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Abstract: The aim of this paper is to develop a complete walking with a starting, periodic and stopping motion for a 3D
humanoid robot with n actuated variables. The dynamic behaviour of the center of mass of the humanoid robot
is defined by a model called Essential model. The ZMP is imposed, the horizontal position of the CoM is free.
The n− 2 other generalized variables of the humanoid robot are controlled and their trajectories can be for
example chosen as a sinusoidal function of time. The gait parameters are determined based on data obtained
from human walking. Numerical tests are presented for a complete walking motion. The perspectives are to
test the obtained trajectories experimentally.

1 INTRODUCTION

Designing a walking trajectory for a humanoid robot
entails strong difficulties such as unilateral constraints
with the ground, numerous joints, respecting the dy-
namic equilibrium, among others. There exist several
popular methods, which are based on the relation be-
tween the zero moment point (ZMP) and the center of
mass (CoM), to develop walking trajectories for ex-
periments with humanoid robots, for example (Kajita
et al., 2014), (Kaneko et al., 2004). Their main ad-
vantage is to not require a lot of information about
the dynamic behavior of each of the robot’s bodies.
However during a walking, an important flexion of
the knee joint for the stance leg is actually not human-
like. Also, the results are based on a simplified model,
thus the walking stability is not ensured for a robot
with small feet. With the linear inverted pendulum
(LIP) model, walking motions based on capture point
regulation are developed in order to exploit the nat-
ural dynamic of the pendulum to stop it. The cap-
ture point is the location on the ground where a biped
needs to step in order to come to a stop. The CoM
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motion freely converges to the capture point, see (En-
glsberger et al., 2001) and (Pratt et al., 2012). But
its theoretical concept is mainly based on the assump-
tion that the altitude of the CoM is constant, i.e. the
linear inverted pendulum (LIP) assumption. A walk-
ing gait based on human-like virtual constraints has
been investigated in (Ames et al., 2012) for the robot
Nao; Sakka in (Sakka, 2017) also performed this type
of study for an online human motion imitation with
Nao for slow motions. Another approach employed
to generate walking patterns for biped robots is based
on central pattern generators (CPGs) and does not re-
quire any physical model of the biped; see (Behnke,
2006), (Graf et al., 2009) or (Shachykov, 2019). How-
ever they request the tuning of a lot of parameters.
The parametric optimisation can also be used to de-
fine offline walking trajectories for humanoid robots,
for example (Bessonnet et al., 2002), (Tlalolini et al.,
2010), or (Ames et al., 2012). The main advantage
of parametric optimization is that energy consump-
tion can be minimized. But this method requests a lot
of computation efforts. The reference motion of the
biped can also be based on a record of human mo-
tion (Powell et al., 2013), (Tomic et al., 2014). By
definition, a human is a perfect model to define a hu-
manoid walking. Nevertheless, making the correla-
tion between the human motion and the robot joints
is not so easy. Despite these interesting contributions,
to our best knowledge there are few papers about the



design of a complete walking motion, taking into ac-
count the constraints on ZMP trajectory, with a start-
ing, a periodic and a stopping motion. An interest-
ing investigation was done in (Ames, 2014) but the
approach was more hybrid, without double support
phases. In (Khusainov et al., 2017), desired foot po-
sitions of the humanoid robot are generated for any
given trajectory by taking into account kinematic lim-
its in robot legs. In but to our best knowledge for hu-
manoid robots there are no extract trajectories from
human data.

The contribution of this paper is to fill this gap.
Our main objective is to find feasible walking trajec-
tories for a given robot, taking into account these dy-
namic characteristic, i.e. with unilateral ground con-
tact forces and ensure dynamic equilibrium. More-
over, the proposed trajectories are inspired by aver-
age human motion, copying a particular human gait,
chosen to translate an emotion like joy or fatigue, or
dedicated to a task like carrying loads, etc. A com-
plete walking motion is defined for Romeo, a hu-
manoid robot with n = 31 joints. This complete walk-
ing, which is composed of double support (DS) and
single support (SS) phases is calculated by using the
Essential model, which models the relation between
ZMP and CoM by considering the complete dynamic
of the robot unlike the LIP model, i.e. a determin-
ing feature of human gait, (De-León-Gómez et al.,
2019). Vukobratovic (Vukobratovic et al., 2012) en-
lighten us on biomechanical inspiration of this feature
to carry out biped robot motion such as posture real-
ization, gait synthesis. The trajectory of the ZMP is
here imposed, the horizontal position of the CoM of
the humanoid robot is free to adapt to the ZMP evolu-
tion. The n−2 remaining generalized coordinates are
given functions of time (often sinusoidal functions),
whose parameters are inspired by data extracted from
human walking. The CoM is thus computed from
the knowledge of the evolution of the ZMP and these
n− 2 remaining generalized coordinates. The n joint
variables of the robot are deduced from this calcula-
tion. From the inverse dynamic model it is possible to
deduce the torques to carry out this complete walking.

The paper is outlined as follows. The humanoid
robot Romeo is described in section 2. The Essential
model is presented in section 3. The boundary value
problem to obtain a periodic walking motion is stated
in section 4. The starting and stopping phases are de-
tailed in section 5. The results of the numerical tests
are presented in section 6. Section 7 offers our con-
clusions and perspectives.

2 Romeo

The humanoid robot considered in this study is
Romeo, a prototype platform developed by the com-
pany Softbank Robotics, see fig. 1 a). It is 1.47m
tall, weighs 36 kg and features 31 degrees of freedom
(DoF) gathered into the configuration vector q.

a)
b)

Figure 1: a) Photography of Romeo. b) Illustration of the
global equilibrium.

3 Essential model

The objective of the Essential model is, instead of
imposing as many trajectories as there are degrees of
freedom (DoFs), to leave two DoFs free to allow for a
chosen placement of the ZMP. Since the relation be-
tween ZMP and CoM is considered as a determining
feature of human gait (Kajita et al., 2014), (Koolen
et al., 2012), and the positions of CoM and ZMP are
strongly linked, we choose to ”set free” the horizontal
coordinates r f = (x,y) of the CoM in order to adapt
to the imposed trajectory of the ZMP.
In order to take inspiration from the human motion,
let us introduce r ∈ R31×1:

r = (r f ,rc)
>

= (x,y,z(t),x f (t),y f (t),z f (t),ψ f (t),θ f (t),
φ f (t),ψt(t),θt(t),φt(t),q13(t), · · · ,q31(t))>.

(1)
We define rc as the vector of the 29 variables of r
for which the trajectories are imposed. z(t) defines
the desired altitude of the CoM. x f (t),y f (t),z f (t) and
ψ f (t),θ f (t),φ f (t) describe the desired position and
orientation of the free foot, and ψt ,θt ,φt give the de-



sired orientation of the torso link. The upper-body
variable joints are defined by q13 to q31. The desired
trajectory for rc(t) is defined based on human motion.

The robot configuration can be defined by the joint
vector q ∈ R31×1 or by the vector r, and a geometric
model can be built. Let q = g(r f ,rc) be, q̇ and q̈ are
deduced thanks to the kinematic models as follows:
q̇ = J f ṙ f +Jcṙc, q̈ = J f r̈ f + J̇ f ṙ2

f +Jcr̈c + J̇cṙ2
c . (2)

Here J f ∈ R31×2 and Jc ∈ R31×29. In this study the
evolution of rc is chosen as a function of time, thus
the joint evolution can be expressed as function of
r f , ṙ f , r̈ f and t only :

q = g(r f , t), q̇ = J f ṙ f + v(t,r f ),
q̈ = J f r̈ f + J̇ f ṙ2

f +a(t,r f , ṙ f ).
(3)

To assess the feasibility of a walking trajectory,
it is necessary to calculate the external forces act-
ing on the humanoid robot. These external forces
here are the gravity force Fg and the ground reac-
tion forces applied on each foot (see fig. 1 b). The
resulting ground reaction is defined by the wrench ∈
R6×1 (F0,M0)

> = (Fx,Fy,Fz,Mx,My,Mz)
> in a refer-

ence frame Σ0. The global equilibrium of the robot
can be written as :(

F0
M0

)
=

(
AF
AM

)
q̈+

(
dF(q, q̇)
dM(q, q̇)

)
(4)

where q ∈ R31×1 is the joint vector of the robot.
Using (3), the global equilibrium (4) can be

rewritten:(
F0
M0

)
=

(
AFr(t,r f )
AMr(t,r f )

)
r̈ f +

(
dFr(t,r f , ṙ f )
dMr(t,r f , ṙ f )

)
(5)

Let p = (px, py, 0)> be the global zero moment point
(ZMP). Its coordinates px and py satisfy :

Fz px +My = 0, Fz py−Mx = 0. (6)
(px, py) must be inside the convex hull of support at
all times in order to satisfy the dynamic equilibrium
condition (Vukobratovic and Borovac, 2004). We im-
pose a desired evolution of the ZMP px(t) and py(t)
inside the convex hull of the support foot (or feet in
DS) in order to satisfy the equilibrium condition. Dur-
ing the SS phase the desired motion of the ZMP is a
migration of the ZMP from the heel to the toe of the
stance foot. In DS phase the desired motion of the
ZMP is defined by a linear evolution from the final
position of the ZMP at the end of the SS phase on the
stance foot, until the initial position of the ZMP at the
beginning of the SS on the next stance foot. By using
the 3th, 4th, and 5th lines of (5), we rewrite (6) as:

(AFrz(t,r f )r̈ f +dFrz(t,r f , ṙ f )) px(t)+
AMry(t,r f )r̈ f +dMry(t,r f , ṙ f ) = 0,

(AFrz(t,r f )r̈ f +dFrz(t,r f , ṙ f )) px(t)−
AMrx(t,r f )r̈ f −dMrx(t,r f , ṙ f ) = 0.

(7)

These two scalar equations (7) isolate the essential
characteristic of the walking that is the relationship
between the ZMP and the CoM. Solving (7) gives
the Essential model describing the acceleration of the
horizontal positions x and y of the CoM, that are de-
fined to achieve the imposed evolution of the ZMP:

r̈ f = f (r f , ṙ f , t, px(t), py(t)). (8)

By integration of (8) from initial conditions we
can calculate the current values of ṙ f , i.e. ẋ, ẏ, and
r f , i.e x, and y. To sum up, the evolution of x and y is
not imposed in order to allow them to adapt to the im-
posed evolution of the ZMP. With this strategy to de-
fine a reference trajectory of walking, which is based
on the Essential model (8) and rc(t), no approxima-
tions are made to the dynamic model when designing
the humanoid walking. The method ensures the fea-
sibility of a walking trajectory from the point of view
of the condition on the ZMP.

The choice of the height z(t) of the CoM allows to
satisfy the positivity of the vertical component of the
resultant ground reaction force during the walking. It
is sufficient to satisfy

z̈(t)>−g

The condition of no slipping can be checked based on
the knowledge of r̈ f and z̈. It is sufficient to satisfy

||r̈ f (t)||< µ(z̈(t)−g)

where µ is the friction coefficient. The numerical val-
idation of these conditions is presented in fig. 9.

3.1 Torques and ground forces in SS
and DS

By now, the torques required to produce the motion
have to be calculated. During the SS phase, by con-
sidering the stance foot motionless on the ground, we
can define the dynamic behavior of the robot:

τ = Ar(t,r. f )r̈ f +dr(t,r f , ṙ f ) (9)

In DS phase, the effort wrench (Fext ,Mext)
> applied

on the second leg, (9) becomes

τ = Ar(t,r f )r̈ f +dr(t,r f , ṙ f )+ Jext

(
Fext
Mext

)
. (10)

The global equation gives the global reaction effort
F0, M0, but the distribution on both legs is free and
will modify the actuation torque. During a DS, the
global ZMP is the barycentre of the two local ZMPs
on each foot, this implies that the global ZMP and the
local ZMPs are aligned. In DS, the choice of local
ZMPs p1 and p2 is used to calculate the distribution



of efforts. This choice must limit the internal forces
useless to the motion in order to avoid increasing the
joint torques. We can then calculate the vertical reac-
tion force F1z and F2z on legs 1 and 2 by solving this
system:

p1xF1z + p2xF2z

F1z +F2z
= px

p1yF1z + p2yF2z

F1z +F2z
= py

(11)

To limit the risk of slipping, the ratio between tangen-
tial and normal forces for the global equilibrium is
chosen equal for each leg. The components F1x, F1y,
F2x, and F2y are calculated to satisfy:

F1x

F1z
=

F2x

F2z
=

F1x +F2x

F1z +F2z

F1y

F1z
=

F2y

F2z
=

F1y +F2y

F1z +F2z

(12)

By using (11) and (12) we find Mz = M1z +M2z. The
moment around the z axis is also shared between the
two legs by using a similar distribution to the force
components (12) as follows:

M1z

F1z
=

M2z

F2z
=

M1z +M2z

F1z +F2z
(13)

In this study, two types of DS phases are consid-
ered.

• DS during the walking phase which allows to join
two phases of SS with foot positions offsets along
the x and y axes. We want to have a continuous
evolution of the ZMP, which results in continuous
joint torques and avoids high jerk. We choose an
evolution of the global ZMP in order that during
the DS phases, the two local ZMPs keep a con-
stant pose corresponding to the final pose of the
ZMP in SS: p1, and the initial pose of the ZMP
for the next SS: p2. This implies that the global
ZMP evolves linearly between the final pose of
the ZMP during the previous SS and the initial
pose of the ZMP during the next SS.

• For the initial DS in starting phase, or the final DS
in stopping phase, on the contrary, we have the
two feet aligned along the x-axis and a non-linear
evolution of the global ZMP (Jian et al., 1993).
The local ZMPs will then be chosen to yield the
current value of the global ZMP along the x-axis
while remaining within the surface of the corre-
sponding foot. In addition, when stationary, we
want an identical distribution of forces over the
two feet, we choose a position of the CoM accord-
ing to the y-direction between the two feet and a
y-position of the local ZMPs in the center of the

feet. A linear ZMP evolution along the y-axis is
chosen. The aim is to ensure continuity and to
minimize the lateral torque on the ankle. An illus-
tration is shown in fig. 8 for the case studied.

4 PERIODIC WALKING MOTION

The periodic motion is composed of SS phases
and DS phases with flat foot contacts on the ground.
There is no impact at the end of the SS phase, since
the velocity of the swing foot is imposed to be zero
when it touches the ground. A quadratic-cycloidal
function is used to define the trajectory of the swing
foot. The orientation of its sole is varying during
motion, but parallel to the ground during DS phases.
Sinusoidal functions are used to define the motions
of the arms and the trunk. The parameters of these
functions are tuned based on observations of human
motions (Winter, 1992). To define a periodic walk-
ing motion for Romeo, the step width D and the step
length S are adapted to its physical characteristics and
the limits of its actuators. The step width D is cho-
sen to be 0.20m to satisfy a safe clearance between
Romeo’s ankles. The step length S is chosen in the
range 0.15 to 0.20m, which corresponds to a 0.30-
0.40m displacement of the swing foot and a veloc-
ity of 0.83 to 1.1km/h respectively. The duration of
one DS phase is chosen to be close to 12% of the
cycle (2 steps) duration 2 · T , where T = TDS + TSS.
TDS = 0.15s and TSS = 0.60s are the chosen durations
of the DS phases and SS phases. In SS, the ZMP evo-
lution is chosen as linear along the x axis and centered
in the middle of the foot along the y axis. In DS, the
ZMP evolves linearly between its final position in the
previous SS and its initial position in the next SS as
explained in section 3.1.

To find the periodic motion, a boundary value
problem is stated and solved as follows. Let
(x(t0),y(t0), ẋ(t0), ẏ(t0)) be the components in the hor-
izontal plane of the position and velocity of the COM
at the beginning of a current step of the walking mo-
tion. The periodic condition is

(x(t0),y(t0), ẋ(t0), ẏ(t0)) =
(x(t0 +T ),y(t0 +T ), ẋ+(t0 +T ), ẏ+(t0 +T ))

(14)
by taking into account the change of the reference
frame when the two legs switch their roles just at the
beginning of the current step. So ẋ+(t0 +T ), ẏ+(t0 +
T ) are the initial velocities of the COM in SS of the
next step. The boundary value problem is stated as:
what are x(t0), y(t0), ẋ(t0) and ẏ(t0) such that after in-
tegration of (8) over the time interval [t0, t0 + T ] the
periodic condition (??) is satisfied.



5 STARTING AND STOPPING
MOTIONS

In order to perform the target periodic walking
motion experimentally, it is necessary to add start-
ing and stopping motions, which are composed of DS
phases and SS phases. This allows the robot to start
from (resp. to stop in) a resting position. Each resting
position is defined to be a static equilibrium where
the vertical projection of the CoM on the ground is
merged with the ZMP close to the center of the convex
hull of support. From the observation of data from hu-
man walking (Grundy et al., 1975) a ZMP trajectory
is defined by using piecewise polynomial functions
to be adapted to a humanoid robot. A sequence of
starting phase (DS1, SS1, and DS2), a periodic walk-
ing motion (SS and DS) and a stopping phase (SSn−1,
DSn−1, SSn, and DSSn) is shown in fig. 2.

For the starting motion control points are intro-
duced:

• P0 ZMP at the start of DS1

• P1 ZMP in the middle of DS1

• P2 ZMP at the transition between DS1 and SS1

• P3 ZMP at the transition between SS1 and DS2

• P4 ZMP at the end of the DS2 phase

These control points are used to define the evolution
of ZMP during starting phase. They are illustrated on
fig. 2

In DS1 phase px and py are both defined as
quadratic functions of time going from P0 to P2 with
the intermediate point P1. In SS1 and DS2 phases px
and py are defined as linear functions of time con-
necting, respectiively, P2 to P3 and P3 to P4. P4 is
imposed by the chosen periodic trajectory.

For the stopping motion, the strategy to define the
ZMP trajectory is similar. We define:

• P5 ZMP at the transition between SSn−1 and
DSn−1

• P6 ZMP at the transition between DSn−1 and SSn

• P7 ZMP at the transition between SSn and DSn

• P8 ZMP in the middle of DSn

• P9 ZMP at the end of the DSn phase

At the start of SSn−1 phase, the ZMP position is
(taking into account the change of reference frame)
the same as in P4 because of the periodic nature of
the trajectory before SSn−1. We can therefore denote
this point as P4 as well. In SSn−1 phase, px and py are
therefore defined as linear functions to connect P4 to
P5. In DSn−1 and SSn phases, px and py are defined as

linear functions of time to connect P5 to P6, P6 to P7,
respectively. In DSn phase px and py are defined as
quadratic functions of time connecting P7 to P9 with
an intermediate point P8.

The stopping phase with two DS phases and two
SS phases is not symmetric with respect to the start-
ing phase with two DS phases and only one SS phase
in order to mimic easier the motion of the ZMP in hu-
mans during the starting and stopping motions. The
step width D and the step length S are given but
not necessarily similar between the starting, stopping
and periodic motions. A boundary value problem is
solved to define the starting and stopping motions.
This boundary value problem is stated as follows:

Starting motion Let us consider the known two co-
ordinates of the horizontal position of the CoM,
which is also the ZMP position P0. Their two
velocities are equal to zero. Let us consider the
known two coordinates of the horizontal position
of the CoM at the end of DS2 phase and their two
velocities. These two coordinates and two veloc-
ities are also the state of the periodic horizontal
motion of the CoM at the beginning of the SS
phase.
Let us take into account the essential model
(8) and Tstart the duration of the starting mo-
tion. What are the four possible variables
to carry out the starting motion by integra-
tion of (8) from (X(0),Y (0), Ẋ(0),Ẏ (0))> to
(X(Tstart),Y (Tstart), Ẋ(Tstart),Ẏ (Tstart))

>? We
choose the components px and py of the two con-
trol points P2, and P3 of the ZMP trajectory, to
solve this boundary problem. A SQP method (Se-
quential Quadratic Programming) with fmincon of
Matlab R© is used to find the coordinates of P2,
and P3 in order to easier ensure that the ZMP is
always inside of the convex hull of the support
area. The Essential model dynamics are then in-
tegrated from the starting state (r f (0), ṙ f (0))> for
this COM, to the final state (r f (Tstart), ṙ f (Tstart))

>

of the starting motion. This final state is compared
to the target state (rdes

f (Tstart), ṙdes
f (Tstart))

> by us-
ing a Mean Square criterion (optionally weighed
to emphasize the importance of one of the dimen-
sions):

J = (X(Tstart)−Xdes(Tstart))
2+

(Y (Tstart)−Y des(Tstart))
2+

(Ẋ(Tstart)− Ẋdes(Tstart))
2+

(Ẏ (Tstart)− Ẏ des(Tstart))
2.

(15)

Stopping motion The strategy is similar to that of
the starting motion. For the four possible vari-
ables to carry out the stopping motion we choose



the components px and py of the two control
points P6 to P7 of the ZMP trajectory, to solve this
boundary problem. An equivalent criterion to (5)
is calculated with respect to the two coordinates
of the horizontal resting position of the CoM and
their two respective velocities.

J = (X(Tstop)−Xdes(Tstop))
2+

(Y (Tstop)−Y des(Tstop))
2+

Ẋ(Tstop)
2 + Ẏ (Tstop)

2.
(16)

Figure 2: Sequence starting motion, cycling walking stop-
ping motion.

All joint trajectories also need to be continuous
during this transition. And since there is no impact
in our gait, this is equivalent to imposing that the
evolution of rc be continuous. The sinusoidal func-
tions, which define the actuated joints of the arms and
trunk, are multiplied by a piecewise polynomial cut-
off function which is equal to 1 during the periodic
motion and smoothly goes to 0 during the starting and
stopping phases in order to start and to stop with a null
velocity and null acceleration.

6 NUMERICAL RESULTS

6.1 Periodic motion

We choose a ZMP trajectory close to the one that is
observed in humans. Since we do not have foot roll-
off motion, we avoid the ZMP reaching the edges of
the foot. That way, the non-tilting condition is safely
satisfied.

The evolution of ZMP in DS phase is chosen as
follows:
• In x-direction, from px = 0 (under the ankle) to

px = 0.10m (in the toes of the foot).

• In y-direction, py = 0 (center of the foot).
The corresponding COM trajectory is represented

on fig. 3. We observe that the COM trajectory in
the horizontal plane is not far from a sinus func-
tion, which is what is observed for humans (Rose and
Gamble, 2006).

However, when calculating the torque values for
this trajectory, we observe that the torques are not

Figure 3: COM trajectory corresponding to a human-like
evolution of the ZMP.

Figure 4: Torques at both knees for a human-like ZMP tra-
jectory. The dashed line marks the end of the SS phase
(swing foot contact), and the red dashed lines show the max-
imum acceptable torque for Romeo. It is interesting to note
that these limits are not constant - this is because of a speci-
ficity of the knee joint in Romeo: the maximum torque de-
pends on the joint position.

compatible with the hardware of Romeo, as shown
in fig. 4. In order to reduce these torques, we need
to make some adaptations to the original parameters.
We analyzed the effect of various parameters on the
torques, and observed that the most efficient way to
influence the knee torques is to modify the ZMP tra-
jectory. The result of this adaptation is presented in
the following section, and the trajectory used in the
rest of the paper is the modified one.

6.2 Effect of ZMP evolution on torques

The results presented above correspond to an evolu-
tion of the ZMP going from the heel to the tip of each
foot (see fig. 3). The torque at the ankle is directly
affected by the pose of the ZMP. It can be seen in fig.
5 (2nd image), that the propulsive torque at the ankle
is low at the beginning of the step. As a consequence,
a high propulsive torque is required at the knee joint
(fig. 5 (3th image)). In fact this high torque exceeds
the limits of the actuator (shown in dotted line) of the
robot Romeo. We explored the effect of the influence
of ZMP evolution. The results show that a modifica-
tion of the ZMP trajectory influences the torques in



the support knee and in the support ankle. A ZMP
that has a constant position in front of the foot allows
a higher propulsive force in the ankle at the beginning
of the SS, and thus allows to decrease the propulsive
force at knee, and then produces a knee torque com-
patible with the actuator of Romeo.

Figure 5: Joint torques (N.m) versus time (s): comparison
of the torque in the lower part of the robot for two periodic
trajectories with a step size of 0.20 m and a period of 0.75 s.
The trajectory in green is with a human like ZMP evolution
in DS, and the trajectory in blue has a ZMP constrained to
the front of the foot.

6.3 Complete motion

The synthesised walking trajectory is such that the
step width parameter D is the same for the starting,
periodic and stopping motions. The step length pa-
rameter S is chosen to be 0.16m, 0.15m and 0.20m
for the starting, periodic and stopping motions respec-
tively. For this synthesised trajectory, the trajectories
of the horizontal position of the CoM and the ZMP
are shown fig. 6. The starting motion and the stop-
ping phases are respectively composed of three and
four phases. Four steps make up the periodic mo-
tions. During this periodic motion the step size equals
0.15m. We can observe that the COM and ZMP evo-
lutions are continuous from the starting configuration
to the stopping configuration.

A focus of the starting and stopping phases is pre-
sented fig. 7. The horizontal position of the CoM and
the ZMP position coincide well at the starting and
stopping configurations. The control points to solve
the two boundary value problems are depicted with
green stars.

Figure 6: Imposed ZMP trajectory (orange) and corre-
sponding COM (blue). The dashed rectangles represent the
foot placements.

Figure 7: Imposed ZMP trajectory (orange) and horizontal
position of the corresponding COM (blue).

In the first and last DS phases, the ZMP follows
a more complex trajectory. It is therefore necessary
to define a non constant local ZMP for each foot. We
choose at all times to keep the same x coordinate as
the global ZMP, and stay as close as possible to the
center of each foot in y direction to improve walking
stability. The resulting local ZMP trajectories are pre-
sented in fig. 8.

We can also verify that the non slipping condition
is fulfilled. This condition is the fact that the ratio be-
tween the tangential and normal forces does not ex-
ceed the friction coefficient. This friction coefficient
is chosen equal to 0.7 here. Both of these forces are
calculated with (4). The sinusoidal-like shape of the



a)

b)

Figure 8: Evolution of the local ZMP (red) for each foot
respectively during the first and last DS phases of the start-
ing (a) and stopping (b) motions. The blue line indicates
the corresponding COM evolution, resp. starting and stop-
ping in the middle of both feet. The dashed lines show the
distribution of the global ZMP and its relation to the COM
position.

normal reaction force observed in fig. 9 is linked to
the oscillations of the height z the COM F =mz̈+mg.

Figure 9: Normal (top plot) and tangential (bottom) com-
ponents of the reaction force. The red dashed line repre-
sents the maximum acceptable tangential force without risk
of slipping.

We compute the torque value for all of the joints.
However, we choose to only present in fig. 10 the
torques on both legs in the joints in the sagittal plane.
Indeed, these are the torques that require the highest
magnitude. It can be observed that the torques are in-
side to motor limits for the studied robot. The torque
required for starting, periodic, and stopping motions
are of similar magnitude.

Figure 10: The torque at the ankle, knee and hip joints, in
the sagittal plane for the complete motion.



7 CONCLUSIONS

A complete walking with a starting motion and a
stopping motion is defined thanks to a strategy based
on the Essential model. This methodology ensures
the feasibility of the walking trajectory with respect to
the condition on the ground reaction force: take off,
slipping and rotation of the support foot are avoided.
The ZMP trajectory is ensured to be inside a convex
hull of the support surface. The parameters of trajec-
tories of the swing leg ankle, the trunk and the arms
are tuned thanks to observations from human walking.
The effect of the choice of the ZMP evolution on the
required torque is investigated. A correlation between
the pose of the ZMP in sagittal plane and torque at an-
kle and knee in saggital plane has been shown. The
perspectives are to test this complete walking motion
experimentally.
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