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RANDOM FORESTS FOR TIME-DEPENDENT PROCESSES

BENJAMIN GOEHRY”

Abstract. Random forests were introduced by Breiman in 2001. We study theoretical aspects of
both original Breiman’s random forests and a simplified version, the centred random forests. Under the
independent and identically distributed hypothesis, Scornet, Biau and Vert proved the consistency of
Breiman’s random forest, while Biau studied the simplified version and obtained a rate of convergence
in the sparse case. However, the i.i.d hypothesis is generally not satisfied for example when dealing
with time series. We extend the previous results to the case where observations are weakly dependent,
more precisely when the sequences are stationary S—mixing.
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1. INTRODUCTION

Random forests were introduced in 2001 by Breiman in [6] and are since then extremely successful as a
regression and classification method. The popularity comes from the wide range of applications in which they
are used and the accuracy they offer in high-dimensional problems. They are also easy to implement, can be easily
parallelizable and require only few tuning parameters. We can cite as successful applications: chemo-informatics
[24], ecology [9, 19], 3D object recognition [23] and time series prediction [12, 14].

Let a stationary random sequence (X¢,Y;),o, € R? x R be such that

Y, = f(Xe) +e (1.1)
and the error ¢ is such that E [¢;|X;] = 0. The purpose of random forests is to estimate the regression function
Ve e RP f(z) =E[Y: | Xt =1].

In the statistical context we only observe a training sample D,, = ((X1,Y1),...,(X,,Y,)) used to build the
random forest estimator denoted by fi,.

Random forests can be related to two main sources, regression trees [8] and bagging [5]. Regression trees are
constructed by a recursive partitioning of the input space based on some criterion, dependent or independent of
the data (we detail precisely two in the following), to estimate the regression function f. At each step of the tree
construction, a split is selected (a variable and a location on the variable) based on the evaluation of the criterion
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FIGURE 1. A partitioning of [0,1]? and the associated binary tree. c1,cq,c3 are the constants
associated to each cell.

among all the admissible splits based on all the variables. The cell is cut in two on the selected split and the
previous step is reiterated on the new cells. A tree is then a piecewise constant decomposition of the input space.
We can associated to the input space partitioning a binary tree where each node corresponds to a test matching
how the input space was cut. An illustration is given in Figure 1 of a partitioning in the two-dimensional space
and its associated binary tree. The principle of bagging (short form of bootstrap aggregating) is to create M
randomly generated training sets by randomly sampling «,, observations with or without replacement from the
set D,, and to construct on each set a predictor. Once the predictors are constructed, the bagging prediction
for a new observation z is an aggregation, generally the empirical mean, of the predictions given by the M
predictors for the point x. This procedure aims to improve stability and accuracy of the base predictor. In the
context of random forests, the predictors are regression trees.

We study two variants of random forests, the random forest-random input and the centred forest. By con-
struction of the bagging, each predictor is computed in the same way. In order to explain the different procedures
we then have to explicit the construction of one predictor. Let us begin with the variant which remains to this
day the most commonly used and referred to as the original Breiman’s random forest, the random forest-random
input (RF-RI). For a given generated training set of a,, points, a tree is computed using the CART [8] criterion:
at each node of the tree the best split is selected by minimising the intra-node variance. This criterion is detailed
in Section 2.1. A subtlety of the RF-RI is to restrict at each node the minimisation of the criterion on a random
subset of my,, variables rather than on the p variables and thereby increase the diversity of the predictors
by adding randomness in the construction. This is then recursively repeated until a stopping criterion is met,
typically when the number of nodes reached a given number or when the number of observations in each node
is below a given threshold.

The RF-RI have received increasing attention in recent years regarding theoretical analysis and we can
cite for example the works described in [18, 21, 22, 25]. Since notations are only set later on for ease of
readability, we decide to develop Section 2.1 with the exception of the result in [22] on which the present
work relies on and doesn’t require additional notations. Assuming that the observations (X;,Y;);.,., are
independent and identically distributed as (X,Y), they establish the consistency of the pruned version (that

. 2
is, the depth of the trees is controlled by a parameter) of the RF-RI, i.e. that E [fn(X) — f(X)] — 0 as

n — +oo, for trees where points are selected without replacement and the regression function is an additive
model. Under an additional assumption, yet hard to verify in general, they also established consistency of the
unprunned version (that is, the depth of a tree is not controlled) which is almost the algorithm commonly used
in practice.

The second variant of random forests we study belongs to the so-called purely random forests’s family. The
RF-RI is based on the CART criterion which is heavily data-dependent, the criterion depends on both the
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position of the X; and the value of the Y; to choose the best split, while the purely random forests are based on
criteria which are independent of the data. The variant we consider is called centred forest which was introduced
in [7]. The first difference with the RF-RI is that there is no re-sampling step, meaning that the set used to
compute the trees is D,,. A tree is then recursively constructed as follows. At each node, a coordinate is chosen
uniformly or according to some probability independent of the data and the split is performed in the middle
of the cell along the selected coordinate. This kind of variants has been preferred for statistical analysis since
they are easier to define, provide non-asymptotic risk bound giving insight in the choice of the parameters of
the forest but also capture some attractive features of the original random forest as the variance reduction by
randomisation and adaptive variable selection. Under the hypothesis that (X;,Y;);,,, areii.d, [2] established
that if the splits concentrate on the relevant variables then the procedure adapts to sparsity by giving a rate of
convergence which depends on the number of strong features. We refer to [3] for a complete theoretical survey
on random forests.

The aforementioned theoretical results are established under the condition that the observations are indepen-
dent and identically distributed. However, in applications, it is very common to have dependent data instead of
independent one such as in time series and random forests are proven to perform well on these kind of observa-
tions. We may cite as an example of successful applications of random forests in time series [11, 12, 14, 15]. In
this regard, many algorithms were studied in the case of weakly dependent observations, and in particular, when
dealing with f—mixing sequences. The S—mixing provides some kind of measure of how the dependence between
observations decreases as the distance between them increases. It is usually difficult to estimate the mixing rates
in practice. However, S—mixing sequences can be theoretically well-studied and estimated for various classes
of random processes as Gaussian or Markov processes. We refer to [10] and [20] for more details about depen-
dent processes. The general problem of one-step ahead predicting of time series was considered in [17] when
the time series satisfies f—mixing and stationary condition, establishing consistency and rates of convergence
for a certain class of functions which complexity and memory are determined by the data and minimising the
structural risk. Consistency and a rate of convergence are also established for the boosting algorithm in [16]
when the observations are stationary S—mixing. Their rate of convergence has an additional term, we also find
in our analysis, which can be viewed as a penalty when considering S—mixing sequences instead of independent
observations, O (nl_“(”"ﬂ)) with a € [0,1) and where rg measures the dependence of the mixing sequence we
precise later on.

The paper is organised as follows: we first formalise the models studied and then set the statistical framework
together with the notion of S—mixing sequences. We then state our contribution, including the extension of
the aforementioned results to the case where observations are weakly dependent, namely the consistency of the
RF-RI when trees are not fully grown and the rate of convergence of centred random forests. The proofs are
postponed to the appendices for ease of readability.

2. MODELS

In this section, we formalise the previous mentioned models, namely the RF-RI and the centred random
forest.

Recall that a random forest (either RF-RI or simpler models) is a collection of M random trees, computed
in the same way, and the trees are constructed from a recursive partitioning of the input space X to which a
binary tree can be associated matching how the input space was cut. We denote for the jth random tree, the
predicted value at the point z, f, (2;0;; D)) where (O1,...,0)) are independent and identically distributed
as © and independent of D,,. The random variable © is defined later on depending on the variant. The jth
random tree is defined as follows

5 Ix,ea,(z:0,p,)Yi
fn (2;0;Dy) = § —————1 (xe,
! webio,) No(@©5Dn) (59



804 B. GOEHRY

where D, (0;) is the data set which can be dependent on the random variable ©; for example if re-
sampling or sub-sampling is used to construct the jth tree. The cell containing the point x is denoted
An(xa @j7Dn)a

Nn (;L‘; @j;Dn) = Z ]]-X,ieAn(a;,ej,Dn) = # {Z € {13 ce an}aXi S An(xaGJaDn)}
i=1

and E,(z,©;) the event defined by {N,(z,©;) # 0} . This means that each random tree outputs for a new point
« the average value over all Y; for which the corresponding X; falls into the cell A, (z,0;,D,) of the random
partition.

In the regression case, we aggregate the predictions by taking the average in the following way to get the
random forest estimator

M
. 1
fM,n(x§®17~-~a®1W;Dn>: Z n(x7@]7Dn) (21)

Since M can be chosen as large as possible in practice, we study the properties of the infinite random forest
estimate which is obtained as the limit of equation (2.1) when the number of trees M grows to infinity. The law
of large numbers then justifies using

fu(@,Dn) = e [fa(2,0,D0)]

instead of fM,n (2;01,...,0n;Dy), where Eg denotes expectation with respect to © conditionally to
Dy,. In the following, to ease legibility we omit the dependency on D, and denote simply f,(z) :=

2.1. Random forest - random input

We begin by recalling the variant of random forest which is the most commonly used in practice, the random
forest-random input. We denote:

- a, € {1,...,n} the number of sampled data points in each tree;
— Myry € {1,...,p} the preselected number of variables for splitting;
— 7, € {1,...,a,} the number of leaves in each tree.

Here we consider the stopping criterion where the number of leaves must not exceed the given parameter 7,.
The random forest is then computed as detailed in Algorithm 1. We shall make a remark regarding the selection
of the nodes. They are not chosen uniformly among all the childless nodes, otherwise, there could exist tree
branches far more developed than other only because of randomness. Usually, all nodes of a given level are split
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(if permitted) then the algorithm considers the nodes of the next level and so on. This remark holds also for
the centred forest in Section 2.2.

Algorithm 1: Random forest - random input
input: Training set ((X1,Y1),...,(Xn,Ya))
parameters: number of trees M, number of observations per tree «,, size of preselected variables for
splitting m,,, number of leaves 7,

for j < 1 to M do
Construct the jth tree:

- Draw uniformly «,, < n points without replacement.

- Set Npodes = 1.

- while n,,4.s < 7, do

o Choose a childless node A, containing more than one observation.

e Select uniformly (without replacement), the set Mtry C {1,...,p} such that |Mtry| = my.y.

e Choose the best split in the cell A maximising the CART criterion, defined in equation (2.2),
on Mtry.

e Cut the cell A according to the best split. Let Az and Ay be the cells we obtain.

® Npodes = Nnodes + 1.
end

end
output for a new observation x: mean of the M predictions given by the trees for x.

The CART criterion is defined as follows. Let C4 be the set of all possible cuts in the cell A. For any
(4, 2z) € Ca, the CART-split criterion takes the form

_ 1 - 1 - _
Ln(j,2) = Y. Wi-Ya) - ) Yo Vi-Yalio, —VYarlyws,)?  (22)
i=1,X;€A n i=1,X;€A LT

with X; = (Xi(l), - 7Xi(p)) VAL = {x e A,z < z} AR = {a: e A,z > z} and Y, (resp. Ya,,Ya,) is the
average of the Y;’s belonging to A (resp. Ar, Ar).

Let us suppose that the observations (X, Y;),.,,, are independent and identically distributed as (X,Y’). A
link between the error of the finite and infinite forest is established in [21] and shows that the error of the finite
forest can be made arbitrary close to the infinite one provided that the number of trees is large enough,

E [fM,n(X) - f(X)r -E [fn(X) - f(X)}2 <8 (11l +aM(1 +4logn))

when € is a centred Gaussian noise with finite variance o2 > 0 and independent of X. Another consequence of
this result is that as soon as infinite random forests are consistent then the finite random forests are consistent

provided that k’% — 0. Asymptotic normality of random forests based on subsampling was proven in [18]

n—oQ
when the subsample size «,, grows slower than /n, i.e. that <2 — 0 and that the number of trees M varies
n—oo
with n, i.e. that 7 — C for some constant C' > 0. However, this does not necessarily imply that random
n—oo

forests are asymptotically unbiased. This gap was filled in [25] and also established that the infinitesimal jackknife
consistently estimates the forest variance under the less restrictive condition that the subsample size grows such
that @=loen” .,

n—0oo
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2.2. Centred forest

We now recall the construction of the centred random forest introduced in [7], detailed in Algorithm 2.

Algorithm 2: Centred random forest

Data:((X1,Y1),...,(Xn, Y0))

Initialisation: 7,

Repeat recursively [log, 7,,] times:
- At each node, select a coordinate j € {1,...,d} with probability p, ; € (0,1) where ijl Dnj = 1;
- The split is performed at the centre of the cell along the selected variable.

We note that 7, > 2 is a fixed deterministic parameter which may depend on n but not on D,, and that

each tree has exactly 2/'°82 ™1 ~ 7., nodes. However, there is no re-sampling step in the centred random forest
algorithm and so D, (©) = ((X1,Y1),..., (Xn, Yy)).

3. STATISTICAL FRAMEWORK

Let us denote (W;),cs:=(X¢,Y:),cs where (X;,Y;) are defined in equation (1.1). The first assumption
throughout this paper is that the random sequence (W;),, is stationary. More precisely, we assume that
(Wt),cz is a strongly stationary process as defined in Definition 3.1.

Definition 3.1. The process (W), is said to be (strongly) stationary if Vk € N,V (t1,...,;) € Z* and for
all T € Z,

(th_;,_T, “en Wtk—‘r‘r) = (th,. N Wtk)

in distribution.

In order to prove the consistency of the RF-RI we also need to assume that (W;),., is an ergodic process as
defined in Definition 3.2.

Definition 3.2. The process (W), is said to be (mean-)ergodic if

K
1 L2
— — E .
e 3 W B
Let (Cp),, be a positive sequence and define the truncation operator T¢,, by

u when |u| < C,
Tcnu =
Cpn when |u| > C,.

and the set

Tc, Gn = {Tcng,g € gn}

where G,, = G(D,,) denotes a class of functions g : X — ). Following the definition of the truncation operator
T we denote

Wr =T, W
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and
Wi =TLW;

for W=XorY.

The consistency proof in [22] relies on the general consistency theorem found in [13]. In order to extend
the consistency result to the dependent case, we use the extension of the general consistency theorem to the
stationary ergodic setting as stated in Proposition 3.3. We postpone the proof in Appendix B for ease of
readability.

Proposition 3.3. Let (W), , be a stationary ergodic process and D,, a data set. Let G, = G(D,) be a class of
functions g : X = Y, (C,,),, a positive sequence, f the regression function in equation (1.1) and fn an estimator
which minimises the empirical L* risk on G,. If

lim C,, = oo, (3.1a)

n—oo

lim IE{ inf n/|g(x) —f(x)|2u(dx)} —0, (3.1b)

n—00 9E€Gn,[19llec <C'
1

n—oo 9€TC, Gn | TV

}:OVL>O (3.1¢)

lim E { sup Z l9(X:) = Yo —Eg(X) — Vi)
=1

then
Jn B { [15.60) - f@)Putan } <o
We recall the notion of weak dependence, more precisely the f—mixing case in which we establish the results.

Definition 3.4 (5-mixing process). Let o; = o(W{) and o/,,, = o(W;,,) be the sigma-algebras of events gen-
erated by the random variables W} = (Wy,...W;) and Wk = Wigm, Wizma1, .. .). The B-mixing coefficients
is given by

Bm =sup E | sup |P(Blo;) —P(B)|

21 Be"l/er

where the expectation is taken with respect to oj.
A stochastic process is said to be absolutely regular, or S-mixed, if

lim G, =0.
m—0o0
The most common F—mixing coefficients are known as the algebraic and exponential mixing defined as
follows,

1. Algebraic mixing: 5, = O(m~"#) for rg > 0.
2. Exponential mixing: 3,, = O(exp(—bm*#)) for b, kg > 0.
The exponential mixing hypothesis is stronger than algebraic mixing. The values rg and kg are called the

mixing exponents and the i.i.d process can be recovered by taking either the limit 7g — 400 for the algebraic
mixing or kg — +oo for the exponential mixing.
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The S—mixing property is appealing in the theoretical setting since many statistical properties are preserved
under this condition and are easy to manipulate. One method to manipulate S—mixing sequences is by using
a lemma established in [26], recalled in Lemma A.1. Using this lemma, the dependent process is approximated
with independent blocks of observations plus some linear function in 3.

4. RESULT FOR THE RF-RI

We recalled the studied models and the notion of weak dependence. We need the following hypotheses to
establish the consistency of the RF-RI when the observations are weakly dependent:

- H1la: the data set D, = ((X1,Y1),...,(X,,Y},)) is composed of stationary ergodic f—mixing (X;,Y;) €
[0,1]" x R;

- H2a: the errors (€;);,,, are independent;

- H3a: the response Y follows the additive model

P
Y =3 (X)) 4e
=1
.
F(X)

where X = (X WX (p)) is uniformly distributed over [0,1]?,¢ is an independent centred Gaussian
noise with finite variance o > 0 and each component f; is continuous.

We can now state the result of consistency of random forests when the observations are weakly dependent
under the regime 7,, < «,, (i.e. the trees are not fully grown).

Theorem 4.1. Assume the hypothesis of stationary ergodic f—mizing data H1a, the independent errors hypoth-
esis H2a and that the additive model hypothesis H3a. If there exists a sequence a, verifying 1 < a, < n such

4
that % — 0 and Wi# — 0, then RF-RI are consistent, i.e.

n— oo n—roo

R 2
E [fu(X) - F(0)]” — 0.
n—oo

Let us first verify if we recover the result in the independent case. If the observations (X;,Y;),.,, are
independent, 3,, = 0 for all m > 0. We then get exactly the same hypotheses and result as in [22] by setting a,
equal to 1.

The hypotheses H2a and H3a are the same as in [22]. Note however that in the context of f— mixing
processes, the independent errors hypothesis H2a is not necessarily true but is assumed in some theoretical
models as in the autoregressive model. We refer to [4] for a complete survey of processes verifying the S—mixing
condition. An interesting perspective would be to extend the result to the case where the errors are not assumed
to be i.i.d.

The condition — 0 as n tends to infinity is also highly similar to the last hypothesis in their
theorem and recover it Sy setting a,, equal to 1. The last one is simply saying that the dependence between the
data must not be too long in order to have consistency of the forest. Let us see how the dependence influences
the number of leaves parameter 7,,. Let us suppose, in the following analysis, that rg (or ks in the exponential
mixing case) is known. Let us consider the algebraic mixing case and suppose that a,, = a% with ﬁ <a<l.
The last condition is then verified and the greatest value of 7,, must verify the following in order to obtain
consistency:

T log(an)’an
(a7

1 9
% n—oo
T8
Qn
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E
In the exponential mixing case, suppose that a, = §log (a,,)*# with ¢ > 1. The last condition is then equal to
1

i
% which tends to 0 as n tends to infinity. The penultimate condition can then be rewritten, implying
that 7, cannot be greater than the following condition is true,

o log (a )9+%
Lt = S L N o

o, n—00

This analysis leads to the following conclusion. The nature of the hypothesis appears in the choice of the
parameter 7,, influenced by rg (or kg): the stronger the dependence between the observations, meaning that r3
(or kg) is small, the shallower the trees need to be compared to the trees constructed based on i.i.d observations,
in order to guarantee convergence.

5. RESULTS ON CENTRED RANDOM FOREST

We analyse now the convergence rates of the centred random forest model when the observations are sta-
tionary S-mixing. The space [0,1]” is equipped with the standard Euclidean metric. We analyse the centred
random forest in a sparse framework; this arises from the fact that in many applications the true dimension is
always smaller than p. We assume that the regression function only depends on a nonempty subset S of the p
features. We use the letter S to denote the cardinal of S. Based on this assumption we have

f(X) =E[Y|Xs]

where Xs = {X®,i € S}. Let us introduce f* : [0, 1]° = R that is the section of f corresponding to S. We
then have

fX) =1 (Xs).

We also need the following hypotheses to establish the results:

- H1b: the dataset D, = ((X1,Y1),...,(Xn,Yy)) is composed of stationary S—mixing (X;,Y;) € [0,1)" x R;
- H2b: the errors ¢; :=Y; — f(X;) are independent of finite variance 02> 0.

5.1. Convergence rates

. 2
We first decompose |E {fn (X) - f(X)} with the variance/bias decomposition:

2

B [f.(X) - 0] =E [1.(0) ~ 100] +B[fu(%) - £(X)

Variance Bias

where
=1

with

Ix,ca,.(x,0)
Wni X7@ = n - = ’
il ) > k=1 Ix,ea,(x.0)

]lE,L(X,G)) Vi € {1, . TL}



810 B. GOEHRY

We assume throughout that the coordinate-sampling probabilities are such that p, j = & (1 + vy, ;) for j € S
and p, ; = vy ; otherwise where each v, ; tends to 0 as n tends to infinity.
The first result concerns the variance term and the second the bias term.

Proposition 5.1. Assume the hypotheses of stationary B—mixing data H1b, independent errors H2b and
that X is uniformly distributed on [0,1]" .Assuming that the coordinate-sampling probabilities are such that
Dn,j = % (1+ vy, ) for j €S and if there exists a sequence ay, verifying 1 < a, < n then

2 52 7/ Ta? Ba,
2 nn 2 Man
B | fn(X) - f"(X)} = Co (S - 1> (1+ Vn)n(long)S/% i an,

where

o 576 (wlog? 5/2p
o 16

and

1/2p

1+1/,L:H

jES

(14 vp ;)" <1 - S’/’fl)ll

As noted in [2], if piower < Pn,j < Pupper fOr some constants piower; Pupper € (0,1) we have

14+, < < S-1 > v
vy, < .
" S2plower (1 - pupper)

Proposition 5.2. Assume the hypotheses of stationary B—mizing data H1b, X is uniformly distributed on
[0,1]” and f* is L-Lipschitz on [0, 1]5 . Assuming that the coordinate-sampling probabilities are such that p, ; =
é (14 vy ;) for j € S and if there exists a sequence a,, verifying 1 < a,, < n then

~ 2 25I%a,,
< 0,75 1
7_71510?( +7n)
n Ba, n

Qn

+ exp (—M") sup f*(z)

27y, z€[0,1]P

SL*+ sup fg(m)]
z€[0,1]P

where v, = min; vy, ;.

The bias in the weakly dependent case only depends on the true dimension and not p which confirms the
intuition and the result in the independent case as noted in [2]. However, we should keep in mind, whether in
the dependent or independent setting, that the result relies on the assumption that the splits concentrate on
the relevant variables.

Using the inequality zexp (—nz) < ﬁ for z € (0,1] and combining both previous convergence rates we get
the following result.

Theorem 5.3. Assume the hypotheses of stationary S—mizing data H1b, independent errors H2b, X is uni-
formly distributed on [0,1)" and f* is L-Lipschitz on |0, l]S . Assuming that the coordinate-sampling probabilities
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are such that p, ; = % (14 vy ;) for j € S and if there exists a sequence a,, verifying 1 < a,, < n then

N 2 25L%a Tha? Ba, M
E[f (x) - X] < "4, o, Pan
f ( ) f( ) = Tsolgsz (147n) 1, n + C2 a,

with

2 S/2p
Cipn=4e ! sup f*(x)+ Co? (14 vy),
’ z€[0,1)P S—-1

Co=SL?>+ o>+ sup f3(z).
z€[0,1]?

The remark done previously on the independent error hypothesis H2a holds obviously for H2b as well.
The hypothesis X ~ U(0,1)? is only a convenience and can be easily extended to the case where X admits a
Lebesgue density which is lower and upper bounded.

We also recover the convergence rate in the independent setting given in [2] up to a constant factor. Let us
suppose that we are in the independent case hence ,, = 0 for all m > 1. Setting a,, equal to 1 and plugging
into Propositions 5.1 and 5.2, we get exactly the same upper bound for the variance as in [2] back. However,

regarding the bias term, we get a term with exp (—ﬁ) instead of exp (—%) which is due to a necessary

pre-processing needed in order to work with f—mixing sequences.

Under the hypothesis of algebraic mixing and thus exponential mixing, the term depending on f is converg-
ing to 0 when n tends to infinity. The last term shows the price we must pay when dealing with S—mixing
sequences instead of independent observations. More precisely, under algebraic mixing the penalty is of the form
o (nl_“(rﬁ+1)) with a € [0,1) which is the same penalty as in the convergence rate of boosting established in
[16]. The following corollary precises, under algebraic and exponential mixing conditions, the choices of 7, with
the associated upper bound on the rate of consistency.

Corollary 5.4. Suppose that rg and kg are known.
1. Under algebraic mixing condition; choosing

1.5+S log 2
2.25+2S log 2+7‘B (0.754+S log 2)

Ap XN

This implies that the parameter T, is of the form

(1+'rB)S log 2
2.25+25 Tog 2+73(0.75F S log 2)

Tp X1

and achieves the following convergence rate:

70.757‘B+D.75+Slog2 )

E fn(X) _ f(X)} 2 =0 (n'r‘ﬁ(0.75+Slog2)+2,25+2510g2

2. Under exponential mixing; taking

o~
[~

an  logn*s
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gives

Slog 2

0.75+S log 2
n
Tn < | —— .
logn*s

) 1 1.5+kslog2 m
~ ogn B
I fn(X)_f<X):| =01 | —=

Plugging into equation (?7) we get

The form of the convergence rate under algebraic mixing condition implies that in order to have consistency,
we need the couple (r3,S) to satisfy the inequality 0.75 4+ Slog2 < 0.75rg. It also implies that this result only
treats the case where rg > 1.41. We note that we recover the same optimal parameter and convergence rate
as in [2] by letting rg go to infinity. Under exponential mixing condition, the chosen 7, is, up to a logarithmic
factor in the denominator, the optimal parameter in the i.i.d case and gives the same convergence rate up to a
logarithmic term depending on the inverse of kg.

The previous analysis leads to the following conclusion. The choice of the parameter 7,, is determined by the
nature of the hypothesis; the stronger the dependence between the observations, meaning that rg (or kg) is
small, the shallower the trees need to be compared to the trees constructed based on i.i.d observations, in order
to guarantee convergence.

6. CONCLUSION

The results for either the random forest-random input or the centred forest lead to the same conclusion: the
more the dependence between the observations is long, the shallower the trees need to be compared to the trees
constructed based on independent and identically distributed observations.

Theses results may also lead to new variants of random forests. The proofs of the results are based on a
decomposition in blocks of the random process and the blocks are close to being independent. An analogy can
be drawn between this decomposition and the so-called block bootstraps commonly used in time series estimation.
Instead of considering the observations one by one, the algorithm is fed with blocks of observations and lead
to better estimations. It could be interesting to modify the random forest algorithm in the same way to get a
random forest adapted to time series.

APPENDIX A. PROOFS

The proofs are based on the construction and lemma given in [26], also recalled below, but we note that a
similar coupling lemma is proved in [1].

We divide the sequence (W;), <, into 24, blocks each of size a,,. We assume that n = 2u,a, and so consider
that there is no remaining terms. We then define for 1 < i < p,,,

s={i:2(j — Da, +1<i< (2 —1ay,}
Ty ={i:(2j — Dan+1<i<2jan}.

and we denote

WO = {W,,iec H;}
W0 = {W,,ie€T;}.
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PRSP

=

24y
such that n = 2u,a,,.

F1cure A.1. Construction of the new independent sequence E.

We then denote the sequence of H-blocks W, = (W(j))
distributed blocks Z,, = (E))

<<, We construct a sequence of independently

1<i<pn where ZU) = {¢;,i € H;} and such that for all j € {1,...,n},

w @ =0).

We construct in the same way a sequence of T-blocks. An illustration of this construction is given in
Figure A.1.

Lemma A.1 ([26]). Let the distributions of W,, and Z,, be Q and Q respectively. Then for any measurable
function u on R*#» with bound m,

[Equ(Wa,) — Egu(Ea, )| < mpmfa, -

A.1 Proof of theorem 4.1

The proof consists in applying Proposition 3.3. The computation of the approximation error is the same as
in [22] since it does not require the independence of (X;,Y;);.,., but only stationarity and that the errors
(€;)1<;<, are independent. This verifies equation (3.1b). -

The partition obtained with the random variable © and the data set D,, is denoted by P, (D, ). We let

IL(©) ={P (1. 41) - (T, ¥n) , ©) , (i, 9:) € [0,1]7 x [0,1]}
be the family of all achievable partitions with random parameter ©. We let
M (I1,,(0)) = max {Card(P, P € I1,,(0)}
be the maximal number of terminal nodes among all partitions in I, (©).

Given aset 27 = {21,...,2,} C [0,1)7, T, (27,11,(©)) denotes the number of distinct partitions of 2] induced
by elements of II,(0), that is, the number of different partitions {2 N A, A € P} of 2}, for P € I1,(O).
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Consequently, the partitioning number T, (I1,,(0)) is defined by
[, (I1,(0)) = max {T (27, 11,,(0)), 21,.. ., 2, € [0,1]"}.

Let G,(©) be the set of all functions g : [0,1]” — R piecewise constant on each cell of the partition P, (©).

We define as in [22], Cp, = || f]lso + 0v/210g ()%, hence equation (3.1a) is verified.
Regarding the estimation error, it is very similar to the computation done in [22] but we need to use a result
established in [17] to introduce the f—mixing coefficient. This will prove equation (3.1c).

Theorem A.2. Let (Wy),c, be a B-mizing stationary stochastic process, with |Y;| < Ay, and let G, be a class
of functions g : RP — R. Then, for any d > 2,

1o d d

P sup (= > [V —g(X)[ —E[Y — g(X)]*| > 5
gegn®©) |T =]
lgll < An J

§ 62
<SEN(—2% o Hn0
< SEN <32d(2An)d1 Gn(9) ll’") P ( 128(2An)2d> + Z4infan

where N (v,G(0),11,,) is the v-covering number of Gn(©) w.r.t 1, ==+ 3" | f(X;) — g(Xy)|.

Using Theorem A.2 we get,

Pl sup | — > |g(Xi) = YiL* — Elg(X) = YL [*| > 6
g€gn(@) |Qn ]
llgll < Cn
1) 62
< 8E —_— _ 2
= 8 N <1280n7gn(@)7l1,n) eXp( 128(2Cn)4> + Mnﬁan

where au, = 24, aq,, . For simplicity’s sake, we denote ji,, = o, and a, = aq,, -
Let us compute EN (ﬁ,gn(@),lm) (cf. [13]),

WTRE M(IT,(0))
§ 3e(2C
N<7gn(@),ll,n) < I, (I,(0)) 3( - )
128C, 12§Cn
- M(11,,(©))

<10 |3 (TG

0

‘13314}3} 2M(I1.(©))

Hence

1331021211 (O)
128C,,° } ’

]EN( 0 gn(@),zm)gm(rn(ﬂn(@))[ 3
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Going back to the probability computation

1 &
Pl sup |—> |g(Xi) = Yi]*— Elg(X)-Y]’| >4

< 241 B0, + 8exp <26‘Z§;$) E <exp <2M(Hn(®)) log <13’32605)> exp (log(Fn(Hn(G)))> .

Since M (I1,,(©)) < 7, and I',,(I1,(0)) < (day)™,

52 1331eC?
2pinBa, + 8exp <— 2541;04 > E (exp (2M(HN(@)) log (e"
N

) ) e (s, (0))
n0? 1331eC?
< 24, Ba,, + 8exp <— 254804 + 27, log <§6”> + 7, log (dozn)>

2 4 2 4
< %8, —|—8eXp< hn { 0 27,C <133160n) 3 C ])

_ _ n n
o1 | 3018 . log 5 log (devy,)

n

For n large enough,

1 & n
Pl s |3l Y- Elg(X) ~ Y| > 5| < 2paf, + Sexp <—g4n5,n>
fa2e) 17mi=1 "
with
4 8 2662e0? log (o, )*
62 B 807y, log (o) log( = ) B 407, log (an)glog (day,)
6= 9048 Lo Lo
8 2662e0 log(an)* ¢
< 52 B 807, log (avn) log( 50g( : ) B 407, log (dev,)’
— 2048 Ln,

i
We can now show that equation (3.1c) holds:

lim IE{ sup
n—oo

Y lg(X0) ~ Vil ~ Elg(X) - ¥i?

}—0VL>0.

9€Tc,, Gn
We denote
1 n
I= sup |=>|g(Xi)=YiL]? ~Blg(X)-vi]’|.
9€Tc,, Gn | T i—1

and observe that

I<2(C,+ L)%
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Thus for n large enough
E{I} <E{ll/>s+I1r<s}

S 1) + 2(Cn + L)2 (2,Utnﬁan + 8eXp <—gzn5,n>)
=0+ 16(Cy, + L)? exp (gfma,n) +4(Cp + L) i Ba, -

Hence with the f—mixing condition

lim IE{ sup

n—roo 9€Tc, Gn

%Z‘Q(Xi) ~ Y~ Eg(X) - Vi)? } =0VL > 0.

Thus, according to Proposition 3.3,

n— oo

lim E (Tcnfn(X, 0) — f(X))2 —0.

We only need to check if the non-truncated random forest estimate is consistent, this step is identical to [22].
O

A.2 Proofs for centred forests

Proof of the variance rate, Proposition 5.1. We follow the proof given in [2]. Since the training sample is not
independent, we cannot get the same lines and results but the main ideas are, associated with Lemma A.1, the
same.

Remember that the random forest estimator is written

Fu(X,D,) = Be {fn(x,@,pn)]

with

n

[n(X,0,D0) = > W, i(X,0)Y;

i=1

Thus, omitting the dependence in D,,, the random forest estimator can be written

ZIE@ an@)]

We can now begin the computation,
2

+E Z Z Eo [Wp.i(X,0)W, ;(X,0)] €| - (A1)

i=1 j=1,j#1
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The second term of equation (A.1) is equal to zero since the errors (¢;), ., are independent by hypothesis
H2b. a
We next analyse the first term. We can upper-bound

n

Z E%) [Wn,z (X7 @)] 612

=1

n

Z IEQQ [Wn,i (Xv @)]

=1

E < ’E (by hypothesis on the variance of the errors H2b).

The next step is to analyse the expectation of W, ;. Since the data is not independent we cannot do exactly
the same as in [2]. We need to rewrite the sum over n, decompose it in blocks and then use Lemma A.1. We
can then use a similar argument as [2] which is, by introducing another random variable, to reveal a random
binomial variable in the denominator. Let us first decompose the previous term

Z]E2 W.i(X,0)]

ZZ]Ez W,i(X,0)]| +E ZZW W,.:(X,0)]

j=1li€H; J=14€Tj

= B [u(X")] + E [u(XT)]

where

ZZW W,.i(X,0)]

j=1lieB;

for B = H or T. We easily observe that u < 1 by definition of W/, ;.

Let us begin with the first part of the right hand:

Hn Hn
B> 3 B W (X.0)| <E | 3 B [WulX.0)] | +m,
Jj=licH; j=li€H;
with
—~ leca,xo)
Wai(X,0) = B (X,0)

n :I]_
k=1 1eleA,(X,0)

where (¢}) denotes the first coordinate of the sequence (), and

1<i<n

E,(X,0) {Z Leica, (x.0) 7’50}

i=1
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We introduce ©' independent of © but with same distribution,

E HZ SOER [ﬁ/’n,i(x, @)]] = iﬂﬂ [Z Eo [Wn,i(x,e)] Eor [Wm(X, 9’)]]

j=1i€H; j=1 i€ Hj

j=1 i€ H;

- im [Z Eo,or [Wni(X, 0)Wai(X, @’)]]

Hn

Leiean (X,0)n4n(X,0)

= ZEx,e,e/ Z - " 15, xe) 15, xen| -
i=1 i€H; (Zk:l ]les}ceAn(X,@)) (Zkzl ﬂsi,eAn(X,@’))

For a fixed j,

1

> Lelca,(x.0)na.(x.e)

Ex,e,e’ - -
i€H; (Zk:l lsiGAn(X,C-))) (Zk:1 ]lgieAn(X,(—)/))

En(x,e)lﬁnxx,e/)}

X,¢,0,0

] |

1
<Exe,e Z Lerea, (x,0)na,(x,0nE - -
i€H; (1 + Zk:Lkngj ]lg,lCeAn(X,G)) (1 + Zk:l,kgHj ]lf}ceAn(X,@’))

By independence of the blocks we can remove the conditioning to &},

E L X.¢.0,0

(1 + ZZ:LkgHj ﬂﬁieAn(X,e)) (1 + ZZ:I,MZH]- ]lf,ieAn(X,G’))
1 /
= X,0,0
(1 + k=1 kgH, ]ls,lceAn(X,e)> (1 + 2 k—1.keH, RE;GAW,(X,G’))

Using Cauchy-Schwarz’s inequality, for a fixed j,

1
E X,0,0

(1 + ZZ:LWHJ lg;eAn(x,@O (1 + Zzzl,kgﬁg ]lﬁieAn(X,O’)>

1

p
(1 + 2kt kg H, ]ls}ceAn(Xy@))

< E!/? X,0

1
x E/2 5| X, 0’

(1 + ZZ:LWHj ]lﬁieAn(Xﬁ'))

Using the following fact (¢f.[13]) that

1 3
B [1 ¥ Bin(N,p)Q] SINEDIN L2
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and since each blocks are independent

1 1

S|X. 0| <E'Y?

Slx.e
n 2, —1
(1 + 2 k1 kg, ]lg,lceAn(X,@)) I+ (Z;il ]lgj.l,EAn(X,@))

E1/2

where j denotes one component of each block (H;), <j<p, and (1), . By independence of the blocks we
get o o

2pp—1
Le s vo) ~ Bin (2, — 1,P(X € 4,(X,0)|X,0)).
1

Sa
Il

Since we suppose that the law is uniform on [0, 1]” and by the construction of the tree we get
P(X € A,(X,0)|X,0) =2 Nog2m],

The same is done for the conditional expectation with respect to (X, ©’). Thus

X,¢1.0, e’”

1
Ex,e,e’ Z ﬂg}eAn(x,e)mAn<x,@'>E n n
icH; (1 + 2kt kg, ]lg;eAn(x,e)) (1 + 2otk léieAn(X,G’))

3 x 92[loga ™1
Sz IExee Y Laea,(x.o)nan(x.e
Hn i€H;

1277
4p3 Ex.e.e [Z ]lggeAn(x,e)mAn(x,e/)]

icH;

IN

37'3

< “5ranP (¢ € A (X,0)n 4, (X,0)).

n

The last inequality using the fact that even though dependent, they have the same distribution.
The rest is the same as in [2]. After the computations over H, we get

o 5 [ =~ S? S/2p TnQnHn
E Z Z]E@ [W7L,i(Xa®):| SC(S—l) (1+Vn)W

2
j=14i€H; pa(

with

& _ 144 (mlog2) ¥/
B 16

™

and

1/2p

1—|—1/n:H

jES

-1
— l/n7‘

We do the same over T.
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Combining both analyses we have

TnGn

E 7,3 - 7,(0)] < 200% (5 : 1)5/2p (At )

2
pin (log 7, )5/2P + 207 Ba,, pin-

By construction of the blocs pu,, = %ﬂ, plugging in the previous expression we have

2

. _ 2 ) 2\ /2 a2 02 Ba,n
E {f”(X) a f"(X)} <Co (S - 1) (1+ Vn)n(long)S/Qp * an

with

(o 576 (wlog? S/2p
o 16

and

1/2p

1+V”:H

jES

-1
_ Un,j
(14 vny) " (1 - 5_]1) ]

Proof of the bias term, Proposition 5.2. The start of the proof is the same as in [2] since it does not use the
hypothesis of independence between the observations:

O

2

B[00~ (X)) <B |3 W, (X.0) (F(X) - f(X)| + sup (@B (E(X.0))

i=1 z€[0,1]¢

<E |3 Wi(X,0) (f(Xis) — f*(Xs)?| + sup F2(2)P (E5(X,0)) (cf [2))
i=1 z€[0,1]¢

< B[S W, (X.0)IX - X|3| + swp F)E(E(X.0))

i=1 z€f0,1]¢

where we get the last inequality using the hypothesis that f* is L—Lipschitz. To go further in the analysis we
have to use Lemma A.1 to get independent variables. We proceed similarly to the first proof,

Y WailX. 01X, — X3

E =E[v(X;)] +E[v(Xg,)]
i=1

with

Hn

v(X2) =373 WX, 0)X; — X}

j=1icH;

for B = H or T. We observe that
. Y

(‘Tvy)e[ovlls X [07118
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Thus, using Lemma A.1,

Hn

Elv(XD)]<E DD WX, 0)¢! — X|1%| + Spnba,-

j=1i€H;

We do the same over T.
We need to do a similar operation to compute the probability P (ES(X,0)). We recall that E, :=

{31 Ix,ea.(x0) # 0}
P(E5(X,0)) = B [Isr, 1,0, cx.020]
=E [Ix,g4,x,0) - 1x,¢4.(x.0)]
< E[w(X)]

where

Hn

HH]].X€A”XG) = w < 1.

Jj=1licH;

Using Lemma A.1,

E[w(X;)] <P[V1<j<pn, Vi€ Hy & & An(X,0)] + ptnfa, -

Z JX O = X5 + sup )P V1<) < p,, Vi€ Hy & € An(X,0)]

z€[0,1]7

+ tnBa, lQSLz—l— sup  f2(x)] . (A.2)

z€[0,1]P
We first analyse the term P [Vl <j<pnVieHj & & A,L(X,@)} ,
P[V1<j<pnVieHy &l & An(X,0)] <P[V1<j<p, pickie Hy& ¢ Au(X,0)]

where 7 is an arbitrary index chosen in {1, ..., a,}. Since the blocks are independent, the terms in the probability
are independent. Furthermore, they have the same distribution. Thus

PVl <j < Vi€ Hj& ¢ Ay (X,0)] <P (& ¢ A,(X,0)]

tn
= (1 — 9~ [logs T"W) (by construction of the tree)

fin
< - .
< exp ( m)
Plugging in equation (A.2) we have

B0 - 1)) < 1B |3 Wai(X.0)l - X3

+exp (_2“7”) sup fQ(x) + pinfBay, 25L% + sup fQ(x) :

n/ zelo,1]? z€[0,1]¢



822 B. GOEHRY

Let us analyse the first term:

i€H; N.(X,0)

n Hn ]l 1
774 eleAn(X,0)
B> Wai(X,0)]& —Xll?s] =Y E [Z — s xe € —Xl?s]
. pa
Hn ]l 1
eleAn(X,0)
+> E [Z — s el - Xu%]
=1

i€T; Nn(X,0)

pn
1
<$e[ 5 sqenimote i
i=1 (

i€H; +Zk:1,keHj lgieAn(X,@))

X@h@”
X,gz,e” :

+ZE [Z 1£1€A"(X e)Hfz !

Xls -
iET; (1 + Zk:LkgTj ]lfiEAn(X,G))

For a fixed j

E ! X.¢,0| <E ! X,0

n 2pn—1
(1 + L=t ke, lﬁieAnw,e)) (1 + 2 ﬂs;eAnw,@))

where k denotes one component of each block (Hj) and (T3) By independence of the blocks we

1<5j<pn 1<5<puy"
have
20n—1
D g eanxo) ~ Bin(2uy, — 1,27 1082 71)
k=1

using the same argument as in the proof ”convergence rate for the variance”. The following inequality (cf.[13]),

E L +Bi1L(N,p)] = (N—&l- Op’

gives

2[103;2 Tn“
ZWM (X,0)¢! —X||s] < ZIE > Teea,xollE X”ST
1 i€H; Hn
j=
2“0g2 Tn]
+ZE Z Leiea, xo & Xllgi
i€T; 2pn
< Tl Z ]lE}GAn(X,@)Hfil - X|E| +mE Z ]151_164”()(7@)“51_1 - X%
ieH i€Ty

< 2a,7,E {]léieAn(X,e) &l — X||‘2§} by stationarity.
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The rest is the same as in [2]. We get

E

"L 2a.,S
ZWn,i(X’@)”fil X||?s] < T ()
T %

=1

with v, = min; v, ;. We conclude

2 QSLzan n
B[7nx) - 100]" £ s o (<42 ) s P0) 4, [T+ s £
75tz (1Y wef0,1]¢ z€[0,1)?
n

Replacing using that u, = 5.~ we have

ﬂan SL? + z d f2
> sup f2(x) + n[SE +oweco e 1]
paS

2 25L%a,
B|f(X) - fX)] € s )+exp(— d -
[0.1] n

™ Slog2 (1+/7”

dan,my

APPENDIX B. TOOL TO ESTABLISH CONSISTENCY IN STATIONARY
ERGODIC CASE

We first introduce the general consistency theorem as known from [13] and used in [22]. From now on p
denotes the distribution of X.

Theorem B.1. Let D, = {(X1,Y1),...(Xpn,Yn)} i.i.d. Let G, = G(Dy,) be a class of functions g : X — Y, the
estimator fn which minimises the empzmcal L? risk on G, and f the regression function. If

lim C, = oo,

n—oo
lim E inf / dx } =0,
neo {gegn,|g|m<c lo( z)|* p( dz)
1 < ,
lim E su — X)) =Y |2 —E[g(X)-Y, COVL>0
ntoo {QETCE’% - ;Ig( ) .z [9(X) — Y1) }

then

Jin B{ [17,0) - 5@ Pt an) | =

We extend this theorem to dependent process. The only assumption we actually need is that the stochastic
process is stationary and ergodic.

Proposition B.2. Let (X;,Y;),cq be a stationary ergodic process and a data set D,y = {(X1,Y1),...,(Xpn, Ya)}.

Let G, = G(D,,) be a class of functions g : X — ), the estimator fn which minimises the empirical L? risk on
Gn and f the regression function. Under equations (3.1a-3.1c),

Jn B { [15.60) - f)Putan ) =
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Proof. To prove this result, we follow the same line as in [13]. Instead of using the large of law numbers for i.i.d
variables we use the law of large numbers for stationary ergodic processes.
We write

[ fa@) = f@)n(da) = 1F2(X) ~ YE[D.] — BIFCO - ¥P
- ((®[h0-vep]) " - @i -ve)”)
X ((E [|fn(X) - Y‘2’Dn])1/2 (L) — Y|2)1/2>

(B[00 -vEp.])" - @00 - Y2)1/2>2

/2

#2100 v (B[00 - vefe]) - Eirco -y )

It suffices to show

E ((E (17,000 - YD) - @lre) - v ) —

n—oo
We rewrite this term,

1/2
= (

2
E ((E[1f.00 - vP[2.]) " - @I - v )

<2m ((E [14.00 - vi[p.]) " - (Elg(X) - le)“z)Q

inf
9E€Gn,|I9lI<Ch

1/2 2
(BIFX) - YP) )

E < inf  (Elg(x)-v[2)"?

9€Gn,|19llc <Ch

The last term can be bounded using the reverse triangle inequality,

PAID inf Elg(X) — Y|?)"/?
(gegn’lgloo<cn( |g( ) | )

(I —YF)W)

<om ( it (Blg(X) - f(X)2)1/2>

9E€Gn, |19l <Chr

<9E inf Elg(X) — f(X))?] — 0 by equation (3.1b).
< <gegn,|g|wgcn 19(X) — f( ))m ¥ equation (3.1b)

It remains to show that

1/2 2
(Elg(x) - V2)" ) — 0.

n—oo

o (1400 - vP[p])-

inf
gegml\gHooSCn
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We can lower bound this term by

1/272
—2IE inf z) — f(x)]Pu(dx )
ot o ([ o) = so)Putan
and upper bound it by
1/2
B2y —vi2) 2 2 [ L3 - vinp
n 4 ’
j=1
1/2 5
1 — 1/2
+2 sup || =S lg(X) -~ Vel - (Ble(x) - Y22 . (B.2)
9€Tc,,Gn n J=1

Using the inequality: (a + b+ ¢)? < 3a® + 3b% + 3¢ Y(a, b,c) € R? and (va — vb)? < |a — b| we have

1
equation (B.2) <6E | sup |~ > lg(Xi) = Vil — Blg(X) - Y]?

1 n
6ElY —Y.|? +6E | — Y; - Y 1|?
+ 6E| Ll® + n;| L

— 12B[Y - Y%

n—oo

The last line uses equations (3.1a-3.1c) and the strong law for stationary ergodic process.
We get the result letting L — oo.
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