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Abstract

We show that a complete weighted manifold which satisfies to a relative Faber Krahn
inequality admits a trace inequality for the measure with density V, with the constant
depending on a Morrey norm of V. From this we obtain estimates on the lower bound of
the spectrum of the Schrodinger operators with potential V' and positivity conditions for
such operators. It also yields a L? Hardy inequality.



Lower bound of Schrodinger operators on Riemannian
manifolds

M. LANSADE

1 Introduction

In [8 O] Fefferman and Phong established the inequality, for p > 1:

[ Ve 4 o,nw) [ [wiep (1.1)

for any ¥ smooth with compact support, where V is a non negative and locally integrable
function, C,, , is a constant depending only on the dimension and p, and IV, is the Morrey norm:

zeR™
r>0

1/p
Np(V) = sup (TQP" /B( )IV(y)Ip dy) : (1.2)

Such an inequality yields a positivity condition for the Schrédinger operator H = A — V
(with A = —>"" | 8?), namely that if N,(V) < 1/C,,p, then H is a positive operator. In fact

they also gave the following estimates on the lower bound of the spectrum of H, A1 (H):

sup Clr_"/ Vdy—r"2) < —\(H)
z€>1:%)" B(z,r)

1/p
—M(H) < sup |G, (7’"/ Ve dy) —r~2 . (13)
z€R™ B(z,r)
r>0
The conditions for inequalities such as (LI (though with a constant that doesn’t necessarily
depends on the Morrey norm) to hold in R™ has been studied extensively, see for example in
[4, 15, 18]. And in [I9], Maz’ya and Verbitsky establish necessary and sufficient conditions for
an analoguous inequality to (II)) to hold with complex valued V. That being the case, it seems
interesting to study to what extent, and under which geometrical hypotheses those results extend
on other spaces, such as Riemannian manifolds.
The first aim of this article is to generalize the results of Fefferman and Phong to a weighted
Riemannian manifold M. A natural way to do that would be to use the Poincaré inequality:
for any k > 1, there is a constant C' > 0, such that for all x € M, r > 0, and for any

fec>(B(x,kr)):
[ -tsenlanser [ il
B(z,r) B(z,kT)



where fp = ﬁ f g f dp. It turns out that the result still holds under some weaker hypothesis.

Our proof will follow the general idea used by Schechter in [26], that (LI]) follows from the
inequality (which holds in R™ following a result of Muckenhoupt and Wheeden [21]):

V2l < CIM S 2o, (1.4)

with )
Y —n
niw=co [ AU ) i@ =spr [ jfeian 9)
R |:C - y| r>0 B(z,r)
and that (IZ3) is proved using similar estimates, with (A 4 A?)~1/2 replacing I .
The proof of the generalisation of (L3) will naturally yields weak versions of (II), which
holds under weaker hypothesis.

1.1 Definitions and Notations

A weighted Riemannian manifold (M, g, u), or simply a weighted manifold, is the data of a
smooth manifold M, g a smooth Riemannian metric on M, and a Borel measure du = 02 dv, on
M, with o a smooth positive function on M and v, is the Riemannian volume measure associated
with the metric g. We define the (weighted) Dirichlet Laplace operator as the Friedrichs extension
of the operator on C5°(M) defined by:

Auf = —O’_QdiV(O‘QVf),

with associated quadratic form Q(v) = [,, [V|* du. We will usually write the Dirichlet Laplace
operator as simply A.
On a metric space (X,d), for x € X, r > 0, the ball of center x and radius r is the set
B(x,r) ={y: d(z,y) <r}. If B= B(x,r) is the ball, § € R, then 0B refers to the set B(x, 0r).
For p > 1, we let || - ||, be the L? norm on (M, ). We define

1/p
1l = </M Tk du) .

For T' a bounded operator on L”, we use ||T||zr—r», or ||T||, when there is no confusion, to
refer to its operator norm:

1Ty

1Tl = sup :

"ogerr ¥y
vA0

For an open set U C M, A1(U) refers to lower bound of the spectrum of A, on U:

IV]3

M (U) = .

i veeg ) |[Y|13
YO

(1.6)

When H is a symmetric operator defined on smooth functions with compact support, A1 (H)
is similarly defined to be:

(Hy, ¥)

= 11 —_—.
vecg (M) |3
$£0

A1 (H) (1.7)

On a weighted manifold (M, g, i), we define the Morrey norms N,, p > 0, as follows:



1/p
Vf € Liy.(M), Ny(f) = sup (er][ |fP du) , (1.8)
reM B(z,r)
r>0
where f, f du = ﬁ [ f dp is the mean of f over B. We also define the Morrey norm taken
on balls of radius less than R > 0:

xe M
0<r<R

1/p
Np.r(f) = sup (7’2’”]{9( )Iflp du) : (1.9)

For our generalization to hold, it is important that (M, g, ) must admits a relative Faber
Krahn inequality (property (RFK)") defined as follows:

Definition 1.1. A weighted Riemannian manifold (M, g, ) admits a relative Faber-Krahn in-
equality if there exist constants b,n > 0, such that for all x € M, r > 0, and for any relatively
compact open set U C B(xz,r), the following inequality holds:

A(U) > r—bQ (%) " (1.10)

We say that M admits a relative Faber-Krahn inequality at scale R (property (RFK)7},) if
(CIQ) holds only for 0 < r < R.

In what follows, we refer to the constants b, n in (I.I0) as the Faber-Krahn constants of the
manifold.

1.2 Statements of the results

Theorem 1.1. Let (M, g, p) be a weighted complete Riemannian manifold satisfying (RFK)",
then for any p > 1, there is a constant C), depending only on the Faber-Krahn constants and on
p, such that for any V € L}, (M), V >0, and any ¢ € C°(M), the following inequality holds:

[ vetan<enw) [ v du (1.11)
M M

If only (RFK)7 holds, then we can prove the following localized inequality:

Theorem 1.2. Let (M, g, p) be a complete weighted Riemannian manifold, such that, for some
R >0, (RFK)}, holds. Then, for any p > 1, there is a constant C, > 0 depending only on the
Faber-Krahn constant and on p, such that for any V € L} (M),V >0, and any 1 € C§°(M),
the following inequality holds:

2 2 1 2
[ v auws o) ([ 1P aut g [ vt au). (1.12)

From this inequality we can generalize the Fefferman Phong estimate on the lower bound of
the spectrum of the operator H = A —V. Indeed if (RFK)" holds, then for any R > 0, (RFK)’,
is satisfied. Thus (L.I2) is true for any R. Then the following theorem follows easily:



Theorem 1.3. Let (M, g,p) be a complete weighted Riemannian manifold satisfying (RFK)".
Then for any p > 1 there exist constants C1,Cp > 0 depending only on the Faber-Krahn constants
(and C,, depending also on p), such that, for any V € L} (M), V > 0, and for the operator
H = A, =V the following inequalities hold:

1/p
sup 01][ Vdu—62)< —M(H)<sup | C, ][ VP du —6. (1.13)
zeM B(z,5) I6€>I¥)[ B(z,d)

6>0

In addition, if A\ (M) > 0, then we can strengthen (I2]), and obtain the following result,
giving a condition for A — V' to be positive:

Theorem 1.4. Let (M, g, ;) be a complete weighted Riemannian manifold, such that (RFK)},
holds for R > 0. If in addition, A\ (M) > 0, then for any p > 1, there is a constant Cp, > 0
depending only on the Faber-Krahn constants such that, for V. & L}OC(M),V > 0, and any
P € C§° (M), the following inequality holds:

2 L+ Al(M)R2 2 (M) 2
/M VT dp < CpN, ’R(V)W (/M IVY[® dp+ T/Mlﬁ dﬂ) : (1.14)

1.3 L? Hardy inequality

Notice that the inequality (LI is, for potentials V with N,(V) < 400, nothing more than the
generalized L? Hardy inequality:

Vah € C5° (M) w—2d <c/ |Vy|? d 1.15
h ) EdnsC v[” du, (1.15)

M

with p = V=12, Thus, on manifolds for which theorem [II] holds, the "classical" Hardy
inequality, where p is the distance to a point, is true whenever N,(d(o,-)™?) is finite. For this to
hold, we must make an additional assumption on the measure pu.

Definition 1.2. A metric measure space (X, d, p) satisfies the reverse doubling property of order
v, property (RD)Y, (or, u is v-reverse doubling) if, there is some constant a > 0 such that for
allz € M, 0<r <7, the following inequality holds:

P\ u(B ()
(7) = Smen e

Theorem 1.5. Let (M,g,pn) be a weighted Riemannian manifold. Assume that M satisfies
(RFK)", and that p satisfies (RD)” with v > 2. Then there is some constant C' > 0 depending

only on the Faber-Krahn and reverse doubling constants, such that, for any o € M, then for any
P € C§° (M) the following inequality holds:

1/1@)2 2
| s auwy < [ 9ok an, (1.17)

with p(x) = d(o, ).

We can compare this to the results of V. Minerbe [20] or G. Grillo [I3], who proved LP Hardy
inequalities assuming a Poincaré inequalities and a doubling measure. While we only get a L?
inequality, it holds true under the weaker hypothesis of a relative Faber-Krahn inequality.

A recent work by Cao, Grigor’yan and Liu [2] proved Hardy inequalities as a consequence
of volume doubling, reverse doubling, and certain estimates on either the Green function or the
heat kernel. Their results are far more general than what we prove on Hardy inequality here.



1.4 Examples

We give various cases of manifolds which will satisfy a relative Faber-Krahn inequality (or a
relative Faber-Krahn inequality at scale R). Then, theorem [[T] (or theorem [[.2) holds.

1.4.1 Complete manifolds with Ricci curvature bounded from below

From Li and Yau[I7], the heat kernel of a complete manifold (M, g, 1) of dimension n, with u
here being the Riemannian volume measure, with Ricci curvature bounded from below by — K,
for a constant K > 0, admits the following diagonal estimate:

CO C1Kt

I

Also, as a consequence of the Bishop-Gromov volume comparison theorem, we get that (see
[6 5], 23] for example), for any 0 < r < 7'

w(B(x,r")) ”\"
wte ) = (7)o (Vo= IRr).

Those two conditions implies, (see for example [23] [14], or proposition Bl later), that there
is some R > 0 such that M satisfies (RFK)%. If the Ricci curvature is non-negative, then we

also have (RFK)".

1.4.2 Manifolds satisfying Faber Krahn inequalities outside a compact set

We consider a complete weighted manifold M, and remove from it a compact set with smooth
boundary K. We let F1, ..., E) be the connected components of M \ K, and suppose that each
E; is the exterior of a compact set with smooth boundary in a complete manifold M.

A simple example of such manifold is the connected sum of two (or more) copies of R™. It
admits (RFK)", but it is known that such manifold doesn’t satisfy a Poincaré inequality (see
for example [I]).

Using [12], we get that if each M; satisfies (RFK)", then there is some R > 0 such that M
satisfies (RFK)',.
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2 Some techniques of harmonic analysis

Remark. The letter ¢, C' will usually be used for generic constants, which value might change
from line to line. When the dependance on some parameter is judged important and non obvious,
it will be made clear when it appears, before being folded into the generic constants on subsequent
lines.



2.1 Dydadic cubes

In R™, the natural decomposition of the space into cubes of length 2%, k € Z is a very powerful
tool. It turns out that families of open sets satisfying similar properties to those of the dyadic
cubes in the euclidean space can be constructed in a more general setting.

We will use the construction of such "dyadic cubes" given by E. Sawyer and R. L. Wheeden
in [24] (though other such constructions, such as the one given in [7], could also be used without
major changes). Though it remains true in a more general setting, for our purposes it can be
stated as:

Theorem 2.1. Let (X,d) be a separable metric space, then there is a constant p > 1 (p = 8
works), such that for any (large negative) integer m, there are points {x’;} and a family Dy, =
{55} of Borel sets fork=m, m+1, ..., a=1,2,..., which satisfy the following properties:

o B(xg,p") C &L C Blag, pFHh).
o For each k=m,m+1,..., the family {5§}a is pairwise disjoint in o and X =, Ek.
o Ifm < k<l then eitheré‘féﬁgé =0 or &F Ccflé.

Given such a family D,,, the sets £ will be called dyadic cubes of M, or simply cubes. The
ball B(zk, p**1) is called the containing ball of the cube £*. For any cube @ the containing ball
is denoted by B(Q). p will be called the sidelength constant of dyadic cubes.

The length of a cube @Q is the radius of p~tB(Q), written £(Q).

2.2 Properties of doubling measures

We start by recalling the definitions and some standard properties of doubling measures. Most
of the proofs are classical, but are rarely explicitely done for the R doubling case, and we thus
give them for completeness’ sake, without claiming originality.

Definition 2.1. A metric measure space (X, d, p) satisfies the doubling property (D)" of order
1 if, there is some constant A > 0 such that for all x € M, 0 < r <71/, the following inequality

holds: . n

B

p(B @) 4 (T_) _ 2.1)
(B (z,7)) r

We call A the doubling constant, and n the doubling order. We will also say "the doubling

constants” to refer to both A and n at the same time. The property (D)" is equivalent to the fact

that for some constant A > 0, for any ball B C M:

1(2B) < Au(B). (2:2)

The proof of the equivalence is the same as that of the R-doubling case given after definition
23 (with R = 00).

A note on the constants: (2Z2)) implies 1) with n = logy, A (and A the same in both
inequalities), while conversely, (Z1)) implies that the constant in (Z2) be 2" A. By increasing A
and 7 if necessary, we can always assume that A = 27.

We repeat, for completeness, the definition of the reverse doubling property:

Definition 2.2. A metric measure space (X, d, p) satisfies the reverse doubling property (RD)”
of order v if, there is some constant a > 0 such that for all z € M, 0 < r < 1/, the following
inequality holds:

(2.3)



We call a the reverse doubling constant, and v the reverse doubling order. The property
(RD)" is equivalent to the fact that for some constant a € (0,1), for any ball B C M:

u(B) < ap(2B). (2.4)

Proof of ([24) implies [2.3). We can assume that a < 1. Let x € X, 0 < r < /. Writing |¢] for
the integer part of t € R, let k = Llog2 TT/J Then:

w(B(z,r)) < aku (B (m, 2’%))
< a"u(B(z,1"))

<a BT (B(e,r') (a<1)
gl(i') 1 (B (a,)),

with v = —log, a. Thus:

O

Proposition 2.1. Let (X,d, p) satisfies (D)7, then for any z,y € M, r,v’ > 0 such that
B(y,r) C B(z,r"), we have:

2.5
g (2.5)
This is a classical result. The proof is similar to what we will do to prove proposition

Definition 2.3. A metric measure space (X, d, 1) satisfies the R-doubling property (D)%, if there
is some constant A > 0 such that 1)) holds for all x € M, and 0 < r < v’ < 2R. This is
equivalent to [22) being true for all ball B with radius less than R.

X satisfies the R-reverse doubling property (RD)Y, if (Z4) holds for all balls of radius less
than R (this is equivalent to 23] being true for allx € X and 0 <r <1’ <2R).

We will write Ar for the doubling constant when it’s important to precise which R the
constant is associated with.
Some care is needed to get precisely those maximal radius. That [22) follows from (Z1)) is

immediate.
Proof of (22) implies (ZI)). Suppose that there is some constant A such that for all ball B of
radius less than R, then u(2B) < Au(B). Let r <1+’ < 2R, k = Llog2 TT/J
We have:
2 Ry < < 27Ry

and, using repeatedly the doubling inequality (B (z,p)) < Au (B (z, p/2)), valid for all p < 2R,
we have:

p(B (z,1") < A (B (2,274 1))
< A (B (1))



< Ag(logAlog %)/log2ﬂ (B (ZL' 7’))

3

with n = log, A. O

Proposition 2.2. Let X satisfies (D)}, then for all z,y € X, r,r' > 0 such that B(y,r) C
B(z, ') and with v’ < R, then for n = log, A:

BB _ (_)
w(B(y,r)) r
If in addition X satisfies (RD)%, then we also have for some constant ¢ > 0, that for all
0<nrr <R and B(y,r) C B(z,7"),

(2.6)

() B
(5) <t 27
Proof. For the first part, we simply use B(z,r) C B(y, 2r) then applies (ZT).
For the second part, since B(z,r’) C B(y,2r'), we can use (Z3) and we get:
p(B(x,r) _ pByr)) p(B(zr))
pw(Byr)  pw(Byr) w(By,r))
(Y nB@r)
20(%) LEe
onorn(2)
O

We now suppose that (X, d) is a path metric space, i.e. that the distance d(z,y) is realised as
the infimum of the length of continuous path with end points z and y. We will keep making this
assumption in everything that follows (Most results are still true in a more general setting, but
this simplify some proofs and is sufficient for our purposes).

Proposition 2.3. Let X be a metric space satisfying (D)},. Assume that the annuli B(z,r") \
B(z,r), for any r,r" with 0 < r <1’ < R are all non empty. Then there is some v > 0 such that

X satzsﬁes (RD)% /-

Proof. Let x € X, r < R/2. Take y € B(x,7r/4)\ B(x,5r/4) (which is non empty as 7r/4 < R).
Then:
B(y,r/4) C B(x,2r) \ B(z,r).

Then we have:
(B (z,2r)) < A*8"u (B (y,r/4))
p(B(y,r/4)) < p(B(z,2r)) — p (B (z,7))
Thus with C' = 428", we have:
(14 OBl 1) < u(Bla,2r)).

Thus the measure satisfies the R-reverse doubling property. |



The R-doubling also implies some upper bound on the volume of balls of large radius. The
two following propositions, and their proof, are taken from [I4].

Proposition 2.4. If (X, d, u) is a path metric space satisfying (D)}, then there is some C' > 0
that depends only on the doubling constant and order, such that we have, for anyr >0, R’ < R:
i (B (2,7 + B J4)) < Cu (B (2,1)) (2.8)

Proof. The case r < R is obvious by the doubling property. For r > R, then let {z;}, be a
maximal family in B(x,r — R/4) such that for any ¢ # j, d(x;,x;) > R'/2. Then the balls
B(zi, R'/4) C B(z,r) are disjoints, and the balls B(z;, R") cover B(x,r + R'/4), since a point of
B(z,r+ R'/4) is at distance at most R'/2 of B(xz,r — R'/4) (this because (X, d) is a path-metric
space). Thus

p (B (x,r+ R'/4)) < Zu (B (i, R')) < A? ZM(B (w3, R'/4)) < A% (B (x,7)).

O

Proposition 2.5. If (X,d, p) satisfies (D)}, then, there is a D > 0, that depends only on the
the doubling constants, such that for any r > 0, we have:
p(B (z,7)) < e”F u(B(z, R)). (2.9)

Proof. Let r > R, k = L4T;%RJ, then we have:

(B (z,r) < p(B(z, R+ (k+1)R/4)),

thus by proposition Z4, (B (z,r)) < C**1u (B (z, R)). Moreover, k+1 < 4% —3 < 4+, and
so:

u(B (1) < exp (410 (C) 3 ) w(B (. R),

and so we get ([Z9) with D = 41n(C).
If r <R, then:
u(B(x,r)) < p(B(x, R)) < e”% u(B(z, R))
and thus (Z9) still holds. O

Similarly to how we always use A for the doubling constant, D will always be used for this
constant D = 8log A.

Proposition 2.6. Let X satisfies (D)?ﬁ, let 7 < R, then there exists a constant C > 0, that
depends only on the doubling constant and order, such that for any z,y € X, u(B(x,r)) <

p @)
Ce” (B (y,r)).
Proof. We have the inclusion B(z,r) C B(y, r+d(z,y)) C B(y, R+d(z,y)). Then, by proposition
24 we have:

(B (x,r)) < A (B (y,d(z,y))).

then using proposition

a(z,y) D 3=y)

p(B(x,r) < CeP " (B (y,r)) < Ce (B (y,r))-

10



Proposition 2.7. If (X,d, p) satisfies (D)%, then it also satisfies (D)}, for any R’ > 0, with a
doubling constant Arr = Ar if R' < R, and Ar = 2Dk if R > R.

Proof. The case R’ < R is obvious. Thus assume R > R/, let r < R’. If r < R then the result is
trivial since Ag < Ag/. If r > R, then by proposition 2.5t

(B (x,2r) < PR (B (z,r))

RW, we conclude that p is R’-doubling, with a doubling constant Ar =
2D &
e““R . [l

With this we can generalise proposition 2.6 for any r > 0: if » > R, we can use the r-doubling
and apply proposition for it. The constants are A, = ¢*P%, D, = 4log(A?) = 16D+,
A8 = ¢!6P% | Then we have, for any x,y € X, 7 > 0:

(B (z,r)) < P F (B (y, 7). (2.10)

Proposition 2.8. Let (X, d, 1) be a metric measure space that satisfies (D). If it also satisfies
(RD)Y%,, then for any k > 1, it satisfies (RD)Y , with a different reverse doubling constant, that
depends only on the doubling and reverse doubling constants, and on k.

The notable part of this proposition is that the reverse doubling order is the same.

Proof. By proposition 27, 4 is kR-doubling for all x, with some doubling order n = n(x). We
take a point ¢ € M, and 7,7’ with 0 < r < r’ < kR. We want to prove that there’s some constant
a, such that, for any such z,r,r':

ol

If 0 < r <r" <R, then there’s nothing to do but apply (RD)%. If 0 < r < R < r’ < kR,
then:

e 2 hmem ze(F) e (5)

Finally, when R < r <1’ < kR, then:

pB ey (B (5))
p(B (z,r)) ~— Ar"u (B (x,%))

a r
> (=
— Agn <r>

Thus (Z2) holds for a,, = min (a,ax™,aA™ K™7) = aA71 K. O

Proposition 2.9. Let (X, d, p) satisfies (D)},. Take x € X, r >0, and let B = B(z,r). Letd be
such that 0 < § < min(r, R), and {z;}; C B be a family of points such that the balls B; = B(x;,9)
form a covering of B and that for any i # j, %Bi N %Bj = 0.

Then there are constants C,c, depending only on the doubling constant such that

card(l) < Ces. (2.11)

11



Proof. For any i, B; C B(z,r + ¢), and since § < R, then we can use proposition 2] to get
w(B(z,r+0)) < Cp(B(z,7)).

Now, if » > R, then by proposition 25 since 6 < R then p is § doubling with the same
doubling constant as that of the R-doubling, and:

(B (2,1)) < %% (B (x,8))

Moreover by proposition

d(z,x4)

(B (z,8)) < CeP™ 5 p (B (21,0)) < Ce”3 u(By),

using that, since x; € B, then d(z,z;) < r. Thus we have u(B(x,r)) < Ce?P5u(B;), and the
constant C depends only on the doubling constants. We then have:

(card I) (B (,7 4 8)) < C*P5 3 u(By)

icl
r 1
< ACe?Ps —B,;
<t S (5]
< Ce*P5 (B (z,r +9)).
Thus card(I) < Ce?P5 and the constant C' depends only on the doubling constants. O

Remark. For any ball B, such a covering always exists: take for {x;}; C B a mazimal family
with d(x;,x;) > 0 for any i # j.

Proposition 2.10. Let Mg be the centered mazximal function defined by:

Vf € Lh. (M), Mpf(z) = sup f f] dp (2.12)
r<RJB(z,r)

Then, if p satisfies (D)%, Mp,o is bounded on LP for all p € (1,+00], and the operator norm
is bounded by a constant that only depends on the doubling constant A and on p.
We will use the following classical results:

Lemma 2.1 (Vitali’s covering lemma). Let (X,d) be a separable metric space, and {B;}jcs a
collection of balls, such that sup; r(Bj) < co. Then for any ¢ > 3 there exists a subcollection
{Bj, tnen C{Bj}jes such that the Bj, are pairwise disjoint and \J;c ; Bj C U, en ¢Bj, -

Theorem 2.2 (Marcinkiewicz interpolation theorem). Let (X, u) be a measure space, T a sub-
linear operator acting on functions, i.e. there is a kK > 0 such that for any f,g measurable, then
Tf,Tg are measurable and T(f 4+ g)(x) < k (T f(z) + Tg(x)) for almost every x € X.

Let 1 <p<r<oo. If r < oo, assume that:

A

Vi e L, plw € X5 Tf(x) > A} < S ISIE,
B

Vie L, plwe X Tf() > A< SIS

If r = 00, then assume instead that:

A
< =

Vie P, u{fr e X : Tf(x)> A} < 0

17115,
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VfeL® [Tf(x)| < B|f(z)], aezeX
Then, for every s € (p,r), for oll f € L°, Tf € L® and:

ITflls < C(A, B,p,r,s,5)|[f]s- (2.13)

Proof of the proposition. We have, for any f € L®(M), |Mgrflloo < ||f]lco-
If f € LY(M), then for any A > 0, define:

Ex={z€M: Mg f(z)> A}

If x € )y, then there is some r, > 0 such that A < fB(z re) |f| dg, and 2r, < R. Then:

W(B,ra)) < A1 /B Ml

We have E\ C (U, B(x,r;), thus by Vitali’s covering lemma, there is a subcollection {x,}
such that the B(z,,ry,) are pairwise disjoint and Ex C |J,, B(zn,47y,).
Also, since 7, < R/2, and u is R-doubling, we have p (B (2, 47,)) < A%u (B (2,,,7,)). Then:

w(Ey) <Zu (Tn,4ry))

<A22u (Tn,7Tn))

SAQAlz/B( )Ifl dp

el

- A
So, by the Marcinkiewicz interpolation theorem, for any p € (1,+00), Mg/, is bounded on
LP with an operator norm || Mg/s|p—p < Cp, with C), depending only on A and p. O

Remark. Of course, (D)}, implies (D)}, for all R' > R, then Mg itself is also bounded, but
with the constant C), depending on the constant for (D)3 ,. And so are all the M, with R' > R,
with the constant C, depending on p, the R-doubling constant, and the ratio R'/R.

Proposition 2.11. Let My the uncentered mazimal function defined by: for all f € L, (M),

Mgf(z) = sup 1 |fldp. (2.14)

With this supremum to be interpretated as being over all balls B satisfying the given condition,
and r(B) being the radius of B. }
Then, if p is R-doubling, there exist some constant C' > 0 such that Mp < Mp < CMasg.

Proof. Since a ball centered at x is a ball containing z, Mz < Mpg is obvious. Now, for some
balls B = B(y,r) containing z, with radius less than R, we have B C B(x,2r) and:

][ L du< Ez )2”)) ]fg( 10 < O o).
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Proposition 2.12. Let (X,d,u) be a separable metric measure space, and Dy, be a chosen
construction of dyadic cubes on X. Define the associated dyadic mazimal function Mg ., by:

Manf(@) = sup | [f] d (2.15)
QEDm JQ
zeQ
Then there is a constant Cp, such that for any p > 1, for any f € LP, || Mamfllp < Cpll fllp-

As a consequence, Mgy m,1, the mazimal function defined the same way, but with the cubes in
the supremum being only those of length less than [, is also bounded on LP for allp > 1.

Proof. Let f € LY(X), A > 0, we define:
Ey = {ZL' e X: Mdﬁmf(l') > )\}

If z € E,, then there is a cube Q € D,, such that JCQ |f| du > A, and so @ C E\. Then there
are two possibilities:

If there is a maximal dyadic cube P containing = such that fp |f] dw > A. This cube satisfies
P C E\.

If there is no such cube (in which case, x is in a region of space with infinite diameter but finite

measure), then define 2 = (Joep,, Q- We can always find an arbitrarily large cube containing x
TEQ
which is a subset of Ey, and so Q C Ey, and p(Q) < A7! [, |f] dp < oc.

Then take {Q;}; to be the family of all the maximal dyadic cubes such that JCQ- [f] dp > A
and {€;}; be the family of all the the regions ; = J, Qi, where {ch} is an infinite increasing
sequence of cubes with ka |f] de > A. The Q;,Q; are pairwise disjoints: first it is clear by

J

maximality that the @; are. Then, if for a cube @, we have @ N ; # (), then there is a cube
P C Q; such that P N@Q # 0, thus we have either P C Q or Q C P. In both case, Q C ; since
2; is the union of all cubes containing P. This mean both that Q; N§; = @ for all 4, j, and that
QN =0 for j#IL

Thus, we have the disjoint union:

E, :UQiUUij
2 J

Then u(Q;) < A7! fQi If| dp, and p(;) < A71 fQj |f| dp. Summing on all cubes and all
regions, u(Ex) <A1 [ |f| dp < A7 1. Thus:

p({z e X : Mgnmf(z)>A}) < Hj;Hl. (2.16)

Moreover, for f € L*(X), we clearly have My, f(z) < ||fllo. Then by Marcienkiewicz
interpolation theorem, for any p > 1 there is a constant Cp, > 1 such that | Mg f|l, < Cpl fllp-

2.3 Estimates of operator norms by that of a maximal function

We refers to the works of C. Pérez and R.L. Wheeden [22] for a more general approach. Well
will first describe one of their result in the more specific context that is of interest to us, then
will give a generalization of this result that holds on a R-doubling space.

In what follows, we let (X, d) be a separable R-doubling metric space. We take T" an operator
given by a kernel K : X x X \ Diag — R, i.e.
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/ ) K (2,) dpy). (2.17)

We say that the operator T, or its kernel K, satisfies the condition (K) if K is non negative
and if there are constants C7,Cy > 1 such that:

d(.’L‘l, y) < CQd('T’ y) = K(‘Ia y) < ClK(‘r/a y)a

d(z,y') < Cod(z,y) = K(z,y) < C1K(z,y).

We take p > 1 such as, by theorem 1] for any integer m € Z, we have a decomposition of
X in dyadic cubes D,, of lenghts p’, ¢ > m. We define ¢ as the following functional on balls

(2.18)

p(B)=  sup  K(z,y), (2.19)
z,yeB
d(@,y)>557(B)

and M, to be the following maximal functions:

Mo f(a) = sup (B / ] dp. (2.20)

We want to establish an inequality of the type ||Tf||, < Cpl|Myf|lp, as the later can be more
convenient to estimate.
For T satistying (K), it is shown in (4.3) of [25] that ¢ is decreasing in the following sense:

Proposition 2.13. There is a constant «, depending only on Ci, Cs, p such that for any balls
BC B, ¢(B') < ap(B)

Proof. First we want to prove that if (2I8) holds, then, for any Cy > 1, there exist a corre-
sponding C; such that (2.I8) holds with those new constants. We can of course replace Cs by a
smaller constant. To replace it with a smaller, we show that for any integer k& > 1:

d(2',y) < Cyd(z,y) = K(z,y) < CTK(a,y),

and that the same holds with (z,y’) replacing (2/,y).
We proceed by induction. The case k =1 is simply (2I]).
Let k > 2, take 2,2,y € X such that d(a’,y) < C¥d(x,y), and suppose that:

d',y) < C5d(z,y) = K(z,y) < Cf ' K(2y),

then, if d(2/,y) < Cy~'d(x,y), the result holds and there is nothing to prove. If d(z',y) >
05_1d(x,y), then X is a path metric space, so there is a path from y to =’ of length d(a’,y),
and on this path is a point z such that d(y, z) = Cf_ld(x, y). But then:

d(z',y) < Chd(z,y) = Cod(z,y),

thus K(z,y) < C1 K(2',y).

Then by induction, we proved that K(z,y) < CFK(2',y) for all x,2',y with d(2/,y) <
Ckd(x,y). Tt follows that if (ZI8) holds, then for any Cy > 1 there exist a C; > 1 such that
(ZI8) holds.

Now we can prove the proposition proper. Take z',7y’ € B’, x,y € B such that:

d(z',y") > cer(B'), d(z,y) > cr(B),
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with ¢ = ﬁ. By exchanging «’ and y’ if necessary, we can suppose that d(z,y’) > d(z, '), then:
er(B') <d(z',y') < d(a’,z) +d(z,y') < 2d(2,y").

Moreover, since B C B, we have d(z,y') < 2r(B’), and thus:
/ 2 / /
d(z,y') < —d(«',3/),

Thus by (ZI8) there is a constant ¢; > 1 such that K(2',y’) < 1 K(x,y’).
Moreover:

d(z,y) < d(z,y') +dly',y) < d(z,y') +2r(B') < (1 +4/c)d(z,y"),
thus by (ZI8)) there is a constant ¢y > 1 such that K(x,y’) < coK(x,y). Thus:
K(2',y) < creeK (),
and we have p(B’) < cicap(B). O

We further assume that ¢ satisfies the following condition: there is some € > 0 and some
constant L > 0 such that for any balls By, By, with By C Bs, we have:

r(B1)
r(B2)
Theorem 2.3 (C. Pérez and R.L. Wheeden [22]). Let (X,d, ) be a metric space with a doubling
measure p. Let T be an operator defined by (ZIM) and satisfying (K), with ¢ satisfying (Z21)).

Then there is a constant C, depending only on the doubling constant and p, such that, for any
measurable f : X — R

w(Bl)u(B1)§L< ) o(Bo)u(Ba). (2.21)

1Tl < CllMfllp- (2.22)

In addition, for the operator T'f(x) = [, %f(y) du(y), we can replace M, by

the maximal function defined by M;f(x) = sup,-o7r® fB(md) |f| dp. See corollary 21 for the
justification.

This theorem is useful, but can’t be applied to spaces that are only R-doubling. We will now
prove a version that we can use in R-doubling spaces.

We consider the operator T, 6 < R, with kernel K5(z,y) = K(z,y)X{d(z,y)<s}> and we want
to compare its L” norm to that of the maximal function M, s defined by:

Msf(@) = sup o(B) / £l dp (2.23)
r(B)<é B

The idea of the proof of this comparison will be essentially the same as that of theorem 2.3]
given in [22], but some care must be taken to account for the different hypotheses properly, and
thus we will give the details in what follows.

The hypothesis to prove | T f||, < C||My,s5fl|p can be weakened compared to those of theorem
23 A key point is that proposition has to hold at least for balls of radius at most 20.
Looking at the proof of the proposition, this is true as long as (ZI8]) holds for Cy < (14 8p) and
d(z,y) < 496.

Then we take (X,d, 1) a R-doubling space. T an operator defined by a kernel K. We say
that T, or K verify the condition (K)s, if there exist constants C; > 1, Co > 1 + 8p, such that
for any x,y such that d(x,y) < 46, we have:

16



Vil € X, d(a,y) < Cod(z,y), K(z,y) < C1K(2',y)
Va' € X, d(x,y') < Cad(z,y), K(z,y) < C1K(2,y).
Property (K)s ensure that holds for balls of radius less than 24.

Since we will end up considering balls of a radius slightly larger than §, the following propo-
sition will be useful.

(2.24)

Proposition 2.14. Let (X,d, ) satisfies (D)g(%ﬂ)a for 6§ >0, k > 1, T an operator satisfying
(K)4(2641)5, and such that the associated functional ¢ satisfies 221) when r(By),r(Bs) < 2(2k+
1)6. Then for any p € (1,00|, there is some constant C depending only on p, k, the doubling
constants, and the constants o, L, €, in proposition and in 2210 such that for any non
negative f, My rsfllp < CllMpsfllp-

Proof. We have:

Mos (@) = My (@)= sup o(B) / £ dp
rxeDB, B
d<r(B)<Kkd

< M,sf(x)+C swp o(B) / £l dp
x€B, B(
r(B)=kd

Using that for + € B, B C B(z,2r(B)) C B(z,2kd) and that for any ball B with radius
greater than ¢, by (Z2I)) (on balls with radius at most xd), we have:

KO
B) < ALk" — .
otp) < ats (7555
Now, for any ball B containing x with radius equal to kd. Let B, = B(x,¢). For y € 2kB,,
consider the ball Q(y) = B(y,d). We have Q(y) C (2k + 1) B, thus using (D)
that:

n
(2rt1)5 We have

p(268;) < A% (26 +1)"1(Q(y))-

For y € (2k+ 1) B,, we also have that B C B(z,2(2k + 1)J), thus using ([2:21)) (for balls with
radius at most 2(2xk + 1)d)), (D)g(%_ﬂ) and (K)4(2+1)5), We get that:

2k+1)

p(B) < A? <2( o )nw(Q(y))-

Putting all this together, we get:
o) [ ifldu=elB) f  a(eB)lf] du
B(z,2k0) 2k By

< C@(B)][ WQW)IF W) duly)

2k B,

<c fB (B /Q L A )

1
= CM(B (z,2k6)) /(2;<+1)Bgc #(B) 2kB,NB(z,6) W)l duly) du(z)
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2k +1

<ca(BE) s [ i) au) auts)

< C][ Mysf du.
(2k+1)B,

And the constant C' depends only on the doubling constants, L, @ and . Then we have:

M@,I{(;f(x) < M%(;f(l') + CM(2H+1)6 (M<P15f) (z). (2.25)

The theorem follows from the boundedness of the classical maximal function M, 1)s on any
LP p>1, under (D)g(%_ﬂ)&.
Theorem 2.4. Let § > 0. Let p > 0 be the sidelength constant of dyadic cubes. Suppose that
(X,d, 1) satisfies (D)g(6p+1)5. Assume that K satisfies (K)ap+1)5, and that ¢ satisfies ([2.21])
for balls with radius at most 2(6p + 1)§. Let p > 1. Then there is a constant C > 0 (depending
only on the doubling constants, p, p and of the constants in [221), 2I8)) such that we have:

[ s du<c [ (roapr dn (2.26)
X X

Proof. We will show that there exist some constant C' > 0 such that for any non negative function
f, we have [, |Tsf[? dp < C [ (Mg 355f)P dp. Then the theorem will follows by proposition
214

To prove this, we define, for any m € Z, the operator T}, by:

Tuf@)= [ Ko ) duw)

Then, if for any m € Z, and for any non negative measurable functions f, g, we have:

l/nmmmf Ks(e,9)f()g(x) dutz,y) < CI M5/ 1lllgl- (2.27)
X d(z,y)>p™

Then by the monotone convergence theorem, taking m — —oo, the same inequality holds but
with T, replaced by T, and by duality, (2.26]) is true.
Take m € Z, and let f,g be non negative measurable functions. Let D,, = {52}];?; be a

decomposition of X in dyadic cubes given by theorem 2.1 with sidelengths p*. If (z,y) € X are
such that d(x,y) > p™, we take the integer [ > m such that:

ph<d(z,y) < pt.

Let @ be the cube of length p! containing z, B(Q) = B (CQ, le) the containing ball. We
recall that p~ ' B(Q) C Q C B(Q).
We have:

d(cq.y) < d(cq,x) +d(x,y) < 20",
thus y € 2B(Q). Since d(x,y) > p! = ﬁr (2B(Q)), we have by definition of ¢, and by proposition
213
K(z,y) < ¢(2B(Q)) < ap(B(Q))

To apply proposition we need (K)4ps.
If we suppose that ¢ < p! = £(Q), then d(x,y) > 6 and K;(x,y) = 0.
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We have proved that if @ is the cube of length comparable with d(z,y), containing z, we
have y € 2B(Q) and:

Ks(x,y) < Co(B(Q))X{ReD., e(r)<5} (Q)XQ(T)X2B(Q) (V)-

If r is the largest integer such that p” < §, define D), = {ng; m< k< r}. For any xz,y € X
with d(x,y) > p™, there is at least one cube Q € D,, such that the previous inequation holds,
and since both sides of it are zero if £(Q) > d, we have, for any z,y € X:

Ks(z,y) < > Co(B@)xe(®)xan@) )-

QeDy,

And so, for any f,g > 0:

/XTmfg dp<C ) so(B(Q))/

QG,D’:VL QB(Q)

fdu/gdu-
Q

But for any fixed integer k > m, the cubes of length of length p*, {52} are pairwise disjoints,
and X = J,, EF. Then using this decomposition for k = r,

[ Tatgan<ey S wma) [

a>1QeDr, 2B(Q)
QCEL

fdu/gdu-
Q

Then for a constant v > 1 to be determined, for any o > 1, and n € Z, define:

Cg:{QeD:n,QCSQ; < gduﬁv"“}. (2.28)

1
w(B(Q)) /Q

We let n,, be the unique integer such that &£, € Cl}~. Notice that {C]}}, . is a partition of
{QeDr; QC&}. Then we have:

[ Tatsdu< e Y S wB@uB@) [ fan

a>1nez Qecn 2B(Q)

For any o > 1, we let {Q;{a}jeJ ,

dyadic cubes subset of £, such that:

for some index set J,,, be the collection of the maximal

1
D — du.
! u(B(@m/Q g

n
Jre

If n < ng, then there is exactly one such maximal cube: £. Also, the function (n,Q) — Q
is an injection from the set of the couples (n,Q) with n < n,, Q € C to {Q € D}, : Q C &L},
thus:

Z Z 7thl(P(B(Q))M(B(Q))/ fdu< 7"a+1 Z 0(B(Q))u(B(Q)) /QB(Q)f dp.

nng QECH 2B(Q) QeD;,
QCE]

If n > nq, then any Q7 , is a strict subset of £. For such a maximal cube F, we let P be his
dyadic parent i.e. the only cube of length pl(F) containing P. We have P C &£, and by using
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the maximality of F, and that B(F) C 2B(P), and using the pd-doubling (B(P) has radius less
than pd):

-y WB(P) 1
— [ gau<
w(B(F)) J7 u(B(F)) p(B(P))

with the constant x depending only on p and on the doubling constant. Then choosing v > &,
we have:

<

/ g dp < Cp™y" = kY™, (2.29)
P

1 n+1
W(B(F)) /fg dp =™

thus F € CZ. Thus for a fixed n > ng, every cube in C? is in a (unique)
in j by maximality. Thus, writing Q”C‘ for £, we have:

JCZEITTEL) DD SELED DD Sl (Q))/QB(Q)fdu.

a>ln>ng JEJIn QEDm
ocar,

Now we use the following lemma (see lemma 6.1 of [22]):

Lemma 2.2. Let (X,d, ) satisfies (D)!. Let ¢ be a functional on balls that satisfies (ZZI))
for balls of radius at most pd. Then there is a constant C depending only on the constant L of

o> which are disjoint

@21)) and on the doubling constant such that for any f > 0 and any dyadic cube Qo € D, with
S
> @(B(Q))M(B(Q))/ fdp< C@(B(Qo))M(B(Qo))/ fdp. (2.30)
QeD,, 2B(Q)) 3B(Qo)
QCQo
Proof. By [2.21]), we have:
UQ) )8
B B du < Lp(B B d
3 em@um@ [ s tem@ne@) 3 (755) [, 1w
QCQo QCQo
<L el dp. (231
o(B( B(Qo) ZP Qez’; /B(Q)) fdp. )
QCQo
€@=p""(Qo)

Then for @ € D,,,Q C Qo, and £(Q) < £(Qo) we have 2B(Q) C 3B(Qo). Indeed, if
y € 2B(Q), then:

d(y’ xQo) < d(y’xQ) + d(‘rQ’xQo)
< 2r(B(Q)) +r(B(Qo))
< 3r(B(Qo)).

Thus, the left hand side of (Z31)) is less than:

Lo(B(Qo)i(B(Qo) / IO Y xen@ ) dul).

3B(Qo)) 1=0 Q€D
QCQo
£€Q)=p~"2(Qo)
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Then it suffices to show that for each I, any x of 3B(Qo) is in at most N of the 2B(Q), with
Q) = p~(Qy), with N independant of the choices of 2 and Q. For [ = 0, there is only one
Q: Qo itself, and thus it is true.

Now fix I > 1, let z € M, and Q be a cube of sidelength p~'¢(Qy) such that = € 2B(Q). We
write £ = £(Q) < p~16. Then for y € Q:

d(z,y) < d(z,rq) +d(y,rq) < 3pl < 36,

then we have B(zg,f) C @ C B(x,3pf). By the proposition 2.9 then there can be at most N
disjoint balls of radius £ < § with center in a ball of radius 3pf, with the constant N depending
only on p and on the §-doubling constant.

Thus:
= 1
—el
IV DR PP .
=0 QEDWL
QCQo
£(Q)=p""4(Qo)
and the lemma follows. O

Then applying the lemma:

JRCIITEE D SEAed S LI ILICA Y SN

a>1n>ng Jj€JIn

And thus since Q7 ,, € C, v < m fQ;? g du, and so,
gy n

/X(Tmf)gduéCvz S e (B(( }‘,a))/B(Qn )fdu/Q g dp,

a>1n>ng jE€J, 3

n
Jre

and we have:

| @angause Y o (BQa)n@) [ fdu@ /Q gdu.  (232)

a,m,j 3B(Q?;a)

n
7,

Then using Holder’s inequality, and that by (ZZI)) there is some constant ¢ depending only
on a, A, L, e such that (B) < cp(3B) (ball of radius 3pd), we get:

/X (Tmf)gdu<C | > n(QFa) (@ (B(3Q%4)) /33@;;&)]6 du)

a,n,g
1
7

n 1 "\’
2 #(Qa) (u(Q}L) /Q;ga g dM) '

a,n,]

Now we just need to establish a majoration of ,u(Q;{a) by a constant time the measure of a
set £, with the E7  being pairwise disjoint in j,n, . For this, define Q2 by

7,00

1
o = {eeen sw o [ gdes = U Qe (2.33)
QeDQ; w(B(Q)) Jg jgn ’
xrc
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and define the set E7
pairwise disjoints in j,n, a.
Now we want to show that for v chosen large enough, u(Q7,,) < 2u(E7,).
First:

Q7. \ Qott. We have that E}, C Q2 \ Q2t', and the E},, are

1
fa Nt = (@ N0,
i
but we have: )

i
n(B(QL)
and by the properties of dyadic cubes, etiher Q;’;l c Q}, or

gdp>A"T > m,
Q!

thus by maximality of @
1
T Q?l_ = (). Hence:

p(@Qranar)y = > p@Q.nQr) = > uerth),

. 1 . 1
#Q],.NQLL=0 #Qr L cay.

n
7,0

but:
n (@) < u(B(QIEY) <4 /Q g dp,

n+1

i,

and since the Q?l‘l considered are disjoints and subsets of Q7 ,, we have:
H@a ) <97 [ g < BQL))
Q7
where k is the constant in (Z29). But we have:
1(QF o) = B} o) + (@, NG,

and so choosing v = 2k, it follows that:

Y
p( }’,a)év_

—i(Efa) =21 (Efa) -

Consequently, we have:

/X (Tmf)g du<2C | > p(EL,) (sﬁ (B(3Q7%,)) /33@;@) f du)

a,n,j
1 "\
E? d ;
> 01822 (g L, 7)

a,mn,)

but since £, C Q7 ,, it follows that:

n
J,00

o1 (@60 £ ran) < [ s o

J,e

and a similar inequality for the integral on g. In addition using that the £, are pairwise disjoint,
and that p" < §, we get:

i

/X (Tinf)g du < 2C </X (M 3p5.f)" du); </X (Ma,s9)" du) " (2.34)
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Now, using proposition 2.2 for all f, g > 0, there is a constant C depending only on p, A, «a, €
(specifically it depends on the constants for the pd-doubling) such that:

[ @ud) g au< CIM s, Nl

This holds under (D), (K)2,5 and the fact that (Z2I) holds for balls of radius at most 3pd.
The stronger hypotheses are what we need to apply proposition B.14] which gives us:

/X (T g dpt < C My 11, Il (2.35)

which proves the theorem. ([l
Finally we have the theorem applied to the operators which will be of interest to us:

Corollary 2.1. Let p be a measure satisfying (D)}, and (RD)%, with R>0,n>v >0 (n>v
is automatic). Let s <wv. Let § < R. If K(x,y) = #jg;ym, then the associated operator Ty
satisfies the hypotheses of theorem[Z2.J. Moreover, the theorem still holds with M, sf replaced by

the following maximal function:

M;sf(x) = sup rs][ |f| dp. (2.36)
0<r<d B(z,r)

Proof. First, take some b > 1, by proposition [Z8 p is bR-reverse doubling of order v. Then,

we must verify that K satisfies the hypotheses of theorem 24l Let d(z,y) < R and d(z,y’) <

bd(x,y), then we have by doubling and reverse doubling,:

| 3 | (B (2. bd(z,9))) 1 (B (z,d(x, )
(B @ d9) = w(B (o dmy) uB @ dey) p(B (e bd.y)
n—v d(zay/) Y 1
= <d<x,y>) (B @ de.y)

Thus, provided that s < v:

d(z,y")
d(z,y)

Furthermore, if d(2’,y) < ad(z,y), using the doubling property, there are ¢,C such that
e (B (y,d(2’,y))) < p(B(2,d(2,y))) < Cu(B(y,d(2',y))), and so doing the same calcuations
we have:

K(z,y) <Cb"™" ( ) K(z,y') <Cb"°K(z,y).

K(z,y) <O K(a',y).

And there are Cy,Cy > 1 such that (ZI8) is satisfied.
Then, using the definition of ¢ and doubling:

<eB)<C

for some constants that depends only on s, p and the doubling constant. Then since we have, for
B1 C Bs:
T(Bl)s S 257’(32)5,
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we easily verify that ¢ satisfies (Z21]) with € = s.
Then it is enough to prove that the centered and uncentered version of the maximal function
M, s are equivalent in LP norms. This follow from the same argument as that of proposition
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3 Relative Faber-Krahn inequality and estimates on the
heat kernel and the Riesz and Bessels potentials

3.1 Faber-Krahn and doubling

The results from this subsection are due to A.A. Grigor’yan [0} [IT], or are slight adaptation of
his results to the R-doubling case.

Theorem 3.1. [T1] Let (M, g, 1) be a weighted manifold, and let {B(xi,7;)};c; be a family of
relatively comapct balls in M, where I is an arbitrary index set. Assume that, for any i € I,
U C B(zi,r;), there is a constant a; > 0 such that the following Faber-Krahn inequality holds:

M (U) > a;u(U)~2/7, (3.1)
Let Q= ,c; B (xi, %) Then for all x,y € Q and t >ty > 0, we have:

2\ 1/2 2
Cn) (14 252°) " exp (252 — \ (M) (¢ — 1))
)

J

pi(z,y) < : (3.2)

(aia; min (to, r?) min (to, r
where 1,7 are the indices such that x € B (:ci, %) andy € B (xj, %])

On a manifold which admits (RFK)7,, applying this theorem with the family of all balls of

radius less than R, {B(z,7)} zen, , with az, = Zu(B (x,r))wn, to = t, and r = V/t, when
0<r<R
t < R? we get:

(1+ d<z£y>2)"/ P

n/4
(azﬁ\/gbyy\/glg)
Cn) et
S (B (VD) (B (5 V)

If t > R?, then we do the same thing, but with » = R, and we obtain the following:

pi(z,y) < C(n)

Theorem 3.2. Let (M, g, ) be a weighted Riemannian manifold, suppose that there is R > 0
such that M satisfies (RFK)}. Then p satisfies (D)%, and for any ¢ > 4 there is some constant
K > 0 such that the heat kernel has the following upper bounds:

K _d(=.p)? 9
7 7a¢ s 1< R (3.3)
(B (2, vt) " u(B (v, V1))
K o Gl(arcyty)2
(B (2, R)? (B (y, R)'?

The constant K depends only on b and n in the Faber-Krahn inequality and on the ¢ > 4
chosen.

pe(z,y) <

, t>R2 (3.4)

pe(z,y) <
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The estimate on the heat kernel follows from Theorem 5.2 of [I0]. The R-doubling follow
from the proof of Proposition 5.2 of the same article.
Conversely, we have:

Proposition 3.1. [10] Let (M, g, 1) be a complete, weighted Riemannian manifold. If p satisfies
(D)%, if for any x € M, the annuli B(z,r") \ B(z,r), for 0 <r <1’ < R are non-empty, and if
there is some constant B such the heat kernel satisfies:

pe(w, ) < L,
n (B (2. V1))

for all x € M, and for all 0 < t < RZ, then there is some constant k € (0,1), depending
only on the doubling and reverse doubling constants, such that M admits a relative Faber-Krahn
inequality at scale kR, with n being the doubling order and b depending only on A, B, and k
depends only on the doubling constants and on B.

(3.5)

Proof. This is a modification of the proof in [10], to take into account the R doubling case.
Fix a ball B(z,r), with r < R, and let U be an open relatively compact subset of B(x,r).
Using the doubling volume property, we have, if t < r2:

M) du(y) wv) (Y
< [, plv) dutw SB/MB VD) = PaBE) (ﬁ) ’

1 1 p(B(x,r) (VI
)= gl (EW<7) )

thus we have:

Choose t such that the logarithm in the above inequality is equal to 1, i.e.

M) = (3.6)

(cAB) >/ u(B(z,r>>)2/"

w(U)

Now since the measure 1 satisfies (D), and since the annuli of radius less than R are non
empty, it satisfies (RD)% for some v > 0. There is some constant a € (0,1) such that for any
0 <r <1’ < R we have:

r\v
p(Bar) <a(5) n(B@r),
with v = —log, a.

Then for kK = (aeAB)_l/”7 if r < kR, choose ' = k. We have for all U relatively compact

open subset of B(z,r):

wU) < eABu(B(:c,T’)),

thus we can apply ([B.8). Then using by R-reverse doubling u (B (x,7")) > a 'k~ u (B (x,7)),
we have:

A (U) > T% (%)2/77-

With b = k2. O
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3.2 An estimate on the heat kernel

Proposition 3.2. Let (M, g,p) be a complete weighted manifold satisfying (RFK)Y, for R > 0,
then for any ¢ > 4, there are constants K1, Ko, K3 > 0 and o > 0 such that the following
estimates on the heat kernel hold:
If0 <t < R?, then:
Kl _d(z.y)?

, - e ct 3.7
Ift > R2 and d(m, y) < R, then:

K2 _d(z,y)?
< —= et . .

Ift > R? and d(z,y) > R, then:

K3 b _dw)?

ST

Proof. Using the R-doubling, we have that for any ¢ > 0,

" (B (m \/E)) <Cp (B (y \/E)) LA (3.10)

and so, for t < R?, we get, for any ¢’ > 4:

S

CK D d@y) _ d(w.y?
Ty) < ——— T _eF VT 3.11

so taking ¢’ < ¢, there’s some constant K; such that:

K _d@p?
pe(z,y) < me . (3.12)

When t > R? and d(x,y) < R, then the R-doubling property for small balls immediately lead
to the desired result.
When d(z,y) > R, then by the R-doubling we obtain, for any ¢’ > 4:

CK Dd(zy) _ d(=,y)?

prly) < —oK Bt
p (B (z, R))
2 7 2
We have that Dd;;’y) — d(i,’ty) < 16;25@2/) — d(mc’ty) , thus there is some constants K3, o

which depend on the doubling constant and the choice of ¢, ¢, such that:

¢ d(z.y)?

K
5 ORTT T (3.13)

pe(z,y) < me
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3.3 Estimation of the Riesz potential
Let s > 0, and define the Riesz potential to be the operator I, = A~5/2 on L?(M, ). Define

is(z,y) by:

, 1 O o
is(z,y) = )/O /2 py(a, y)dt. (3.14)

(s

Whenever iy is finite for all x,y € M, it is the Schwartz Kernel of the Riesz potential: in
such case, for any f € C5°(M), f is in the domain of I and:

Lf(z) = /Mz-s@,y)f(y)du(y), (3.15)

we thus call i; the Riesz kernel. A sufficient condition for the Riesz Kernel to be defined is given
in the following proposition, which also yields an estimate on it:

Proposition 3.3. Let (M,g,pn) be a manifold satisfying (RFK)" and (RD)¥, v > 0. Then
for any s < v, there is a constant C' depending only on the Faber-Krahn and reverse doubling
constants, such that the following inequality holds:

d(z,y)°
w (B (z,d(z,y)))

Proof. Using proposition when the manifold satisfies (RFK)", there is C' > 0 such that for

allz,ye M, t> 0:
- LS| o [ :y)?
pe(z,y) < B V) p( ) : (3.17)

is(z,y) < C (3.16)

5t
and so: -
> ts/=— d(e,w)?
z’s(x,y)gcs/ — e et (3.18)

Using the doubling and reverse property, with 7 the doubling order and v the reverse doubling
order, we obtain, writing d = d(z, y):

L <ol (i)n 0<t<d
1 1 a\’ 2 :
W(BvD) = CRBD) (&) t>d
and so:
is(z,y) < o1 d’?/ Zt%*lefgdwd” /Oots%”*lefgdt : (3.20)
T (B (2,d) 0 i
Then provided v > s, we have:
> AL | _d2 > v _q 2 s—v
e wdt < | T Nt = ———d5 v, (3.21)
d2 d2 S —V
For the other integral, we make the change of variable t = d?/u, obtaining:
d2 s—n d2 & n—s u
/ tz leTwdt = ds_”/ uz e cdu. (3.22)
0 1
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This integral is convergent and equal to a constant that depends only on s and ¢. Then, we
have for every x,y € M:

(3.23)

O

3.4 Estimation of the Bessel potential

Define the Bessel potential for A > 0, s > 0 to be the operator G, x = (A + \?) =2 on L?(M, p).
It is, by the spectral theorem, a bounded operator, and, similarly to the case of the Riesz
potential, admits for kernel:

1
92 (2,y) = = / /27 ety () dt, (3.24)
r'(3) Jo

2
provided that g2 is finite for all x,y € M.

Proposition 3.4. Let (M, g, ;1) be a complete weighted manifold satisfying (RFK)7}, and (RD)%,.
If X > 0 is such that AR > 1, then for any s < v, there is a constant C > 0, depending only on
s and on the Faber-Krahn constants, such that for all ,y € X with d(x,y) < R, we have:

g2 (z,y) < C (3.25)

Proof. We have:

1 X e e
g;\(ﬂc,y) = —)/ t2 le A tpt(xay)dta (326)
0

L'(s

and we split this integral into three, integrating on (0, d?), (d?, R?) and (R?,+00).
We use proposition The same calculations as in the proof for the Riesz potential yields
the estimate:

d2
/ 57 1e=Ntp, (2, y)dt < C’M (3.27)
0

When d < v/t < R, we have by the R-reverse doubling that u (B (z,d)) < a (i) (B (z, V1)),

Vit
thus:
R s_1 a2 R 51 32t 1 a2
t27 e py(x,y)dt < C t2 e N t—————e" 5t dt
I, ! p (B (2. )
co—T _ /RZ £535 TN e % gy
o M(B (ZC,d)) d?
du R? vy \2
307/ t72 et
p (B (z,d)) /4
d” 2
<C (RS”’ - dsf”) ,

T p(Bxd)s—v
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and since s — v < 0 we have:

AR d(z, )"
/d2 t2 e A pt(z,y)dthW (328)

Now for t > R?, we simply have p (B (2, R)) < pu (B (2,v)). Thus:

o0 s 2 1 S
t2 e N, (2, y)dt < 07/ 5=le= Nt ’_dt
/R2 ! M(B (:CaR)) R?

then, since d < R, by using the reverse doubling we obtain u (B (z,d)) < (%)U,u (B (z, R)).

s _1 )2 s A2
Moreover, we have t3 7 1e= 2t < ¢ A2~ %e¢~ =t thus we have:
9 — S 3

& s d v )\2_8 > A2
ﬁ_le_)‘2tp z,y)dt < C <—> 7/ e~ Tt
J. et =C\R) wBEd) Ju

d\"” A8 (R)?
<o(L) 2 U
- (R) p (B (z,d))

2 1
Then, since AR > 1, and f(t) = t_se_% is decreasing, we have Ase— B < R*e™ %, which
leads to:
o’e) . R S—v ds
1= Nt a<c(= L — 3.29
/R2 € pt(x,y) = d ‘U,(B(ZL',d)) ( )
then s — v < 0 and d < R, thus we have:
e 5_1 )2 d(SC y)s
t2 te™ Mt (2, y)dt < C ’ 3.30
J. TN EXT)) (3:30)
O

4 Proof of the main results

Let (M, g, ) be a weighted Riemannian manifold. Let V € Lj (M, du), V > 0, for any R > 0
and p > 1, we define N, (V') and N, z(V) as in (L8) and (3). Notice that N, (V) = Ma,(V?)/P.

Though we can deduce theorem [[1] as a special case of [[2] we start by giving a separate,
simpler proof of it. The general idea behind the proof of both theorems remains the same, but
in the case of theorem [[.2] much more care will be required in establishing the bounds on the
norm of certain operators.

4.1 Proof the global inequality (Theorem [I.T])

We assume here that p is reverse doubling of order v, with v > 1, and we will show later on that
this implies the general result.

Given ¢ € L?*(M), we first estimate HA‘1/2 (Vl/Qtp) H2 By proposition 3.3 for any non-
negative, measurable function f, we have:

d(z,y)

(B gy W)

ATrf@)<C
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Let T be the operator defined by the kernel K (x,y) = %. Since M is a doubling
space, applying corollary 2.1l we have that:

ITfll2 < Cl[ My fll2,

and so: )
[A72 f]| < [[Myfla

It follows that:
a2 (Vo) < o fan (i),

Then, using the Holder inequality, we have, with ¢ = 2p, % + % =1

My (V20) <y (vo2) iy (16l ) < N,V (o)

since N, (V) = Mgp(Vp)%. And by the L*? boundedness of the Hardy-Littlewood maximal
function, we obtain that:

1
7

Mo (Jpl”)"
Mo (Jel” )

< CpN, (V)22

o (r25) = 0

2

< Np(V)3

Q\‘M »n\‘,_‘

And so: 3
[a=2 (v72e) |, < GommZ el (1)

and A~Y/2(V1/2.) is a bounded linear operator on L2. Its adjoint is V¥/2A~Y/2, and for any

Y € C (M), if we let ¢ = A2, p € L? and Sy Vrdu = [y, ‘Vl/QA’1/2<p|2du. By (1) we
get:

/M VPdp < CuN, (V)2 [lpll3 = CpNp(V) I V4II5. (4.2)

4.2 Proof of the local inequality (Theorem [1.2])

We again make a technical hypothesis on the reverse doubling order, proving the following result:

Theorem 4.1. Let (M, g,p) be a complete weighted Riemannian manifold satisfying (RFK)7,
for some R > 0, and (RD)% for some v > 1. Then, for any p > 1, there is some constant
Cp depending only on the Faber Krahn constants and p, such that for any non-negative, locally
integrable V, and any ¢ € C§°(M), the following inequality holds:

/VWWS%MMW</WWM+% w%Q (4.3)
M M M

We will show afterwards how to remove this hypothesis to obtain theorem
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4.2.1 Proof of Theorem [4.1]

Given A > 0 such that AR > 1, we let ¢* = g} be the kernel of the Bessel potential G* =

(A+ )\2)_%. By proposition B4, we have ¢g*(x,y) < %, for Ad(z,y) < 1. We let:

Tuj(z) = / P e )VEQS)duy),  Tob(z) = / P y)VEd@)duty) (4.4)
d(z,y)<R d

(z,y)>R

, and the rest follows as in the global

By corollary ] we have || T1%[|, < C) ‘

case. To estimate ||T»||, we can study the operator T>Ty, with kernel a(x, z) defined as:

a(z,z) = /I\/[ g)\(zay)X{d(z,y)>R}|V(y)|X{d(y,z)>R}g)\(yvZ)dﬂ(y)a

where we recall xg to be the characteristic function of the set £. We then apply the Schur test
to ToTy: being a symetric operator, it will be bounded on L? if the integral:

y la(z, 2)|du(z)

2
is uniformely bounded with respect to z. Given that we have g*(y, z) = fooo e\/%t p(y, z)dt, as
well as [}, pe(y, 2)dpu(z) < 1, we calculate:

A o0 =A%t 1
,2)du(z) < dt = —,
| P < [ a5
but then:

/ lalz, 2)\du(z) / / (@ 9) Xty 1 IV ) X ity 139 (0 2)da(y)dia(2)
< / () / P, 2)du(2) |V () |dp(y)du(z),
M\B(z,R) M\B(z,R)

1 Mg
[ <5 [ P v,

+oo 7/\t
/ lal, 2) dpu(z / P IV (9) dp(y)dt (4.5)

7T M\B(z,R)

and so we get:

or:

To estimate this integral, we estimate fM\B(I R) pe(x,y)|V (y)|du(y) by distinguishing the
cases t > R? and t < RZ.

For any x € M, r > R, p > 1, we have:

[ Wwldut) < 158 .0) (1) (4.6)
B(z,r)

Indeed, we cover B(xz,r) by a family B; of balls of radius R with center in B(z,r) such that
the balls with half the radius are pairwise disjoints. Then we have:

[ VWi <3 [ v
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< %M (B (z,r + g)) Nyp,r(V)

< o (B (1) Npn(V).

For all t > R?, we use the corresponding estimate of proposition 3.2, and get a constant o > 0
such that:

/ @IV )lduty) < S5 / 2V () dpa(y)
pe\T, Y yhap\ly) >~ ——w7 v € 5t y)aply).
M\B(z,R) ' w (B (z,R)) JanB(,R)

s _ d(=z.y)? +oo  op _r?
By writhing e™ ™ 3¢ = d(z,y) 56€ dr, we have:

_ d(=,y)? & 2227
e” o [V(y)lduly) = [ e 57— \V|dp | dr,
M\B(x,R) R 5t \JB(z,r)\B(=,R)

then using ([@6) we obtain

_ de.)? C 2 2r
[ W Wldnt) < VoY) [ e (B @),
M\B(z,R) R

then by the R-doubling, using (Z9), there is a constant 8 > 0 that depends on the doubling
constant such that p (B (z,7)) < (B (v, R)) e# %, thus:

_d@y)? C ©or 2 .
/ e” 5 |[V(y)lduly) < R Ny r(V)p (B (z, R))/ T +BRd7~’
M\B(z,R)

'I‘2 r T =
and we then can find a constant v > 0 such that e~ 5 F% < ¢ 1067 77, As a result, we get

that: -
2 2
/ 2—Te_f_mdr: e 107
r Ot

To conclude we obtain that for all ¢ > R?

R= t

Ny r(V) _g2 t
[ DIV () < CRRE et (17)
M\B(z,r

For t < R?, we obtain in the same way:

- Npr(V) [ -2 x,r))dr

/M\Bu,mpt(x’yﬂv(y)'d“(y) = (B (z,\t) R /R e” 5 —u(B(zr))d
- NprV) [ 220 5% 4
= LB vy P ) /R !



R v N R(V) ,ﬁJ’, _t_
<ec <_ L) e 10t TV R2
and finally we obtain:
R Y N, 7R(V) _R2 t
Lo P V@) < € (max (1) ) Rl o g

Thus we get the majoration:

CN,() - R Doy sz dl
/ la(z, 2)|du(z) < pR2 /0 (max <%,1)) e 10t TRz e NCTh (4.9)

which by a change of variable t = R?u, transform into:

N, & 1 v d
/ la(z, 2)|du(z) < ¢ pz( )/0 <max (ﬁ’l)) e~ Tow T(27 A R%)u %7 (4.10)
and if AR > /37 = k > 1 we obtain:

/ a(z, z)dz < CNp g(V). (4.11)

Thus, by the Schur test, | 12Ty |22 < CNpr(V), and ||Ts| 22 < CNp r(V)z. Then,
we have, for all A > &
| veauzc < [ 1vekane s [ wgdu) , (4.12)
M M M

2 2 2 2
/M Vp?du < Ck ( [V|“dp + RQ/ P d,u) . (4.13)

and in particular:

4.2.2 Proof of theorem [1.4]

We now suppose that A\ (M) > 0. Then the previous results can be strenghtened to prove
theorem [T.41

Proof. We apply theorem [[2} and use that Ay (M) [,,%? du < [, [V|* du. Then we obtain:

Vi) < CyN, (V) <1 n [ v au

wane)

which gives:

A1 (M)R? ) ,
CpNp,r(V)(1 + A\ (M)R?) /M VT dp < /M|W| dp,

and:
A (M)R? A (M)
G R F O Jy Y
Then, for any V', we have:
C,N, rR(V)(1 4+ M\ (M)R? A (M
vy s LRenlIEE D) oy - 280 ), (4.14)
which is (LI4). O

W du< [ VY dp.
M M
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4.3 Proof of theorem [I.3l
Let C)p be the constant of theorem [[.21 We let

1/p
L =sup | 2C, ][ VP du -6 (4.15)
©,8 B(x,5)

Then we have:

1/p
L+52
][ vede| < ZPOC
B(z,0) 2020

(Map 5 (V7)())'/7 < 557;1
Take § = L™/2 then N, 5(V) < CL Then by theorem [[.2 we have:
(Vo v) = [Vel3 < L]l (4.16)
thus:
—M(A=V)<sup|2C, (7[ vr d,u (4.17)
2,5 B(x,6)
Meanwhile, let r < A™! < R, and define f,. : [0,00) — [0,4+00) by f(t) = r if t < 7,

f@&)y=2r—tif t € (r,2r] and f.(t) = 0if t > 2r. ThenforoGM w:f(( x)). ¢ is a

Lipschitz function with compact support, and we have, by (D)%:

HV7/JH2 - fM V1/12 dp
%11

u(B@2r)
= 24 (B(e.r) ﬁ«m”“

< Ar? — ][ V dp
B(z,r)

<@VAE - amof Ve

MA-V)<

this for all r > 0. Thus:

—M(A-=V) >sup A_l_”/Q][ Vdu—672]). (4.18)
@, B(,5)

4.4 Removing the dependancy on reverse doubling

Let M be a manifold satisfying (RFK)". We consider M = R x M, (M, g, /1) the product
Riemannian manifold: § = dz? + g, dji = dz du. For V € L}, (M) we define V(xz,m) = V(m).
We write A for the laplacian on (M g, t), and A for the laplacian on (M, g,u). The Morrey

norm in M is written Np R-
We have:
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Proposition 4.1. (M, §, i) satisfies the following properties:

1. If p is R-doubling, then fi is R-doubling, and R-reverse doubling with order v > 1.

_lz—y?

2. The heat kernel of M is py((z,m), (y,n)) = ﬁe . pi(m,n).

3. If M satisfies (RFK)%, then there is some 0 € (0,1) such that M satisfies (RFK)j . 0
depends only on the Faber Krahn constants.

4. MA=V)=X\(A-V)

5. If p is R-doubling, then there are two constants ¢,C which depends only on the doubling
constant, such that cNp r(V) < Np r(V) < CNp r(V)

Proof.
1. For E C R measurable, we denote |E| the usual lebesgue measure of E. We have:

|(=r/2,7/2)|u(B(m, 7/2)) < ((B((x,m),)) < [(=r,7)|u(B(m,7)). (4.19)

From this, with » < R we immediately get ji(B((z,m),2r)) < 4A%(B((x,m),r)), with A
the R-doubling constant of . Moreover, since p is R-doubling, it is R-reverse doubling, with
reverse doubling order v > 0. Then, we have, for r <1’ < 6R:

1 7 p(B(m, ")
=247 w(B(mr)
N\ 1+v
B
— 24 (r)
Thus [ is reverse doubling of order 7 =14 v > 1.
- 2 5 lz—y|?
2.,4. We have A = f% + A. Thus pi((z,m),(y,n)) = iﬂe’ T pi(m,n), and the

spectrum of A — V is:

Sp(A—=V)={A+X; XeSp(A-V),\N >0}

Thus the infimum of the spectrum of A — V is the infimum of the spectrum of A — V.
3. We use proposition [3.11 3
5. We use [EI9). Using that [V di < 2r [,V du, we have:

r / VP d i 2r [ VP d
i(B((z,m),r) )5 (r/2)p (B (m,r/2)) " Jp
Then by R doubling N, z(V) < 4AN,, g(V). The other inequality is obtained in a similar
same way. [l

Proof of theorem .2 From the points 1.,3. of the above proposition, if (M, g, ) is a manifold
satisfying (RFK)’,, then there is some 6 € (0,1), depending only on the Faber Krahn constants,
such that (M, g, i) satisfies (RFK)), and (RD)%, with v > 1. Then we can apply [2 to M:
there is a constant C'p such that if V is such that CPNER(\N/) <1, then )\1(A — ‘7) > —92132.
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Using 5., then there is a constant C), > 0 such that C,N, r(V) > C,N, r(V). Then since

MA=V)=M(A-V),if C,N, r(V) < 1, then \; (A — V) > — k. For an arbitrary V > 0,

locally integrable, with N, r(V) < 400, we can apply the above to V/Cp N, r(V'), then for any
P € CeP(M):

1 2 1 2 1 2
B du < — — d 4.2
N /Mvw pe o M<|vw| +R2w) " (4.20)

which is (LI2). O

5 Hardy inequality

For some point o € M, the L? Hardy inequality:

weegron, [ M g <o [ wuwp aiw (5.1)

M d(OaZE)Q

is equivalent to the positivity of the operator A — V, with V(z) = %d(o, x)~2. Moreover, we
have:

Proposition 5.1. Let (M, g, pn) be a weighted Riemannian manifold, R € (0,00]. If p satisfies
(D)% and (RD)%, with v > 1, then for any p € (1,v/2), there is a constant K, < oo such that

for all r < R we have:
1/p
r? <][ d(o,y)~ % du) < K. (5.2)
B(z,r)

Proof. We let p(y) = d(o,y), B = B(z,r), for r < R.
If r < p(x)/2, then for y € B(x,r), p(y) > p(x) —r > p(x)/2 > r. Then:

/Bp(y)_% dp <1~ * u(B).

If r > p(x)/2, then B(x,r) C B(o,3r), and:

/ p~? dp < / p~* dp
B B(0,3r)

< /000(21) — 1)t~??1 1 (B (0o, min(t,3r))) dt
3r
< /O a1 (2p — V) =2=1(31) " 11 (B (0,3r)) dt + 21 (B (0,3r))

1 2p—1 o
< (33pau—2p+1>r w (B (o,3r))

< CprPp (B (x,1)),

since v > 2p, with the constant C, depending uniquely on p and the doubling and reverse
doubling constants. O

Then applying theorems and [T we immediately obtain:
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Corollary 5.1. If (M, g, ) satisfies (RFK)}, and (RD)Y% with v > 2, then there is a constant
C' such that for any ¢ € C (M), o € M,

Y (@)?

M d(O, :C)Q

1
duto) < 0 (19018 + alv13). (5.3

Corollary 5.2. If (M,g,u) satisfies (RFK)"7, (RD)” with v > 2 then there is a constant C
such that: )
Y(x)

M d(O, 1')2

The second corollary being theorem

This time the condition on the reverse doubling order is not merely a technical hypothesis.
It is, in fact, a necessary condition for the Hardy inequality to holds if we assume the measure
1 to be doubling:

Vih € C° (M), du(z) < C/M |Vap|? dp. (5.4)

Proposition 5.2. Let (M, g, 1) be a weighted Riemannian manifold, with u a doubling measure,
assume that there is a constant v > 2 such that for any o € M, ¢ € C°(M), M admits the
Hardy inequality:

<V22>2 o Xﬁ?; du(z) < /M Vo[ dp, (5.5)

then p satisfies (RD)”.

Note that that we can always write a Hardy inequality (&4) in the form (5E) simply by
chosing v =2+ 24/1/C.

Using a method from [3] [I6], we have:
Proof. Take 0 < r < R, define f(t) = r=*% for 0 <t<wr flt) = =2 for r <t <R,
f(t)=2R""2" — R %t for R<{<2Rand f(t) =0 for t > 2R.

When r» < t < R, we have f/(t)? = (ﬁ)2 O Then for some point o € M choose

2 2
¢(x) = f(d(o,z)), the Hardy inequality applied to ¢ leads to:

v—2 2/ o(x)?
duw) < [ VI du(e), (5.6)
< 2 ) B(o,r) (0, 7)? B(0,2R)\B(0,R)
then:
v—2 ? —v —v —v
—) #u(B(o,r) < Ru(Blo,2R)\ Bo,R)) < ARu(B(o,R)),  (5.7)
using that p is doubling. Thus there is some constant a > 0 such that:
v B
a (E) < M, (5.8)
r (B (o,r))
and p is reverse doubling of order v > 2. O
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