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Lower bound of Schrodinger operators on Riemannian
manifolds

M. LANSADE

Abstract

We show that a weighted manifold which admits a relative Faber Krahn inequality, and
satisfy a suitable reverse volume doubling condition admits the Fefferman Phong inequality
(Vah, ) < Cv||9]|?, with the constant depending on a Morrey norm of V, and we deduce
from it a condition for a L? Hardy inequality to holds, as well as conditions for Schrédinger
operators to be positive. We also obtain an estimate on the bottom of the spectrum for
Schrédinger operators.

Résumé

On montre qu’une variété a poids admettant une inégalité de Faber-Krahn relative, et
qui satisfait une certaine propriété de doublement inverse du volume, admet une inégalité
de Fefferman Phong (V,v) < Cyv||9||?, ot la constante dépend d’une norme de Morrey
de V. On en déduit une condition pour qu’une inégalité de Hardy L? soit vérifiée, et des
conditions de positivité des opérateurs de Schrédinger sur M. On obtient aussi un estimé
du bas du spectre des opérateurs de Schrodinger.

1 Introduction

In [8 O] Fefferman and Phong established the inequality, for p > 1 :

/n V(x)(z)? de < C,N,(V) /R |Vip(x)]? dz, (1.1)

with 1 a compactly supported smooth function, V' non negative and locally integrable, C, ,,
is a constant depending only on the dimension and p, and N, is the morrey norm :

1/p
N, (V)= sup r2p_"/ V(y)? dy . (1.2)
z€R™ B(z,r)

>0

Such an inequality yields a positivity condition for the Schrédinger operator H = A — V
(with A = —>7" | 8?), namely that if N,(V) < 1/C,,p, then H is a positive operator. In fact
the following estimates on the lower bound of the spectrum of H, A\ (H) was also given :

1/p
sup Clrfn/ Vdr—-r2|< —M(H) < sup [ Cpr™™ / VP dx — 2
zeR™ B(z,r) z€R™ B(z,r)

r>0 >0
(1.3)



The conditions for such inequalities (though with a constant that doesn’t necessarily depends
on the Morrey norm) to hold in R™ has been studied extensively, see for example in [4] [15] 18].
And in [19], Maz’ya and Verbitsky establish necessary and sufficient conditions for (II]) to hold
with complex valued V. That being the case, it seems interesting to study to what extends, and
under which geometrical hypotheses those results extend on other spaces, such as Riemannian
manifolds.

The first aim of this article is to generalize the initial result of Fefferman and Phong to a
weighted Riemannian manifold. A natural way to do that would be to use the Poincaré inequality
: fB(zm) If = fB@n] du < CrfB(zﬁm) IVf] du, f € C®(kB), for any x € M, r > 0, with k > 1,
fB = ﬁ f p [ du. It turns out that the result still holds under some weaker hypothesis. Our
proof will follow the general idea used by Schechter in [26], that (L)) follows from the inequality
(which holds in R™ following a result of Muckenhoupt and Wheeden[21]) :

1fll 2 < ClIMufl L2, (1.4)

with 11 f(2) = ¢n g % du(y), and M f(z) = sup,~ort™" S [f ()] dy, and that (L3)

is proved using similar estimates, this time on (A 4 A\2)~1/2,

The proof of the generalisation of (I3]) will naturally yields weak versions of (IIl), which
holds under weaker hypothesis.

1.1 Definitions and Notations

A weighted Riemannian manifold (M, g, i), or simply a weighted manifold, is the data of a smooth
manifold M, a smooth Riemannian metric on M g, and a Borel measure on M du = o2 dv,, with
o a smooth positive function on M and v, is the Riemannian volume measure associated with
the metric g. We define the (weighted) Dirichlet Laplace operator as the Friedrichs extension
of the operator on C§°(M) defined by A, f = —o~2div(c*V f), with associated quadratic form
Q) = [,; IVY[* du. We will usually write the Dirichlet Laplace operator as simply A.

On a metric space (X,d), for z € X, r > 0, the ball of center x and radius r is the set
B(z,r) ={y: d(z,y) <r}. If B= B(z,r) is the ball, § € R, then 0B refers to the set B(x,0r).

For p > 1, we let || - ||, be the L? norm on (M, p). We recall ||f|l, = ([5, [fI? dﬂ)l/p. For
T a bounded operator on LP, we use ||T||rr—rr or ||T||, to refer to its operator norm : i.e.
- 1Ty
1T, = 1nf1€p6;02 ol
For an open U C M, A1 (U) refers to the first Dirichlet eigenvalue of A, on U :

_ V|3
= o 7
vec ) ||[v)13

P#0

M(U) (L5)

When H is an operator defined on smooth function with compact support, A;(H) is similarly
defined to be :

. (Hy,9)
MUH) = o TR (16
o

On a weighted manifold (M, g, ), for p > 0 we define the Morrey norms N, as follows : if V
is a non-negative, locally integrable function, we let N,(V') be :



1/p
N, (V) = sup (er][ Ve du) (1.7)
zeM B(z,r)
>0
Where {5 f du = #B) [ [ dp is the mean of f over B. We also define the Morrey norm
taken on balls of radius less than R > 0 :

1/p

N, r(V)= sup <r2p][ VP d,u> (1.8)

zeM B(z,r)
0<r<R

We now define the various hypothesis on (M, g, 1) that will be needed for later results. We
say that the measure p satisfy the reverse doubling condition of order v, which we will abbreviate
as (RD)" in the sequel, which is defined by : there is a constant a > 0 such that for all x € M,
0<r<7:

a<7’/>y< (B (1) (1.9)

r) T w(B,r)

We also define, for a given R > 0, the R-reverse doubling of order v, (RD)%, when there is a
constant a such that (L9]) holds only for all z € M, 0 < r <+’ < R. The constants a and v will
be together be refered as the reverse doubling constants (of p, or M).

Another hypothesis is that (M, g, ) must admits a relative Faber Krahn inequality, (RFK)",
defined as follows :

Definition 1.1. A weighted manifold (M, g, 1) admits a relative Faber-Krahn inequality if there
are constants b,m > 0, such that for all x € M, r > 0, and for any U open subset of the open
ball B(x,r) relatively compact in B(x,r), then :

A (U) > r% (%) " (1.10)

We also similarly define the condition (RFK)%, by :

Definition 1.2. A weighted Riemannian manifold (M, g, ) admits a relative Faber-Krahn in-
equality at scale R, if there are constants b,n > 0, such that for all x € M, r € (0, R], and for
any open subset U of the open ball B(x,r), relatively compact in B(x,r), then :

M) > r% (%) " (1.11)

In what follows, we will call b,  in either (RFK)" or (RFK)7, the Faber-Krahn constants of
the manifold.

1.2 Statements of the results

Theorem 1.1. Let (M, g, 1) be a weighted Riemannian manifold, such that (RFK)" and (RD)”
holds, with v > 1, then for any p > 1, there is a constant C),, which depends only on the Faber-

Krahn and reverse doubling constants and on p, such that for any V € L}OC(M), V >0, and any
P € Ce° (M), we have

/ Vy? dp < C’pr(V)/ |Vo|? du. (1.12)
M M



‘We note :

e If n is the dimension of M, we always have v < n <.

e A manifold which satisty either (RFK)” or (RD)" is always non-compact.

But, we can get more. We now suppose that the manifold (M, g, 1) satisfy both (RD)% and
(RFK)',. Under such hypothesis, a "weak" version of (L.I2) still holds :

Theorem 1.2. Let (M, g,u) be a weighted Riemannian manifold, such that, for some R > 0,
v > 1, (RFK)} and (RD)% hold (as in the previous theorem, n > v is always true). Then
for any p > 1 there is a constant Cp, > 0, which depends only on the Faber-Krahn and reverse
doubling constants and on p, such that V € L} (M),V >0, and any v € C§°(M),

loc

2 2 1 2
[ vt aws o) ([ 0P aut g5 [ vran). (1.13)

This inequality has an important consequence : if we return to the case where M satisfy a
relative Faber-Krahn inequality, and p is reverse doubling of order strictly greater than 1, then
it is clear that the fact that (LI3) is true for all R > 0. From this, the following estimates on
the lower bound of the spectrum of H = A — V can be established :

Theorem 1.3. Let (M, g,u) be a complete non-compact weighted Riemannian manifold satis-
fying (RFK)" and (RD)” with v > 1. Then for any p > 1 we have two constants Cy,C), > 0,
which depends only on the Faber-Krahn and reverse doubling constants (and for Cp, onp), such
that, for any V € L}, (M), V >0 :

1/p
sup <C’1][ V du — 52> <-MA,=V)<sup | C, <][ 1% du) —6. (1.14)
zeM B(z,8) zeEM B(z,5)

§>0 6>0

In addition, if A;(M) > 0, then we can strengthen ([LI3)), and obtain the following result,
giving a condition for A — V to be strictly positive :

Theorem 1.4. Let (M, g, p) be a complete non-compact weighted Riemannian manifold, such
that (RFK)'}, and (RD)%, hold for R > 0, v > 1. If in addition, if A1 (M) > 0, then for any
p > 1, there is a constant C, > 0 depending only on the Faber-Krahn and reverse doubling
constants such that, for V€ L}, (M),V >0, and any ¢ € C5°(M),

1+ M\ (M)R? A (M)

1.3 L? Hardy inequality

Notice that the inequality (LI2) is, for potentials V' with N,(V) < 400, nothing more than a
generalized L? Hardy inequality. Thus, on manifolds for which theorem [l holds, the classical
Hardy inequality is true whenever N,(d(o,-)~2) is finite for all points o € M. Finding under
which conditions this is true, we find the following result :



Theorem 1.5. Let (M, g,u) be a weighted Riemannian manifold, for which both (RFK)" and
(RD)” holds, with v > 2. For an arbitrary o € M, let p(x) = d(o,z). Then there is some
constant C > 0, which depends only on the Faber-Krahn and reverse doubling constants, such
that for any 1 € Cg°(M) we have :

1/1@)2 2
e ) < C [ vk an (1.16)

We can compare this to the results of V. Minerbe [20] or G. Grillo [13], who proved L? Hardy
inequalities assuming a Poincaré inequalities and a doubling measure. While we only get a L?
inequality, it holds true under the weaker hypothesis of a relative Faber-Krahn inequality.

Cao, Grigor’yan and Liu [2] proved Hardy inequalities as a consequence of volume doubling,
reverse doubling, and certain estimates on either the Green function or the Heat kernel. Their
results are far more general than this article.

1.4 Examples of manifolds satisfying relative Faber-Krahn inequalities

We give various cases of manifolds which will satisfy a relative Faber-Krahn inequality (at scale
R). Then our results will follow provided we can verify the reverse doubling property.

1.4.1 Complete manifolds with Ricci curvature bounded from below

From Li and Yau[I7], the heat kernel of a complete manifold (M, g, 1) of dimension n, with u
here being the Riemannian volume measure, with Ricci curvature bounded from below by — K,
for a constant K > 0, admits the following diagonal estimate :

Co C1Kt

P ) S B V)

Also, as a consequence of the Bishop-Gromov volume comparison theorem, we get that (see
[6, 15, 23] for example), for any 0 <r <71’ :

Those two conditions implies, (see for example [23] [14]), that there is some R > 0 such that
M satisty (RFK)%. If the Ricci curvature is non-negative, then we also have (RFK)".

1.4.2 Manifolds satisfying Faber Krahn inequalities outside a compact set

We consider a complete weighted manifold M, and remove from it a compact set with smooth
boundary K. We let F1, ..., E) be the connected components of M \ K, and suppose that each
FE; is the exterior of a compact set with smooth boundary in a complete manifold M;.

A simple example of such manifold is the connected sum of two (or more) copies of R™. It
admits (RFK)", but it is known that such manifold doesn’t satisfy a Poincaré inequality (see
for example [I]).

Using [12], we get that if each M; satisfy (RFK)", then there is some R > 0 such that M
satisfies (RFK)',.
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2 Some techniques of harmonic analysis

Remark. We will often use C' or ¢ for generic constants which values might change from line
to line. When we need to make it clear on which parameters the constant depends, new constant
factors will be written when they appear before being folded into this generic constant.

2.1 Dydadic cubes

In R”, the natural decomposition of the space into cubes of length 2%, k € Z is a very powerful
tool. It turns out that families of open sets satisfying similar properties to those of the dyadic
cubes in the euclidean space can be constructed in a more general setting. See for example the
third part of [7].

We will use the construction of such "dyadic cubes" given by E. Sawyer and R. L. Wheeden
in [24]. Though it remains true in a more general setting, for our purposes it can be stated as :

Theorem 2.1. Let (X,d) be a separable metric space, then there is p > 1 (p = 8 works), such
that for any (large negative) integer m, there are points {x’;} and a family D,, = {Sg} of Borel
sets fork=m,m+1, ..., a=1,2,..., such that

e B(zk, p*) c &k c B(ak, prt).
e For each k =m,m+1,..., the family {Sg}a is pairwise disjoint in o and X =, gk,
o Ifm<k<l, then eitherfféﬁc‘f’é:@ or &k Ccflé.

Given such a family D,,, the sets £F will be called dyadic cubes of M, or simply cubes. The
ball B(z*, p*1) is called the containing ball of the cube £¥. For any cube @ the containing ball
is denoted by B(Q). p will be called the sidelength constant of dyadic cubes.

The length of a cube Q is the radius of p~! B(Q), written £(Q).

2.2 Properties of doubling measures

We start by recalling the definitions and some standard properties of doubling measures, while
covering at the same time the R-doubling case.

Definition 2.1. A measured metric space (X, d, u) satisfy the doubling property (D)" of order
n if, there is some constant A > 0 such that for allz € M, 0 <r <7/,

B / I\ "

p(B @) 4 <T_) _ 2.1)
(B (x,7)) r

We call A the doubling constant, and n the doubling order. We will also say "the doubling

constants” to refer to both A and n at the same time. The property (D)" is equivalent to the fact
that for some constant A > 0, for any ball B C M :

u(2B) < Au(B) (2.2)



The proof of the equivalence is the same as that of the R-doubling case given after definition
23 (with R = 00).

A note on the constants : (Z2) implies 2I) with n = log, A (and A the same in both
inequalities), while conversely, (2] implies that the constant in ([2:2]) be 2" A.

We also define again the reverse doubling property :

Definition 2.2. A measured metric space (X,d, u) satisfy the reverse doubling property (RD)”
of order v if, there is some constant a > 0 such that for allz € M, 0 <r <7/,

(5) =SB

r
We call a the reverse doubling constant, and v the reverse doubling order. The property
(RD)” is equivalent to the fact that for some constant a € (0,1), for any ball B C M :

(2.3)

u(B) < au(2B) (2.4)

Proof of (Z4) implies (23). We can assume that a < 1. Let x € X, 0 < r < ¢/. Writing |¢] for
the integer part of t € R, let k = LlogQ TT,J Then :

1(B(z,7) < afp (B (z,2%r))
<a"u(B(z,1"))
<o MR T (B (0,0) (a<1)

<! (r—')_yuw (7))

a r

With v = —logy a. Thus :

O

Proposition 2.1. Let (X,d,pu) satisfies (D), then for any x,y € M, r,r' > 0 such that
B(y,r) C B(x,r"), we have :

/ AN

pB (@) 4o (L) , 2.5)
1 (B (y,r)) r

This is a classical result. The proof is similar to what we will do to prove proposition

Definition 2.3. A measured metric space (X, d, 1) satisfy the R-doubling property (D)%, if there
is some constant A > 0 such that (ZI)) holds for all x € M, and 0 < r < v’ < 2R. This is
equivalent to (Z2) being true for all ball B with radius less than R.

We will write Ar for the doubling constant when it’s important to precise which R the
constant is associated with.

Some care is needed to get precisely those maximal radius. That [22) follows from (Z1)) is
immediate.



Proof of (22) implies (2.1). Suppose that there is some constant A such that for all ball B
of radius less than R, then u(2B) < Ap(B). Let r < v < 2R. k = Llog2 TT/J We have

27k=1p" < p <27k’ and, using repeatedly p (B (z,p)) < Au (B (z,p/2)), valid for all p < 2R,
we have :

p(B(z,r") < A (B (z,27% 1))
< A (B (x,r))

< Ag(logAlog %)/log2ﬂ (B (1‘, 7’))

SA<T—')"u<B<x,r>>,

r
with n = log, A. O

Proposition 2.2. Let X satisfies (D)%, then for all z,y € X, r,r" > 0 such that B(y,r) C
B(z,r") and with ' < R, then for n =logy A :

W(B@r) o (1)
W (B ) = () | (26)

If in addition X satisfies (RD)Y,, then we also have for some constant ¢ > 0, that for all
0<nrr <R and B(y,r) C B(z,7"),

"N u(B )
() S B @7

Proof. For the first part, we simply use B(z,r) C B(y, 2r) then applies (1.
For the second part, since B(z,7’) C B(y,2r'), we can use (2.5]) and we get :

p(B(x, 1) p(By,r)) p(B (1))
p(By,r)  w(Byr) nByr))
p(B (=@

2(9%

> aqA"227" T—/
- r

We now suppose that (X, d) is a path metric space, i.e. that the distance d(z,y) is realised
as the infimum of the length of continuous path with end points x and y. We will keep making
this assumption in everything that follows (though some results are still true in a more general
setting).

O

Proposition 2.3. Let X satisfy (D)%, and suppose that X \ B(x,3R/4) is non empty for all
x € X. Then there is some v > 0 such that X satisfy (RD)R/2

Proof. Let € X, r < R/2. We take y € X such that d(z,y) = 2r. Then B(y,r/2) C
B(x,2r)\ B(z,r). Thus u (B (z,2r)) < A%24"u (B (y,7/2)) = A (B (y,7/2)).

Thus (1+ A=) u(B(x,7)) < u(B(z,2r)). From this we show (RD)% /, in a similar way as in
what follows definition O



The R-doubling also implies some upper bound on the volume of balls of large radius. The
two following propositions, and their proof, come from [14].

Proposition 2.4. If (X,d, ) satisfy (D)%, then there is some C > 0 that depends only on the
doubling constant and order, such that we have, for anyr >0, R <R :

(B (z,r+ R'/4)) < Cp (B (x,7)) (2.8)

Proof. The case r < R is obvious by the doubling property. For r > R, then let {z;}, be a
maximal family in B(x,r — R/4) such that for any ¢ # j, d(x;,x;) > R’/2. Then the balls
B(zi, R'/4) C B(z,r) are disjoints, and the balls B(z;, R") cover B(x,r + R'/4), since a point of
B(z,r+R’/4) is at distance at most R'/2 of B(x,r—R’/4) (because (X, d) is a path-metric space).
Thus p (B (z,7 + R'/4)) < 32, 0 (B (23, R')) < A? 3, (B (2, R'/4)) < A (B (@, 7). O

Proposition 2.5. If (X,d, ) satisfy (D)}, then, there is a D > 0, that depends only on the
doubling constant and doubling order, such that for any r > 0, we have :

1 (B (z,7)) < eP®pu(B(z, R)) (2.9)

Proof. Let r > R, k = [47Z2|, then we have pu (B (,7)) < (B (x, R+ (k + 1)R/4)). Thus by

proposition 24, (B (x,7)) < C*'yu (B (x, R)). Moreover, k+1 < 4% —3 < 4%, and so :

u(B (2,1) < exp (410 (C) 3 ) n(B (@, R)

And thus we get (2.9) with D = 41In(C).
If r < R, then u(B(z,7)) < u(B(x, R)) < eP#p(B(x, R)) and thus ([Z3) still holds. O

Similarly to how we always use A for the doubling constant, D will always be used for this
constant D = 8log A.

Proposition 2.6. Let X satisfies (D)%, let r < R, then there exists a constant C' > 0, that
depends only on the doubling constant and order, such that for any x,y € X, u(B(z,r)) <

d(=,y)

CeP™= /L(B(:l/,?‘)).

Proof. B(z,r) C B(y,r + d(x,y)). Since r < R, by proposition 24, we have u (B (x,r)) <
A8 (B (y,d(z,y))). Then using proposition 2.5 :

d(z,y) d(z,y)

p(B(w,r) < CeP " (B (y,r)) < CeP (B (y,r))

O

Proposition 2.7. If (X,d,pn) satisfy (D)}, then it also satisfy (D)%}, for any R' > 0, with a
doubling constant Arr = Ar if R' < R, and Ar = 2Dk if R > R.

Proof. The case R’ < R is obvious. Thus assume R > R/, let r < R’. If r < R then the result is
2r
trivial since Ag < Ap/. If r > R, then by proposition 25, u (B (z,2r)) < eP® u (B (z,7)), and
2P < ¢2PF . Thus p is R'-doubling, with a doubling constant Ap = e?PF . O
With this we can generalise proposition 2.6 for any » > 0 : if r > R, we can use the r-doubling
and apply proposition for it. The constants are A, = ¢*P%, D, = 4log(A?) = 16D+,
A8 = '8P % Then we have, for any z,y € X, r >0 :

1 (B (z,r)) < 'SP 10 (B (y, 7). (2.10)



Proposition 2.8. Let (X,d, ;1) be a measured metric space that satisfy (D)%. If it also satisfy
(RD)Y%,, then for any k > 1, it satisfy (RD)Y with a different reverse doubling constant, that
depends only on the doubling, reverse doubling constant and orders, and on k.

The notable part of this proposition is that the reverse doubling order is conserved.

Proof. By proposition 277, i is kR-doubling for all x, with some doubling order n = n(x). We
take a point ¢ € M, and 7,7’ with 0 < r <7’ < kR. We want to prove that there’s some constant
a, such that, for any such z,r,r’ :

! ! v
IU’(B (’T’T)) Zaﬁ (r_)
p (B (x,7)) r
If 0 < 7 <r’ <R, then there’s nothing to do but apply (RD)%. If 0 < r < R <r’ < kR,
then :

e 2 raeny 2o (F) 2o (7))

Finally, when R < r <1’ < kR, then :

V
Q
I
L
3‘
3
7N N
=
~_
N

Thus (Z2) holds for a,, = min (a,ax™,aA™ ' £™7) = aA™ k7. O

Proposition 2.9. Let (X,d, pu) satisfy (D)},. Take z € X, r >0, and let B = B(x,r). Let § be
such that 0 < § < min(r, R), and {z;}; C B be a family of points such that the balls B; = B(x;,9)
form a covering of B and that for any i # j, %Bi N %Bj = 0.

Then there are constants C,c, depending only on the doubling constant such that

card(I) < Ce®s (2.11)

Proof. For any i, B; C B(z,r + 4), and since 6 < R, then by proposition 24 u (B (z,r + 0)) <
Cu (B (z,7)). Now, if r > R, then by proposition 25 p (B (z,7)) < eP5pu (B (x,6)) (§ < R and
so we use that p is d-doubling with the same doubling constant as that of the R-doubling).
Moreover by proposition 2.6} u (B (x,8)) < CeP aath (B (z:,0)) < CeP5u(B;), since z; €
B, thus d(x,x;) < r.
Thus we have u(B(x,r)) < Ce?P5 u(B;). Up to this point the constant C' depends only on
the doubling constants.

(card I) i (B (z,7 + 0)) < Ce?P5 ZM(Bi)
iel

10



r 1
< ACe?*Ps —B;
a0t yn(5m)
< CP5 (B (2,r +9)
Thus card(I) < Ce?P5 and the constant C' depends only on the doubling constants. O

Remark. For any ball B, such a covering always exists : take for {x;}; C B a mazimal family
with d(z;, ;) > 6 for any i # j.

Proposition 2.10. Let Mg be the centered mazximal function defined by :

¥f € Ll (M), Mf(@) =swp . |f] du (2.12)
r<RJB(z,r)
Then, if p satisfies (D)%, Mp,o is bounded on LP for all p € (1,+00], and the operator norm
is bounded by a constant that only depends on the doubling constant A and on p.

We will use the following classical results :

Lemma 2.1 (Vitali’s covering lemma). Let (X,d) be a separable metric space, and {B;}jcs a
collection of balls, such that sup; r(Bj) < co. Then for any ¢ > 3 there exists a subcollection
{Bj, }nen C {Bj}jes such that the Bj, are pairwise disjoint and ;¢ ; Bj C U, en ¢Bj, -

Theorem 2.2 (Marcinkiewicz interpolation theorem). Let (X, u) be a measure space, T a sub-
linear operator acting on functions, i.e. there is a k > 0 such that for any f,g measurable, then
Tf,Tg are measurable and T(f + g)(x) < & (T f(x) + Tg(x)) for almost every x € X.

Assume that for 1 <p<r < oo :

A

vfe Lt plz e X Tf(z) > A} < IS5,
B

Vel plze X Tfx)>Ar< I/l

or that, for 1 < p < r = oo, we replace the second line by : Vf € L, |T f(x)| < B|f(z)| for
almost every x € X.
Then, for every s € (p,r), for all f € L®, Tf € L* and :

ITflls < C(A, B,p,r,s,5)|[fls (2.13)

Proof of the proposition. We have, for any f € L®(M), |MRrflloo < ||fllco-
If f € LY(M), then for any A > 0, define E) = {z €M: Mg);Rf(x) > )\}. If x € Ey,
then there is some 7, > 0 such that A < fp . [fl du, and 2r; < R. Then p(B(z,7s)) <

ATt fB(z,r) |f] dp.

We have E\ C |J, B(x,r,), thus by Vitali’s covering lemma, there is a subcollection {z}
such that the B(xy,r,) are pairwise disjoint and Ex C J,, B(zp,4ry).

Also, since r, < R/2, and p is R-doubling, we have (B (z,,47,)) < A%u (B (2,7,)). Then

11



< A? Z ,LL(B(:Cn, Tn))
S 3 N
; B(xpn,rn)

_ el
- A

And so by the Marcinkiewicz interpolation theorem, for any p € (1, +00), Mg/, is bounded
on LP with an operator norm || Mg /2|lp—p < Cp, with C}, depending only on A and p. O

Remark. Of course, (D)}, implies (D)}, for all R' > R, then Mg itself is also bounded, but
with the constant C), depending on the constant for (D)3 ,. And so are all the M, with R' > R,
with the constant C, depending on p, the R-doubling constant, and the ratio R'/R.

Proposition 2.11. Let My the uncentered mazimal function defined by : for all f € L} (M),

loc

Mgf(z) = sup 1 |fldu (2.14)

With this supremum to be interpretated as being over all balls B satisfying the given condition,
and r(B) being the radius of B. 5
Then, if p is R-doubling, there exist some constant C > 0 such that Mp < Mp < CMsg.

Proof. Since a ball centered at x is a ball containing z, Mg < Mfp, is obvious. Now, for some
balls B = B(y,r) containing x, with radius less than R, we have B C B(z,2r) and :

]i ] dp < % 7{3( 1< O (a)

O

Proposition 2.12. Let (X,d,u) be a separable, measured metric space, and D,, be a chosen
construction of dyadic cubes on X. Define the associated dyadic mazimal function Mg n, by :

My f(z) = sup ][Q £ du (2.15)

Then there is a constant Cp, such that for any p > 1, for any f € LP, || Mamfllp < Cpll fllp-
As a consequence, Mg m,1, the mazimal function defined the same way, but with the cubes in
the supremum being only those of length less than [, is also bounded on LP for all p > 1.

Proof. Let f € LY(X), A > 0, we define E\ = {x € X : My, f(z) > A}. If z € E), then there is
a cube @ € D,, such that JCQ |f| du > A, and so Q C E). Then there is two possibilities : First,
there is a maximal dyadic cube P containing z such that f, |f| du > A, then P C Ej. Second,
there is no such cube, then Q = Jgep,, @ C Ex, and we have p() <A™ [, |f| du < oo.
z€Q
Then take {Q;}; to be the family of all the maximal dyadic cubes such that JCQ- [f] dp > A,

and {€;}; be the family of all the the regions Q; = J, Qi, where {Qi} is an infinite increasing
sequence of cubes with fQ’? |f] dpe > A The Q;, Q; are pairwise disjoints : it is clear that the Q;
are. Now, if for a cube @, we have QN # (), then there is a cube P C §; such that PNQ # 0,
thus we have either P C @ or Q C P. In both case, @ C €; since Q; is the union of all cubes
containing P. This mean both that Q; N Q; = 0 for all 4, j, and that Q; N =0 for j # L.

12



Thus, we have the disjoint union :

Ex=J:ul 9,
i J

Then u(Q;) < A7! fQi If| dp, and p(Q;) < A71 fQj |f| dp. Summing on all cubes and all
regions, u(Ex) <A1 [ [f] du < A7Y[f|l1. Thus :

p({z e X Mgmf(z)>A}) < ”J;”1 (2.16)
Moreover, for f € L>(X), we clearly have Mg, f(x) < ||fllcoc- Then by Marcienkiewicz
interpolation theorem, there is a constant Cp, > 1 such that ||Mgmfll, < Cpllfllp- O

2.3 Estimates of operator norms by that of a maximal function

We refers to the works of C. Pérez and R.L. Wheeden [22] for a more general approach.
In what follows, we let (X, d) be a separable R-doubling metric space. We take T an operator
given by a kernel K : X x X \ Diag — R, i.e.

Tﬂ@:AﬂwMwaw (2.17)

We say that T, or K, satisfy the condtion (K) if K is non negative and if there are constants
C4,C5 > 1 such that :

d(SC/,y) S CQd(:C,y) = K(Z‘,y) S ClK(zlay)v

d(z,y") < Cod(z,y) = K(z,y) < C1K (z,7). (2.18)

For each m € Z, X admits a decomposition in dyadic cube. We take p > 1 to be as in
theorem 2.J1 We define ¢ as the following functional on balls

p(B)=  sup  K(z,y), (2.19)
z,yeB
d(z,y)>557(B)

and M, to be the following maximal functions :

M f(a) = sup o(5) [ 17| du (220)
reB B
For T satistying (K), it is shown in (4.3) of |25] that ¢ is decreasing in the following sense :

Proposition 2.13. There is a constant o, which depends only on Ci, Cs, p such that for any
balls B C B', p(B') < ap(B)

Proof. First we want to prove that if (Z.I8) holds, then for any integer k > 1, d(z',y) < C§d(z,vy)
implies K (z,y) < CFK(2',y) (and the same with x,7/’.

We proceed by induction. The case k = 1 is obvious. Let k > 2, z,2’,y € X such that
d(z',y) < Ckd(z,y), and suppose d(2’,y) < C’Sild(z,y) = K(z,y) < CfflK(:c’y). Then, if
d(z',y) < Cé“ild(x, y), the results holds and there is nothing to prove. If d(a/,y) > Céc*ld(x, Y),
then X is a path metric space, so there is a path from y to 2’ of length d(z’, y), and on this path
is a point z such that d(y, z) = C5~'d(z,y). But then :

d(z',y) < Cyd(z,y) = Cad(z,y)
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And thus K(z,y) < C1K(2',y). Then by induction we get that K (z,y) < CFK(z',y) for all
x, 2’ y with d(2/,y) < C§d(z,y). We can generalize sligthly, and we have that for any Cy > 1
there exist a C7 > 1 such that (ZI8) holds.

Now we can prove the proposition proper. For 2’,y" € B’ x,y € B such that d(a’,y') > cr(B’)
and d(z,y) > cr(B), with ¢ = ﬁ. We can suppose that d(z,y’) > d(z, z’) (if not, we can exchange
x" and y').

Then cr(B') < d(2',y') < d(z',z) + d(z,y") < 2d(x,y’). Moreover, since B C B’, d(z,y') <
2r(B’), and thus :

2
d(.fC, y/> S _d(xlv y/)
c

Thus by (ZI8) there is a constant ¢; > 1 such that K(2/,y’) < 1 K(x,y’).
Moreover d(z,y) < d(z,y") +d(y',y) < d(z,y") +2r(B") < (1 +4/c)d(z,y’). Thus by 2I3)
there is a constant cg > 1 such that K(z,y") < oK (z,y). Thus

K(xlv y/) S 01C2K(1', y)
And thus ¢(B’) < c1ca9(B). O

We further assume that ¢ satisfy the following condition : there is some € > 0 and some
constant L > 0 such that for any balls By, Bs, with B; C By, we have :

r(B1)
T(BQ)

Theorem 2.3 (C. Pérez and R.L. Wheeden [22]). Let (X,d, 1) be a metric space with a doubling
measure p. For T an operator defined by (ZIT) satisfying (K), and with ¢ satisfying 2210,
then there is some constant C, depending only on the doubling constant and p, such that, for any
f:X—>R:

@(31)M(Bl)§ll< ) o(Bo)u(Ba) (2.21)

ITfllp < ClIMyfllp (2.22)

In addition for the operator T'f(z) = [}, %f(y) du(y), we can replace M, by the
maximal function defined by M f(z) = sup,-o7r° fB(z " |f| dp. See corollary 211

We will also show a variant on this theorem. We consider the operator T, § < R, with kernel

Ks(x,y) = K(z,9)X{d(x,y)<s}» and we want to compare its LP norm to that of the maximal
function M, s defined by :

Msf(@) = sup o(B) [ |f] du (223)
x€B B
r(B)<d

The idea of the proof of this result will be essentially the same as that of theorem given
in [22], but some care must be taken to account for the different hypotheses properly, and thus
we will give the details in what follows.

The hypothesis to prove | T f||, < C|| My s||p can be weakened compared to those of theorem
23 A key point is that proposition has to hold at least for balls of radius at most 20.
Looking at the proof of the proposition, this is true as long as (ZI8]) holds for Cy < (14 8p) and
d(z,y) < 496.

Then we take (X,d, ) a R-doubling space. T an operator defined by a kernel K. We say
that T, or K verify the condition (K)s, if there exist constants C; > 1, Co > 1 + 8p, such that
for any x,y such that d(z,y) < 46, we have :
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Vil € X, d(a,y) < Cod(z,y), K(z,y) < C1K(2',y)
Va' € X, d(x,y') < Cad(z,y), K(z,y) < C1K(2,y).
Property (K)s ensure that holds for balls of radius less than 24.

Since we will end up considering balls of a radius slightly larger than §, the following propo-
sition will be useful.

(2.24)

Proposition 2.14. Let (X,d, u) satisfy (D)g(%ﬂ)a for d >0, k > 1, T an operator satisfying
(K)4(2641)5, and such that the associated functional ¢ satisfies 221]) when r(By),r(Bs) < 2(2k+
1)6. Then for any p € (1,00], there is some constant C which depends only on p, k, the doubling
constants, and the constants o, L, €, in proposition and in 221)) such that for any non
negative f, | My wsfllp < CllMpsfllp-

Proof. We have :

Misf(@) = My (@) + sup o(B) / 1f] du
xeDB, B
6<r(B)<Kd

< M,sf(2)+C sup o(B) / 1f] du
(IB€)€, 5 B(z,2k9)

Using that for + € B, B C B(z,2r(B)) C B(z,2kd) and that for any ball B with radius

greater than ¢, by (Z2I) (on balls with radius at most xd), we have ¢(B) < ALk"p (T’(‘g) )

Now, for any ball B containing x with radius equal to k4. For y € B(z,2kd), consider the
ball Q(y) = B(y,d0). We have Q(y) C B(z, (2k + 1)J), thus using (D)?Qn-i-l)(s’ we have that
p(B(x,266)) < A*(2k + 1)"u(Q(y))-

For y € B(xz,(2k + 1)d), we also have that B C B(z,2(2k + 1)d), thus using (Z21)) (for
balls with radius at most 2(2x + 1)d)), (D)Z(%H) and (K)42.41)5), We get that ¢(B) <

A? (%)n ap(Q(y)). Putting all this together, we get :

o(B) / ] dp = @(B)][ u(B(z, 268) £ dp
B(z,2k0) B(z,2k0)

< Cp(B) ]fg o FAWIIW) )

<c ]{3 P /Q L A )
1

S -
1 (B (2, 2k8)) JB(a,(2641)5) ( B(z,2k6)NB(2,6)

"
o 1) 7[ #(B(2,9)) [f()] duly) dpu(z)
B(z,(2k+1)9) B(2,8)

|f(y)] du(y) du(z)

<o

2K

<C My sf du
B(z,(2641)6)

And the constant C' depends only on the doubling constants, L, o and x. Then we have :
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Mo rsf(x) < My s f(2) + CMars1)s (Mysf) (7) (2.25)

The theorem follows from the boundedness of the classical maximal function M 3,1)5 on any

L?, p > 1, under (D)g(%_‘_l)&. O

Theorem 2.4. Let § > 0. Let p > 0 be the sidelength constant of dyadic cubes. Suppose that
(X,d, p) satisfy (D)g(6p+1)5. Assume that K satisfies (K)ept+1)5, and that ¢ satisfies 2211 for
balls with radius at most 2(6p + 1)d. Let p > 1. Then there is a constant C > 0 (which depends
only on the doubling constants, p, p and of the constants in (Z21)), ZI8)) such that we have :

/ﬁrﬁWdusc/kM@ﬁwdu (2.26)
X X

Proof. We will show that there exist some constant C' > 0 such that for any non negative function
f, we have [y |Tsf[P dp < C [ (Mg 3,5f)P dp. Then the theorem will follows by proposition
214

To prove this, we define, for any m € Z, the operator T}, by :

Tuf@)= [ Ke i) )

Then, if for any m € Z, and for any non negative measurable functions f, g, we have :

[ Tafgdu= [ K@) i) dute.v) < ClMoasf lulall (2.27)
X d(z,y)>p™

Then by the monotone convergence theorem, taking m — —oo, the same inequality holds but
with T, replaced by T, and by duality, (Z20]) is true.

Take m € Z, and let f,g be non negative measurable functions. Let D,, = {Sg}kzm

aeN*
decomposition of X in dyadic cubes given by theorem 21l with sidelengths p*. If (z,y) € X are
such that d(z,y) > p™, we take the integer [ > m such that p! < d(z,y) < p!*!. Let Q be the
cube of length p! containing z, B(Q) = B (cQ, pl“) the containing ball. We recall that we have
s BQ) € Q C B(Q).

d(cg,y) < d(cg,x) +d(z,y) < 2p"*L, thus y € 2B(Q). Since d(z,y) > p' = 21—pr (2B(Q)), we
have by definition of ¢, K(z,y) < »(2B(Q)) < ap(B(Q)) by proposition 213 (which needs to
hold for balls of radius 2pd, thus we need (K)a,s. And if we suppose that § < p! = £(Q), then
d(z,y) > ¢ and Ks(z,y) = 0.

We have proved that if @ is the cube of length comparable with d(z,y), containing z, we
have y € 2B(Q) and :

be a

Ks(z,y) < Co(B(Q))X{RreD,, ¢(r)<s} (@)X (%) X2B(0) (V)

If r is the largest integer such that p” < 9, define D), = {Sg; m<k< r}. For any =,y € X
with d(x,y) > p™, there is at least one cube Q € D,, such that the previous inequation holds,
and since both sides of it are zero if £(Q) > §, we have, for any =,y € X :

Es(z,y) < Y Co(B(@Q)xe(®)x2n0) ()
Qep;,

And so, for any f,g >0:
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/ Tnfgdu<C > ¢

QeDr,

/ [ du / g dp
2B(Q) Q

But for any fixed integer k > m, the cubes of length of length p*, {5§} are pairwise disjoints,
and X = J,, €~. Then using this decomposition for k = r,

/ Tnfgdu<CY > ¢ /zB@)fd“/di”

a>1QeDr,
QCEL

Then for a constant v > 1 to be determined, for any o > 1, and n € Z, define :

1
— T T, n d n+1 .
{QeDm,QCrfa,v <7,U(B(Q))/Qg <y } (2.28)

We let n,, be the unique integer such that &£, € Cl}~. Notice that {C]}}, ., is a partition of
{QeDr;QcC&}. Then we have :

[ Tatsdn< e S S wB@uB@) | RA

a>1nez Qecy

For any o > 1, we let {Q;{‘l}jeJ , for some index set J,, be the collection of the maximal

dyadic cubes subset of £ such that 4" < ———1— Jon g du. If n < n,, then there is exactly
#(B(Q3.)) /95w

one such maximal cube : €. Also, we have an injection from the set of the couples (n, Q) with
n<ng QeClto{QeD; :QCE&}, thus:

S S eB@MBQ) [ Fansy T S ABQMBQ) [ 1

n<ng Qecr (@ QeD;,
QCEL

If n > ng, then any Q7 , is a strict subset of £. For such a maximal cube F, we let P be his
dyadic parent i.e. the only cube of length pl(R) containing P. We have P C £", and by using
the maximality of F, and that B(R) C 2B(P), and using the pd-doubling (B(P) has radius less
than pd) :

e L uBEP) 1 L
TS uBE) /;g W< BF) wBP) /Pgdﬂé Cp"y" = k", (2.29)

the constant x depending only on p and on the doubling constant. Then choosing v > x, we

have H(Bl(}.)) J7g9 dp < 4", thus F € CJ. Thus for a fixed n > nq, every cube in C} is in a

(unique) Q7 ,, which are disjoint in j by maximality. Thus, writing @73, for £, we have :

/(mfgdu<CZZW"“Z Y oe (Q))/w@fdu

a>ln>ng Jj€Jn QED]
QcQr,

Now we use the following lemma (see lemma 6.1 of [22]) :
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Lemma 2.2. Let (X,d, p) satisfy (D)]. Let ¢ be a functional on balls that satisfy (Z2I)) for
balls of radius at most pd. Then there is a constant C' which depends only on the constant L of
@21) and on the doubling constant such that for any f > 0 and any dyadic cube Qo € D~ , with
N

B B
Qez’;mw( (@)u(B(Q) / .
QCQo

Proof. By [221]), we have :

£ i < Co(B(Qo))u(B(Qo) / L (2.30)

Z o(B(Q))u(B(Q)) /ZB(Q)) fdp < Lo(B(Qo))u(B(Qo)) Z (f(Q) ) /QB(Q)) fdu

QEDy, Q€D K(QO)
QCQo QCQo

+o00
< Lp(B(Qo))u(B(Qo)) Y p~*
1=0

Z / fdp.
QED,, 2B(Q))
QCQo

{Q)=p~"(Qo)

(2.31)

Then for @ € D,,,Q C Qo, and £(Q) < £(Qo) we have 2B(Q) C 3B(Qo). Indeed, if
y € 2B(Q), then :

d(y, zq,) < d(y,2q) + d(zq,rqQ,)
< 2r(B(Q)) +r(B(Qo))
< 3r(B(Qo))-

Thus, the left hand side of (Z31)) is less than :

Lo(B(Qo)i(B(Qo) /

3B(Qo

F@Y o7 > xes(@) du(a).
) 1=0 Q€D
QCQo
€Q)=p~"(Qo)

Then it suffices to show that for each I, any x of 3B(Qo) is in at most N of the 2B(Q), with
Q) = p~(Qo), with N independant of the choices of # and Q. For [ = 0, there is only one @
: Qo itself, and thus it is true.

Now fix I > 1, let x € M, and @ be a cube of sidelength p~'¢(Qy) such that = € 2B(Q). We
write £ = £(Q) < p~'8. Then for y € Q, d(z,y) < d(z,zq) + d(y,zq) < 3pf < 36. Then we have
B(zq,?¢) C Q C B(z,3pl). By the proposition 2.9 then there can be at most N disjoint balls of
radius ¢ < ¢ with center in a ball of radius 3pf, with the constant N depending only on p and
on the d-doubling constant.

Thus
e 1< N#
I DR P
=0 QEDy,
QCQo
£(Q)=p""4(Qo)
and the lemma follows. O
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Then applying the lemma :

[ @nngan<eS St S (3@ 0B @) [ f

a>ln>ng Jj€JIn

And thus since Q% , € C, v < m fQ;* g du, and so,
Jya ,n

m _C na ,
/X(T fgdu< yaz;ln;aj;lsﬁ(B(( i ))AB(Q?;a)fdu/Q%gdu

and we have :

/X (Tmf)gdp<cd @ (B(Q),))n (Q}‘,a)/ f duu(Q;%)/c2 g dp. (2.32)

a,n,j 3B(Q?;a)

n
7,

Then using Holder’s inequality, and that by (221) there is some constant ¢ depending only
on a, A, L, e such that ¢(B) < cp(3B) (ball of radius 3pd), we get :

1
Tin g dﬂ <C na 3],
/X( f) < ZJ‘LL( J» ) ( ( ( 7 )) /3B(<2;a) M)

n 1 A
> 1(@ja) <M(Q§L) /Q;?;a g du)

a,n,)

Now we just need to establish a majoration of ,u(Q;{a) by a constant time the measure of a
set E7 ., with the E7 being pairwise disjoint in j, n, . For this, define Q7 by

1
O =<qxe&; sup 7/gdu>'y” = Q7. (2.33)
Qe%; wB(Q)) Jg jgn ’
€

and define the set E}', = Q7 \ Q4" We have that E}, C Q2 \ Q2! and the E?, are
pairwise disjoints in j,n, .
Now we want to show that for v chosen large enough, u(Q7,) < 2u(E},).
: 1
FlI‘St, QZQ N QZ+1 = Ui ( ;'l,a QQZI ) But we have m fQ:z;1 g d:u’ > /yn+1 > fyn7
thus by maximality of @ and by the properties of dyadic cubes, etiher Qza c Q}, or

Ta QI = (). Hence :

1 (QF o Nt = > @ @i = > w(Qrh

) 1 . Ant1
z:Q;ﬂﬂQ;; =0 zQ;’Z cQy,

n
7,0

But :

n+1

ia

n(QUEY) < p (B Q1)) <4 /Q g dp.
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. +1 . c e .
And since the Qza considered are disjoints and subsets of Q7 , :

Qo NG Sv‘"‘l/Qn g dp < sy (B(Q54)),
Jyo

where k is the constant in (2.29]). But we have :

w(QF ) = w(E},) + Qo N QLT

and so choosing v = 2k, it follows that :

n /7 I I
1(Qfa) < o (E}o) =21 (E},)

Thus we have :

/X (Tmf)g dp<2C | > n(E},) (so (B(3Q7%,)) /B(Qn )f du)

an,j 3

n 1 p/ ’
2 (o) (u(%) /Q;,ag o ) |

o,mn,)

-

: P
But since E}, C QF,, p(Ef,) (90 (B (3Q7a)) JC3B(Q;Q) f du) < fE;?a (Mg 3pm+1f)" dps,

and a similar inequality for the integral on g. In addition using that the E? , are pairwise
disjoint, and that p" < ¢, we get :

1

/X (T f)g dp < 2C (/X (M 305 f)" du)é (/X (Mas9)” du) i ; (2.34)

then using proposition 212} for all f,g > 0, there is a constant C' which depends only on
p, A, a, e (specifically it depends on the constants for the pd-doubling) such that :

[ @ag du < C Mgt sl
This holds under (D), (K)2,5 and the fact that (2.:2I) holds for balls of radius at most 3pd.
The stronger hypotheses are what we need to apply proposition [2.14] which gives us :
[ @at)g du<C 1511, gl (2.35)
Which proves the theorem. O

Finally we have :

Corollary 2.1. Let pu be a measure satisfy (D)}, and (RD)%, for R>0,n>v >0 (n>v is
automatic). Let s <wv. Let § < R. If K(x,y) = %, then the associated operator Ts

satisfy the hypotheses of theorem[2.J]. Moreover, the theorem still holds with M, sf replaced by
the following maximal function :

M sf(x) = sup rs][ [f| dp. (2.36)
0<r<d B(z,r)
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Proof. First, take some b > 1, by proposition 28 p is bR-reverse doubling of order v. Then, we
must verify that K satisfy the hypotheses of theorem 24l Let d(z,y) < R and d(z,y’) < bd(z,y),
then we have by doubling and reverse doubling, :

. < | 1 (B (2.bd(z,9))) 1 (B (z,d(x./)))
W (B d@.y) = a(B @ d@ ) a8 (r.dx.y)) a(B(z bilz,9))
7771/ d(z’ y/) Y 1
= <aaw) (B @ de.y)

Thus, provided that s < v :

d(z,y")

d(z,y)
Furthermore, if d(2’,y) < ad(z,y), by doubling there are ¢, C such that cu (B (y,d(2',y))) <

w(B(2,d(2',y))) < Cu(B(y,d(2',y))), and so doing the same calcuations we have :

K@wgmw( ) K(oy) < CO K (2, /).

K(z,y) < Cv"°K(2,y).

And there are Cy,Cy > 1 such that (ZI8) is satisfied.

Then, using the definition of ¢ and doubling, c:f(BB); <pB)<C Z((BB); for some constants
that depends only on s, p and the doubling constant. Then since we have, for By C Ba, r(B1)* <
2°r(Bs)®, we easily verify that ¢ satisfy (221I) with ¢ = s.

Then it is enough to prove that the centered and uncentered version of the maximal function
M, s are equivalent in LP norms. This follow from the same argument as that of proposition

211 O

3 Relative Faber-Krahn inequality and estimates on the
heat kernel and the Riesz and Bessels potentials

3.1 Faber-Krahn and doubling

The results from this subsection are due to A.A. Grigor’yan [0l [IT], or are slight adaptation of
his results to the R-doubling case.

Theorem 3.1. [T1] Let (M, g, 1) be a weighted manifold, and let {B(xi,7;)};c; be a family of
relatively comapct balls in M, where I is an arbitrary index set. Assume that, for any i € I, the
Faber-Krahn inequality holds :

A(U) > a;u(U) =2/, (3.1)

for any open set U C B(x;,r;), where a; > 0. Let @ = J,.; B (zi, %) Then for all x,y € Q
andt > tg >0 :

2\ /2 2
) (14 4525 " exp (452 — \ (M)(¢ — 1))
7))

J

pi(z,y) < : (3.2)

(aiaj min (to, 7?) min (to, r

where i, j are the indices such that x € B (:ci, %) andy € B (xj, %ﬂ)
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On a manifold which admits (RFK)7,, applying this theorem with the family {B(z,r)} zenm, ,
0<r<R

I T%u (B (J:,r))Q/", to =t, and r = v/t when t < R? we get :

(1 N d(zt,yf)”/ ? -t

9 n/4
(am,\/zbyﬂ/zt )
_d(z,y)?

C(n) e« _
(B VD) (B V)

If t > R?, then we do the same thing, but with » = R. Thus we obtain the following :

pe(z,y) < C(n)

)

Theorem 3.2. Let (M, g, ) be a weighted Riemannian manifold, suppose that there is R > 0
such that M satisfy (RFK)'},. Then p satisfy (D)}, and for any ¢ > 4 there is some constant
C > 0 such that the heat kernel satisfies the upper bound :

C _d(z,y)?
1/2 2 t< R? (3:3)
p (B (2, V1) " 1 (B (y, V1))
C eiﬂl(arcyty)2
u (B (z, R)"? 1 (B (y, R)"*

pe(z,y) <

pt(za y) S ) t> R2' (34)

The constant C' depends only on b and n in the Faber-Krahn inequality and on the ¢ > 4
chosen.

The estimate on the heat kernel follows from Theorem 5.2 of [I0]. The R-doubling follow
from the proof of Proposition 5.2 of the same article.

3.2 An estimate on the heat kernel

Proposition 3.1. Let (M, g, ;1) be a weighted manifold satisfying (RFK)Y}, for R > 0, then for
any ¢ > 4 and v € (0,1) there exists constants C > 0, ¢ > 1 such that for any A > 0 with R\ > ¢,
we have :

C d(z,)?
Y) < e e VE<AT!
P S B ) ) 55)
C 2, _ dz,y)? '
PO N O St DR P, t> 21
pt(zay)— ,U/(B(.’L',)\_l))e € ) \/_>

With C' depending only on b, n and c, and ¢ depending on b,n,c and 7.

Proof. Let ¢ >4,y € (0,1). If t < A~! < R?, then applying theorem B.2] we have, for any x > 1
such that ¢/k > 4 :

C rd(x,y)2
pe(x,y) < e~ e
1 (B (2, VD)) 1 (B (y, D)
< C DAy _ k d@y)?
< e 2 t c t
p (B (x,V1))
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C _d(z.y)?

e

ShE@)

using proposition 6l If t > A7, then similarly :

(2.y) < C Dd(e.y) _ rd(e.)?
PO B e )" |
Then we have 24eu) _ (=Dd@a)® (1 _ )32 < (W -(1- 7))\2) t, for all ¢ > 0,
z,y € M. Thus for ¢ = | /m%, the for all A such that AR > ¢, we have:
C 1— )\2t _d(Iay)Z
pe(a,y) < —=——ell TN e T 3.6
) < B @) (30

O

Remark. If d(x,y) < R then we can actually do better, then ePH@¥)/2R < O for a constant
which doesn’t depends on d(x,y). Then we have :

C _d@w)?
Pi(®,9) < I (B (x,min(\/g, )\’1))) o (37)

3.3 Estimation of the Riesz potential

Let s > 0. Define the Riesz potential to be the operator I, = A=%/2 on L?(M, i1). We have by
the spectral theorem, for f positive, measurable :

I f(x) = /OO t5/2 e TtA F () dt

L1
I (3) Jo
— ﬁ/}w f(y)/0 /27 (2, ) dt dply)

= /M is(w,y)f(y) du

5
2

With the "kernel" is defined by :

ey /2 py(, y) dt. (3.8)
r(3) /0

Proposition 3.2. Let (M,g,pn) be a manifold satisfying (RFK)" and (RD)¥, v > 0. Then
for any s < v, there is a constant C, depending only on the Faber-Krahn and reverse doubling
constants, such that :

is(r,y) =

d(z,y)°
w (B (z,d(z,y)))

Proof. If M admits a relative Faber-Krahn inequality, then there are constants C' > 0, ¢ > 4

)2
C___ o= forallz,y e M, t> 0.

is(w,y) < C (3.9)

< __C
such that ps(z,y) < ;L(B(z,\/f))e
Thus :
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s\, Y) = Us €

We integrate separately between 0 and d? and d? and o0, and using the doubling and reverse
doubling properties of the measure we get :

2

m e
is(z,y) < Cd—/ t5/27”/2*16*% it

M(B (ZC,d(.’L',y))) 0
dv o0 d(z,y)2
C—/ ps/2-v/2-1 = e o
w (B (z,d(z,y))) Ja»
O

When v > s, the second integral is convergent and less than ﬁd‘s_”.

For the first integral, through the change of variables t = d?/cu there is some constant cq
such that it is equal to c,d*™" [ u"/?7%/271e~% du, and this new integral is convergent if n > s,
which it is since we must have n > v, and equal to a constant depending only on 7, s.

Thus putting all of this together we have :

d(z, y)*
(B (,d(z,y)))
With the constant depending only on s,7,v as well as the constants of the relative Faber
Krahn inequality.

is(z,y) <C

3.4 Estimation of the Bessel potential

Define the Bessel potential for A > 0, s > 0 to be the operator G, x = (A + A?) /2 on L?(M, ).
We have, by the spectral theorem :

1 > 2
G = m/0 /27 Lem N e TtA g (3.10)
2
Similar to the previous section, we have for positive f :
Gorf(@) = [ gl () ity (3.11)
M
with gs x defined by :
o0 N _ _ )2
gs(z,y) = ) / 327 e= Nt () dt (3.12)
3) Jo

Proposition 3.3. There is a constant ¢ such that if (M, g, 1) is a weighted manifold that satisfy
(RFK)}, and (RD)Y, for R > 0, v > 1, then for any X such that AR > ¢, then for any s < v,
there are constants C > 0, and v € (0,1), depending only on the Faber Krahn and reverse
doubling constants, such that :

d(z,y)* ATF —\d

< — \mgs - Y d(z,y)

gsa(z,y) <C (M B (x’d(x,y)))X{/\d(z,y)gl} + (B (D) (X{)\d(z,y)>1})> e s
3.13
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Proof. Tt is enough to show the proposition for A =1, R > ¢.

Indeed, G\ = A% (& + 1)75/2. A/)? is the Laplacian A’ for (M, ¢', i’) with ¢’ = \2g and
dy’ = A" du. The geodesic distance d’ associated with the metric ¢’ is simply d' = Ad, and if
(M, g, 1v) admits a relative Faber Krahn inequality at scale R, then (M, ¢’, ') admits a relative
Faber Krahn inequality, with the same constants, at scale AR.

Then using that g x(z,y) = A\™%g 1 (2, ), with g ; the kernel of (A’ + 1)_5/2, it follows that
BI3) being true for A =1 and all R > ¢ implies (B13) for all (A, R) such that R\ > ¢.

We have :

1 1 L o) a/2—1 —
gs.1(z,y) = o) </ $5/2-1, tpt(x,y) dt+/ 15/2-1, tpt(x,y) dt>
(2) \Jo !

Let Jy = fol t5/2=Le~tp,(x,y) dt and Jo = floo t5/2=Le~tp, (x,y) dt.
To simplify the notations we will write d = d(z,y) until the end of this section.

Lemma 3.1. TThere is some constant ¢ > 1 such that for R > ¢, there is some v > 0, such
that for any s < v we have :

1
d* 1
p8/2-1 =t dt<e|l ——M - —vd, 3.14
e e it < (ot + gy en ) o1

Proof. We treat the cases d < 1 and d > 1 separately. When d(x,y) < 1 we have: Jp = Jo,1+Jo2
with

2

1
Jo,2 :/ 32 ety (z, y) dt.
d

We have, by proposition 3] that , there is a constant ¢ such that if R > ¢, then for all ¢t < 1

_d(z.y)?

we have pi(z,y) < me et . For such R > ¢ > 1, using the R-reverse doubling, we

have that for any ¢ € (d?,1), vt < 1 < R, and thus we have u (B (z,d)) < a (%) 1 (B (z,V1)).
Using all this we get :

42
1 f5/27167t67?

# n (B (VD)

v 1
< C’ailid / ts/27U/27167t67§ dt,
d‘Z

Joa2<C dt,

- (B (z,d))
dve—d ! 2 2

< 061/47/ s/2-v/2-1 dt; since e ' < e~ , e < el/4e_d,

p(B (z,d)) /g

dve—d 2

< C’ dS*l/ _ 1
- M(B(x,d))u—s( ),

dS
<C—mgr—ce

w (B (z,d))

since we have v > s. Now we estimate Jy 1 :

a2 ys/2—1 —t, — 2
t e e e

J gC/ ——— dt,
o o n(B(z V1))
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d2

< Acdin/ $/2-n/2= 1ot o= gy
T p(Bx,d) Jo ’

d° > , :
< Cm / ul/?=s/2=1g=d*/cug=u qy - change of variable t = d?/cu,

1% T, 1

ds o 2
< n/2—s/2—1_—d*/cu—u/2 —u/2 d
<SCmEm ), o

We use that e—®"/cu—u/2 < Ce " for some constant y; which depends on ¢. Then,
floo u/2-3/2=1e=u/2 dy converges to a constant and :

T
p (B (z,d))

Thus, for a constant C' depending only on s, c and the doubling and reverse doubling constants,
we have :

—71d

Jog <C

S

Toxtaen<n <O gy ez
If d(z,y) > 1, then we have :
1 ys/2-1,—t,—4
Jo < C /O IOl at,
< Acm /01 t5/27"/27167t67§ dt, since d > 1 we have :
= 1},1))6_d2/26/01tsm_m—le‘ﬁ d,

e 12,

(B (
<o+
~ p(B(z,1)

Since the integral converge and is a constant depending on only s, 7, ¢, and using that e—ae’ <
Cefam

Then for v = min(+1,72) and a constant C which depends only on s, ¢ and the doubling and
reverse doubling constants, we have :

d’ 1
(e I .
fo=e (mB @d) DT B, 1>>X{d>1}> ‘

~d

O

Lemma 3.2. There is some ¢ such that if R > ¢, there is some constant v > 0, such that for
any s we have :

=) d® 1
s/2—1 _—t < _ - —vd 1
ot s o (Gt + gy en ) 1

Proof. From Proposition B1], it follows that, since R > ¢, then :

c /°° o1 —d2 _
Joo < ——7— t5/2= =T M0t ¢
M(B(‘Tal)) 1

26



2 o
For any « € (0,1) e~t=% admits a maximum when ot = i—j, and so is less than 672\/;d.
Take v1 € (0,1) such that : a = $47 < 4o, then we have :

o 1
Jo < C (/ 15/2=1g(a=0)t dt) = emd
1 (B (z,1))

Thus there is v € (0, 1) depending on 7y, ¢, and a constant C' depending only on s, ¢, vy and
the doubling constants such that

1
Joo <C——r——e
p(B(z,1))

. 1
But we also have, when d < 1, we have: WBED) <a

d” ds . v
w(B(z,d)) <a 1M(B(ac,d)) using (RD)’%,

and s < v. Hence, for d(z,y) < 1 we have :

Thus there is a constant C' such that :

d® 1
< . e —d
I 2 € (s * ey )
O

And so there is ¢y > 0 which depends on s,7p,c and the doubling and reverse doubling
constants, and v € (0, 1) depending on ¢ and o, such that :

d(x,y)® 1 _
gs,1(w,y) < co (mmd(w)ﬂ} + (B @) (X{d(m,y)>1})) e e (3.16)

O

4 Proof of the main results

Let (M, g, 1) be a weighted Riemannian manifold. Let V € Lj (M, du), V > 0, for any R > 0
and p > 1, we define N,(V') and N, z(V) as in (I77) and (). Notice that N, (V) = Ma,(V?)/P.

Though we can deduce theorem [[LT] as a special case of [[L2] we start by giving a separate,
simpler proof of it. The general idea behind the proof of both theorems remains the same, but
in the case of theorem [[.2] much more care will be required in establishing the bounds on the

norm of certain operators.

4.1 Proof of Theorem [1.1]

We assume that M admits (RFK)” and (RD)”, with v > 1. Let ¢ € C§°(M), define p = A'/?4),
or 1) = A~/2p. We have, using that A=1/2 (V1/2-) is the adjoint of V1/2A~1/2 :

V4 _ V1/2A71/2 2
(Vip, 1) @

< HV1/2A71/2‘ 2

2
el
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< e ()

< fJare (ve)]

2
A1/2wH

L2—L?
2

4l

L2—L?

But, by proposition B2 and theorem 23 we have that |A~Y2f||y < C||M;f||2. Moreover
for ¢ = 2p, we have :
(something wrong here with N,)

My (V) (@) < My (VO2) (@) 0o (1) (@)
< N(V)2Mo(|f17) ()7

using that N, (V) = Mo, (Vp)l/p. Then, using the fact that for any r > 1, M is bounded on
L™ we have :

’ 1/‘1/
1/2 < 1/2H q ’
[a (V72| < o072 M1
(/e
< oN, )2 11|
2/q’

< ON,(V)V2 | £l

Thus we can estimate the operator norm of A=1/2 (V1/2.) and we get :
[ ver an < on,wy vel? (4.1)
M

4.2 Proof of Theorem

As it will be slightly more convenient to work with A rather than 1/R, we will prove the following
result, of which theorem will be an immediate consequence :

Theorem 4.1. Let (M, g, ) be a weighted Riemannian manifold, satisfying (RFK)}, for some
R >0, and (RD)%, for some v > 1.

Then for any p > 1, there are positive constants ¢,Cp, with ¢ > 1, depending only on the
Faber-Krahn and doubling constants (and, for C,, on p) such that for any X > éR™Y, for any
VeLl (M, du),V >0 and €CP(M) :

loc
[ vt dus o ([ 1vopane [ 0 an) (12)
M M M

4.2.1 Proof of Theorem [4.1]

Let (M, g, ) be a weighted manifold satisfying (RFK)% and (RD)%, with R > 0 and v > 1.
For ¢ the constant given in proposition B.1] take A > 2. For s > 1, 0 > 0 we recall that Mj s is
the maximal function defined by :

M, sf(x) =sup rs][ fdu (4.3)
r<d B(z,r)
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For a given A > 0, and p > 1 we will note K, = N, \-1(V) = sup, My, x-1 (VP) (z)/P.
If K, is infinite, then the previous inequality is obviously true. Then, if we suppose that have
K, < oo, we have :

Lemma 4.1. Let (M, g, ) be a weighted manifold. Then for V' > 0 locally integrable, A > 0 we
have :

2

Ve, 0) < |G (V72

L (V12 4 2%[101%) (4.4)

L2—

Proof. Let 1 € C3°(M), and define ¢ = (A + A2)"/?

G (V1/2-) is the adjoint of V1/2G1,A :

1. Then ¢ = G1 1 and, using the fact that

(Vie, 0) = (V12Grag, VI2Grap)

IA
<
=
[\v}
«Q
>

2
2
el
2
< Joun ()

<Jeun ()

1/2

J,
L (el x)

(A+ %)

which is what we wanted to show. O

Now, since M satisfy (RFK)} and (RD)%, with v > 1, we can apply the proposition B3]
thus for RA > &, we have Gy < ¢o(T1 + T3), with
d(z, y)*
ni- [ s
Ad(z,y)<1 H (B (:L', d(SC, y)))
A*S
Tof(z) = 7/ e @Y £(y) du(y
( ,U(B (1.,/\71)) Ad(z,y)>1 ( ) ( )

Thus, we have HGL)\ (\/1/2-)H2 < ¢o (HT1 (\/1/2-)H2 + HT2 (V1/2-) Hz) Then all we need to
do is to evaluate those two operator norms.

e M) f(y) du(y)
(4.5)

Lemma 4.2. Let (M, g,p) be a weighted Riemannian manifold, let X > 0. Assume (D)}, and
(RD)%, for R > A~'. Then for Ty defined as in [@H), and V > 0 locally integrable, there is
some constant C1 , which depends only on p, v and the reverse doubling and doubling constants,
such that :

|7 (V12| < cupk) (4.6)
2
Proof. We can apply corollary 211 : for any p > 1, and any locally integrable f, we have

1T fllp < cpllMy -1 fllp- Then, for any o € Cg°(M), for ¢ =2p, ¢ = q/(¢—1) :

Wi (VI26) (2) < (Map s (V) @)/ (Mos (97) @) 77
< KMo (47) (@)
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1/2 1/2 d v
|72 (v20), = cors” Mo (v,
< Cp&Q/q/K;/Q (KPS

With || Mg -1 f]l» < & | fl| for any f € L", r € (1,00]. Thus :

7 ()

Lemma 4.3. Let (M,g,u) be a weighted Riemannian manifold, let X\ > 0. Assume (D)7,
(RD)%, for R > X\~'. Then for Ty defined as in [H), and V > 0 locally integrable, there is some

constant Cy , which depends only on p, v and the doubling and reverse doubling constants, such
that :

< C'O,pl(;/2 (47)

L2—L2

O

2 (72, = ot (45

Proof. We majorate To (Vl/ 2) by an operator for which we can use the Schur Test. We have :

A —7Ad(a.1)
T e T du)

=7 - e f(y) du(y) dr
p(B (2, A7) Sy A-l<d<r
Then, for ¢ € C§°(M), g = 2p, ¢’ = q/(q¢ — 1), by Hoélder’s inequality :

1/2 Y > A Ve ’ e
Ty (V4 xgif e"r</ Vpd> (/ 1/}qd> dr
2 ( ) (@) H (B (xa)\_l)) A1 A—l<d<r : A-l<d<r g

(4.9)
Then we cover the annulus B(x,r) \ B(x, \~!) by balls B; = B(x;, \™1), x; € B(x,r), such
that for i # j, 1B; N 1 B; = 0. We have :

Trf(x) =

[ v [ vraus Y rrgus)
A—l<d<r . 7 Bi P
1
212
< A2NPKT § " (531.)

1
< CXNPKPp (B (:c,r + ﬁ))

Then :

= B (z,r+ %)) )
T (VV2%) (2 SvKl/Q)\/ e*vMu( ’ 22 (/ Y dM) dr (4.10
2 ( ) (z) P 1 w(B(x,A71)) A-l<d<r 10

Since the measure is R-doubling, with R > 2¢éA™!, it is also R’-doubling for all R’ < R and
with the same constants. Then for 1 < p < 2, let R = péA~!, we have A\™! < R’ < R, then by
the propositions 2.4] and :
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(B (z,r + 35)) 1t (B (z,7))
LB = CRBaa)
ok (B@r) p(BR))
S OB BY) u(B @A)
< CePw

With C' depending only on p, ¢ and the doubling constant. Thus :

T (V”%) (z) < CK1/2)\/OO (GB—2)7) (;/ w7 d,u) v dr (4.11)
IR e w(B (2, A71) Ja-1<caer
And the constant C' depends on p, b, n and on the chosen arbitrary parameters.

Finally for p = % with 8 € (0,1) we get (21%, —7)\) = (2;52& - 7) A = —6Ov), thus
we have :

o 1 , 1/4’
Ty (VY29) (2 <CK1/2>\/ em0A <7/ P d > dr 4.12
2 ( ) ( ) - P A-1 M(B ('Ta)‘_l)) A-l<d<r a ( )

Note that we can indeed suppose p = % : by the proof of proposition Bl we have

D _y %C(”—l) (171)(“71) (1—92);)\/6' Since the choice of ¢ > 4

é =
in the estimate on the heat kernel is arbitrary, and since v can always be taken arbitrarily small,
we can choose them so that # is equal to the chosen p.
e
Then we have by Hélder’s inequality :

1/2 1/2 T o Va oo e 07" , L4
T (V%) < CK )\(/ e‘"’Tdr) (/ 7/ Y1 d,udr)
? ( ) b At a1 (B (2, A7) a-1caer
1/q ’ 1/‘1,
1 1 _ ¥ (y)
< CK1/2)\ (—6 O'y) _/ e OyXd(zyy) ¥ \J) du y
b Oy A OYA Jaa>1 (B (z,A71)) )

» , 1/q
< OB e ([ e ATy
O Ad>1 w(B (@, A71)

We will now show that there is a 6 € (0, 1) such that the operator S defined by :

,with1<f<a<%c,andsop:

- Y(y)
Sy = o~ 6vd(z.y) duly), (4.13)
Ad>1 (B (z,A71))
is bounded on every LP for p € [1,00]. We use the Schur test : S is given by the kernel
o0 Ad(,y)

K(z,y) = BT XM d(,y)>1} then if for some constant L > 0, fM K(z,y) du(y) < L for

almost every z € M, and [,, K(x,y) du(z) < L for almost every y € M, S is bounded on all
LP, 1 <p < +o0, with all the operator norms being less than L. We have :

e—@'ykd(w,y) 1
—du(y) = 7/ e~ 02 d=@Y) qu(y
/w ZBEA ) MW= TEEa ) Lo )
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707/\7“
<ot [ B @) du)
< 97)\ ,U (x, R/ / 707/\?” (f ]:;?))) dr
< CAA (pe)" /)\ ) e(P%* T dr

IN
Q

N / T U—0p—0Ar g,
A

—1

IN
o

1,

this for any 6 such that 2(1 — )py — 60y < —4, and the constant ¢; depends on 6,+,b,7, p,
but not on A or R. We also have

—0yAd(z,y) oo dM(SC)
——————— du(z) = O0yA 6767)\7“/ —————— dr
»/d/\>1 K (B (‘T’ )‘_1)) A1 B(y,r) M B( a)‘_l))

(B (z
- = p(B(y,r))
<0 0vAT 1D 7 _H(B(y,r)) dr
- / w (B (y,A71))
S / 797)\7" 2DR’ dr
<C / e(AA=0)py=07)Ar 1.
< &,

where we take 6 to be such that 4(1 — 0)py — 6y = -3, ie. 0 = ij:fg € (0,1). And ¢ does
not depend on A, R. Then we also have 2(1 — #)py — 6y < —3. Thus by the Schur test, S is

bounded on L? for all 1 < p < oo with an operator norm that does not depend on A, R.
’ 1/‘],
Since T» (V1/2w) <C (S (wq )) , then :

2 ’ 1/‘],
|7 (v20)], = c}s ()]
2 2/q’
2
< Cl¥ll;
Then we can conclude that there is some constant Cy ,, which depends only on p,b,n and
the ~, ¢ that we chose in the estimation of the heat kernel, such that :

()]

And so, applying all three lemmas, we have HGLA (Vl/Q-) HQLQ_>L2 < (Cip+ ngp)Q K,
Thus we have é and C), constants depending only on the doubling constants (and for C,, on
p), such that for RA > é, V > 0 locally integrable,

< Oy KL (4.14)

L2112
O

/ Vi? du < CpNy a1 (V) ( V[ dp+ A2 / ¥ du)
M M M

32



4.2.2 Proof of theorem

Since theorem FL1] holds only for A > ¢R~!, ¢ > 1, we immediately get (LI3) only for R’ < %R.
We need just a bit more work to get it for R.

Proof of Theorem[I.4. We have, by theorem 1] for any p > 1, and A > 0 such that AR > ¢ :

(Vp,90) < CpNp =1 (V) (V17 + A2[[9[1?) -

In fact, this inequality also holds for A = %. We apply the previous inequality with this

lambda, and use that the function r — N, (V) is non-decreasing, and A=! < R. Thus :
&2 ) 1
.0} < oo V) (1901 + 25101 ) < G, V) (V01 + g lolP?)  415)
O

4.2.3 Proof of theorem [1.4]

We now suppose that A;(M) > 0. Then the previous results can be strenghtened to prove
theorem [[41

Proof. We apply theorem [[2, and use that Ay (M) [,,%? du < [, [V¥|* du. Then :

(V. 0) < CpNy (V) (1 + m) /M VU dy

Then :
A1 (M)R? / 2 / 2
Vp* du < Vy|© d
Ny m A+ DR Jy, WS [ VT e
And :
Al(M)R2 2 )‘I(M) / 2 / 2
Vy© du + ———= dp < \Y d
20, Ny ()1 + DR Jy, W Ty [ s [ VR
Then, for any V', we have :
CpNp r(V)(1 + M\ (M)R?) A1 (M)
< YplVp, 2 _ A\ 2 4.1
Vo) < S 17? — 2 ) (4.16)
which is (TIH). O
4.3 Proof of theorem [1.3
Let Cp, be the constant of theorem [[21 We let
1/p
L =sup | 2C, ][ VP du — 62 (4.17)
z,0 B(z,6)

Then we have :
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1/p
L+ 62
][ vedp) <=0
B(z.,5) 2C)

2
_ L4l
=2,

(Map, 5(VP) () /?
Take § = L™1/2, then N, s(V) < c%, Then by theorem [[.2 we have :

(Vi ) = [IV9[I3 < L]l (4.18)

thus

1/p
—M(A=V)<sup|2C, ][ VP du -6 (4.19)
z,6 B(x,9)

Meanwhile, let » < A1 < R, and define f,. : [0,00) — [0,+00) b
f@) =2r—tift € (r,2r] and f.(t) = 0if t > 2r. Then for 0o € M, ¢ =

Lipschitz function with compact support, and we have, by (D)?2 :

foy =rife <
fr(d(o,x)). ¢ is a

HV7/JH2 — fM V1/12 dp
%11

u(Bw2r)
= 24 (B(w.r) 7@@,”””

< Ar? - ][ V du
B(z,r)

<@y -anoef e

MA-V)<

this for all » > 0. Thus :

— M\ (A =V) >sup A*wﬂf Vidp—672). (4.20)
x,8 B(z,6)

5 Hardy inequality

For some point o € M, the L? Hardy inequality :

wecron, [ 55 au <€ [ [Du@l duto) (5.1

is equivalent to A — V > 0, with V(x) = %d(o, x)~2. Moreover, we have :

Proposition 5.1. Let (M, g,un) be a weighted Riemannian manifold, R € (0,00|. If p satisfy
(D)} and (RD)Y, with v > 1, then for any p € (1,v/2), there is a constant K, < co such that

for all < R we have :
1/p
2 (][ d(o,y)~%F du) < K. (5.2)
B(z,r)
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Proof. We let p(y) = d(o,y), B = B(x,r), for r < R.
If r < p(x)/2, then for y € B(z,r), p(y) > p(x) —r > p(x)/2 > r. Then :

/ ply) ™% dp <r~*u(B).
B

If r > p(x)/2, then B(x,r) C B(o,3r), and :

/ p~ % du S/ p~ % du
B B(o0,3r)

< /000(2]) — 1)t?P71 (B (0, min(t, 3r))) dt
3r
< / 0™ (2p — 21 (30) 7 (B (0,37)) dt + 120 (B (0,31))

< ( i 1) =211 (B (0, 3r))

33Pq v —2p
< Cpr_Qp,u (B (z,1)),

since v > 2p, with the constant C, depending uniquely on p and the doubling and reverse
doubling constants. O

Then applying theorems and [T, we immediately obtain :

Corollary 5.1. If (M, g, ) satisfy (RFK)}, and (RD)Y, with v > 2, then there is a constant C
such that for any ¢ € C°(M), o € M,

P(x)? 2 1 2
< — . .
Corollary 5.2. If (M, g, 1) satisfy (RFK)", (RD)” with v > 2 then there is a constant C' such
that :
%) /l/}(x)Q 2
Vi € CE(M), > du(@) < C [ [Vl du. (5.4)
m d(o, ) M

The second corollary being theorem
We can’t ommit the condition on the reverse doubling order. It is, in fact, a necessary
condition for the Hardy inequality to holds if the measure p is also doubling :

Proposition 5.2. Let (M, g, 1) be a weighted Riemannian manifold, with u a doubling measure,
assume that there is a constant v > 2 such that for any o € M, ¥ € C5°(M), M admits the
Hardy inequality :

2
v—2 P(x)? / 2
d < Vi|* d 5.5
(%) [ s auwr < [ w0 an (5:5)
then p satisfy (RD)Y.
Note that that we can always write a Hardy inequality (&4) in the form (5E) simply by

chosing v =2+ 24/1/C.

Using a method from [3], [16], we have :
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Proof. Take 0 < r < R, define f(t) = r=*= for 0 < t < r, f(t) =t~ "= forr < t < R,
f(t)=2R""= — R 5tfor R<t<2Rand f(t)=0 for t > 2R.
When r < t < R, we have f/'(t)? = (”7_2)2 £(° " Then for some point o € M choose

+2

o(x) = f(d(o,x)), the Hardy inequality applied to ¢ leads to :

v—2\? ¢(9U)2 2
du(z) < Vol? du(z),
( 2 ) /B(o,r) d(o, x)? ule) < /B(O,QR)\B(O,R) Vol dutz)

then :

2

using that p is doubling. Thus there is some constant a > 0 such that :

) <R> _ 1(B.R)
p (B (o,r))
and p is reverse doubling of order v > 2.
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