Note that the map π : P → W is birational since IZ/W (2) has rank 1
over W and OW has the same Hilbert polynomial as OP (h). Therefore, P is irreducible and thus
V is torsion-free. In particular, for any line ℓ ⊂ P2, the restriction N |ℓ is injective and yields by
restriction of π:

πℓ : P(V|ℓ) → Zℓ ⊂W,

where Zℓ = Im(πℓ) is a surface in W . The scheme P(V|ℓ) is equipped with two divisor classes
inherited from P , which we still denote by l and h. The surface Zℓ is the image of P(V|ℓ) by the
linear system |OP(V|ℓ)(h)|.

Now V|ℓ ≃ coker(N |ℓ) is of the form Oℓ(a1) ⊕ Oℓ(a2) ⊕ B, where 0 ≤ a1 ≤ a2 ≤ 3, and B is
a torsion sheaf on ℓ of length b, with a1 + a2 + b = 3. According to [BCS97, Chapter 19], in a



ULRICH BUNDLES ON CUBIC FOURFOLDS 19

suitable basis of H0(V) and H1(V(−1)) and choosing coordinates (y0 : y1) on ℓ, we may write a
normal form of Nℓ. Removing the cases forbidden by the smoothness of X, the possibilities are:

• (a1, a2, b) = (1, 2, 0): Zℓ is a smooth cubic scroll and:

N t
ℓ =





y0 y1 0 0 0
0 0 y0 y1 0
0 0 0 y0 y1



 .

• (a1, a2, b) = (0, 3, 0): Zℓ is a cone over a rational normal cubic curve and:

N t
ℓ =





y0 y1 0 0 0
0 y0 y1 0 0
0 0 y0 y1 0



 .

• (a1, a2, b) = (1, 1, 1): Zℓ is the union of a P2 and a smooth quadric meeting along a line.

N t
ℓ =





y0 y1 0 0 0
0 0 y0 y1 0
0 0 0 0 y0



 .

• (a1, a2, b) = (0, 2, 1): Zℓ is the cone over the union of a smooth conic and a line meeting
at a single point, spanning a P3 ⊂ V and having apex at a point outside V .

N t
ℓ =





y0 y1 0 0 0
0 y0 y1 0 0
0 0 0 y0 0



 .

• (a1, a2, b) = (0, 1, 2): Zℓ is the cone over the union of a line and reducible conic, meeting
at a length-two subscheme of the line, spanning a P3 ⊂ V . The apex of the cone is a point
outside V .

N t
ℓ =





y0 y1 0 0 0
0 0 y0 0 0
0 0 0 y1 0



 .

• (a1, a2, b) = (0, 0, 3): Zℓ is a cone over a non-colinear subscheme of length 3 in P2 ⊂ V ,
having a skew P1 ⊂ V as apex.

N t
ℓ =





y0 0 0 0 0
0 y1 0 0 0
0 0 y0 + y1 0 0



 .

In all these cases the resulting subscheme Zℓ lies in H and has projective dimension 2 with a
Hilbert-Burch resolution given M t

ℓ . Then the dual plane parametrizing lines ℓ ⊂ P2 describes an
explicit projective plane of arithmetically Cohen-Macaulay surfaces in H.

Finally we have to show that h0(NZ/X) = 2. We have an exact sequence:

0 → OX(−1) → IZ/X → IZ/W → 0.

Applying HomX(−,OZ) we get:

0 → NZ/W → NZ/X → OZ(1)
δ
−→ Ext1X(IZ/W ,OZ) → Ext1X(IZ/X ,OZ) → 0.

Since the surfaces Z under consideration are locally complete intersection in X, we get that
Ext1X(IZ/X ,OZ) ≃ Ext2X(OZ ,OZ) is the determinant of the normal bundle NZ/X and is thus
identified with the line bundle NZ/W (1). On the other hand, using (24) we see that the sheaf

Ext1X(IZ/W ,OZ) fails to be locally free of rank 1 at the subscheme Υ ⊂W defined by the 2-minors



20 DANIELE FAENZI AND YEONGRAK KIM

of M . Since Υ is contained in (though sometimes not equal to) the singular locus of W , we have
dim(Υ) = 0 so the resolution of Υ is obtained by the Gulliksen-Negard complex:

0 → OV (−6) → 9OV (−4) → 16OV (−3) → 9OV (−2) → IΥ/V → 0.

Thus Υ has length 6 and H0(IΥ/V (1)) = 0, which in turn implies H0(IΥ/Z(1)) = 0. Therefore,

ker(δ) ⊂ IΥ/Z(1) gives H
0(ker(δ)) = 0. In turn we get H0(NZ/X) ≃ H0(NZ/W ) so it only remains

to show h0(NZ/W ) = 2. To get this, since Z and W are locally complete intersection, we may use
adjunction to the effect that NZ/W ≃ HomW (ωW , ωZ)/OW . Therefore, using ωW ≃ OW (−2) and
restricting (24) to W we get:

0 → IZ/W (−1) → 3OW (−1) → 2OW → NZ/W → 0.

Taking cohomology we obtain h0(NZ/W ) = 2 as desired. �

Write Z ⊂ X × H for the tautological surface. For each point h ∈ H, we denote by Zh =
Z ∩X × {h} the corresponding surface. Consider X = X × T2 ×H and write π1,2, π1,3 and π2,3
for the projections from X onto X × T2, X ×H and T2 ×H. We have the following claim.

Claim 2. For any (s, h) ∈ T2 ×H, the surfaces Zh and Ys share a component if and only if:

H2(Ext1X(Fs(t),OZh
)) 6= 0, for t≫ 0.

Proof. Take (s, h) ∈ T2 × H and set Z = Zh. Since Fs is torsion-free and F∨∨
s is reflexive, we

have, for any coherent sheaf B on X:

(25) ExtqX(F
∨∨
s ,B) = Extq+1

X (Fs,B) = 0 for q ≥ 3,

and, for q ∈ {1, 2}:

(26) dim(ExtqX(F
∨∨
s ,B)) ≤ 2− q, dim(ExtqX(Fs,B)) ≤ 3− q.

Indeed, this follows from [HL10, Proposition 1.1.10] if B is locally free. Then, (25) and (26) hold
for an arbitrary coherent sheaf B as we see by applying HomX(Fs,−) and HomX(F

∨∨
s ,−) to a

finite locally resolution of B and using that (25) and (26) hold for the terms of the resolution.
Applying HomX(−,OZ) to (20) we get, for q ≥ 1:

· · · → ExtqX(F
∨∨
s ,OZ) → ExtqX(Fs,OZ) → Extq+1

X (Qs,OZ) → Extq+1
X (F∨∨

s ,OZ) → · · ·

We deduce that ExtqX(Fs,OZ) = 0 for q ≥ 3 and

dim(Ext1X(Fs,OZ)) = 2 ⇐⇒ dim(Ext2X(Qs,OZ)) = 2.

Therefore

(27) Hp(Ext1X(Fs(t),OZ)) = 0 for p ≥ 3 and all t ∈ Z,

and

(28) H2(Ext1X(Fs(t),OZ)) 6= 0 for t≫ 0 ⇐⇒ dim(Ext2X(Qs,OZ)) = 2.

By Claim 1, we may assume that Z is a locally Cohen-Macaulay in X. Let M be a matrix
of size p × (p + 1) whose p-minors define Z locally in X, then the sheaf Ext2X(Qs,OZ) is locally
presented as cokernel of the rightmost map in:

(29) 0 → pQ̂s
Hom(Q̂s,M)
−−−−−−−−→ (p+ 1)Q̂s

Hom(Q̂s,∧pM)
−−−−−−−−−→ Q̂s

Now the p-minors of M vanish on an irreducible component of Ys if and only if such component
also lies in Z, in which case (29) shows that the support of Ext2X(Qs,OZ) is the whole component.
Conversely, if Ys and Z share no irreducible component so that the p-minors do not vanish iden-
tically on any component of Ys, then again by (29) the sheaf Ext2X(Qs,OZ) is supported along a
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closed subset of Z having dimension at most 1. This shows that dim(Ext2X(Qs,OZ)) = 2 if and
only if Qs and Z share a common component. Together with (28), this finishes the proof. �

Claim 3. For t ∈ Z, put B = Ext1X (π
∗
12(F(−t)), π∗13(OZ)) and P = R2π23∗(B). For (s, h) ∈

T2 ×H, we have P(s,h) 6= 0 for t≫ 0 if and only if Zh and Ys have a common component.

Proof. Since F and OZ are flat over T2×H, we have an identification B(s,h) ≃ Ext1X(Fs(−t),OZh
)

for all t ∈ Z and (s, h) ∈ T2×H. By the vanishing results of the previous paragraph and using the
flattening stratification for B over T2 ×H and working over each stratum, we get Rpπ23∗(B) = 0
for all p ≥ 3 and t ∈ Z so via base-change we obtain, for all (s, h) ∈ T2 ×H, we have

P(s,h) ≃ R2π23∗(B)(s,h) ≃ H2
(

Ext1X(Fs(t),OZh
)
)

for all t ∈ Z. The conclusion follows from Claim 2. �

We now finish the proof of the proposition. Indeed, by Claim 1 for the special point s0 ∈ T2,
the surface Y = Ys0 shares no component with any surface Zh for h ∈ H. Indeed, if Zh contains
Y then comparing Hilbert polynomials we get that Zh must contain a line as its further (possibly
embedded) component, which is forbidden since Zh would not be Cohen-Macaulay.

Now, by Claim 3 we have P(s0,h) = 0 for all h ∈ H. In other words, the support of P is disjoint
from {s0} ×H. Since H is projective, the image of the support of P in T2 is thus a closed subset
of T2, disjoint from s0. Therefore there exists an open neighborhood T ◦

2 of s0 disjoint from this
subset. Thus the support of P does not intersect T ◦

2 ×H. This implies that, for all s ∈ T ◦
2 , if Qs

is not zero then its support is a surface Ys having degree at most 3 and containing no surface of
H as a component, in other words Ys must be a linear section of X. This completes the proof of
Proposition 3.3 and consequently of the main theorem. �

References

[BCS97] P. Bürgisser, M. Clausen, and M. A. Shokrollahi, Algebraic complexity theory, Grundlehren der Math-
ematischen Wissenschaften, vol. 315, Springer-Verlag, Berlin, 1997, With the collaboration of Thomas
Lickteig.

[Bea00] A. Beauville, Determinantal hypersurfaces, Michigan Math. J. 48 (2000), 39–64.
[Bea02] , Vector bundles on the cubic threefold, Symposium in Honor of C. H. Clemens, Contemp. Math.,

vol. 312, Amer. Math. Soc., Providence, RI, 2002, pp. 71–86.
[BEH87] R.-O. Buchweitz, D. Eisenbud, and J. Herzog, Cohen-Macaulay modules on quadrics, Singularities, rep-

resentation of algebras, and vector bundles (Lambrecht, 1985), Lecture Notes in Mathematics, vol. 1273,
Springer, Berlin, 1987, pp. 58–116.
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