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RUELLE-TAYLOR RESONANCES OF ANOSOV ACTIONS

YANNICK GUEDES BONTHONNEAU, COLIN GUILLARMOU, JOACHIM HILGERT,
AND TOBIAS WEICH

ABSTRACT. Combining microlocal methods and a cohomological theory developped by J.
Taylor, we define for R"-Anosov actions a notion of joint Ruelle resonance spectrum. We
prove that these Ruelle-Taylor resonances fit into a Fredholm theory, are intrinsic and form
a discrete subset of C”, with A = 0 being always a leading resonance. The joint resonant
states at 0 give rise to some new measures of SRB type and the mixing properties of these
measures are related to the existence of purely imaginary resonances. The spectral theory
developed in this article applies in particular to the case of Weyl chamber flows and provides
a new way to study such flows.

1. INTRODUCTION

If P is a differential operator on a manifold M that has purely discrete spectrum as an
unbounded operator acting on L?(M) (e.g. an elliptic operator on a closed Riemannian
manifold M), then the eigenvalues and eigenfunctions carry a huge amount of information
about the dynamics generated by P. Furthermore, if P is a geometric differential operator
(e.g. Laplace-Beltrami operator, Hodge-Laplacian or Dirac operators) the discrete spectrum
encodes important topological and geometric invariants of the manifold M.

Unfortunately, in many cases (e.g. if the manifold M is not compact or if P is non-elliptic)
the L2-spectrum of P is not discrete anymore but consists mainly of essential spectrum. Still,
there are certain cases where the essential spectrum of P is non-empty, but where there is a
hidden intrinsic discrete spectrum attached to P, called the resonance spectrum. To be more
concrete, let us give a couple of examples of this theory:

e Quantum resonances of Schrédinger operators P = A + V with V € C(R") on
M = R™ with n odd (see for example [DZ19, Chapter 3] for a textbook account to
this classical theory).

e Quantum resonances for the Laplacian on non-compact geometrically finite hyperbolic
manifolds M = T\H"*!: here P = Ay, is the Laplace-Beltrami operator on M
[MM87, GZ97, GM12].

e Ruelle resonances for Anosov flows [BLO7, FS11, GLP13, DZ16]: here P = iX with
X being the vector field generating the Anosov flow.

The definition of the resonances can be stated in different ways (using meromorphically contin-
ued resolvents, scattering operators or discrete spectra on auxiliary function spaces), and also
the mathematical techniques used to establish the resonances in the above examples are quite
diverse (ranging from asymptotics of special functions to microlocal analysis). Nevertheless,
all three examples above share the common point that the existence of a discrete resonance
spectrum can be proven via a parametrix construction, i.e. one constructs a meromorphic
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family of operators Q(\) (with A € C) such that
(P—XNQ(\) =Id+K(N),

where K () is a meromorphic family of compact operators on some suitable Banach or Hilbert
space. Once such a parametrix is established, the resonances are the A where Id +K () is
not invertible and the discreteness of the resonance spectrum follows directly from analytic
Fredholm theory.

In general, being able to construct such a parametrix and define a theory of resonances
involve non-trivial analysis and pretty strong assumptions, but they lead to powerful results
on the long time dynamics of the propagator e**’  for example in the study of dynamical
systems [Li04, NZ13, FT17b] or on evolution equations in relativity [HV18]. Furthermore,
resonances form an important spectral invariant that can be related to a large variety
of other mathematical quantities such as geometric invariants [GZ97, SZ07], topological
invariants [DR17, DZ17, DGRS20, KW20] or arithmetic quantities [BGS11]. They also
appear in trace formulas and are the divisors of dynamical, Ruelle and Selberg zeta functions
[BO99, PP01, GLP13, DZ16, FT17b].

The purpose of this work is to use analytic and microlocal methods to construct a theory
of joint resonance spectrum for the generating vector fields of R"-Anosov actions. In terms
of PDE and spectral theory, this can be viewed as the construction of a good notion of
joint spectrum for a family of k£ commuting vector fields Xi,..., X, generating a rank-x
subbundle Ey C TM, when their flow is transversally hyperbolic with respect to that
subbundle. These operators do not form an elliptic family and finding a good notion of joint
spectrum is thus highly non-trivial. Our strategy is to work on anisotropic Sobolev spaces to
make the non-elliptic region “small” and then obtain Fredohlmness properties.

However, this involves working in a non self-adjoint setting, even if the X s were to preserve
a Lebesgue type measure. We are then using Koszul complexes and a cohomological theory
developped by Taylor [Ta70b, Ta70a] in order to define a proper notion of joint spectrum in
these anisotropic spaces, and we will show that this spectrum is discrete.

We emphasize that, in terms of PDE and spectral theory, there are important new aspects

to be considered and the results are far from being a direct extension of the k = 1 case (the
Anosov flows). The classical examples of such R"-Anosov actions is the Weyl chamber flow
for compact locally symmetric spaces of rank « > 2, and it is conjectured by Katok-Spatzier
[KS94] that essentially all non-product R* actions are smoothly conjugate to homogeneous
cases. Despite important recent advances [SV19], the conjecture is still widely open and it is
important to extract as many informations as possible on a general Anosov R” action in order
to address this conjecture: as an example, as was explained to us by Ralf Spatzier, having an
ergodic invariant measure with full support could play important role in the direction of this
conjecture, using the study of Lyapunov exponents (see e.g. [KS07] where this assumption is
crucially used, as well as the discussions in [SV19]). The main novelties of this work and its
first applications are the following:
1) we construct a new theory of joint resonance spectrum for a family of commuting differential
operators by combining the theory of Taylor [Ta70b] with the use of anisotropic Sobolev spaces
for the study of resonances; as far as we know, this is the first result of joint spectrum in the
theory of classical /quantum resonances.
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2) All the Weyl chamber flows on locally symmetric spaces and the standard actions of Katok-
Spatzier [KS94] are included in our setting, and our results are completely new in that setting
where representation theory is usually one of the main tool. This gives a new, analytic, way
of studying homogeneous dynamic and spectral theory in higher rank.

3) We show that the leading joint resonance provides a construction of a new Sinai-Ruelle-
Bowen (SRB) invariant measure p for all R* actions.

4) In a companion paper [BGW21] based on this work, we show that our measure p has all
the properties of SRB actions of Anosov flows (rank 1 case), and it has full support if the
Weyl chamber is transitive, an important step in the direction of the rigidity conjecture.

5) We show in [BGW21] that the periodic tori of the R" action are equidistributed in the
support of u and that 1 can be written as an infinite sum over Dirac measures on the periodic
tori, in a way similar to Bowen’s formula in rank 1. These results are new even in the case
of locally symmetric spaces and give a new way to study periodic tori (also called flats) in
higher rank.

6) Based on the present paper, the two last named authors together with L. Wolf prove a
classical-quantum correspondence between the joint resonant states of Weyl chamber flows
on compact locally symmetric spaces I'\G/M of rank x and the joint eigenfunctions of the
commuting algebra of invariant differential operators on the locally symmetric space I'\G/K
[HWW21]. This gives a higher rank version of [DFG15].

Another expected consequence of this construction would be a proof of the exponential
decay of correlations for the action and a gap of Ruelle-Taylor resonances under appropriate
assumptions, with application to the local rigidity and the regularity of the invariant measure
p. These questions will be addressed in a forthcoming work.

1.1. Statement of the main results. Let us now introduce the setting in more details and
state the main results. Let M be a closed manifold, A ~ R" be an abelian group and let
7 : A — Diffeo(M) be a smooth locally free group action. If a := Lie(A) = R”, we can define
a generating map
L — C®(M;TM)
1A = X4 = %‘tzor(exp(tA)),

so that for each basis Ay,..., A, of a, [X4,,Xa,] = 0 for all j,k. For A € a we denote by
4,05( 4 the flow of the vector field X 4. Notice that, as a differential operator, we can view X
as a map
X :C%M) = C®(M;a"), (Xu)(A):= Xau.

It is customary to call the action Anosov if there is an A € a such that there is a continuous

d«thA-invariant splitting
TM=Ey® E, ® E;, (1.1)

where Ey = span(Xa,,...,Xa,), and there exists a C' > 0, v such that for each z € M

Vw € Ey(x),Vt >0, [|dp; (x)w]] < O~ lwl],
Yw € Ey(z),Vt <0, |de; 4 (z)w| < C™H|w].

Here the norm on T'M is fixed by choosing any smooth Riemannian metric g on M. We
say that such an A is transversely hyperbolic. It can be easily proved that the splitting
is invariant by the whole action. However, we do not assume that all A € a* have this
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transversely hyperbolic behaviour. In fact, there is a maximal open convex cone W C a
containing A such that for all A’ € W, X 4/ is also transversely hyperbolic with the same
splitting as A (see Lemma 2.2); W is called a positive Weyl chamber. This name is motivated
by the classical examples of such Anosov actions that are the Weyl chamber flows for locally
symmetric spaces of rank k (see Example 2.3). There are also several other classes of examples
(see e.g. [KS94, SV19]).

Since we have now a family of commuting vector fields, it is natural to consider a joint
spectrum for the family X4,,..., X4, of first order operators if the A;’s are chosen trans-
versely hyperbolic with the same splitting. Guided by the case of a single Anosov flow (done
in [BLO7, FS11, DZ16]), we define E} C T*M to be the subbundle such that E(E,® Ey) = 0.
We shall say that A = (A1..., ;) € C" is a joint Ruelle resonance for the Anosov action if
there is a non-zero distribution u € C~°°(M) with wavefront set WF(u) C E} such that'

Vi=1,...,k (X4, +Aj)u=0. (1.2)

The distribution w is called a joint Ruelle resonant state (from now on we will denote C'>° (M)

the space of distributions u with WF(u) C E}). In an equivalent but more invariant W;y (i.e.

independently of the choice of basis (A4;); of a), we can define a joint Ruelle resonance as an

element A € af. of the complexified dual Lie algebra such that there is a non-zero u € C>°(M)

with ’
VAca, (Xa+AA)u=0.

We notice that we also define a notion of generalized joint Ruelle resonant states and Jordan
blocks in our analysis (see Proposition 4.17). It is a priori not clear that the set of Ruelle
resonances is discrete — or non empty for that matter — nor that the dimension of joint resonant
states is finite, but this is a consequence of our work:

Theorem 1. Let 7 be a smooth abelian Anosov action on a closed manifold M with positive
Weyl chamber W. Then the set of joint Ruelle resonances \ € ag is a discrete set contained
mn
() {} € at | Re(A(A4)) < 0}. (1.3)
Aew
Moreover, for each joint Ruelle resonance A € ag. the space of joint Ruelle resonant states is
finite dimensional.

We remark that this spectrum always contains A = 0 (with u = 1 being the joint eigenfunc-
tion) and that for locally symmetric spaces it contains infinitely many joint Ruelel resonances,
as is shown in [HWW21, Theorem 1.1].

We also emphasize that this theorem is definitely not a straightforward extension of the
case of a single Anosov flow. It relies on a deeper result based on the theory of joint spectrum
and joint functional calculus developed by Taylor [Ta70b, Ta70a]. This theory allows us to
set up a good Fredholm problem on certain functional spaces by using Koszul complexes, as
we now explain.

Let us define X + A, for A € ag, as an operator

X+ X C®(M) = C®(M;al), (X +MNu)(A) == (X4 + MA))u.

ISee [1503] for a definition and properties of the wavefront set.
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FIGURE 1. Schematic sketch of the location of the resonances in ag. Note that in order to
draw the at least 4 dimensional space a¢ the imaginary direction 7a* has been reduced in the
drawing to a one dimensional line. The blue cone depicts the positive Weyl chamber W and
the green region illustrates the region (1.3) in which the resonances can occur. The leading
resonances discussed in Theorem 3 are located at the tip of this region.

We can then define for each A € ag the differential operators d(xy) : C®(M;Na}t) —
C>®(M; A 1ak) by setting
dix4xn)(u®@w) = (X +MNu) Aw for u € C¥(M), w € Aak.

Due to the commutativity of the family of vector fields X 4 for A € a, it can be easily checked

that d(x ) o d(x4+x) = 0 (see Lemma 3.2). Moreover, as a differential operator, it extends to
a continuous map

dix i) : O (M Nag) — O (M; AV ag)

and defines an associated Koszul complex

d d
0— Cp(M) =5 cp @ Alal ... 55 Cp° (M) ® Afar — 0, (1.4)

*
u

We prove the following results on the cohomologies of this complex:
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Theorem 2. Let 7 be a smooth abelian Anosov action® on a closed manifold M with gener-
ating map X. Then for each A € ag. and j =0,..., kK, the cohomology

ker dxx)loge (My@aing/ T dixen lop= (st

is finite dimensional. It is non-trivial only at a discrete subset of {\ € af|Re(A(A)) < 0,VA €

We want to remark that the statement about the cohomologies in Theorem 2 is not only
a stronger statement than Theorem 1, but that the cohomological setting is in fact a funda-
mental ingredient in proving the discreteness of the resonance spectrum and its finite mul-
tiplicity. Our proof relies on the theory of joint Taylor spectrum (developed by J. Taylor in
[Ta70b, Ta70a]), defined using such Koszul complexes carrying a suitable notion of Fredholm-
ness. In our proof of Theorem 2 we show that the Koszul complex furthermore provides a
good framework for a parametrix construction via microlocal methods. More precisely, the
parametrix construction is not done on the topological vector spaces C'_go (M) but on a scale
of Hilbert spaces Hy¢, depending on the choice of an escape function G € C*°(T*M) and a
parameter N € R™, by which one can in some sense approximate C 750 (M). The spaces Hya

are anisotropic Sobolev spaces which roughly speaking allow H™ (M) Sobolev regularity in
all directions except in E; where we allow for H~ (M) Sobolev regularity. They can be rig-
orously defined using microlocal analysis, following the techniques of Faure-Sjostrand [F'S11].
By further use of pseudodifferential and Fourier integral operator theory we can then con-
struct a parametrix Q(\), which is a family of bounded operators on Hyg ® Aaf: depending
holomorphically on A € af and fulfilling

A @) + QN d(x ) = T HE(). (15)
Here K(A) is a holomorphic family of compact operators on Hyg ® Aag for A in a suitable
domain of ag that can be made arbitrarily large letting N — oo. Even after having this
parametrix construction, the fact that the joint spectrum is discrete and intrinsic (i.e. inde-
pendent of the precise construction of the Sobolev spaces) is more difficult than for a single
Anosov flow (the rank 1 case): this is because holomorphic functions in C* do not have dis-
crete zeros when x > 2 and we are lacking a good notion of resolvent, while for one operator
the resolvent is an important tool. Due to the link with the theory of the Taylor spectrum,
we call A € ai. a Ruelle-Taylor resonance for the Anosov action if for some j = 0,...,x the
j-th cohomology is non-trivial

ker dxx)loge (@i / T2 dix e lopzani-ta, 7 0

and we call the non-trivial cohomology classes Ruelle- Taylor resonant states. Note that the
definition of joint Ruelle resonances precisely means that the 0-th cohomology is non-trivial.
Thus, any joint Ruelle resonance is a Ruelle-Taylor resonance. The converse statement is not
obvious but turns out to be true, as we will prove in Proposition 4.15: if the cohomology of
degree j > 0 is not 0, then the cohomology of degree 0 is not trivial.

We continue with the discussion of the leading resonances. In view of (1.3) and Figure 1,
a resonance is called a leading resonance when its real part vanishes. We show that this
spectrum carries important information about the dynamics: it is related to a special type of
invariant measures as well as to mixing properties of these measures.

2We actually prove Theorem 1 and Theorem 2 in the more general setting of admissible lifts to vector
bundles, as defined in Section 2.2
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First, let vy be the Riemannian measure of a fixed metric g on M. We call a 7-invariant
probability measure p on M, a physical measure if there is v € C°°(M) non-negative such
that for any continuous function f and any proper open cone C C W,

W) = Jim iy oo, 2 @Dy 16)

where Cp := {A € C||A| < T}. In other words, p is the weak Cesaro limit of a Lebesgue type
measure under the dynamics. We prove the following result:

Theorem 3. Let 7 be a smooth abelian Anosov action with generating map X and let VW be
a positive Weyl chamber.

(i) The linear span over C of the physical measures is isomorphic (as a C vector space) to
ker dx | -, the space of joint Ruelle resonant states at A = 0 € ag; in particular, it is
E*

finite dimensional.

(i) A probability measure u is a physical measure if and only if it is T-invariant and p has
wavefront set WF(u) C E%, where EX C T* M s defined by EX(Es & Ep) = 0.

(iii) Assume that there is a unique physical measure p (or by (i) equivalently that the space
of joint resonant states at 0 is one dimensional). Then the following are equivalent:

o The only Ruelle-Taylor resonance on ia* is zero.
o There exists A € a such that cthA 1s weakly mixing with respect to p.
e Forany AeW, go%X 4 js strongly mizing with respect to p.

(iv) A € ia* is a joint Ruelle resonance if and only if there is a complex measure py with
WF(uy) C E¥ satisfying for all A € W,t € R the following equivariance under push-
forwards of the action: (Lp;XA)*,uA = e WDty . Moreover, such measures are absolutely
continuous with respect to the physical measure obtained by taking v =1 in (1.6).

(v) If M is connected and if there exists a smooth invariant measure p with supp(p) = M,
we have for any j =0,... K

: K
dim (ker dX|CE§°(M)®AJ’aE/ran dX|CE_7£o®Aj1aE> = (j)

We show that the isomorphism stated in (i) and the existence of the complex measures in
(iv) can be constructed explicitly in terms of spectral projectors built from the parametrix
(1.5). We refer to Propositions 5.4 and 5.10 for these constructions and for slightly more
complete statements.

In the case of a single Anosov flow, physical measures are known to coincide with SRB
measures (see e.g. [Yo02] and references therein). The latter are usually defined as invariant
measures that can locally be disintegrated along the stable or unstable foliation of the flow
with absolutely continuous conditional densities.

We prove in a subsequent article [BGW21] that the microlocal characterization Theo-
rem 3(ii) of physical measures via their wavefront set implies that the physical measures of
an Anosov action are exactly those invariant measures that allow an absolutely continuous
disintegration along the stable manifolds. We show in [BGW21, Theorem 2] that for each
physical/SRB measure, there is a basin B C M of positive Lebesgue measure such that for
all f € C°(M), all proper open subcones C C W and all x € B, we have the convergence

u(f) = lim vim /A L T aas (L.7)



8 Y. GUEDES BONTHONNEAU, C. GUILLARMOU, J. HILGERT, AND T. WEICH

Moreover, we prove in [BGW21, Theorem 3] that the measure p can be written as an infinite
weighted sums over Dirac measures on the periodic tori of the action, showing an equidis-
tribution of periodic tori in the support of u. Finally, we show that this measure has full
support in M if the action in the Weyl chamber is transitive. As mentionned before, the
existence of such a measure is considered as one important step towards the resolution of the
[KS594] rigidity conjecture.

1.2. Relation to previous results. The notion of resonances for certain particular Anosov
flows appeared in the work of Ruelle [Ru76], and was later extended by Pollicott [Pol85]. The
introduction of a spectral approach based on anisotropic Banach and Hilbert spaces came
later and allowed to the definition of resonances in the general setting, first for Anosov/Axiom
A diffeomorphisms [BKL02, GL06, BT07, FRS08], then for general Anosov/Axiom A flows
[Li04, BLO7, FS11, GLP13, DZ16, DG16, Me21]. It was also applied to the case of pseudo
Anosov maps [FGL19], Morse-Smale flows [DR18] geodesic flows for manifolds with cusps
[BW21] and billiards [BDL18]. This spectral approach has been used to study SRB measures
[BKL02, BLO7] but it led also to several important consequences on dynamical zeta function
[GLP13, DZ16, FT17a, DG16] of flows, and links with topological invariants [DZ17, DR17,
DGRS20].

Concerning the notion of joint spectrum in dynamics, there are several cases that have
been considered but they correspond to a different context of systems with symmetries (e.g.
[BRO1]).

Higher rank R”-Anosov actions have in particular been studied mostly for their rigidity:
they are conjectured to be always smoothly conjugated to several models, mostly of algebraic
nature (see e.g. the introduction of [SV19] for a precise statement and a state of the art on
this question). The local rigidity of R*-Anosov actions near standard Anosov actions® was
proved in [KKS94], and an important step of the proof relies on showing

ker dX|Coo(M)®A1a*/ran dX‘Coo(M) = C".
The main tools are based on representation theory to prove fast mixing with respect to the

canonical invariant (Haar) measure. It is also conjectured in [KK95] that, more generally, for
such standard actions, one has for j =1,...,k —1

().

This can be compared to (v) in Theorem 3, except that there the functional space is different.
Having a notion of Ruelle-Taylor resonances provides an approach to obtain exponential
mixing for more general Anosov actions by generalizing microlocal techniques for spectral
gaps [NZ13, Ts10] to a suitable class of higher rank Anosov action, and by using the functional
calculus of Taylor [Ta70a, Vas79]. We believe that such tools might be very useful to obtain
new results on the rigidity conjecture.

We would like to conclude by pointing out a different direction: on rank x > 1 locally
symmetric spaces I'\G/ K, there is a commuting algebra of invariant differential operators that
can be considered as a quantum analog to the Weyl chamber flows. If the locally symmetric
space is compact, this algebra always has a discrete joint spectrum of L2-eigenvalues. Its
joint spectrum and relations to trace formulae have been studied in [DKV79]. In [HWW21],
it is shown that a subset of the Ruelle-Taylor resonances for the Weyl chamber flow are

ker dX’Cw(M)®Aja*/ran dX‘Coo(M)@Aj—la* =C

3This class, defined in [KS94], consists ot Weyl chamber flows associated to rank « locally symmetric spaces
and variations of those.
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in correspondence with the joint discrete spectrum of the invariant differential operators on
I'"\G/K, giving a generalization of the classical/quantum correspondence of [DFG15, GHW21,
KW21] to higher rank.

1.3. Outline of the article. In Section 2 we introduce the geometric setting of Anosov
actions and the admissible lifts that we study. In Section 3 we explain how to define the
Taylor spectrum for a certain class of unbounded operators and discuss some properties of
this Taylor spectrum. In Section 4 we prove Theorem 1 and Theorem 2, using microlocal
analysis. A sketch of the central techniques is given at the beginning of Section 4. The last
Section 5 is devoted to the proof of Theorem 3. In Appendix A, we recall some classical
results of microlocal analysis needed in the paper.

Acknowledgements. This project has received funding from the European Research
Council (ERC) under the European Union’s Horizon 2020 research and innovation programme
(grant agreement No. 725967) and from the Deutsche Forschungsgemeinschaft (DFG) through
the Emmy Noether group “Microlocal Methods for Hyperbolic Dynamics” (Grant No. WE
6173/1-1). This material is based upon work supported by the National Science Foundation
under Grant No. DMS-1440140 while C.G. was in residence at the Mathematical Sciences
Research Institute in Berkeley, California, during the Fall 2019 semester. We thank F. Ro-
driguez Hertz, A. Brown and R. Spatzier for useful discussions, as well as B. Kiister and L.
Wolf for valuable feedback on an earlier version of the manuscript.

2. GEOMETRIC PRELIMINARIES

2.1. Anosov actions. We first want to explain the geometric setting of Anosov actions and
the admissible lifts that we will study.

Let (M, g) be a closed, smooth Riemannian manifold (normalized with volume 1) equipped
with a smooth locally free action 7 : A — Diffeo(M) for an abelian Lie group A = R”. Let
a := Lie(A) = R” be the associated commutative Lie algebra and exp : a — A the Lie group
exponential map. After identifying A = a = R”, this exponential map is simply the identity,
but it will be quite useful to have a notation that distinguishes between transformations
and infinitesimal transformations. Taking the derivative of the A-action one obtains the
infinitesimal action, called an a action, which is an injective Lie algebra homomorphism

‘{u — C®(M;TM)

A — X4 = %‘t:OT(exp(At)) ' (2.1)

Note that X can alternatively be seen as a Lie algebra morphism into the space Diff!(M)
of first order differential operators. By commutativity of a, ran(X) C C*®(M;TM) is a
k-dimensional subspace of commuting vector fields which span a x-dimensional smooth sub-
bundle which we call the neutral subbundle Ey C T M. Note that this subbundle is tangent to
the A-orbits on M. It is often useful to study the one-parameter flow generated by a vector
field X4 which we denote by 4. One has the obvious identity ;4 = 7(exp(At)) for t € R.
The Riemannian metric on M induces norms on 7'M and T* M, both denoted by | - ||.

Definition 2.1. An element A € a and its corresponding vector field X 4 are called trans-
versely hyperbolic if there is a continuous splitting

TM=Ey® E, ® E,, (2.2)
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that is invariant under the flow <p;X 4 and such that there are v > 0,C > 0 with
ldgi o] < Ce M|, Vv € By, Vt >0, (2.3)

|dgiav|| < Ce ™o, Vv e B, Vt<O0. (2.4)
We say that the A-action is Anosov if there exists an Ay € a such that X4, is transversely
hyperbolic.

Given a transversely hyperbolic element Ay € a we define the positive Weyl chamber W C a
to be the set of A € a which are transversely hyperbolic with the same stable/unstable bundle
as Ayp.

Lemma 2.2. Given an Anosov action and a transversely hyperbolic element Ay € a, the
positive Weyl chamber W C a is an open convex cone.

Proof. Let us first take the gthAO -invariant splitting Ey ® F, ® Fs and show that it is in fact
invariant under the Anosov action 7: let v € £, and A € a . Using [X4,, X4] = 0, for each
to € R fixed and all t € R we find

dgp)_(tAO dgongv = dgoig“dgp)_(fov. (2.5)

. X . . .
In particular, ||dg d(,DXAU decays exponentially fast as ¢t — +oo. This implies that
t to

dcpfg“v € E, and the same argument works with F,. Next, we choose an arbitrary norm
on a. There exist C,C’ > 0 such that for each v € E, we have for t > 0

X X — X _ X — _ ! A—A
e oll < [ldpZ "0 dp" ]l < Cllofle™ ! |ldpZ " || < Cllofle e IA= L,

This implies that by choosing ||A — Ap|| small enough, £, is an unstable bundle for A as well.
The same construction works for F; and we have thus shown that WV is open.

By re-parametrization, it is clear that W is a cone, so that only the convexity is left to be
proved. Now, take Ay, Ao € W and let C1, v, Cs, v5 be the corresponding constants for the
transversal hyperbolicity estimates (2.3) and (2.4). Then for s € [0,1] and v € E, we can
again use the commutativity and obtain,

Hdgp)_(:Al‘F(l—S)AQ,UH < 01026—1/15t7u2(175)t”vu (2.6)
and this shows that sA; + (1 — s)A2 € W. O

Here we emphasize that the Weyl chamber W only depends on the Anosov splitting as-
sociated to Ag but not to Ag itself. Notice also that there could another Weyl chamber W
associated to a different Anosov splitting. In that case, the Ruelle-Taylor spectrum that we
shall define has no reason to be the same for VW and for W'.

There is an important class of examples given by the Weyl chamber flow on Riemannian
locally symmetric spaces.

Example 2.3. Consider a real semi-simple Lie group G, connected and of non-compact type,
and let G = KAN be an Iwasawa decomposition with A abelian, K the compact maximal
subgroup and N nilpotent. Then A = R” and « is called the real rank of G. Let a be the
Lie algebra of A and consider the adjoint action of a on g which leads to the definition of a
finite set of restricted roots A C a*. For a € A let g, be the associated root space. It is then
possible to choose a set of positive roots Ay C A and with respect to this choice there is an
algebraic definition of a positive Weyl chamber

W:={Aca|a(d) >0foralla € A }.
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If one now considers I' < G a torsion free, discrete, co-compact subgroup one can define the
biquotient M := I'\G/M where M C K is the centralizer of A in K. As A commutes with
M, the space M carries a right A-action. Using the definition of roots, it is direct to see
that this is an Anosov action: all elements of the positive Weyl chamber W are transversely
hyperbolic elements sharing the same stable/unstable distributions given by the associated
vector bundles:

E():GXMG, ESZGXMI'I, EUZGXMﬁ.

Here n := ZQGA+ go and 0 := Z—aeA+ go are the sums of all positive, respectively negative
root spaces, and n coincides with the Lie algebra of the nilpotent group N.

Note that there are various other constructions of Anosov actions and we refer to [KS94,
Section 2.2] for further examples.

2.2. Admissible lifts. We want to establish the spectral theory not only for the commuting
vector fields X 4 that act as first order differential operators on C°°(M) but also for first order
differential operators on Riemannian vector bundles £ — M which lift the Anosov action.

Definition 2.4. Let M be a closed manifold with an Anosov action of A = R” and generating
map X. Let £ — M be the complexification of a smooth Riemannian vector bundle over
M. Denote by Diff'(M; E) the Lie algebra of first order differential operators with smooth
coeflicients acting on sections of E. Then we call a Lie algebra homomorphism

X : a — Diff'(M; E),

an admissible lift of the Anosov action if it satisfies the Leibniz rule: for any section s €
C*®(M; E) and any function f € C°°(M) one has

Xa(fs) =(Xaf)s+ fXas. (2.7)

A typical example to have in mind would be when E is a tensor bundle, (e.g. exterior
power of the cotangent bundle E = A™T*M or symmetric tensors £ = ®¢T*M), and

XAS = ﬁXAS

where £ denotes the Lie derivative. This admissible lift can be restricted to any subbundle
that is invariant under the differentials dcth A for all A € a,t > 0. More generally, the example
of a Lie derivative can be seen as a special case where the A-action 7 on M lifts to an action
7 on E which is fiberwise linear. Then one can define an infinitesimal action

Xas(x) := 07 (exp(—At))s(T(exp(At))x)|i=o (2.8)

which is an admissible lift.

3. TAYLOR SPECTRUM AND FREDHOLM COMPLEX

The Taylor spectrum was introduced by Taylor in [Ta70b, Ta70a] as a joint spectrum
for commuting bounded operators, using the theory of Koszul complexes. While there are
different competing notions of joint spectra (see e.g. the lecture notes [Cur88]), the Taylor
spectrum is from many perspectives the most natural notion. Its attractive feature is that it
is defined in terms of operators acting on Hilbert spaces and does not depend on a choice of
an ambient commutative Banach algebra. Furthermore, it comes with a satisfactory analytic
functional calculus developed by Taylor and Vasilescu [Ta70a, Vas79].
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3.1. Taylor spectrum for unbounded operators. Most references introduce the Taylor
spectrum for tuples of bounded operators. In our case, we need to deal with unbounded
operators. Additionally, working with a tuple implies choosing a basis, which should not be
necessary. Let us thus explain how the notion of Taylor spectrum can easily be extended to
an important class of abelian actions by unbounded operators.

We start with £ — M a smooth complex vector bundle over a smooth manifold M
(not necessarily compact), a = R" an abelian Lie algebra and X : a — Diff'(M; E) a Lie
algebra morphism. For the moment we do not have to assume that M possesses an Anosov
action nor that X is an admissible lift. By linearity X extends to a Lie algebra morphism
X : ac — Diff!(M; E) and for the definition of the spectra we will need to work with this
complexified version. Using the Lie algebra morphism X we define

e - CP(M;E) — CP(M;E) @ ag
X U — Xu

where we have set (Xu)(A) := X u for each A € ac. This will be the central ingredient
to define the Koszul complex which will lead to the definition of the Taylor spectrum. In
order to do this we need some more notations: we denote by Aaf := @j_, Aza(’{j the exterior
algebra of af, — this is just a coordinate-free version of AC”. Given a topological vector space
V we use the shorthand notation VA! := V ® Aeaf‘C and VA := V ® Aag. As Aag is finite
dimensional VA is again a topological vector space. We have the contraction and exterior
product maps

ac x VAL — VAS? and A VA  x A"al. — VAST
L n :
(A, vRw) —ia(vRw):=v® (taw) (v®w,n) =0 ® (wAn).

We can then extend dx to a continuous map on the spaces C°A := C°(M; E) ® Aag. (resp.
C™A := C™°(M; E) ® Aaf) by setting for each u € C°(M; E) (resp. v € C~°(M; E))
and w € Afak
dx :u®@w— (dxu) Aw.
Similarly, for each A € a we will also extend X 4 on these spaces by setting
XA(u®@w) = Xgu®@w = (tadxu) @w

Remark 3.1. Choosing a basis Aj,..., A, € a provides an isomorphism Aa® = AR®. One
checks that under this isomorphism the coordinate free version dx : V ® Afa* — V @ AfHla*
of the Taylor differential transforms to the Taylor differential dx : V @ A‘Rf — V ® A“HIR®
of the operator tuple X = (Xy4,,...,X4,) defined as
K
dx(u®@ey N Ney,) = Z(XAku) @erNey N Nej; (3.1)
k=1

if the basis (e;); of R" is identified to the dual basis of (4;); in a*.

Lemma 3.2. For each A € ac one has the following identities as continuous operators on
C°A and C~A:

(Z) tadx +dxia = Xy,

(i) Xadx = dxXa,
(iii) dxdx = 0.



RUELLE-TAYLOR RESONANCES OF ANOSOV ACTIONS 13

Proof. Let u®@w € C°A or u®@w € C~°A. Then by definition
tadx (u®@w) = 1a((dxu) Aw) = (Xau) @ w —dxu A (taw) = (X4 —dxia)(u @ w)

which yields (i). In order to prove (ii) it suffices, by definition of dx, to prove the identity as
amap CX(M; E) = CX(M; E) ® af.. Take an arbitrary A’ € ac and v € C°(M; E), then

1A (Xadx —dxXa)u = (XaXy — X Xg)u=0

which proves the statement. Note that we crucially use the commutativity of the differential
operators X 4 in this step.
For (iii) we first conclude from (i) and (ii) that t4dxdx = dxdxta. Using this identity we
deduce that for u € C®A* and arbitrary Ay, ... Ay € ac
LAy -+ LAy dxdxu =0,
which implies dxdxu = 0. ]

As a direct consequence of Lemma 3.2(iii) we conclude that

0 — OFAD 55 oo pl 2% I coopr (3.2)
and
0 — C~°N0 B goopl Ox, X gmsopn g (3.3)

are complexes.

We now want to construct a complex of bounded operators on Hilbert spaces which lies
between the complexes on C:°A and C~*°A. For this, we consider H a Hilbert space with con-
tinuous embeddings C°(M; E) C H C C~°°(M; E) such that C2°(M; E) is a dense subspace
of H. If we fix a non-degenerate Hermitian inner product (-, '>a{57 then this induces a scalar
product (-, )y and gives a Hilbert space structure on HA. While the precise value of (-, )z
obviously depends on the choice of the Hermitian product on ag, the finite dimensionality of
ag implies that all Hilbert space structures on HA obtained in this way are equivalent. Note
that on the Hilbert spaces HA! the operators dx will in general be unbounded operators.
However, we have:

Lemma 3.3. For any choice of a non-degenerate Hermitian product on ag, the vector space
D(dx) :={u € HA |dxu € HA} becomes a Hilbert space when endowed with the scalar product

(- )D(dx) = (5 )ma + (dx, dx)wa- (3.4)

Furthermore, all scalar products obtained this way are equivalent and induce the same topology
on D(dx). Finally, dx is bounded on D(dx).

Proof. We have to check that D(dx) is complete with respect to the topology of (,-)p(ay):
suppose u, is a Cauchy sequence in D(dx), then w, and dxu, are Cauchy sequences in
‘H and we denote by wvg,v; € HA their respective limits. By the continuous embedding
H C C~°(M; E) and the continuity of dx on C~>°(M; E) we deduce

v1 = lim dxu, = dx lim wu, = dxvy,
n—oo n—oo

in C~%°(M; E)) which proves the completeness. For the boundedness, we take u € D(dx) and
we compute
ldxul|Bayy = ldxullFa + ldxdxulFa < [[ullpay)- .
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To be able to use the usual techniques, it is crucial that C°°(M; E) is not only dense in
H but also in D(dx) — on this level of generality, this is not a priori guaranteed. For this
reason, we say the a-action X has a unique extension to H if

CxM; Eo N = Ddx). (3.5)
We note that by [FS11, Lemma A.1], if M is a closed manifold and if H = A(L?*(M, E))
for some invertible pseudo-differential operator A on M so that A 1dxA € V}(M; E) (see
Appendix A for the notation), then C*°(M; E ® A) is dense in the domain D(dx) and there
is only one closed extension for dx.

In order to finally define the Taylor spectrum in an invariant way, we consider A € ag as a
Lie algebra morphism

A :ac — Diff’( M; E) € Dif (M E),  A(A)(u) := M\(A)u.
In this way we can define X — \ : ac — Diff! (M; E) and the associated operator dx_) on
C°A and C~*°A. Since dx_) = dx — dy, and d) is bounded on HA, D(dx_») does not

depend on . For k = 0,...,x, we write D*(dx) := D(dx) N HA* and we gather the results
above in the following

Lemma 3.4. For an a-action with unique closed extension to H, for any X € ag

0 — DO(dx) %2 Dl(dx) X2 ... 2 Drax) — 0 (3.6)
defines a complex of bounded operators, and the operators dx_» depend holomorphically on
A€ ag.

We introduce the notation
kerya dx—x 1= kerp(ax)sp(ax) dX—x, TanyA dX—x = FaNp(dy)D(dx) IX—A 3.7)
kel"»HAj dX—A = keI‘Dj(dX)_>Dj+1(dX) dx_)\, rangaj dX_)\ = I'a,D'Dj—l(dX)_}Dj(dx) dX—)v )

Now, following the previous discussion of the Taylor spectrum, we can define

Definition 3.5. Let X : a — Diff'(M; E) be a Lie algebra morphism. Then we define the
Taylor spectrum o3 (X) C ai by

AE UT’H(X) < ranHA(dX,A) 7& kerHA(dX,)\).

This is equivalent to saying that the sequence (3.6) is not an exact sequence. The complex is
said to be Fredholm if ranya (dx_») is closed and the cohomology kerya (dx—»)/ ranya (dx—»)
has finite dimension. In this case we say that A is not in the essential Taylor spectrum UeT”H(X)
of X and define the indezx by

K
index(X — A) := Z(—l)g dim(kery e dx—x/rangze dx—_»). (3.8)
=0
As the usual Fredholm index, it is also a locally constant function of A (see Theorem 6.6
in [Cur88)).
Note that the non-vanishing of the 0-th cohomology kerq a0 dx—) of the complex is equiv-
alent to
Ju e D(dx) \ {0}, (Xa, —Aj)u=0,
which corresponds to (A1,...,As) being a joint eigenvalue of (X 4,,...,X4,). Obviously, on
infinite dimensional vector spaces the joint eigenvalues do not provide a satisfactory notion
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of joint spectrum. Recall that for a single operator, A € C is in its spectrum if X — X is either
not injective or not surjective. In terms of the Taylor complex for a single operator (k = 1)
the non-injectivity corresponds to the vanishing of the zeroth cohomology group whereas the
surjectivity corresponds to the vanishing of the first cohomology group.

Remark 3.6. So far we always started with a Lie algebra morphisms X : a — Diff!(M; E),
then considered the action of Diff!(M; E) on some topological vector space V (e.g. C°(M))
in order to define Taylor complex and Taylor spectrum. This will also be our main case
of interest. However we notice that the construction of the operator dx and the complex
associated to dx works exactly the same if we take instead any Lie algebra morphism

X:a—L(V)

where V' is a topological vector space and £(V') denotes the Lie algebra of continuous linear
operators on V with Lie bracket [A, B] := AB— BA. We shall call the complex induced by dx
on VA the Taylor complex of X on V. If V is a Hilbert space we define the Taylor spectrum
of X on V by

pYS UT7\/(X) <~ ranVA(dX,)\) 7é kerVA(dX,)\).
Such Lie algera morphisms that are not directly coming from differential operators will occa-
sionaly show up within the parametrix constructions in Sections 4 and 5.

3.2. Useful observations. For the reader not familiar with the Taylor spectrum, and for
our own use, we have gathered in this section several observations that are helpful when
manipulating these objects. First, we shall say that an operator P : C~*°(M; E) ® Aag —
C™°(M; E) ® Aaf is A-scalar if there is P’ : C7°(M; E) — C~°°(M; E) such that

Vue C®°(M;E),w e A, Pu®w)=(Pu)®w.

As usual with differential complexes, we have a dual notion of divergence complex. For this,
we need a way to identify a with a*, i.e. a scalar product (-,-) on a, extended to a C-bilinear
two form. If one chooses a basis, the implicit scalar product is given by the standard one in
that basis. In any case, A — A’ := (A4, ) is an isomorphism between a and a*. If

Y :a— L(CP(M;E))
is a Lie algebra morphism, we can define the action Y’ : a* — L(C®(M; E)) by: for u €
CP(M;E) and A’ € a*, if A is dual to A" we set
Y'u:=Y gu.
In this fashion, dy/u := Y'u is an element of C°(M; E) ® a while dyu is an element of
CX(M; E) ® a*. We can thus define the divergence operator associated to Y
00 . J % 00 . J—1 4%
5Y:{ CR(M;E)@MNaz — CP(M;E)@ M~ ag (3.9)
U Q) w = — Ty’ W

In an orthogonal basis (e;); of a for (-,-) and (e}); the dual basis in a*, we get for u €
CX(M;E)andw =¢€] N---Ne],

We get directly that for A’ € a*
ANoy(u@w)+ oy (A A (u@w)) =A" ANyrw+ iy (A Aw) = (A (YY) @w.
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It follows from similar arguments as before that
Yaiby =6vYa, 6ydy=0.
We have the following

Lemma 3.7. Let X : a — Diff'(M;E) and Y : a — L(C®°(M; E)) be two admissible Lie
algebra morphisms such that X4Yp = YpX4 for A, B € a. If we fix an inner product (-,-)
on a and a corresponding orthonormal basis (e;); and if X; := Xe, and Y; := Ye;, we then
have

K
dydx + dxdy = — ( Z XkYk> ®Id.
k=1
The sum does not depend on the choice of basis, because it is the trace of the matrixz repre-
senting XY with (-, ).

Proof. We compute in an orthogonal basis for (-,-), for u € C°(M; E), w=¢. A---Nél

i1 ip

dxdy(u®@w) =
—<Z(Xkqu) e+ Y ()TN XY u) @€ Ael A A e/’; A A egl),
kel k¢I,j
5ydx(u®w) =
(Z(Ykau)(X)e[—l— Z Y3, Xpu) @ e Aeiy, A A, A-‘-/\eié)
k¢l k¢l,5
with I = (i1,...,4r). Using the commutation of [X;,Y;] =0, we obtain the result. O

As an illustration, let us recall the following classical fact:

Lemma 3.8. Let X1,..., X, be commuting operators on a finite dimensional vector space V.
Then o7 (X) = {joint eigenvaluesof X, ..., X} C C*.

Proof. By the basic theory of weight spaces (see e.g. [Kn02][Proposition 2.4]) V' can be

decomposed into generalized weight spaces, i.e. there are finitely many A7) = ()\gj ), . )\,({j)) €
C" and a direct sum decomposition V' = @;V; which is invariant under all Xy,..., X, and

there are n; such that

(Xi =M =0

Commutativity and the Jordan normal form then implies that the AU) are precisely the joint
eigenvalues of the tuple X. Now let u # AU) for all j. We have to prove that u ¢ oy (X).
By 1 # AU we deduce that for any j there is at least one 1 < kj < k such that uy, # )\(])
and again by Jordan normal form (X, — ;) : V; — Vj is invertible. Setting Vi 1= Ok kV],

we can thus find an X invariant decomposmon V =o5_ OVk such that Xy — uy : Vk — Vk is
invertible. Let Il be the projection onto Vj and set Yy := (Xp — pg)™ M, : V — V. Then
the Y}, satisfy all the assumptions of Lemma 3.7 and

5yd(X_M) + d(X—}L)(SY =—1Id.
Consequently the Taylor complex (3.6) is exact. O
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In the particular case that X = (X3,...,X,) are symmetric matrices, using the spectral
theorem, we can assume that they are just scalars. From this we deduce that for A € op(X),
if m is the dimension of the corresponding common eigenspace,

dim(kerAk dX,,\/ranAk dX,)\) = dim(Rm & AkRn) = m<Z>,

and we check that
ind —A) = E —1)k " = 0.
n ex()( ) mk 1( ) <k> 0

Our next step is to give a criterion for dx_) to be Fredholm. We first notice that since
randx_ C kerdx_y, the closedness of randx_» in D(dx) or in HA is equivalent. We shall
use the following criterion for the dx-complex to be Fredholm.

Lemma 3.9. Let X be an a-action with unique extension to H. Assume that there are
bounded operators @, R and K on HA, acting continuously on C~°°(M; E)A, such that K
is compact, || R||zeyn) < 1, and

de +de =Id+R+ K.

Then the complex defined by dx is Fredholm. Denote by Iy the projector on the eigenvalue 0
of the Fredholm operator Id +R + K ; it is bounded on D(dx) and commutes with dx. Then
the map u — Ilgu from ker dx N'D(dx) to kerdx Nranlly factors to an isomorphism

o : kerp(gy) dx/ ranp(gy) dx — kerant, dx / rangap 1, dx. (3.10)

Proof. First, since ), R and K are continuous on distributions, it makes sense to write
dxQ + Qdx = Id+R + K in the distribution sense. Further, from this relation, we deduce
that @ is bounded on D(dx). Additionally, without loss of generality (by modifying R) we
can assume that K is a finite rank operator.

Let us prove that the range of dx is closed. Consider u € (kerdx)®™ N D(dx). Since
dxQu € ran(dx) C ker dx

(Id+ R+ K)u,u)pn = (Qdxu, u) - (3.11)
We get that there is C' > 0 such that for each u € (ker dx)* ND(dx) we have
(1= [[RIDI[wllza = [[Kullna < Clldxul|sa- (3.12)

Since K is of finite rank, we obtain by a standard argument that dx has closed range (both
in HA and D(dx)).

The operator F' := Id+R + K is Fredholm of index 0 and, since Fdx = dxQdx = dxF
on distributions, we deduce that F' is also bounded on D(dx). Since F' is Fredholm of index
0, we know that for s € C* close to 0, F' — s is invertible on HA. As a consequence, we have
(F—5)"ldx = dx(F—s)~! on D(dx) (here we are using the continuity of F on distributions).
In particular, this implies that (F — s)~! is itself bounded on D(dx).

In that case, the spectral projector Ilg of F' for the eigenvalue 0 commutes with dx, is
bounded on D(dx), and since D(dx) is dense in HA and Ily has finite rank, its image is
contained in D(dx). Further, we can write F = (F + IIg)(Id — IIy), and F := F + Il is
invertible on HA and D(dx), and commuting with dx, so that

dx F7'Q + F~'Qdx = 1d — Il,. (3.13)



18 Y. GUEDES BONTHONNEAU, C. GUILLARMOU, J. HILGERT, AND T. WEICH

In particular, for u € ker dx N D(dx), we have
u = dx F'Qu + yu. (3.14)

Since Il and dx commute, u — Ilgu factors to a homomorphism between the cohomologies
in (3.10). This map in cohomologies is obviously surjective since ranIly C D(dx). To prove
that the map is injective, we need to prove that if Ilpu € dx ranIly for u € ker dx N D(dx),
then u € dxD(dx). This fact actually follows directly from (3.14) by using that both F—!
and @ are bounded on D(dx). O

We can also deduce the following:

Lemma 3.10. Under the assumptions of Lemma 3.9, if F' := Id + K + R is of the form
F = F'®1d where F' is an operator on H (i.e. F is A-scalar), then 0 € o14(X) if and only
if there exists a non-zero u € D(dx) such that Xu = 0.

Proof. From Lemma 3.9, we deduce that 0 € op 4(X) if and only if the complex given by dx
is not exact on ranIlj (recall that dx commutes with IIp). However, if F' is A-scalar, then
Iy = II}, ® Id with IIj, the spectral projector at 0 of F’ on A, and ranIly = (ranIl)) ® Aag.
It follows that dx restricted to ranlIlj is exactly the Taylor complex of the operator X on
ranIIj) in the sense of Remark 3.6. We are thus reduced to finite dimension and we can apply
Lemma 3.8. ]

The version of the Analytic Fredholm Theorem for the Taylor spectrum is the following
statement:

Proposition 3.11. Let X be an a-action with unique extension to H. Then o73(X)\o 7% (X)
is a complex analytic submanifold of C*\ a?}SSH(X)

Proof. As the complex (3.6) is an analytic Fredholm complex of bounded operators on C* \
€ss

0$%,(X) the statement is classical and a proof can be found in [Miil00, Theorem 2.9]. O

In general, the question of whether the spectrum is discrete does not seem to have a very
simple answer. For example, a characterization can be found in [AMO09, Corollary 2.6 and
Lemma 2.7]. Such a criterion is particularly adapted to microlocal methods and it can actually
be used in our setting. However, it turns out that an even simpler criterion is sufficient for
us:

Lemma 3.12. Under the assumptions of Lemma 5.9, assume in addition that Q@ = dq for
some Lie algebra morphism Q : a — L(HA) such that Q4 acts continuously on C~>°(M; E)A
and [Qa,Xp| =0 for all A, B € a. Then, Lemma 3.10 applies, and the Taylor spectrum of
X on H s discrete in a neighbourhood of 0.

Proof. Let Ai,..., As € a be an orthornomal basis for (-,-) and let Q; := Qa,. We observe
from Lemma 3.7 that

dx-2Q +Qdx—x = (=X4,Q1 — = X4, Qs + MQ1 + -+ + Q) ®1d.
=F’ =XQ
Thus, denoting F'(\) :== F'+ X-Q on H and F()) := F'(\) ® Id on HA, we see that Lemma
3.10 indeed applies.

Next, we observe two things. The first is that F’ and X\ - Q commute. The second is
that for A small enough, F’()\) can still be decomposed in the form Id+R(\) + K(\) with
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[R(M)|lz¢y < 1 and K(X) compact, because @ is bounded. It follows that dx_» is Fredholm
for A close enough to 0.
From Lemma 3.9, we know that the cohomology of dx_) on D(dx) is isomorphic to

kerran IIo(N) dX—)\/ Talran o ()\) dx_»,

and the isomorphism is given by [u] — [IIo(A)]. Let us now describe a sort of sandwiching
procedure. Assume that we have a projector IIy bounded on D(dx), commuting with dx.
Then, the mapping [u] — [IIou] is well-defined and surjective as a map

kerp(ay) dx—x/ ranp(gy) dx—x — kerranti, dx A/ TalranTr, dX -

In general, there is no reason for this map to be injective. However, if we further assume
that IIy and IIp(A) commute, and that ran(Ilp(A)) C ran(Ily), then we can see IIp(\) as a
projector on ran(Ilz). Since the mapping [IIou] — [IIp(A)u] has to be surjective, we deduce
that it is actually an isomorphism.

Let us write, with F’ := F’ +II}, where I, is the spectral projector of F’ at 0,

FE(\) =1d -1, + F''X - Q.

For u € ker F'()\), we have (Id — IT))u = —F'~*\- Qu. Since F'~')\-Q commutes with II}, (as
F’ does commute with A - Q), we obtain for u € ker F'()\)

(Id — ) = (Id — II,)%u = —F'"~'\ - Q(Id — IT, )u.

For A\ small enough Id + F=1). @ is invertible on H, which implies that (Id — IIf)u = 0. In
particular, v € ranIIj,, so that ker F'(\) C ker F" and ranIIj(\) C ranIlj. But certainly, IIj,
and II{(\) commute. So we can apply the argument above, and deduce that for A sufficiently
small,

kerp(gy) dx—x/ ranp(ax) dx—x = Kery ranm, dx—x/ rany ranm, dx—x-

Since ranIlj is a fixed finite dimensional space, the Taylor spectrum of X is discrete near 0
by Lemma 3.8. O

4. DISCRETE RUELLE-TAYLOR RESONANCES VIA MICROLOCAL ANALYSIS

In this section, M is a compact manifold, equippaed with a vector bundle £ — M and an
admissible lift X of an Anosov action (see Definition 2.4). We have seen in Section 3.1 how to
define the Taylor differential dx which acts in its coordinate free form on C*°(M; E) ® Aa*.
We have furthermore seen how dx can be used to define a Taylor spectrum o 3(X) C af.
We take coordinates whenever it is convenient. In that case, we will use the notation dx to
avoid confusions. In the sequel it will be convenient to pass back and forth between these
versions and we will mostly use the shorthand notation C*°A, leaving open which version we
currently consider.

The Ruelle-Taylor resonances that we will introduce will correspond to a discrete spectrum
of —X on some anisotropic Sobolev spaces. From a spectral theoretic point of view this sign
convention might seem unnatural. However, from a dynamical point of view this conven-
tion is very natural: given the flow ¢ of a vector field X, the one-parameter group that
propagates probability densities with respect to an invariant measure is given by (cp)_(t)* and
thus generated by the differential operator —X. We will therefore from now on consider the
holomorphic family of complexes generated by dxx for A € af. (respectively A € C* after a
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choice of coordinates). Since we work with spaces that are deformations of L*(M), we will
compare our results with the growth rate of the action on L?(M), defined for A € a as

1
Cp2(A) := limsup n log ||e %4 2L2)- (4.1)

Naturally, the spectrum of X 4 on L? is contained in {s € C | Res < Cp2(4)}.
The goal of this section is to show the following:

Theorem 4. Let 7 be a smooth abelian Anosov action with generating map X and X an
admissible lift. Let Ag € W be in the positive Weyl chamber. There exists ¢ > 0, locally
uniformly with respect to Ag, such that for each N > 0, there is a Hilbert space Hy containing
C*®(M) and contained in C~°(M) such that the following holds true:

1) —X has no essential Taylor spectrum on the Hilbert space Hy in the region
Fn:={X€ag| Re(A(Ap)) > —cN + Cr2(Ap)}-
2) For each A\ € Fn one has an isomorphism of finite dimensional spaces

ker dX+/\|D§'V(dX)/ran dx+)\|'Dg\71(dx) = ker dX+A|CEEO(M)®AjaE/TaH dX+>\‘cE§°(M)®Aj71aE

with Dg\,(dx) = {u € Hy ® Ma} |dxu € Hy @ NMVTlak}, showing that the cohomology
dimension is independent of N and Aqg.
3) The Taylor spectrum of —X contained in Fy is discrete and contained in

() {\ € at | Re(A(4)) < Cpa2(A)}.
Aew

4) An element A\ € Fp is in the Taylor spectrum of —X on Hy if and only if X is a joint
Ruelle resonance of X.

The Hilbert space Hy will be rather written Hyg below, where G is a certain weight
function on T*M giving the rate of Sobolev differentiability in phase space. We use this
notation in order to emphasize the dependence of the space on G.

The central point of the proof will be a parametrix construction for the exterior differential
dx+x. We will prove in Proposition 4.6 that there are holomorphic families of operators
Q(N), F(A\): C~*°A — C~*°A such that

QN dx1x + dxAQ(A) = F(A).
The operators Q(A) and F(A) will be Fourier integral operators and independent of any
Hilbert space on which the operators act. However, the crucial fact is that for these operators
there exists a scale of Hilbert spaces C* C Hyg C C~*° (with N > 0 and G € C*(T*M)
a weight function) and domains Fyg C af with ai = UnsoFng such that for A € Fyg
the operators Q(\) : Hyg — Hne are bounded and the operators F(\) : Hye — Hna
are Fredholm and can be decomposed as F(\) = Id + R(\) + K(\) with K(\) compact and
IR £(2nen) < 1/2. Then by Lemma 3.9 we directly conclude that the Taylor complex
on HyagA is Fredholm on A € Fyg. The fact that the construction of the operator family
F(\) : C*°A — C~%°A is independent of the specific Hilbert spaces on which they act will be
the key for proving in Section 4.3 that the Taylor spectrum of dx y is intrinsic to the Anosov
action, i.e. independent of the constructed spaces Hyg. The flexibility which we will have
in the construction of the escape function G will furthermore allow to identify this intrinsic
spectrum with the spectrum of dx on the space C’_;OO A of distributions with wavefront set
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contained in the annihilator E! C T*M of E, ® Ey (see Proposition 4.9). Finally, we will see
that the choice of Q(A) can be made more geometric, to enable the use of Lemma 3.12 and
prove that this intrinsic spectrum is discrete in ag.

The construction of the parametrix Q(\) and the Hilbert spaces Hy¢g will be done using
microlocal analysis. Appendix A contains a brief summary of the necessary microlocal tools.
Section 4.1 will be devoted to the construction of the anisotropic Sobolev spaces. With these
tools at hand we will construct the parametrix (Section 4.2), and prove that the spectrum is
intrinsic (Section 4.3) as well as discrete (Section 4.4).

4.1. Escape function and anisotropic Sobolev space. In this section we define the
anisotropic Sobolev spaces. Their construction will be based on the choice of a so-called
escape function for the given Anosov action. We first give a definition for such an escape
function and then prove the existence of escape functions with additional useful properties.

Given any smooth vector field X € C*(M;TM) with flow ;¥ we define the symplectic
lift of the flow and the corresponding vector field by

X . ™M —=T*M H . d X 00 (rk A 4. *
e {@s,@ o (@ @), ()T T g € CTTMTITTM)),
(4.2)
The notation X is chosen because it is the Hamilton vector field of the principal symbol
op(X)(z,€) = i&(X(x)) € C°(T*M) of X (see Example A.2). Recall from Example A.2
that for an admissible lift of an Anosov action, the principal symbols of the lifted differential
operator X 4 and that of the vector field X 4 tensorized with Idg coincide. This will turn out
to be the reason why we do not have to care about the admissible lifts for the construction
of the escape function. We will denote by {0} := {(z,0) € T*M |z € M} the zero section.

Definition 4.1. Let cx >0, A €¢ W, gz C T"M, an open cone containing Ej satisfying
ng N(E; & EY) = {0}. Then a function G € C*(T*M,R) is called an escape function for
A compatible with cx, I'gx if there is R > 0 so that
(1) for |§] < R/2 one has G(z,§) = 1 and for [{| > 1 one can write, G(z,§) =
m(z,&)log(1 + f(x,£)). Here m € C*(T*M;[—1/2,8]) and for |{| > R, m is ho-
mogeneous of degree 0, with m < —1/4 in a conic neighborhood of E} and m >4 in a
conic neighborhood of E*. Furthermore, f € C°°(T*M,R") is positive homogeneous
of degree 1 for |{| > R. We call m the order function of G.
(2) Xim(z,€) <0 for all [¢| > R,
(3) for £ ¢ Iy, €] > R one has X G(z,€) < —cx.

Below (see Proposition 4.3), we will prove the existence of escape functions for Anosov
actions. Before coming to this point let us explain how we can build the anisotropic Sobolev
spaces based on the escape function: given an escape function G, Property (1) of Definition 4.1
implies that m € SY(M) and for any N > 0, eN¢ € SN™(M) is a real elliptic symbol.
According to [FRS08, Lemma 12 and Corollary 4] there exists a pseudodifferential operator

Ang € UM E) (4.3)
such that
(1) o)™(Ang) = eN9Idp mod S,
(2) Ang : C°(M; E) — C®°(M; E) is invertible,
(3) Ayt € U V™(M; E) and U;Nm(.A]_VIG) = ¢ NCIdp mod SV™IE
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We can now define the anisotropic Sobolev spaces
Hyg = A]_\,IC;LQ(M; E) with scalar product (u,v)#ye = (Avcu, Angv)re.

Note that the scalar product (u,v)s,. depends not only on the choice of the escape function
but also on the choice of its quantization Ane. However, by L2-continuity (Proposition A.9),
these different choices all yield equivalent scalar products on the given vector space Hyg. For
that reason we can suppress this dependence in our notation.

We want to study the Taylor spectrum of the admissible lift of the Anosov action on these
anisotropic Sobolev spaces. Recall from Section 3.1 that due to the unboundedness of the
differential operators we have to verify the unique extension property:

Lemma 4.2. For any escape function G the a-action of an admissible lift has a unique
extension (in the sense that Equation (3.5) holds) to the anisotropic Hilbert space Hyg.

Proof. Let us consider the Taylor differential dx as an unbounded operator on HygA with
domain C*°(M; E ® A). Then, in the language of closed extensions, the desired equality
(3.5) corresponds to the uniqueness of possible closed extensions. By unitary equivalence
we can study the conjugate operator P := Anc dxfl]_\,lG acting as an unbounded operator
on L>(M;E ® M), instead. We want to apply [FS11, Lemma A.1] which states that any
operator in \Il%(/\/l, E ® A) has a unique closed extension as an unbounded operator on L2
with domain C*°. By Proposition A.3 and since Ane has scalar principal symbol we can
write P = dx + [/lNg, dx]/lj\%, where the first summand is obviously in ¥1(M; E ® A) and
the second one in \II(I)J_r (M; E®A). Now, by Definition A.1 of symbol spaces, one checks that
ST M; E®A) € S}(M; E®A). We conclude that P € U}(M; E® A) and are able to apply
[F'S11, Lemma A.1] which completes the proof. O

Let us now come to the existence of the escape function:

Proposition 4.3. Fiz an arbitrary Ag € W C a, an open cone I'veg C T* M which is disjoint
from EY, and Ty a small conic neighborhood of Ef so that ToN (E* & EX) = {0}. Then there
is a cx >0, an open conic neighborhood I'gy C Ty of Ej, and R > 0 such that there is an
escape function G for Ay compatible with cx and U'g: with the additional property that the
order function satisfies

m(z,&) > 1/2 for (x,&) € I'ieg and [§] > R. (4.4)

Proof. The proof follows from [DGRS20, Lemma 3.3]: indeed, first we note that the proof
there only uses the continuity of the decomposition T"M = Ej @ E;; © E; and the con-
tracting/expanding properties of E¥, E! but not the fact that Ej is one dimensional. It
suffices to take, in the notations of [DGRS20], N1 =4, Ng = 1/4 and I'yeg = T*M \ C"* ()
with oy > 0 small enough. Although it is not explicitly written in the statement of [DGRS20,
Lemma 3.3], the order function m constructed there satisfies X fo m < 0 and I'g is arbitrarily
small if ap > 0 is small (see [DGRS20, Section A.2]). O

4.2. Parametrix construction. The goal of this section is to construct an operator Q(\) as
in Lemma 3.9 for the complex dx 4, and so that () will be bounded on the anisotropic Sobolev
spaces HygA. The construction will be microlocal in the elliptic region and dynamical near
the characteristic set. In Section 4.4 we will provide an alternative construction of a Q(\)
which is purely dynamical, i.e. which is a function of the operators X4;.
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Recall the notation £ @ A = F ® Aa*. We will also freely identify operators P :
C*®(M; E) — C~°(M; E) with their A-scalar extension on sections of F ® A.

Lemma 4.4. Let P € VO(M; E) be such that WF(Id — P) does not intersect a conic neigh-

borhood of E; & EY, and we make it act as a A-scalar operator. There exists a holomor-

phic family of pseudo-differential operators Qen(\) € ¥"HM; E ® A) for A\ € af such that
Qen(A) : C®(M; E® A*al) — C°(M; E @ A*tak) for all k and

dx_:,_)\Qell()\) + Qen(A)dX_F)\ = (Id — P) + Sl()\) + SQ()\) (4.5)

with S1(\) € ¥~Y(M, E® A) holomorphic in X satisfying WF(S1()\)) C WF(P)NWF(Id — P)
and Sa(A\) € UT°(M; E® A), also holomorphic in \.

Proof. We will use an arbitrary choice of basis Aj,..., Ax in a and consider the commuting
differential operators X 4,,...,X4,. Recall that the corresponding divergence operator dx .\
on C*®°(M; E) ® Aa* is defined by

4
5x+)\(u Kej A A eil) = Z(_l)j(XAij + )\i].)u® (TTAREEIA a‘j N Nej,,
j=1
where Aj := A(4;) € C (here (e;); is a dual basis to A; in a*). Thus, using the commutations
[Xa; +Aj, Xa, + M) = 0 and Lemma 3.7 with Y; = X4, + );, we obtain that the operator
Ax = dx4a0x4x + Ox42dx 42 i1s A-scalar and given for each w € Aa* by the expression

K

Axr(w®w) = —( Y (Xa, + M%) @ w.
k=1

This shows that Ax,\ € V?(M; E ® A) with principal symbol given by (see Example A.2)
K
0y (Ax ) (@, €) = [|€8,|I* Tdpea with [[€5,[* =) &(Xa,)>.
k=1

It is an operator which is microlocally elliptic outside E* @ E?* (i.e. ell>(Axyy) = T*M\ (EX®
E?)). Thus, by Proposition A.7, if P’ € WO(M, E® A) is A-scalar and has WF(P') contained
in a conic open set of T*M not intersecting E; @& E?, then there exists a A-scalar pseudo-
differential operator Qa()\) € ¥=2(M; E ® A) holomorphic in A with WF(Qa()\)) € WF(P)
such that
AxAQa(N) = P+ 5'())

with S’(\) € ¥=°(M; E ® A) holomorphic in A and A-scalar. We now choose P’ so that
WF(P) N (EX ® E*) = 0 and WF(Id — P') N WF(Id — P) = 0; in other words, P/ = 1
microlocally on WF(1 — P). Note that dx 1 3Ax4) = Axiadx4y implies that

Axr (Qa(N)dxx — dxAQa(N) = [P, dxia] + [S'(A), dxal-
Using microlocal ellipticity of Axy outside E; & E? and the fact that
WE([P',dx+]) = WF([Id — P, dx1,]) € WF(P') N WF(Id — P),  WEF([S"()), dx+a]) =0,

we deduce from (A.1) that WF([Qa (M), dx+2]) € WF(P)NWF(Id — P’). In particular, since
P’ = 1 microlocally on WF (Id— P), this implies that [Qa (), dx12](Id—P) € U~°(M; EQA).
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Thus, with Qun(\) := 6x42Qa(N)(Id — P) (mapping C®A¥ to C®A*~1) we obtain
dx+2Qen(A) + Qen(AN)dx 4 =Ax12Qa(N)(Id — P) + dx42[Qa(N), dxx](Id — P)
+ 0x+2Qa(A)[dx4r, ]
=(Id — P) 4+ S1(X) + Sa2(N)
with So(\) € ¥™°(M; E® A) and

S1(A) = 6xAQa(N)[dx 1, P) = —=0x12Qa(N)[dx1a,1d — P] € W H(M; E® A)
has wavefront set contained in WF(P) N WF(Id — P). O
A second ingredient for the construction of the parametrix will be the following estimates

of the essential spectral radius of the propagator on the anisotropic Sobolev spaces. We recall
that if Y is a bounded operator on a Hilbert space H,

Tess(Y) 1= max{|A| | X € gess(Y)}.
The proof of the following Lemma is inspired by the argument in [FRS08] for Anosov diffeo-

morphisms.

Lemma 4.5. Let P € VO(M; E) be such that WF(P) is disjoint from Ej, and choose an
arbitrary constant Cp > Cp 1= limsupj¢_,o lop(P)(x,€)|| and some T > 0. Let Ae W C a,
Iveg be an open cone disjoint from Ey C T*M, and I'o C T* M be a small conic neighborhood
of Ej. By Proposition /.3, associated to I'weg there exists an escape function G for Ag := A
and an open conic set FES C TI'g so that G is compatible with cx and FES in the sense of

Definition 4.1. If in addition T gz N XA (WF(P)) = 0 for all 0 < t < T, the operator
e tXap. Hya — Hna
is bounded and has a decomposition
e®AP = Ry a(t) + Kna(t)
with [|[Rn.c(t)|lciuye) < C’}De_CXNtHe_tXAHL(Lz) and Knqg(t) compact on Hyg. Both
Rna(t), Knc(t) depend on N,G.

Proof. Let m € C*°(T*M;R) be the order function of the escape function G (see Defini-
tion 4.1(1)). Instead of studying e 7*X4 P on H ¢ we consider the operator Ayge X4 PAL,
on L?(M; E) which is a Fourier integral operator. We write this operator as

ANce_tXAPA;VIG = ¢ X4 etXAANge_tXA P.Afle (4.6)
=:B;
For the newly introduced operator B, we apply Egorov’s Lemma (Lemma A.8) and deduce

o : : N(mo®;*4)
that it is a pseudodifferential operator B; € ¥, (

M; E) with principal symbol

X X X
U}])V(qu)t A)(Bt) _ eN(G’o<I>t Ay mod S{V_(mqut A))*H’.

N(mo@f{A —m)
1

Consequently, BtP/l]_Vlc ev and by Definition 4.1(2) mo®; 4 (z, &) —m(z, &) < 0
for |¢| large enough. Thus BtPAJ_VlG € ¥Y (M;E) is bounded on L?, and we can apply
Proposition A.9 to this operator. We calculate its principal symbol

~ X
0d(BiPAyy) = NG =G50 (p),
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Now, using Definition 4.1(3), our assumption that T'gx N O A(WF(P)) =0 for 0 <t <T

insures that, for any (z,£) € WF(P) and |{] sufficiently large, 9,(G o CI)i(A) < —cx for all
0<t<T. Thus

lmsup  sup [N ENNOGED (P, €) < CpeV.
R—oo (2,£)eWF(P),[§|>R

By closedness of fES and WF(P) this estimate can also be extended to a small conical
neighborhood of WF(P). On the complement of this neighborhood, by the definition of
the wavefront set, we deduce limsup_,o lop(P)(x,€)|l = 0. We have seen above that
X

eN(Go2 4 -C) ¢ SV . In particular this factor is uniformly bounded. Putting everything
together we get

limsup [|o9(B; PAyg)(z,€)|| < CpeNext,

|§|—00
Using Proposition A.9 we can write B;PAyL = Ry (t) + Kn(t) with Kn(t) € U=°(M; E)
and [|Ry(t)| zz2) < Clhe Next, Now, by (4.6), our operator of interest can be written as

Ange™ 4 PAyg = e AR, + Ky,
and we get the desired property by setting Ry (t) := e"X4R, and Kn(t) := e XAk, O

Recall that Cy2(A) was defined in Formula (4.1). We can now come to the construction of
our full parametrix for the Taylor complex:

Proposition 4.6. For any Ay € W, any open cone I'g C T*M containing Ej and satisfy-
ing To N (EX @ E¥) = {0}, there are families of operators Q(A\), F(\) : C®°(M; E ® A) —
C™°(M; E ® A) depending holomorphically on A € af. such that
QN)dxix + dxAQ(N) = F(A).

Furthermore, for any escape function G for Ay compatible with cx > 0, and I'gs C 'y, one
has for any N >0 and 6 > 0 that:

(1) Q\) : HngN — HyaAI ™1 is bounded for any A € ac and 0 < j < &,

(2) F(\) can be decomposed as F(X) = Id + Rn.g(\) + Kn,g(X) where Ky g(A) is a

compact operator on HygA, and Ry c(\) : HyaA — HygA is bounded with norm
|1BN.cMlcye) < 1/2 for

X € FnG, Aps = {A € ag| Re(A(Ag)) > —Nex + Cr2(Ag) + 0} C ag.
Both operators Ry.g(X), Kng(A) depend on N, G, while Q(X\) and F(X) do not. They

also do not depend on 9.

Remark 4.7.

(1) If there is a smooth volume density p preserved by the Anosov action (e.g. the Haar
measure for Weyl chamber flows), and if we consider the scalar case X4 = X4, then
e!X4 is unitary on L?(M, 1) and the constant Cj2(A) vanishes.

(2) For proving that the Ruelle-Taylor spectrum is independent of the choice of Hyg it
will be essential that the operators Q(\), F/(A\) will only depend on the choice of Ay
and I'gs but not on the choice of the anisotropic Sobolev space Hyg as long as the
escape function G satisfies the required compatibility conditions.
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Proof of Proposition /.0. From the definition of Cr2(A), we deduce that there exists Ty > 0
so that for T > Tp, |eTX40|| < €T(Cr2(40)+9/2); we choose T so that both T > Tj and
T >2In(3)/d. For A € ai we define the operators X 4,() := X4, + A(Ag) and let

T
QN :_/D e XasN gt : C%(M; E) - C(M; E).

We have the relations
X 4,(NQr(N) = Qr(MN)X 4y (N) =1 — e TX0N (X, Q)] =0forall Aca (4.7
Now we extend Q/r(\) to an operator on C*®°(M; E) ® Afa* — C®(M; E) ® A*“La* for each
¢ by the formula
Qr(N) (1w w) i= —bgs )1 ) = (QHAJW) © 1
for u € C®°(M; E) and w € Afa*. Using the relations of (4.7) and Lemma 3.7 we get
(Qr(N)dxia + dx i Qr(N)(u @ w) =((1 — e X0 M)y) @ w. (4.8)

We observe that by the commutativity of the Anosov action [X4, efTXAO()‘)] = 0, and there-
fore on C*°(M; E ® A) we have

[dx4x,e” M) =0, (4.9)
Next, we use the microlocal parametrix in the elliptic region from Lemma 4.4 with a carefully
chosen microlocal cutoff function: By our assumption that o N (E} @ E¥) = {0} and the fact
that E @ E} is a <I>tXA°—invariant subset, there exists a conic neighborhood I'y C T*M of
E; & E% such that @fAO (T1)NTo =0 of 0 <t <T. Let us choose a second, smaller conical
neighborhood E¥ @& E¥ C Ty € I'1. Now we fix a microlocal cutoff P = Op(p) € ¥°(M,C)

which is microsupported in I'y (i.e. WF(P) C I'1) and microlocally equal to one on I'y (i.e.
WEF(Id - P)NT'2 = §) and which furthermore has globally bounded symbol sup, ¢ [p(, )| <

1. We apply Lemma 4.4 with this choice of P and multiply (4.5) from the left with e TXa (N,
Using (4.9), we get

dxre XN Qui(N) + e "X N QN dx iy = e TX4 N (Id — P+ S1(A) + S2(N)).
We define Q(\) := Qr(\) + e TX40MN Q1 (\) and obtain

dx AQ\) + Q(N)dx 1 = F(A) with F(\) :=Id — e 7% (P — §1(\) — Sh(N)).

Let us now show that Q(\) and F'(\) have the required properties. By precisely the same
argument as in Lemma 4.5 (using that X fo m < 0) we deduce that e7*X40 is bounded on Hy¢
uniformly for ¢ € [0,7] for any escape function G associated to Ay compatible with cx > 0
and I'gs C I'y. Consequently Q7(A) and e "X are bounded operators on HygA. As
ANGQGH()\)AR,IG € U2(M; E ® A), this operator is a bounded operator on L2, thus Qen(\)
is bounded on HygA as well. Putting everything together we deduce that Q()\) is bounded
on HygA for any A € af. As Qr(N) and Qen(A) decrease the order in Aa* by one, Q(A) has
this property as well.

Let us deal with F'(\): by our choice of I'; we can apply Lemma 4.5 to e TXaMNp =
e~ TAA0)e=TX49 P and deduce that the e 7X40MNpP = R (N\) + K\ ()\) for some Ri()\)
bounded on Hyg and K} () compact on that space, with bound

HRIN(A)HC(HNG) < (1 + E)eT(*NCX*Re()\(AO))+CL2(AO)+5/2),
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for some € > 0. Consequently, by our choice of 7" > 2In(3)/0 and for A € Fng 4,6 We
get [|Ry (W)l ane) < (1+¢€)/3. Note that S1(X) + S2(A) € UHM;E ® A) is compact
on Hye (this can be easily checked by conjugating it with An¢ to obtain an operator in
U—1(M; E®A), thus compact on L?). This completes the proof of Proposition 4.6 by setting
Ry(\) := —Riy(\) and Ky(\) := =K (A) — e TXa0N (81 (X)) — Sy(\)). O

As a consequence we get;:

Proposition 4.8. For Ay € W there exists an escape function G such that for any N > 0
the operator dx1x on HygA defines a Fredholm complex for A € Fng, a4,0, i-e. we have

0T e (—X) NV FnG, 40,0 = 0.

Proof. By Proposition 4.3, there is an escape function G that allows to obtain Proposition 4.6.
Then we can use Lemma 3.9 applied to X + A to deduce Fredholmness. O

4.3. Ruelle-Taylor resonances are intrinsic. So far we have shown that the admissible
lift of an Anosov action X acting as differential operators on H g has a Fredholm Taylor
spectrum on Fng 4 = Fna,A,0 C ag, where A € W and G is an admissible escape function
associated to A. Further, we have seen that Fyg 4 can be made arbitrarily large by letting
N — oo. However, it is not yet clear if this Fredholm spectrum is intrinsic to X or if it
depends on the choice of the anisotropic Sobolev spaces Hy¢, i.e. in particular on the choices
of N or G.

Let us denote by C'5>°(M; E) the space of distributions in C~°°(M; E) with wavefront set
contained in E;. Equisped with a suitable topology this space becomes a topological vector
space [Ho03, Chapter 8], and the lift X acts continuously on C>°(M; E). In particular, it

makes sense to consider the complex generated by the operator dxyy on CL°(M; E ® A).
The main result of this section is the following;:

Proposition 4.9. Let Ag € W, N > 0 and G be an escape function for Ag. Then for any
A € Fna,A, one has vector space isomorphisms

keryy  oad dx 4/ TaNy A7 dX xS kercg*ooAj dx+x/ ran oo dx -

Using this result, we see that the Ruelle-Taylor spectrum is independent of Ay and of the
anisotropic space HygA in the region Fyg 4, of A € af. where the Taylor complex dxy is
Fredholm on HygA. We can then define the notion of a Ruelle-Taylor resonance as follows:

Definition 4.10. We define the Ruelle-Taylor resonances of X to be the set
Resx = {\ € a¢ |3y, kerCESOAj dX+,\/ranCE§oAj dx4x # 0}
and the Ruelle-Taylor resonant cohomology space of degree j of A € Resx to be
Resx pi(A) := kercgg"/\j dx4x/ rancggom dx 4
Another consequence of Proposition 4.9 is:

Corollary 4.11 (Location of Ruelle-Taylor resonances). One has

Resx C [ {A € at | Re(A(A)) < Cr2(A)}
AeWw
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Proof. Assume that there exists an A € W such that Re(A\(A)) > Cr2(A). Then for some
0 >0, XA € Fog,a,s and consequently A € Resx iff keryz, dxyx/rangz2p dx4y # 0. However,
by (4.8) there is a bounded operator Q7 ()\) : L2(M; E ® A) — L?*(M; E ® A) such that

dxAQT(\) + Qr(N)dx ) = Id + e TXae=TAA),

Since Re(A(A)) > Cr2(A), the right hand side is invertible on L?(M; E ® A) provided T > 0
is large enough, so that kerjz, dxi/rans2p dxyy = 0. U

The strategy to prove Proposition 4.9 is to show that in each cohomology class in
kery v A dx4a/ rany A dx+x one can find a representative that lies already in ker —oo dx -
EY,

To this end we will construct for fixed A a projector IIp(\) of finite rank such that we can
find in each cohomology class a representative in the range of IIp(A). The fact that the range
of TIp(\) is independent of the anisotropic Sobolev spaces and contained in C_go then follows
very similarly to the corresponding characterization of Anosov flows [F'S11, Theorem 1.7] by
the flexibility in the choice of the escape function.

Proof of Proposition 4.9. Given Ag, N,G and X\ € Fng,a, let us first fix § > 0 such that
A € FNG,4y,5 and an open cone I'g C T*M containing I' g (the conic set in Proposition 4.3)
and such that To N (E* @ E) = {0}. Then Proposition 4.6 provides operators Q(\), F()) :
C°M;E®@A) —» C°(M; E® A) which only depend on 6§, \, Ay, Ty and satisfy

dx+3Q(A) + Q(N)dx1x = F(A). (4.10)

We can thus apply Lemma 3.9, and deduce that if IIp(A) is the spectral projector of F'(\) on
its kernel,

Mo(N) = keryyyoa dxya/ 1a03y oA x40 = KeTran 1(0) X 10/ Talkan 1o (1) dX 4

is an isomorphism. Here, ran(Ilp(\)) = Ip(A\)Hne. But since C*° is dense in Hyg, and
IIo(N) has finite rank, we deduce that it is equal to IIp(A\)C*®°(M; E ® A). We now need the
following lemma:

Lemma 4.12. The projector Ig(\) satisfies Ilp(A)(C®(M; E @ A)) C Cp®(M; E ® A).
Additionally, it has a continuous extension to Cp®(M; E & A).

Proof. Recall that IIp(A) : HygA — HngA has been defined as the spectral projector at
z=0o0f F(A): HNngA — HngA, it has finite rank. Since F'(\) and its Fredholmness do not
depend on the choice of N, G, as long as A € Fng,4,, neither does its spectral projector at 0.
The image of IIp () is thus contained in the intersection of the H g/ A such that A € Fnigr 4, -

Let us show that this intersection is contained in C’E;o (M; E® A). We thus take v in all

the H v such that A € Fnigra,- By Proposition 4.3 for an arbitrary cone F;eg disjoint

from Ej, there exists an escape function G’ for Ay compatible with ¢y and FjES C I'g such
that microlocally on I",,, Hv¢ is contained in the standard Sobolev space HY'/2(M; E).

reg’
In particular, taking N’ irbitrarily large, A € Fnigr,a, and WF(u) NI, = 0. Since '}, was
arbitrary, WF(u) C E}.
To prove that IIp(\) has a continuous extension to C’E;O (M; E ® M), it suffices to observe
that CE;O(M; E®A) is also contained in the union of the all the # y/¢+ such that A € Frar 4, -

This follows from Definition 4.1,(1), since we know that in a conic neighborhood around E}
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we have m(z,£) < —1/4. As a consequence, IIy(A) is a linear operator from C',°(M; E® A)
to C~°(M, E® A). It is continuous as it has finite rank. O

To finish the proof of Proposition 4.9, it suffices to apply a variation of the sandwiching
trick presented in the proof of Lemma 3.12. Indeed, since IIp(\) is a bounded projector on

Cp(M; E® A), commuting with dxy, u +— IIp(A)u factors to a surjective map
keI‘CngA dX+)\/ rancgf"[\ dX-l-)\ — kerp, TIp(N) dX-l-)\/ Tallyan TIp(\) dX—l—)\ (411)

We need to show the injectivity of this map. This will follow from the fact that C>°(M; E®
A) is contained in the union of the Hpy/e/A such that A € Fnigra,. We consider €
Cr"(M; E®A) such that dx4au = 0, and [IIg(A)u] = 0, i.e, Ho(A)u = dx4aIlo(A)v for some
v e Cp®(M; E® A). Since u belongs to some H g/ A, we then write F(\) = F(\) +1IIh(\),
and Obgerve, just as in (3.13), that
FA)T'QWNdx4x + dxxF(N)'Q(N) =1d — IIp(N),
so that
u = dx4x(F(N)'Q(N\)u + Iy(A\)v).

It remains to check that F~1(\)Q(\u € Cp*(M; E® A). But, since Q(A) and F~1()\) are
bounded on each H /g A such that A € Fnrgr a,, this is an element of each such Hy/gr A, so
it is contained in the intersection thereof. We have seen in the proof of Lemma 4.12 that this
intersection is contained in Cp>°(M; E ® A).

Finally, note that the operagor F(X\) : HneA — HngA preserves the order in the Koszul
complex, i.e. F(A): HyagN — HygM, and all the subsequent constructions such as IIp(\)

do as well. The isomorphism IIy(A) can thus be restricted to the individual cohomology
kercgfo A dx4a/ Tang-cop; dx 1) and we have completed the proof of Proposition 4.9. O

4.4. Discrete Ruelle-Taylor spectrum. In this section we show that the Ruelle-Taylor
resonance spectrum of the admissible lift X : a — Diff! (M; E) of the Anosov action, for E
a Riemannian vector bundle, is discrete in ag.. Our goal is to use Lemma 3.12. In contrast
to just obtaining the Fredholm property of the Taylor complex, this section requires to use
a parametrix Q(A) in Proposition 4.6 that is more intrinsically related to the X action, in
particular we shall construct Q(A) a a function of (Xi,...,X,) = (Xa,,...,X4,) if A4; €W
is an orthonormal basis for some scalar product (-,-) on a. This requires to use a slightly
better escape function that provides decay not only in a fixed direction A; € W, but also for
all other elements in a small neighbourhood of Ajy:

Lemma 4.13. Let A1 € W be fixed. Then there is an escape function G for Ay, a conic
neighborhood Ty, C T* M of Ej such that Tz N (Ey @ EY) = {0}, a constant cx > 0 and a
neighborhood © C W of A1 such that G is an escape function for all A € O compatible with
cx > 0 and U'g;. Moreover, G can be chosen to satisfy XIG <0 in {|¢| > R} for some
R>1.

Proof. The construction of the weight function m is written in [B18, Section 2| in the case of an
Anosov flow, but it works mutatis mutandis in our case as the proof simply uses the continuity
of the decomposition T*M = Ej @ E} @ E;; and the expanding/contracting properties of E}
and E}, but not the fact that dim E} = 1. The weight function satisfies X{m <0 for [¢| > 1
for all A close enough to A;. We can then define the function G as in [FS11, Lemma 1.2]
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by setting G(z,§) = m(x, &) log(l + f(x,§)), where f > 0 is homogeneous of degree 1 in &,
satisfies f(x,&) = |£(X4,)| near E5 N {|¢] > 1}, and

XEf<—ei(1+f), (esp. XEf>er/(1+ 1)) (4.12)

in a conic neighborhood of E? (resp. of E}) for some ¢; > 0. To construct such f near EY,
we can use [DZ16, Lemma C.1]: for (z,€) in a conic neighborhood Ny of EY, set

T 2.4
f(z,§) ::/ le” A (z,€)|dt, T >0
0
so that, if A = Ay + €A’ with |A’|; < 1, one has X = Xfl + X and

X f(a,€) = €] — e ¥ (2, 6)] + OeeT|¢])

for some C' > 0 uniform with respect to A’ as above. Fix T large enough so that we have
€| — |e"TXA (2, €)| < —2/¢| for all |¢| > 1 in N,. Once T has been fixed, one can choose
0 < e<e T sothat XH f(2,8) < —[¢] in Ny N {|¢] > 1}. Since (1 + f(2,€)) > ¢;'[¢] in
Ny {[¢] > 1} for some ¢; > 0, we obtain (4.12). The same construction applies near E.
The proof of [FS11, Lemma 1.2] (using the fact that X% |¢(A1)| = 0 as [X4, X4,] = 0) shows
that X G < 0 for all || > R if R is large enough and that G is an escape function for all
A€ O:= Ay +{eA € a||A|, <1} compatible with some cx > 0 and some T'f;. O

Let us now fix an orthonormal basis Ay,..., A, € O C W of a in the positive Weyl chamber,
and we denote the associated scalar product in a by (-,-). In order to be able to use Lemma
3.12, we will prove the following:

Lemma 4.14. For each fized X\ € Fng A5 there is a Lie algebra morphism Q(N) :
a = LMHne) N LC®(M;E)) and commuting with X(A) := X + X\ in the sense that
[X4;(A), Qa,, (N)] =0 for all j, k, such that

with R(A), K(A\) € L(HnGA), RO c(mng) < 1/2 and K(X) compact on HygA. Moreover
R(XN), K(\) are A-scalar.

Proof. Let T; > 0 for j = 1,...,k, and consider x; € C2°([0, o0[; [0, 1]) non-increasing with
Xx; = 11in [0,T}] and supp x; € [0,Tj + 1]. Then we set

oo
QN = /0 e XA N () dt

and we make it act on C*°(M; E)®@Aa* by @j(/\) ru@w = (Q5(\)u)®ea,w. Asin Proposition
4.6, we compute

dx()Qi(N) + Qj(Ndxy = Id + R;(\), Rj(N(u@w):= ( /0 e_thj()‘)uX;»(tj)dtj) @ w.

and note that R;(\) = R}()\) ® Id is scalar. We thus have

dx(n)Q\) + QN)dxy = F(N), F(X):=1d— (1) ] Rx(N). (4.13)
/=1
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with Q) == Y0, (1) 1Q;(M) [T/_} Rk()). First we observe that Q(A) = dq(y) is the
divergence associated to the Lie algebra morphism Q(\) : a — L(C°°(M; E)) defined by

j—1
Qa, () = (1Y) [T Re)
k=1

We notice that Qa;(\) commutes with X4, ()) for each i, j. As in the proof Proposition 4.6,
we have that Q(A) maps to L(Hyg) and Q()) is bounded on HygA: notice that here we
use Lemma 4.13 as it is important that the weight function m satifies X fj m < 0 for all
j=1,...,k. We take P microsupported in a neighbourhood of E} & E?, as in the proof of
Proposition 4.6, and follow the arguments given there, which were based on Lemma 4.5: if
Tj :=T is chosen large enough (as in proof of Proposition 4.6)

Rk()\)P:/ e~ 2= iXa; N pTT /(t)
1};[1 [T, T+1] H (1)

[ e ) [T

[T, T+1]" ot
where || R(t, M) || c(zye) [L; X llee < 1/2 and K (¢, A) is compact on H g for all t € [T, T +1]
(both depend on N, G). This shows that the operator (F(\) — Id)P decomposes as (F(\) —
Id)P = R(\) + K1(A) with [[R(N)[|z(uyea) < 1/2 and Ki()\) compact on HygA. Next,
we claim that using that P € U9(M) is scalar with WF(Id — P) not intersecting a conic
neighborhood of E} & E?, we see that Ko()) := (F(\) — Id)(Id — P) is a compact operator
on HygA. Indeed, let us first take a microlocal partition of (Id — P) so that (Id — P) —
Sr i P € UT°(M) with Py € (M) and WF(P%) not intersecting a conic neighborhood
of the characteristic set {(z,&) € T*M |{(X4,) = 0}. Let us show that Ry (\)Py is compact
on Hyq: first,

T+1
RN PuXa, () = / e~ XA ) o () dty, + Rp(N)[Pr, Xa,] € L(Hye),  (4.14)

T
where we used that [Py, X4,] € ¥O(M) and that e %*X4X) is bounded on Hyg. Since
X (N) is elliptic near WF(P;), we can construct a parametrix Z(\) € ¥~1(M) so that
X4, (N Zi(N\) = P} € U=°°(M) for some P} € WO(M) with P[P, — P, € U=°°(M). We thus
obtain that

Rk(/\)PkXAk()\)Zk()\) — Rk(/\)Pk S \IJioO(M),

but Zi(A) being compact on Hyg, we get that Rp(\)Py is compact on Hyg using (4.14).
Next, we write

(ﬁRk(A)> Id— P) Z (HRk )Pj € T (M).
k=1

This operator is compact since all the Rk()\) are bounded on Hyg and commute with each
other and Ry(\)Py is compact. Putting everything together we deduce that F'(\) has the
desired properties by setting K(\) := K1(\) + Ka(\). O

As a corollary, using Lemma 3.12 and Lemma 3.10, we deduce the following;:
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Proposition 4.15. For an admissible lift of an Anosov action X, the Ruelle-Taylor resonance
spectrum is a discrete subset of a.. Moreover, A € Fng A, N 0T Hye(—X) if and only if there
is u € Hyag such that

(X+Nu=0.

This completes the proof of Theorem 4. In the scalar case (i.e. F is the trivial bundle)
we will show in Corollary 4.16 below that part 3) of Theorem 4 can be sharpened using the
dynamical parametrix @Q(\) in Lemma 4.14 (the same argument also works for admissible lifts
under the condition [|e™4 f|| z(100) < C for all t € R):

Corollary 4.16. Let X be an Anosov action. Then one has

Resx C (] {A € af | Re(M(4)) < 0}.

Aew
Proof. Let A € YW and assume that A € a{. satisfies Re(A(A4)) > 0, then we will show that
A can not be a Ruelle-Taylor resonance. We use the parametrix Q(A) of Lemma 4.14 with
Aq := A and (4;); € W* forming a basis of a with A; in an arbitrarily small neighborhood
of A; so that Re(A(A4;)) > 0 for all j. We get that (4.13) holds with F'()\) having discrete
spectrum near z = 0. Let IIp(\) be the spectral projector of the Fredholm operator F'(\) at

z = 0, which can be written

1

o(\) = (21d — F(\) " 'dz (4.15)

T 2mi L
|z|=¢
for some small enough € > 0. We notice that for f € L>°(M), we have
1= PO Flo < [ eSO e [T )

(RT)= j=1

gllfllLooezleTNAj)/ [T )t .
(RE)= 29

<l e S5t TN,

This shows that by choosing T; > 0 large enough, ||(Id — F'(\))| z(z~) < 1/2. In particular
F(\) is invertible on L* and therefore IIp(A) = 0 since the expression (4.15) holds also as a
map C*°(M) — C~>°(M). This ends the proof. O

Let us end the section with a statement about joint Jordan blocks for an admissible lifts
X: Therefore given a € N® we define X*(\) := [7_; (X4, + ;).
Proposition 4.17. For any Ruelle-Taylor resonance A € Resx there is J € N which is the
minimal integer such that, whenever for some u € Cz°(M) and k € N one has XP(A\)u = 0
for all |B| = k then X*(N)u = 0 for all o] = J. Moreover the space of generalized joint
resonant states is the finite dimensional space given by

{ue CgX(M) | X*(A)u =0 for all |a| = J} C ranIlp(N) (4.16)

where I1o(A) is the spectral projector of F(X) at z =0, defined in (4.15).

Proof. Let Hng be an anisotropic Sobolev space such that A\ € Fng 4,. We construct the
parametrix from (4.13) with x; = x; for all j = 1,...x and ¢ := —x}, and we denote
by Tg(N\) : Hng — Hne the spectral projector on the generalized eigenspace of F'(\) for
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the eigenvalue zero. Note that it commutes with X4, for all j, since F'(\) does. We now
show by induction that for any u € C_go(/\/l) with X*(AN)u = 0 for all |a] = k we have
u € ran(Ilp(A)) € Hnyg. The start of the induction is simply deduced from the proof of
Proposition 4.9. Next we show that if the property is satisfied at step k then it is at step
k+ 1 if for uw € Cp®(M), X*(A)u = 0 for all |o| = k + 1 then for any [5] = k we
have X 4,(A)(X#(A\)u) = 0 for j = 1,...,x. Thus, again by the proof of Proposition 4.9
we know X#(\) € ran(ITg()\)). As [TIp(A), XP(A\)] = 0 we conclude X#(\)(TIp(A\)u — u) = 0.
Consequently, by induction hypothesis, IIp(A\)u — u € ran(Ilp(A)) and the claim follows.
The statement of the proposition follows because ran(Ilp(\)) is a finite dimensional X 4, (\)
invariant subspace. O

We also notice that the non-triviality of the space (4.16) (with J minimal) implies that A
is a Ruelle-Taylor resonance, since for u in this space, there is a « with |a| = J — 1 such that
v = X*(N)u # 0 satisfies v € Resx po0(A).

5. THE LEADING RESONANCE SPECTRUM

In this section we study the leading resonance spectrum, i.e. those resonances with vanish-
ing real part and show that they give rise to particular measures and are related to mixing
properties of the Anosov action.In this section the bundle E will be trivial.

5.1. Imaginary Ruelle-Taylor resonances in the non-volume preserving case. In
this section, we investigate the purely imaginary Ruelle-Taylor resonances and in particular
the resonance at 0 for the action on functions. We assume that the Anosov action X does
not necessarily preserve a smooth invariant measure. We choose a basis Ay, ..., A, of a, with
dual basis (e;); in a*, and set X; :== X 4;, and we use dvy the smooth Riemannian probability
measure on M. Let us choose iA € ia® purely imaginary and fix non-negative functions
xj € C°(R™), equal to 1 near 0, with x; < 0 and use the parametrix Q(i\) in the divergence
form from Lemma 4.14 so that

QUiN)dx+ix + dx+inQ(iA) = 1d — R(i)) ® Id,
and writing 1; := —xj € C°((0,00)) and A;j := A(4;)

R(iN =]] / et Xty (1) dt . (5.1)
j=1

We proved that R(i\) has essential spectral radius < 1 in the anisotropic space Hy¢, and
the resolvent (R(i\) — z)~! is meromorphic outside |z| < 1 — € for some €, and the poles in
|z| > 1 — € are the eigenvalues of R(i\). Moreover, for f € L>, one has

IR < 1f 1~ [ / ity dt; < [ fllzee- (5.2)
j=1"R

Since R(i)) is bounded, for |z| large enough one has on Hyg
(z= R@EA) ™ =271) 2 PR (5.3)
k>0

but the L> estimate (5.2) shows that this series converges in £(L*°) and is analytic for
|z| > 1. Therefore, using the density of C*°(M) in Hyg, we deduce that R(iA) has no
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eigenvalues in |z| > 1. We will use the notation (u,v) for the distributional pairing associated
to the Riemannian measure dv, fixed on M that also extends to a complex bilinear pairing
Hye X H_ng — C; in particular if u,v € L?(M), this is simply fM uv dvg. Accordingly,
we also write (u,v)r2 for the pairing [ v U0 dvg and its sesquilinear extension to the pairing
Hyg X H_ng — C.

The next three lemmas (Lemma 5.1) characterize the spectral projector of R(i\) onto the
possible eigenvalue 1. Keep in mind that by Lemma 3.9 this spectral projector is closely related
to the Ruelle Taylor resonant states. Finally in Proposition 5.4 we will use the knowledge
about this spectral projector to characterize the leading resonance spectrum and to define
SRB measures.

Lemma 5.1. Let A € ia*. If 7 is an eigenvalue of R(i\) with modulus 1, it has no associated
Jordan block, i.e. (z — R(i\))~! has at most a pole of order 1 at z =T

Proof. We take u € Hy¢ such that (R(i\) — z)~'u has a pole of order > 1 at z = 7. By
density of C*° in H ¢, we can always assume that u is smooth. Denoting by ¢*) = 4px-.-x¢
(k-th convolution power), we can write

RN =T] / e~ Xy (¢ yat;.
j=17R
Note that R(0)1 = 1. We take v another smooth function, then

(RGN u,v)| =] / [T e ez ( / be S s du,) diy . di,
R~ . M
7j=1

<[v]geeulpoe R(0)*1 = |v] g ul o
We deduce that for |z] > 1
[(2(z = R(N) " u, o) <) J2| ™ folpeelulpe < C(1 = |2]) 7"

This is in contradiction with the assumption that z is a pole is of order > 1. O

Then we can prove the following

Lemma 5.2. For A\ = Z?:l Aje; € a*, R(i\) has an eigenvalue of modulus 1 on Hyg if
and only if A is a Ruelle-Taylor resonance. In that case, the only eigenvalue of modulus 1 of
R(i\) in Hyg is T = 1 and the eigenfunctions of R(i)\) at T =1 are the joint Ruelle resonant
states of X at \. Moreover, if I1(i)\) is the spectral projector of R(i\) at T = 1, one has, as
bounded operators in Hyg,

lim R(i\)* = TI(i\). (5.4)

k—o00
Proof. First, let II(i)\) be the spectral projector of R(i\) at 7 € S! : it commutes with the Xj,
so we can use Lemma 3.8 to decompose ranII(i\) in terms of joint eigenspaces for X;. By
Proposition 4.17, the space of generalized Ruelle resonant states at i\ is contained in ran II(i\),
and Lemma 3.9 says that the space of joint Ruelle resonant states is ker(X + i/\)’rann(i n)- Let
u be a joint-eigenfunctions of X in ranII(i\), with X;u = (ju. By Lemma 5.1, R(i)\) has no
Jordan block at 7, thus u € H ¢ is a non-zero eigenfunction of R(i\) with eigenvalue 7 € St
Then

Tu = R(i\)u = u/ H et NDa (t5)dty = u H i\ —i¢j)
=1 j=1
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For 7 to have modulus 1, we need []7_, WJ( —i¢;)| = 1. But since [pt; =1 and the (;’s
have non-negative real part,

50 — iG)] < / e~ Ry (1)dt < 1

S0 Re((]) =0 and |¢]( —i¢j)| = 1 for all j. But then there is @ € R so that 1 =[5 1;(¢)

Jg cos(t(A; + Im(¢j)) + a)w]( )dt and thus cos(t(\; + Im((;)) + @) = 1 on supp(¢;) since
1j > 0, but this implies that (; = —i\; and a = 0. Then we get 7 = 1. In particular,

R(i\) = TI(iX) + K (i)

with K(iAII(GA) = TI(iN\) K (iA) = 0, and K (i\) having spectral radius » < 1 on Hyg, thus
satisfying that for all € > 0, there is ng large so that for all n > ng

I GN) e rwe) < (€)™
We can chose r + € < 1, which implies that
Vn > ng, R(IN)" =1I(iA) + K(iA)" — (iA) in L(HNe) (5.5)
proving (5.4).
To conclude the proof, we want to prove that (X; 4+ ¢\;)II(iA) =0 for all j =1,...,k. By
the discussion above, 0 is the only joint eigenvalue of (X1 + iA1,..., Xx +i\s) on ranII(i)),
Le. thereis J > 0 such that []i_;(X; +iX;)®II(iA) = 0 for all multi-index o € N* with

length |a| = J. We already know that R has no Jordan block, and we want to deduce that
this is also true for the X;’s. By Proposition 4.17, we get

ranTI(i)) = {u € C5°(M H (Xj +iXj)%u =0, Va € N* |a| = J}.

In particular this space does not depend on the choice of x; (and thus 1;). The operator
¢~ 23 tiXiF) : ran TI(i\) — ranTI(i)) is represented by a finite dimension matrix M (t) with
t=(t1,...,ts), and R(i\)|;anmi(in) = Id (since R(iA) has no Jordan blocks), thus

Id= | M(t)9w;(t;)dt ... dtx
R~

for all choices of x; (and v; = —X;')- We can thus take, for T' = (77, ...,T}), the family t;
converging to the Dirac mass dr; and we obtain M(T') = Id. This shows that M (t) = Id for
all t € RY and therefore (X; +iA;)II(i\) = 0 for all j. This implies that ranII(i)) is exactly
the space of Ruelle resonant states for X at iA. ]

From what we have shown in Lemma 5.2, we deduce that we can write the spectral projector
as II(GA) f = Zi:l v (f, wg) 2 with vy € H e spanning the space of joint Ruelle resonant
states of the resonance i\ and wy, € Hyo ~ H_ng. Recall that we have shown that the
space of joint Ruelle resonant states (i.e. the range of II(i)\)) is intrinsic, i.e. does not depend
on the precise form of the parametrix. But surely the operator R(i\) depends on the choice
of the cutoff functions ¢; (see (5.1)) and thus also II(A) might depend on that choice. In
order to see that this is not the case, let us consider X7 = —Xj; + divy, (X;) which are the
adjoints with respect to the fixed measures v,. Note that by the commutat1v1ty of the X, the
operators X also commute and are admissible operators (in the sense of Definition 2.4) for

the inverted Anosov action 7~ (a) := 7(a~!) which is obviously again an Anosov action (with
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the same positive Weyl chamber after swaping the stable and unstable bundles). Therefore
we can apply the results of Section 4 to the admissible operators X7, in particular they have
discrete joint spectrum on the spaces H_ng. Using (X; +iX;)II(iA) = 0 and the fact that
[X;,II(i\)] = 0 we deduce that (XJ* —iXj)wy, = 0 and thus all wy, k = 1,...,J are joint
resonant states of the X ;- We can even see that they span the space of joint resonant states:
one can perform the same parametrix construction Lemma 4.14 to X7

Qx+(IN)dx*tin + dx++inQx+(iA) = Id — Rx+(i)\) ® Id,

and if we choose the same cutoff functions as in the parametrix for X; at the beginning of
this section we find

Rx-(iN) =[] / e STyt dt;. (5.6)
j=1

In particular Rx«(—i\) = (Rx(i)\))* and if IIx« (i) is the spectral projector of Rx+«(i\) onto
the eigenvalue 1 then we obtain IIx+(—i\)f = Hx (i\)*f = Zi:l wi(f,vk)r2. By Lemma 3.9
the space of joint resonant states (X; —i\)w = 0, w € H_n¢ is in the range of ILy«(—iA),
consequently the w; span the space of joint resonant states of X* with joint resonance —i\
and the w; span the space of joint resonant states of the resonance ¢A. Putting everything
together, we have:

Lemma 5.3. Let A € a such that i)\ is a Ruelle-Taylor resonance of X. Then —i\ is also a
Ruelle-Taylor resonance of X* and spaces of joint resonant states have the same dimension.
If vi,...,v5 € C_go(/\/l) and wi,...,wy € C_;?O(M) are such that they span the space of
joint resonant states of X at i and X* at —i) respectively and fullfill (vj, wi) 2 = bk, then

we can write TI(1\) = Zizo Vg, wg) 2. In particular TI(i\) depends only on the X; but not
on the choice of R(i\).

We can now identify resonant states on the imaginary axis with some particular invariant
measures.

Proposition 5.4.
(1) For each v € C®°(M,R"), the map
fy 2w € CF(M) — (I1(0)u, v)
is a non-negative Radon measure with mass p,(M) = fM vdvg, invariant by X; for
allj=1,...,k in the sense p,(X;u) =0 for all u € C*.
(2) The space
span{y, |v € C*°(M,RY)} = TI(0)*(C>(M))
is a finite dimensional subspace of C'°(M) and it is precisely the space spanned by

all finite measures p with WF(u) C ES that are invariant under the Anosov action.
(3) For each open cone C C W in the positive Weyl chamber with C\ {0} C W, and any
u,v € C°(M) we can express p, as the Birkhoff sum

— i ; —Xa
o) = Tlglgo Vol(Cr) /AEC%(e u,vjdd (5:7)

where dA is the Lebesgue-Haar measure on a and Cp :={A € C||A| <T}.
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(4) Similarly, for X € a*, v € C*°(M) the map
p u e C°(M) = (T(iX)u, v)

is a compler valued measure. The measures are flow equivariant in the sense that
py(Xju) = —iXjuy(u) and the set {u)|v € C®(M)} is finite dimensional and co-
incides with the space of finite complex measures p with WF(u) C E¥ which are
equivariant in the above sense.

(5) Let vi,vy € C®°(M,R") with vy < Cvy for some C > 0 and i\ € ia* a Ruelle-Taylor
resonance. Then u;}l 18 absolutely continuous with bounded density with respect to
Lhyy = ,ugg. In particular any 1) is absolutely continuous with respect to juy.

Proof. First R(0)1 = 1is clear and X has a Taylor-Ruelle resonance at A = 0 by Lemma 3.10.
If u,v € C®°(M) are non-negative, we have a := (R(0)*u,v) > 0 and

Jim (R(0)*u, v) = (IT(0)u, v) > 0.
—00
Note also that for each k, and each u € C°°(M) non-negative
Vo e M, 0< (R(0)*u)(z) < (R(0)*1)||ullco < [lullco.

This implies that for each v € C* with v > 0, p¥ : u — (R(0)*u,v) is a Radon measure
with finite mass pf(M) = [, ,vdvy and thus p, is as well. The invariance of 11, is a direct
consequence of Lemma 5.3. The same holds for property (2). The invariance of the space
spanned by these measures with respect to X; follows from II(0)X; = X,II(0) = 0, obtained
by Lemma 5.2.

Let us next show that for an arbitrary Ruelle-Taylor resonance ¢\ € ia* we get complex
measures ) and in the same turn prove the absolute continuity statement (5). We consider
u € C®(M), vi,vg € C°(M,R") with v1 < vy and get

[(R(EN) u, v1)| < (R(0)*[ul, v1) < (R(0)*[u], v2)

thus |4 (u)| < fiv, (Jul). This proves that p;) is a complex measure. A priori, y1;) is absolutely
continuous with respect to fi,,, so it has a L' density f with respect to p,,. This density is
actually bounded by 1. Let us assume that

|1, (A)] < proy (A) (5:8)

for every borel set A. This implies that the set {z | |f(z)| > 1} has zero measure. If A is a
closed set, we can find a sequence of smooth functions g¢,, valued in [0, 1], which converges
simply to the characteristic function of A. By dominated convergence 1) (gn) — 13, (4), and
likewise fiy, (gn) — iy (A). Taking products of sequences of functions, or sequences 1 — gy,
and a diagonal argument, we see that the set of Borel sets A for which (5.8) holds contains
closed sets, and is stable by countable intersection, and complement. It is thus equal to the
whole tribe of Borel sets, and the proof of || f||ze < 1 is complete.

Let us finally show (5.7). One easily checks that it suffices to prove the result for any
open cone with arbitrarily small conic section with closure is contained in {4 € W||A| = 1}.
We fix such a small open cone C C W and choose a basis (Aj)g”:1 of a so that Ay € C,
we then identify a ~ R" by identifying the canonical basis (e;); of R™ with (A4;);. We
let X = CnN{A1+ 37 5tjAj,[t; € R} be a hyperplane section of the cone C. Choose
Y € C((—1/2,1/2)) non-negative even with [, 1) = 1, and for each o € R, define 9, (t) :=
[1j=1 ¥(t; — 0;). The operator Q(0), R(0) constructed in Lemma 4.14 can be defined, for o



38 Y. GUEDES BONTHONNEAU, C. GUILLARMOU, J. HILGERT, AND T. WEICH

close to e, with the cutoff function y; so that —X; (tj) = ¢¥(t; — o), we then denote Q,, R
the corresponding operators, which in turn are locally uniform in . Then u, is given by
pio (1) = limg_y o0 (Ry (0)*u, v) locally uniformly in . This means that viewing ¥ as an open
subset of e; + R*~! containing e;, taking any ¢ € C2°(X) with [p._, q(f)dt = 1 and any
w e C((0,1)) with folw =1, we have for o(t) := (1,1) € &

_ k
—A}E}noo/w 1 Z )(Ry (H U v)q(t)dt.

Recall that R is given by the expression
REy = / (e~ 2i=1 %)) (1)t

where w&’“) is the k-th convolution of v,. We claim the

Lemma 5.5. Withw, q as above, and let &(r) := r'=F

N —
1 k k 11 t _
/RH N;w(N)<Ra(f)“ v)q(t)dt — / /W 1 ~ 25Ny, )@ ( )q (a>dt1dt =0

This lemma implies (5.7) by approximating the function t’f_ll[oyl] (t1)1x(t/t1) by some
smooth cutoffs w(t1)q(t/t1). O

w(r) the following limit holds as N — oo

Proof of Lemma 5.5. Since for u € C®°(M), |e” 2i=1%%5y|| oo < ||| goe, it suffices to show
that

1

N
_ I k—1 k (k t t
t=(t;,f) ERy x R 1 L 1Nk§_: ()50 (Da(0)d8 — (K a()

converges to 0 in L*(R”). Let ¢ > 0 small so that supp(w) C (¢,1 — €)). Scaling t — tN, the
above convergence statement is equivalent to show that

N(1—¢) k
)= N3 ) [ ol eNato)as

k=eN
is such that limy o0 [[fn — Allpimsy = 0 if h() = Cz(tl)q(i). First, notice that

supp(w(g’z?,)( 1)) C B(0,2) for each k < N, and [ we t)dt = 1. Tt then suffices to prove that
fn converges in L?(R*) to h. We proceed using the Fourier transform, writing & = (£, €)

(1—e)N
A 1 k. /- kv, kK
fr@) =5 3w (do(3) e Faq( e,
k=eN

First, for ¢ fixed, since ¢g(&) = 1 + O(|¢[?) for small ¢ (since [+ = 1 and [ te)(t)dt = 0 by
assumption on 1), one has the following pointwise convergence (using Riemann sums)

lim fn(€) = [Rw(tl)@(tlf)eitl&dtl = h(¢).

N—oo
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To prove L? convergence, we use that, since ¢y > 0 is smooth and satisfies [ =1 and
[ ty(t)dt = 0, there is ¢o > 0 such that

[0(€)] < (1+colél*) ™" (5.9)

Indeed, it suffices to prove |¢)(s)| < (1 + ¢gs?)~! for some ¢y > 0: but there is € > 0 so that
this is true for some ¢y = cp(€) when |s| < e small (by Taylor expansion at s = 0 and since
lih(s)| < 1 for s # 0) and for |s| > 1/e large by integration by parts (¢p € C2°), while for
|s| € [¢,1/€] there is ¢)(e) > 0 so that [¢(s)] < (1+ch(e)s?)~! by the fact that |¢)| < 1—6, on
[e,1/€] for some . > 0. Thus for § > 0 arbitrarily small, there is C' > 0 depending only on
lG|| Loe, ||@]| oo such that

/ Fn(©)Pde < CN* / Go(©)2NdE < CNFem ooV / o (€)lde — 0.
|é|>N1/2+6 ||>N—1/2+8

Next, we will show that for § > 0 small and ¢ € N, there is Ny, Cy such that for all N > N,
Ve gl € [LNY2RL (€] < Collel ™ + NG, (5.10)

This will prove the convergence of fN to h in L?, since for all n > 0, there is T,, and N,, > 0
such that for N > N,

/ () — h(E)de < 1/n
[E1>Tn

and, using dominated convergence,

[ fv(€) — h(€) P11, (€])dE = 0.
—00 JRK
We next show (5.10). We will use a discrete integration by parts to gain decay in fy(£) in the
& variable. For p € C§°((0,1)), we can define some sequences a}, by* for k € Z and m € N
by induction. First, b := e_i%gl, a) = p(k/N) for k € Z. Next, for m > 1, k € Z,
e_i% ik e_i% m
byt = bkmfli‘i1 — ¢7ivE (77) ,oap = akmfl - akm_gl.
1—e™'wN 1—e™'wN
Note also that a* = 0 for k < eN —m and k > (1 —¢)N and remark that b* = b;" "' — b+
Thus,
1 1 1 1 1

D ab =D a0 ) = = Y b — ) = = Dbt

keZ keZ keZ keZ
Since p is smooth, a Taylor expansion gives for each m a constant C,, > 0 such that for
N > 1, |af*| < CyllpllcnN~™. Up to increasing the value of C,,, we also have that [b}'| <
Crn N™/|&1|™. We deduce that for each m, there exists Cy, > 0 such that for all N large

enough,
N

_ige k& . —-m
|2 plk/N)e R | < N min(Conllpllcm 2™, llpll2).
k=1
Now, take p(z) := qA(xi)w(a:)eleog(%(g/N)), which exists since |¢o(&/N) — 1| < 1/2 for N
large enough (since |£|/N is assumed small). For all £ € N, there is Cy,,, > 0 such that for all
x € supp(w)
|07 (@(x)w(@)] < Ceam(1+ [€[1) 7. (5.11)
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Since | N log(1o(£/N))| < C|€|?/N for some unifom C' > 0 by using (5.9) if |¢|/N is small, we
finally obtain by using (5.11) the following bound (choosing ¢ = 2m above): for all m there
is Cy, > 0 so that for NV large enough

lpllem < Crn(L+ [E%) 7™ (1 + [€[*™/N™).

This implies that for all m, there is Cy,, C/, > 0 so that for all N large enough and |{| €
[1’ N1 /2+6]

: | p (1" p (1 1
O <o+ <o 1
VOIS Cn T Ry el = (g * w) < i + ymize)

which shows (5.10). O

As noted in the introduction, we will call physical measures the measures pi,, and p; will
be called the full physical measure.

5.2. Imaginary Ruelle-Taylor resonances for volume preserving actions. In this sec-
tion, we are going to study the dimensions of the Ruelle-Taylor resonance at A = 0 in the
case where there is a smooth measure preserved by the action. First, we want to prove

Proposition 5.6. Assume that there is a smooth invariant measure u for the action, i.e.
Lx, =0 for each A € W. Then, for each X\ € ia* imaginary, there is an injective map

kerc;;:oAj dX+>\/ranCEi>oAj dx+)\ — kercooAj dX+>\/ranCooAj dx+)\. (5.12)
u u

Proof. We shall use an argument inspired by [FRS08, Section 6] in rank 1. Fix a basis
A1,..., Ax € W close to Ay and write \; := A(A;) and X4, ()\) := X4, + Aj. Let T > 0 for
j=1,...,K, let € > 0 be small and consider x; € C2°([0, o0[; [0, 1]) non-increasing with x; = 1
in [0, 7] and supp x; € [0, 7} +¢]. We use the parametrix Q(A\) = dq(») of the proof of Lemma
4.14 and get (4.13) with those x;. As in the proof of Lemma 4.14, F(A) —Id = R(\) + K())
with K () compact on Hyg and ||[R(N\)|| < 1/2. In precisely the same way as in Lemma 4.12,
we deduce ran(Ilp(A)) C Cp”(M; Aa®) if TIg(A) is the spectral projector of F'(A) at z = 0.

We will show that the range of the spectral projector IIp(A) at z = 0 of F'(\) actually satisfies

ranIlp(\) € C*°(M; Aa™). (5.13)
Since F'(\) is a scalar operator, we can work on scalar valued distributions, and we shall then
identify F'(\) with an operator Hyg — Hye for some N > 0 large enough, and fixed. First,
we notice that |[Id — F'(A)[|z(z2) < 1: indeed, using He_tXAJ’(/\)HL(Lz) = 1, one has

Tj+1
1RO 2ze) < /0 (Bt = x;(0) = 1

if Ri(Mu := I e_tJ'Xj()‘)uX;-(tj)dtj as in the proof of Lemma 4.14. Therefore z = 1 is at
most a pole of order 1 of (Id — F(\) — z)~!, so that each u € ran(Ilp()\)) satisfies F(A)u = 0.
Then let u € Hyg such that F(A)u = 0. We now consider a semiclassical parameter o > 0.
Recall from [DZ16] that WF(u) = WFp,(u) N T*M \ {0}. We are now going to show that
WF(u) N A{(z,§) € EX|E] € [e1,c2]} = 0 for some 0 < ¢; < c2 by using the equation
F(X)u = 0, the propagation of semiclassical wavefront sets (Egorov theorem) and the explicit
expression of F'(A) in terms of the propagators eHXA;

For T7 > 0 large enough but fixed and Tb,...,T, € [0,¢] small enough, one can find a

closed neighborhood W,, of E} N 0T M in the fiber radial compactification of T* M, which
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—>
By

FIGURE 2. Schematic sketch of the phase space regions appearing in the proof of Proposi-
tion 5.6.

is conic for |{| large, 0 < ¢; < ¢ such that for all t; € [T1/2,T1 + €] and all ¢; € [0,2¢] when
7 > 2 we have

Sk 4o xH N 4 vH
W, € e =55 (W) and {(2,€) € B | |€] € [e1, o]} € e 29974 (W) \ W

We choose B = Opy,(b) € ¥9(M) where b € S°(M) (depending on h) satisfies the following
properties. First,

Ty vH

b>0, ba,&) =1inT M\ W,, b€ =0ine? 4 (W,)
Second, for each t = (t1,...,t;) with t; € [T},T; + €] the symbol

0= b, €) — b 1, 6))
is equal to 1 on {(z,€) € E} | [{| € [c1,c2]}. Finally, B is chosen so that Id — B*B — C*C €
h>* WY (M) for some C' = Opy,(c) € ¥9(M). Note that the escape function G can be chosen so
that the weight function m > 0 in the region T* M\ W, for |{| large enough. Since u € Hyg,
we thus have Bu € L2. Let Y € C*®°(R*) be given by X(t) = (1)~ [T5=1 X(t;) > 0 for t € R™.
We can write, using the semiclassical Egorov Lemma,

Bu = B(Id — F(\))u = / Be~ 2= XNz (0ydty . dt,,
(R+)"

:/ e~ = XA, N Bt . .. dt
(RT)*

. >t XA 1 >t XH -
with By — Opy,(boe™ i) € h¥, (M) and WF,(B;) Ce =77 4 (WFy(B)). This gives,
using [|e 4% || £(z2) = 1 by the fact that 4 is invariant, and using Cauchy-Schwarz

1Bulz = | BAd = F(\)ulf2 < / \IBtUH%zi(t)dt/ X(t)dt
(RF)" (RF)=
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with X(¢) > 1 on a ball of radius § > 0 centered at a point to € [];51[T},T; +¢|. We can then
write, since f(Rﬂﬁ X(t)dt =1,

. (1Bults 1Bl swa <o (514)

Next, we claim that there is e; € S°(M;[0,1]) such that we have B*B — (Bf B; + EfE,) €
h>* WY (M) for E; := Opy(e;) and such that e;(z, &) = 14+O(h) in the region {(z,&) € E} | |¢] €
[c1,¢2]}. Indeed, E} is microlocally equal to Cy := =1 X ;N o™ 2= tiXa; (N o) WF},(By)
and to B on the complement of WFy(B;). This implies, thanks to (5.14),

.., VBaliaxi = 06)

There is f,g; € S°(M;[0,1]) with f = 1+ O(h) on {(z,€) € E}||¢| € [e1,c2]} with f
independent of ¢, such that for ¢ near to, E;E; — (F*F + G;Gy) € h*°U9 (M), where F =
Op;,(f) and Gt = Opy,(g¢). We thus obtain

Pl < [ 1B+ 00) = 00),

which implies that WF,(u) N {(z,§) € EX | |£| € [e1,¢2]} = 0. We then conclude that WF (u) N
E} = (0, which also shows that v € C* and (5.13).
Then we define the following map

7. {kerran o) dx )/ Talantio(n) dx(n)  — kergeon dx(x)/ ranceen dx () (5.15)

u—i—ranrannoo\) dX(A) — U+ rangceo A dX()\)

which is well defined since ranIlp(A) C C*°A. We claim that this map is injective: let
u = dx(yv € ranllp(A) with v € C>AJ, then we need to show that u = dx(nyw for some
w € ranTlp(A). But is suffices to use [dx(x), Ilo(A)] = 0 to see that u = Tlo(A)u = dx(x)o(N)v.
This proves the claim and concludes the proof of the lemma by using also the isomorphism
(4.11). 0

Lemma 5.7. Assume that there is a smooth invariant measure v for the action, i.e. Lx,p =
0 for each A € a, and that supp(u) = M. Then the periodic tori are dense in M.

Proof. Since M is compact, the measure is finite, so we can apply Poincaré’s recurrence
theorem: almost every point x of M is recurrent, i.e. its orbit comes back infinitely close
to x infinitely many times (and this for each direction of the action). Katok-Spatzier [[KS94,
Theorem 2.4] proved a closing lemma for Anosov actions: there is § > 0 such that whenever
there is x € M and t € W with d(7(t)z,x) < ¢, then there is a periodic torus for the action
at distance at most +d(7(t)z,z) from z. O

Proposition 5.8. Assume that there is a smooth invariant measure p for the action, with
supp(p) = M. Then

and the cohomology space is generated by the constant forms 6;1 A A egﬁ if (e
of a*.

/

)i is a basis
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Proof. In the proof of Proposition 5.6 now with A = 0, we have defined an operator F'(0) that
is Fredholm on H n¢ and I1g(0) is its spectral projector at z = 0, with Im(Ily(0)) C C°°(M).
Recall also that F'(0) is scalar and can thus be considered as an operator on functions.
Let us show that Im(II5(0)) = R consists only of constants under our assumptions. Pick
u € C*°(M) such that F(0)u = 0. Let = € M belong to a closed orbit in the Weyl chamber,
ie. gpng (x) = x for some A € W and ty > 0. Then the orbit T}, := {oX4(z)|s € R, A € a} is
a closed k-dimensional torus isomorphic to R*/Z* by the map

K
bt € RY T(thXA;_)(x)
j=1
for some basis A, € a. Let us restrict the identity F(0)u = 0 on T,. We can decompose
v := 9w into Fourier series

teR® o(t)= Z 2Rty
kezr

Then for A; = 37, My; A} (using Y iy sede = >-,; s¢MieA}) the identity Ru(z) = u(x) can

be rewritten
Z €2i7rk.tvk _ Z ,Uk€2i7rk.t/ e_Qiﬂk'MSSZ(S)dS
keZr kezr (R+)~

with M = (M;;);; real valued. This shows that for each k € Z",
v =0 or / (e~ 2imk-Ms _ 1)¥(s)ds = 0.
(R+)*

Using that ¥ > 0 and X(s) > 0 in some open set and that M is invertible, we see that either
vy = 0 or k =0, i.e. v(t) = v(0) is constant. Therefore u is constant on each periodic
torus. Since u is smooth and the periodic tori are dense, this implies that dxu = 0 and
u(cthA (x)) = u(x) for each z € M, t € R and A € a. Taking A € W, there is v > 0 such that
for each t > 0 large enough so that |dg;Av| < e~“!|v| for each v € Es. Thus

|duz(v)] = Iduwa(x)dsOf{A(fE)vl < ||dulle™"Jv].

Letting t — oo, we conclude that du|g, = 0. The same argument with ¢ < 0 shows that
du|g, = 0 and therefore du = 0. Since F'(0)1 = 0, this shows that, when viewed as an operator
on Aa*, ranIlp(0) is exactly the space of constant forms. We can then use the isomorphism
(4.11) to conclude the proof since it is direct to see that constant forms e A---A egj form a

basis of ker dx /Im dx on Im(Ilp(0)) (as dx |ranr,(0) = 0)- O

As a corollary of Proposition 5.8 and the result of Katok-Spatzier [KS94] on
kerceop1 dx / rances a1 dx for standard Anosov actions, we obtain

Corollary 5.9. If the Anosov R"-action is standard in the sense of [KS94], then the map
(5.12) is an isomorphism for j = 1.

5.3. Ruelle-Taylor resonances and mixing properties. In this section we do not assume
anymore that a volume measure is preserved, and want to establish the following relation of
Ruelle-Taylor resonances and mixing properties

Proposition 5.10. Let X be an Anosov action on M then the following are equivalent:
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(1) There is a direction Ay € a such that gthAO is weakly mizing with respect to the full
physical measure py.

(2) 0 is the only Ruelle-Taylor resonance on ia* and there is a unique normalized physical
measure (1.

(3) For each A € W, gof(" is strongly mixing with respect to the full physical measure p.

Proof. Obviously (3) = (1). So let us prove (1) = (2): Assume that there is either a non-
zero Ruelle-Taylor resonance ¢A € ia* or a non-unique normalized SRB measure. Then by
Proposition 5.4(5) there is a non-constant bounded density f € L°(M,u1) with Xaf =
iA(A)f for all A € a (setting A\ = 0 if the density comes from the non-uniqueness of the SRB
measure). As f is non-constant there exists g € L>°(M, pq) with [ gdu; = 0but [ gf dus # 0.
With these two functions, the correlation function

CratiA0)i= [ o) fdm~ [ gl [ fap = [ gpap
M M M M
SO Lpf(AO is not weakly mixing.

We will now prove (2)=-(3) using the regularity of a joint spectral measure: Let us first
introduce these measures: We consider the space L?(M, u1). Since the measure p; is flow-
invariant, the flow acts as unitary operators on L?(M, uu1). In particular, for each A € a, X4
is skew-adjoint when acting on L?*(M, p11) with domain

D(X,) = {u € L*(M, 1)

1
li){n E(etXAu —u) exists} ={ue L*(M, ) | Xqu € L*(M, 1)}

Additionally, since the flow commute, the X 4 are strongly commuting, so that we can apply
the joint spectral theorem — see Theorem 5.21 in [Sc12]. There exists a Borel, L?(M, u1)-
projector valued, measure v on a* such that for u € L2(M, u1),

"= / (B, Xau= / i A)dv(D)u

We will prove the following regularity result of these measures below:

Lemma 5.11. Let X be an Anosov action. Assume that there is no non-zero purely imaginary
Ruelle-Taylor resonance and a unique normalized SRB measure. Then for any f,g € C*°(M)

with [y fdur = [, 9du = 0 we consider v g(0) == (V(0)f,9)L2(Mmp,) which are finite
complex valued measures on a*. Then the analytic wavefront set* WF(vysg) C a* x a fulfills
WFE(vsq) N (a* xW) =10

Before proving this Lemma let us show that it implies (3). Take Ay € W, f,g as in the
above Lemma, then the spectral theorem yields

X * —1
Co(t; Ao) = /Mg«o_;%) fdus = / e~ AN gy (9).

o
Given any € > 0, using the fact that v 3 is finite, there is a cutoff function xx € C2°(a*, [0,1])
equal to 1 on a sufficiently large compact set K C a* such that | [ . e~ WA (1—x g )dv5(0)] <
£/2 uniformly in ¢. Furthermore by the fact that the wavefront set is empty in the direction
of the Weyl chamber W we deduce that there is 7" such that | [, e WAy pedy5(0)| < €/2

41t contains in particular the C*° wavefront set
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for any ¢t > T thus lim;_ Cr4(t, Ag) = 0. The passage to arbitrary L?(M, p11) functions
follows by the density of the smooth functions. O

Proof of Lemma 5.11. Let us pick any Ag € W and a basis Aj,..., A, € W such that these
elements span an open cone around Ag. With this basis we identify the joint spectral measure
to a measure on R”. Recall the definition of R, (i\) from the proof of Proposition 5.4 which
was based on the choice of an even, positive ¢ € C*°((—1/2,1/2)) with [¢ = 1 and some
o € RY. Using the spectral theorem we calculate for any f,g € L2(M, 1)

(Ro (N, ) 2t = / B9+ AR Ny () (5.16)

where W(t) := [, ¥(t;). Now let us define the following closed subspaces Hyc,0 == {u €
Hrag, f udpy = 0} C Hyg. Note that these are well defined for sufficiently large N because
11 € H_ng. Furthermore from the invariance of p; under the Anosov actions the spaces
HneG,o are preserved under R,(i\). Now the assumption that there is no imaginary Ruelle-
Taylor resonance except zero and that there is a unique normalized SRB measure imply
(combining the findings of Section 5.1) that R,(iA) has a spectral radius < 1 on Hyg, for
any A € R", and o € RY sufficiently large. Thus there are Cy y,e5x > 0, locally uniformly
in o, A such that ||Ry(iA)*|2y6.,0 < Cyre~%o2*. Now let f, g be as in the assumption of our
Lemma, then we can estimate

(Ro(iNF £, 9) 2 vtyn) < I RGN Fllaiwe ollgiillz. ye < Crgone 5"

Let us come back to the expression (5.16) involving the spectral measures. By the properties
of ¢ we deduce that near zero W(¢) = exp(—S(£)) with some analytic function S(£) =
alé]? + O(|¢]Y). Furthermore for any § > 0, there is g2 > 0 such that (&) < e~¢2 for |€| > 4.
Choosing a cutoff function x € C°((—36,30)") with x(§) = 1 for |x| < 26 we get by the
boundedness of vy, for an arbitrary fixed A\g € R”

(Ro (N £, 9) L2 (M) — /R B(0 + NN (9 + Ao)de,g(ﬁ)‘ s Ce

uniformly for o € R} |\ — Ag| < d. Putting everything together we get

/ e_ksw—i_)‘)_ikgw—i_)‘)x(ﬁ+)\0)duf7g(19)‘ < ée—ak

with C, & > 0 locally uniform in |\ — \g| < 6 and o € R% . In the expression on the left hand
we recognize the Fourier-Bros-Iagolnitzer (FBI) transform (see e.g. [Sj82]) of the distribution
X(U+Ao)dvy o(¥) and the exponential decay implies that (Ao, o) is not in the analytic wavefront
set of x(¥ 4 Xo)dvyg(¥). As x =1 near 0, the statement about the wavefront set transfers to
the spectral measure v;, and we have completed the proof of Lemma 5.11. O

APPENDIX A. TOOLS FROM MICROLOCAL ANALYSIS

We recall here some essentials of microlocal analysis. In the paper, we are working with
pseudodifferential operators acting on C*(M; E) ® Aap = C*°(M; E ® Aay). Note that by
fixing an arbitrary scalar product on a* the bundle £ ® A := F ® Aag. — M is again a
Riemannian bundle. We will therefore introduce notations for pseudodifferential operators on
general Riemannian bundles £ — M over a compact Riemannian manifold M. Only when
we want to exploit some specific structures of £ ® A, will we refer to this particular bundle.
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For more details we refer to standard references such as [GS94]. For the details concerning
the anisotropic calculus we refer to [FRS08].

Definition A.1. Let k € R, 1/2 < p < 1. Then the standard symbol space S’;(M;E) is the
space of functions a € C*°(T*M;End(FE)), for which in any local chart U C R™ of M and
any local trivialization of the bundle, for any compact set K C U and any two multindices
a, B e N?

sup —[|950alx, §)||(¢)”FIHITID < oo

(z,£)eT*U,zeK

Given a zeroth order symbol m(z,&) € SY(M) then the anisotropic symbol space
ng(x,f) (M; E) is the space of functions a € C*°(T*M;End(F)) for which in any local chart
U C R" for any compact set K C U and any two multiindices «, 5 € N”

sup ||3$aa§’a($’ &)||(€) @ —plBl+(=p)la) o
(z,£)eT*UzeK

We furthermore set”
ST®(M; E) 1= NS, MM E),  S®(M;E) = Ups0Sk(M; E),
SIHM; B) = Neso ST (M B), - S (M E) 1= Usso S (M: ).

—E&

Note that by setting m(z, &) = k € R the standard symbols are a special case of anisotropic
symbols. We will therefore mostly introduce the notation in the anisotropic setting as it
comprises the standard symbols as a special case. Furthermore, note that x — Idg, is a
global smooth section of End(E) — M and multiplication with this section yields a canonical
embedding S7°(M) < Sp°(M; E). We will denote symbols in the image of this embedding
as the space of scalar symbols.

After fixing a finite atlas and a suitable partition of unity of M one can define a quantization
(see e.g. [DZ19, E.1.7]) that associates to any a € S;°(M; E) a continuous operator Op(a) :
C*®(M; E) — C°(M; E) which extends to a continuous operator Op(a) : C~*°(M; E) —
C~°°(M; E). We denote by ¥~°°(M; E) the space of smoothing operators A : C~°(M; E) —
C*®(M; E). The quantization has the property that Op(S™°(M; E)) C v~>°(M; E). We
say that A € UY(M; E) iff there is a € S}'(M; E) such that A—Op(a) € ¥=>°(M; E). When
p = 1, we will drop the p index and write S"(M; E) and V™ (M; E) instead of ST*(M; E)
and V" (M; E).

With any A € ¥?(M; E) one can associate its principal symbol

—2p+1
o, (A) € S (M; E) /ST PHYM; E).
The principal symbol is an inverse to Op in the sense that
oftoOp: Sy — S /ST and Opooy' : W' — U /g2t
are simply the projections on the respective quotients.

Example A.2. Any k-th order differential operator P with smooth coefficients on the bundle
E — Misin \Il’f(/\/l, E) and a representative of its principal symbol a’lf(P) can be calculated
by

[aj;(P)(:g, g)} w(z) = lim t* e—iwp(ei%)] (),

t—o00

5Note that Nik>0S, " (M; E) is independent of 1/2 < p < 1 and we therefore drop the index in the notation
of ST°(M; E).
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where u € C°(M; E) and ¢ € C*°(M) is a phase function with d¢(z) = £ (see e.g. [HG03,
(6.4.6")]). As a direct consequence we get:
(1) For any vector field X € C®°(M;T*M) C ¥1(M) we have o (X)(z,§) = i&(X ().
(2) If X : a — Diff'(M; E) ¢ U}(M, E) is an admissible lift of an Anosov action, then
for all A € a one finds that the principal symbol o—;(XA)(:z:,g) = i&(Xa(z))Idg, is
scalar.
(3) In order to express the principal symbol of the exterior derivative dx € ¥i(M,E ®
Aa}) of X, let us consider the smooth map T*M > (z,&) — &(Xe(z)) € Ala*. With
its help we calculate for v € E,,w € Aa*

oy (dx)(2,6) (v @ w) = v @ (§(Xe(x)) Aw).

(Thus o}(dx) is scalar on the E-component but not on the Aa*-component as it
increases the order of differential forms.)

Proposition A.3. Let A € \I/;nl(m’g)(M;E) and B € W?z(m’g)(M;E), then AB €

Wt (M; E) and 0y T2 (AB) = oy (A)oy?(B) mod Syt AL R,

Definition A.4. Given a € S,T(x’f) (M; E), we define its elliptic set to be the open cone
ell™@8) (q) ¢ T*M \ {0} which consists of all (x,&) € T*M \ {0} for which there is a

C > 0 and a function xy € C*(T*M), positively homogeneous of degree zero for |{| > C,
and x(xo, C&/|&o|) > 0, such that a(z,§) € End(E,) is invertible for all (z,£) € supp(x) and

xa~t € §;" O (M E). We call a € S5 (M, E) elliptic if ell™®4) (q) = T*M \ {0}.
As a direct consequence of the chain rule for derivatives and the symbol estimates we get

Lemma A.5. Ifa € SZL(I’Q (M; E) is a scalar symbol, then (zo,&) € ell™ @8 (a) if there
exists an open cone I' C T* M containing (zo, &) and C > 0 such that

(e, ) 2 (€™ for all (2,€) € T {j¢] > C}.

One checks that for a € S;)n(x,g) (M;E) and r € S;n(x’g)_a(M;E) one has ell™®8)(q) =
ell™@4) (¢ + 1) which allows to define the elliptic set of an operator A € U™(*4)(M; E) via
its principal symbol ell”™®)(A4) := ell™@4) (U;,n(x’f)(A)).

Definition A.6. Given A = Op(a) mod ¥~>°(M; E), we define its wavefront set to be the
closed cone WF(A) € T*M \ {0} which is the complement of all (z9,&) € T*M \ {0} for
which there is an open cone I' C T* M around (zg,&y) such that for all N > 0,a,8 € N"
there is Cy o, such that

1020 a(, &) < Cn.ayp(€) ™ for all (z,€) €T.

The wavefront set has the following property for the product of two pseudodifferential
operators A, B € WI°(M; E):

WF(AB) C WF(A) N WF(B).
We will crucially use the following constructions of microlocal parametrices.
Lemma A.7. If A € U9 (M; E), B € W) (M; E) and WF(B) C ell™@4)(A), then
there is Q € \I/:,m(x’g)_ml(w’g) with WF(Q) € WF(B) such that
AQ — B eV °(M;E).
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If furthermore A and B are holomorphic families of operators, then Q can be chosen to be
holomorphic as well.

As a consequence of Lemma A.7, if A € V"(M; E) and B € ¥'?(M; E), then
ell™(A)NWF(B) C WF(AB). (A.1)
We also have the following particular case of Egorov’s lemma.

Lemma A.8. Let F € Diffeo(M) be a smooth diffeomorphism and let F € Diffeo(E) be a lift
of F, i.e. F' acts linearly in the fibers and mo F' = F o for w: E — M the fiber projection.
Define the transfer operator

Lp: C®(M;E) = C®(M;E), (Lpu)(z):=F YF(z),u(F(z))).
Then for each A € V3 (M;E), we have LrAL;Y € \I/Z”‘}(M;E) with ®(x,£) :=
(F(z), (dF~1)T€) and

oy (LpALR ) (2,6) = F1(F(x),-) 0 0} (A)(®(x,€)) o F(a, ).

Proposition A.9 (L2-boundedness). Let A € \Ilg(M;E), then A can be extended from an
operator on C°(M; E) to a bounded operator on L*>(M; E). Furthermore, for any

C > limsup \|02(A)($75)H>

€] =00

there exists a decomposition A = K + R, where K € W=°(M; E) is a smoothing and hence
L2-compact operator and ||R||;2—,z2 < C. If Ay is a smooth family in \Pg(M; E) fort € [t1,12],
the decomposition Ay = Ry + K; can be chosen so that t — Ry and t — K; are continuous in
t.

Proof. See [FRS08, Lemma 14] for the proof. The dependence in ¢ is straightforward from
the proof. O

We conclude this appendix by mentioning that one can use a small semiclassical parameter
h > 0 in the quantization, in which case we shall write Op;,, by using the expression in a local

chart
1

On(@)1(0) = e [ 7 et Oeyises

if a is supported in a chart. We do not use this semiclassical quantization except in the two
subsections 4.4 and 5.2 and we refer to [DZ19, Appendix E] for the results on semiclassical

pseudodifferential operators that we will use. One of the advantages is that one can get the
estimate || Opy,(a)|| 12— 2 < sup, ¢ |a(xz,€)| + O(h) for small h > 0 and if a € SO(M; E).
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