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WKB analysis of the Logarithmic Nonlinear Schrodinger Equation in an
analytic framework.
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IMAG, Univ Montpellier, CNRS, Montpellier, France
guillaume.ferriere @umontpellier.fr

Abstract

We are interested in a WKB analysis of the Logarithmic Non-Linear Schrodinger Equation with "Riemann-
like" variables in an analytic framework in semiclassical regime. We show that the Cauchy problem is locally well
posed uniformly in the semiclassical constant and that the semiclassical limit can be performed. In particular, our
framework is not only compatible with the Gross-Pitaevskii equation with logarithmic nonlinearity, but also allows
initial data (and solutions) which can converge to 0 at infinity.

1. INTRODUCTION

1.1. Setting

We are interested in the Logarithmic Non-Linear Schrodinger Equation (also called logNLS)
. 62 2
iedu® + EAUE = An |u®|"u®, u®(0) = ug,, (1.1)

withz e R, d>1, A e R \ {0}, & > 0. This equation was introduced as a model of nonlinear wave mechanics
and in nonlinear optics ([6]], see also [7, 34}, [35] 36 20]). The case A > 0 (whose study of the Cauchy problem goes
back to [15,133]]) was studied by R. Carles and 1. Gallagher who made explicit an unusually faster dispersion with a
universal behaviour of the modulus of the solution (see [11]]). The knowledge of this behaviour was recently improved
with a convergence rate but also extended through the semiclassical limit in [24]. On the other hand, the case A < 0
seems to be the most interesting from a physical point of view and has been studied formally and rigorously (see for
instance [14, 19,35} (13 126, 25]).

This paper addresses the semiclassical limit of (LI} for general A # 0 through WKB analysis in an analytic
framework. For this, we first address the Cauchy problem of the system given by this WKB analysis (see (I.13)) and
give a local Cauchy theory independent of ¢ € [0,1]. Then, we prove that the solutions for ¢ > 0 converge when
€ — 0 to the solution constructed for ¢ = 0 as expected. Last, we address the complete convergence of the wave
function u® as € — 0.

1.2. The WKB analysis for NLS
In the case A > 0, R. Carles and A. Nouri [13]] have performed a WKB analysis of this equation: for initial data

- Pin . . . e
of the form ui, = /pin€’ = (in general dimension d), one can seek u® under the form u* = a®e’ = where a® € C
and ¢° € R satisfy:

1
06"+ 5V6" - VoF + Al laf]* =0, ¢ (0) = bin, )
1.
oia® +Vo© - Va® + %aEAth = i%Aae, a®(0) = \/Pin-


mailto:guillaume.ferriere@umontpellier.fr

Note that allowing a® to be complex-valued (even though /pi, is real-valued) gives a degree of freedom to dispatch
terms from (L) into this system. Then, they follow the choice introduced by Grenier which is more robust than the
Madelung transform when semiclassical limit is considered (see [[10]). From this system, one usually defines

v® = V¢©. (1.3)
This relation is also equivalent to (see [[13]])
ti1
6 (1, 7) = din() — / (5l @) + Ao (r,2)) dr,
0

so that, along with a°, determining ¢° turns out to be equivalent to determining v® solution to

Bv® + (v - Vot + A V(ln |a6|2) —0, v (0) = Vi,
1 (1.4)
0ya® +v° - Va® + §a€ dive® = i%Aae, a®(0) = \/Pin-
Remark 1.1. To get this system, we have used the fact that
1 €12 € €
V() = (- I, (15)

due to the fact that v° is a gradient. All across this paper, we will use the general fact that, for an irrotational field f,
one has

SVUFE = ()7,

The semiclassical limit e — 0 for u® relates classical and quantum wave equations and is expected to be described
by the laws of hydrodynamics (see e.g. [29, 32, 28, 21]]). In particular, passing formally to the limit ¢ — 0 in (I.4)
leads to:

O+ (v-V)v+ )\V<ln |a|2) =0, v(0) = Vn,
1 (1.6)
8ta+v-Va+§adivv:0, a(0) = \/Pin-
which is the symmetrized version of the isothermal Euler system (¢ = 0) with p = |a|2 (see [16,139]):
Op + div (pv) =0, (1.7)
O¢(pv) +div (pv ® v) + AVp = 0. ’

The WKB analysis is not exclusive to (L)), it has been used a lot for general non-linear Schrédinger equations.
For instance, it has been discussed in [8] for general nonlinearity of the form

2
iedu® + %Aue =" fjufP)us. (1.8)

In particular, the WKB type analysis is justified for x > 1, which corresponds to a weak nonlinearity. When x = 0,
the mathematical analysis of the semiclassical limit for nonlinear Schrodinger equations has been well developed for
two cases: for analytic initial data (see for instance [29} 43| |44]]) and for initial data in some Sobolev space with a
defocusing nonlinearity so that the analogue of is hyperbolic symmetric, possibly with a change of variables (see
[320 11} [18])). It was also extended to the case of generalized derivative nonlinear Schrodinger equations (in dimension
d=1)

. € £? e, € €12y, K €12y,

ie0pu® + EAU + ziagg(g(\u [ u®) = e f(|u®])us.
In [22], the semiclassical analysis for this equation relies on the assumption

"¢ >0,  [f=0,

and was generalized by [21]] to the case
0% g + f > 0.



These assumptions are made to ensure hyperbolicity, but have the strong drawback to involve the solution itself.
However, hyperbolicity is not needed when one works with analytic functions ([[12]]). In this context, the semiclassical
limit for (L8] (with x = 0) was studied by [29,44]], thanks to some tools developed by J. Sjostrand [42]].

On the other hand, WKB analysis is also useful for the study of the Gross-Pitaevskii equation, for instance in
the context where initial data do not necessarily decay to zero at infinity. The Cauchy problem ([27, 30]) and the
semiclassical limit ([38]]) of (L8) with f(y) = y — 1 and k = O for instance have already been studied. In this case,
the Hamiltonian structure yields that

E(u) = IV ()32 + |lu ()P

is independent of time, at least formally, which leads to a natural energy space,
E = {u e H.;VueL? |u*-1¢ L2},

to study the Cauchy problem (see also [4]). The modulus of functions in this space morally goes to 1 at infinity. For
more general initial data which are bounded but may not be in this space (for instance if they have several limits at
infinity), P. E. Zhidkov introduced in the one-dimensional case in [46, 47]] the so-called Zhidkov spaces:

X®={uelL>®Vue H '}, 3>g'
The study of theses spaces was generalized in the multidimensional case by C. Gallo ([27]). They were also used by T
Alazard and R. Carles [2] in their WKB analysis for the Gross-Pitaevskii equation. R. Carles and A. Nouri [13] have
also shown that, for initial data in Zhidkov spaces bounded away from vacuum, the Wigner measure of u° solution
to (LI) weakly converges to a monokinetic measure f = p(t,7) @ J¢—y(t,2) such that (p, v) satisfies the isothermal
Euler system, thanks to the WKB analysis described before.

1.3. Riemann invariants

The isothermal Euler system (I.7) has been studied a lot in different contexts (for example [45] 5 23] (17} 31)).
B. Riemann solved the "Riemann problem" for this equation in his memoir to the Royal Academy of Sciences of
Gottinger (1860) (see [41]). In dimension d = 1 and in the case A > 0, he introduced the so-called Riemann
invariants w; = v+ v/2XIn p and wa = v — v/2X In p. Then, he proved that the necessary and sufficient condition for
the solution to exist for all positive times is that w; (resp. ws) is non-decreasing (resp. non-increasing).

This shows that the good unknown to be considered would rather be In p in (I7), or In a in (I.6). In particular, we
should therefore consider In a® in (I.4). This intuition is strengthened by the fact that dividing the second equation by
a in system gives

6ta€ e .
as T at 2 T2 e
which could formally be written in terms of In a® only, since we also have (at least for f real)

Af
N

Moreover, in the first equation in (L), if formally f = Ina® i.e. a° = ef, then

A(ln f)+V(n f)-V(ln f).

In|af|* = 2Re f.

However, in the latter, contrary to a, a® is complex, a fact which may lead to some problems when defining In a®
Still, we can override this difficulty. Indeed, a® is defined this way only to get u® solution to (LI)). Instead of deﬁmng

a®, one can try to directly define w€ (along with ¢¢) such that u® = e G is solution to (LI). For this, we first

v L
assume p, = e¥in, so that uf, = e "= (note that we allow the initial data to depend on & with suitable conditions



which will be made explicit later). Thus we can seek u° under the form u® = e%“% with ¢¢ € C and ¢° € R such
that:

1
06" + 5V - Vo + ARevs =0, 9°(0) = o

i (1.9)
O + V6 - VU + Mg = iS (AT + 2V V), Ve(0) = 45,

Note that the pseudo scalar product in the second equation is defined for a, b € C? by
a-b= Z a; bi,
i

and therefore a - a is not necessarily real. In the same way as for passing from (I.2)) to (I.4), we can define v° := V¢*°
(1.3), which leads to

Bt + (v - V)of + AV(Re w) —0, v (0) = Vg, Lo
0+ VU e divet = i (A +2907 - V), V=(0) = ¢, '
Moreover, (I.3)) is here equivalent to
!
¢€(t,$) = fn(x) - / <§"U€(T,.YJ)‘2 + )\Re¢€(7'7x)> dr. (1.11)
0
As soon as the initial data converges, passing formally to the semiclassical limit € — 0 in system (.10} yields:
v+ (v-V)v+ AVey =0, v(0) = Voin, (1.12)
Db+ v Vb + dive = 0, $(0) = tin. '

This system is linked to the isothermal Euler system (I.7) (and thus also to (I.6)) in the sense that it is the same but
written in "Riemann-like" variables (with p = )

Remark 1.2. If we neglect the convective terms (v - V)v and v - Vb, which are still not regularizing terms and may
already lead to shocks (like for the Burgers equation), then we would get the system

8t¢ 4+ dive = 0.

For instance, i) would satisfy
2 — NAY = 0,

and a similar equation would hold for v. In particular, when A > 0, we get the wave equation, which is well posed
in L2-based spaces (e.g. (1(0),0;1(0)) € H' x L?), or based on Zhidkov spaces for instance. However, if A < 0,
this equation becomes way more singular. Indeed, for the Fourier transform, defined for every f € L' and for every
¢ € Réby

(&) = F(F)() = / f(@)e =€ de,

and then extended for any f € L?, we get
Gd — M€ = 0,
whose solutions are
b (&) = P(0) cosh(v/IN[[E[¢) + D4P(0) sinh(v/[A[[€]1).
Thus the Fourier transform is in L? for some interval [0, 77 only if the initial data are analytic. Hence, one may
probably not hope for a Cauchy theory of (LI12) (and thus for (I.I0)) in lower regularities for this case (see for

instance [40]] in 1D and [37] in higher dimension). Our construction will still work for A > 0, so we take the general
case A # 0.



1.4. Transformation of the system
Obviously, we have
v (Re 1/15) — Re (vuﬁ)
Therefore, the system (I.10) does not involve ¢ directly, but only derivatives of this function. Therefore, in the same
way as for ¢° and v, one can transform the equation for )¢ into an equation for

CE = V'l/JE, (114)
so that (I.T0) becomes
Ov° + (v° - V)0 + A Re¢® =0, ve(0) = Vg,
3tC€+V<U€'C€) + Vdive® :ig(VdiVC“r?V(Cs'CE))’ ¢(0) = Vel e

In the same way as the relation between (L3)) and (LI1), (.14) is equivalent to

£
— 17—

YE(t,x) = o5 (x) — /0 |:U€(T,.%') (7, x) + div oS (T, x) 5

<div CE(r,x) + 2¢5(my ) - C(, x)ﬂ dr. (1.16)
Indeed, it is obvious that, with the definition (LI6), ¢°(0) = ¢%, i.e. V)*(0) = V4§, = ¢°(0), and one can easily
compute that

(V) = 9,¢° = VO™ — 0,¢" = 0.

1.5. Main results

1.5.1. Notations for analytic spaces. All across the paper, we denote
() = 1+
Then, for §,¢ > 0 and n € N*, define the analytic spaces (like in [31]]):
HERYR) = { f € L2R%R"), | fllg < o0},
where L?(R%, R") designates the functions in L? from R? with values in R" and

o 2
1918 = [ (00| o) ae = 1712,

and f = F(f) designates the Fourier transform in space variables. We also define the scalar product associated to
this norm:

(Faes = [ (€29 9)- ) ds.

For simplicity of notations, we will drop (R¢, R™) in the definition of #§ and also in L2. When we consider "contin-
uous" Hf; valued functions, these are functions that belong to

C(IHE) = {f € C(I, 1), F~ (wsf) € C(1, 1) = (1, HY) },

for some interval I and where
ws = exp (5(6),
with § = §(¢) continuous (and even C'). When I = [0, T'], we denote
CTHg = C([07 T]? H§)7
LFHG = L((0,T), Hy),



L3HS = L2((0,T), H5),
HEMS = H(0,T), H5).

Moreover, we also denote the following norms for any ¢ € [0, 7] as

|||f|||oo,t,€75 = HfHL;wa; = Ssup ||f(7')||£,5(7),

7€(0,¢

t 1
1 = 1 P lzzg = (| 1Oy dr)

1

1 _1
Finally, for any M,¢,6 > 0 and f € L¥H, N L2T3’-L§Jr2 N CTHf; ?, we also define for all ¢ € [0,T:
Entes(F)E) = L7 50 +2M N1F113 105

1.5.2. Main result on (C¢,v). We are interested in system (L.I3) in an analytic framework. For this, fix A # 0, £ > 4
and d;, > O for the rest of this paper. Then, we assume the following:

Assumption 1. ¢, ¢5 € CH(R?) are such that Vi, € ’Hgin and V¢, € ’Hﬁ:l are uniformly bounded in ¢ € [0, 1]
in these spaces: there exists wi, such that for all ¢ € [0, 1]

2 2
IVYLllz s, T IVSalliis, < win

Remark 1.3. The initial data ¢{, and ¢ might be unbounded when |z| — oo, or have different limits at infinity (for
instance at =00 in dim d = 1, see Section[6land more specifically Lemmal[6.1)). In particular, this means that we allow
the initial data v, for (L.1)) or pion for to be near vacuum at infinity. This is different from [13]], which requires
the initial data to be bounded away from zero (along with A > 0).

Our first main result is divided into two parts. Under the previous assumptions, the first part addresses the Cauchy
problem of (L.I3). With such a Cauchy theory, we then deal with semiclassical limit by stating that (¢%, v®) converge
(in some sense) to (¢, v°) as e — 0. For the latter, we define for any k > 0 the following constant which depends
only on €:

(D) = [V = Vbl s, + 195 = Voblicy s,

Theorem 1.4. For any ({5, ¢3) satisfying Assumption[l] there exists T > 0, M > 0 and 6 = 6(t) = 6in — Mt such

that, for all ¢ € [0,1]:

in?

1

o There exists a unique solution ((¢,v°) € L*>((0,T), 7_[§ X7‘l§+1)ﬂC([O, T, 7—[?5 Y
3
Hy'?) to (LI3).

* There exists C > 0 independent of ¢ € [0, 1] such that

Z+2) Z+2

NL?((0,T), Hy

6 = ¢ llueres.5+ M0 =2 llaezes s+ 116 = Cllores + 1= = 0llomegns < € (VE+ D7y ),

and, if £ > %,
= st 107 = st 1 =l 107 = Py < O+ 270

1.5.3. Main result on (1%, ¢%). Once we have a Cauchy theory for the system (L.13)), we can define ¢ with (LI6).
From this definition, it is easy to prove that Vi = (¢ like in Section [[.4l In a similar way, we then define ¢¢ with
(LII). However, we can not prove directly that V¢ = v°. Indeed, we need (L.3) to hold, i.e. that v° is irrotational.
This is obviously true at t = 0. To prove it for ¢ > 0, note that taking the curl of the equation on v* gives a linear
equation on curlv®. Therefore, from the previous result, we also gain a local Cauchy theory for (L9) through the



relations (IL11) and (I.16). Moreover, the semiclassical limit can also be extended to these functions, which leads to
define for any k£ > 0 the following constant which depends only on ¢:

(D5)? = |9 = ¥l g, + 195 = Shlliy (1.17)

Since the assumptions for the initial data may lead to non-trivial behavior at infinity for (¢ , ¢, ), we also address the
behavior at infinity (in space) of (¢ (t), ¢°(t)) thanks to the relations (LII) and (LI6).

Corollary 1.5. For any (Y5, , ¢5,) satisfying Assumptionll] there exists T > 0, M > 0 and § = 6(t) = 0in — Mt such
that, for all € € [0,1]:

o There exists a unique solution (¥, ¢°) € C2([0,T] x R%)? to (LI) such that (V°,V¢) € L>®((0,T), H§ x
_1 1 1 3
HANY NC([0,T], Hy 2 x Hy ) N L2((0,T), Hy 2 x Hy'2).
* There holds

-1 042 0432
P° — 5, € HiHy > NCrHs > NLEHST N LEAH, 2,

e+3 3
¢ — &5 — M, € HiH, 2 N LFEH2 N L2, 2.
* There exists C' > 0 independent of € € |0, 1] such that

9 = oo mens + 167 = S Mo s s + 1107 = ¥0llaggns + 167 = 8oz eras
and, if £ > %,

19° = 0o zes + 165 = Mo reers + 195 = @l s+ M6 = My rpns s < C(e+ D5)-

Remark 1.6. o = e'T satisfies (L.2) and (L4) (along with ¢° and v° respectively). In particular, for e > 0, u® =
7 T is a €2 solution to (1)) where ¢° is defined by (L.11).

Remark 1.7. One can add any constant to v°, i.e. any linear function to ¢°, thanks to the Galilean invariance: for
any ¢y € R% and any (¢%,v%) solution to (LI3), (¢5(¢, x — cot), v°(t, 2 — cot) + cp) is also solution to (LI3), and a
similar relation holds for ¢ and ¢*. Moreover, the addition of a constant to v;, gives an explicit behaviour thanks to
the effect of scaling for (LI)): if u© is a solution to (L)) and x € R, then

u®(t, x) er e

also solves (LI (with initial datum e"u*(0)). The corresponding relation for ()%, ¢°) is that, if (1%, ¢°) satisfies
(L), then (v° + 2k, ¢° — 2)kt) also satisfies (I.9), and this also holds for € = 0. The second part of Corollary
in particular the term At ¢ , is therefore consistent with the effect of the scaling.

Remark 1.8. In the case where ¢, and ¢, are independent of ¢, the convergences are in O(1/€) and O(¢) respectively
for the semiclassical parts in Theorem [[.4]and Corollary Actually, if £ > di;, the first case can be deduced from

the second case (in both the second part of Theorem [.4l and the third one of Corollary [L.3]) by the fact that (¢, v°) is
1 3
uniformly bounded (for & € [0, 1]) in L((0, T), HS x HE) N L2((0,T), Hy 2 x Hy'?).
The second part of Corollary [L.5] gives useful information about the behavior of ¢°(¢) and ¢°(¢) at infinity in
space, for ¢ > 0, in particular if )7 and ¢{ do not have a trivial behavior at infinity. Of course, if ¢; and ¢; are
analytic themselves, we have the following properties.



Corollary 1.9. Assume that ({5, ¢5,) satisfies Assumption [l Define T, §(t) and ((%,v%) given by Corollary [L3 If
o€ ’Hg;rl, then
41 42
W € Crty 2 N LEHI N LAH, 2.
Furthermore, if we also have ¢, € 7-[5;:2, then

o € CrHETE A LML A L3HIE
Remark 1.10. From the second part of Corollary we know that the behaviour at infinity of ¢°(¢) is the same as
¢, for all t. Moreover, the behaviour of ¢° is consistent with the effect of scaling for (LI) (see Remark [L7).

In particular, if ¥ € Hz_n, then %, () (and then also ¢°(¢, z) for all t € [0,T]) goes to 0 when |z| — oo, which
means that |u(¢,x)| goes to 1 (or any another positive constant if we add a constant to ¢* with Remark [I.7]) when
x — oo. This is therefore linked to the Gross-Pitaevskii problem.

Yet, if 9% goes to —oo at infinity, then so does 1°(t) for any ¢ € [0, 7], which means that we are close to vacuum
at infinity at any time for (LI} and (L7). More generally, if ¢, is bounded by above, then so are 1°(¢) and |u®(¢)| for
any t € [0, T]. Moreover, in any case and for any compact subset K C R? and any k € N, ¢°(t) and u°(t) are C*(K)
and all the above convergences and properties hold by substituting the analytic spaces in space by C*(K) due to the
fact H5 C C¥(K) forany 6 > Oand ¢ € N.

1.5.4. Semiclassical limit. The convergence given in both Theorem [[.4] and Corollary suffices to infer the con-
vergence of quadratic observables in some way as soon as the initial data converge. Therefore, we state the following
assumptions (we recall that D; is defined in (I.17)):

Assumption 2. There exists C > 0 such that:
DS o1 < C/E.

Assumption 3. ¢ > % and there exists C' > 0 such that:

Dj < Ce.

Corollary 1.11. Under Assumption [I] and Assumption 2l or3 the position and momentum densities converge in the
following sense: for any compact subset K C R, any k € Nand all T' < &M“ such that T' < T, there holds

WP — e’ and  Im(ewdVue) —s ¥ 00, in L2((0,T"),CH(K)).
e—0 e—0

Furthermore, if all i (x) are uniformly bounded by above, then all \*(t, ) are uniformly bounded by above in
(0,T") x R and there holds for all k € N

— 0.

e =] |
L;’?/H]C e—0

+ H‘Im(sﬁvwf) — e’ vo‘

L%‘}H’C

However, regarding convergence of the wave functions, the previous result is not sufficient. Indeed, as fast as
- and 17 may converge as ¢ — 0, Corollary guarantees at most that ¢° — ¢° = O(e), which only ensures

Y w0 90 . o S
that e 2 7= — e 2 ™= = O(1) due to the rapid oscillations. In order to get a better approximation, we have to
approximate ¢ up to an error o(e) by adding a corrective term. For this purpose, we consider the system obtained by
linearizing (L.9) around (%, ¢°), with (1in,1, ¢in,1) real-valued initial data:

] (1.18)

Orp1 +0° - Ve + ARerpy = 0, $1(0) = in,1,
Oy +0° - Vb1 + Vo1 -+ Mgy = = (div¢? +2¢"-¢°), $1(0) = Yin.



In the same way as previously, determining ¢j and ] is equivalent to determining v{ = V¢7 and (§ = V§ solution
to

{ w1 + V(@ -v)) + ARe ¢y =0, v1(0) = Voin 1,

8¢+ V(W - (1) + V(v - ¢0) + Vdive, = (v div ¢® +2v(¢O- 40)) 1(0) = Vein1,
(1.19)

1
2

along with the relations
tri
Ui (t,x) :¢in71—|—/ b (divCO(T,x)—|—2C0(7-7x).C0(7-7x)> —UO(T,x)-Cl(T,x)—Ul(T,x).CO(T,m)] dr,
0
t
yT) = Pin1 — O(r,z) - ; AR yx) | dr.
01(t.2) = s = [ (#°r2) -0 (r) + ARes (7. 0)) dr

Remark 1.12. This is also equivalent to linearize (LI3) around (¢%,v?).
Provided (¢°,v°) satisfying the conclusion of Theorem[Ldland (Vin 1, Vin 1) € HE < Hmﬂ w1th d Lem<

3
I — 1, we will see that the solution ((1,v1) to (LI9) belongs to (LEHT x LEHT ) N (LQT’H(S X LQT’H?Jr2 )
Similarly, if (¢in,1, ¢in71) Hmﬂ X Hm+2 we will see that the solution (¢1, ¢1) to (LI8) belongs to (L°°7-Lm+1 X

Jr
LOOHm+2) (L%Hgn 2 x LQT’H 5 ) The appearance of these correctors, and in particular regarding cases where
they are trivial or not, have already been discussed in [9] in a more classical WKB framework. However, our context
is a bit more particular, and we have the following:

Lemma 1.13. ¢1(t) = 0 on [0, T if and only if (in1, ¢in.1) = (0,0).
From the previous discussion, we make the following assumptions:

Assumption 4. ¢ > d+3 and there exists (wm 1, Gin,1) Such that
ria = || VR — (VU + eViin)||_y s + [V — (VO + V)|, s =0(e)  ase—0.
Assumption 5. ¢ > d+3 and there exists (Yin 1, ¢in,1) Such that
7oy = || — (i + €¢in,1)Hg,1,5 + || 5 — (&5 + €¢in,1)Hg75 =o(e) ase—0.
Our final result is stated as follows.

Theorem 1.14. Under Assumptionld} there exists an e-independent C' > 0 such that for all € € [0, 1],

WCE — (" + 5<1)W00,T,zf2,5 + |HCE (" + €C1)|H2,T,£f%,5 < C(rjg +¢7),

0 = 00+ 00l + Il = 00 0y < CrEg €3
Moreover, if Assumption 3 is satisfied, then there also holds for all € € [0, 1],

o7 = @° + )l gr s + 1Y = W° + o))l gy 5 < O +67),
ll¢= = (@° + ol g5+ 67 = (&7 + 207043 5 < Oy +27).

In particular, for any compact subset K C R% and k € N and T" < "‘ such that T' < T, there holds

00 . 40 ré
£ _ ez T :O<—1 +e> — 0
9

v 0
LE5CH(K) e
and, if 5 is uniformly bounded by above,
AL r§
uf — ez Ti1FIT :O<—1—|-6> —>00
L5 Cl(RY) € &
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1.6. Outline

In Section 2 we first state a toolbox lemma for the computations in analytic spaces, and then address the Cauchy
theory in Theorem in two steps. First, we prove the existence part thanks to a scheme defined in Section
Then, we show the uniqueness of this solution through similar estimates as in the existence part. Section[3lis devoted
to the semiclassical limit, with the proof of the second part of Theorem We prove the results about )¢ and v°,
i.e. the second and third parts of Corollary in Section Ml Section [3]is devoted to the semiclassical limit of the
wave function: we address there Lemma [[L.13] and Theorem [L14l Last, we discuss in Section [6] the assumptions on

the initial data, and in particular the differences from the direct assumption (¢, V5 ) € (’Hgfl)Z for instance.
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2. CAUCHY PROBLEM

In this section, we prove Theorem [L4l Our proof is based on an iterative scheme in a similar way as in [12] for
example even though it is a little different.

2.1. Analytic functions

We recall that the analytic spaces have been defined in Section [L3.Il We first recall some properties of these
spaces (see [31]]).

Lemma 2.1. Let £, 6 > 0.

1. Forany a € N% and f € ’H§+|a|,
102 flle,s < 1 oo o-

More precisely, we have:

11715 = IFUZ5 + D 105 117 5 @.1)

la|=1
2. Foranys € R, f € H?rs and g € ’H?S,

<f7 g>’H§ < Hf”ZJrs,JH.guéfs,&

3. For any m > g, there exists K™ > 0 (if £ = m, we will simply denote it by K*) which does not depend on

max(m,{)

d > 0 such that for any f,g € H; ,
1 l,m
1£ - glles < K (1 lnliglles + 11 legllglln s )

4. Forany f € ’Hﬁ, if f is scalar, then
Re<f7 iAf>€,5 = 07

if f is R%valued, then
Re(f,iV div f)ss = 0;

5. If¢ > g, we have a constant C' > 0 such that for all § > 0 and all f € H%,

[fllzee < Cllf e < CllSllgs-

10



Moreover, as already said in Section [[5.1} we take time-depending &(¢) for the analytic regularity H5. || f H? s for
time-depending f and § can be estimated thanks to the following result.

Lemma 2.2. For a C! time-dependent 8, we have:

d .
17125 = 20011117, 1 5+ 2Ref, 0ef) e

The following lemma, based on the previous properties, is a toolbox for all the forthcoming analysis and estimates.
For a partial proof, we refer to [12]], most cases not treated in there can be treated in a similar way thanks to Lemma

21

1 _1
Lemma 2.3. Letm > 4 — 1, M > 0, §(t) = 6 — Mt and T < 5. Let (f,9) € C([0,T],H; % x H;  ?), and

1 _1
denote D = A if they are C-valued or D = V div if they are C%-valued. Let (F,G) € L*((0,T), HZHQ X ’H;n ),
g1 € L%HS”H, go € L%OHS”H and 01, 05,03 € R, and assume that g € L%HS”H if 05 # 0 and

atf = F, f(O) € %gfrl’
Og =G+ i1 D g+ 02D g1 + 03V (g2 -§2), g(O) € 7‘[:;7:1

Then, t — Hf(t)HiLH,(;(t) and t — Hg(t)”fmé(t) are continuous and for all t € [0,T],

2
EMmt1,6(F) () < NFONngas + 20 Mo emas sl E .o ma 2 59

2
Entm,s(9) () < 9O 5,5+ 209l ¢t 1 s G2t 1 5
~ ~ 112
+2(0a(l19lll2,t,m+1,61191 1 2,1,m+1,6 + 2T 10319l o0 2,m, 51192 156 .m0 11,6°

In the case 63 = 0, the term 2|02]||gll5 ,,, 11 5131|915 Should be understood to be zero in any case. Moreover; there
holds for all t € [0, T]

. soq, M3 2 4,3 d—1
* If FF = Fy - Fywith Iy € LFH; and F5 € L7 H and m > %=, then

1 ms 5 < K™ 2B g gt 3 o112l 3.6 (2.2)
where K™+ is defined in Lemmal(2.1) (part 3).

e [fF = (F-V)Fywith Fy € LEH % and Fy € I2H" and'm > 452, then

1N ms 5 < K™ 2 NP g g3 o112l 3.5 (23)
e [fF = (F - V)Fywith Fy € I3H™ and Fy € LEH™ ™ and'm > 452, then

1F syt 2.5 < K™ 2B 1 51 Follog s 3.5 2.4)
e IfF = 0,Re Fy with Fy € L2H."* and 0, € R, then

|||F|||2,t,m+%,5 < 2|94||||F1|||oo7t,m+%75- (2.5)

 fF =V(F - ) with Fy € LFH.* and Fy € I3H)? then

(TP St 11T I )2 2.6)
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: s0q, M3 9 M+ 3 d—1
IfG=V(Gy-Ga) with Gy € LEH;  ? and G € LiH and m > 5=, then

1
Gt 1.5 < K™ 2 NG oo ms 1 sl G2llla 1 5 2.7)

m4+3
IfG = 05D Gy with Gy € LM} 2 and 05 € C, then

NG 0m— 1.5 < 10511 Gl e e 5 (2.8)

1
IfG = 06V(Gy - G1) with Gy € LM N LEH; 2 and 05 € Cand m > 4, then

1
G 1,5 < 1061 K™ 2™ [|G1lll g t.m 611G g 4 1 6 (2.9)

IfG = G1 -Gy with Gy € LEHT™ and Gy € LEH]'H, then
NGt m-1.6 < K™ G loo s 1,5l1G2 Ml g 1,5 (2.10)
or, ifm > d;21,
1
G215 < K™ T2 Gl et s11G2ll 2t e 1 s (2.11)

1

If G = 6; div Gy with Gy € L2H}' 2 and 67 € C, then

NGl 0m—1 .5 < 10711 Gl ¢ m 1 6 (2.12)

2.2. Setting of the scheme

Let e € [0,1]. Set ¢§(t) == V5, and v§(t) == V@i, for all t > 0. Then, for all £ € N, define ¢} ; and v}, by
induction as the solution to

{ Opvi1 + (Vg - V)vir + A Re (g =0, Vr41(0) = Vi,

. € . 2.13
O + V(05 ) + Vdiveiy, = i= (Vdiv iy, +2V(G - 6), Gal0) = Vg @GP

The first equation is an explicit transport equation with source term and does not depend on (;_, ; so that v | can be
defined first independently. For our case, we will show that those terms are smooth (and even analytic). Then, the
second equation can be solved thanks to the Schrodinger semigroup:

e b 1
G (t) = Vel g - v /0 SR (U (7) - () + 5 div o (1) = iSGi(n) - Gi(r) ) . (2.14)

It is easy to see that (| defined by (2.14) satisfies (2.13). Indeed, define

. b 1
Uia(t) = €205 = [ DR (40 G+ g divea (1) — 156G ) - (7)) d,

then it easy to check that ;  , = V47 | and

€ 1 . €
O — i A0 = = (vF - G+ G divei — 56 GE).

12



2.3. Well-posedness of the scheme

Fix now 15, ¢¢, satisfying Assumption [Il With this assumption, our scheme is well-posed (at least locally in
time).

Lemma 2.4. There exists M > 0 and T € (0, %}] such that, for 6(t) = 0in — Mt, (vi,(;) is well defined and
nC

3 1
uniformly bounded in both k € N and € € [0,1] in C([0, T, ’Hf;“ x H§) N L2((0,T), 7—l§+2 X ’Hf;JrQ )-

Proof. We show this result by induction. The fact that {5 and v are well defined is obviously true. Since d;vg =
0¢(§ = 0, Lemmal[2.3] gives for all £ > 0 with 6(t) = &, — Mt:

Enre3(G5) () + Enrer1,6(v) (1) < NIGRIIZ 5, + IIoRlZ1 5, < win: (2.15)

3 1
Therefore, we have (¢5,v5) € L=((0,T), Hs™ x HE) N LQ((O,T),H?FE X 7—[§+5) as long as we take M > 0.
Now, assume that it is true for some k > 0. With this property, vy, ; is solution of a transport equation with explicit
smooth terms and is therefore well defined (thanks to characteristics). Then, (¢ 41 1s also well defined thanks to 214
along with the property of the Schrodinger semigroup in analytic spaces. Then, we use Lemma 23| with f = v 41
9= "Cir-m =401 =5, €3, RI) with 0, = X and @.7)-C.9) with 05 = 1 and 0 = 5. For that, set

2 2
Wi () = Gl 05 + 1ElS0 0416

2 2
Ui(t) = HCEHQJM_F%,& + HUIiHZt,H_%,g'
We also use the following computations:
2 [of sl 3, oM GE M 2.6 < MoRall 3.5 MGRIIE s
k+1lll2e 042 515k M2, 045,06 = I1Vk+11112,,042 5 klll2,¢04-1 60

1 1
UGGl g Mo MG 1.5 < SMORIR e alGEa 3 s s+ S MGENE 15

1
|HC§+1\Hz,t,u%,am”iﬂ\Hu,ug,s < 57724-1’

1 1
16l Mol Rl 52,5 < SUGENR sl GEr G s SICENE s 5

Therefore, for all ¢ < 1 and ¢ > 0 such that 6(¢) > 0 and using Assumption [}

Enres(CE ) (®) + Enrers(0541) () < win + (2Cp(/wi () + Wi () + 2N + 1) 41 (2)
+ 20+ CONGIG gy 1 50 (216)

for some Cy > 0 depending only on /. Set

1
My = Cy(V2win + 2win) + |A| + 2

M2 = ’)\‘ + Cg,
M = M; + 2M5,.

Moreover, take §(t) = &, — Mt and set T = M ~14;, so that §(t) > O for all t € [0, 7). From these estimates and
definitions, we can prove that the scheme is uniformly bounded thanks to the following Lemma.

Lemma 2.5. Foralle € [0,1], t € [0,T] and k € N, there holds

Eaty 0,6 (Cr) (1) + Eanty or1,6(VE) (1) < 2win.

The proof is therefore complete. O
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Proof of Lemma[2.3 We prove this lemma by induction on k. The estimate for & = 0 follows from (2.13) and the
facts that
—M < —2M>.

Now, for £ € N, assuming that the estimate holds at rank k&, we have in particular the fact that wz(t) < 2wy, for all
t € [0, T}, so that (ZI6) becomes

Eanty 0,8(Chp1) (t) + Eanty 041,6(Vg 1) () < win + 2Mang (¢).
Using again the property at rank k, we have for all ¢ € [0, 7]
2Mon(t) < win,
and thus the property at rank k£ + 1 is proved. U

2.4. Convergence of the scheme

We proved that the scheme is well defined. We now need to show that this scheme converges as k — oo in order
to get a solution to (I.I3) from this limit.

Lemma 2.6. Up to taking a larger M > 0 and a smaller T' > 0, for any € € [0, 1], (¢, v}, )i is a Cauchy sequence in
—L o+ L
C(I0.T], M5 x Hy' *) N L2((0.T), M5 x HGH).
1 1
Proof. We know that (CF,v5) is uniformly bounded in L>((0,T), H4 x H5™) n LQ((O,T),”;’-L?r2 X H§+2) with
Lemmal.4l Set Z} | = (j,, — ¢;and Vi, | == v;_ | — v} for k € N. Then, we obtain for k > 1:

OVig1 + (v - V)V + (Vi - Vv + A Re Z; = 0,
0uZir +V (Vi G) + V (vioa - 20) + Vaiv Vi, = is (Vdiv Zi +2 V(25 - G) +2 V(G - Z0) )

with zero initial data. Set
2 2
Nig(t) = |||Zli|||2,t,é,5 + |||VI§|||2,t,é+1,5’

From the previous system and Lemma2.3 with m = ¢ — %, 23)-2.3), 2.8) and three times (2.7) in a similar way as
previously, along with Lemma [2.3]and the following computations:

1
Vil 41 oMV Mo al0E o 1.5 < winl ViR 15 a5 + 5 IVE NG 05

1
1281l 0 MW NG N 5 < winll ZE a3 15 + 5V WS 5

2 1 2
125 1lll.,,511 2701057200 < winll| Z2sa [l 05 + 511 ZE 51,05
we get:
5M,z—%75(21§+1)(t) + 5M,e+%,5(vlf+1)(t) < 2K'V2win + 2K win(2 + €) + 1 + 2]V, ()
¢ 2 ¢ 2
+ 2KV [15,0,5 + A+ K51+ 2) 11 ZE 2,16
Therefore, for ¢ < 1 and up to taking a slightly larger Cy in My, we get
52M2,£—%,5(Zg+1)(t) + 52M2,z+%,5(vlf+1)(t) < 2M2N,§(t). (2.17)

From this estimate, we can prove a uniform estimate.

Lemma 2.7. There holds for all k € Nand t € [0,T]
li+1(t) = 52]\/[2,57%75(212-&1)(75) + 52M2,g+%,5(vl§+1)(t) < Win 2kt
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We first finish the proof of Lemma [2.6] before proving this Lemma. For any j > k > 1, there holds with Lemma

165 = Gilllao 2.5 =

j—1

€
Z Zm+1
m=k

00, T 0—1.5

j—1
< S Zes Ol iy
m=k

j—1

< Z \/w—in(ﬁ)—m—i—Q
m=k

<ova "

. . =5 o . : .
Therefore ((})y, is a Cauchy sequence in C([0,7],Hs ) since it is continuous with values in the same space. The
same kind of estimate can be proved for v{ and for the L2((0,7'), H4 x H5™) norm in the same way. O

Proof of Lemma2.2 @217 leads to
1
T =< 5L

Thus, we get
T < 27FT
Moreover,
12 Moo e 2.5+ WV oo s 1.5 < W) + w5(8),
and

t t
20N7() < 200 [ (IEOIEs + 195 5) dr+ 2080 [ (16O + 1061 5) o
Therefore, from Lemmal[2.3] we can deduce that
77 < 4w,
and then the conclusion. U

From Lemma 2.6 along with Lemma[2.3] we can complete the proof of the existence of a solution to (I.13) and
the uniform estimates in €.
_1 1
Corollary 2.8. ((;,v; ) converges in C([0,T7], ’Hf; 2 X ’H?_Q) NL2((0,T), Hs x H5™) to some (¢, v°) solution to
(LI3), which also satisfies

t
2 2 2 2
ICE@)IZ 5 + ™ (8) 11,5 + 40 / (I 35+ 10575 ) A7 < 20t

2.5. Uniqueness of the solution

We have just proved the existence of a solution to (LI3). We now prove the uniqueness of this solution thanks to
similar estimates.

1 1 1
Lemma 2.9. The solution ((%,v%) to (L13) in C([O,T],Hf; 2 ><7-[§+2)HL°°((O,T),7-[§ x?—[f;“)ﬂLz((O,T),Hf;JrQ X

3.
Hs ?) is unique.
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Proof. Let (C%,4°) be another solution to (LI3) in the space L>((0,T),Hs x HET) nC((0,T], Hs ' x HE) N

1 3
NL2((0,7), 7-L§+2 X H§+2 ). In a similar way as in Section 23] defining

2
- _ = ~e2
WH(t) = ‘ ¢ 00, 4,6, 10 oo 41,6
o =|lElr e
n = 200415 2,t,0+3.5°

there holds for all ¢ € [0, T

En5(C7)(8) + Enrer1,6(57)(t) < win + (2C(VEF + &%) + 2|\ + 1+ 2C0) i

Moreover, also from Lemma[2.3] ‘

_ 2
CE(t) Hé 5 + ||o5(¢) ”?+1,5 is continuous in time, and then so is &°(¢). Therefore, the

same kind of argument as already used along with a bootstrap property yields

ENLes(C)@E) + Ener1,6(07) () < win. (2.18)
Set now Z¢ := (¢ — (% and V€ := & — v°. Then, we obtain:

OVE+ (0°-V)VE + (VE-V)v® + A Re Z° =0,
8 Z° + v(Ve : 56) + v(ve : Ze) L Vv = Z-g(v div Z5 +2V(Z° - &%) + 2 V(¢ 2&)).

In the same way as in Section defining

~ ~ 112 - 2
Q8 (t) = HZ€ + HVE ,
oo,t,éf%,(g oo,t,ZJr%,é
~ ~ 112 - 2
Ne(t) = HZ€ + HV*? :
24,0, 24.04+1,6

Lemma 2.3 with 2.3)-(2.3) and 2.7)-(2.8) yields for all ¢ € [0, T]
Enes(Z5)(t) + Enror1,5(VE)(t) < 2K /i + Klwn(2 + ) + 14+ 2|\ )N + (2]\| + K41 + 2¢)) T O°.

From the definition of M, we get 3 3
Q°(t) < ([N + K*(1 +2¢)) T Q°(t),

which gives the conclusion as soon as 7" is small enough so that (2|\| + 3K%)T < 1. This gives local uniqueness,
which is sufficient to prove it even if T is larger. U

Remark 2.10. In particular, the previous computation (2.18) and the uniqueness property give another estimate,
slightly better than that of Lemma[Z.3] for the L>°([0, T, H4 x H5™) norm, given in the next lemma.

Lemma 2.11. Forall € € [0, 1], there holds for all t € [0, T

Enes(CE) (@) + Enpes1,6(0°) () < win.

3. SEMICLASSICAL LIMIT

We now address the semiclassical limit ¢ — 0 in ((%, v®) variables, i.e. the proof of the second part of Theorem
[[4l For this, we set Z¢ := (¢ — ¢ and V¢ := v® — v°. Using (I.3), they satisfy

1 1
OV +SV(VE ) + V(0 V) F AR Z =0, VE(0) = Vo, — Vi
0,7 + V<V€ , Cs) n V<vo , Z€> +VdivVe = z% (v div ¢® +2V(¢*- Ce)), Z5(0) = Vy§, — Vi,
3.1)
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3.1. First case

Set

2 2
QF = || 29| st !yveuooi’“%’é.

oo,t,ﬁ—%

By applying LemmaR3 with m = ¢ — 3, 6; = 0, 63 = 20, = ic, §1 = Go = (° and 2Z.3)-(2.8), using Lemma 2.11]
and the following computations:
2 2
21Vellat 11611 2N ses < WVElIS 4 er1s + 125020060

T 1 )
1ZM 280611V Nla g 061C oo t,06 < 595 + §winHZ€Hoo,t,Z,5’

1] o 106122005 < Vol 2511505

2w;
0 in
125 g012.5 < N1CNoeras+ ¢ HQ,t,Z—f—%,& < VI

we getforalle < landt € [0,7T):

3 Win
52M27£—%,5(Z8)(t) + 52M27€+%75(V5)(t) < (Dz_%)Q + KT (t) + 5<\/§ng§1 + W) (3.2)

. . ¢ :
Thus, up to taking for instance T' < KT, we obtain

Entri 1620 + Engyy 1 5(VE(B) < C((DF_ )% + )

—3 5

This gives the conclusion for the first case.

3.2. Case/ > %

Set now
Of — || 7€ 2 Ve 2
) =11Z°5% 1016 T VM5 1,06

Here, we use Lemmal[2.3]in a similar way as previously. However, we treat the term 5V div (¢ with (2.8) instead of
with g1, and the term e V(( - (%) with g9 instead of with (Z.9). Then, we also use the following computations:

2
el 2N g1 516 o016 < Cowin 1271501 5 + €

1
SINC,’

1 g2
2 2
el Z%Na0-1,611C o0 0,6 = 5127 o0 01,6 + 5TW§1-
Thus, we get
5 € € 2 1 € 82 2 1 4
Eana 0-1,5(Z°) (1) + Eanty 0, 5(VE)(E) < (Df_1)” + 50°(¢) + —(T Klwip + )
2 4 2|\ Cy

which gives the conclusion for the second statement of the second part of Theorem [T.4L

Remark 3.1. The fact that we cannot recover the O(£?) in the first part comes from the term V div ¢¢. Indeed, the
highest regularity for which we have an estimate for * is the Hf;Jr%, which is L? in time. Therefore, when one wants
to estimate (Z°, V div (%), 1 for Lemma[2.2] (or Lemma[2.3), since we cannot go further £ + 3 in the norm of ¢°,

there must be at least £ + % for the norm of Z¢, which is not very optimal for this estimate: we would want at most /.
This problem does not occur for the second case because we estimate the (¢ — 1,0) scalar product: it allows an extra
notch backwards for the regularity of Z¢, which is sufficient for falling into a better framework for our estimates.
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4. PROPERTIES ON 9° AND ¢°

In this section, we prove the second and third parts of Corollary

4.1. Behavior at infinity
4.1.1. Analyticity of Oyp°. The first part of this proof is a result of analyticity of Jyt)°.

_1
Lemma 4.1. There holds 0z)° € L%Hﬁ 2,
Proof. We know from (L1} that
o) +0° - F +dive® = i% (div(s +2¢°- C5>.
Moreover, using Lemma 2,11} there holds
10 ¢Cllgs < K8l g1l < K win,
[dive®(lps < [0l 11,56 < Vwin,
16 Clles < KUICIZ 5 < K win,
laiv Gl < 1M1 5
The latter is L? in time (in (0, 7)) by using also LemmaZ.I1l Therefore, the conclusion easily follows. O
4.1.2. 9 case. Now, we prove the case of 1)°. Setting U¢ := ) — 77, Lemma (along with the facts that
Ue(0) = 0 and 0, W¢ = 9y1)°) yields
_1
T e HY((0,T),H; ?).

1

1 1
In particular, ¢° — 5, € C([0,T7, ’Hf; ?). But we also have V¢* € C([0,T7], ’Hf; ?), and it is of course also the same
for V4% . Therefore, by (2.1), we obtain

o+ 1
Y — 5 € Crty 2.
Moreover, Lemmal[2.3 gives for all ¢ € [0, 7]
Enrs (N0 < W g s 00 s 5

Applying Lemmal4.T] once again yields
+3

Ue e LM N LTH,

Thus, we get (L3).
4.1.3. ¢° case. In a similar way, we now prove an analyticity result for 9, ®¢ where
O° = ¢ — o7, — A,
3
Lemma 4.2. There holds 0,° € LEHI 0 L3H, 2.
Proof. We know that
1
@¢ﬁ%;wP+ARmf:o.
Therefore, we have
1
@¢ﬁ+yfF+ARem%:0

From the previous result and from the fact that

2 043 041 43 041

|o° | Hz+§ 5 < Kttt ‘|U€||g+g,5”v€\|g+1,5 < Kttt /wi“H”eHHg,a,
27

along with Lemma [2.11] this yields the conclusion. O

The proof of the second statement of the second part of Corollary [[.3]is then similar as in Section 4.1.2]
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4.2. Semiclassical limit

Now, we prove the results of the semiclassical limit for 1)° and ¢°. Set
Pe = F — 4, QF = ¢ — ¢°.
Then, there holds
B P + Ve (F 40 Z5 4 divVE = i%(div(s Y ge),
0,Q° + %ve v+ %vo -VE+ ARe P = 0.

4.2.1. First case. By applying Lemma[2.3, (Z.11) and (Z.12) with m = ¢ — % and g = P*, and using the second part
of Theorem [L.4and Lemma 2.11] we obtain for all ¢ € [0, 7]

1

2 2
Eui-y PO < POy g, + C e+ (2 (DF2) [ 1P
for some constant C' > 0. Therefore we get for all ¢ € [0, 1]
Enntae—1 5P  IPPO)F_y 5, +C e+ (D5_1)?).

Then, for Q°, we apply again Lemma 2.3l with f = Q°, (2.2) and (2.3)), so that we also get:

Entens Q)W) S NQO)F,1 5+ C (e + (D5 1)2) I (1.5

Therefore we have in the same way
Enntes Q) S NQ )7, 5+ C (e + (D_1)?)
Hence, there holds
Eanto- 4 s(PO)E) + Eny 041 5(Q)(1) < (D7_1)* + Cle + (D,

@2.1) yields

e 2 15 2 _ /1NE 2
(Dg_%) +(Dg_1) _(Dg+%) )
so that 3
Enntr- 5P + Ennpy41,5(Q7)) < O (= + (D, 1)?)-

The conclusion of the first statement then comes from the previous computation and the second part of Theorem [I.4]
along with 2.1).

4.2.2. Case di21 < /. For this case, applying again Lemma[2.3 with g = P° but withm = ¢ — 1 > d;21, 2.10) and
(2.12), the estimates give for some C' > 0:

1
Entp-1.5(P)E) < (PO 15+ C& + (DF)D P15

so that we obtain 3
Eantye-1,5(PF)(t) < (Df_1)? + C(e* + (Dj_1)?).

Then, for ¢, we apply Lemma2.3] (2.2) and 2.3) with f = ¢, which gives:
2 1
Enes(Q7) (1) < NQ°(0)|I7 5+ C(* + (D7_1)?)? 1@ N 2,041 6

and the conclusion follows in the same way as in the previous case.
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5. SEMICLASSICAL LIMIT OF THE WAVE FUNCTION

In this section, we address the semiclassical limit of the wave function u¢ = e2 "¢

prove Lemma[L.T3] But first, we need to address the Cauchy problem of (I.19).

w1th Theorem [[.14l We also

5.1. Cauchy problem of (I.19)

Theorem 5.1. Let % <m <1 —1. Forany (Vipin1,Voin1) € Hy % 7—[ , there exists a unique ((1,v1) €
1 3 _1

(LEHT x LEHTT) N (L2 2 x LM 2) N (CrHy ? x CTH5 )solutlon to (L19).

Proof. The proof is rather similar as the Cauchy theory of (I.I3) developed in Section[2] and we present here the main
steps. First, for the existence, we define a scheme:

d Cl,O(t) = v¢in71 and ’Ul,o(t) = VqSin’l for all ¢ Z 0,
* Forany k € N, ((1 k+1,v1,k+1) is defined by

{ Opv1 g1 + V(UO ‘U1 k+1) FAReG =0,

OCipr1 + V- Gprr) + V(01 gy1 - C0) + Vdivey g = <V div¢? +2v(¢- CO))

[\')lN

and the initial data (; ;41(0) = V)in,1 and v1 441(0) = Vin 1.

The previous system and Lemma [2.3] give the following estimates: for all t € [0,7] and k € N,

1
Eanty s (CLe1) (8) + E20t0,m 5 (V1k+1) (8) < ISkl 7 1 5 + 500 + K'wip.
From this estimate, one can prove by induction that, for all £ € N and ¢ € [0, 7],

Eonty s (CLi) (1) + Eantyms (V1 1) (1) < Vi + 2K iy

Moreover, there also holds
Eontom,s (Cli+1 — CLk) (1) + Eantym,s (Vi k1 — vik) () < A1k — C1,k—1|||27T,m+%75,

3
which proves the convergence of the scheme in (C7HT* x CrHt) N (LQT’Her2 LQT’HZHQ) like in Section

The uniqueness can also be proved with a similar computation. U

5.2. Proof of Theorem [1.14
We recall that Z¢ = (¢ — 20 and V& = v® — 0¥, Define Z° := Z¢ — £(; and V° := V¢ — cvy. Then we have

1
OVE+ V@' - V) + A Re 25 = —V(VE.V?9),
2
8,2° +v<v€ : 40) +v(v0-z€) +Vdiv)F = V(fo : Z€> +z’%<Vdin€ F2V(Z5 - Y) +2v(ZE gf)).

This system is very similar to (3.1)) and the estimates are actually the same up to two differences. First, the source

_5
terms (at the right-hand side of each equation) are O(¢?) but only in L2 ’H 5 3 for the first equation and in L2 ’H s 2
for the second one. Indeed, there holds

¢
IV (Ve Vllgre—s s < KVTIVE S 05 < CE°,
-
IV (Ve Z)laze—5.6 < KVTIV oo 20-1,601 2 Moo, mie-1.6 < O,
el|[V div Z€|||2,T,£fg,5 < €|||Z€|”2,T,Zf%,5 < Ce?,

elIV(Z OMllomes 5 < K TVTNZ oo 1,6l M 5 < €2
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/—
ellV(Z - Mz, < €K VTNZ o 1-1,611C Moo 5 < O

Then, we apply Lemma[Z.3 with m = ¢ — 2, and in particular (2.7). For this, we need £ — 2 > 9=1, which is assumed
by Assumption 4] Therefore, we get for some C' > 0 and for all ¢ € [0, T

Eontpo—2,5(Z°) + Eontye—1,6(V) (1) < (rf_y)* + C et

As for the case of 1)° and ¢°, we also have P° = 1)° — 4" and Q° = ¢° — ¢°, so that by defining P° := P¢ — ey
and Q° = QQ° — ¢, we obtain

P+ V040 25 L div)s = Ve Za+ig(din5+2Za CF2zE -go),
Q"+ V-’ + ARe P = %VE Ve

Like in Section [4.2.2]but with m = ¢ — 2, we get with the first equation

Enti-2.5(PF)(t) < [PFO)Fg5+ Ce" + (F_2)*)2 1 P s 5
and with the second one

Ente-15(Q)(1) < QO 15+ Cle* + (507 Qo1 5
and the conclusion easily follows, using the fact that

1P=(0)[17 o5 + 1Q°(O)I[7_y 5 + (rf_2)* < 2(7_1)*,

with 2.1).

5.3. Proof of Lemmal[1.13

We now address Lemma [[LI3] First, assume ¢;(t) = 0 on [0, 7], which yields not only ¢i,; = 0 but also
V¢1(t) = 0. Then, the first equation of (L.I8) gives

Re 1/11 =0.

This is in particular true for ¢ = 0. Since 11 (0) = tjin 1 is real-valued by assumption, we obtain ), 1 = 0.
On the other hand, since ¢ is real-valued, taking the real part of the second equation of (L.I8) leads to a system
in Re4! and ¢':

A1 +0° - Ve + ARerhy = 0, #1(0) = bin1,
O Retyy +1° - VRety + Vo -Re¢® + Agy =0, Re 1 (0) = tin 1.

This system is linear in (Re ¢1, ¢1 ), without any source term. Therefore, if (¢)in 1, $in,1) = (0,0), we get (Re ¢, ¢1) =
(0,0), which gives the conclusion.

6. ASSUMPTIONS ON THE INITIAL DATA

In this section, we discuss about Assumption [I] for the initial data. In particular, the analytic behavior is asked
only for the gradient of the initial data (V5 , V¢ ). One can show that this statement is different from asking the
analyticity for the initial data (¢, ¢5 ) or even (¢5,, V¢5 ) directly. Indeed, when we consider the Fourier transform
of these functions, we know that they are linked (for instance for ¢, ) through the relation

F(Viin) = =i F (i)

In particular, when we consider analyticity, we multiply these Fourier transforms by some e % () and ask them to
be square integrable. Thus, if F (V5 )e™% () is L2, then the previous relation gives that F(¢5 )e~%m{) is square
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integrable for |¢| — co. However, we could still have a problem at £ = 0, for instance if |F(¢5))(&)| ~ |€ \_% which
is not square integrable but which gives | F(V5,)(€)|* ~ |¢ |71 which is integrable.

This problem at £ = 0 is actually linked to the behavior of 93, () for |z| — oo since we formally have

R—oc0 |z|=R

In particular, in dimension d = 1, we show that we can have any possible limit at infinity, and even different limits at
Fo00.

Lemma 6.1. For any pair (a_,ay) € (RU {oo})?, there exists f € CL(R) such that f' € HY for any § > 0 and
hm:l:oo f = Q+.

Proof. We will prove this result in three steps. First, we will prove it for (a_, a) € R? by constructing a first function
whose limit at —oo (resp. +00) is 0 (resp. 1) and satisfying the previous regularity conditions. Then, we will prove it
when exactly one of them is finite and the other infinity. Finally, we will prove it for two infinity limits.

First step. We construct here a first function which will be used to prove the case (a_, a; ) € R?. Define

It is known that h; € L' N L? and

Therefore, hi € ’Hg for any 6 > 0. Then, we define:

T

g1(z) = / hi(y)dy.

—00

It is well defined since h; € L'. Moreover, it is obviously C! with gy =hi € ’Hg for any § > 0, and lim_., g; = 0.
Furthermore, it is also known that

400
§g9r=/) hi(y)dy = 1.

Then, for (a—,a1) € R?, f1 := a_ 4 (aq — a_) g1 satisfies the needed assumptions.
Second step. We assume here ay = +oo and a_ € R. Define

() (14 2)71 if x>0,
) =
2 0 otherwise.

We know that hy € L2, therefore flg € L2 too. However, ho ¢ L. More precisely, ho is not integrable at +oco. Then,
we define g2 by convolution:
g = hl * hg.

This is well defined pointwise since both hy and ho are in L2, and it is also in L? since hy € L'. In particular, we

have )
~ 2 _& _

(€)= ha(§) e € LA™ dg),

for every 6 > 0, therefore go € Hg. In particular, go € C°°. Moreover, go > 0 from the fact that both Ay and ho
are non negative. Furthermore, go has the same integrability property as hs: it is integrable at —oco and is not at +o0.

Indeed, there holds
0 0 +o0
/ g2(x) dz = / / ha(z — y) hi(y) dy dx
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:/;/;hm—y)hl@)dydx
:/_io/yth(x—y)hl(y)dxdy
:/;m@)/yohm—y)dxdy
:/0 m) [ ha(e)dedy
W,
:/_Oohl(y)ln(l—y)dxdy<oo

However, it is still not integrable:
—+o00 —+o00 —+o00
/ g2(x)da = / hi(z)dx / ho(y) dy = 4o0.
—00o —00 —00
Hence, we can define the following function:
xr
Ao = [ Wy
— 0o

By definition, f5 = g2 € 7-[2 forall 6 > 0, lim_o f = 0 and lim,, f = +00. Hence, a_ + f5 satisfies the needed
properties. We can recover the other cases by adding a — and/or considering fo(—x).
Third step. If both a and a_ are o0, one can consider f3(z) = £ fo(z) £ fo(—2x). O

Remark 6.2. In particular, there also holds f/ € Hf; for any 6, ¢ > 0.

Remark 6.3. Even though this result is in dimension 1 for simplicity, the previous constructions can be extended to
higher dimensions.
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