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On the nonparametric inference of coeflicients
of self-exciting jump-diffusion

Chiara Amorino®, Charlotte Dion-Blanc®, Arnaud Gloter®, Sarah Lemler®

Abstract

In this paper, we consider a one-dimensional diffusion process with jumps driven by
a Hawkes process. We are interested in the estimations of the volatility function and of
the jump function from discrete high-frequency observations in a long time horizon which
remained an open question until now. First, we propose to estimate the volatility coefficient.
For that, we introduce a truncation function in our estimation procedure that allows us to
take into account the jumps of the process and estimate the volatility function on a linear
subspace of L?(A) where A is a compact interval of R. We obtain a bound for the empirical
risk of the volatility estimator, ensuring its consistency, and then we study an adaptive
estimator w.r.t. the regularity. Then, we define an estimator of a sum between the volatility
and the jump coefficient modified with the conditional expectation of the intensity of the
jumps. We also establish a bound for the empirical risk for the non-adaptive estimators
of this sum, the convergence rate up to the regularity of the true function, and an oracle
inequality for the final adaptive estimator.

Finally, we give a methodology to recover the jump function in some applications. We
conduct a simulation study to measure our estimators’ accuracy in practice and discuss the
possibility of recovering the jump function from our estimation procedure.

Jump diffusion, Hawkes process, Volatility estimation, Nonparametric, Adaptation
AMS: 62G05, 60G55
1 Introduction

The present work focuses on the jump-diffusion process introduced in [19]. It is defined as the
solution of the following equation

M
dX¢ = b(X,)dt + (X )dW; + a(X,-) > dNY, (1)
j=1

where X;- denotes the process of left limits, N = (N, ..., N()) is a M-dimensional Hawkes
process with intensity function A and W is the standard Brownian motion independent of N.
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Some probabilistic results have been established for this model in [19], such as the ergodicity
and the f—mixing. A second work has then been conducted to estimate the drift function of
the model using a model selection procedure and upper bounds on the risk of this adaptive
estimator have been established in [18] in the high frequency observations context.

In this work, we are interested in estimating the volatility function o2 and the jump function
a. The jumps in this process make estimating these two functions difficult. We assume that
discrete observations of a X are available at high frequency and on a large time interval.

1.1 Motivation and state of the art

Let us notice first that this model has practical relevance thinking of continuous phenomenon
impacted by an exterior event, with auto-excitation structure. For example, one can think of
the interest rate model (see [24]) in insurance; then, in neurosciences of the evolution of the
membrane potential impacted by the signals of the other neurons around it (see [18]). Indeed,
it is common to describe the spike train of a neuron through a Hawkes process which models
the auto-excitation of the phenomenon: for a specific type of neurons, when it spikes once,
the probability that it will spike again increases. Finally, referring to [7] for a complete review
on Hawkes process in finance, the reader can see the considered model as a generalization of
the so-called mutually-exciting-jump diffusion proposed in [5] to study an asset price evolution.
This process generalizes Poisson jumps (or Lévy jumps, which have independent increments)
with auto-exciting jumps and is more tractable than jumps driven by Lévy process.

Nonparametric estimation of coefficients of stochastic differential equations from the obser-
vation of a discrete path is a challenge studied a lot in literature. From a frequentist point of
view in the high-frequency context, one can cite [25, 12] and in bayesian, one recently in [1].
Nevertheless, the purpose of this article falls more under the scope of statistics for stochastic
processes with jumps. The literature for the diffusion with jumps from a pure centered Lévy
process is large. For example one can refer to [26], [32] and [34].

The first goal of this work is to estimate the volatility coefficient 0. As it is well known,
in the presence of jumps, the approximate quadratic variation based on the squared increments
of X no longer converges to the integrated volatility. As in [31], we base the approach on
truncated quadratic variation to estimate the coefficient 0. The structure of the jumps here
is very different from the one induced by the pure-jump Lévy-process. Indeed, the increments
are not independent, and this implies the necessity to develop a proper methodology as the one
presented hereafter.

Secondly, we want to to find a way to approximate the coefficient a. It is important to note
that, as presented in [34], in the classical jump-diffusion framework (where a Lévy process is
used instead of the Hawkes process for M = 1), it is possible to obtain an estimator for the
function o + a? by considering the quadratic increments (without truncation) of the process.
This is no longer the case here due to the form of the intensity function of the Hawkes process.
Indeed, we recover a more complicated function to be estimated, as explained in the following.

1.2 Main contribution

The estimations of the coefficients in Model (1) are challenging in the sense that we have to
take into account the jumps of the Hawkes process. Statistical inference for the volatility and
for the jump function in a jump-diffusion model with jumps driven by a Hawkes process has
never been studied before. As for the estimation of the drift in [18], we assume that the coupled
process (X, ) is ergodic, stationary, and exponentially S—mixing. Besides, in this article we
obtain that the projection on X of the invariant measure of the process has a density which is
lower and upper bounded on compact sets. This property is useful to lead studies of convergence
rates for nonparametric estimators since it gives equivalence between empirical and continuous
norms. To estimate the volatility in a nonparametric way, as in [4] we consider a truncation



of the increments of the quadratic variation of X that allows judging if a jump occurred or
not in a time interval. We estimate o2 on a collection of subspaces of L? by minimizing a
least-squares contrast over each model, and we establish for the obtained estimators a bound
on the risk. We give the convergence rates of these estimators depending on the regularity of
the true volatility function. Then, we propose a selection model procedure through a penalized
criteria, we obtain non-asymptotic oracle-type inequality for the final estimator that guarantees
its theoretical performance.

In the second part of this work, we are interested in the estimation of the jump function
As it has been said before, it is not possible to recover directly the jump function a from the
quadratic increments of X, and what appears naturally is the sum of the volatility and of the
product of the square of the jump function and the jump intensity. The jump intensity is
hard to control properly, and it is unobserved. To overcome such a problem, we introduce the
conditional expectation of the intensity given the observation of X, which leads us to estimate
the sum of the volatility and of the product between a? and the conditional expectation of the
jump intensity given X. We lead a penalized minimum contrast estimation procedure again,
and we establish a non-asymptotic oracle inequality for the adaptive estimator. The achieved
rates of convergence are similar to the ones obtained in the Lévy jump-diffusion context in [34].
Both adaptive estimators are studied using Talagrand’s concentration inequalities.

We then discuss how we can recover a, as a quotient in which we plug the estimators of o2
and g := 02 + a? x f, where f is the conditional expectation of the jump intensity that we do
not know in practice. We propose to estimate f using a Nadaraya-Watson estimator. We show
that the risk of the estimator of a cumulates the errors coming from the estimation of the three
functions o2, ¢ and the conditional expectation of the jump intensity, which shows how hard it
is to estimate a correctly.

Finally, we have conducted a simulation study to observe the behavior of our estimators in
practice. We compare the empirical risks of our estimators to the risks of the oracle estimator to
which we have access in a simulation study (they correspond to the estimator in the collection
of models, which minimizes the empirical error). We show that we can recover rather well the
volatility o2 and ¢ from our procedure, but it is harder to recover the jump function a.

1.3 Plan of the paper

The model is described in Section 2, some assumptions on the model are discussed and we give
properties on the process (X¢, A¢). In Section 3 we present the adaptive estimation procedure for
the volatility o2 and obtain the consistency and the convergence rate. Section 4 is devoted to
the estimation of 02 +a? x f, where f is the expectation of the jump intensity A given X. In this
section, we return to the reason for estimating this function, we detail the estimation procedure
and establish bounds for the risks of the non-adaptive estimator and of the adaptive estimator
in the regularity. The estimation of the jump coefficient a is discussed in Section 5. In Section
6 we have conducted a simulation study and give a little conclusion and some perspective to
this work in Section 7. Finally, the proofs of the main results are detailed in Section 8 and the
technical results are proved in Appendix A.

2 Framework and Assumptions

2.1 The Hawkes process

Let (2, F,P) be a probability space. We define the Hawkes process for ¢ > 0 through stochastic
intensity representation. We introduce the M-dimensional point process N; := (Nt(l), - ,Nt(M))
and its intensity A is a vector of non-negative stochastic intensity functions given by a collection
of baseline intensities. It consists in positive constants (j, for j € {1,..., M}, and in M x M



interaction functions h; j : Rt — R, which are measurable functions (i,j € {1,...,M}). For
i€ {l,...,M} we also introduce n® a discrete point measure on R~ satisfying

/ hij(t — s)n'(ds) < oo for all t > 0.
R-

They can be interpreted as initial condition of the process. The linear Hawkes process with
initial condition n(® and with parameters ((;, i j)i<ij<m is a multivariate counting process
(N¢)e>0. It is such that for all ¢ # j, P - almost surely, N () and N never jump simultaneously.
Moreover, for any 7 € {1,..., M}, the compensator of N is given by AIEZ) = fg )\g)ds, where A
is the intensity process of the counting process N and satisfies the following equation:

)\gl) =( + Z/o hw‘(t — u)dNéJ) + Z/ hz‘,j(t — u)dng).
j=1 j=177°

We remark that Nt(J ) is the cumulative number of events in the j-th component at time t while
dNt(] ) represents the number of points in the time increment [t, ¢ + dt]. We define N, =N, — Ay
and F; := 0(Ns,0 < s < t) the history of the counting process N (see Daley and Vere - Jones
[15]). The intensity process A = (A ..., AM)) of the counting process N is the Fi-predictable
process that makes N; a F;-local martingale.

Requiring that the functions h; ; are locally integrable, it is possible to prove with standard
arguments the existence of a process (Nt(J))tzo (see for example [16]). We denote as (; the
ex(og;enous intensity of the process and as (7T, lg] )) k>1 the non-decreasing jump times of the process
NI,

We interpret the interaction functions h; ; (also called kernel function or transfer function)
as the influence of the past activity of subject ¢ on the subject j, while the parameter ¢; > 0 is
the spontaneous rate and is used to take into account all the unobserved signals. In the sequel
we focus on the exponential kernel functions defined by

hij - RT — R+, h@j(i) = Cijefat, a>0, ¢;>0, 1<4,j<M.

With this choice of h; ; the conditional intensity process (\;) is then Markovian. In this case we
can introduce the auxiliary Markov process Y = Y (4);

. t . 0 )
Y — ¢, / et qNG) 1 ¢, / e l-gnl) 1< j< M
0 —o0
The intensity can be expressed in terms of sums of these Markovian processes that is, for all
1<i<M

M
A = ZY@) ; with fi(z) = ¢ + .
=1

We remark that all the point processes NU) behave as homogeneous Poisson processes with
constant intensity (;, before the first occurrence. Then, as soon as the first occurrence appears
for a particular N, it affects all the process increasing the conditional intensity through the
interaction functions h; ;.

Let us emphasized that from the work [19], it is possible to not assume the positiveness of the
coefficients ¢; j, taking then f;j(z) = ({; + «)+. This is particularly important for the neuronal
applications where the neurons can have excitatory or inhibitory behavior.



2.2 Model Assumptions

In this work we consider the following jump-diffusion model. We write the process as M + 1
stochastic differential equations:

A\ = o\~ G)dt+ XM edND, i=1,. M
dX¢ = b(Xy)dt + o(X)dW; + a(X,-) ML dNY,

with )\(Oj ) and Xo random variables independent of the others. In particular, ()\gl), e /\(M),Xt)
is a Markovian process for the general filtration

ft::U(WS)Ns(j)? j:]-a“'ﬂM7 OSSSt)

We aim at estimating, in a non-parametric way, the volatility ¢ and the jump coefficient a
starting from a discrete observation of the process X. The process X is indeed observed at high
frequency on the time interval [0,7]. For 0 = tg < t; < ... < t, = T, the observations are
denoted as X;;. We define A, ; := ;41 —t; and A, := sup,—g __,, An;. We are here assuming
that A, — 0 and nA, — oo, for n — oo. We suppose that there exists c¢1, co such that,
Vie{0,...,n—1}, ci1Qpmin < Api < c2A\y,. Furthermore, we require that

logn = o(v/nA,). (3)

The size parameter M is fixed and finite all along, and asymptotic properties are obtained when
T — oo.

Requiring that the size of the discretization step is always the same, as we do asking that
the maximal and minimal discretization steps differ only on a constant, is a pretty classical
assumption in our framework. On the other side, the step conditions (3) is more technical.
This condition is replaced with a stronger one to obtain Theorem 2 (see Assumption 5 and the
discussion below).

Assumption 1 (Assumptions on the coefficients of X). 1. The coefficients a, b and o are
globally Lipschitz.

2. There exist positive constants a; and o1 such that |a(z)| < a1 and 0 < o%(z) < 0% for all
r € R.

3. The coefficients b and o are of class C*> and there exist positive constants ¢, ,q such that,
for allz e R, |V (x)| + |0/ (z)| + |a'(x)] < ¢ and |V (z)| + |o"(z)| < (1 + |z]9).

4. There exist d >0 and r > 0 such that, for all x satisfying |z| > r, we have xb(z) < —dx?.

The first three assumptions ensure the existence of a unique solution X (as proven in [19]
Proposition 2.3). The last assumption is introduced to study the longtime behavior of X and
to ensure its ergodicity (see [19]). Note that the assumption on a can be relaxed (see [19]).

Assumption 2 (Assumptions on the kernels). 1. Let H be a matriz such that
H;j:= fooo hi j(t)dt = cij/c, for1 <i,5 < M. The matriz H has a spectral radius smaller
than 1.

2. We suppose that Z]]Vil ¢j > 0 and that the matriz H is invertible.
3. For alli,j such that 1 <i,57 < M, ¢;; < a.

The first point of the Assumption 2 here above implies that the process (IV;) admits a version
with stationary increments (see [10]). In the sequel, we always will consider such an assumption
satisfied. The process (Ny) corresponds to the asymptotic limit and ()\;) is a stationary process.
The second point of A2 is needed to ensure the positive Harris recurrence of the couple (X, A¢).
A discussion about it can be found in Section 2.3 of [18].



2.3 Ergodicity and moments

In the sequel, we repeatedly use the ergodic properties of the process Z; := (X, \¢). From
Theorem 3.6 in [19] we know that, under Assumptions 1 and 2, the process (X¢, At)s>0 is positive
Harris recurrent with unique invariant measure m(dz). Moreover, in [19], the Foster-Lyapunov
condition in the exponential frame implies that, for all t > 0, E[X}]] < oo (see Proposition 3.4).
In the sequel we need X to have arbitrarily big moments and, therefore, we propose a modified
Lyapunov function. In particular, following the ideas in [19], we take V : R x RM*M _ R, such
that B

V(w,y) = o] + Xl (4)

where m > 2 is a constant arbitrarily big and m;; = %, being k£ € Rf a left eigenvector
of H, which exists and has non-negative components under our Assumption 2 (see [19] below
Assumption 3.3).
We now introduce the generator of the process Z; := (X, Y1), defined for sufficiently smooth
test function g by

~ 1 9

Agla,y) = —a Z Y900, 9, 9) + Ougla, y)b() + 507 (@)2Rg(,y) 5)

+Zf (Zy]’“> (x +a(z),y + A;) — gz, y)],
7j=1

with (Aj)(”) = ¢;j1j—, for all 1 < ¢,1 < M. Then, the following proposition holds true.

Proposition 1. Suppose that Assumptions 1 and 2 hold true. Let V be as in (4). Then, there
exist positive constants dy and do such that the following Foster-Lyapunov type drift condition
holds: }

A%V < dy — dyV.

Proposition 1 is proven in the Appendix. As the process A is included in Y, and so we
can recover it starting from Y, the ergodicity of Z implies the ergodicity of Z as well. As a
consequence, both X and A have bounded moments of any order. Let us now add the third
assumption.

Assumption 3. (Xg, \g) has probability .

Then, the process (X¢, At)¢>0 is in its stationary regime.

We recall that the process Z is called /5 - mixing if 5z(t) = o(1) for ¢ — oo and exponentially
3 - mixing if there exists a constant 4; > 0 such that Bz(t) = O(e ") for t — oo, where 3z
is the 8 - mixing coefficient of the process Z as defined for a Markov process Z with transition
semigroup (P;)icr+, by

Be(®)= [ IP(z) = n(az), (©

where ||\|| stands for the total variation norm of a signed measure \.
Moreover, it is

where PJ(z,.) is the projection on X of Pi(z,.) such that P}(z,dz) := Py(z,dx x R™) and
X(dz) := w(dx x RM) is the projection of 7 on the coordinate X (which exists, see Theorem



2.3 in [18] and proof in [19]). Then, according to Theorem 4.9 in [19], under A1-A3 the process
Zy = (X, M) is exponentially S-mixing and there exist some constant K,~ > 0 such that

Bx(t) < Bz(t) < Ke .

Furthermore, from Proposition 3.7 in [19], we know that the measure 7~ (dr) admits a
Lebesgue density = — 7~ () and it is lower bounded on each compact set of R. In the following
lemma we additionally prove that this density is also upper bounded on each compact set.

Lemma 1. Assume that Assumptions 1 and 2 hold true. Then, for any compact set K of R,
there exists a constant Cg > 0 such that 7% (x) < Ok for all x € K.

Finally, we known that for each compact set A C R there exist two positive constants g, w1
such that for x € A we have
O<7To§7Tx(.Z‘)§7T1. (7)

Let us define the norm with respect to mx:
2 = [ (e (do).

According to Lemma 1 it yields that for a deterministic function ¢, mol|t|? < ||t|l,.x < m1||t|*.

3 Estimation procedure of the volatility function

With the background introduced in the previous sections, we are now ready to estimate the
volatility function to whom this section is dedicated. We remind the reader that the procedure
is based on the observations (X¢,)i=1,... n-

First of all, in Subsection 3.1, we propose a non-adaptive estimator based on the squared
increments of the process X. To do that, we decompose such increments in several terms, aimed
to isolate the volatility function. Regarding the other terms, we can recognize a bias term (which
we will show being small), the contribution of the Brownian part (which is centered), and the
jumps’ contribution. To make the latter small as well, we introduce a truncation function (see
Lemma 3 below). Thus, we can define a contrast function based on the truncated squared
increments of X and the associated estimator of the volatility. In Proposition 3, which is the
main result of this subsection, we prove a bound for the empirical risk of the volatility estimator
we propose.

As the presented estimator depends on the model, in Subsection 3.2 we introduce a fully
data-driven procedure to select the best model automatically in the sense of the empirical risk.
We choose the model such that it minimizes the sum between the contrast and a penalization
function, as explained in (15). In Theorem 1 we show that the estimator associated with the
selected model realizes the best compromise between automatically the bias term and the penalty
term.

3.1 Non-adaptive estimator

Let us consider the increments of the process X as follows:

tit1 tit1 tit1 M .
Xy — Xty = / bu¢m+/ au@m@ﬁ/ a(X,-)> dNY
j=1

t; t; t;

tit1
:/ b(X,)ds + Zs, + Ji, (8)
t;



where Z, J are given in Equation (9):

tit1 Lit1 M .

Zy, = / o(X)dW, — Jy, = / a(X,-)> dNY). (9)

t; t; j=1
To estimate o2 for a diffusion process (without jumps), the idea is to consider the random
variables T}, := ﬁ(Xti .. — Xy,)?. Following this idea, we decompose Ty,, in order to isolate the
contribution of the volatility computed in X;,. In particular, Equation (8) yields

1

Ei - I(Xtiﬂ - Xti)Q = UZ(Xti) + Ati + Bti + Eti’ (10)
n

where A, B, E are functions of Z, J:

1 tit1 2 2 tit1
A, = L / B(Xo)ds ) + —(Ze + i) / (b(Xs) — b(X,.))ds
An \Jy Ay t:
| e 2
“!‘X / (0’ (Xs) — 0 (th))ds + 2b(th)Ztl,
n Jt

i

1 tit1
R / o (X,)ds]; (11)
n t;

2 1
Ty, + — I}
An tiJt; + An ti
The term Ay, is small, whereas By, is centered. In order to make E;, small as well, we introduce
the truncation function ¢ \s (X4, —Xy,), for 8 € (0, $). It is a version of the indicator function,

Eti = 2b(th)Jt1 +

1+1
such that ¢(¢) = 0 for each ¢, with |¢| > 2 and ¢(¢) = 1 for each (, with || < 1. The idea is
to use the size of the increment of the process Xy, ., — Xy, in order to judge if a jump occurred
or not in the interval [t;,¢;+1). As it is hard for the increment of X with continuous transition
to overcome the threshold Ag,i for g < %, we can assert the presence of a jump in [t;,t;11) if
| X

o — Xg| > AQ ;- Hence, we consider the random variables
bl

TtiQDAﬂ (AZX) = UQ(Xti) + Ati + By, + Eti(pAﬁ (AZX)7

with

Ati = UQ(Xti>(<pAB (AlX) - 1) + AtiSOAB (AlX) + Bti(§0A5 (AZX) - 1)'

Now, the just-introduced Ay, is once again a small term, because so A;, was and because the
truncation function does not differ a lot from the indicator function, as better justified in Lemma
2 below.

In the sequel, the constant ¢ may change the value from line to line.

Lemma 2. Suppose that Assumptions 1,2,3 hold. Then, for any k > 1,

k
E |:‘(‘DA’B (AZX) — 1’ :| S CAn,i.

The proof of Lemma 2 can be found in the Appendix. The same is for the proof of Lemma
3 below, which illustrates the reason why we have introduced a truncation function. Indeed,
without the presence of ¢, the same Lemma would have held with just a ¢ A, ; on the right-hand
side. Filtering the contribution of the jumps, we can gain an extra qui which, as we will see in
Proposition 2, will make the contribution of E;, small. 7



Lemma 3. Suppose that Assumptions 1,2,3 hold. Then, for ¢ > 1 and for any k > 1

1
E ||J,]905 s (AiX)| < ealt™.

From Lemmas 2 and 3 here above, it is possible to prove the following proposition. Also, its
proof can be found in the Appendix.

Proposition 2. Suppose that Assumptions 1,2,3 hold. Then, for 5 € (%, %),
1.Ve>0, E[AZ] < cAlf E[A}] < cALF

n,e n,e

2. E[By,|F,] =0, E[B?|F,) < cot, E[B{] < ¢

3. El|By|pps (AiX)] =AY

ni ElElpns (AX)] < AT ElBfpns (AX)] < eAy

In the Proposition here above, it is possible to see in detail in what terms the contribution
of A;, and of the truncation of Ej, are small. Moreover, an analysis of the centered Brownian
term By, and its powers is proposed.

Based on these variables, we propose a nonparametric estimation procedure for the function
o2(-) on a compact interval A of R. We consider S,, a linear subspace of L?(A) such that
Sm = span(p1,...,pp,, ) of dimension D,,, where (¢;); is an orthonormal basis of L?(A). We
denote S, = Umem, Sm, where M, C N is a set of indexes for the model collection. The
contrast function is defined by

n—1

() 1= S (HX) ~ T pa (AX)1a(X,) (12
i=0 '

with the T}, given in Equation (10). The associated mean squares contrast estimator is
~92 .
0., = arg min t). 13
m = arg min 7, 7(t) (13)

We observe that as 52, achieves the minimum, it represents the projection of our estimator on the
space Sy,. The indicator function in (12) suppresses the contribution of the data falling outside
the compact set A, on which we estimate the unknown function o2?. However, this indicator
function is introduced for convenience and could be removed without affecting the value of the
argmin in (13), as all elements of S, are compactly supported on A. The approximation spaces
S, have to satisfy the following properties.

Assumption 4 (Assumptions on the subspaces).
1. There exists ¢1 such that, for any t € Sy, ||t||?>o < ¢1 Dy, |I]2.
2. The spaces Sy, have finite dimension D,, and are nested: for allm <m' € M,,, S;, C S,.

3. For any positive d there exists € > 0 such that, for any e <&, > -\ e=dDm < 3(d),
where ¥(d) denotes a finite constant depending only on d.

We now introduce the empirical norm

n—1

1
1l = = > 2 (XG)La(Xe,).
1=0

The main result of this section consists in a bound for E[||52, — 02Hi], which is gathered in
the following proposition. Its proof can be found in Section 8.1.



‘ Hawkes-diffusion ‘ Diffusion

0<vy<5 (2 oy < 1/2 A2B—1/2 A
22y < 7S (W) N A1/ p—o/(2a+1)
(M%) ANl <~v<1 nfa/(2a+1) nfa/(2a+1)

Table 1: Rates of convergence for 62,

Proposition 3. Suppose that Assumptions 1,2,3,4 hold and that 5 € (i,%) If A, — 0,

logn = o(v/nA,,) for n — oo and D,, < Clvog(%t for a constant C > 0, then the estimator 52, of
o on A given by Equation (13) satisfies

s AOA‘W—*

n2

Cy 01

E (|62 - o?|2] <13 inf [[t—o?|’x + ™ CHAM 4 . (14)

with Cy, Cy and Cs positive constants.

This result measures the accuracy of our estimator 2, for the empirical norm. The right-hand
side of the Equation (14) is decomposed into different types of error. The first term corresponds
to the bias term, which decreases with the dimension D,, of the space of approximation S,.
The second term corresponds to the variance term, i.e., the estimation error, and contrary to the
bias, it increases with D,,. The third term comes from the discretization error and the controls
obtained in Proposition 2, taking into account the jumps. Then, the fourth term arise evaluating
the norm ||52, — 0%||2 when ||.||,, and ||.||,x are not equivalent. This inequality ensures that our
estimator 52, does almost as well as the best approximation of the true function by a function
of Sp,.

Finally, it should be noted that the variance term is the same as for a diffusion without
jumps. Nevertheless, the remaining terms are larger because of the presence of the jumps.

Rates of convergence Let us remind that ||t — 02|

x <t — U|2,4H2 according to Lemma
1. Thus let us consider ¢t = o2, the projection of 02 on S, for the L?-norm which realize the
minimum. We assume now that the function of interest O"ZA Is in a Besov space Bj ., with
regularity a > 0 (see e.g. [17] for a proper definition). Then it comes that |02, — 0‘2AH2 <
C(a)Dy;2¢. Finally, choosing Dy, = n'/**D and A = n™ with 0 < v < 1, we obtain the
rates of convergences given in Table 1. This table allows to compare the actual rates with the
one obtained when a = 1 and the process is a simple diffusion process.

Since B € (1/4,1/2), the best choice for 5 is to choose it close to 1/4. In this case, the
estimator reaches the classical nonparametric convergence rate for high-frequency observations
(nA0+20)/2¢ — (1)). Otherwise, most of the time the remainder term will be predominant in
the risk. This result is analogous to the jump-diffusion case studied in [34].

3.2 Adaption procedure

We want to define a criterion in order to select automatically the best dimension D,, (and so
the best model) in the sense of the empirical risk. This procedure should be adaptive, meaning
independent of 2 and dependent only on the observations. The final chosen model minimizes
the following criterion:

= arg min {(5%) + pen, (m)}, (15)

with pen,(-) the increasing function on D,, given by

Dy,

pen,(m) := K1 — (16)
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where k1 > 0 is a constant which has to be calibrated. Next theorem is proven in Section 8.1.

Theorem 1. Suppose that Assumptions 1,2,3,4 hold and that B € (,1). If A,, = 0, logn =

102
o(v/nAy) forn — oo and D,, < ClvogAn) for C > 0, then the estimator 6% of 0® on A given by
equations (13) and (15) satisfies
46-3
2(]2 . 212 461 4 C3An Cy
E[lg% - o*2) <€ inf {tg;f It = 0?25 + peng<m>} e

where C1 > 1 is a numerical constant and Csy, Cs, Cy are positive constants depending on A, o1
in particular.

This inequality ensures that the final estimator 372% realizes the best compromise between

the bias term and the penalty term, which is of the same order as the variance term. Indeed,
it achieves the rates given in Table 1 automatically, without the knowledge of the regularity of
the function o2.

The convergence of this adaptive estimator is studied in Section 6.

4 Estimation procedure for both coefficients

In addition to the volatility estimation, our goal is to propose a procedure to recover in a non-
parametric way the jump coefficient a. The idea is to study the sum between the volatility and
the jump coefficient and to recover consequently a way to approach the estimation of a (see
Section 5 below). However, what turns out naturally is the volatility plus the product between
the jump coefficient and the jump intensity, which leads to some difficulties as we will see in
the sequel. To overcome such difficulties, we must bring ourselves to consider the conditional
expectation of the intensity of the jumps with respect to X;,. In this way, we analyze the squared
increments of the process X differently to highlight the role of the conditional expectation. In
the following, we use for the decomposition of the squared increments, the same notation as
before: we denote the small bias term as A, the Brownian contribution as By, and the jump
contribution as E},, even if the forms of such terms are no longer the same as in Section 3. In
particular, A;, and E;, are no longer the same as before, and their new definition can be found
below, while the Brownian contribution By, remains exactly the same. To these, as previously
anticipated, a term Cy, deriving from the conditional expectation of the intensity is added.

Besides, as in the previous section, we show that A, is small and By, is centered. Moreover,
in this case, we also need the jump part to be centered. Therefore, we consider the compensated
measure dN; instead of dIN, relocating the difference in the drift.

Let us rewrite the process of interest as:

{dAﬁj) = —a(W = ¢)dt + XM ¢jdNY 1)

dX; = (b(Xy) + a(X,-) oM A?))dt + o(X)dWy + a(X,- ) oM, dN.

We set now

tit1 Mo
Jy, = / a(X,-)> dND. (18)
¢ i=1

i

The increments of the process X are such that

tit1 )
Xpoy — Xi, = /t b(Xs) +a(X-) Y AP | ds+ 2y, + T, (19)
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where J is given in Equation (18) and Z has not changed and is given in Equation (9). Let us
define this time:

1 tita M (j z+1
Ati = Tn ll (b(XS) =+ a(Xsf) JZ_; >‘s 8 / — 0 (th))d
9 tit1 M ) M )
o (Ze + ) / (b(Xs) = b(Xy,)) + (a(X-) D AP —a(X;,) > A)ds
n ti j=1 j=1
1 tit1 2 < (4) a*(Xy,) b () (4)
A (a*(X,) — a®(Xy,)) Y APds + d > (AP = A P)ds
n Jt; j=1 n t; j=1
M M
+2 | b(Xe) +a(Xe) YN | Zi 42 [ 0(Xe) + alXe) S AP | g, (20)
7j=1 7=1
) M
_ 2 1 2 b, ;
By, = EZ“J“ + 5 JZ —/ti a (Xs);Agﬁds . (21)

The term Ay, is small, whereas B;, (which is the same as in the previous section) and E;, are
centered. Moreover, let us introduce the quantity

M
ZEP\E])DQ ZIRMZ] th,zl,...,zM)dzl,...,dzM
i fRMT{' Xt;s 21,y 2m)dz1, ... dzy

9

where 7 is the invariant density of the process (X, A), whose existence has been discussed in
Section 2.3; and

M
X)) S (0 —EN (X)) (22)

7=1
It comes the following decomposition:
1 M
T, = 5 (X, — X1,)? = o (X, X)) S EN| X, + Ay + By, + Cy, + By, (23)

J=1

In the last decomposition of the squared increments, we have isolated the sum of the volatility
plus the jump coefficient times the conditional expectation of the intensity with respect to X;,,
which is an object on which we can finally use the same approach as before. Thus, as previously,
the other terms need to be evaluated. The term A;, is small and B, and E;, are centered.
Moreover, the just added term Cy, is clearly centered, by construction, if conditioned with re-
spect to the random variable X;, and, as we will see in the sequel, it is enough to get our main
results. As explained above Assumption 3, the Foster-Lyapunov condition in the exponential
frames implies the existence of bounded moments for A and so we also get IE[)\g )|Xti] < oo, for
any j € {1,...,M}.

The properties here above listed are stated in Proposition 4 below, whose proof can be found
in the appendix.
Proposition 4. Suppose that Assumptions 1,2,3 hold. Then,

1. Ve >0, E[47] < CA}HE, E[A}] < cA); 15,

]E[Btz’]:tl] = O, E[Bi‘;tl] S CO’%, E[Bé] < C;



ca?t ) c
3. B[B|F) =0,  ElE}F)< LY N, BB < 55

4. E[Cy.|Xy,] =0, E[C?] <, E[C{] <e.

From Proposition 4 one can see in detail how small the bias term A;, is. Moreover, it sheds
light on the fact that the Brownian term and the jump term are centered with respect to the
filtration (F;) while C' is centered with respect to the o-algebra generated by the process X.

4.1 Non-adaptive estimator

Based on variables we have just introduced, we propose a nonparametric estimation procedure
for the function

g(x) := o*(x) + a*(z) f (x) (24)
with ZM f ( )
B -1 RMZ]'W LyZlyeeyZM dzl,...,dzM
fla) == fRM mw(z,21,. .., 20)d21, .. dzy (25)

on a closed interval A. One can see that the estimation of g is a natural way to approach the
problem of the estimation of the jump coefficient. The same idea can be found for example in
[34], where a Lévy-driven stochastic differential equation is considered. The reason why in the
above mentioned work the density does not play any role is that it is assumed to be one.

We consider S,, the linear subspace of L?(A) defined in the previous section for m € M,, and
satisfying Assumption 4. The contrast function is defined almost as before, since this time we
no longer need to truncate the contribution of the jumps. It is, for ¢ € Sy,

n—1

Tr(t) = - S (1)~ TiLa(Xs,) (26)
=0

and the T}, are given in Equation (23) this time. The associated mean squares contrast estimator
is
Jm = arg min t). 27
9m gtesm'Yn,M( ) ( )

We want to bound the empirical risk E[|[G,, — g||?] on the compact A. The is the object of
the next result, whose proof can be found in Section 8.2.

Proposition 5. Suppose that Assumptions 1,2,3,4 hold. If A, — 0, logn = o(v/nA,) and
D,, < C¥"Ax for C > 0, then the estimator g, of g on A satisfies, for any 0 < € < 1,

logn 7

Ci(ot +aj+1)D
nl\,

C3

§ )
n2A2

E [ Igm — gl;] <13 inf Ilt—glx + T CoA (28)

with C1, Cy and C3 positive constants.

As in the previous section, this inequality measures the performance of our estimator g,
for the empirical norm and the comments given after Proposition 3 hold. The main difference
between the proof of Proposition 3 and the proof of Proposition 5 is that, in the first case, we
deal with the jumps by introducing the indicator function ¢. In this way, the jump part is
small and some rough estimations are enough to get rid of them (see point 3 of Proposition
2). From Proposition 4 we can see that for the estimation of both coefficients, instead, the
jump contribution (gathered in Cy, and Ey,) is no longer small. However, C;, and E;, are both
centered (even if with respect to different o algebras) and we can therefore apply on them the
same reasoning as we did for By,, which consists in a more detailed analysis. Hence, proving
Proposition 5 is more challenging than proving Proposition 3. Evidence of this is for example
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the fact that, to estimate g, a bound on the variance of (Y, relying on mixing properties is
required (see Lemma 4).

Finally, let us compare this result with the bound (14) obtained for the estimator 52,. The
main difference is that the second term is of order D,,,/(nA) here, instead of D,,/n as it was
previously. Consequently, in practice, the risks will depend mainly on nA for the estimation of
g and n for the estimation of o2.

Rates of convergence. Assume now that g4 € 8(21700 with a > 1, then, taking t = g2, (the
projection of g on Sy,) produces ||gm — gjall* < C(a)D,2*. Choosing Dy, = (nA)Y/ Retl) if
nA2=¢ — 0 leads to

E G — 9ll5] < (na)=20/CectD),

We obtain the same rate of convergence for the regularity a as [34] for the estimation of o2 + a?
in the case of a jump diffusion with a Lévy process instead of the Hawkes process.

In practice the regularity of ¢ is unknown and thus it is necessary to choose the best model
in a data driven way. This it the subject of the next paragraph.

4.2 Adaption procedure

Also for the estimation of ¢ we define a criterion in order to select the best dimension D, in the
sense of the empirical risk. This procedure should be adaptive, meaning independent of g and
dependent only on the observations. The final chosen model minimizes the following criterion:

m = arg mrg/l\l/ll {vn,m(Gm) + peny(m)}, (29)

with peng(-) the increasing function on Dy, given by

pen,(m) := EQnDAW;’ (30)
where k9 is a constant which has to be calibrated. We remark that m here above introduced
is not the same as in Equation (15). The model which minimizes the right hand side of (15)
is actually m; while the one introduced in Equation (29) is mg, but when it does not cause
confusion we denote both as m in order to lighten the notation.

To establish an oracle-type inequality for the adaptive estimator g, the following further
assumption on the discretizion step is essential.

Assumption 5. There ezists € > 0 such that n“log(n) = o(vV'nA) for n — co.

One can be interested in the reason why this condition, stronger than (3) we previously
required, is needed. Note that (3) is also the condition required in the discretization scheme
proposed in [18] and used in [12] for the nonparametric estimation of coefficients for diffusions. As
already said, the proof of the adaptive procedure involves the application of Talagrand inequality.
To apply Talagrand, we need to get independent, bounded random variables through Berbee’s
coupling method and truncation. Intuitively the point is that, in general, such variables are
built starting from the Brownian part only (in particular from By,, as in (11)). For the adaptive
estimation g, instead, also the jumps are involved (Talagrand variables depend on By, +Cy, + E},,
with C;, and Ey, as in (21) and (22), respectively). Then, an extra term n¢ appears naturally
looking for a bound for the jump part (see Lemma 7 and its proof), which results in the final
stronger condition gathered in Assumption 5.

We analyse the quantity E[||g7 — gHi] in the following theorem, whose proof is relegated in
Section 8.2.
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Theorem 2. Suppose that Assumptions 1,2,3,4,5 hold. If for some ¢ > 0, A, — 0, and
D, < CXYAn for C >0, then the estimator gz of g on A satisfies, for any 1 < & < 0,

lognn®

= C C.
~ 2 < . . . 2 1—¢ 3 4
[l —olls] < O inf, | nf 1t =ollox +peny(m) p + CodyF+ " 4 7

where C1 > 1 is a numerical constants and Cq,Cs,Cy are positive constants depending on
An,a1,01 in particular.

This result guarantees that our final data-driven estimator gs realizes automatically the
best compromise between the bias term and the penalty term, and thus reaches the same rate
obtained when the regularity of the true function ¢ is known. Note that here since it is more
difficult to estimate g because we have to deal with the conditional expectation of the intensity
f, the last two error terms are larger than the ones obtained in Theorem 1 for the estimation of

o2

5 A strategy to approach the jump coefficient

The challenge is to get an estimator of the coefficient a(-). Let us first remind the reader of the
notation f(z) := Y2 ENY|X;, = «] (see Equation (25)) and

9(z) = o*(x) + a*(z) f(2).

Thus, a natural idea is to replace f in the grevious equation by an estimator, and then, to study

an estimator of a(-) of the form ‘W. This is not a simple issue. Indeed, f depends
x

on the conditional intensity A; thus, the estimator of f will depend on the estimator of A. In

addition, to estimate A\, we need more data: we already observe the process X, but we also need

to observe the jump times (which are not assumed to be known in the above).

Let us assume that we have at our disposal in addition to the (X¢,);’s the sequence Tj’s of
jump times. We also assume for sake of simplicity that the shape of the intensity process A
is known (in practice it needs to be estimated). The function f can be estimated through a
classical estimator, for example, the Nadaraya-Watson estimator. We denote this estimator fj,
where h > 0 denotes the bandwidth parameter.

Then, we also assume that f > fy on A. We then define:

ag — §m2(x2\_ 672711 (aj)]l/\ )
fh(x) In(x)>fo/

with z = (mq, ma, h). Let us study this estimator, for the empirical norm.
Due to the disjoint support of the two terms and together with Cauchy-Schwarz inequality,
we obtain

~ -~ 2
||a2_a2||2 — (ng—g)—"_(O’Z—O_?nl)+(g—0'2)f—fh 1~ + ‘g—O'Q]lA
’ ! Jn In f Jn =il fooinshr
~ 2
12, 2 12 2 ~2 12 2 f_fh
< pllm —oli+ Glot =58 8 et (=) g
n
1 n—1
4
+2 D a (X)L (g
1=0
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Besides, if f, < fo/2 then |fh — f| > fo/2 and as az(-) < a? finally:

12 12a
I E(l|Gm, — gll2] + f Elllo? —&m, 7]+~
0 0
4n 1

A ZP Fn(Xe,) = F(X2)] > fo/2).

EffaZ —a®[3] <

E [Hf fu

|

And by Markov’s inequality, we obtain:
12

: ) w

This equation teaches us that the empirical risk of the estimator a, is upper bound by the
sum of the three empirical risks of the estimators of the functions g,o?, f. The first two are
controlled in Theorem 1 and 2. The last one is more classic. The Nadaraya-Watson estimator
can be studied with one or two bandwidth parameters.

Finally, the triplet of parameters z = (m1,mg, h) must be chosen in a collection. A first

way to do it is to use the model selection done for /g\m2,872n1 and that can be achieve through

EffjaZ — a®[13]

> (llgn, o121+ Ello” — 33,12 + 2012 [ |~

cross-validation for example for J/”;L to select z = (mq, mo, ?L) Another possible way would consist
in defining a new selection procedure for the triplet, for example a Goldenshluger-Lepski type,
as it is proposed in [13]. We choose to study the first methodology in the next Section, because
it is directly implementable using the built adaptive estimators of 02 and g. Besides, the risk
bound obtained on @, in Equation (31) suggests that the better the three functions o2, g, f are
estimated, the better the estimation of a will be.

Remark 1. Let us note here that f can be lower bounded by construction. Indeed, its definition
jointly with the fact that )\8) > (; because of the positiveness of h;;, provides us the wanted
lower bound. For a2 to be an estimator, fo must be known or estimated.

6 Numerical experiments

In this section, we present our numerical study on synthetic data.

6.1 Simulated data

We simulate the Hawkes process N with M = 1 for simplicity, and here we denote (T}); the
sequence of jump times. In fact, the multidimensional structure of the Hawkes process allows
to consider a lot of kinds of data, but what is impacting the dynamic of X is the cumulative
Hawkes process, thus in that sense we do not lose generality taking M = 1. In this case, the
intensity process is written as

AM=&+(No—¢) O‘t+Zce a(t=Tx)

T <t

The initial conditions Xy, A9 should be simulated according to the invariant distribution (and
Ao should be larger than £ > 0). This measure of probability is not explicit. Thus we choose:
Ao = £ and X = 2 in the examples. Also, the exogenous intensities £ is chosen equal to 0.5, the
coefficient c¢ is equal to 0.4 and o = 5.

Then we simulate (Xa, ... X(,41)a) from an Euler scheme with a constant time step A; = A.
Because of the additional jump term (when a # 0), it is not possible to use classical more
sophisticated scheme to the best of our knowledge. A simulation algorithm is also detailed in
[19] Section 2.3.

To challenge the proposed methodology, we investigate different kinds of models. In this
section, we present the results for four models, which are the following
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= —4z, o(x) =1, a(x) = /2 + 0.5sin(z),
= =2z +sin(z), o(z) = /(3 + 22)/(1 + 22), a(z) = 1,

sa(z) =1,

— —
+ +
Hl\') &M

,a(z) = IL‘]l[_575] + 5]1(_007_5) — 5]1(57_;'_00).

The drift is chosen linear to satisfy the assumptions and as it is not of interest to study the
estimation of b here, keeping the same drift coefficient lets us focus on the differences observed
due to the coefficients oa. For example in models ¢) and d), o does not satisfy assumption 1.
Let us now detail the numerical estimation strategy.

6.2 Computation of nonparametric estimators

It is important to remind the reader that the estimation procedures are only based on the
observations (Xpa)k=0,..n- Indeed, the estimators 3% and G, of 02 and ¢ respectively defined
by (13) and (27), are based on the statistics:

X — XpA)?
Tm:( (’““)AA kA),k:zO,...,n—l.

Estimation of 02. To compute 52, we use a version of the truncated quadratic variation
through a function ¢ that vanishes when the increments of the data are too large compared to

the standard increments of a continuous diffusion process. Precisely, we choose

1 |z| <1
Xk+1)a — Xka 2
Ty = Tea X ¢ < NG . olx) = el/3+1/(jz]7=4) (32)
0 |z[>2
This choice for the smooth function ¢ is discussed in [4].
Estimation of g. As far as the estimation of g := 0% + a? x f is concerned, we do not

know the true conditional expectations f(z,) = E[A\|Xt, = x,] for all k. Thus we compare
the estimations of g to the approximate function g(z) = o2(z) + a®(x) x NW;(z) where the
zm(x, z)dz . . . . .
function f(z) = “7>, which corresponds to E[A|X = z], is estimated with the classical
wx(z
Nadaraya-Watson estimator NW},, where h is the bandwidth parameter. To do so, we use the
R-package ksmooth. Then, h is chosen through a cross-validation leave-one-out procedure.

Choice of the subspaces of L?(A) The spaces S,, are generated by the Fourier basis.
The maximal dimension D,, is chosen equal to 20 for this study. The theoretical dimension
|vVnA /nflog(n)] is often too small in practice since we have to consider higher dimension to
estimate non-regular functions.

In the theoretical part, the estimation is done on a fixed compact interval A. Here it is
slightly different. We consider for each model the random data range as the estimation interval.
This is more adapted to a real-life data set situation.

6.3 Details on the calibration of the constants

Let us remind the reader that the two penalty functions, pen, given in Equation (16) and pen,
given in Equation (30), depend on constants named k1, k2. These constants need to be chosen
one for all for each estimator in order to compute the final adaptive estimators 3% and gn. We
explain now how these choices are made.
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Choice for the universal constants. In order to chose the universal constants x; and ko
we investigate models varying b, a, o? (different from those used to validate the procedure later
on) for n € {100, 1000, 10000} and A € {0.1,0.01}. We compute Monte-Carlo estimators of the
risks E[||6% — 0?||2] and E[||gm — g||2]. We choose to do Nyep = 1000 repetitions to estimate this
expectation by the average:

Nrep Nrep

1 2,(k 1 (k) -
v 21820 = o?I and Y llag .
rep 1 TP =1

Finally, comparing the risks as functions of k1, k2 leads to select values making a good compro-
mise overall experiences. Applying this procedure, we finally choose k1 = 100 and ks = 100.

Choice for the threshold 5. The parameter § appears in Equation (32). This parameter
helps the algorithm to decide if the process has jumped or not. The theoretical range of values
is (1/4,1/2). We choose to work with 5 =1/4+ 0.01.

Choice for the bandwidth h. The bandwidth h in the Nadaraya-Watson estimator of the
conditional expectation is chosen through a leave-one-out cross-validation procedure. Since
the true conditional expectation is unknown, we focus on the estimation of g, which depends
on this estimator anyway. Indeed it is the estimation procedure of g that is evaluated. Other
choices for the best bandwidth exist as the Goldenshluger and Lepski method [23] or a Penalized
Comparison to Overfitting [29].

6.4 Results: estimation of the empirical risk

As for the calibration phase, we compute Monte-Carlo estimators of the empirical risks. We
choose to do Nyep = 1000 repetitions to estimate this expectation by the average on the simula-
tions. In the risk tables 2 and 3, we present for the three models and different values of (A, n):
the average of the estimated risk over 1000 simulations (MISE) and the standard deviation in
the brackets.

Also, we print the result for the oracle function in both cases. Indeed, as on simulations
we know functions o2, §, we can compute the estimator in the collection M,, = {1,...,D,}
which minimises in m the errors ||G2, — 02||2 and ||g,n — §||2. Let us denote the oracle estimators

o~

52, and g+ respectively. These are not true estimators as they are not available in practice.
Nevertheless, it is the benchmark. The goal of this numerical study is thus to see how close the
risk results of 6\%, @2% are to the risks of these two oracle functions.

Let us detail the result for each estimator.

Estimation of 0. Figure 1 shows for models (a),(b),(c), three estimators 5% in green (light

grey) and the true function o2 in black (dotted line). We can appreciate here the good recon-
struction of the function o by our estimator.

Table 2 sums up the results of the estimator 8371 for the different models and different
parameter choices. We present also the results for the oracle estimator G2, as it has been
said previously.

The estimations of the MISE and the standard deviation are really close to the oracle ones.
As it has been shown in the theoretical part, we can notice that the MISE decreases when n
increases. Besides, as the variance term is proportional to 1/n when n is fixed and large enough,
we can see the clear influence of A from 0.1 to 0.01, the MISEs are divided at least by 10. Model
(c) seems to be the more challenging for the procedure.
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Figure 1: Models (a),(b),(c) with n = 10000, A = 0.01. Three final estimators are plain green
(plain line), true o2 plain black (dotted line)

An A=01n=1000 | A=01n=10000 [ A =0.01n=10000
Model 8’@ Em * 5’@ 8m * a\m 8m *

(a) ]]0.410 (0.280) 0.361 (0.285) 0.385 (0.122) 0.278 ( 0.088) 0.015 (0.028) 0.010 (0.023)
(b) |[0.187 (1.678) 0.107 (0.989) 0.046 (1.162) 0.027 (1.014) 0.005 (0.015) 0.005 (0.008)
(c) |[1.201 (0.216) 0.798 (0.208) 0.452 (0.062) 0.366 (0.042) 0.015 (0.012) 0.008 (0.007)

Table 2: Estimation on a compact interval. Average and standard deviation of the estimated
risks || — 0?2 and |52, — 0?||2 computed over 1000 repetitions.

Estimation of §g. Figure 2 shows for each of the three models (a),(b),(c), three estimators
Jm of g in green (light grey) and function ¢ in black (dotted line). The beams of the three
realisations of the estimator are satisfying.

We observe that the procedure has difficulties in Model (a), and we confirm that impression
in Table 3 below with the estimation of the risk. But for the two other models, the estimators
seem closer to the true function. The estimation appears to work better in Model (c¢) than in
Model (b), and this is also corroborated by the estimation of the risk given in Table 3.

Table 3 gives the Mean Integrated Squared Errors (MISEs) of the estimator gz obtained
from our procedure and of the oracle estimator g,,=, which is the best one in the collection for
the three different models with different values of A and n.

As expected, we observe that the MISEs are smaller when n increases and A decreases. The
different Models (a), (b), (c) gives relatively good results even if, as already said, it seems a
little bit more difficult to estimate correctly g in Model (a), probably because the volatility o2
is constant in this case. For the two other models, the estimators seem to be better. Compared
with the results on the estimation of o2, the variance is proportional to 1/(nA), and thus, the
risks are greater in general.

6.5 Estimation of a?

As explained in Section 5, the challenge is to get an approximation of the coefficient a from
the two previous estimators. A main numerical issue is that, according to the theoretical and
numerical results, the best setting for the estimation of o and g are not the same. Indeed, the
smallest A is, the best the estimation of o2 is, as only large n is important, and on the contrary,
n/A needs to be large to estimate g properly.

To overcome this difficulty, we choose a thin discretization of the trajectories of X. We
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Figure 2: Models (a),(b),(c) with n = 10000, A = 0.01. Three final estimators of § are plain
green (plain line) and g plain black (dotted line).

An A =0.1 n=1000 A = 0.1 n=10000 A = 0.01 n = 10000
Model Jin ‘ Gm* Jin ‘ Gm* Jin ‘ Gm*
(a) 1.363 (0.715) | 0.895 (0.606) | 0.948 (0.193) | 0.735 (0.195) | 0.129 (0.141) | 0.109 (0.120)
(b) 0.915 (0.520) | 0.474 (0.393) | 0.313 (0.174) | 0.198 (0.079) | 0.240 (0.100) | 0.098 (0.072)

(c)

0.707 (0.964)

0.311 (0.320)

0.236 (0.202)

0.099 (0.056)

0.073 (0.130)

0.035 (0.035)

Table 3: Estimation on a compact interval. Average and standard deviation of the estimated
risks ||gm — §l|2 and ||+ — 3|2 computed over 1000 repetitions.
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Figure 3: Model (d). Final estimators gm,, 5’%1 and a are plain green (plain line), and true
parameters §, o2 and a? in plain black (dotted line) from left to right respectively.

simulate here discrete path of the process X at first with A = 1073, n = 10°. Then, we
first compute g7, the estimator of § on all the observations. Secondly, we compute 6'\127“ the
estimator of o2 from a subsample of the discretized observations (one over ten observations thus
A =0.01, n =10000).

We finally compute the estimator

62(.T) _ /gﬁm (HZ) - 372’731 (.Z‘)
NW; ()

This procedure is presented in Section 5. We have plugged-in @? the final estimators of o2, g.
We present on Figure 3 the results obtained on model (d) in which neither o2 nor a are
constant. Indeed, for the three other models, our procedure has difficulties estimating properly
g, 02 and a?, when one of the diffusion jump process parameters is constant. We see that the
final estimator ZL\% 2 even if there are some fluctuations
around the true function. This is understandable because we add the errors coming from the
estimations of 02 and g as we can see on Inequality (31). Moreover, it should not be forgotten
that we do not know exactly g and that we already make an error by estimating g instead of g,

this error is then reflected in the estimate of a2.

is not so far from the true function a

7 Discussion

This paper investigates the jump-diffusion model with jumps driven by a Hawkes process. This
model is interesting to complete the collection of jump-diffusion models and consider dependency
in the jump process. The dynamic of the trajectories obtained from this model is impacted by
the Hawkes process, which acts independently of the diffusion process.

This work focuses on the estimation of the unknown coefficients o and a. We propose a
classical adaptive estimator of o based on the truncated increments of the observed discrete
trajectory. This allows estimating the diffusion coefficient when no jump is detected.

Then, we estimate the sum ¢ := ¢ + a® x f. Indeed, it is this function and not o2 + a?
that can be estimated. The multiplicative term f is the sum of the conditional expectations
of the jump process. This function can be estimated separately through a Nadaraya-Watson
estimator. The proposed estimator of g is built using all increments of the quadratic variation
this time.
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Furthermore, a main issue is to reach the jump coefficient a from the two first estimators
372% and gz for which the theoretical and numerical results are convincing. The last section of
this article answered this question partially. It is simple to build an estimator of a from the two
previous ones and the estimator of the unknown conditional intensity function f.

Nevertheless, this is possible only if the jumps of the Hawkes process are observed, which
is the case of the simulation study. Then, when real-life data arises, the jump times of the
counting process must be known to be able to reach a with our methodology. Otherwise, the
issue remains an open question.

Then, the proposed estimator a,, with z = (my, mgo, h), is a quotient of estimators and the
denominator must be lower bounded to ensure the proper definition of the estimator. This could
be theoretically and numerically carefully studied and be the object for further works.

Finally, our analysis sheds light on the importance to further investigate the conditional
intensity function f, dependent on the invariant density w. A future perspective would be
to propose a kernel estimator for the invariant density m and to study its behavior and its
asymptotic properties deeply, following the same approach as in [35] and [3]. A projection
method is instead considered in [28] to estimate the invariant density associated with a piecewise
deterministic Markov process. Consequently, it will be possible to discuss the properties of the
related estimator of f.

To conclude, the innovative procedure presented could be used to investigate real-life data
set. For example, some neuronal data as explained in [18] should be interpreted through this
model as both X and the jumps times of IV are observed. This is a work in progress.

8 Proofs

This section is devoted to the proofs of the results stated in Sections 3 and 4.

One may observe that, concerning non-adaptive estimators, the proof of both Propositions 3
and 5 relies on the same scheme. It consists in introducing the set €2, as in (35), on which
the norms |||, x and [|-||,, are equivalent, and to bound the risk on €, and Qf, respectively.
On Qf, a rough bound oN the quantities we are considering is enough, as the probability of
Q¢ is very small (see (40)). Hence, the idea to bound the risk on Q¢ in Proposition 3 and 5
is basically the same. On (), instead, there are main differences. Indeed, in Proposition 3, it
is enough to upper bound roughly both the bias and the jump terms, (to deal more in detail
only with the Brownian part), while in Proposition 5 a in-depth study is required for By, Ct,
and Ey;;. Such difference between the proofs for the estimation of o and ¢ is more highlighted
in the analysis of the adaptive procedure. The proof of both Theorems 1 and 2, indeed, heavily
relies on Talagrand inequality and, as for the non-adaptive procedure, for the estimation of o
what really matters is the contribution of By, while for the estimation of g also C}, and Ey, are
involved. It implies that, for the proof of Theorem 2, we are using Berbee’s coupling method to
get independent variables and truncation to make them bounded, starting from some variables
in which also the jumps contribute; which is challenging.

8.1 Proof of volatility estimation

Here we prove all the results stated in Section 3. We start proving Proposition 3.

8.1.1 Proof of Proposition 3

Proof. We want to obtain an upper bound for the empirical risk E[H?f\,zn — O'QHZ]. First of all we

remark that, if ¢ is a deterministic function, then it is E[||t[|?] = ||¢]2x.
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By the definition of 7}, we have that

2
Tnm(t) = *Z( (Xt:) TtiSDAgi(Az‘X)) La(Xy,)
~ 2
- fz( o*(X) — (i, + By, + Buppp (AiX))) 1a(Xs,)
5 1 n—1 ~
= Ht — 0’2Hn + E Z_;(Atl + Bti + Eti(pAi’i(AiX)F]lA(Xti)
2n 1

- i: (Atl + By, + EtiQOAii(AiX)) (t(Xti) - UZ(Xti)) Ta(Xy,).
=0 ’

As 72, minimizes v, ar(t), for any 02, € S, it is Yo (6%) < Ynm(02,) and therefore

n—1
~ 2 2 2 ~ ~
HO’?n - U2Hn < Ho}zn - UZHn + ﬁ Z(Ati + Bti + EtiQOAfL (AlX))( . (Xt ) - U (Xt ))
i=0 "
where in the last sum we can remove the indicator since 7, and o,, are compactly supported
on A. Let us denote the contrast function

1 n—1
== > Bit(Xy,). (33)
i=0
It follows
R dnfl
62 - o2 < llot -l + &3 (du+ Bupas (0)) + 2[5 - 022
i=0

+2u, (02, — 52,).
The linearity of the function v, in t implies that

2un (T, — 03) = 255, — o llaxvn (@5, — 00) /G0 — omllax) < 2067, — o llx Sup va(t),

then, using that when d > 0, we have 2xy < % + dy?, we obtain the upper bound

1 .
2un (57, — o) < EHU% — o l2x +dtsé%p vA(t)

where B,, = {t € St ItI2x < 1}. Finally, using Cauchy-Schwarz’s inequality leads to

n 1

. 2 2d < 1, . 2
HUT2TL_U2”n < Ha — o2 +7ZA2 ZE Z-X)—l—aHa,Qn—a?an
—l—dsupyZ(t)—i—&Hﬁzn—aanﬂX . (34)
Let us set
[l 1
Q, = thGS\{O} -1 <=3, (35)
[ 2

on which the norms |[-||, x and ||-||,, are equivalent. We now act differently to bound the risk on
Q, and 2.
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Bound of the risk on 2,. On ,, it is

3% — ol < 20185 — omall, < 4ll8n — o[, + 4llo* ~ R

where in the last estimation we have used triangular inequality. In the same way we get
18, = omll, < 2[[6% = o[l +2[|0” = on ][,

Replacing them in (34) we obtain

~ 2d
Hagl — UQHi < Hafn — o2 2 g A2 E Eti%@AB ‘(AiX))Q + dtS%p V,%(t)
=0 " bm

6A2_22 On .2
ol Hﬁﬂb

nl

We need d to be more than 6, we take d = 7 obtaining

2

|52, — UZHi <13|oz, —o? ZA2 98 X Z By s (AiX))?+49 sup vi(t).  (36)

— t€Bm
We denote as (¢;); an orthonormal basis of S, for the L72rX norm (thus [p ¥?(z)7~ (z)dz = 1).
Each t € B,, can be written

D,

Dy,
t:Zaﬂ/}l, with Za% <1.
=1

=1

Then

m m D,
ap k= o A (Saw) < _on (Yot (Lot -k @
t€Bp, ZZD 2<1 S a?<1 =1

To study the risk we need to evaluate the expected value. From (36), (37) and using the first
and the third points of Proposition 2, we get

Dp,
E [Ha&; —o?|? ]19"] < 13E [Ha; - oQHfL] +eALE 4 A 149N ER2 ()] (38)
=1

By the definition (33) of v, it is

n—1

ZBt Vi (Xy,).

As By, is conditionally centered, using the second point of Proposition 2, it is

Dy, n—1 Dy, n—1 Dy, 4
c c coi Dy,
> BV < 5 303 ENHXEIBEIZ < 5 303 otmlvixi) <
i=0 I=1 i=0 I=1

Replacing the inequality here above in (38) it yields

E|[[6% - 0|2 10, | < 13E[[lo% — o3| + eapi— + ZL2m

As on €, the empiric norm and the norm on 7% are equivalent and the reasoning here above

applies for no matter what o2, € S, it clearly follows

cot Dy,

E[|j67, - o*||} La,] <13 inf [t — 0| 2x + Al + (39)

n
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Bound of the risk on Qf. The complementary space € of €2, given in Equation (35) is

defined as:
> 1/2} .

Let usset e = (e4y, .., €, ,), Where e, := Ty ps .(AiX)—o*Q(Xti) = fltiJrBtﬂLEtigoAg (AX).

Moreover

117

-1
#4112 x

n

Qf = {w e, It* e S,\{0},

1L, Ty = Hm(TtOSOAﬁ O(AOX)v s ,Ttn,ﬁOAﬁ (Anle)) = (azn(Xto)a ce 787271(th71))7

n,n—1

where II,, is the Euclidean orthogonal projection over S,,. Then, according to the projection
definition,

2
n

82— = [T = o2 = M0, ~ Te?? + [0 = o7
< [T = [+ 0%l = llell + [l
Therefore, from Cauchy -Schwarz inequality and the boundedness of o2(x),

n—1 n—1

~ 2 2 1 1
E(|62 - o?|} 1as| < E|llell; tog] +E[[|o?] 1ag | = - D Bled 1a;)+ - Y Elo"(X,,)1ay)
=0 i=0
1 = 4711 c\i 4 c
< LS EIP©)E + o)
=0
From Lemma 6.4 in [18], if (ﬁgA;:)Q — 00 and D? < (1ZgA7;)2, then
Co
P(Q;) < . (40)

In the hypothesis of our proposition we have requested that logn = o(v/nA,). As for n going to
(logn)? logn

oo we have =% < ZE= — 0, the first condition in Lemma 6.4 in [18] hold true. Regarding

VnAn

Tog 1 and so we can apply the here above mentioned

the bound on D,,, we have assumed D,, <
lemma, which yields (40).
We are left to evaluate Elef.]. From Proposition 2 it follows

E[e!] <E {Ai 1B BN, _(Am] < CAIF o cASPE < (AU,

Putting the pieces together it yields

ondp—32 ondp—3
~2 2112 cAy c Ap
E (52 - 0?2 g | < st <5 (41)
From (39) and (41) it follows
4 0n4B—32
~92 2112 . 2112 ClO’le 48—-1 CgAn

E |52 - o*||3] < 13 inf [t = 0?7+ T Gl S

O
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8.1.2 Proof of Theorem 1

Proof. We analyse the quantity E[H&% — O'QHi], acting again in different way depending on

whether or not we are on €2,,. On €2, the proof can be led as before, getting
_3

CASLMB 2

E (6% - o[> 105 ] < == (42)

Now we investigate what happens on €2,,. By the definition of m it is
VM (Om) + pen(m) < vn 11 (Gm) + pen(m) < ynar(om) + pen(m)

and so, acting as before (36), we get

n—1 n—1

98 ~ 98
E|[lo% - 0|2 10, | < 13E[|l0%, = o*|2] + — D EIAZ] + — D El(Bup,s (AX))
i=0 i=0 '
+49E | sup v2(t)| + 7pen(m) — TE[pen(m)], (43)
tEBm,ﬁL

where v, has been defined in (33) and
Bm7m/ = {h €S+ S : HhHﬂx < 1}.

We want to control the term E[supies _ (vn(t))?] and, to do that, we introduce the function
p(m,m’) which is such that

plm, ') = - (pen(m) + pen(m’)). (14)
It is
E| sup vt )2 <E[p(m Z E ( sup (Vn(t))Q p(m,m’)) ] :
teB,, m meEM,, L€B,, 1/ I

In order to bound the second term in the right hand side here above we want to use Lemma 7 in
[33]. We can remark that, for any p > 2, E[|B,|P] < Aig]E[Z,ip] + calp According to Proposition
4.2 in Barlow and Yor [8] (B.D.G. inequality with optimal constants) there exists a constant ¢
such that, for any p > 0,

E [Zfip} < ch(Qp)pAfbafp.

It follows
E[| By, |P] < (¢*P(2p)Poi® + coi?) < 26%(2p)Por?

By Lemma 7 in [33] there exists a constant k such that, for any m,m’ € M,

ef(Dm +D,.r)

E [( sup v2(t) — kcam(m,m')) ] <e—m. (45)
+

tGBm‘m/ n

We have said, in the definition of the penalization function pen, given in Subsection 3.2,
that the constant 1 has to be calibrated. In particular, we need it to be such that 7§ > keoy,
where o7 is the upper bound for the volatility provided in the second point of ASbumpthIl 1
and k and c are as in Lemma 7 of [33]. We underline that Lemma 7 in [33] has been proved
for a noisy diffusion. However, the same reasoning applies for a jump diffusion (see the proof of
Theorem 13 in [34]) and for our framework as well, as it is based on a projection argument and
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on algebraic computations which still hold true.
From (45) and the fourth point of Assumption 4 we get

E E < sup v2(t) — p(m, m’)) ] < £ g e~ (Pm+Dp) < ©
n n
+

m/'eEM,, LEB m'eEM,,

It provides us, using also (41) and Proposition 2,

A?L“‘”*%’
n2 +E
22 461 C?Aiﬁ_% Cy
_ . . B L GATE
Clm;%n{tg%i”t "”wx+Pe“<m>}+02An S

E([63 o] < 13E[|lof - 0[] + el + 5 + Spen(m) + ©

8.2 Proof of results on estimation of g

In this section we prove the results stated in Section 4.

8.2.1 Proof of Proposition 5

Proof. The proof follows the same scheme than the proof of Proposition 3. We want to upper
bound the empirical risk E[||g,, — g”i] By the definition of 7}, we have that

n—1 n—1
1 1
Tn(t) = ;(t(Xti)—Tti)z]lA(Xti) T ;(t(Xti)—Q(Xti)—(Atl-+Bti+0ti+Eti))21A(Xti)
1 n—1
'YmM(t) = |t- gHi + n Z(Ati + By, + Gy, + Eti)z]lA(Xti)
=0
n—1
2
n Z(Atz + By, + Gy, + By ) (0 Xy,) — 9(X4,))La(Xe,).
=0

As g, minimizes y, ar(t), for any gn, € Sy it i Yo, (Gm) < Yn.m(9m) and therefore

R 2 2 R
|G — 9112 < llgm — glI2 + - Z(Ati + By, + Cy, + Ey,) (9m(Xt,) — gm(X4,))-
=0

Using Cauchy-Schwarz inequality and the fact that, for d > 0, 2zy < % + dy?, we get

n—1
G =92 <l = gl + 20 5= A%+ 7 [ — g2 + 25002 (1
1=0 m
45 1 = g2 + 2dsup 2 o(0) (16)
where B, = {t € St ItI2x < 1} and
1 n—1 1 n—1
n1(t) == - iZ;(Bti + B )t (X)), vna2(t) == - ;Ctit(Xti)- (47)

We still denote €2, the space on which the norms ||-|| . x and ||-||,, are equivalent given by Equation
(35). We now act differently to bound the risk on €, and 2.
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Bound of the risk on 2,. On ,, it is

1Gm = gmllzx < 21Gm — gmlly < 411Gm — 9l +4llg = gmll7 -

where in the last estimation we have used triangular inequality. Replacing it in (46) we get

n 1
1Gm =gl < llgm — gl +*ZA2—|—2dsup ()+2dsglp’/72z,2(t)
1= 0 m

. 2 2
+E 9m — gll;, + p Hg — gmlly

We need d to be more than 6, we take d = 7 obtaining

n—1
G — 9ll7 < 13lgm — gl 2 ZA2 +98 sup v (1) + 98 sup v 5(1). (48)
i—0 teBm, teBm,

We now need to introduce a different orthonormal basis of \S,,, compared to the one we proposed
in Section 8.1, for the estimation of volatility. The reason why it is necessary to change it is
that in IE[EEZ | F,] we now get a term that depends on A, which is an extra difficulty compared
with the reasoning we applied below (38). Hence, we consider (1) an orthonormal basis of Sy,
for which

E [GR(X0, DA, =1] =1, (49)
where Ay, = ()\S), . ,)\EZM)). It is possible to build such a basis starting from the one we have
introduced in the proof of Proposition 3, through Gram-Schmidt process, for the scalar product
in L2(m(dz|\, = 1)), for | € R™. Each t € B, can be written

Dm, D,
t= Zaﬂ;l, with Za%()\tz) <1
=1 =1

We underline that this time, unlike it was in the estimation of the volatility, the coefficients oy
depend on A;,. We omit it in the sequel to lighten the notation. Then, for j =1 and j = 2,

Dy, Dy, Dy,
sup 1/27] (t) = ,] (Z alwl) < sup (Z Oé;) (Z VZ,j@l)) = Z V%,j(&l)
teBy, ZlD 2<1 SPma?<1 I=1 =1

(50)

To study the risk we need to evaluate the expected value. From (48), (50) and using the first
point of Proposition 4, we get

[Hgm gl ]19}<13E|:H9m gll }+0A1 5+982E vo ()] +98%E[ zm]- (51)
=1 =1

By the definition (47) of v, 1 and the points 2 and 3 of Proposition 4, it is

D, }
> Elvn 1 (4)]
=1

IN

c
n2

|07 (X0 M LB} + B2 ||

IN

c
n2

Lol
»a

D (X, M) Cal Z ‘)\

We observe that the first term in the right hand side here above is

n—1 Dy, CD

D B[R (X, M) < —,
=1

4

=0
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where we moved to the conditional expectation with respect to Ay, = ()\( ) )\(M)) Regarding
the second term, we remark it is

" caj M i ~ caf M i
X A) 3= 2N = BEG X ARl 1 >IN
)2 j=1 n, j=1
4

where in the last inequality we have used the boundedness of the moments of A and (49). It

follows
¢ ilm ca cDma
53 Sttt S g < Dot
i=0 [=1 0 n,i
Hence,
D, 4 4
~ + af)Dm,
IE[ : ] < do1ta)Dnm, 2
; vealn)] < == (52)

In order to evaluate E[v} , ()], the following lemma will be useful:

Lemma 4. Suppose that A1-A8 hold true. Then,

n—1
C
< .
( § Co (X, M, )) <AL

The proof of Lemma 4 is in the appendix. Lemma 4 yields

> E[12,000] < S22

Replacing the inequality here above and (52) in (51) we get, using also that A, ; > cAny, and
the fact that there exist ¢; and ¢y for which ¢; <

c(of +af +1)Dy,
n\,

E[gn — 912 10,] < 138 [|lgm — 2] + el +
As the choice g,, € Sy, is arbitrary, we obtain

c(of +af +1)Dy,
nl\, '

E [|ign — gl Lo, | <13 inf [t = gll2x + AL + (53)

Bound of the risk on Q. Let us set e = (ey,,...,et, ,), where e, := T, — g(Xy,) =

Ati + Bti + Cti + Eti- Moreover

HmT - Hm(Ttoa ce )En_1) = (gm(Xto)7 ce ,/g\m(th—J)a

where II,, is the Euclidean orthogonal projection over S,,. Then, according to the projection
definition,

1L, T — 9”121 = ||, T — ng”i + g — g”i
2 2 2 2
1T = gll;, + llgll;, = llell, + llgll5, -

-~ 2
[Gm — gl

IN
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Therefore, from Cauchy -Schwarz inequality,

n—1 n—1

~ 1 1
Ellg ~ 912 10g] < Ellel? Log] + Ellgl? 1ag] = - S Efd o) + 1 ST Blo(x)?10]
=0 =0
1 nd 1 1 1 n-l 1 1
D AL ALES ST ALY
=0 =0

Moreover, using the boundedness of both a and o and the fact that E[|\;[*] < oo, we obtain
E[g(X¢,)*] < co. We are left to evaluate E[ef]. From Proposition 4 it follows

Elef] <E[A} + B +Cf + Ef] <cAL S +ectc+ % < %
i 7 T % i Ani An
Putting the pieces together it yields
~ 2 c 1 C C
E(llgm — gl Loc] < —5 5+ 5 < —= (54)
AT Az
From (53) and (54) it follows
R Cl O'4+a4+1D = 03
Ellin — 912 < 13E{lg — g} + HOEATYDm 4 g 1oy O
nAan n2A2
n
O

8.2.2 Proof of Theorem 2

Proof. We act again in different way depending on whether or not we are on 2,. On € the
proof can be led as before, getting

~ 2 c
Elgm — gl log| < —

QA%. (55)
n“An

Now we investigate what happens on €,. In particular, we analyse what happens on O C €,
a set which will be defined later (see (62)). By the definition of m we have

Yn,M (gﬁz) + pen(ﬁz) < Yn,M (/.dm) + pen(m) < Yn,M (gm) + pen(m)

and so, acting as to obtain Equation (48), we get

R 98 n—1
E |gm — gll; To| < 13E[\|gm—glli]+;ZE[Ai]+98E Sup Vﬁ(t)]lo]
i=0 €Bm,m

+7pen(m) — TE[pen(m)],

where 1
1 —
wn(t) = Z;(Bti + Cy, + Ep )H(Xy,),
and

Bm7m/ = {h € Sy + Sy Hh”ﬂx < 1}-

In order to control the term E[sup,cp v2(t)1 o], we introduce the function p(m,m’):

p(m,m’) < %(pen(m) + pen(m)).
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It is

E[ sup v2(t)1 ]<E ZE

teBm,m m'eMy,

( sup u2<t>—p<m,m'>> 10]-
tEBmym/ +

Replacing it in (43) and using the first point of Proposition 4 we get

E[lga — 912 10| < 13E [llgn — gll2] + AL + 98E[p(m, )] + Tpen(m)
—T7E[pen(m)] 4+ 98 Z E sup v2(t) —p(m,m)) | 1o|.(56)
m'eM, teBm. m n

We have introduced the function p(m, m’) with the purpose to use Talagrand inequality on the
last term in the right hand side of the equation here above. We recall the following version of
the Talagrand inequality, which has been stated in [34] and proved by Birgé and Massart (1998)
[9] (corollary 2 p.354) and Comte and Merlevede (2002) [14] (p.222-223).

Lemma 5. Let Ti,...,T}, be independent random variables with values in some Polish space X
and vy : By, — R such that

Z r(T3)])-

2 M?
sup |v,(r)]? — 2H? <cZee" 4 Sechr , (57)
P 2
'I’EBm,m/ n p p

with ¢ a universal constant and where

”3\»—*

Then,

E

1P
sup |7l < M, E[ sup |u,(r)]] < H, sup fZVar(r(T ) <w

TEB,, m! TEB,, T€B,, i P I

We observe that in Talagrand lemma here above the random variables T7,..., T, are sup-
posed to be independent. Starting from our variables we can get independent variables through
Berbee’s coupling method. We recall it below, it is proved by Viennet in Proposition 5.1 of [36]
while an analogous statement in continuous time can be found in [3].

Lemma 6. Let (M;)i>0 be a stationary and exponentially  mizing process observed at discrete
times 0 =ty <t <...<t, =T. Let p, and g, be two integers such that n = 2p,q,. For any
j €{0,1} and 1 < k < p,, we consider the random variables

Uk = (M 1y yanins -+ Mtk 145900)-
There exist random variables My, ..., M such that
* * *
Ukvj T <Mt(2(k71)+j>qn+1’ T Mt(Qk*IJﬁj)Qn)
satisfy the following properties.
e For any j € {0,1}, the random vectors Ut s, Uy are independent.

o Forany (j,k) € {0,1} x {1,....pn}, Uy; and Uy ; have the same distribution.

o For any (j,k) € {0,1} x {1,...,pn}, P(Us,; # U,;"’j) < Brm(gnAmin), where By is the
B-mizing coefficient of the process (My).
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We want to apply Berbee’s coupling lemma to the random vectors M;, = (By,, Cy,, B, Xt,),
that we write as a function of (X, A\¢), which is stationary and exponentially §- mixing, as
discussed in Section 2.3. We define the o algebra

Fro = 0(Xs, Asy s € (t, b)), (58)

(3

completed with the null sets. Because of the exponentially S-mixing of (Xy, \;) we know it is
B(fti,ﬁtj) < ce Mt

Writing the dynamic of A = (A, ..., A@) in the matrix form, d\; = —a(\; — ¢)dt + cdNy, and
since c¢ is invertible, we can get dNV; as a function of d\; and )s. Then, using the invertibility
of o with the second line of (2), we can write dW; as a function of dXy, X;,d)\;, and ;. Now,
by the definition of By,, Cy, and Ey, it follows that (By,,Cy,, Ey,) is measurable with respect
to ]:—tr We can therefore use Berbee’s coupling on M;, = (By,,Ch,, Ev., X4,). Let g, be the
size of the blocks, which we will specify later. As it may happen that 2g, does not divide n,
we set p, = |n/(2¢,)] and remove from the definition of the contrast function (26) the data
corresponding to the indexes i € {2p,@n,...,n — 1}. This modification avoids dealing with a
last block having a different size, and we can apply Berbee’s lemma to (M, )i=o,... 2pnq,.- 1t yields
to the construction of variables (Ug,j)ke{l,...,pn};jzo,l such that U,:’j has the same law as Uy ; =
(Btiary+yanst> Ctea1rtnantt Broagnenan 1 Xteu1+iam+11€{1 e}, a0d for j € {0,1}, the
random variables (U} ;)1<k<p, are independent. Let us set

Q= {w,Vj,Vk:, U = U;;j} ,
by Berbee’s coupling lemma it comes that

* no _ )
P(Q ’C) < ZPnBZ(QnAmin) <c—e ’anAmm.

dn
It is enough to take g, := LwAi)mn logn] in (59) to get
P(Q) < o (59)
n*logn
For t € B, sy, and (j,k) € {0,1} x {1,...,p,} we define both
1 &
HUky) = an ;(B:(Q(klﬂrj)qnﬂ + Chotenyeiants T Btowyian ) Kiop g (60)

and t(Uy ;) the analogous quantity based on Uy ;.
We want to apply Talagrand inequality on v} (t) := vp. (t) + vp. (t), where

\ I, ) 1S~
US’ (t) =~ Zt(Uk:,o)7 U;’ (t) =~ Zt(Uk,l)'
P4 L

With these definitions, we have on the set Q*, v (t) = v, (t) for all t € B, ,,y. Now we want to

compute the constants M, v and H as defined in Lemma 5. The random variables {(Uy; ;) are
not bounded, hence, to compute M, we introduce the following set

Qp = {w LG, VRVt € Bryyr, [HUR )] < 5”E°D%} ’ oy

with D := D, + D, and some g¢ > 0. The following lemma is proven in the appendix.
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Lemma 7. Suppose that A1-A8 hold. Then there exists ¢ > 0 such that
c

P(Q) < 7.
We introduce bounded version of the random variables ¢(U. . j) by setting for M > 0,
tM(Uy ;) = t(Uf ;) V —M A M.

With the choice M := EnaOD%, we have on the event Qg that t(M)(U,’;j) = t(U]:,j) , Vi, Vk, Wt €
By We set

0:=Q,N0pNO% (62)
From (40), (59) and Lemma 7 it follows
. c
P(O°) < vt
We act on O as we did on €2, getting
A c
E[|gm — gli3 Lo] < ——- (63)
n2A2

On the other side, on O we are really going to use Talagrand’s inequality to control

> E

m'eM,, tEBm,m/

( sup Vn(t)Q_p(m7m/)> ]l@] . (64)
+

On O, we have v, (t) = vy (t) 4 vy (t) and

p

o) = SO = 3 3 () ~ BRODW]) + B TG0)
k=1 k=1

=50 (1) + B[ (U5 )
Using E[t(Ug)] = 0, we deduce |E[t™) (U5 o)]| < E [|(t — t*0)(Ug o) [Lag | < E [t(Uz0)2] " P(25)12.
We need the following Lemma whose proof is postponed to the Appendix.

Lemma 8. We have SUPsep, E [t(U&O)Q] < qu%n’ for & arbitrarily small and some constant
c.

i * 5/2 5/2
Using Lemma 7 and Lemma 8, we deduce SUre |E[t(M)(UO,O)]| < C(an[i)l/QnQ <c (ln(f))l/grﬁ <

. Hence to control the term (64) it is sufficient to get an upper bound, for n large enough

> EK sup vév*(ﬂM))?—ip(m,m')) ]
+

m'eM,, tEBm’m/

!
cbmm’)

on

for 7 = 0,1. We can apply Lemma 5 to this term. By construction, we can use M = cneD%,

and by Lemma 8 and stationarity we can take v = qu?Aén‘ In order to compute H? we observe

it is

E[ sup [vZ*(t*)] <E[ sup [v*(tM)1o] +E[ sup [vl*(tM)[1oe],

tEBm7m/ te m,m/ P tEBmﬂn/
<E[ sup [vf*(t)|To]+ sup [E[t™)(Ug,)]|+ MP(O°), (using [t"(Uyx)| < M),
tEBm’m/ tEBm’m/

. D6/2 D1/2p€0 D1/2
<E[ sup [v)*(t)|]+c 5 tc " S\/E[ sup (v%)2(t)] +¢ :

4 p 2
tEBm,m’ anTLn n tGBm’m/ n
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To find an upper bound for the right hand side here above we act similar to how we did before
(50): we introduce the orthonormal basis (¢x) for which E[¢Z(Xy,,1)|\, = {] = 1, such that
each t € By, ,,y can be written as the following

D D
t= Z an, with Zdl?()\ti) <1
=1 =1

The coefficients &; depend on A¢,. We omit it in the sequel to lighten the notation. Similarly to
(50), we have

D D
sup (v)*(t) sup  (vp)° (Zm%) < sup (Z%) (Z vp)2(¢z)>
=1

t€Bum m St ap<1 2 167<1 =1

=1

2

Acting exactly as we did in order to get (52) and Lemma 4 on v; ; and v,2%2 we obtain

n,1
; D
E[ sup (v2")2(t)] <ec )
\/ s 0S5
In turn we have E[sup,¢ B, . ]vg’*(t(M ) ngn =: H. We now use Talagrand inequality as
in Lemma 5. It follows
D’ Dpngn 250 ) D2
E sup V()2 —2H?| 1o| < exp <—c Prtn 5n> + & 5 exp —cp”—l
teB,, i n Prnnln nA, D Pn vVnA,nfo D2

cD’ c en?0D e/n
< exp(—=D'%) + exp | ————— ),
~ nA, p( 2 ) P2 P 2gn VARG

n
where we used 22xdn ndn 7% 1. We recall that g, = LclAOg"J We observe that, as A, and A,

differs only from a constant, W{nfo > G . Zﬁgo. Moreover, it goes to oo for n going to infinity

as we have assumed that (logn)n® = o(y/nA,,) for some ¢ and the constant g can be arbitrarily
small. Therefore, the second term here above is negligible compared to the first one. It follows,

c — / -9
using also the definition of p(m,m), the fact that for D > 1 it is Die= 5D < fe=¢'DIT2 and
the fourth point of Assumption 4,

/! , _ //E(c/)
E * t 2 _ / < c D(S —C L)1 4 < c .
5 & (w0 p(m,m)J <Ly peer <2

m'eEMy, tEBm,ﬁm n m'EMnp,
Replacing it in the equivalent of (56), considering that we are now on O, it follows
E[lga - gl210] < 13E[lgn — g]2) + AL + 98E[p(m, )]

c
nA,’

+7pen(m) — TE[pen(m)] +

It provides us, using also (63),

. . _z c
Elllgs — glla] < 13E[Igm — glla] + €Ay + ——5 + cpen(m) + —
n2AZ nen
: C C
< ¢ inf {mf [t — gl2x + pen(m )}"—CQA}.L_E—}' 33 + =2
meM,, n2A2 ni,
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A Appendix

For the following proofs, the lemma stated and proved below is a very helpful tool. It provides
the size of the increments of both X and .

Lemma 9. Suppose that A1-A83 hold. Then, there exist c1 and co positive constants such that,
forallt > s, |t — s| <1 the following hold true

1. For allp > 2, E[|X; — X|P] < et — s].
2. For allp > 2 and for any j € {1,..., M}, E[’Agj) - Aﬁ”\?] < colt — s|.

3 B[\ — Ns||Fs] < eslt — s|(1+ |\s]), where A = AV, ... XM and | - | stands for the
euclidean norm.

4. Forany j € {1,.... M}, supepo EINL 7] < AP + clhl(1+ [Al).

Proof. We start proving the first point. From the dynamic (2) of the process X we have
t ¢

/ b(Xy)du / o(Xy)dWy

From Jensen inequality, the polynomial growth of b and the fact that X has bounded moments
it follows

p

‘Xt*Xs|p§C +c

p t M . P
+c/a(Xu_)ZdNy> =1+ I+ Is.

E[L] < cft — 5P~ /tIE[|b(Xu)|p]du < cft — s]P. (65)

Using Burkholder-Davis-Gundy inequality, Jensen inequality and Assumption 1.2. on o it is

E[L)] < ¢E [(/t 02(Xu)du> g] <t —s|z! /:IEHU(XU)!p]du <collt—sZ.  (66)

To evaluate I3, Kunita inequality will be useful. We refer to the Appendix of [27] for its proof
in a general form, while below (A7) on page 52 of [2] can be found an example of its application
in a form closer to the one we are going to use. For a compensated Poisson random measure
i = p— pand a jump coefficient I(z, z), indeed, Kunita inequality provides the following:

il 1<l o g]

12 fi(ds,dz)
We remark that, up to change the constant ¢ in the right hand side, the equation here above
holds with the measure p instead of the compensated one ji. In the sequel we will apply Kunita
inequality on the measure dNy U and the compensated one sz(Lj), for j € {1,....,M}. The
compensator is in this case AU (u)du.
Using on I3 Kunita inequality together with Jensen inequality and the boundedness of a we get

/|a )PAU du—l—(/: (Xu)Agﬁdu)ng(/:a(Xu)Agﬂdu)p]

f(ds,dz)

+cE

E[ls] < CZE

t
<3 o s o [ NG b= [ BN

S S

< Clal\”(\t — 5|+ |t —s|2) = clar |t — s|-
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From (65), (66) and (67), as [t — s| < 1, it follows E[| X} — X|P] < ¢1|t — s].

Point 2
Concerning the second point, for any j € {1,..., M} it is

A AP < ¢ te

a/s(w() G|

/ Zc]ZdN

Acting as in the proof of the first point, using as main arguments Jensen inequality, Kunita
inequality and the boundedness of the moments of A, we easily get the wanted estimation.
Point 8

We consider the dynamic of A gathered in (2) in matrix form and so we have

¢ t
)\t—AS:a/(Au—C)du+/ cdN, =: Ds + G,

where Ay = ()\El), ey /\gM)), c € RM x RM . We start evaluating Ds. By adding and subtracting

As we easily get, denoting as E4[-] the quantity E[-|F],

t
E[IDa]] < clt — s|(1+ A +c/ Eall A — Asllds

On G4 we use compensation formula and we apply the same reasoning as before, getting

t t
E[|G.]] < E, [/ c|>\u|du] < clt— 5|\ +c/ E.[[ Ay — As[]ds.

Putting the pieces together it follows

t
Es[| At — As]] < |t — s|(1 + |As]) +c/ Es[| Ay — As|]ds.

Finally, Gronwall lemma yields
Eg[|Ae — Asl] < et — s|(1 4+ |As])ef
Point 4 We observe that, for any h € [0, 1],

Es[[AY 0 < A+ EgIAY), = AP < [AD] + el h|(1 + |Aq]),

s+h

where we have used the just showed third point of this lemma. O

A.1 Proof of Proposition 1

Proof. We write V(z,y) = Vi(x) + Va(y), where Vi(z) = [z|™ for m arbitrarily big and Va(y) =
eZii ™l From the definition (5) of A* we have

APV = ATV + A3V,

where

M M
AV (z,y) = C%V(ﬂxy)b(ﬂf)+102(ﬂf)3§V(w,y)+ij (Zy > Vi(z + a(z)) — Vi(z)]
j=1 k

2 _
1 B Mo
= mlz[" 'b(z) + 502($)m(m — D]z[™* + Z i (Z yw)) |z + a(z)[™ — [2[™]
j=1 k=1
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is the diffusion part and

Mo M Mo
= —a Y v Do Vie,y)+ Y 0Oy Valy+4;) = Valy)l,
i,j=1 Jj=1 k=1

is the jump part of the generator. The arguments of the proof of Proposition 4.5 in [11] imply
that i i
A3V (z,y) = A3Va(y) < —aVa(y) + c2lk, (), (68)

with ¢; and ¢y some positive constants and K; some compact of RM*M Moreover, denoting
fly) = Zj\il fj(zljﬁ\il yUk)) the total jump rate, it is

AjV(z,y) = mla|" " b(z) + %02(1‘)m(m = D] + F)llz + a(x)|™ — |=|™].

From the drift condition on b gathered in the fourth point of Assumption 1 and the boundedness
of both ¢? and a it follows

AjV(z,y) < —dmlz[™ + clz|™ 72 + fy) (el + ..+ em). (69)

We observe that, for any x such that |x| > r, |2|™~2 is negligible compared to |z|™ = Vi(z). To

study the last term in the right hand side of (69), we choose 1 < p < 2 and ¢ > 2 such that
pm—1)<m (iep<l+ L) and%—i—%:l. Then,
Fy)e.

F(ale™ ™+t em) < (a2 + .+ em)” +

[Io
O

The first term is again negligible compared to |z|™ = Vi(z), being p(m — 1) < m. To estimate
the second one we observe that, for each y € RM the total jump rate f(y) can be seen as
Y G+ > y()) (see page 12 in [19]). Therefore, it is

M
fly)<e+é ) W <e+élog(Va(y)),
ij—1

which is negligible with respect to the negative term of (68) —ciVa2(y). The same reasoning
applies for £ f(y)?. It follows that

AiV(z,y) < —dmlz|™ + o(Vi(2)) + o(Va(y))

which, together with (68), conclude the proof. O

A.2 Proof of Lemma 1

Proof. We first recall the representation of 7* (z) given in the proof of Proposition 3.7 in [19].
Fort > 0, let Ly = sup{s <t | 3j, ANS(]) = 1} be the time of the last jump before ¢, with L; =0
if there is no such jump. Then, we have for all z € R

@)= [ B e (X)),

where (ps)s>o is the family of transition densities associated to the stochastic differential equation
dX; = b(X;)dt + o(X¢)dW;. From Proposition 1.2 of [22], we know that there exist constants c,
C such that for all s > 0, (u,r) € R?,

_1/p _(@=w? 2
ps(u, ) < sV 2e s O
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Tr—u r—u 2
We deduce that ps(u,z) < 03*1/26_< - e2Cs(w—u)?+20s2? < (. 1/2e_< e e20se® if 5 is smaller
than 1/(2C). Choosing t < 1/(2C), it yields

1 2
X < / d2E 2Ctx .
T (z)se RXRMx M m(d2)E Vi—L,l° (70)

d
} Writing (t — L;)~Y/2 = 2 g%—f—t_lﬂ, we

We now give an upper bound for E,

[ﬁ

1 1 [*P.(L > s) 1
L e L P 71
: [W_Lt] : 2/0 (t—spr T (71)
From the definition of Ly, it is P,(L; > s) = P,(Ju € [s,t],3j : ANY = 1) which implies

have

M
P.(L > 5) < P, Z AN >1| <E. Z N
[s,t] j=1 [st

B/ A M
<E. Z/ A9 du —Z/EZA(J)
j=1"° j=1"°

Usmg Lemma 9 we get that if u <1, E, [A( )] < (1 + |Xo(2)|), where )\6(2) = f](Zf\il y?) for
= (x,y). Thus, if ¢ is chosen smaller than 1, we have P,(L; > s) < ¢(1+ |Ao(2)|)(t — s). Using
this control with (71) we deduce,

1 c ["(L+ M=) 1
E, [m] SQ/O md +m_ \[(1+‘)\0( z)])-

From (70), we obtain 7% (z) < Ce\[ foRMxM m(dz)(1 + |Xo(2)|). By Proposition 1, we know
that the intensity A has finite moments of any order under the statlonary measure, and thus

Jrogarxa T(dz)(1+ [Ao(2)]) < ¢ < oo. This gives 7 X(z) < Ce\[ for any sufficiently small ¢,
and the lemma follows. ]

Remark 2. The proof of Lemma 1 heavily relies on the integrability near zero of the supremum
of the heat kernel and is thus limited to the dimension 1. We do not know if it is possible to
extend this result to higher dimension for the process X. However, it is certainly possible to
extend this proof to more general situations, as for instance the case where the jump intensity
depends on X.

A.3 Proof of Lemma 2
Proof. By the definition of ¢, for any & > 1 [¢,s (A;X) — 1|* is different from zero only if
|AX| > Agz Therefore,

EHQOAQZ(AZX) - Hk] < CE[1{|A1-X|>AB ) }

nl’ 'I’L'L7

cE (1 AB +cE |1 AB (72)
{|A X|>AP |, 1< ’;} {|A X|>AP T ;}

We denote as A; X¢ the increment of the continuous part of X, which is

tit1
AXE = XE, — X§ :/ b(Xs)ds + Z.
t

i
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The first term in the right hand side of (72) is

Aﬁ, xe|r (L
7)< CE“AAgf( "< Al (73)

1

cE [1 AB = C]P)(’AlXc’ >
{|A Xe|> ’”}

where we have used Markov inequality and a classical estimation for the continuous increments
of X (see for example point 6 of Lemma 1 in [4]). In order to evaluate the second term in the
right hand side of (72), instead, we have to introduce the set

M B

4Am
> a0 D, - NP < S
j=1

We observe that, on N¢, | there exists j € {1,..., M} such that |A;NU)| # 0. Therefore,

,n?
P(N;,) < P(|A; NU | > 1) <E[|A; NU H <Ay (74)

AP
n

On N; ,, instead, Vj |A;NU)| = 0 and so (N;,,) N {|Jt | >
term in the right hand side of (72) is

: } = (). It follows that the second

|A; X|>Anl,\Jti|>%’i,Ni,n m,\Jt [> ’” N¢

cE |1 A8 + cE[1 K ] < P(NYF,,) < cApi.
{ } {A X|>A } ’

Putting the pieces together, as r is arbitrary, it follows

E [lpps (AX) = 11| < Ay,

A.4 Proof of Lemma 3

Proof. Again, we act differently depending on whether the jumps are big or not:

EflJul"eyy (8iX)] =E ['Jti'C’@'Zz,i<AfX”{uti|>m5,i}] e {'th‘%iz,i(AiX)“{Jti|<3Az,z-}} '
(75)
By the definition of ¢ it is different from 0 only if |A; X | < 2A§ i As AX = A X+ Ty, it s

1

q qp1 L P2
S E |Jt1| ]l{‘AiXC‘>AB } <]EHJt | ]p ]]‘{|Ach|>Aﬁ

1 rd_g 1_ gy
smg}iAgi(? NG

n,i

q
E ||| 90A3 (A:iX)1 {17:,1>345

where we have used first of all Holder inequality and then Kunita inequality and (73). We
remark it is possible to use Kunita inequality only for gp; > 2. However, as in the estimation
here above the power of A is arbitrarily large, we can always choose p; such that, for any ¢ > 1,
gp1 is bigger than 2. In order to evaluate the second term of (75), we introduce again the set
N;y, defined in the proof of Lemma 2. On N;, the increments A; NG are null and so || = 0.
On Nf, instead, using also (74), we have

1
E |Jti|q¢227i(AiX) {IJ <3a? f,n} < cAi%P(Nifn) < cAn;ﬁq,

By the arbitrariness of r it follows
B[l ey (AiX)] < en, 57,

as we wanted. O
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A.5 Proof of Proposition 2

Proof. As the second point is useful in order to prove the first one, we start proving point 2.
Point 2
By definition we know that B, is centered. In the sequel we denote as E;[-] the conditional

expected value E[-|F,]. Regarding the second moment, it is
tit1 2
</ GQ(XS)d8> < cof
t;

where we have used, sequentially, BDG inequality, Jensen inequality and the boundedness of .
Using the same arguments we show the following:

1 4 e 2 ¢
E; [Bt} A2 ——Ei | Z;, + ( t o“(Xs)ds)”| < A—QE

n,i

1 8 b, ! c bt ! 8
E; [Bt] A4 —Ei|Z; + </t o (Xs)ds> < Al E; </t o (Xs)ds> < cof¥.
7 TL’L 7

Point 1
We analyse the behaviour of

Ati = 0'2(Xti)(90A5 (AlX) - 1) + Ati‘»OAﬂ (AZX) + Bti(SDAﬁ (AlX) - 1)'
From Holder inequality, the boundedness of o and a repeated use of Lemma 3 we get
E[A7] < cotA,; + E[A] QDAB (A X)] + E[B; P]pcm

We evaluate the moments of B, acting as in the proof of the first point and we choose p big
and g next to 1, getting

E[A7] < co}An; + E[A7 ‘PA/? (AiX)] + cot A7, (76)

for € > 0 arbitrarily small. We are left to study At ©? Af From its definition, recalling that ¢

is a bounded function, we obtain

c tit1 4 c tit1 2
]E[Afigoiﬁi(AiX)] < o E < /t | b(Xs)ds> + 3o E | (% + J,)° < /t X)) - b(Xti)ds>
tiv1 2 4
+AL2E (/ o?(X,) — aQ(Xti)ds> +ARD (X)) Z7) = > ;.
. . :
n, 7 .]21

Using Jensen inequality, the polynomial growth of b and the existence of bounded moments of
X we get
tit1
I < ATA?’ / E[b*(X,)]ds < cAL ;. (77)
On I we use first of all Holder inequality. Then, on the first we use B.D.G. and Kunita inequal-
ities, as in (66) and (67), while on the second the finite increments theorem, the boundedness

of b’ and the first point of Lemma 9:
tit1 4
< / b(X,) — b(Xti)ds>
ti

1

tir1 2

ATA2 A2 [/ c]XS—Xti]A‘ds} < A (78)
t;

N

I

IN

N A2 El(Z, + i)' °E

IN
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In order to study the behaviour of I3, Jensen inequality, the finite increment theorem, the
boundedness of the derivative of 02 and the first point of Lemma 9 will be once again useful.

C
jp—

tiv1
< A2 'Am’]E [/ c|Xs — th.]2ds < cAp,. (79)

ti

From Holder inequality, the polynomial growth of b, the boundedness of the moments of X and
BDG inequality we obtain
1 1
Iy < cE[b(Xy,)']2E[Z}]2 < cAyy. (80)

Putting the pieces together it follows that, for any & > 0,
E[A7] < AL
We now evaluate E[Ai] Acting as above (76) it easily follows

E[A}] < AL 7 +E[A 0 (AX)).

Replacing the definition of A;, we get that E[A} 904&3 (A;X)] is again the sum of 4 terms, that we

n,i

now denote as Iy, ..., I;. Using exactly the same arguments as in the study of E[A} go‘lAB (A X)]

we easily get

B tit1
L < i AZM- / E[b®(X,)]ds < cAfm-,
n,i ti

N[

C 1
I, < FE[(Zti+Jti)4]%E

( /t ;M b(X,) — b(Xti)ds> 8]

1

c 1 7 tit1 s 2
@it ALIALE | [7 x| < et
t;

4
An,i

IN

R tit1
Iy < A%A‘Z,JE [/ el Xs - X“’Alds} S 6Bny
n,i ti

I <ED(X,)YFEIZ]]3 < A,

The four equations here above provide the wanted result.

Point 8
To prove the estimations on the jumps gathered in the third point of Proposition 3 we repeatedly
use Lemma 3. Using also Holder inequality with p big and ¢ next to 1, BDG inequality, the
polynomial growth of b and the boundedness of the moments of X it is

C
E[lBilops (AX)] < cE[W(Xy)l|Tlpps (AiX)]+ <

LPAPAENNSS)

n,i

¢ 2
+3 B[Py (AX)
1 1 Cc 1 1
< B[b(Xe)PIPEl @) s (AiX)]1 + B[ Z,[PI7E[| Ji,| '@ 5 (AiX)]s
c 1+28
A
+A’n,l n,

)

thus, because, as € (0, %), we can always find an € > 0 such that % + 8 —e > 20, it comes

148 c
Bl Bulpay (X)) < cAll” + £
n,t TL,i

1 l+6 . 1y
AZ AT 4 oD = AP L AT L A = e
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In analogous way we obtain

B[, oy (AX)] < cB{b(X) I E] 0k (M) + 55 B2 PP E A M0 (M)

n’L Tll

+ E[|Jti!480A5i(Az‘X)]

c
A2 .
—+2,8 128

< Aq AQ An qu ATA1+46

_ 1+28— 26— 48—1 _ 48—-1

= cA,; 4+ cAL 4+ cAT = AT
where the last inequality is, again, consequence of the fact that we can always find € > 0 for
which 28 — e > 48 — 1. Finally, acting as before,

_ C — C —
BB [*eps (AX)] < eA TV 4 o AT AT e AT = el

n,. n,t

A.6 Proof of Proposition 4

Proof. Point 1

Regarding the first point, we first introduce b(X,) := b(X,) + a(X,-) Zjﬂil AP ds. We observe
that, as b has polynomial growth, a is bounded and both A and X have bounded moments of
any order, then b has bounded moments of any order as well. Recalling that A;, is given as in

(20) we can denote

Replacing b with b, we already know from (77), (78), (79) and (80) that
E[I} + I3 + I3 + I§] < cAn. (81)

We now consider Iy. From Assumption 1 we know the function a is Lipschitz and with bounded
derivative. Therefore, we use the finite increments theorem followed by the first point of Lemma
9. It provides us, using also Jensen inequality and Holder inequality with ¢ big and p next to 1,

2
tit1

72 2 2 2 j
E[T}] < Ag Bni [ B @ (X) = (X))* | 2N || ds

M 2q %
t.
¢ o 2 2 op1 L ()
N E[(a*(X,) — a*(Xy,))?]PE | | YAV ds
n,t Jit; j=1
c tit1 1
< Al ds < cA}I < (82)
Anai t;

where we have also used the boundedness of the moments of . On I5 we use that a(z) < a;
and the second point of Lemma 9, getting

B tiy1 M . .
B[] < 2o /t SUE(OY — AD)ds < A (33)
n,i i j=1

To conclude the proof of the bound on E[A%Z] we are left to evaluate I;. We do that through
Holder and Kunita inequalities. It yields

E[I7] < cE[b(Xy,)* 2] < E[b(Xy, )QP]pE[J ]q < cAl=E (84)

n,
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where in the last inequality we have chosen p big and ¢ next to 1. From (81), (82), (83) and
(84) it follows )

Concerning the fourth moment of A;,, as before we know from Proposition 2 that

B + B+ I+ ) < e (55)
Acting as in (82) we get
tir1 M 4
E[Iﬂ < -7 Aqgm/ E |( 2(X ) —a” (X Z)\]) ds (86)
n,t i st
1
Is tit1 L M ' 497 ¢ )
= Ani / E[(a*(X;) - a*(X,,)) "]’ E Z AY) ds < cA}Lf.
n, Jt; ~

In the same way, acting as in (83) we obtain

E[[]] < —A:% /’“ ZE D) ds < A, (87)

We conclude the proof of the point 2 by observmg that
E[I9] < cE[b(X, )4P}pE[J o < cALE (88)

n,d
by the boundedness of the moments of b and Kunita inequality.
Point 2

We observe that By, is defined in the same way in Section 3 and Section 4. Therefore, the second
point has already been showed in point 2 of Proposition 2.

Point 3
By the definition of Fy, it clearly follows E;[Ey,] = 0. We now analyse
2
c c tit1 M .
E;[E}] < FEJZ,%J%] + FEi[in + /t a®(X,-) Y APds | . (89)
n,i n,i i j=1

We show that the first term in the right hand side of the equation (89) is negligible if compared
to the second one. By a conditional version of Holder, BDG and Kunita inequalities we get

C
2

n,i n,t

BZ ) S 5o BZPP RIS < (5 Anid], < eAyf, (90)

A2
for any ¢ > 0. To study the last term in the right hand side of (89) we recall it is J;, =
ftii“ a(X,-) Z;‘il dNY). Therefore, from conditional Kunita inequality, we have

2

E J /z+1 Z c E /z+1 Z)\(J
A2 ti ] pt AZ L,

IN

K3 7

2_

tit1
+2 / Z AWq
t;

IN

4 tit1 .
2‘;1( +Am)/ E; | YAV ds,
t

i j=1
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where we have also used Jensen inequality on the last term here above, which is the reason

why we get an extra A, ;. From the fourth point of Lemma 9 it follows that the equation here
Ca1 ()

above is upper bounded by x Ai.’; plus a negligible term. Replacing it and (90) in (89)

CCL4 M ] ca4 M i
Bl < -3 M venagi< 3T,
j=1 =1

I

it follows

where the last inequality is a consequence of the fact that A is always strictly more than zero.
Regarding the fourth moment of E;,, from Kunita, Holder and Jensen inequality we have

4

n,t n,i i

tit1 M )
E[E}] < A—E[Z4p]pIE[J4q]q + Ai E; |J5 + / a*(X,-) Y Ads
t -
Jj=1

Cc

< S (AZALE £ A+ AN < AT

A4
Point 4
The result follows directly from the definition of C}, and the boundedness of a and of the
moments of A.

O]

A.7 Proof of Lemma 4

Proof. 1t is
~ M ~
Ctiwl(th Z )‘(j |Xt ])wl(th )\ti) = f(Xti7 )\ti)'
j=1
Since
1 n—1 n—1n—1
ar ﬁZf(ti/\ti) ZZCOV Aty)s F( X5 M),
=0 =0 7=0

we need to estimate the covariance.
As explained in Section 2.3 we know that, under our assumptions, the process Z := (X, \) is (-
mixing with exponential decay. It means that there exists v > 0 such that

Bx(t) < Bz(t) < Ce .

If the process Y is - mixing, then it is also a-mixing and so the following estimation holds (see
Theorem 3 in Section 1.2.2 of [20])

[Cov(¥e,, Vi) < e[V, [, [, @7 (%, Vi)
with p, ¢ and r such that % + % + % = 1. Using that
A Ze,, Z;) < Bz(|ts — t5]) < Ce L,
in our case the inequality here above becomes
[CoV(F (Xt M), (Xt Aiy))| < ee™ Mt

where we have also used the definition of f and the boundedness of a and the existence of
moments of A to include the two norms in the constant c.
We introduce a partition of (0,7},] based on the sets Ay, := (k= (k+1)Iz2], for which (0,7,] =
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UZ;éAk. Now each point ¢; in (0,7},] can be seen as tj 5, where k identifies the particular set
Ay, to which the point belongs while, defining M}, as |Ag|, h is a number in {1,..., My} which
enumerates the points in each set. It follows

c n—1ln—1 n—1 n—1 Mk1 ng
- § § e*%’ﬂti*tﬂ < § E E § e Lyt hy —thg hsl
n2 -

=0 5=0 =0ko=0h1=1 ho=1

1Th n—1 n—1 Mk1 ng

cer — Lk —ko| L
< S S s,
k1=0 ko=0 h1=1 ha=1
where the last inequality is a consequence of the following estimation: for each ki, k2 € {0,...,n — 1}

it is |tk17h1 - tk27h2| > |k1 - k2|% —In,

n
Now we observe that the exponent does not depend on h anymore, hence the last term here

1T
above can be upper bounded by -, o 0 > e 10 My, My, e =yl —ke| T2
Moreover, remarking that the length of each interval Ay is :2", it is easy to see that we can
always upper bound M) with %ﬁ, with T,, = >0 01 Api < nA, and so My < A

we have assumed bounded by a constant c;.

Furthermore, still using that T;, < nAn, we have e%%n < e%A” <c.

To conclude, we have to evaluate Zkl 0 Zk2 o€ e rlk—k2l T e define j := ki1 — ko and
we apply a change of variable, gettlng

n—1 n—1 T c n—1 — L
Z Z o~ r k1= < —~ Z — i In — j| < hd Z =51 Amin
k1=0 ko =0 j=—(n—1) ==(n-1)
C C
< <

n(l — e—%vAmm) T,

as we wanted.

A.8 Proof of Lemma 7

Proof. In order to estimate the probability of the complementary of the set Qp, as defined in
(61), we first of all observe that Qf C Uj {Suptegmm LU )| = énaD%}. Now we find an

upper bound for the probability of 2% focusing on what happens for j = 1 and k = 0. Recalling

the definition of U7 in (60) and using that, as ¢ € By, ;ns whose dimension is D, [[¢[|, < cD%7
we can write

~ = 1 o * * * ~
P( sup [tH(UG,)| > en"D?) <P — > |B;, +Cf + By, | > én®
tEBm,m/ Gn k=1

1, @ 1l ¢ 1 & @
<P —Z|Btk|2§n5 —Z Gl =gt | +P —Z|Etk|2§n5 : (91)
an:l dn — an:l

From the definition of B it is
dn

1 Aqn i} c
—> B} | STZka—i-c. (92)
dn el dnBn 1

Moreover, using Markov inequality and the boundedness of o,

1 |Ztk‘
P <|Ztk| > co1Ap logn) = P <e<’1m > nc> < —FE

1
—E
— (93)

e A aCe >ds] ¢
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Therefore, as the constant ¢ in (92) can be moved in the other side of the inequality in the first
probability of (91) and so it turns out not being influential, the first probability of (91) is upper
bounded by 2%, which is arbitrarily small. Concerning the second term of (91), we use Markov

inequality and the fact that C has bounded moments. We get, Vr > 1,

1S €, L €. EIC;I"]  cqn
P<%;|Ctk| > 3n> < ¢ lP <|Ctk| > gn ) SCQnT; <

nre’
Regarding the third term of (91) we observe that, replacing the value of ¢, we get

1 & ¢ N ¢ .logn
P<q Zl‘Etk‘Z?)nE) :P<Z‘Etk‘23na A, ) (94)

" k= k=1

We now recall that, from the definition of Fj, it is

qn

qn n M

2 1 an A
Z |EL | < ?ZZthtk + + A/ a(X,-) Z)\(])(s)ds
k=1 " =1 n Jo

1 dn
2
NI
" k=1

=01+ 1+ Is.
The right hand side of (94) is upper bounded by

P (Il > gnflog”> +P (12 > gnflog”> +P (1'3 > gnflog”) .

Ay
Concerning the first one, we observe it is

1 qn

I < A (Z; +J2)=T1+ .
k=1

The probability that I is bigger than Sng IOAL: is arbitrarily small as a consequence of (93).
I 5 is instead equal to I3 and so it is enough to study such a term. From Markov, Holder, BDG
and Kunita inequalities we have

~ r A*T‘t’r‘
P<Ig > Cnalog"> < BUBM] oSSt o
AW (nflognAy ") — (nflognA, )" — ne"
where we underline that the order of t,, is cg, A, = cg)i:; A, = clogn. It is arbitrarily small.

Concerning I, we want to estimate P( Z":Bl Jtzk > n°logn). We now consider two different

possibilities, starting from the definition of the following set

A= {EI/%G {0,...,qn — 1} such that JE;; zn%}.

Then
Qn—l c qn—l c Qn_l c
2 _ 2 2
P (kz_o Ji, = gnslogn> =P (kz_o Ji, = gnelogn,A> +P (kz_o Ji > 9n510gn,Ac) )

We observe that Markov inequality and Kunita inequality yield

nz n2 nz2

gn—1 )
E[(J:;)7] A clogn
2 ¢ 23 ndn g
P (kz_:o Ji, = §n5 logn,A> <P(A) < gy k. <2

46



which is arbitrarily small by the arbitrariness of r. We remark that on A€ for every k €
0,...,qn — 1}, it is J2 < n3. Therefore, to have the sum of them bigger than £nflogn we
b gg snflog
should have at least §log nn2 jumps. Hence, denoting as AN, the number of jumps in [0, t,,],
we have

IN

E[(AN,)"]
(n2logn)"

gn—1
P <kz_0 Jfk > gns logn, AC> (AN > 9n2 logn) <c

cty, c

(n2logn)” ~ (logn)—n%’

where again we have used Markov inequality and we got a quantity arbitrarily small. We put
all the pieces together and we observe we can choose in particular r for which

( Z\ | > n><n5

In the same way it is possible to choose r and ¢ such that

P(Qp) < Z P ( sup [t(Ug ;)| > 5n5D§> < Pn %_

J=0,13ke{1ypn}  \IBmm!

A.9 Proof of Lemma 8
Proof. We observe that for any ¢t € B, ,/, by (60) and Proposition 4, it is

E[t(Ug)*] = Var(Ug) < %Z [ (X7EB;? + Ef ]}+4Var <1it(xg) ;)

qn -1
=V +W.

By the second and the third points of Proposition 4, we can upper bound V; as

qn 4 M
c . a j
Vi < qj E E tQ(Xt,)(U%‘i‘ Aili :/\il]))
no=1 " =1
1
¢ L
dn M a
< SN E[(X;))E o2+ > A
— 2 t 1 A t; 3
ot " =1

where we have used Holder inequality with ¢ big and p next to 1. We can see t?7 (X7) as

24+(2p—2) [ y* 2 2p—2) [ v+ 2p-2,
PHEPR(X0) = (XD (X)) <[22 (X)),
-2 2p-2
From Assumption 4, ||t]|c” <ecD 2 < ¢D?, for any & arbitrarily small, as p has been chosen
next to 1. Using also the boundedness of the moments of A it follows that
D% ¢ eD’
Vi<—F——qn= .
q% An " QnAn
Using the same arguments as in the proof of Lemma 4, with the fact that ||¢||,x < 1, we can
show

Vy <

C

for any § > 0. It concludes the proof of the lemma. O
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