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FIRST BAND OF RUELLE RESONANCES FOR CONTACT ANOSOV
FLOWS IN DIMENSION 3

MIHAJLO CEKIC AND COLIN GUILLARMOU

ABSTRACT. We show, using semiclassical measures and unstable derivatives, that a smooth
vector field X generating a contact Anosov flow on a 3-dimensional manifold M has only
finitely many Ruelle resonances in the vertical strips {s € C | Re(s) € [~Vmin + &, — 3 Vmax — ] U
[—%Vmin + e, 0]} for all € > 0, where 0 < Vmin < Vmax are the minimal and maximal expansion
rates of the flow (the first strip only makes sense if Vmin > Vmax/2). We also show polynomial
bounds in s for the resolvent (—X —s)™! as [Im(s)| — oo in Sobolev spaces, and obtain similar
results for cases with a potential. This is a short proof of a particular case of the results by
Faure-Tsujii in [FaTs0, FaTs2, FaTs3], using that dim £, = dim F, = 1.

1. INTRODUCTION

In this note, we study the localization of Ruelle resonances for contact Anosov flows in di-
mension 3 using semiclassical measures, and we show the existence of a first band of resonances
under a pinching condition on the maximal and minimal expansion rates of the flow. The
fact that a vector field X generating a contact Anosov flow has a band structure (see Figure
1) for its Ruelle resonance spectrum is proved in a series of seminal papers by Faure-Tsujii
[FaTs0, FaTs2, FaTs3] using FBI transform techniques and normal forms. In the 3-dimensional
case, we give a rather short proof of the existence of the first band using unstable derivatives
and semiclassical measures in the spirit of Dyatlov’s proof [Dy?2] for operators with r-normally
hyperbolic trapped set. Thus the aim of this work is to use the 3-dimensional particularity and
semiclassical measures to present the mechanism behind this structure.

Let M be a 3-dimensional closed manifold, equipped with a Riemannian metric g, and let X
be a smooth vector field on M such that its flow ¢; is Anosov (see Section 2.1 for a definition),
and we denote by F, C TM and E; C T M the unstable and stable bundles. We shall assume
that ¢ is a contact Anosov flow, which means that there is a smooth 1-form « on M such
that kera = E, @ E;, «(X) = 1 and a A da is a volume form, and that E,,, Es are trivializable
bundles. Define the minimal and maximal expansion rate of ¢; to be'

1
m sup zlog||d80—t($)|Eu”g-

| .
Vmin := lim inf —log ||dp—¢(z)|E,llg, Vmax = li
t—o0 zeM

t—ocozeM t

Now, we come to the notion of Ruelle resonances for X. It is proved by Butterley-Liverani [BulLi]
and Faure-Sjostrand [FaSj] that for each N > 0, there is a Hilbert space H'", called anisotropic
Sobolev space of order N, satisfying” HY (M) C HY ¢ H=N(M) so that for Re(s) > —vminN

X —s:{ueH"| - XueH"} - HN

is a Fredholm operator of index 0, implying that —X has discrete spectrum in the half-plane
{s € C|Re(s) > —vminN}. Moreover, there is no spectrum in Re(s) > 0, the spectrum in

IThe limit exists by Fekete’s lemma, and the same hold as well for Vinax, Vimin defined later.
2HN (M) = (14 A,)~N/2L2(M) denotes the usual Sobolev space of order N on M.
1



2 M. CEKIC AND C. GUILLARMOU

Re(s) > —vminlNg on HY does not depend on N > Ny and the resolvent

R(s) = (=X —s)7L: C®(M) = C™°(M)
is meromorphic in C. An s € C is a pole of the resolvent if and only if it is an eigenvalue of —X
in HY for some N > —Re(s)/Vmin, and such s are called Ruelle resonances.

Since we want to prove absence of Ruelle resonances and bounds on the resolvent R(s) for
large Im(s), it is convenient to use a semiclassical rescaling, that is to take a small parameter
h > 0 so that hIm(s) is uniformly bounded. For such small parameter h > 0, we call H} the
HN (M) Sobolev space equipped with the norm H’U,HH}JL\T = [[(1 4 h2A )N 2u)| 2.

We prove the following result:

Theorem 1. Assume that X is a smooth contact Anosov flow on a closed 3-manifold M with
E,, Es trivializable, and let vnin, Vmax be the minimal and mazximal expansion rates of the flow.
For any € > 0, there are only finitely many Ruelle resonances in the regions (see Figure 1)

So(e) :== {s € C|Res > —Vr;in +5} and Si(e) := {s € C|Res e (—Vmin—l—a,—yn;x —8)},

and the following bounds hold, as |s| — oo
(=X =)

-1 .
3 vym -t gy = 0UsDs 8 € Sole),

(=X =) Nmmwysm-1my =O(ls]), s €Si(e).

More precisely, if h € (0, hg) is a small parameter, for any N > 0 there exist Hilbert spaces HhN
satisfying uniform bounds

3C > 0,Vu € C°(M),Vh € (0, hy), C’lﬂuHH;N < HUHH}I;I < C||u||H}zlv,

such that the following bounds hold: for alle > 0 and A > 1, and XA € C satisfying |Im(\)| €
[A71 A], as h — 0

_ _ _ 1

[=hX = Ny = 0(h2), A€ So(e), N2 %

N >
||(_hX - )‘)_IH’H}LNH’}-L,LN = O(h_Q)a h_l)\ € 51(5)a N >1.

)

As mentioned above, this result is contained in the set of results of Faure-Tsujii [FaTs0,
FaTs2, FaTs3]. In fact, the second strip we obtain with finitely many resonances is not optimal
and should be Re(s) € [—3”% +¢e,—"x —¢] for all € > 0 small. A band structure for Ruelle
resonances was first obtained By Faure-Tsujii in [FaTsl, FaTs2, FaTs3] for prequantum maps

and Anosov flows using FBI transform methods and normal forms, including in the case of
geometric potential (multiples of the unstable Jacobian). In the case of constant curvature or
locally symmetric spaces, the bands are actually lines [FaTs0, DFG, GHW, KuWe]|. In a related
context, for operators with r-normally hyperbolic trapped set, Dyatlov [Dy1, Dy2] also proved
some band structure for resonances.

Our proof is adapted to the case of a 1-dimensional bundles E,, Es, and should be quite
accessible for a reader with a semiclassical background (pseudo-differential calculus). The
aim of this note is to exhibit the mechanism behind the band structure on this simpler 3-
dimensional case. The existence of the first region {s € C | Re(s) > —vmin/2 + €} with only
finitely many Ruelle resonances for contact Anosov flows was first shown by Tsujii [Ts1, Ts2]
using FBI transform, and then by Nonnenmacher-Zworski [NoZw] using normal hyperbolic-
ity of the trapped set; both results also hold in higher dimension where vy, is replaced by
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FIGURE 1. On the left: resonance spectrum of a closed hyperbolic surface ¥ [DFG;
colouring describes the nature of the resonance. On the right: band structure of a
contact Anosov flow on a 3-manifold given by Theorem 1. In dashed blue regions we
have only finitely many resonances, with semiclassical resolvent bounds written using O
and o notation; gray regions are not covered by the theorem.

limg o0 inf ze Aq %log det(dp—_¢(x)|g,). Here, method of proof is more similar to Dyatlov’s ap-
proach [Dyl, Dy2] for r-normally hyerbolic trapped sets, and uses semiclassical measures and
propagation estimates. It was also used in the setting of frame flow in constant curvature
[GuKu]. The band structure We also mention that the existence of a (non-explicit) small strip
without Ruelle resonance in the contact Anosov setting was first proved by Dolgopyat [Do] and
Liverani [Li], and there are two recent breakthrough for 3-dimensional Anosov flows: first in the
volume preserving Anosov flows by Tsujii [T's3], and finally Tsujii-Zhang [TsZh] recently proved
the existence of a strip with no Ruelle resonances for all topologically mixing Anosov flows in
dimension 3.

The main idea of the proof is based on an observation made in a paper of the second author and
Faure [FaGu], namely that the Ruelle resonant states u € H! with resonance in Re(s) > —Vmin
satisfy U_u = 0 where U_ is a vector field tangent to the unstable foliation (with regularity
C?7%(M)). The outline of our proof is as follows. First, the existence of a sequence of Ruelle
resonances S, (or of quasimodes) satisfying Re(s,,) — —~ for some —y > —vpin+¢ and Im(s,,) —
oo implies the existence of a non-zero semiclassical measure pu on T*M, which, in microlocal
terms, is the weak limit of a sequence of Ruelle resonant states (or quasimodes) u, € H!. By
microlocal ellipticity it is supported in {(z,&) € T*M |{(X) = —1}, and using the propagation
of singularities estimate, one can see that for all t € R

(B1)op = e, (L1)

where ®;(z, &) = (pi(x), (dos(2)~1)T€) is the symplectic lift of the flow ¢; on T* M. Next, using
radial point propagation estimates related to the hyperbolicity of ®;, we can see that

supp(p) C Ty == E;, @ Ej,

where Ej := Ra and FEj, is the annihilator of RX @© E, C TM. The last step is to use the
horocyclic invariance of the resonant states u,, proved in [FaGu], that is U_u,, = 0 if —y > —vpin.
This invariance of u, by U_ can be understood as an extra invariance of the measure p, which
implies (by propagation estimates again) some regularity of ;1 at the trapped set Ej of ®;. This
is where the contact assumption is important, it appears as a transversality of the symplectic
lift of the horocylic flow (i.e. the flow of U_) with the trapped set Ej = Ra. Namely one shows
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that for all § > 0 small and Us a d-neighborhood of Ef N {{(X) = —1} in T*M
ulthy) € (6/C,C9)
for some uniform C' > 0. Combining with (1.1) and the hyperbolicity of ®;:
YVt >0, (Use-maxtor NT4) C P4 (UsNT4) C Use-mim—e N T4)

this implies by an elementary argument that —y must be in [—(Vmax +¢)/2, — (Vmin — €)/2]. One
of the main issues in this argument is that U_ is only a C?¢(M) vector field for all £ > 0,
which complicates the use of microlocal methods. To avoid the problem, we regularize U_ at a
scale h? = [Im(s, )|~ for some 0 < p < 1, to make it a smooth, h-dependent, vector field U” in
some exotic class of differential operators. The resonant states (or quasimodes) are not killed
anymore by U” but the are good enough quasimodes to apply the reasoning above. We have to

show, in particular, that the propagation estimates still hold in this exotic class (see Appendix
A).

In fact, since it does not involve more difficulties, we prove the more general result involving
a smooth real potential V. We introduce the quantities

t
Vinax 1= lim sup 1/ V(ps(x))ds, Vmin = lim inf / V(ps(z (1.2)
0

=00 ze M t—ooxzeM t

Theorem 2. Let M and X satisfy same assumptions as in Theorem 1, and let V € C*°(M) be
a real valued potential. For any e > 0, there are only finitely many Ruelle resonances of —X +V
i the regions

50(5) = {8 S (C| Res > _Vn2lin + Vmax"’E} and

Si(e) == {s € C| Res € (—vimin + Vinax + &, —”“;" + Vinin — 5)},

and the following bounds hold, as |s| — oo

H(—X+V—3)—1HH%( s € So(e)

M)HH*%(M) = 0(’8’>7 s (1 3)
I(=X +V =) mmgsmrm = O(s), s €Si(e)

More precisely, with the notations of Theorem 1, then for alle >0 and A > 1, and for all X € C
satisfying [Im(\)| € [A~1, A], we have as h — 0

Vv

—1 _ —2 —1
[(=hX + BV = 2) Uy g = o(h™2), 7A€ Sole), L

=N =

N
[(=hX +hV = 2) gy = O(h7%),  h]AESI(E), N

v

Here again the existence of a band structure for the Ruelle resonances in case of a potential
is proved in [FaTs0, FaTs2, FaTs3].

Acknowledgements. This project has received funding from the European Research Coun-
cil (ERC) under the European Union’s Horizon 2020 research and innovation programme (grant
agreement No. 725967). We thank Semyon Dyatlov for several useful discussions and for sug-
gesting to apply the method of [Dy2] in that setting.

2. ANOsov FLOWS, ANISOTROPIC SPACES AND RUELLE RESONANCES

2.1. Dynamical background. Let M be a 3-dimensional closed manifold equipped with a
Riemannian metric g, which also induces a metric on 7% M, the Sasaki metric. We will consider
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a smooth vector field X on M and we assume that the flow s of X is Anosov: there is a dyy
invariant splitting
TM — EO @ Eu @ Es

where Fy = RX is the flow direction, Es is the stable bundle defined by
vEE, < 3C>0,v>0,Vt>0, |dei(v)] <Ce "ol
and FE, is the unstable bundle defined by
ve B, <« 3C>0,v>0,¥t<0, |dev)| <Ce vl

The bundles E, and E; are 1-dimensional vector bundles, which have Hdélder regularity. We
say that the flow is a contact Anosov flow if there is a smooth 1-form « such that a(X) = 1,
kerda = F, & Es and da is non-degenerate on ker o, or equivalently a A da is a smooth volume
form on M. If the flow X is a contact Anosov flow, then the stable and unstable bundles
E, E, have regularity C2~¢(M) for all ¢ > 0 by the result of Hurder-Katok [HuKa]. For
notational convenience we will denote C*~ (M) := No5oC*~5(M) for k € N. We shall assume
that Fs and E, are orientable, which means that there are two non-vanishing vector fields
Uy € C?75(M;TM) such that
E,=RU,, E,=RU_.

Note that the orientability condition for E,, E; is satisfied for Anosov geodesic flows. We can
define a dual Anosov decomposition of 1% M

T"M=E;¢E,®FE;, withE,(E,®3RX)=0, EJ(Es®&RX)=0
and Ej = Ra is the annihilator of E, ® E,. We will also define
I'n=E,¢FE;, '_'=E;¢E, K=I'.NnI'_=E; (2.1)
that we call the outgoing tail, the incoming tail and the trapped set for X, respectively.

Let us now recall a couple of properties about Uy from [FaGu, Lemma 2.2]: we have the
following commutation formula

(X, U] =+r Uy, (2.2)
and r4,Ux € C?~. From (2.2), we conclude for all t € R

do 1 (2)U_(2) = e o=@y (6 (2),

dpu(@)Us (2) = e~ o BT ().
We note that both U_ and r_ are not uniquely defined but the large time average of r_ along

(2.3)

orbits are intrinsic to X. By Fekete’s lemma, we may define the following finite, positive quan-

tities
1 [t 1 [t
Vnnin := lgloloxlenjfxtt/ r—(p_s())ds, Vmax ::tlggofélﬁ/o r—(p_s(z))ds. (2.4)
Note that in the contact case, one also has
. 1/t
Vinin = grgoxlenjf\;l/ r4(ps(x))ds, Vmax :tliglowsél/at/o ry(ps(x))ds. (2.5)

Then for each € > 0, there exists C. > 0 such that for all t > 0 and x € M
Clem Wmatell < dpy, Uy ()] < Ceem Mmin=elt,

£

2.2. Anisotropic space and extension of the resolvent of X. Let V € C®°(M) be a
potential. We want to prove a spectral gap with resolvent estimates at high frequency for
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—X 4 V. It is convenient to make the semiclassical rescaling
P := —ihX +ihV, Pp(\) = Py —iA (2.6)
where h > 0 is a small parameter and A € C. The semiclassical principal symbol of P} is given
by
p(z,§) = £(X). (2.7)
We will denote by ®; the Hamiltonian flow at time ¢ of p: notice that
(I)t(wag) - (SOt(IE), (d(pt(x)_l)Tg)'

The Hamiltonian vector field of p will be denoted by H), so that ®; = etflv In [FaSj], Faure and
Sjostrand construct a family of Hilbert spaces, called anisotropic Sobolev spaces, using variable
order pseudo-differential operators. Another presentation is given by Dyatlov-Zworski [DyZw],
where a semiclassical parameter is included. We recall a few results about these spaces and the
spectral properties of Pj, acting on them, we refer to [FRS, FaSj, DyZw]| for more details.

If m € S%(T*M) is a symbol of degree 0 on T* M, i.e. satisfying the bounds in local coordi-
nates (for some constants C, g > 0)

0507 m (=, €)| < Cap(€) 7,

we denote by W}"(M) the space of semiclassical pseudo-differential operators of order m as
defined in [FRS, Appendix] (see also [DyZw] for the h-dependent version): these are operators
which have the form in local coordinates

Aua) = (2e) " [ e D¥ala, €)uly)dyde
where a € S™(T*M) is a symbol of order m, ie. it satisfies local bounds for each ¢ > 0 small
1020 a(w, €)| < Ca o (€)==,
We also fix a semiclassical quantization Op;, on M mapping symbols to operators acting on
L? (see [Zw] and [DyZw, Appendix E]). The space W;""P(M) denotes the space of compactly
microsupported operators, defined as the space of operators of the form Opy,(a) + AV, (M)
with a € C°(T*M). We shall denote by o : ¥(M) — S™(T*M)/hS™1H(T* M) the
semiclassical principal symbol map, satisfying o(Opj,(a)) — a € hS™1+5(T* M) for all € > 0.

Finally, let H} := (1 + h?A,)~%/2L?(M) be the semiclassical Sobolev space of order s (here A,
is the Riemannian Laplacian of g on M).

First, by [FaSj] there exists an escape function G € C*°(T*M) of the form

G(J}:f) = m($7f) log f(xag)

where m € C*°(T*M;[—1,1]) is homogeneous of degree 0 in the fiber variable £ for [£| > 1,
f > 0 is homogeneous of degree 1 in the fiber variable for |{| > 1 and satisfies the following
properties: there is a C,,, > 0 such that

m(z,€) = —1 in a conical neighborhood V;, of E},
m(z,€&) =1 in a conical neighborhood V; of E¥,

Hym <0 on T*M,

H,G < —C), outside a conical neighborhood Vj of Ej.

We can thus define the anisotropic Sobolev space of order N € R to be, for h small enough
Hy @ = Opy (") LAM).
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Here Opy,(eM) belongs to the class of semiclassical pseudodifferential operators W™ (M) of
variable order m, and it is invertible in the class of semiclassical pseudodifferential opera-
tors with inverse Opy(eN¢)™t € W, N™(M) if h > 0 is small enough. We notice that, since
Op, ({(€)™™)Op, (eN€) € W9 (M), there is C > 0 such that for all u € C*°(M) and h > 0

1
il < llullyye < Cllull gy (2.8)

The following result was proved in [FaSj] (see also [DyZw])

Proposition 2.1. There is’ cx > 0, cy € R such that the operator P,(h)\) : D(Py) C HYC —
HNC is Fredholm in the region Re(\) > cy — ex N, where D(Py,) = {u € HYC | Pyu € HYC}.
Its inverse (P, —iAh) ™!, called the resolvent of X, is a meromorphic family of bounded operators
on H,ZLVG and the poles are called Ruelle resonances.

3. SEMICLASSICAL MEASURES ASSOCIATED TO SEQUENCES OF RESONANCES AND QUASIMODES

In this Section, we shall see that the presence of an infinite number of Ruelle resonances A,
with Re(\,) — —v and |\,| — oo implies the existence of a non-trivial measure for H, on T*M,
with certain invariance properties, and more generally the same holds for good quasimodes. This
will allow us to prove gaps of resonances and bounds on the resolvent. The idea is to rescale the
equation (—X+V —\,)u, = r, with r, small in some appropriate norm by setting h,, = 1/|\,| so
that, according to (2.6), (P, —ithpAp)uy, = thyr, and to view this last equation as a semiclassical
problem. This method follows some ideas developped by Dyatlov in [Dy2] for operators with
r-normally hyperbolic trapped set.

Assumption 1. For some v > 0 and N > 0, consider a sequence
A =—hy+i+o(h), —v > Viax — NVnin,

where h > 0 is a parameter going to 0, which can be discrete or continuous. Let

up, € D(Py) C HYY be a sequence (as h — 0) of quasimodes for Py,(\y): (A1)

lunllyge =1, [1Pa(An)unllave = o(h?),
for some 5 > 0.

First, by applying [DyZw, Theorem E.42], we directly have the

Lemma 3.1. Under the assumptions of (Al), there is a subsequence up; and a Radon measure
measure (1 on T*M such that for each Ay € U°"P(M)

(A un,, un, )2 — o(A)dp as j — oo.
T*M

We can also consider the sequence uy; = Opy, (eNS)uy,, which satisfies ||t ||z2 = 1 and thus

one can consider its semiclassical measure g satisfying, as j — oo,
<Ahj U, ’u,hj>L2 — U(A)d,u,.
T*M

3.1. Support and first invariance properties of the semiclassical measure. We first
remark that the measure p must satisfy some support properties and some invariance under the
Hamiltonian flow of the p(z,&) (defined in (2.7)). These are consequences of elliptic regularity
and propagation of singularities.

31t can be checked, by inspecting the proof, that one can choose cx = Vmin and cy = Vipax-
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Lemma 3.2. The measures i and p satisfy e*NCdu = dp, and

Supp(u) C {(z,§) € T"M | {(X) = —1}.

Assume that > 1 in (Al). If p(x,&) = £(X) and H) is the Hamiltonian vector field of p, then
for each a € C*(T*M)

/ (Hp +2(y+V))adu =0. (3.1)
*M

Proof. The first identity follows from the definition of y, it for A € ¥;°™P (M)

(AT, n,) 12 = (Opy, (€N9)* AODy, (eN)uj, u)) 12

—>h—>0/ MO’(Ophj(eNG)*AOphj(eNG))dM:/ MU(A)GQNGdIu.

The semiclassical principal symbol of Py (Ap) is p(x, &) + 1 = &(X) + 1 thus

Supp(p) C {(2,€) € T"M [ £(X) = —1}
using microlocal ellipticity [DyZw, Theorem E.43]. We write Im(P},(A)) = (Po(An)—Pr(An)*)/2i €
R (M), with
o(h  Im(Py(A\p))) =y + V.
By [DyZw, Theorem E.44], we have that for each a € C°(T* M), (3.1) holds. O

Next, we shall use propagation estimates to obtain informations on the support of p and
establish that p # 0.

Lemma 3.3. Assume 8 > 1 in (Al), then the semiclassical measure p satisfies
supp(p) C 'y = E; @ E, (3.2)
Moreover, if Kp = {(z,§) € T*"M|dy4((x,§), E5) < R)}, we have pu(Kg) > 0 for any R > 0.

Proof. We fix N1 > 0 an arbitrarily large constant. Let us consider the fiber compactification
T" M of T*M (see [DyZw, Appendix E] for definition). The bundles E}, E* and Ej extend to
T" M naturally (by taking their closure) and we let L := E*NdT M and L' :== EX N 9T M.
The set L is a radial source and L’ a radial sink in the terminology of [DyZw, Definition E.50].
First, we will show that p has no mass for ¢ large enough in a conic neighborhood V; of E}.
This can be proved using the radial point estimates of [DyZw, Theorem E.52]. There is sp € R
such that for all s > s, and By € U9 (M) with L C ell(By), there is Ay € ¥) (M) elliptic in a
neighborhood U of L in T"M, and C > 0 so that for all u € Hy(M)

lAoullmy < CHH|BrPy(\n)ullm; + CthHUIIHh—Nl- (3-3)

Note that by (A1) we may choose s9 = N — §y for some 0y > 0. Now, since uy € H}]YG
and Py (Ap)u, € HYC, we can choose By so that WFj,(B1) C Vs and, since B;Op,(eV¢)~! €
W, V(M) by the fact that m = 1 in Vs, we see that By P,(\y)up, € HpY and HBlPh()\h)UhHH’JLV =
o(h#). We thus choose s = N with N > sp and get that there is Ag € U9 (M) elliptic in a
neighborhood U of L such that

1 Aounll gy = o(A”1). (3.4)
This shows that u(x|o(4g)?) = 0 for all y € C(T*M) and thus u vanishes in U. By the
Anosov property of X (L is an attractor for the backward Hamiltonian flow ® _; = e~*») for

all (z,8) € T"M \ E} @ E{, there is T > 0 such that ®_r(z,£) € U. We can then use the
invariance (3.1) to deduce that © = 0 outside E;; @ Ej so that (3.2) holds.
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To prove that pu # 0, we also need to have H, N estimates on Quy, for some appropriate
Q € V(M) microsupported outside E.

For an operator Y € ¥7(M), denote by YV := Op,(eN¥)Y Op,(eV%)~! the conjugated
operator. By [FRS, Appendix] we then have Y(V) € U™(M) and 0, (Y M) = 0, (Y). First, the
elliptic estimate of [DyZw, Theorem E.33] gives that for each 4; € ¥9(M) with WFj,(41)N{p =
—1} = 0 and each Ny > 0, there is C' > 0 so that for all A > 0

1Al 2 < CU(PROW) il + CRN un | - (3.5)

Here we used the above facts for Y = Aj, P, (A\). Therefore, for each cone Cy C "M satisfying
CoN(E; @ EX) = 0, there is R > 0 large and 4; € U9 (M) satisfying o(A1) = 1 in CoN{|¢| > R}
such that, for some Ny > (3

1Avunllygye < CllPLAR)unllzgve + CRN ul v = o(hP). (3.6)

Next, we remark from the Anosov property of X that for each cone C; € T M \ (E: & Ep)
there is 7' > 0 so that ®_7(Cs) C U where U is the neighborhood of L used before, we can then
use the propagation of singularity estimate of [DyZw, Theorem E.47] to deduce the following.
For each cone Cs as above, there is Ay € U9 (M) with o(43) = 1 on C5, B € ¥9)(M) with
WF,(B) C U, so that for all N; > 0, there is a constant C' > 0 such that

HA2UhHH{1VG < Ch_lHPh()\h)Uh”H;jG + CHBuhHHth + CthHUh”H;N'

Note that, strictly speaking, we applied the propagation of singularities estimate to (Ag)(N ),
(Ph()\h))(N), BW) and 1y, similarly to (3.5). Using (3.4) and elliptic estimates, HBuhHHhNG <
C'HAouhHH}sz + O(h*®) = o(h®~1), and combining with (A1), we deduce that

| sty v = oh*™) (37)

Next, by [DyZw, Theorem E.54], there is s; such that for all s < s;, N > 0, there is
Az € U9(M) elliptic near L' := EXNOT M, B' € ¥)(M) with WF,(B')NL' =, B; € ¥9)(M)
elliptic on WF,(A43) and C' > 0 such that for all v € Hj(M), all h >0

|Asv]|s < C||B'v||gs + Ch™ || BiPu(An)vl s + Ch™M [Vl - (3.8)

Note that in this estimate, if WF,(As) is localized close enough to L', one can choose B’
to be microsupported also close to L’; we can assume that they are microsupported where
C1{6)™N < NG < (€)™, Note that by (A1), we may choose s; = —N + §; for some d; > 0.
Let A € UY)(M) elliptic so that WFh(ﬁg —A3)NL =10, ie. As is microlocally equal to As
near L'. We can now write for some N; >  and some C,C’ > 0, using (3.8) with v = uy and
s = —N in the third line

1 = Junllye <Cl\Agunlpgye + OR™)
<C||Asun]| v + Cll(As — Az)up|lyyye + O(h™) (3.9)
<C'||B'upll -~ + Cll(As — As)unlygye + o(h”1).
Note that B’ and (ﬁg — As) satisfy the same property that their wavefront set does not

intersect L' in T M. But if B” € ¥9(M) is such that WF;,(B”) N L' = (), then one can choose
Cs and Cy above so that WF,(B") C CsUCoU {|{| < 2R} for some R > 1 large enough, and thus



10 M. CEKIC AND C. GUILLARMOU

there exists @ € ¥;""P(M) such that, for any N; >0
1B" unllye < C(IB" Avunllyye + |B" Agunllagye + |1 B"Quall gye) + ChN | -
Applying this to B” = B’ and B” = A3 — Ag and using (3.7), (3.6) and (3.9), we deduce that
there is Q € ¥}""P(M) elliptic on {|¢] < R} and C' > 0 such that
1< O|Quallgxe + O(R™M) + o(h”).

Taking some N; > f and since 8 > 1, the right hand side converges to 0 as h — 0 and we
deduce that u(|o(Q)|?) > 0, showing that u({|¢| < R}) > 0 for R > 0 large enough. Using the
flow invariance (3.1) and the fact that ¢*f# is expanding linearly in ¢ in the E; direction where
p is supported, we deduce that pu(Kg) > 0 for all R > 0. O

We remark that the proof of that Lemma shows that u = o(h®~!) microlocally on compact
sets outside I'y N {p = —1}.

4. UNSTABLE DERIVATIVES AND EXOTIC CALCULUS

If V.e C®(M) is a potential, the proof of [FaGu, Theorem 2] gives that there is ay €

C'vmax (M) such that (=X —r_)ay = U_(V) and

Ymin

[~ X+ V,U_+ay]=r_(U_+ay), r-€C* (M), Xay € Crmax (M), (4.1)
We recall the result of [FaGul:

Proposition 4.1 (Faure-Guillarmou [FaGu]). If X is a contact 3-dimensional Anosov flow, the
Ruelle generalized resonant states u in Re(s) > —vmin satisfy U_u = 0.

This extra property of resonant states will give us a new identity on the semiclassical measures
associated to sequences of resonances: roughly speaking 1 will be invariant by the Hamiltonian
flow of o(U_). More generally we can use this unstable derivative even for quasimodes. However,
there is a technical drawback, which is that U_ is not smooth. For microlocal methods, this
complicates the argument, and we will have to regularize U_ with an h-dependent scale. This
leads us to use a slightly exotic class of pseudo-differential operators and symbols.

4.1. Regularization and exotic pseudo-differential calculus. If m € R, p € (0,1) and
k € Rt we define the exotic pseudo-differential calculus vy p7k(./\/l) to be the set of operators
of the form Opy,(a) where the symbol a in the class S3") , (T*M), which is the space of smooth
functions on 7% M such that in local coordinates (here =4 := max(z,0) for z € R)

Va, 8, 10907 a(x,€)| < Cape (&)™ PInele=R (4.2)

We will also write \I’Z‘p(/\/l) when £ = 0. The calculus defined by this property has all the
good properties of a semiclassical pseudo-differential calculus, and we refer to Appendix A for
a summary of the needed properties that we shall use freely in this section.

We want to work with smooth coefficients and will thus regularize Holder functions at scale
h? as follows. We fix a partition of unity (1);); associated to a family of local charts (O;);
(i.e. supp(¥;) C O;), and denote by (z1,z2,z3) : O; — R? the local coordinates in each chart.
Without loss of generality, we shall choose the coordinate systems in the charts so that X = 0,.
Then if u € CF(M) for k > 0, define u" := > wju? where u; = ulp,; and the h” regularization
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in the chart O;, identified to an open set of R3, is given by

Va € Lgomp(R3), a(x) == h=% / x((z — 2")/hP)a(x")dx’ (4.3)
R3

where y € C°(R3;R*) has integral 1 and is chosen to be a radial function, i.e. a function of |z|.
Note that wju? depends only on the value of u on an h”-neighborhood of supp(#;). Notice also
in that 1" = 1. Similarly for a semiclassical differential operator P with C¥(M) coefficients,
that is an operator which in each chart O; has the form

NI
with aj, € C¥(0;), we define P" = > ijjh where Pj = P|o,, the regularization in each chart

Oj, is given by
Z a’ h'a‘aa

If P is a differential operator, we define Ph analogously as a differential operator. We notice
that this process depends a priori on the charts and partition of unity, but that will not cause
us any problems. The following holds true

Lemma 4.2. Let k € (0,2) and let a € C¥(M). For m € [0,k) integer and ¢ € N, one has
la" = allem = O* ™ lal|cx), |la"ce = O(RAEP7),

Vi, el —bialtlem = O(RF™P),
In particular one has a” € Sgpk(./\/l) and 1/Jja;-‘ = wjah+052 O(h/’k). Ifk <1 but Xa € C*(M),

H Py
one also has

Xa" = Xa+ Oco(h*?).
If P is a semiclassical differential operator of order { on M with C¥(M) coefficients, then
Ph ¢ \I’hpk,(/\/l) and
P" = P4+ Oco(hF%). (4.4)

where the norm is the C° norm of the coefficients in the local bases Oy, .

Proof. We work out the case k > 1, the case k < 1 is similar and indeed simpler. We write in
the chart O; (on supp(v;))

(@)= [ xasta+ 1)y

and use that a;(z + h?y) = a;(x) + hPda;(x).y + Oco(h*||al|cx). But since y is radial, one has
[ x(y)da;(z).ydy = 0, and this shows that

a} (x) = aj(x) + O(h*|[al| o).

One has a similar estimate for the derivative
Ot = Or,a; + Oco (HD7a] ).
In general, for all |a| > 2 we get ag‘a;-‘ = Oco(h~PUel=k)+) since
o2al (@) =(~1)n e [ gex(y)as(a + hoy)dy,
RS

:(_1)|a\—1h(1—|a|)p . 3§/X(y)3xiaj($ + hPy)dy
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for some o satisfying |o/| = |a| — 1, with ¢ so that a; > 0, and use that J,,a;(x + hPy) =
Oz,a5(z) + O((h|y)¥~1) and [ 95" x(y)dy = 0. Thus, if V € C*°(M;TM), one has

va* =Z( (3)aj + 5V (a7)) = 3 (V) (af = a5) +5V (0] — a5) + V (¥y)a; + 05V (a;))

Z ($5)a + 63V (a5)) + Oco (W*~D7) = Va + Ocn (K1),

Next, we also get from this analysis that for m <k, in O;

O (wy(a — ")) = ;07 (aj — a) + 071(5)(a; — @) + Oco (W 77) = Oco (RET™P),
Next, if a € C* with Xa € C*, by using that X = ,, in each chart O; so that X(a?) = (Xaj)",
we can write as above

Xa" =" (X(y)al + ;X (a))") =D (X (W) (a = a5) +5(Xa;)") = (Xa)" + Ogo (h*?),
J J
where we used that ) j 1; = 1. The analysis above also implies that for a semi-classical differ-
ential operator P the full local symbol of P" in charts satisfies

|8gagUfull(Ph)(x7£)| < Cfa’ﬁ<§>sz|ﬁ|hfp(IOélfk)Jr
and that (4.4) holds. )

Applying the preceding lemma to hU_, we get for any € > 0
hUM € O} 5 (M), hU" = hU_ + Oco (W79 |U_]| c2--). (4.5)

For technical purposes, we need the following claim on the size of (ab)® — ab":

Lemma 4.3. Let a € CK(M) and b € CY(M) with k.0 € (0,2). Then, if a; = alo, and
bj = blo,, one has

A = (@) + Oy (WD)t = (ahy) + Ogy (WRO)
Proof. First we work in the chart O;. Using b;(z) = b?(x) +O(h*) and a;(z) = a?(x) +O(hkr),
the bound |3§‘b§l| = O(h=lel=0+) in supp(¢);) C O;, and the Taylor expansion
(a70})(w + hPy) = (ajby) () + d(ajb}) (x) - 'y + R(z,y),

where R(-,y) = (’)52 O(hp'min(k’e)) uniformly in y, we obtain
3P

(ast)" @) = [ xw)asla+ B+ 1)y

_ x—a
= /RS X(y)a?(x + hpy)b?(x + hPy)dy + h™>° /R3 X(T)aj@/)(bj — b?)(a:’)da:’

-3 .T—J,‘/ h h
1 [ () - )
h h hyh -min (k¢
~d @ @) + ) @) [ oxl)dy+Ogy (1),

=0
This gives the local result by using that x is radial (so the h” factor vanishes). Now for the
global result, by the first part of the lemma

= Z I/Jja?’b? + 052 , O(hp-min(k Z hbh + Z wj ] B bh + (’)So (hp'min(k’g))
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which yields the result since wj(b? — ) = Oso O(hpg) by Lemma 4.2. O
Py

We next compute the regularized commutator of h(X — V) and h(U_ + ay)":
Lemma 4.4. Assume 3y € (0, Z::ﬁ) and p > ﬁ. If Ve C*°(M) is h-independent, the
following commutation relation holds
(WX = V), h(U_ + ay)"] = =" h2(U_ + ay)" + h*TPPRy,,

where the upper index h denotes the regularization at scale h*? and Ry, € \IJ}LPO(M).

Proof. For V € COO(M) let UY :=U_ + ay, then
[h(X = V), ij (X = V), h((UZ )" + WX () (U2 )"

where UYJ» = UY|p,. We start by computing [h(X — V),h(UKj)h] in O;. Writing X = 0,, as
before and U_ ; = >, a;(2)0,, in O; we have, using 9,,a" = (9,,a)",

(X = V), h(U"  + ol )] = h2( (b)) + 23: ( Xa;)" 0y, + ahdy, (V )))
i=1

Recall by (4.1) that Xay + U_(V) = —r_ay and that ay, Xay € CP(M) for all By €
(0, Vmin/Vmax); we can then use Lemma 4.3 and Lemma 4.2 to deduce that on supp(¢);), for any
e>0

[R(X = V), h(U" 4+l )] =h2[X, U_]} + b (Xaw)} + B (U-(V))} + Oy (h*F737))
— B2 (U + o) + O\If%,p,o(h2+p’8°) + 0w | (h1+p(276))~

Now (UY )" = (U- ;)" + af,; with k2 (U- ;)" € h¥}, (M) and h*y;ay,; € h20) 5 (M)
satisfy, using again that Zj 1j = 1 and Lemma 4.2, for any € > 0

D hX ()t =3 hX ()b — av] = Oco(hHH7),
J j
Z hX () (U- )" = Z BX(5)[(U)" — U] = Ope (W92

for £ = 0,1, where C* denotes the norm on vector fields. In particular, > hX () (U- ;)" €
hp(?*e)\ll,ll’mo(./\/l) and hX(wj)a"‘,J € hHﬁop\szp’O(M). Thus the error term belongs to
hmm(“pﬁo’l*p@*s))\I/}L’p’o(/\/l) and using the assumption on p completes the proof. [l

4.2. A propagation estimate and regularity of the semiclassical measure in the unsta-
ble direction. In this section, we are going to use the regularized version of the commutation
formula [X,U_] = —r_U_ proved in Lemma 4.4 to deduce that the semiclassical measure p
enjoys some extra regularity in the (lifted) unstable direction.

Before proceeding, we define the semiclassical principal symbol of —ihUL
p+(2,§) == o(—ihUs) = {(Ux(z)).
Recall here U_ spans E, and U, spans Ej, so we have
p=H0)=Ej @ Ey =Ty, pi'(0)=E;®E =T_.

Since p_ € C?7, the Hamiltonian vector field H, has C'~ coefficients, which would a priori
not be sufficient to define its flow as it is not Lipschitz. However, since this is a Hamiltonian
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P+

FIGURE 2. The wavefront set setup in Lemma 4.5. In shaded blue we have A = 1, in
red is B = 1, in yellow is By = 1, in gray we have B; = 1, while the dark green rectangle
bounds the set where B = 1, all taken modulo O(h>).

vector field, the flow equation in local coordinates reads

() = U—(x(t), &(t) = —0,U—(a(t)).£(1). (4.6)
Since U_ € C?~, we see that the first equation with initial condition z(0) = z¢ has a unique
solution given by the (horocycle) flow ¢y (7o) = €'V~ () of U_, and (t,z) + ¢y(z) is C*>~ but it
is C? in the t-variable. Since x(t) is well-defined (in a unique way), the second equation for £(t)

with £(0) = & can now obviously be solved for each x since it is linear, the solution is unique,
and it is given by £(t) = (d¢y(x)~1)T€. We will thus define "7~ to be the symplectic lift of ¢,

e (@, €) = (&n(a), (den()™)"€)

which is the unique solution of (4.6) with initial condition (z,§) € T*M.

Let § > 0 be small and define

Us :={(2,§) € T"M : [p—(2,8)] <6, [p1(2,8)] <6, [p(x,§) + 1] <0} (4.7)

We now state a technical propagation Lemma, which is comparable to [Dy2, Lemma 2.7].
Lemma 4.5. Let k > 1. Fiz § > 0 small and assume A, B, By € W, (M) satisfy (see Figure
2)

1. WF,(A) CUsspo and A =14 O(h>) on Us.

(4)
2. WF,(B) ClUssN{|p—| > 6/2} and B =1+ O(h®>) on Uss N {|p_| > 6}.
3. WF,(B1) C Uss and By = 1+ O(h™®) on Uss.

Let W € \Ilg%k(./\/l) with real principal symbol o(W) so that (W) — o(W)g € CYUT*M)
uniformly as h — 0, and assume that for T > 1 and some ¢ > 0

1 /7
T/ (c(W)o—V —y)oe rdt >¢ on UsNTy. (4.8)
0

Then for all up, € D'(M) and all Ny > 1, there is a C > 0 such that
1 Aul|z2 < CRTHIBU(Pa(An) = ihW)ullz2 + || Bull2 + CR™ ul| v, (4.9)
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Proof. We split the proof in two steps.
Step 1. Take By € W;”"P(M) such that WF(Bg) C Uas and By = 14+ O(h™) on Uss/o. We
claim that, for every fixed g9 > 0, there is C' > 0 such that for all u € L?(M)
lAull 2 < Ch™H[B2(Pu(An) — ihW)ul| 2 + C| Bul| 2 + eolful| 2. (4.10)
We prove this by contradiction: assume there is a sequence u; € L2*(M) with A — 0 and
llun||r2 = 1, such that
[B2(Pn(An) — ithW)un||r2 = o(h), || Bunllr2 = o(1),  [[Aus]|r2 > €. (4.11)
By [DyZw, Theorem E. 42] there is a semiclassical (Radon) measure v associated to uj. Now
use propagation of singularities estimate Proposition A.2 (item 8): for every (z,§) € Ussj \ T'4,
there is a tg > 0 with e 0r (2, &) € {o(B) =1} and e (2, £) € Uy, for t € [0,10]. Thus for
all Q € ¥°"P(M) with WF,(Q) C Ussip \ T,
1Qullz2 < CllBullpz + Ch™ Y| Ba(Pu(An) — ihW)ul 12 + O(h™).
By (4.11) we obtain ||Qu/z2 = o(1) and so v = 0 on Uss/s \ .

Next, (4.11) implies (P(An) —ihW)u = o(h) microlocally in Uss /s, so by Proposition A.4 we
have for all a € C§°(Uss/2)

/ Hyadv = 2/ (c(W)o =V —v)adv.
*M * M

Set f :=2(c(W)o—V —7). Equivalently, since for ¢ > 0 we have e */» : UssjoNT 4 — Uss o Ny
and since v is zero on Uss/o \ T'y, we may write an evolution equation for v" = vy, 2T s
(e ey qy = elo foeferdeV', t>0. (4.12)

Applying this relation to 0 < a € C§°(Uss /2) and as v is a Radon measure, we get for ¢ > 1

t —rH,
/ aoetrdy = / elo foem T Rdr g gy, > g2t / ady,
Uss /2Nl Uss /2Nl Uss /2Nl

by the condition (4.8). The left hand side of this equation is bounded from above by |[|a| v (Uss)2),
while the right hand side is growing exponentially fast. Thus, v = 0 on Uszs /o, contradicting the
last point of (4.11) and proving the claim.

Step 2. For every B) € ¥;™"P(M) with By = 1+ O(h™) microlocally on WF(Bs), we may
apply inequality (4.10) to Bhu to get

| Aul| 2 < Ch™H|Ba(Pu(An) — ihW)ul 2 + C||Bul 2 + eo|| Byul| 12 + CthHUHH;Nl' (4.13)
Choose B, such that for every (x,&) € WF,(BY), there is a tg > 0 with e~0r(z, &) € {o(A) #

0} U{o(B) # 0} , and for all t € [0,t9] we have e *H»(x &) € {o(B1) # 0}. Thus by the
propagation of singularities estimate, Proposition A.2 (item 8), we obtain

| Byullze < Ch™H[Bu(Pa(An) = ihW)ull2 + Cl|Bullz2 + CllAu] 2 + CR™ flu yon . (4.14)
By using (4.14) to estimate the ||Bju| 2 term in (4.13), the elliptic estimate [DyZw, Theorem
E.33] and the fact that WF,(B2) C WF,(B;1)

1 4ullz2 < Ch™H | By(Pa(An) — ihW)ullz2 + C|[Bull 2 + eoC| Aull 2 + Ch™ ul| -

Taking € small enough, we absorb the e9C||Au||r2 term to the left hand side, thus completing
the proof. 0
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We will now use this propagation estimate to deduce some regularity of the semiclassical
measure p in the direction of H, . Recall the definition of Vinin, Vinax in (1.2).

Proposition 4.6. Assume v < Vpin — Vinax n (Al). If additionally 5 > 2 in (A1), for § >0
small enough and any a € C°(Us), we have

/ (Hyp_a— (—divU- +2ay)a)dp =0, (4.15)
Us

where div denotes the divergence with respect to the contact measure a A do. Moreover, if (Al)
holds with ||Ph()\h)uh||Hth = O(h?) there is a C > 0 such that

[ o] < Clalsn. (4.16)

Proof. Denoting UY := U_ + ay, the commutation relation in Lemma 4.4 reads:
(X = V), MUY = =2 n2(UY)" + W% Ry, Ry € W), (M),
for some By > 0. Therefore, we have the relation
(Pr(\p) — ihr™ ) R(UYV) = R(UY)' P, (\) — ih* PP Ry,. (4.17)
Consider now A; € \Ilcomp(M) with Ay = 1+ O(h*) on Uss and WEF, (A1) C Uys. For each
€ > 0 so that vy — Vinax — v > 3¢, there is Ty > 0 and hg > 0 such that for all T > Tj
/ ~ = V)op_¢dt > vmin — Vinax — 26 > 7 + €.

Thus, we can apply Lemma 4.5 with the functions h(UY)"Ajuy, € C®°(M) and with W := " ¢
Wy o (M), which gives
JAR(UY )" Ayup || g2 < Ch™H|Bi(Py(M) — b )W(UY )" Ayuy,|| 12 + C|| BRUY) Ayup,|| 2
+O(h®) MUY Avup|| 2, (4.18)
where A, B, By € ¥ (M) satisfy the conditions of Lemma 4.5.

We analyze (4.18) by studying each term on the right hand side separately. Firstly, since
WEF}, (A1) N WF(B) does not intersect I'y N {p = —1}, using (3.5) and (3.7) in Lemma 3.3,

| BRUY)" Ayup|| 2 = o(h"~1),  h— 0.

Here we also used that h(UY)" € ¥} p0o(M) is suitably bounded by Proposition A.2 (items 1
and 6). By the same boundedness properties

Ih(UY)* Arupll 2 < CllAvun]l gy < Cllunll -~ = O(1),

which shows that the last term of (4.18) equals O(h®°). Finally, for the first term it suffices to
estimate, by (4.17)

Y B (MUY )Y Py (M) — ih2HPP Ry) Ay || 2
< WY B1h(UY)Y' Py(\n) Avun]| 2 + hHP || BL Ry Ayug,| 12
< WY Bi(UD) [Pu(An), AiJup g2 + B Bih(UY)" A1 Py (A up| 2 + WP || Ry Avug | 2
< O(h%) + b= Pa(An)unll v + OB P20) | Ayup||
= O(h*) + o(RP~1) + O(n1TPP).
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We used that [Pn(\), 41] = O\I,;oo(hoo) on WFy(By) C Uss, so Bih(UY)'[Py(\n), A1] €
h WP (M) by Proposition A.2 (item 1), and that HRh||H}IL4)L2 = O(h%) by o(Ry,) = O(h™)
and Proposition A.2 (item 6). Therefore, by (4.18)

IARUY)" Ayup | 2 = o(A”1) + O(RP),
and so A(UY)"u;, = o(h) microlocally in Us if 3 = 2. Now note that

_ , —ih(UYVY — (—ih(UYVY) 1
h= Im(—ih(UY)") = 57 =3 divU" — of = 0‘1’2,,3,0(/\4)(1)’
by Lemma 4.2. The main result (4.15) then follows by the first result of Proposition A.4, since

divU" — div U_, o/(/ — ay and Ho_(_ih(UY)h)a — H,_a uniformly.

Finally, if HPh()\h)uhHHhNG = O(h?), a similar argument gives h(UY ) u;, = O(h) microlocally
in Us. The final conclusion follows again by applying the first result of Proposition A.4. O

We now show that Proposition 4.6 implies some Lipschitz regularity of x4 inside I';.

Lemma 4.7. Assume that v < Vmin — Vmax n (Al). If additionally B > 2 in (Al), then for
6 > 0 small enough, there is a C > 0 such that for every dg > 0 small enough

0

50 < u(Us N {lp+| < do}) < Céo. (4.19)
Moreover, if (A1) is valid with HPh()\h)uhHHth = O(h?), then the upper bound in (4.19) holds.

Proof. First, we make the following observation using the contact structure: we have

pr (p+)(ﬂ?,§) = 6([U—7U+](‘T))a (420)

and [U_, U, ]is a C'~ vector field that does not vanish such that 0 # «([U_,U4]) = —da(U_,Uy)
(as Uy € ker ), by the relation
0#aNda(X,U_,Us) =2da(U_,Uy). (4.21)
This means that either H, (p4)(z,§) > ¢1 or —H,_(p4)(x,&) > c1 for some ¢; > 0 on Us. Let
a € CX(R) with supp(a) C (—26o, 61) satisfying
2 1
lalloo <1, Osa>——, 0Osa>—-—— for |[s]|<dy, (4.22)
o 3d0
for some small fixed 6; € (0,6), independent of §y. Let x € C°(—9,d) be equal to 1 in
(—=8/2,8/2). Consider a(z,¢) := a(ps(z,€))x(p—(z,€))x(p(x, £)+1) which is a C?~ (Us) function.
If H, (p+) > 0 on Us, using that supp(p) C (T N{p = —1}) C {|p—| < /2, |p+ 1] < §/2}, we
get

Osa(p+)Hp_(p4) dp > %u({\m\ <do}) — ?u({\m\ € (00, 01)}).
0 1

pr(a) dp :/
Us Us
The result of Proposition 4.6 (in the case HPh()\h)uhHHth = O(h?) as well) also holds for

a € CX(Us) by using a density argument, so we can apply it to our function a and, since
p({|p+] € (60,01)}) < u(Us), we get that there is a C' > 0 such that for all o > 0 small

n({lp+] < do}) < Co.
In the case where H, (p4)(z,£) < 0 we can do the same reasoning by bounding below the
integral — fué H, (a)du.
To obtain a lower bound for the measure of Us N {|p4+| < do}, we can proceed as follows.
Without loss of generality, we can assume that co > H, (py) > ¢1 > 0 as above in U; —
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this precisely means that p, is increasing along e'f»—. Moreover, we compute H, p(z,§) =
E(U_, X](z)) = r_(x)p_(z,£), and thus both p and p_ are constant along e/#r- on T'.

We integrate (4.15) to get, for each a € C2°(Us/2) and [t] < E (so supp(a o efr-) < Uy)
/ a o etir- dp = efg(—diV(U,)—‘,-2ozv)oeiTH”— r, du. (4‘23)
Us Us

We thus get, using that | —div(U_)+2ay | is uniformly bounded, that there is C' > 0 independent
of dg such that

/202 / aoceflr—dudt <C | adp. (4.24)
Us Us

We choose a = a(p+)x(p+ 1)x(p—) with x as above, @ € C°((—dp, dp); R") satisfying a = 1 on
{lp+| < d0/2}. For each z € Us /o, the map t — py (- (2)) is a C'-diffeomorphism for |¢| < 262
since H,_(py) € [c1,ca]. Thus we can perform the change of variable ¢ = p (e~ (z2))

1)
?(‘2 HP

/ /ué/2 (eTr—(2)) du(z)dt = /MW/ (e Hpi(er)(et(q)Hp—(z))dqu(Z)

1 202 Hp_ (Z)
- | / i(q)dadp()
€2 Jus;s Jpi(2)
s

Dz € Usja| (—80/2,80/2) C [p(2), o (227 (2))]}).
A=

Since H, py € [c1,c2] on Us, the set A contains pll([%o — %, —%0]). Note first that by the
Lipschitz bound and Lemma 3.3, for any 6 > 0 we have p(Us \ Ej) > 0. Then the horo-
cyclic invariance (4.23) implies that for all Ry, Ry € R small enough, the strip Sg, r, = {2z €
T* M | Ry < p_ < Ry} satisfies u(Sg, r,) > 0. Thus for dp small enough, p(A) > C’ for some
constant C’ > 0 depending only on ¢, ¢2 and § (and not on dy). We therefore obtain, by

combining with (4.24), that there is C” > 0 such that for all 4y > 0 small

pUs N {|py| < do}) > / adp > C"by,
Us

concluding the proof. O

5. PROOF OF THE MAIN THEOREM

We proceed to the proof of the main result. Note that Theorem 1 is an immediate corollary
of Theorem 2 for the case V = 0.

Proof of Theorem 2. We proceed by contradiction. Assume that estimates in (1.4) do not hold,
i.e. there is a sequence h, — 0, A, € C and u),, f,, € HN with norm anHHNG = 1, such that
(—ih, X + ih,V —id\y)ul, = f, satisfies ||un||HNc; > Ch,,? for some C > 0 (resp HunHHNc >

nh,?) if hy1Re), € So(e) (resp. h,'Re)\, € Si(g)). Up to extracting a subsequence and
rescaling h,,, we can assume that Im()\,) — 1 and h; ! Re(\,) — —vy as n — oo with —y € Sy(¢)
(resp. —y € S1(¢)). Define u,, := u%/”u%”?{i\rc € HNY which satisfies

fn NG h2 o
HPhn()\n)un”HhNG = w _ {O( n)7 A 80(5),

lpllave — o(h2),  —v € Sie).
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This means that we are in the case of (Al) with ||Ph()\h)uh||Hth = O(h?) and N > 1, if
—y € Sp(e), or with =2 and N > 1, if —y € Sy (e).

By Lemma 3.1 there is a semiclassical measure p associated to uy, which by Lemmas 3.2 and
3.3 has support in I'y N{p = —1}. By Lemma 3.2, we have for every a € C°(Us) and t > 0 (see
(4.7) for the definition of Us)

_ _ t —rH.
/ a o etHr d,U,:/ e~ 2t 2 [y Voe Pdradu'
Us Us

Therefore for all & > 0 and ¢ > T/ large enough, we have e~*»(I'y NUs) € T'y NUs and
e 2O Vimaxte) (T N Us) < ple M (D NUs)) < e 20T Vein =) 0 NUs). (5.1)
Moreover, we claim that for each ¢’ > 0 and ¢t > T./ large enough
{Ips| < e WmatN AT Nty € e (DL NUs) C {|py| < e Cmn= NN T, Ny, (5.2)
To see this, first note that Hy,(p4)(x, &) = &([X, U4](x)) = r4+(z)p+(z, &) by (4.1) and thus

po(e (2, €)) = e Jorelo—r@drp (1 6) ¢ e R,
)

and we obtain, by (2.5), that for ¢ > T,/ large enough and (z,§) € U;

e Cmt D |(2,€) < |pyl(em (2, €)) < e =g,
thus giving (5.2). If —y € Si(e), by (5.2) and Lemma 4.7 (note it is here that we use —y >
—Vmin + Viax), we obtain that there is C' = C(¢’) > 0 such that for ¢’ > 0 and t > T./
Ol maxtet < (o7t (T N Us)) < Ce Vmin=e)E, (5.3)

Combining these inequalities with (5.1), we obtain for all t > T/

O~ Le(27+2Vimin—Vmax—3¢")t < u(TyNUs) < Ce27+2Vinax—Vmin+3¢")t (5.4)
Since —2v < —Vmax + 2Vmin — 26 we also get a contradiction by choosing ¢ small and letting
t — 00.

Next, if —y € Sp(e), by (5.2) and Lemma 4.7 we similarly get the upper bound of (5.3), which
combined with (5.1) yields the upper bound in (5.4). Since —2y > —vpin + 2Vinax + 2¢, we can
choose ¢’ small enough and by letting ¢ — oo this would force to have u(Us) = 0, contradicting
Lemma 3.3.

Finally, the classical estimates (1.3) follow by introducing a semiclassical parameter h :=
|Im(s)|~! and applying the semiclassical estimates (1.4), as well as (2.8). O

APPENDIX A. AN EXOTIC SYMBOL CLASS

Let M be a closed n-manifold equipped with a Riemannian metric g, let K > 0and 0 < p < 1.
We use the usual notation (€) = (1 4 |£]?)Y/2, h > 0 will be a small semiclassical parameter,
we let T"M be the fiber radial compactification of T*M a defined in [DyZw, Section E.1.3]

and H, will denote the Hamiltonian vector field of p € C*°(T*M). Given an operator P, we
pP—p* P+P*
2 2

write Im P = for the imaginary part of P and Re P =
P =ReP +iImP. Recall that for x € R we write ;. = max(z,0).

for the real part; then

Most of the results we gather in this appendix are simple extensions of classical results in
semiclassical analysis that can be found in the books [Zw] and [DyZw, Appendix E]. We shall
only point out the main differences with our setting.
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For each m € R, we define the exotic pseudo-differential calculus vy o, (M) by saying that A €
Uy, k(M) if its Schwartz kernel Ky is in OcN(MXM)(hN) for all N > 0 outside a neighborhood
of the diagonal, and near the diagonal can be written in local coordinates as

Ka(z,y) = (2rh) ™ / Vg, €)de,

where the local symbols are in the class S,Tpk(]RQ”) defined by the property: a € S,Tpk(RQ”)
if a € C*°(R?") is an h-dependent function and satisfies in local coordinates (for some C, g
uniform in h)
10907 a(w, )] < Co,p(&)™PIR7PlI=R) (A.1)
We notice that it is important here, for the calculus, that the loss of A~ happens only in the
x-derivatives and not in the £ derivatives. First, observe the basic properties for 0 < k' < k
a € S, 1 (R?"), b € S}, s (R*") = ab € S;" 10 (R™™),
a € S,y (R?) = 9%a € hrllel=Regm (R*), 92a € S; 1 (R?™), (A.2)
Vi €[0,k], RPSE, . j(R*) C S, L (RP).
We define S3", (T M) to be C°°(T*M) functions that, using local coordinates on M, are in
S,Tp k(Rzn). First, one directly sees from the formula of symbols under a change of coordinates
[Zw, Theorem 9.9] that the symbol in local coordinates being in S}’L”pk(RQ”) is invariant by
change of coordinates, and moreover there is a principal symbol map
oV, (M) — S}Tp’k(T*M)/thT;;(T*M).

Using local charts and a partition of unity, we fix a semi-classical quantization Opy, : S;") p(T*M) —
Ui, (M), which satisfies

o(Opp(a)) = a mod hSZ?;;(T*M).

We first check that symbols in this class are closed under composition. Recall from [Zw,
Theorem 4.14] that if A € ¥ | (R") and B € \I/hm;k: (R™) have full symbol a,b then AB has full
symbol (as an oscillatory integral)

a#b(z,§) = (QWh)_n/ e 7@ Nz, € + €)b(a + o, €)d'de’ (A.3)

which has expansion

(h(N+1)(1—p)) (A.4)

(_ih)lal QAo
a#b == Z 8& aam b -+ OSZ’L:’SL,_N_I(R%L)

al
la|<N
Here [0gad7b| < Cyhlele(gymtm’=lal s that higher order terms in the expansion are higher
powers of h and of (£)~1.

Lemma A.1. Let a € S}T;k(RQ") and b € S,T;k(RQ"). Then a#b € S}f;*,;mQ (R21).
Proof. This follows from (A.4) and (A.2). O

For A € U (M), we say that (20,%) € T"M is not in WF,(A) if there is a small
neighborhood U of (xg,&) in T"M so that the full local symbol of A restricted to U is in
hNS,;fXO(U) for all N > 0. We also define the elliptic set ell,(A4) of A € ¥, (M) to be the

set of points (zg, &) € T*M so that for a neighborhood U of (z0,&0) there is ¢g > 0 so that
(&)"™o(A)(x,&)| = co, for (x,&) € U. We finally list some properties of the ¥y, , (M) calculus.



FIRST BAND OF RUELLE RESONANCES IN DIMENSION 3 21

Proposition A.2. The following properties hold:

1.

Let A€ Wy (M). If B,B' € W™ (M) with WF,(B) N WFy(B') = 0, then BAB' ¢
WP (M).
The principal symbol is well-defined as a map

o U, (T M) = S, (T M) /RS (TFM)
with kernel h\IlZf;,i(M), and it satisfies for any A € ¥} (M) and B € \IJ;L”;]C(M)

7(AB) = o(A)o(B) mod h'=PS;HY (T M),

0(AB) = 0(A)o(B) mod hSm THT*M) if k > 1.
IfAe vy (M) and A € U (M) for k > 1, then
[4, B] € p'7PEpn TN (M),
h™'A, Bl € Ui (M) if k> 1,
and o(h~1[A, B]) = —i{o(A),0(B)}.
If P = —ihX for X a vector field on M, © € V' | (M) and Hyo(O) € S, (M),
where p = o(P) = {(X), then [P,0] € R}, | (M).
IfAe Wy (M), then A* € U\ (M) and
o(A*) = o(A) mod KPS TH(TM),

o(A*) = a(A) mod hSy' p ((T*M) if k> 1.

FEach A € W?L,p’o(M) is bounded and for each € > 0

[All 22 < (1+¢€) sup [on(A) (2, §)] + O (R™).

h7x7£

Moreover, for any A € W} (M) and any s € R we have
1Al gz - < (1) sup [(§)" "o (A)] + O(h).

h,x,§
Let P € \Ifz’p,k(M), Aevp (M) and By € \Ilgl,p,k(M)' Assume WEF,(A) C ellp(P) N
ell,(B1). Then for all s € R, N > 0, and u with ByPu € H: "~/ (M)

Assume k > 1 and let P € \I/,ll’p’k(./\/l) with Re P € U} (M) and Im P € h\Il?l’mk(./\/l).

Denote p :== o(P) and assume that for each (x,£) € WF,(A) € T'M, there is T > 0
such that e THr (2, &) € elly(B) and e e (z,€) € elly(By) for t € [0,T]. Then for each
u € L? with Pu € L*(M), and every N > 0 there is a C > 0 such that

| Aull 2 < C|[Bull 2 + Ch [ ByPul| 2 + ChN Ju] 5 x

Proof. 1. This follows from the composition formula (A.4).

2. This was discussed above.
3. From the composition formula (A.4), locally we have

1 1
a#b — b#ta ~ h(Deadyb — Debdya) + §h2(D§aa§b — DEbdZa) + 6hQ(Dgaagb — D3bd3a) + ...

where, after taking to expansion to a high enough order, the remainder is in AV S™ N (R2") for

h,p,0

some large N > 0. By (A.2), all these terms are in hl_pS;n;J,gmrl(RQ”) N hS,T;;Tffl(RQ") if



22 M. CEKIC AND C. GUILLARMOU

k > 1, and the principal symbol of h™1[A, B] is —i(0¢adyb — 0,adb).

4. This follows from the composition formula (A.4), the fact that 9¢'o(P) = 0 for |a| > 2 and
Item 3 above.

5. This follows from the fact that, if A has full local symbol a in local coordinates, the full
symbol a* of A* is

a*(2,8) ~ > f;'jagD;"a(x, £).
6. The argument is standard (see [GrSj, Taheorem 4.5]) and we just make a brief summary.
Let a :=0(A) € S27p7k(M). For M = ||a]|s0, We can construct By € W27p70(M) with principal
symbol by := /(1 +¢)2M?2 — |a]2 > eM > 0, so that
C:=(1+¢)’M>— A*A = B;By + h' "Ry,

for some Ry = R}, € \I/}:})O(M) by part 2. Next we can choose By = By — 22~ Opy(by1)*Ro

2

so that BfB; = C' + h2(=P) Ry with Ry € \Iji:io(M)- We iterate this procedure to find By €
V), o(M) such that (14 €)2M? — A*A = By By + ht" ™R, with Ry € W, 1(M). Tt is
a routine argument to show that |[Ry|| 22 = O(RN1=P) —n) thus for any u € L?

1Au]F2 = (14 €)*M?ullz: — [ ByulF: — OBN 27" |lu2,

which shows the desired estimate by choosing N large. The Sobolev bound is an easy consequence
of this.

7. This follows from the parametrix construction in the elliptic set, the main thing to notice is
that if B € 3" (M), A€ ¥ (M) and WF(A) C elly(B), then

o(A)
o(B)
8. We follow the proof of [DyZw, Theorem E.47] and divide the proof into steps.

Step 0: an escape function. Fix > 0. There is a g € C(T M) with suppg C ell,(B1),
such that

€ Sf;p’j}g(/\/l).

g>0, g>0o0onWFy(A), Hpg<—py,
where the last condition holds outside ell, (B).
Step 1. Note that g € S°(T* M) and define

G :=Opy((€)°g) € ¥j(M), WF(G) C elly(By).
We can that u € C°(M). If we write f = Pu,
Im(f, G*Gu) = Im((Re P)u, G*Gu) + Re{(Im P)u, G*Gu) .

-~

term Ty term To
We will bound the two terms on the right separately.
Step 2: term T. Since Re(P) € ¥} (M) is non exotic, this step is exactly the same as in the
proof of [DyZw, Theorem E.47] and we get

Ty < (C1 = B)h||Gullz: + Chl|Bul7; + ChQIIBwHZS_% + O(ho")HUqu;w
h

Step 3: term Ty. Write
T = Re((Im P)u, G*Gu) = ((Im P)Gu, Gu) + Re(|G, Im Plu, Gu).

4And the fact that a € S0 and a > 0 implies v/a € SZ?;?O,



FIRST BAND OF RUELLE RESONANCES IN DIMENSION 3 23

We estimate the two terms on the right hand side separately. Firstly
|{(Tm P)Gu, Gu)| = h|{(h~* Im P)Gu, Gu)| < C2h||Gul/%s + (’)(hoo)HuHiI;N,

where we used the boundedness property (item 6) for the exotic operator h=!Im P. For the
second term, we need to deal with a commutator. Note first that

Re G*[G,Im P| = hRe G*[G,h™ Im P] € h*W3* 1 (M),
by item 3. above. As WF},(G*[G,Im P]) C ellp(B1), by the elliptic estimate
|(Re(G*[G, Im P)yu, w)| = h*[(h™* Re(G™[G, Im P)yu, Yu)| + O(h™)|ul];

N
< CR2||Byul® 1 + O(h)|ul)?
H ™2

—N>
Hh
h

where Y € W9 (M) is such that Y = 1 + O(h*) microlocally on WFj,(Re(G*[G,Im P])) and
WF,(Y) C ellp(B1). Here we used the boundedness in the exotic class item 6., item 1., the
elliptic estimate in the exotic class (item 7.). Adding the two estimates we finally obtain

| Re((Im P)u, G*Gu)| < Cahl|Gul|7. + ChQHBwHiI Tt O(ho")HUHiI;N-

s
h

Step 4. Adding the estimates in Steps 3. and 4., we obtain
Im(f, G*Gu) < (C1 + Cy = B)h||Gul[72 + Ch||Bul3ys + Ch?|| Byul|?
H

s
h

By ellipticity of B on WF(G), there is Q € W3 (M) such that G = @B; + R, where R €
hooW, (M), thus

1£,6°Gu)| < QB £, Gu)| + (RS, G < ClIB Sl |Gl + OGOl .

o] 2
L+ OBl

Now choose 8 = C1 4+ Cy + 1 to get
IGull72 < Cl|Bullf: + Ch™ Y Buf|lmg |Gull 2 + ChIIBluIIZS_% + O(ho")IIUH%N-

h
We can absorb the ||Gul|z2 term to the left hand side, at the cost of the additional term
C’h_2||BlfH%{i on the right hand side. Next, use the condition WF,(A) C ell,(G) and elliptic
estimates to derive

|Aullgz < C||Bulla; + Ch™ || By f|lus + Ch%llellH 3 + O Jull g~ (A.5)
h

-2

Step 5. Here, one can use the same induction procedure as in [DyZw, Proof of Th. E.47] to
show that for each £ € N

_ £
|Aullgr < C||Bul| s + Ch™| By f || s + Ch2\|31U|lH L
h

s + O lull g,

where the first step of the induction is exactly where we arrived in (A.5). |

Next we discuss semiclassical defect measures in the setting of the exotic calculus.

Proposition A.3. Assume that uy, € L*(M) is a family satisfying ||up| 2 = O(1). Then there
exists a Radon measure i, called semiclassical measure, and a sequence h; — 0, such that for
any A € \I/,Clolr)né)(/\/l) with limy, o o (A)(h; z,€) = ag(x, &) in CUT* M),

lim (Aup,,up. )2 = ag dp.
j—0o0 J J * M
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Proof. We follow the proof of [DyZw, Theorem E.42]. By Proposition A.2, we have that A —
Opy,(ap) € hP;7F (M) for some symbol ap, € S,7"F(T*M) so that ap, — ag in C(T* M); it
suffices to prove the claim for A = Opy(a;). We write I (ap) := (Op(ap)un, up) 2 and claim

limsup |1 (ap)| < Climsup ||ap||co < C'sup ||ap]|co- (A.6)
h—0 h—0 h

Indeed, by Cauchy-Schwarz and Proposition A.2 (item 6), we have
[n(an)| < Cllanloc + Oa(h™), (A7)

where C = C(||lup|z2) > 0. Take a countable, dense subset (a})ren C S;O;ng(T*M), where
S (T*M) is equipped with the inductive limit topology from the seminorms in (A.1). By a
diagonal argument and since by (A.7) Iy(af) is bounded for all £, we may extract a sequence

hj — 0 such that I, (af;j) converges for all £. For each a;, € S;°¢'(T* M) and £, we get by (A.7)

limsup |1, (an,) — I, (ahj,)| < lim sup |Ihj(aflj) — I, (ah )| + Csup|lap — aj||oo-
3.3/ 00 3.3' 00 ! h

Using the density of af;, we obtain that Iy, (ap;) is a Cauchy sequence and we may define for
an € S (T M)
I(ap) = lim Iy, (ap,).
J]—00

By (A.7), the map I satisfies for each ay € SZO;%)(T*M)

()] < Climsup lan, oo <C sup anl), (A.8)
j—o0 he(0,h))

for any hj, > 0. In particular, I restricts to a continuous linear functional on C%(T*M), i.e. on

h-independent functions. Given aj, € S}Cloéné)(T*M) with limy_0ap, = ap € C°(T* M) in the

CY(T* M) topology, we get by (A.8)
[I(ag — ap)] < C sup |lag — apllsc — 0 as by — 0,
€(0,h),
and thus I(ap) = I(ap). By [DyZw, Theorem E.42] there is a Radon measure p such that for
each ag € CF°(T*M)
I(ap) = lim (Opy,. (ao)un,, up. )2 = ap dj.
j—roo J J J * M
The main claim follows from this, by using I(ay) = I(ag) under the given assumptions. O

Now we prove a version of a propagation estimate for the semiclassical measure in the exotic
calculus. This is a slight extension of [DyZw, Theorem E.44]. Note that if o(P) is real valued
and k > 1, then Im P € RO} (M) if P € U}, (M) by Proposition A.2 (item 5).

Proposition A.4. Assume ||up||r2 = O(1) and up converges to a semiclassical measure . Let
Pe \Ilprvk(M) with k > 1, denote p := o(P) and assume that p real-valued for all h, and define
b:=c(h~'Im P). Assume that for each a € C*(T* M),

(Hpa)o = }lzlg%) Hya and by = ,lliﬂ%b exist in CO(T*M).

Then there is C > 0 such that for all a € CZ(T* M) and Y € U, (M) with Y =1+ O(h*)

microlocally on supp(a),

[ (a0 + 2a)du] < Clalolimsup( Y Py 2| un ).
* M h—0
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Proof. Assume without loss of generality that a is real valued. Let A € ¥7°™P (M) be such that
0(A) = a and A* = A. We compute
h Im(Puy,, Aup) = (20) Th™H(Puy, Aup) — (20) " h=H(P* Auy, up,)
= (20)"Y(h YA, Plup, up) + (R~ Tm P) Auy,, up,).
Now by Proposition A.2 (item 3), we have h™1[A, P] € U;°"'P (M) with —ioc(h™'[A, P]) = Hpa

h7p7k_1
and by assumptions o((h~! Im P)A) = ba. Thus by Proposition A.3 the right hand side converges

to, after possibly extracting a subsequence h; — 0

/*M (%(Hpa)o + boa)du.

Moreover, the left hand side equals
(2ih) Y ((PYup,, AYup) — (AY up, PYuy)) + O(h™),

from which we easily deduce the main estimate. O
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