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RUELLE-TAYLOR RESONANCES OF ANOSOV ACTIONS

YANNICK GUEDES BONTHONNEAU, COLIN GUILLARMOU, JOACHIM HILGERT,
AND TOBIAS WEICH

ABSTRACT. We define for R"-Anosov actions a notion of joint Ruelle resonance spectrum
by using the techniques of anisotropic Sobolev spaces in the cohomological setting of joint
Taylor spectra. We prove that these Ruelle-Taylor resonances are intrinsic and form a discrete
subset of C* and that 0 is always a leading resonance. The joint resonant states at 0 give
rise to measures of SRB type and the mixing properties of these measures are related to
the existence of purely imaginary resonances. The spectral theory developed in this article
applies in particular to the case of Weyl chamber flows and provides a new way to study
such flows.

1. INTRODUCTION

If P is a differential operator on a manifold M that has purely discrete spectrum as an
unbounded operator acting on L?(M) (e.g. an elliptic operator on a closed Riemannian
manifold M), then the eigenvalues and eigenfunctions carry a huge amount of information
about the dynamics generated by P. Furthermore, if P is a geometric differential operator
(e.g. Laplace-Beltrami operator, Hodge-Laplacian or Dirac operators) the discrete spectrum
encodes important topological and geometric invariants of the manifold M.

Unfortunately, in many cases (e.g. if the manifold M is not compact anymore or if P is
non-elliptic) the L?-spectrum of P is not discrete anymore but consists mainly of essential
spectrum. Still, there are certain cases where the essential spectrum of P is non-empty,
but where there is a hidden intrinsic discrete spectrum attached to P, called the resonance
spectrum. To be more concrete, let us give a couple of examples of this theory:

e Quantum resonances of Schrédinger operators P = A + V with V € C(R") on
M = R" with n odd (see for example [DZ19, Chapter 3] for a textbook account to
this classical theory).

e Quantum resonances for the Laplacian on non-compact geometrically finite hyperbolic
manifolds M = T\H"*!: here P = Ay, is the Laplace-Beltrami operator on M
[MM87, GZ97, GM12].

e Ruelle resonances for Anosov flows [BLO7, FS11, DZ16]: here P = iX with X being
the vector field generating the Anosov flow.

The definition of the resonances can be stated in different ways (using meromorphically contin-
ued resolvents, scattering operators or discrete spectra on auxiliary function spaces), and also
the mathematical techniques used to establish the resonances in the above examples are quite
diverse (ranging from asymptotics of special functions to microlocal analysis). Nevertheless,
all three examples above share the common point that the existence of a discrete resonance
spectrum can be proven via a parametrix construction, i.e. one constructs a meromorphic
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family of operators Q(\) (with A € C) such that
(P = N)QO) = Td+K(N),

where K () is a meromorphic family of compact operators on some suitable Banach or Hilbert
space. Once such a parametrix is established, the resonances are the A where Id +K(\) is
not invertible and the discreteness of the resonance spectrum follows directly from analytic
Fredholm theory.

In general, being able to construct such a parametrix and define a theory of resonances
involve non-trivial analysis and pretty strong assumptions, but they lead to powerful results
on the long time dynamics of the propagator e*’  for example in the study of dynamical
systems [Liv04, NZ13, FT17b] or on evolution equations in relativity [HV18]. Furthermore,
resonances form an important spectral invariant that can be related to a large variety
of other mathematical quantities such as geometric invariants [GZ97, SZ07], topological
invariants [DR17, DZ17, DGRS20, KW19] or arithmetic quantities [BGS11]. They also
appear in trace formulas and are the divisors of dynamical, Ruelle and Selberg zeta functions
[BO99, PP01, GLP13, DZ16, FT17b).

The purpose of this work is to construct a theory of joint resonances spectrum for the
generating vector fields of R*-Anosov actions. As far as we know, this is the first case where
a joint spectrum of resonances associated to a family of commuting differential operators has
been constructed. The classical example of such R”-Anosov actions is the Weyl chamber flow
for compact locally symmetric spaces of rank x > 2, and even for that case where harmonic
analysis and representation theory for Lie groups are powerful tools, our results are new.
An interesting consequence of our approach for general Anosov actions is that the “leading
joint resonances” allow a natural construction of invariant measures that are similar to the
Sinai-Ruelle-Bowen (SRB) measures for Anosov flows. We believe that these measures should
be useful in the rigidity conjecture on the classification of such actions.

1.1. Statement of the main results. Let us now introduce the setting and state the main
results. Let M be a closed manifold, A ~ R” be an abelian group and let 7 : A — Diffeo(M)
be a smooth locally free group action. If a := Lie(A) = R", we can define a generating map
L — C®(M;TM)
1A = Xy = %‘tzor(exp(tA)),
so that for each basis Aj, ..., Ax of a, [X4,,X4,] = 0 for all j,k. For A € a we denote by
(pf( 4 the flow of the vector field X 4. It is customary to call the action Anosov if there is an
A € a such that there is a continuous dcth A-invariant splitting
TM=Ey®oE,® E,, (1.1)

where Ey = span(Xa,,...,Xa,), and there exists a C' > 0, v such that for each z € M

Vw € Ey(x),Vt > 0, [|dgy (2)w]] < C™w],

Vw € By(2),¥t <0, [lde]* (z)w]| < ™.

Here the norm on T'M is fixed by choosing any smooth Riemannian metric g on M. We say
that such an A is transversely hyperbolic. It can be easily proved that the splitting is invariant
by the whole action. Moreover, there is a maximal open convex cone W C a containing A
such that for all A" € W, X 4 is also transversely hyperbolic with the same splitting as A (see



RUELLE-TAYLOR RESONANCES OF ANOSOV ACTIONS 3

Lemma 2.2); W is called a positive Weyl chamber. This name is motivated by the classical
examples of such Anosov actions that are the Weyl chamber flows for locally symmetric
spaces of rank k (see Example 2.3). There are also several other classes of examples (see e.g.
[KS94, SV19)).

Since we have now a family of commuting vector fields, it is natural to consider a joint
spectrum for the family X4,,..., X4, of first order operators if the A;’s are chosen trans-
versely hyperbolic with the same splitting. Guided by the case of a single Anosov flow (done
in [BLO7, FS11, DZ16]), we define E} C T*M to be the subbundle such that E}(E,® Ey) = 0.
We shall say that A = (A1...,\;) € C" is a joint Ruelle resonance for the Anosov action if
there is a non-zero distribution u € C~°°(M) with wavefront set WF(u) C E; such that

Vi=1,...,k (Xa, +Aj)u=0. (1.2)

The distribution u is called a joint Ruelle resonant state (from now on we will denote C',>° (M)
the space of distributions v with WF(u) C E}). In an equivalent but more invariant W;y (i.e.
independently of the choice of basis (A4;); of a), we can define a joint Ruelle resonance as an
element A € af. of the complexified dual Lie algebra such that there is a non-zero u € C.>°(M)
with ’
VAeca, (Xa+AA)u=0.

It is a priori not clear that this set is discrete nor that the dimension of joint resonant states
is finite, but this is a consequence of our work:

Theorem 1. Let 7 be a smooth abelian Anosov action on a closed manifold M with positive
Weyl chamber W. Then the set of joint Ruelle resonances X € ag. is a discrete set contained

n
[ {} € at | Re(A(A)) < 0}. (1.3)
Aew
Moreover, for each joint Ruelle resonance A € ag. the space of joint Ruelle resonant states is
finite dimensional.

We emphasize that this theorem is definitely not a straightforward extension of the case of
a single Anosov flow. It relies on a deeper result based on the theory of joint spectrum and
joint functional calculus developed by Taylor [Tay70b, Tay70a]. This theory allows us to set
up a good Fredholm problem on certain functional spaces by using Koszul complexes, as we
now explain.

The generating map of the Anosov action 7 can be viewed as an operator

X :C®(M) = C®(M;ag), (Xu)(A):=Xau,
and similarly for X + X if A € ag. We can then define for each A € ag the differential operators
dix4n) 1 C®(M;Na}) — C°(M; AV tak) by setting
dixa)(u®@w) == (X + Nu) Aw for u € C®(M), w € Mag.
Due to the commutativity of the family of vector fields X 4 for A € a, it can be easily checked

that d(x4x) 0 d(x+r) = 0 (see Lemma 3.2). Moreover, as a differential operator, it extends to
a continuous map

dixta) 1 O (M; Aat) — Cre”(M; ATl ak)
and defines an associated Koszul complex

d d
0— Co(M) ) e @ Alat ... S8 052 (M) @ Afaf — 0, (1.4)
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FIGURE 1. Schematic sketch of the location of the resonances in ag. Note that in order to
draw the at least 4 dimensional space a¢ the imaginary direction 7a* has been reduced in the
drawing to a one dimensional line. The blue cone depicts the positive Weyl chamber W and
the green region illustrates the region (1.3) in which the resonances can occure. The leading
resonances discussed in Theorem 3 are located at the tip of this region.

We prove the following results on the cohomologies of this complex:

Theorem 2. Let 7 be a smooth abelian Anosov action' on a closed manifold M with gener-
ating map X. Then for each X\ € af and j =0,...,k, the cohomology

ker dxx) oz (My@asag/ TR e log (st
is finite dimensional. It is non-trivial only at a discrete subset of X € ag..

We want to remark that the statement about the cohomologies in Theorem 2 is not only
a stronger statement than Theorem 1, but that the cohomological setting is in fact a funda-
mental ingredient in proving the discreteness of the resonance spectrum and its finite mul-
tiplicity. Our proof relies on the theory of joint Taylor spectrum (developed by J. Taylor in
[Tay70b, Tay70al), defined using such Koszul complexes carrying a suitable notion of Fred-
holmness. In our proof of Theorem 2 we show that the Koszul complex furthermore provides
a good framework for a parametrix construction via microlocal methods. More precisely, the
parametrix construction is not done on the topological vector spaces C’_qijo (M) but on a scale

we actually prove Theorem 1 and Theorem 2 in the more general setting of admissible lifts to vector
bundles, as defined in Section 2.2
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of Hilbert spaces H ¢, depending on the choice of an escape function G € C*°(T* M) and a
parameter N € R™, by which one can in some sense approximate C,>°(M). The spaces Hy¢

are anisotropic Sobolev spaces which roughly speaking allow H™ (M) Sobolev regularity in
all directions except in E; where we allow for H~ (M) Sobolev regularity. They can be rig-
orously defined using microlocal analysis, following the techniques of Faure-Sjostrand [F'S11].
By further use of pseudodifferential and Fourier integral operator theory we can then con-
struct a parametrix Q(A), which is a family of bounded operators on Hyg ® Aag. depending
holomorphically on A € ag. and fulfilling

dix+ Q) + Q(N)d(x yr) = Id +K (). (1.5)

Here K (A) is a holomorphic family of compact operators on Hyg ® Aag for A in a suitable
domain of ag that can be made arbitrarily large letting N — oo. Even after having this
parametrix construction, the fact that the joint spectrum is discrete and intrinsic (i.e. inde-
pendent of the precise construction of the Sobolev spaces) is more difficult than for a single
Anosov flow (the rank 1 case): this is because holomorphic functions in C* do not have dis-
crete zeros when k > 2 and we are lacking a good notion of resolvent, while for one operator
the resolvent is an important tool. Due to the link with the theory of the Taylor spectrum,
we call A € ai. a Ruelle-Taylor resonance for the Anosov action if for some j = 0,...,x the
j-th cohomology is non-trivial

kerd (X4 ‘o > (M)@ATa, /ran d (X4 ‘0 @Ay # 0,

and we call the non-trivial Cohomology classes Ruelle- Taylor resonant states. Note that the
definition of joint Ruelle resonances precisely means that the 0-th cohomology is non-trivial.
Thus, any joint Ruelle resonance is a Ruelle-Taylor resonance. The converse statement is not
obvious but turns out to be true, as we will prove in Proposition 4.15.

We continue with the discussion of the leading resonances. In view of (1.3) and Figure 1,
a resonance is called a leading resonance when its real part vanishes. We show that this
spectrum carries important information about the dynamics: it is related to a special type of
invariant measures as well as to mixing properties of these measures.

First, let vy, be the Riemannian measure of a fixed metric g on M. We call a 7-invariant
probability measure p on M, a physical measure if there is v € C°°(M) non-negative such
that for any continuous function f and any proper open cone C C W,

nif) = T—>oo Vol CT /AeCT,/ P17 ))o () dug () (16)

where Cr := {A € C||A| < T}. In other words, p is the weak Cesaro limit of a Lebesgue type
measure under the dynamics. We prove the following result:

Theorem 3. Let 7 be a smooth abelian Anosov action with generating map X and let VW be
a positive Weyl chamber.

i e linear span over C of the sical measures is isomorphic (as a C vector space) to
;) The li D C of the physical S 1 phi C tor sp t
ker dX|C_oo, the space of joint Ruelle resonant states at A = 0 € ag; in particular, it is

finite dzmenswnal

(i) A probability measure p is a physical measure if and only if it is T-invariant and p has
wavefront set WF(u) C E%, where EX C T* M s defined by EX(Es ® Ey) = 0.

(iii) Assume that there is a unique physzcal measure p (or by (i) equivalently that the space

of joint resonant states at 0 is one dimensional). Then the following are equivalent:
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o The only Ruelle-Taylor resonance on ia* is zero.
o There exists A € a such that apf( 4 4s weakly mixing with respect to .
e Forany Ae W, go%X 4 4s strongly mixing with respect to .

(iv) A € ia* is a joint Ruelle resonance if and only if there is a complex measure py with
WEF(uy) C EY satisfying for all A € W,t € R the following equivariance under push-
forwards of the action: (cpix"“‘)*,uA = e Dty . Moreover, such measures are absolutely
continuous with respect to the physical measure obtained by taking v =1 in (1.6).

(v) If M is connected and if there exists a smooth invariant measure p with supp(p) = M,
we have for any 7 =0,...,K

, K
dim (ker dX]CEEO(M)(gAjaE/ran dX\CEgo@)Aj_laé) = (])

We show that the isomorphism stated in (i) and the existence of the complex measures in
(iv) can be constructed explicitly in terms of spectral projectors built from the parametrix
(1.5). We refer to Propositions 5.4 and 5.10 for these constructions and for slightly more
complete statements.

In the case of a single Anosov flow, physical measures are known to coincide with SRB
measures (see e.g. [You02] and references therein). The latter are usually defined as invariant
measures that can locally be disintegrated along the stable or unstable foliation of the flow
with absolutely continuous conditional densities.

We shall prove in a subsequent article that also in the case of Anosov actions the microlocal
characterization Theorem 3(ii) of physical measures via their wavefront set implies that the
physical measures of an Anosov action are exactly those invariant measures that allow an
absolutely continuous disintegration along the stable manifolds. Furthermore, we will show
that for each physical/SRB measure, there is a basin B C M of positive Lebesgue measure
such that for all f € C°(M), all proper open subcones C C W and all z € B, we have the
convergence

—_ T 1 —Xa
wu(f) = TIEI;O Vol(Cr) /AeCT, fle7*A(x))dA. (1.7)
1.2. Relation to previous results. The notion of resonances for certain particular Anosov
flows appeared in the work of Ruelle [Rue76], and was later extended by Pollicott [Pol85].
The introduction of a spectral approach based on anisotropic Banach and Hilbert spaces came
later and allowed to the definition of resonances in the general setting, first for Anosov/Axiom
A diffeomorphisms [BKL02, GL06, BT07, FRS08], then for general Anosov/Axiom A flows
[Liv04, BLO7, FS11, DZ16, DG16]. It was also applied to the case of pseudo Anosov maps
[FGL19], Morse-Smale flows [DR18] and geodesic flows for manifolds with cusps [GBW17].
This spectral approach has been used to study SRB measures [BKIL.02, BLO7] but it led also
to several important consequences on dynamical zeta function [GLP13, DZ16, FT17a, DG16]
of flows, and links with topological invariants [DZ17, DR17, DGRS20].

Concerning the notion of joint spectrum in dynamics, there are several cases that have
been considered but they correspond to a different context of systems with symmetries (e.g.
[BRO1]).

Higher rank R”-Anosov actions have in particular been studied mostly for their rigidity:
they are conjectured to be always smoothly conjugated to several models, mostly of algebraic
nature (see e.g. the introduction of [SV19] for a precise statement and a state of the art on
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this question). The local rigidity of R*-Anosov actions near standard Anosov actions® was

proved in [KKS94], and an important step of the proof relies on showing

ker dx|coo (Mgt / Tan dx|ceoag) = C*.

The main tools are based on representation theory to prove fast mixing with respect to the
canonical invariant (Haar) measure. It is also conjectured in [[KIKX95] that, more generally, for
such standard actions, one has for j =1,...,k—1
ker dx|coo My aier/ TAD dX |coo(Ay@ai-1ar = c().

This can be compared to (v) in Theorem 3, except that there the functional space is different.
Having a notion of Ruelle-Taylor resonances provides an approach to obtain exponential
mixing for more general Anosov actions by generalizing microlocal techniques for spectral gaps
[NZ13, Tsul0] to a suitable class of higher rank Anosov action, and by using the functional
calculus of Taylor [Tay70a, Vas79]. We believe that such tools might be very useful to obtain
new results on the rigidity conjecture.

We would like to conclude by pointing out a different direction: on rank x > 1 locally sym-
metric spaces I'\G/K, there is a commuting algebra of invariant differential operators that
can be considered as a quantum analog to the Weyl chamber flows. If the locally symmetric
space is compact, this algebra always has a discrete joint spectrum of L2-eigenvalues. Its joint
spectrum and relations to trace formulae have been studied in [DKV79]. In the forthcom-
ing work [HWW?20], it is shown that a subset of the Ruelle-Taylor resonances for the Weyl
chamber flow are in correspondence with the joint discrete spectrum of the invariant differ-
ential operators on I'\G/K, giving a generalization of the classical/quantum correspondence
of [DFG15, GHW18] to higher rank.

1.3. Outline of the article. In Section 2 we introduce the geometric setting of Anosov
actions and the admissible lifts that we study. In Section 3 we explain how to define the
Taylor spectrum for a certain class of unbounded operators and discuss some properties of
this Taylor spectrum. In Section 4 we prove Theorem 1 and Theorem 2, using microlocal
analysis. A sketch of the central techniques is given at the beginning of Section 4. The last
Section 5 is devoted to the proof of Theorem 3. In Appendix A, we recall some classical
results of microlocal analysis needed in the paper.
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2This class, defined in [KS94], consists ot Weyl chamber flows associated to rank « locally symmetric spaces
and variations of those.
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2. GEOMETRIC PRELIMINARIES

2.1. Anosov actions. We first want to explain the geometric setting of Anosov actions and
the admissible lifts that we will study.

Let (M, g) be a closed, smooth Riemannian manifold (normalized with volume 1) equipped
with a smooth locally free action 7 : A — Diffeo(M) for an abelian Lie group A = R”. Let
a := Lie(A) = R” be the associated commutative Lie algebra and exp : a — A the Lie group
exponential map. After identifying A = a = R”, this exponential map is simply the identity,
but it will be quite useful to have a notation that distinguishes between transformations
and infinitesimal transformations. Taking the derivative of the A-action one obtains the
infinitesimal action which is an injective Lie algebra homomorphism

'{a — C®(M;TM)

A = X4:= %‘tZOT(exp(At)) ' (2.1)

By commutativity of a, ran(X) C C*(M;TM) is a k-dimensional subspace of commuting
vector fields which span a x-dimensional smooth subbundle which we call the neutral subbundle
Ey € TM. Note that this subbundle is tangent to the A-orbits on M. It is often useful to
study the one-parameter flow generated by a vector field X 4 which we denote by cth 4. One
has the obvious identity ¢; 4 = 7(exp(At)) for t € R. The Riemannian metric on M induces
norms on T'M and T*M, both denoted by || - .

Definition 2.1. An element A € a and its corresponding vector field X 4 are called trans-
versely hyperbolic if there is a continuous splitting

TM=FEy®E, ® Es, (2.2)

that is invariant under the flow 4,05( 4 and such that there are v > 0,C > 0 with
ldg; 4ol < Ce " Mjv]|, Vv e B, V>0, (2.3)
ldg; 4ol < Ce " Mfv]|, Vv e By, VE<0. (2.4)

We say that the A-action is Anosov if there exists an Ay € a such that X4, is transversely
hyperbolic.

Given a transversely hyperbolic element Ay € a we define the positive Weyl chamber W C a
to be the set of A € a which are transversely hyperbolic with the same stable/unstable bundle
as Ayp.

Lemma 2.2. Given an Anosov action and a transversely hyperbolic element Ay € a, the
positive Weyl chamber W C a is an open convex cone.

Proof. Let us first take the gth A0_invariant splitting Ey @ E, @ E, and show that it is in fact
invariant under the Anosov action 7: let v € E,, and A € a . Using [X4,, X4] = 0, for each
to € R fixed and all t € R we find

dcpi(fo dcpt)é“v = dcpt)g"‘ dgpi(ton. (2.5)

. X . .. .
In particular, ||dp” dgpngUH decays exponentially fast as ¢ — +oo. This implies that

dcpfg“v € E, and the same argument works with F,. Next, we choose an arbitrary norm
on a. There exist C,C’ > 0 such that for each v € E, we have for t > 0

lde™p o)) < [ldg™ =0 dp’ ov]| < Cllofle™ |’ || < Clju]leeC A= Aol
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This implies that by choosing ||A — Ap|| small enough, E,, is an unstable bundle for A as well.
The same construction works for F; and we have thus shown that WV is open.

By re-parametrization, it is clear that W is a cone, so that only the convexity is left to be
proved. Now, take Ay, Ao € W and let C1, 1, Cs, 15 be the corresponding constants for the
transversal hyperbolicity estimates (2.3) and (2.4). Then for s € [0,1] and v € E, we can
again use the commutativity and obtain,

||d§0i(tsA1+(l_S)A2UH < 01026—V15t—V2(1—8)t||vH (26)
and this shows that sA; + (1 — s)A2 € W. O

There is an important class of examples given by the Weyl chamber flow on Riemannian
locally symmetric spaces.

Example 2.3. Consider a real semi-simple Lie group G, connected and of non-compact type,
and let G = KAN be an Iwasawa decomposition with A abelian, K the compact maximal
subgroup and N nilpotent. Then A = R” and « is called the real rank of G. Let a be the
Lie algebra of A and consider the adjoint action of a on g which leads to the definition of a
finite set of restricted roots A C a*. For a € A let g, be the associated root space. It is then
possible to choose a set of positive roots Ay C A and with respect to this choice there is an
algebraic definition of a positive Weyl chamber

W:={Aca|a(d) >0foralla € A }.

If one now considers I' < G a torsion free, discrete, co-compact subgroup one can define the
biquotient M := I'\G/M where M C K is the centralizer of A in K. As A commutes with
M, the space M carries a right A-action. Using the definition of roots, it is direct to see
that this is an Anosov action: all elements of the positive Weyl chamber W are transversely
hyperbolic elements sharing the same stable/unstable distributions given by the associated
vector bundles:

Ey=Gxya, Es=Gxyn, B, =G xyn.

Here n := ZaeA+ go and 1 := Z_aeA+ go are the sums of all positive, respectively negative
root spaces, and n coincides with the Lie algebra of the nilpotent group N.

Note that there are various other constructions of Anosov actions and we refer to [KS94,
Section 2.2] for further examples.

2.2. Admissible lifts. We want to establish the spectral theory not only for the commuting
vector fields X 4 that act as first order differential operators on C'°°(M) but also for first order
differential operators on Riemannian vector bundles £ — M which lift the Anosov action.

Definition 2.4. Let M be a closed manifold with an Anosov of A = R” and generating
map z. Let £ — M be the complexification of a smooth Riemannian vector bundle over
M. Denote by Diff}(M; E) the Lie algebra of first order differential operators with smooth
coefficients acting on sections of E. Then we call a Lie algebra homomorphism

X : a — Diff}(M; ),

an admissible lift of the Anosov action if for any section s € C°°(M; E) and any function
f € C®(M) one has

Xa(fs) = (Xaf)s + fXas. (2.7)



10 Y. GUEDES BONTHONNEAU, C. GUILLARMOU, J. HILGERT, AND T. WEICH

A typical example to have in mind would be when E is a tensor bundle, (e.g. exterior
power of the cotangent bundle E = A™T*M or symmetric tensors £ = @¢T*M), and

Xas:=Lx,s

where £ denotes the Lie derivative. This admissible lift can be restricted to any subbundle
that is invariant under the differentials dcth A for all A € a,t > 0. More generally, the example
of a Lie derivative can be seen as a special case where the A-action 7 on M lifts to an action
7 on E which is fiberwise linear. Then one can define an infinitesimal action

Xas(x) := 07 (exp(—At))s(7(exp(At))x)|t=0 (2.8)

which is an admissible lift.

3. TAYLOR SPECTRUM AND FREDHOLM COMPLEX

The Taylor spectrum was introduced by Taylor in [Tay70b, Tay70a] as a joint spectrum
for commuting bounded operators, using the theory of Koszul complexes. While there are
different competing notions of joint spectra (see e.g. the lecture notes [Cur88]), the Taylor
spectrum is from many perspectives the most natural notion. Its attractive feature is that it
is defined in terms of operators acting on Hilbert spaces and does not depend on a choice of
an ambient commutative Banach algebra. Furthermore, it comes with a satisfactory analytic
functional calculus developed by Taylor and Vasilescu [Tay70a, Vas79].

3.1. Taylor spectrum for unbounded operators. Most references introduce the Taylor
spectrum for tuples of bounded operators. In our case, we need to deal with unbounded
operators. Additionally, working with a tuple implies choosing a basis, which should not be
necessary. Let us thus explain how the notion of Taylor spectrum can easily be extended to
an important class of abelian actions by unbounded operators.

We start with £ — M a smooth complex vector bundle over a smooth manifold M, a = R”
an abelian Lie algebra and X : a — Diff!(M; E) a Lie algebra morphism. For the moment
we do not have to assume that M possesses an Anosov action nor that X is an admissible
lift. By linearity X extends to a Lie algebra morphism X : ac — Diff!(M; E) and for the
definition of the spectra we will need to work with this complexified version. Using the Lie
algebra morphism X we define

Ay - CP(M;E) — CFX(M;E)® ag
X U — Xu

where we have set (Xu)(A) := X u for each A € ac. This will be the central ingredient to
define the Koszul complex which will lead to the definition of the Taylor spectrum. In order to
do this we need some more notation: we denote by Aag := Py, Aeaffj the exterior algebra of
ag — this is just a coordinate-free version of AC*. Given a topological vector space V' we use
the shorthand notation VA := V @ Afaf and VA := V ® Aaj. As Aa}. is finite dimensional
VA is again a topological vector space. We have the contraction and exterior product maps

ac x VAL — VAS? 4 A VAL x ATal. — VAST
L an :
(A, vRw) —ia(vRw):=v® (taw) (v®w,n) =0 ® (wAn).

We can then extend dx to a continuous map on the spaces C°A := C°(M; E) ® Aag. (resp.
C™A := C7®°(M; E) ® Aaf) by setting for each u € C°(M; E) (resp. u € C~°(M; E))
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and w € Afal
dx :u®@w— (dxu) Aw.

Similarly, for each A € a we will also extend X 4 on these spaces by setting
XA(u®w) = Xsu R w.

Remark 3.1. Choosing a basis Aj,..., A, € a provides an isomorphism Aa* = AR®. One
checks that under this isomorphism the coordinate free version dx : V ® Afa* — V @ A+ 1g*
of the Taylor differential transforms to the Taylor differential dx : V @ A‘R* — V ® AR~
of the operator tuple X = (X4,,...,Xy4, ) defined as
K
dx(u®ey N Ney,) = Z(XAku) ®er ANey N Ney, (3.1)
k=1

if the basis (e;); of R" is identified to the dual basis of (4;); in a*.

Lemma 3.2. For each A € ac one has the following identities as continuous operators on
CPA and CT°A:

(i) tadx +dxta = Xa,

(i) Xadx = dxXa,
(iii) dxdx = 0.

Proof. Let u®@w € C°A or u®@w € C~*°A. Then by definition
tadx (u®@w) = 1a((dxu) Aw) = (Xau) @w —dxu A (taw) = (X4 —dxia)(u @ w)

which yields (i). In order to prove (ii) it suffices, by definition of dx, to prove the identity as
amap CX(M; E) — CX(M; E) ® af. Take an arbitrary A’ € ac and v € C2°(M; E), then

LA/(XAdX — dXXA)U == (XAXA/ — XA/XA)U =0

which proves the statement. Note that we crucially use the commutativity of the differential
operators X 4 in this step.

For (iii) we first conclude from (i) and (ii) that t4dxdx = dxdxta. Using this identity we
deduce that for u € CSOAK and arbitrary Aq,...Agr1 € ac

LA - LA€+1ddeu = 0,
which implies dxdxu = 0. ]

As a direct consequence of Lemma 3.2(iii) we conclude that
0 — CA0 2%, ooopl 5%, I coopm (3.2)

and
0 — C~®N0 B goopl Bx, I goeopn g (3.3)
are complexes.

We now want to construct a complex of bounded operators on Hilbert spaces which lies
between the complexes on C2°A and C~*°A. For this, we consider H a Hilbert space with con-
tinuous embeddings C°(M; E) C H C C~*°(M; E) such that C2°(M; E) is a dense subspace
of H. If we fix a non-degenerate Hermitian inner product (-, -)aé, then this induces a scalar
product (-, )y and gives a Hilbert space structure on HA. While the precise value of (-, )3
obviously depends on the choice of the Hermitian product on ag, the finite dimensionality of
ag implies that all Hilbert space structures on HA obtained in this way are equivalent. Note
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that on the Hilbert spaces HA’ the operators dx will in general be unbounded operators.
However, we have:

Lemma 3.3. For any choice of a non-degenerate Hermitian product on ag., the vector space
D(dx) :={u € HA |dxu € HA} becomes a Hilbert space when endowed with the scalar product

(-, ) Dax) = (5 )ma + (dx-, dx)ma- (3.4)

Furthermore, all scalar products obtained this way are equivalent and induce the same topology
on D(dx). Finally, dx is bounded on D(dx).

Proof. We have to check that D(dx) is complete with respect to the topology of (-, -)p(ay):
suppose u, is a Cauchy sequence in D(dx), then u, and dxu, are Cauchy sequences in
‘H and we denote by vg,v; € HA their respective limits. By the continuous embedding
H C C~°°(M; E) and the continuity of dx on C~*°(M; E) we deduce

v; = lim dxu, = dx lim wu, = dxvy,
n—oo n—oo

in C~°°(M; E) which proves the completeness. For the boundedness, we take u € D(dx) and
we compute
ldxulpay) = ldxullFa + ldxdxullz < lulpay)- O

To be able to use the usual techniques, it is crucial that C°°(M; E) is not only dense in
H but also in D(dx) — on this level of generality, this is not a priori guaranteed. For this
reason, we say the a-action X has a unique extension to H if
D(dx)

CX(M;E®A) ™ = D(dx). (3.5)

We note that by [FS11, Lemma A.1], if M is a closed manifold and if H = A(L?*(M, E))
for some invertible pseudo-differential operator A on M so that A~ ldxA € U1(M; E) (see
Appendix A for the notation), then C*°(M; E ® A) is dense in the domain D(dx) and there
is only one closed extension for dx.

In order to finally define the Taylor spectrum in an invariant way, we consider A € ag as a
Lie algebra morphism

A :ac — Diff’( M; E) € Dif (M E),  A(A)(u) := M\(A)u.

In this way we can define X — A : a¢c — Diffl(/\/l; E) and the associated operator dx_) on
C°A and C~*°A. Since dx_) = dx — dy, and dy is bounded on HA, D(dx_») does not
depend on \. For k = 0,...,x, we write D*(dx) := D(dx) N HA* and we gather the results
above in the following

Lemma 3.4. For an a-action with unique closed extension to H, for any A € ag

0 —s D(dx) X5 Dldx) B .. 2 DR (dx) — 0 (3.6)

defines a complex of bounded operators, and the operators dx_» depend holomorphically on
A€ ag.
We introduce the notation
keryipn dx—x 1= Kerp(ay)5D(dx) dX—As  TANHA dX— )\ i= TaNp(dy)—D(dx) IX -2 3.7)
keI"HAj dX_/\ = keI'Dj(dx)_>Dj+1(dX) dx_)\, rang aj dx_)\ = I"anpjfl(dx)_ﬂ)j (dx) dx_,\. '

Now, following the previous discussion of the Taylor spectrum, we can define



RUELLE-TAYLOR RESONANCES OF ANOSOV ACTIONS 13

Definition 3.5. Let X : a — Diff!(M; E) be a Lie algebra morphism. Then we define the
Taylor spectrum o1 3(X) C af by

AE O‘T}[(X) < ranHA(dX_,\) 75 ker?—LA(dX—)\)-

This is equivalent to saying that the complex (3.6) is not exact. The complex is said to be
Fredholm if ranya (dx—») is closed and the cohomology kerya (dx—»)/ ranya(dx—») has finite
dimension. In this case we say that A is not in the essential Taylor spectrum UeTSSH(X) of X
and define the index by

K

index(X — A) := Y (—1)" dim(keryye dx—x/ Tany e dx—»)- (3.8)
£=0

As the usual Fredholm index, it is also a locally constant function of A (see Theorem 6.6
in [Curgsg)).
Note that the non-vanishing of the 0-th cohomology kery po dx—» of the complex is equiv-
alent to
Ju e D(dx) \ {0}, (X4, —Aj)u=0,

which corresponds to (A1,...,s) being a joint eigenvalue of (X 4,,...,X4,). Obviously, on
infinite dimensional vector spaces the joint eigenvalues do not provide a satisfactory notion
of joint spectrum. Recall that for a single operator, A € C is in its spectrum if X — X is
either not injective or not surjective. In terms of the Taylor complex for a single operator
(k = 1) the non-injectivity corresponds to the vanishing of the zeroth cohomology group
whereas the surjectivity corresponds to the vanishing of the first cohomology group. For
several commuting operators the vanishing of the higher cohomology groups can thus be
interpreted as a replacement of the surjectivity condition for a single operator.

3.2. Useful observations. For the reader not familiar with the Taylor spectrum, and for
our own use, we have gathered in this section several observations that are helpful when
manipulating these objects.

As usual with differential complexes, we have a dual notion of divergence complex. For this,
we need a way to identify a with a*, i.e. a scalar product (-,-) on a, extended to a C-bilinear
two form. If one chooses a basis, the implicit scalar product is given by the standard one in
that basis. In any case, A — A’ := (A, -) is an isomorphism between a and a*. If Y is another
abelian a-action and Y an admissible lift on E, we can define the action Y’ : a ~ Diff!(M; E)
by: for u € C®(M; E) and A € a

A (Y'u) :=Yu(A).

In this fashion, dyu := Y'u is an element of C°(M; E) ® a while dyu is an element of
C*®(M; E) ® a*. We can thus define the operator

by { CEMB)@Nay = CR(MiE)© AT lat
Y uQRQw — Iy

In an orthogonal basis (e;); of a for (-,-) and (¢}); the dual basis in a*, we get for u €
CX(M; E) andw:egl/\.../\e{
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We get directly that for A’ € a*
A NSy (u@w)+ 6y (A A (u@w)) =A" Ayrnw+ iy (A Aw) = (A(Y'u) @w
It follows from similar arguments as before that
Yady =6y Ya, Odydy =0.
We have the following

Lemma 3.6. Let X and Y be two admissible lifts of abelian actions of a, with common dense
domain F C H, such that XY, YX : F ® a®? — H are well-defined and XY =YX for
A,B € a. For (ej); an orthonormal basis of a for (-,-) and if X; := X, and Y; := Y., we
then have

K
oydx +dxdy = — ( Z XkYk) ® Id,
k=1
taking an orthonormal basis for (-,-). The sum does not depend on the choice of basis, because
it is the trace of the matrixz representing XY with (-,-).

Proof. We compute in an orthogonal basis for (-,-), for u € F, w = egl A Neb

17
dx oy (u®w) =
—(Z(Xkqu) er+ Y (1N XEYqu) @) Aej A ---/\%N--Ae’- )

12

kel kgl
5ydx(u & w) =
(Z(kaku) Qer+ Z Y3, Xpu) @ e Aey A+ NG, /\---/\eie>.
k&l ké¢l,5
Using the commutation of [X;,Y;] = 0, we obtain the result. O

As an illustration, let us recall the following classical fact:

Lemma 3.7. Let X1,..., X, be commuting operators on a finite dimensional vector space V.
Then o7y (X) = {joint eigenvalues of X1,..., X} C C*.
Proof. By the basic theory of weight spaces (see e.g. [Kna0O2][Proposition 2.4]) V' can be

decomposed into generalized weight spaces, i.e. there are finitely many A7) = (/\gj ), . A,g)) €
C" and a direct sum decomposition V' = @;V; which is invariant under all Xy,..., X, and
there are n; such that

Commutativity and the Jordan normal form then 1mplies that the AU) are precisely the joint
eigenvalues of the tuple X. Now let u # AU) for all j. We have to prove that u ¢ o1 v(X).

By 1 # A9 we deduce that for any j there is at least one 1 < kj <k such that uy; # )\(j)
and again by Jordan normal form (X k; ) V; — Vj is invertible. Setting Vk = O kV],

we can thus find an X invariant decomp051t10n V =®i_ oVk such that X — uy : Vk — Vk is
invertible. Let IIj be the projection onto V and set Y := (X3 — px) ‘Il : V — V. Then
the Y, satisfy all the assumptions of Lemma 3.6 and

5Yd(X7u) + d(X,M)(Sy =—1d.
Consequently the Taylor complex (3.6) is exact. O
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In the particular case that X = (X3,...,X,) are symmetric matrices, using the spectral
theorem, we can assume that they are just scalars. From this we deduce that for A € op(X),
if m is the dimension of the corresponding common eigenspace,

dim(kerAk dX,,\/ranAk dX,)\) = dim(Rm & AkRn) = m<Z>,

and we check that
ind —A) = E —1)k " = 0.
n ex()( ) mk 1( ) <k> 0

Our next step is to give a criterion for dx_) to be Fredholm. We first notice that since
randx_ C kerdx_y, the closedness of randx_» in D(dx) or in HA is equivalent. We shall
use the following criterion for the dx-complex to be Fredholm.

Lemma 3.8. Let X be an a-action with unique extension to H. Assume that there are
bounded operators @, R and K on HA, acting continuously on C~°°(M; E)A, such that K
is compact, || R||zeyn) < 1, and

de +de =Id+R+ K.

Then the complex defined by dx is Fredholm. Denote by Iy the projector on the eigenvalue 0
of Id4+R + K, which is bounded on D(dx) and commutes with dx. Then the map u — Iyu
from ker dx N D(dx) to kerdx Nranlly factors to an isomorphism

o : kerp(gy) dx/ranp(gy) dx — kerran 1, dx/ ransant, dx. (3.9)

Proof. First, since ), R and K are continuous on distributions, it makes sense to write
dxQ + Qdx = Id+R + K in the distribution sense. Further, from this relation, we deduce
that @ is bounded on D(dx). Additionally, without loss of generality (by modifying R) we
can assume that K is a finite rank operator.

Let us prove that the range of dx is closed. Consider u € (kerdx)®™ N D(dx). Since
dxQu € ran(dx) C ker dx

(Id+ R+ K)u,u)pn = (Qdxu, u) - (3.10)
We get that there is C' > 0 such that for each u € (ker dx)* N D(dx) we have
(1= [[RIDI[wllza = [[Kullna < Clldxul|sa- (3.11)

Since K is of finite rank, we obtain by a standard argument that dx has closed range (both
in HA and D(dx)).

The operator F' := Id+R + K is Fredholm of index 0 and, since Fdx = dxQdx = dxF
on distributions, we deduce that F' is also bounded on D(dx). Since F' is Fredholm of index
0, we know that for s € C* close to 0, F' — s is invertible on HA. As a consequence, we have
(F—5)"ldx = dx(F—s)~! on D(dx) (here we are using the continuity of F on distributions).
In particular, this implies that (F — s)~! is itself bounded on D(dx).

In that case, the spectral projector Ilg of F' for the eigenvalue 0 commutes with dx, is
bounded on D(dx), and since D(dx) is dense in HA and Ily has finite rank, its image is
contained in D(dx). Further, we can write F = (F + IIg)(Id — IIy), and F := F + Il is
invertible on HA and D(dx), and commuting with dx, so that

dx F7'Q + F~'Qdx = Id — II,. (3.12)
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In particular, for u € ker dx N D(dx), we have
u = dx F~'Qu + Hyu. (3.13)

Since IIy and dx commute, u — Ilpu factors to a homomorphism between the cohomologies
in (3.9). This map in cohomologies is obviously surjective since ranIly C D(dx). To prove
that the map is injective, we need to prove that if Ilyu € dx ranIly for u € kerdx N D(dx),
then u € dxD(dx). This fact actually follows directly from (3.13) by using that both F~!
and @ are bounded on D(dx). O

We can also deduce the following:

Lemma 3.9. Under the assumptions of Lemma 5.8, if F = F’ @ Id where F' is an operator
on H (i.e. F is scalar), then 0 € o7y (X) if and only if there exists a non-zero u € D(dx)
such that Xu = 0.

Proof. From Lemma 3.8, we deduce that 0 € o1 4(X) if and only if the complex given by
dx is not exact on ranIly. However, if F' is scalar, then IIy = IT, ® Id with IIj the spectral
projector at 0 of F’ on H. It follows that dx restricted to ranIlj is the Taylor complex of
X ran I - We are thus reduced to finite dimension and we can apply Lemma 3.7. ([l

The version of the Analytic Fredholm Theorem for the Taylor spectrum is the following
statement:

Proposition 3.10. Let X be an a-action with unique extension to H. Then o (X)\oF5(X)
is a complex analytic submanifold of C* \ o$%,(X).

Proof. As the complex (3.6) is an analytic Fredholm complex of bounded operators on C* '\
€ess

o7%(X) the statement is classical and a proof can be found in [Miil00, Theorem 2.9]. O

In general, the question of whether the spectrum is discrete does not seem to have a very
simple answer. For example, a characterization can be found in [AMO09, Corollary 2.6 and
Lemma 2.7]. Such a criterion is particularly adapted to microlocal methods and it can actually
be used in our setting. However, it turns out that an even simpler criterion is sufficient for
us:

Lemma 3.11. Under the assumptions of Lemma 5.8, assume in addition that Q is o di-
vergence associated with an n-tuple of bounded operators Q1, ..., Qx, commuting pairwise
and with X. Then, Lemma 3.9 applies, and the Taylor spectrum of X on H is discrete in a
neighbourhood of 0.

Proof. We observe that

dx-2Q +Qdx—x = (—X4, Q1 — = X2, Qx + MQ1 + -+ + \Qy) ®1d.
=F :)\.Q
Thus, denoting F'(\) :== F'+ X-Q on H and F()\) := F'(\) ® Id on HA, we see that Lemma
3.9 indeed applies.

Next, we observe two things. The first is that F’ and X\ - Q commute. The second is
that for A small enough, F’(\) can still be decomposed in the form Id+R(\) + K(\) with
RNz < 1 and K()) compact, because @ is bounded. It follows that dx» is Fredholm
for A close enough to 0.
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From the previous results, we know that the cohomology of dx_) on D(dx) is isomorphic
to

ker Iy (M) de)\/ Talran o (\) dx—x,
and the isomorphism is given by [u] — [IIo(A)]. Let us now describe a sort of sandwiching

procedure. Assume that we have a projector IIy bounded on D(dx), commuting with dx.
Then, the mapping [u] — [IIou] is well-defined and surjective as a map

kerp(gy) dx -2/ ranp(gy) dx—x — kerran 1, dx -2/ Talran 1, dx—A-

In general, there is no reason for this map to be injective. However, if we further assume
that IIy and IIp(A) commute, and that ran(Ilp(\)) C ran(Ily), then we can see IIp(\) as a
projector on ran(Ily). Since the mapping [IIou] — [IIp(A)u] has to be surjective, we deduce
that it is actually an isomorphism.

Let us write, with F’ := F’ + IIj, where I, is the spectral projector of F’ at 0,

FF'(\) =1d -1, + F~'\- Q.

For u € ker F'()\), we have (Id — IT))u = —F'~*\- Qu. Since F'~')\-Q commutes with II}, (as
F’ does commute with A - @), we obtain for u € ker F'())

(Id — ))u = (Id — I1h)%u = F'~'A- Q(Id — II))w.

For A small enough Id — F/~1)\ - Q is invertible on #, which implies that (Id — IIj)u = 0. In
particular, v € ranIIj), so that ker F'(\) C ker F’ and ranIIj(\) C ranIlj,. But certainly, IIj,
and ITj(\) commute. So we can apply the argument above, and deduce that for A sufficiently
small,

kerp(gy) dx—x/ ranp(ax) dx—x = kery ranm, dx—/ rany ran 1, dx—x-

Since ran[Ilj is a fixed finite dimensional space, the Taylor spectrum of X is discrete near 0
by Lemma 3.7. O

4. DISCRETE RUELLE-TAYLOR RESONANCES VIA MICROLOCAL ANALYSIS

Given a vector bundle £ — M and an admissible lift X of an Anosov action (see Defini-
tion 2.4), we have seen in Section 3.1 how to define the Taylor differential dx which acts in its
coordinate free form on C*°(M; E) ® Aa*. We have furthermore seen how dx can be used to
define a Taylor spectrum ot 3 (X) C ai.. We take coordinates whenever it is convenient. In
that case, we will use the notation dx to avoid confusions. In the sequel it will be convenient
to pass back and forth between these versions and we will mostly use the shorthand notation
C*°A, leaving open which version we currently consider.

The Ruelle-Taylor resonances that we will introduce will correspond to a discrete spectrum
of —X on some anisotropic Sobolev spaces. From a spectral theoretic point of view this sign
convention might seem unnatural. However, from a dynamical point of view this conven-
tion is very natural: given the flow gof{ of a vector field X, the one-parameter group that
propagates probability densities with respect to an invariant measure is given by (¢%,)* and
thus generated by the differential operator —X. We will therefore from now on consider the
holomorphic family of complexes generated by dx for A € af (respectively A € C" after a
choice of coordinates). The goal of this section is to show the following:

Theorem 4. Let 7 be a smooth abelian Anosov action with generating map X and X an
admissible lift. Let Ag € W be in the positive Weyl chamber. There exists ¢ > 0, locally
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uniformly with respect to Ag, such that for each N > 0, there is a Hilbert space Hy containing
C>®(M) and contained in C~°°(M) such that the following holds true:

1) —X has no essential Taylor spectrum on the Hilbert space Hy in the region
Fn:={A€ag| Re(M(Ap)) > —cN + Cr2(Ao)}

where Cr2(A) :=inf{C > 0] He_tXAHL:(LQ) < e for all t > 0}.
2) For each A\ € Fn one has an isomorphism of finite dimensional spaces

ker dx+,\\pgv(dx)/ran dx+)\’,D§V—l(dx) = ker dx+)‘|C§§°(M)®Aj“E‘:/ran dXJF)“C};go(M)Q@Aj’laE

with Dg\,(dx) = {u € Hy ® Ma}|dxu € Hy @ ATl ak}, showing that the cohomology
dimension is independent of N and Ag.
3) The Taylor spectrum of —X contained in Fy is discrete and contained in

() {X € at | Re(M(A)) < Cra(A)}.
AeW

4) An element A € Fn is in the Taylor spectrum of —X on Hy if and only if X is a joint
Ruelle resonance of X.

The Hilbert space Hy will be rather written Hyg below, where G is a certain scaling
function on T*M giving the rate of Sobolev differentiability in phase space. We use this
notation in order to emphasize the dependence of the space on G.

The central point of the proof will be a parametrix construction for the exterior differential
dx+x. We will prove in Proposition 4.6 that there are holomorphic families of operators
Q(N), F(A) : C°A — C~*°A such that

QN)dx A +dx2Q(\) = F(N).

The operators Q(A) and F(A) will be Fourier integral operators and independent of any
Hilbert space on which the operators act. However, the crucial fact is that for these operators
there exists a scale of Hilbert spaces C*° C Hyg C C~*° (with N > 0 and G € C*°(T*M)
a weight function) and domains Fyg C af with af = UnsoFng such that for A\ € Fyg
the operators Q(\) : Hyg — Hne are bounded and the operators F(A) : Hye — Hna
are Fredholm and can be decomposed as F'(\) = Id + R(\) + K(\) with K(\) compact and
IRl z(rnen) < 1/2. Then by Lemma 3.8 we directly conclude that the Taylor complex
on HygA is Fredholm on A € Fyg. The fact that the construction of the operator family
F(\) : C*°A — C~°A is independent of the specific Hilbert spaces on which they act will be
the key for proving in Section 4.3 that the Taylor spectrum of dx . is intrinsic to the Anosov
action, i.e. independent of the constructed spaces Hyg. The flexibility which we will have
in the construction of the escape function G will furthermore allow to identify this intrinsic
spectrum with the spectrum of dx, ) on the space C'_;‘;O A of distributions with wavefront set
contained in the annihilator E C T*M of E, ® Ey (see Proposition 4.9). Finally, we will see
that the choice of Q(\) can be made more geometric, to enable the use of Lemma 3.11 and
prove that this intrinsic spectrum is discrete in ag.

The construction of the parametrix () and the Hilbert spaces Hy¢g will be done using
microlocal analysis. Appendix A contains a brief summary of the necessary microlocal tools.
Section 4.1 will be devoted to the construction of the anisotropic Sobolev spaces. With these
tools at hand we will construct the parametrix (Section 4.2), and prove that the spectrum is
intrinsic (Section 4.3) as well as discrete (Section 4.4).
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4.1. Escape function and anisotropic Sobolev space. In this section we define the
anisotropic Sobolev spaces. Their construction will be based on the choice of an escape
function for the given Anosov action. We first give a definition for such an escape function
and then prove the existence of escape functions with additional useful properties.

Given any smooth vector field X € C®(M;TM) with flow ;¥ we define the symplectic
lift of the flow and the corresponding vector field by

o M —>T)j(\/l r_1vp . and X" .= 4 O € C°(T* M; T(T*M)).
(2,8) = (¢r (2), ((dei))"¢) dt jt=0

(4.1)
The notation X is chosen because it is the Hamilton vector field of the principal symbol
op(X)(x,€) = i&(X(x)) € C°(T*M) of X (see Example A.2). Recall from Example A.2
that for an admissible lift of an Anosov action, the principal symbols of the lifted differential
operator X 4 and that of the vector field X 4 tensorized with Idg coincide. This will turn out
to be the reason why we do not have to care about the admissible lifts for the construction
of the escape function. We will denote by {0} := {(z,0) € T*M} the zero section.

Definition 4.1. Let cx > 0, A€ W, I'gz C T"M, an open cone containing Ej satisfying
ng N (EX @ EY) = {0}. Then a function G € C*°(T*M,R) is called an escape function for
A compatible with cx, I'g if there is R > 0 so that

(1) for [(] < R/2 one has G(x,§) = 1 and for |{] > 1 one can write, G(z,§) =
m(z,€&)log(l + f(x,§)). Here m € C*(T*M;[—1/2,8]) and for |{| > R, m is ho-
mogeneous of degree 0, with m < —1/4 in a conic neighborhood of E and m > 4 in a
conic neighborhood of E*. Furthermore, f € C*°(T*M,R") is positive homogeneous
of degree 1 for [£| > R. We call m the order function of G.

(2) Xim(z,€) <0 for all [¢| > R,

(3) for £ ¢ I'gz, [§] > R one has XIG(x,€) < —ex.

Below (see Proposition 4.3), we will prove the existence of escape functions for Anosov
actions. Before coming to this point let us explain how we can build the anisotropic Sobolev
spaces based on the escape function: given an escape function G, Property (1) of Definition 4.1
implies that m € SY(M) and for any N > 0, eN¢ € SN™(M) is a real elliptic symbol.
According to [FRS08, Lemma 12 and Corollary 4] there exists a pseudodifferential operator

Ang € UWV™(M; E) (4.2)

such that
(1) aévm(fljvc) =eNG1dp mod S{V_m_H,
(2) Ang : C®°(M; E) — C*°(M; E) is invertible,
(3) A;G c U7 N™(M; E) and ap_Nm(Aﬁla) = e NCIdg mod Sy V™I

We can now define the anisotropic Sobolev spaces
Hng = /l]_leLz(M; E) with scalar product (u, v)3ye = (Angu, Angv)re.

Note that the scalar product (u,v)y, depends not only on the choice of the escape function
but also on the choice of its quantization Ay¢g. However, by L?-continuity (Proposition A.9),
these different choices all yield equivalent scalar products on the given vector space Hy¢g. For
that reason we can suppress this dependence in our notation.
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We want to study the Taylor spectrum of the admissible lift of the Anosov action on these
anisotropic Sobolev spaces. Recall from Section 3.1 that due to the unboundedness of the
differential operators we have to verify the unique extension property:

Lemma 4.2. For any escape function G the a-action of an admissible lift has a unique
extension (in the sense that Equation (3.5) holds) to the anisotropic Hilbert space Hng.

Proof. Let us consider the Taylor differential dx as an unbounded operator on HyqA with
domain C*°(M; E ® A). Then, in the language of closed extensions, the desired equality
(3.5) corresponds to the uniqueness of possible closed extensions. By unitary equivalence we
can study the conjugate operator P := Anc dxflj_le acting as an unbounded operator on
L?>(M; E® M), instead. We want to apply [FS11, Lemma A.1] which states that any operator
in ¥1(M; E® A) has a unique closed extension as an unbounded operator on L? with domain
C*. Since Ay¢ has scalar principal symbol we can write P = dx + [Ana, dx]A]_VlG, where
the first summand is obviously in \Il%(/\/l, E ® A) and the second one, by Proposition A.3, in
\I'?J_r (M; E®A). Now, by Definition A.1 of symbol spaces, one checks that S?ZL (M;E®A) C
SHM; E ® A). We conclude that P € ¥1(M; E ® A) and are able to apply [FS11, Lemma
A.1] which completes the proof. U

Let us now come to the existence of the escape function:

Proposition 4.3. Fiz an arbitrary Ag € W C a, an open cone I'veg C T* M which is disjoint
from EY, and Ty a small conic neighborhood of Ef so that To N (E* & EX) = {0}. Then there
is a cx >0, an open conic neighborhood I'gy C Ty of Ej, and R > 0 such that there is an
escape function G for Ay compatible with cx and U gz with the additional property that the
order function satisfies

m(x,§) > 1/2 for (z,§) € T'1eg and |¢| > R. (4.3)

Proof. The proof follows from [DGRS20, Lemma 3.3]: indeed, first we note that the proof
there only uses the continuity of the decomposition T*M = Ej @ E; @& E; and the con-
tracting/expanding properties of E¥, E* but not the fact that Ej is one dimensional. It
suffices to take, in the notations of [DGRS20], N1 =4, Ng = 1/4 and I'teg = T*M \ C"* ()
with g > 0 small enough. Although it is not explicitly written in the statement of [DGRS20,
Lemma 3.3], the order function m constructed there satisfies X 1{4{0 m<0andT g 1s arbitrarily
small if ap > 0 is small (see [DGRS20, Section A.2]). O

4.2. Parametrix construction. The goal of this section is to construct an operator Q(\) as
in Lemma 3.8 for the complex dx 1, and so that @@ will be bounded on the anisotropic Sobolev
spaces HygA. The construction will be microlocal in the elliptic region and dynamical near
the characteristic set. In Section 4.4 we will provide an alternative construction of a Q(\)
which is purely dynamical, i.e. which is a function of the operators X 4.

Recall the notation £ ® A = F ® Aa*. We will call an operator A : C*°(M; E® A) —
C®(M; E @ A) A-scalar if there is A" : C®°(M; E) — C*°(M;E) such that for any u €
C®(M;E),w € Aa* we have A(u @ w) = (A'u) ® w. We will also freely identify operators
A:C®(M;E) — C~°(M; E) with their A-scalar extension on sections of £ ® A.

Lemma 4.4. Let P € V°(M; E) be such that WF(Id — P) does not intersect a conic neigh-
borhood of E @ E%, and we make it act as a A-scalar operator. There exists a holomorphic
family of pseudo-differential operators Qen(\) € V"HM; E® A) for \ € ac such that

dx 2 Qen(A) + Qen(N)dx 1 n = (Id — P) + S1(A) + S2(N) (4.4)
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with S1(\) € ¥~Y (M, E® A) holomorphic in X satisfying WF(S1()\)) C WF(P)NWF(Id — P)
and Sz(\) € U=2(M; E®A), also holomorphic in \. If furthermore P : C®°(M; E@ A*a*) —
C®(M; E @ A*a*) for all k, then Qen()\) : C°(M; E® AFa*) — C®(M; E @ A*~'a*) for all
k.

Proof. We will use an arbitrary choice of basis A1,..., A, in a and consider the commuting
differential operators X 4,,...,X4,. Recall that the corresponding divergence operator dx.x
on C®°(M; E) ® Aa* is defined by

l
dxa(u®ei, Ao Ney,) = —Z(—l)ﬂ‘l(XAij F A UR e A NG A Ay,
j=1

where \j := A(4;) € C (here (e;); is a dual basis to A; in a*). Thus, using the commutations
[Xa; + Aj; Xa, + Ax] = 0 and Lemma 3.6 with Y; = X4, + A;, we obtain that the operator
Ax iy = dxora0x+x + 0xaadx 4y is A-scalar and given for each w € Aa* by the expression

K

Axa(u@w) = = (3 (Xa, + M) @ w.
k=1

This shows that Ax,y € ¥V?(M; E ® A) with principal symbol given by (see Example A.2)
TR (Ax ) (@) = €8, |* Tdpan with [|€g,[1* == &(X4,)*
k=1

It is an operator which is microlocally elliptic outside E* @ E* (i.e. ell?>(Ax,y) = T*M \

(E: @ EY)). Thus, by Proposition A.7, if P € U9(M, E® A) has WF(P') contained in a conic

open set of 7" M not intersecting E; & E?, then there exists a pseudo-differential operator

Qa()\) € ¥=2(M; E ® A) holomorphic in A with WF(Qa()\)) € WF(P’) such that
AxAQa(N) = P+ 5'())

with S’(\) € U~°°(M; E ® A) holomorphic in A\. We now choose P’ so that WF(P') N (E} &
E¥) = 0 and WF(Id— P")NWF(Id—P) = 0; in other words, P’ = 1 microlocally on WF(1—P).
Note that dx+)\Ax+,\ = Ax+)\dx+,\ implies

Axa (Qa(Ndxix — dx+3Qa(N)) = [P dxa] + [S"(A), dx1a]-
Using microlocal ellipticity of Axiy outside E} & EZ, we deduce from (A.1) that
WF([Qa(N),dx+2]) € WEF(P') n WF(Id — P’). In particular, since P’ = 1 microlocally
on WF(Id — P), this implies that [Qa(A),dxs](Id — P) € W=°(M; E ® A). Thus, with
Qell()\) = 6X+)\QA()\) (Id — P) we obtain
dx42Qen(A) + Qen(A)dx+xr =Ax42Qa(A)(Id — P) + 0x4A[Qa (), dx42](Id — P)
+ 0xAQa(A)[dx 4, P
=(Id — P) + S1(A) + Sa(N)
with So(\) € V™°(M; E® A) and
S1(A) = 0x12Qa(N)[dx yr, P| = 0x42Qa(N)[dxx,1d — Pl € W HM; E® A)

has wavefront set contained in WF(P) N WF(Id — P). O
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A second ingredient for the construction of the parametrix will be the following estimates
of the essential spectral radius of the propagator on the anisotropic Sobolev spaces. We recall
that if Y is a bounded operator on a Hilbert space H,

Tess(Y) 1= max{|A| | X € gess(Y)}.

Lemma 4.5. Let P € VO(M; E) be such that WF(P) is disjoint from Ej, and choose an
arbitrary constant Cp > Cp 1= limsupj¢_, lop(P)(x,&)|| and some T > 0. Let Ae W C a,
I'veg be an open cone disjoint from Ey C T*M, and I'o C T* M be a small conic neighborhood
of Ej. Let G be an escape function for A compatible with cx, and I'gz C I'g be as constructed

in Proposition 4.3. If in addition T gz N XA (WF(P)) =0 for all 0 < t < T, the operator
e tXap. Hyng — Hia
is bounded and has a decomposition
e XAP = Ry c(t) + Knl(t)

with |RN.G(0)|lcune) < Cpe XN emA| £ 12y and Kng(t) compact on Hyg. Both
Rn(t), Kng(t) depend on N,G.

Proof. Let m € C*®(T*M;R) be the order function of the escape function G (see Defini-
tion 4.1(1)). Instead of studying e ¥4 P on H ¢ we consider the operator Ayge %4 P.A]_V1G
on L?(M; E) which is a Fourier integral operator. We write this operator as

Ange XA PAJ_VIG = e tXa etXA/lNGe_tXA P.fl]_le (4.5)
:ZBt
For the newly introduced operator B; we apply Egorov’s Lemma (Lemma A.8) and deduce

. . . N(mo®;*4)
that it is a pseudodifferential operator B; € ¥} (

M; E) with principal symbol

RN (g NGB o gNmewi ) -1

N(mo@f{A —m)
1—

Consequently, BtPA]_Vlc ev and by Definition 4.1(2) mo®;4 (z, &) —m(z, &) < 0
for |¢| large enough. Thus BtPfl]_VlG € ¥Y (M;E) is bounded on L?, and we can apply
Proposition A.9 to this operator. We calculate its principal symbol

A ° XA_
o0 (BiPAyg) = N @ " =Dg0(P).

Now, using Definition 4.1(3), our assumption that T'gx N O A(WF(P)) =0 for 0 <t <T

insures that, for any (z,&) € WF(P) and |¢| sufficiently large, 8;(G o ®;4) < —cx for all
0<t<T. Thus

X
lmsup  sup - [eNO0 OGPz, g)]| < Cpemext,
R—oo (2 £)eWF(P),[E[>R

By closedness of TES and WF(P) this estimate can also be extended to a small conical
neighborhood of WF(P). On the complement of this neighborhood, by the definition of
the wavefront set, we deduce limsupje_,q ||02(P)(x,§)\| = 0. We have seen above that

X
eNV(Go2 4 -C) ¢ S9 . In particular this factor is uniformly bounded. Putting everything

together we get

limsup [|o9(B, PAxg) (2, €)|| < CpeNext,
€] =00
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Using Proposition A.9 we can write BtP/Al&lG = Rn(t) + Kn(t) with Ky(t) € U=°(M; E)
and ||Ry (t)||z(z2) < Cpe NeX!. Now, by (4.5), our operator of interest can be written as
ANGe‘_tXAPA;VlG = e_tXA (ét + I?t),
and we get the desired property by setting Ry (t) := e XAR, and Kn(t) = e XAL,. O
Let us define for A € W:
Cp2(A) = inf{C > 0| [le"®4| 12y < € for all t > 0}.

We can now come to the construction of our full parametrix for the Taylor complex:
Proposition 4.6. For any Ay € W, any open cone I'y C T* M containing E5 and satisfy-
ing To N (E; @ E¥) = {0}, there are families of operators Q(A\), F(\) : C*(M;E ® A) —
C™°(M; E® A) depending holomorphically on A € af. such that

Q(}\)dx+)\ + dXJr)\Q()\) = F()\)
Furthermore, for any escape function G for Ay compatible with cx > 0, and I'gz C I'g, one
has for any N > 0 and § > 0 that:

(1) Q) : HyaA — HyaA ™1 is bounded for any A € af and 0 < j < k,

(2) F(X) can be decomposed as F(X) = Id + Rng(N) + Kn,g(X) where Kng(X) is a
compact operator on HygA, and Ryng(N) : HngA — HngA is bounded with norm
”RN,G()‘)”E(HNG) <1/2 for

A E fNG,AO,a = {)\ € a?é ’ Re()\(Ao)) > —Ncx + Cpe (AO) + (5} - Cl(*c.

Both operators Ry c(\), Kn,g(X) depend on N, G, while Q(\) and F(X) do not.

Remark 4.7.

(1) If there is a smooth volume density p preserved by the Anosov action (e.g. the Haar
measure for Weyl chamber flows), and if we consider the scalar case X4 = X 4, then
e!X4 is unitary on L?(M, 1) and the constant Cy2(A) vanishes.

(2) For proving that the Ruelle-Taylor spectrum is independent of the choice of Hyg it
will be essential that the operators Q(\), F(A\) will only depend on the choice of Ay
and I'gs but not on the choice of the anisotropic Sobolev space Hy¢ as long as the
escape function G satisfies the required compatibility conditions.

Proof of Proposition /4.6. Let us choose some T' > In(3)/é. For A € af. we define the operators
Xag(A) =Xy, + A(Ap) and let
T
Qr(\) = / e XNt . C°(M; E) = C®°(M; E).
0

We have the relations
X4, (NQr(N) = Qr(N)X 4y (N) =1 — e TX0N (X4, Q)] =0forall Aca  (4.6)

Now we extend Q/-(\) to an operator on C*°(M; E) ® Afa* — C®(M; E) ® A*“La* for each
£ by the formula

Qr(\)(u®w) == (Qp(N\u) ® t4,w
for u € C®°(M; E) and w € Afa*. Using the relations of (4.6) and Lemma 3.6 we get

(Q@r(Ndxir + dx AQr(N)(u @ w) =((1 — e 0N )u) @ w, (4.7)
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We observe that by the commutativity of the Anosov action [X4, e_TXAO(A)] = 0, and there-
fore on C*°(M; E ® A) we have

[dx+,\, C_TXAU (/\)] = 0. (4.8)

Next, we use the microlocal parametrix in the elliptic region from Lemma 4.4 with a carefully
chosen microlocal cutoff function: By our assumption that I'oN (E} & E¥) = {0} and the fact
that £ @ EY is a <I>tXA°-invariant subset, there exists a conic neighborhood I'y C T*M of
E} @ E} such that (1)5(,40 (T1)NTo=0of 0 <t <T. Let us choose a second, smaller conical
neighborhood E¥ @ E¥ C Ty € I'1. Now we fix a microlocal cutoff P = Op(p) € ¥°(M,C)
which is microsupported in I'; (i.e. WF(P) C I'1) and microlocally equal to one on I'y (i.e.
WEF(Id - P)NT'2 = §) and which furthermore has globally bounded symbol sup, ¢ [p(, )| <

1. We apply Lemma 4.4 with this choice of P and multiply (4.4) from the left with e TXay (V).
Using (4.8), we get

dx+>\€_TXA0()\)Q611()\) + e_TXAo(A)QeH()\)dx_,_)\ = e XA ») (Id — P+ Sl()\) + Sz()\))
We define Q(\) := Qr(\) + e~ "X40MN Qg (\) and obtain
dx AQ(\) + Q(N)dx 4y = F(N) with F(A) :=Id — e TX0 N (P — §1()) — Sh(N)).

Let us now show that Q(\) and F'(\) have the required properties. By precisely the same
argument as in Lemma 4.5 (using that Xfo m < 0) we deduce that for all ¢t > 0, e X0
is bounded on Hyg for any escape function G associated to Ay compatible with cx > 0
and I'gs C I'g. Consequently Qr(\) and e TX49(M) are bounded operators on HyagA. As
ANGQGH()\)AJ_VIG € U"2(M; E ® A), this operator is a bounded operator on L?, thus Qcy(\)
is bounded on HygA as well. Putting everything together we deduce that Q()\) is bounded
on HygA for any A € af. As Qr(N) and Qen(A) decrease the order in Aa* by one, Q(\) has
this property as well.

Let us deal with F'(\): by our choice of I'; we can apply Lemma 4.5 to e TXa N p =
e~ TAA0)e=TXa0 P and deduce that the e”TX40MpP = R (A) + K\ ()\) for some Ry ()
bounded on Hyg and K} (\) compact on that space, with bound

HR/N()‘)HL(HNG) < (1 + E)eT(ich7Re(/\(‘40))+CL2(AO))7

for some ¢ > 0. Consequently, by our choice of T > In(3)/0 and for A € Fng 4,5 We
get [|Ry (W)l ane) < (1+¢€)/3. Note that S1(X) + S2(A) € U"HM;E ® A) is compact
on Hye (this can be easily checked by conjugating it with An¢ to obtain an operator in
U—1(M; E®A), thus compact on L?). This completes the proof of Proposition 4.6 by setting
Ry(\) := —Riy(\) and Ky(\) := =K (A) — e X0 (81 (X)) — Sy(\)). O

As a consequence of Lemma 3.8, Proposition 4.3, Proposition 4.6 and Lemma 3.9, we get

Proposition 4.8. For Ay € W there exists an escape function G such that for any N > 0
the operator dxix on HygA defines a Fredholm complex for A € Fng, a0, i-e. we have

0T e (—X) NV FNG, 40,0 = 0.
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4.3. Ruelle-Taylor resonances are intrinsic. So far we have shown that the admissible
lift of an Anosov action X acting as differential operators on H g has a Fredholm Taylor
spectrum on Fng 4 = FnG,A,0 C ai, where A € W and G is an admissible escape function
associated to A. Further, we have seen that Fnxg 4 can be made arbitrarily large by letting
N — oo. However, it is not yet clear if this Fredholm spectrum is intrinsic to X or if it
depends on the choice of the anisotropic Sobolev spaces H g, i.e. in particular on the choices
of N or G.

Let us denote by C'2°(M; E) the space of distributions in C~°°(M; E) with wavefront set
contained in E. Equiﬁped with a suitable topology this space becomes a topological vector
space [Hor03, Chapter 8], and the lifted Anosov action X on C'5°(M; E) is by continuous
operators. In particular, it makes sense to consider the complex %enerated by the operator
dx4) on C’_;OO (M; E® A). The main result of this section is the following:

Proposition 4.9. Let Ag € W, N > 0 and G be an escape function for Ag. Then for any
A € Fna, A, one has vector space isomorphisms

kerg  oai dx4a/ Tany  ai dxn = kercg*ooAj dx+x/ rang-co dx 42

Using this result, we see that the Ruelle-Taylor spectrum is independent of Ay and of the
anisotropic space HygA in the region Fyg 4, of A € ai. where the Taylor complex dxy is
Fredholm on HygA. We can then define the notion of a Ruelle-Taylor resonance as follows:

Definition 4.10. We define the Ruelle-Taylor resonances of X to be the set
Resx :={\ € a¢| 35, kercggo/\j dxix/ ranc ey dx4x # 0}
and the Ruelle-Taylor resonant cohomology space of degree j of A € Resx to be
Resx pi(A) := kerc}gg"/\f dxix/ rancggom dx i
Another consequence of Proposition 4.9 is:
Corollary 4.11 (Location of Ruelle-Taylor resonances). One has
Resx C (] {A € a | Re(M(4)) < Cr2(A)}
Aew

Proof. Assume that there exists an A € W such that Re(A(A)) > Cr2(A). Then for some
d >0, A € Fog,a,s and consequently A € Resx iff kerjz, dxia/rangzy dx4n # 0. However,
by (4.7) there is a bounded operator Q7()\) : L>(M; E ® A) — L*(M; E ® A) such that

dxAQr(\) + Qr(N)dx 1y = Id + e TXaeTAA),

Since Re(A(A)) > Cp2(A), the right hand side is invertible on L?*(M;E ® A), so that
keryop dxix/rangzy dxyx = 0. O

The strategy to prove Proposition 4.9 is to show that in each cohomology class in
kersy v oA dx4x/ rany A dx4x one can find a representative that lies already in ker - —co dx 4 -
EY,

To this end we will construct for fixed A a projector IIp(\) of finite rank such that we can
find in each cohomology class a representative in the range of IIp(A). The fact that the range
of ITp()) is independent of the anisotropic Sobolev spaces and contained in C_go then follows
very similarly to the corresponding characterization of Anosov flows [FF'S11, Theorem 1.7] by
the flexibility in the choice of the escape function.
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Proof of Proposition /.9. Given Ay, N,G and A € Fng, 4, let us first fix § > 0 such that
A € Fna,A0,5 and an open cone 'y C T* M containing Tz and such that ToN(EF G E}) = {0}.
Then Proposition 4.6 provides operators Q(A), F(A) : C™*(M; E® A) - C~*°(M; E® A)
which only depend on 9§, A, Ag, 'y and satisfy

dx+2Q(A) + Q(N)dx4x = F(N). (4.9)
We can thus apply Lemma 3.8, and deduce that if IIp(A) is the spectral projector of F'(\) on
its kernel,

Io(A) : kergy, o dxen/ Tangy g, o8 dxpx — KeTpan 11o(0) dX 40/ TaTkan 1 (A) X+
is an isomorphism. Here, ran(Ilp(\)) = Io(A)Hyg. But since C™ is dense in Hyg, and
IIp(A) has finite rank, we deduce that it is equal to IIo(A)C*®(M; E ® A). We now need the
following lemma:

Lemma 4.12. The projector () satisfies Ilg(A\)(C®(M; E ® A)) C Cp®(M; E® A).
Additionally, it has a continuous extension to Cp°(M; E @ A).

Proof. Recall that IIp(A) : HygA — HygA has been defined as the spectral projector at
z=0o0f F(\): HnagA — HncA, it has finite rank. Since F(\) and its Fredholmness do not
depend on the choice of N, G, as long as A € Fng,4,, neither does its spectral projector at 0.
The image of IIp () is thus contained in the intersection of the H g/ A such that A € Fnigr 4, -

Let us show that this intersection is contained in CE;O (M; E® A). We thus take u in all

the Hy'q such that A € Fyrgr a,- By Proposition 4.3 for an arbitrary cone F;eg disjoint

from E}, there exists an escape function G’ for Ay compatible with ¢y and FjEO* C I'g such
that microlocally on I",,, Hv¢ is contained in the standard Sobolev space HY'/2(M; E).

In particular, taking N ’eirbitrarily large, A € Fnigr,a, and WF(u) NI, = 0. Since '}, was
arbitrary, WF(u) C E}.

To prove that IIy(A) has a continuous extension to C’E;O (M; E ® M), it suffices to observe
that Cp.°(M; E®A) is also contained in the union of the all the H y/¢r such that A € Frar a,-
This follows from Definition 4.1,(1), since we know that in a conic neighborhood around E
we have m(z,£&) < —1/4. As a consequence, IIy()) is a linear operator from C',°(M; E® A)
to D'(M, E ® A). It is continuous as it has finite rank. ' O

To finish the proof of Proposition 4.9, it suffices to apply a variation of the sandwiching
trick presented in the proof of Lemma 3.11. Indeed, since IIp(A) is a bounded projector on

Cp(M; E® A), commuting with dx .y, u — IIp(A)u factors to a surjective map
kercgfol\ dX+)\/ ranc};fo/\ dX-l-)\ — kerpan TIp(N) dX-l-)\/ Tallyan TTp(N) dX—i-/\ (410)

We need to show the injectivity of this map. This will follow from the fact that C.>°(M; EQA)
is contained in the union of the Hyrg such that A € Fyigra,. We consider u €
Cp(M; E® A) such that dx i u = 0, and [IIg(A)u] = 0, i.e, Ilg(A)u = dx42Ilp(A)v for some
v € O (M; E® A). Since u belongs to some H v g, we then write F(\) = F(\) + Ip()),

and observe, just as in (3.12), that
FOVTIQN)dxia + dxaF(A)TIQ(N) = Id — TIp(N),
so that R
u = dx A (F(N)'Q(\u + Tp(M)o).
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It remains to check that F~'(\)Q(\u € Cz°(M; E ® A). But this is an element of each
Hnrg such that A € Fyigr a,, s0 it is contained in the intersection thereof. We have seen in
the proof of Lemma 4.12 that this intersection is contained in C',°(M; E ® A).

Finally, note that the operator F'(\) : HygA — HygA preserxl;es the order in the Koszul
complex, i.e. F(\): HygAN — HyeA, and all the subsequent constructions such as ITo(\)
do as well. The isomorphism IIp(A) can thus be restricted to the individual cohomology

kero;;” A dx4a/ Tanc—sop; dx+») and we have completed the proof of Proposition 4.9. g

4.4. Discrete Ruelle-Taylor spectrum. In this section we show that the Ruelle-Taylor
resonance spectrum of the admissible lift X : a — Diff! (M; E) of the Anosov action, for E
a Riemannian vector bundle, is discrete in ag. Our goal is to use Lemma 3.11. In contrast
to the Fredholm property, the proof in this section requires a slightly better escape function
that provides decay not only in a fixed direction A; € W, but also for all other elements in a
small neighbourhood of A:

Lemma 4.13. Let A1 € W be fixed. Then there is an escape function G for Ay, a conic
neighborhood I'y,, C T*M of Ef such that fE(»; N(E; ® EY) = {0}, a constant cx > 0 and a
neighborhood © C W of A1 such that G is an escape function for all A € O compatible with
cx > 0 and I'g;. Moreover, G can be chosen to satisfy XIG <0 in {|¢| > R} for some
R>1.

Proof. The construction of the weight function m is written in [GB18, Section 2] in the
case of an Anosov flow, but it works mutatis mutandis in our case as the proof simply uses
the continuity of the decomposition T*M = Ej & E} @ E;; and the expanding/contracting
properties of E; and Ej, but not the fact that dim Fj = 1. The weight function satisfies
X /{‘{ m < 0 for |£] > 1 for all A close enough to A;. We can then define the function G as in
[['S11, Lemma 1.2] by setting G(z, &) = m(z,&)log(1+ f(x,£)), where f > 0 is homogeneous
of degree 1 in ¢, satisfies f(x,&) = |£(X 4, )| near Ef N {|{]| > 1}, and

X{f<—a(l+f), (esp. X{f>c/(1+f)) (4.11)

in a conic neighborhood of E? (resp. of E}) for some ¢; > 0. To construct such f near EY,
we can use [DZ16, Lemma C.1]: for (z,€) in a conic neighborhood Ny of EY, set

T ew
fa6) = [ @ glan >0
0
so that, if A = Aj + €A’ with |A|; < 1, one has X = Xfl + eXf, and

X f(a,€) = €] — e ¥ (2, )] + Oee“T¢])

for some C' > 0 uniform with respect to A’ as above. Fix T large enough so that we have
€] — \e‘TXf (x,8)] < —2[¢| for all |{] > 1 in Ns. Once T has been fixed, one can choose
0 <e<e T sothat XH f(2,8) < —|¢] in Ny N {|¢] > 1}. Since (1 + f(x,€)) > ¢;'|¢] in
Nsn{[¢] > 1} for some ¢; > 0, we obtain (4.11). The same construction applies near E;. The
proof of [FS11, Lemma 1.2] (using the fact that X|¢(A;)| = 0) shows that X G <0 for all
|€] > R if R is large enough and that G is an escape function for all A € O := A; + {eA’ €
a||A'[¢ <1} compatible with some cx > 0 and some I'g. O

Let us now fix a basis A1,...,A,x € O C W of a in the positive Weyl chamber. In order to
be able to use Lemma 3.11, we will prove the following:
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Lemma 4.14. For each fized A\ € Fng,a,5 there is a family of commuting operators
Q) = (Q1(N),...,Qx(N)) bounded on Hyg, commuting with X + A, such that if dgy)
is the divergence associated to the family Q(\) we obtain

dx+20Q() T dguydx+x =1d + R(A) + K(A)
with R(\), K(\) € L(HnGA), ROl zeune) < 1/2 and K(X) compact on HycA.

Proof. recall the basis Ay, ..., Ax € W close to A; and write \; := A(4;) as well as X 4,(A) :=
Xa; +Aj. Let T; > 0 for j = 1,...,x, and consider x; € Cg°([0, o0[; [0, 1]) non-increasing
with x; =1 in [0,7}] and supp x; € [O,Tj + 1]. Then we set

QN = /0 e XA N (1) dt

and we make it act on C®°(M)® Aa* by Q;(\) : u@w — (Q5(Mu) ®a;w. As in Proposition
4.6, we compute

x@QiN) + Qi Ndx = 1d+ R;j(\), R\ (u@w):= < /0 e~liXa; “MX;(tj)dtj) @ w.

and note that R;(\) = R}()\) ® Id is scalar. We thus have

dxn@) + QN dxy = F(N), F(V) :=1d = (=1)" [T Bx(V). (4.12)
(=1
with Q(\) := Z;‘:l(—l)j_lQ]( )H Ri()\). First we note that Q(\) = dg(n is the diver-

gence associated to the family of commutlng operators Q) == (Q1(N),...,Qk(N)) where

Qi) = (1@ () HRk

We notice that Q;(\) commutes with X 4,(\) for each i,j. As in the proof Proposition 4.6,
we have that Q(A\) (resp. Q())) is bounded on Hyg (resp. on HygA): notice that here
we use Lemma 4.13 as it is important that the weight function m satifies X fj m < 0 for all
j=1,...,k. We take P microsupported in a neighbourhood of E} @& E7, as in the proof of
Proposition 4.6, and follow the arguments given there, which were based on Lemma 4.5: if
Tj := T is chosen large enough (as in proof of Proposition 4.6)

H Ri(\)P :/ e~ =1 X4 (A)PH X (t5)dt
k=1 [T, T+1]" j=1

= / (R(t,A) + K (8, 2) [[ ;) dt
[T, T+1]" e

where [|R(t, M)l c(2ye) L [1X]llee < 1/2 and K (¢, A) is compact on H g for all t € [T, T +1]
(both depend on N, G). This shows that the operator (F'(\) — Id)P decomposes as (F'(\) —
Id)P = R()\) + K1(\) with [[RO\) | z(uyea) < 1/2 and Ki()\) compact on HygA. Next,
we claim that using that P € Wo(M) is scalar with WF(1 — P) not intersecting a conic
neighborhood of E} @ E¥, we see that Ka(\) := (F(\) — Id)(1 — P) is a compact operator
on HygA. Indeed, let us first take a microlocal partition of (1 — P) so that (1 — P) —
Sh_i P € UT°(M) with Py € ¥O(M) and WF(P) not intersecting a conic neighborhood
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of the characteristic set {(x,&) € T*M |£(X4,) = 0}. Let us show that Ry (\)Py is compact
on Hyg: first,

T+1
Re(\)PeXa, () = / X O P (1) dty + Ri(N)[Pos Xoa,] € L(HnG),  (4.13)
T

where we used that [Py, X4,] € WO(M) and that e %*X4x® is bounded on Hyg. Since
X(A) is elliptic near WF(P;), we can construct a parametrix Zx(\) € ¥1(M) so that
Xa,(N)Zk(A) — P, € U=°(M) for some P| € WO(M) with P[P, — P, € U7°°(M). We thus
obtain that

Rk()\)PkXAk()\)Zk()\) - Rk()\)Pk S \Ilioo(./\/l),

but Zi(A) being compact on Hyg, we get that Rp(A\)Py is compact on Hyg using (4.13).
Next, we write

K K

(f[ Rk(A))(Id -P)-> (H Rk(A))Pj € U™2(M).
k=1

j=1 k=1

This operator is compact since all the Ri(\) are bounded on Hyg and commute with each
other and Ry(A)Py is compact. Putting everything together we deduce that F(\) has the
desired properties by setting K(\) := K1 (\) + Ka(\). O

As a corollary, using Lemma 3.11 and Lemma 3.9, we deduce the following:

Proposition 4.15. For an admissible lift of an Anosov action X, the Ruelle-Taylor resonance
spectrum is a discrete subset of ai.. Moreover, A € Fng A, N 0T Hye (—X) if and only if there
is u € Hyg such that

(X+Nu=0.

This completes the proof of Theorem 4. In the scalar we will show in Corollary 4.16
below that part 3) of Theorem 4 can be sharpened using the dynamical parametrix Q(\)
in Lemma 4.14 (the same argument also works for admissible lifts under the condition
[e=XAf | £(1oy < C for all ¢ € R):

Corollary 4.16. Let X be an Anosov action. Then one has

Resx C (] {A € af | Re(A(4)) < 0}.
Aew

Proof. Let A € W and assume that A € af. satisfies Re(A(A)) > 0, then we will show that

A can not be a Ruelle-Taylor resonance. We use the parametrix Q(A) of Lemma 4.14 with
Ay := A and (4;); € W* forming a basis of a with A; in an arbitrarily small neighborhood
of Ay so that Re(A(4;)) > 0 for all j. We get that (4.12) holds with F'(\) having discrete
spectrum near z = 0. Let IIy(\) be the spectral projector of the Fredholm operator F'(\) at
z = 0, which can be written

Mo\ = —— [ (2= F(V)tdz (4.14)

211 |z]|=e
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for some small enough € > 0. We notice that for f € L>(M), we have

1(1d — FO) ]|z < / o™ Zi= X g1 T (= ()t

(RT)= j=1

§||f||L°°GZ;_1Tj/\(Aj))/ [Tt - dt,
(RF)x j=1

<|| f]| poo e~ 2i=1 TiAA)

This shows that by choosing T; > 0 large enough, [|(Id — F'(\))|z(zey < 1/2. In particular
F(\) is invertible on L* and therefore IIp(A) = 0 since the expression (4.14) holds also as a
map C*°(M) — C7°(M). This ends the proof. O

Let us end the section with a statement about joint Jordan blocks for an admissible lifts
X: Therefore given a € N® we define X*(\) := [7_; (X4, + A;)%.

Proposition 4.17. For any Ruelle-Taylor resonance A € Resx there is J € N which is the
minimal integer such that, whenever for some u € Cp"(M) and k € N one has XA(Nu =0
for all |B| = k then X*(N)u = 0 for all |a| = J. Moreover the space of generalized joint
resonant states is the finite dimensional space given by

{u e CX(M) | XYN)u =0 for all || = J} C ranIl(N).
where Ty(N) is the spectral projector of F(A\) at z =0, defined in (4.14).

Proof. Let Hyg be an anisotropic Sobolev space such that A\ € Fyg. We construct the
parametrix from (4.12) with x; = x; for all j = 1,...x and ¢ := —x}, and we denote
by IIg(N\) : Hng — Hne the spectral projector on the generalized eigenspace of F'(\) for
the eigenvalue zero. Note that it commutes with X, for all j, since F'(\) does. We now
show by induction that for any u € Cp (M) with X*(A)u = 0 for all |a| = k we have
u € ran(Ilp(N)) € Hng. The start of the induction is simply deduced from the proof of
Proposition 4.9. Next we show that if the property is satisfied at step k then it is at step
k+ 1 if for uw € Cp®(M), X*(A)u = 0 for all |o| = k + 1 then for any [5] = k we
have X4, (A)(XP(A\)u) = 0 for j = 1,...,kx. Thus, again by the proof of Proposition 4.9
we know X#(\) € ran(ITg()\)). As [TIo(A), XP(N\)] = 0 we conclude X#(\)(ITo(A\)u — u) = 0.
Consequently, by induction hypothesis, IIp(A)u — u € ran(Ilp(A)) and the claim follows.
The statement of the proposition follows because ran(Ilp(\)) is a finite dimensional X 4, (\)
invariant subspace. l

5. THE LEADING RESONANCE SPECTRUM

In this section we study the leading resonance spectrum, i.e. those resonances with vanish-
ing real part and show that they give rise to particular measures and are related to mixing
properties of the Anosov action.

5.1. Imaginary Ruelle-Taylor resonances in the non-volume preserving case. In
this section, we investigate the purely imaginary Ruelle-Taylor resonances and in particular
the resonance at 0 for the action on functions. We assume that the Anosov action X does
not necessarily preserve a smooth invariant measure. We choose a basis A1, ..., A, of a, with
dual basis (e;); in a*, and set X; := X4, and we use dv, the smooth Riemannian probability
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measure on M. Let us choose i\ € ia* and fix non-negative functions x; € C°(R™), equal
to 1 near 0, with X; < 0 and build a parametrix Q(i\) as in Lemma 4.14 so that

Q(iIN)dx1ix + dx+inQ(iN) = Id — R(i\) @ 1d,
and writing 1; := —xj € C¢°((0,00)) and A;j := A(4;)

R(iN) =]] / e LGNy (1) dt . (5.1)
j=1

We proved that R(i\) has essential spectral radius < 1 in the anisotropic space Hy¢, and
the resolvent (R(i)\) — z)~! is meromorphic outside |z| < 1 — ¢ for some ¢, and the poles in
|z| > 1 — € are the eigenvalues of R(i\). Moreover, for f € L*, one has

[R@EA) fllzee < (| Fllze= H/]ij(tj)dtj < [l fllzee- (5.2)
j=1
Since R(i)) is bounded, for |z| large enough one has on Hyg
(z=R@EA) ™ =2"") 2 PR (5.3)
k>0

but the L estimate (5.2) shows that this series converges in £(L*°) and is analytic for
|z| > 1. Therefore, using the density of C*°(M) in Hyq, we deduce that R(i\) has no
eigenvalues in |z| > 1. We will use the notation (u,v) for the distributional pairing associated
to the Riemannian measure dv, fixed on M that also extends to a complex bilinear pairing
Hye X H_ng — C; in particular if u,v € L*(M), this is simply S wv dvg. Accordingly,
we also write (u,v)r2 for the pairing [ A uU dug and its sesquilinear extension to the pairing
H NG X H_ NG — C.

The next three lemmas (Lemma 5.1) characterize the spectral projector of R(i\) onto the
possible eigenvalue 1. Keep in mind that by Lemma 3.8 this spectral projector is closely related
to the Ruelle Taylor resonant states. Finally in Proposition 5.4 we will use the knowledge
about this spectral projector to characterize the leading resonance spectrum and to define
SRB measures.

Lemma 5.1. Let A € ia*. If 7 is an eigenvalue of R(i\) with modulus 1, it has no associated
Jordan block, i.e. (z — R(i\))~! has at most a pole of order 1 at z =T

Proof. We take u € Hyg such that (R(i\) — z)"'u has a pole of order > 1 at z = 7. By
density of C* in H ¢, we can always assume that u is smooth. Denoting by ) = 4px...x¢
(k-th convolution power), we can write

K
RN =T] / e~ Xy (¢ yat;.
j=1"R
Note that R(0)1 = 1. We take v another smooth function, then

:’/ ﬁwg('k)(tj)eiztjAj(/M T)e*ztﬂ'xﬂ‘udvg) dty ... dt,
.

<Jv|poe|ul oo R(0)F1 = |v| poo |u oo

(R(iX)Fu, v)
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We deduce that for |z] > 1
(=2 = RGN, 0) < 3 [l ol ful e < €1 — [2])
This is in contradiction with the assumption that z is a pole is of order > 1. ]
Then we can prove the following

Lemma 5.2. For A = 377 A\je; € a*, R(i\) has an eigenvalue of modulus 1 on Hne if
and only if X is a Ruelle-Taylor resonance. In that case, the only eigenvalue of modulus 1 of
R(i\) in Hyg is T = 1 and the eigenfunctions of R(i)\) at T =1 are the joint Ruelle resonant
states of X at A. Moreover, if II(i\) is the spectral projector of R(i\) at T = 1, one has, as

bounded operators in Hya,
lim R(i\)* = TI(iA). (5.4)

k—o0

Proof. First, let II(i\) be the spectral projector of R(i)) at 7 € S! : it commutes with the X,
so we can use Lemma 3.7 to decompose ranlI(i\) in terms of joint eigenspaces for X;. By
Proposition 4.17, the space of generalized Ruelle resonant states at i\ is contained in ran TI(i)),
and Lemma 3.8 says that the space of joint Ruelle resonant states is ker(X + i) |ran in)- Let
u be a joint-eigenfunctions of X; in ranII(i)), with X;u = (ju. By Lemma 5.1, R(i\) has no
Jordan block at 7, thus u € H ¢ is a non-zero eigenfunction of R(i)\) with eigenvalue 7 € S'.
Then

R(iNu=T1u= u/ H et (G (t5)dtj = u H i\ —i¢j)
T i=1 j=1

For 7 to have modulus 1, we need H;‘zl Wj()\j —i¢;)| = 1. But since [ ); =1 and the (;’s
have non-negative real part,

5N — i¢)| < / e”Melyy(t)dt < 1
R
so Re((;) = 0 and |1ﬂj()\j —i¢;)| = 1 for all j. But then there is @ € R so that 1 =
Jz e~ FIm(G)—iag) (1) dt and thus ¢j = —i)j, and 7 = 1. In particular,
R(iX) = TI(i)) + K (i))
with K;(AII(iN) = TI(¢A) K;(A) = 0, and K (i\) having spectral radius » < 1 on Hy¢, thus
satisfying that for all € > 0, there is ng large so that for all n > ng
KGN 2ne) < (4 €)™

We can chose r + € < 1, which implies that

Vn > ng, R(A)" =TI(@N\) + K(i\)"™ — T1(iN) in L(HNg) (5.5)

proving (5.4).

To conclude the proof, we want to prove that (X; 4+ ¢A;)II(iA) =0 for all j =1,...,k. By
the discussion above, 0 is the only joint eigenvalue of (X1 + iA1,..., Xx +i\s) on ranTI(i)),
ie. thereis J > 0 such that []7_;(X; +iX;)*II(iA) = 0 for all multi-index o € N* with
length |a| = J. We already know that R has no Jordan block, and we want to deduce that
this is also true for the X;’s. By Proposition 4.17, we get

ranTI(iA) = {u € Cpo(M) | J[(X) +iA)*u = 0, Va € N¥, [a] = J}.
j=1
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In particular this space does not depend on the choice of x; (and thus 1;). The operator
e~ 25t GHN) L pan TI(3\) — ranTI(iA) is represented by a finite dimension matrix M (t) with
t=(t1,...,tx), and R(i\)|;anmi(in) = Id (since R(iA) has no Jordan blocks), thus

Id = M(t)y;(ty)dty ... dty
Rfi
for all choices of x; (and ¢; = —X;). We can thus take, for T' = (T1,...,T}), the family 1);
converging to the Dirac mass 7, and we obtain M (T') = Id. This shows that M(t) = Id for
all t € R and therefore (X; + iX;)II(i\) = O for all j. This implies that ranII(i)) is exactly
the space of Ruelle resonant states for X at i\. O

From what we have shown in Lemma 5.2, we deduce that we can write the spectral projector
as (i) f = Zizl ve(f, wi) 2 with vy € Hye spanning the space of joint Ruelle resonant
states of the resonance i\ and wy € Hys ~ H_ng. Recall that we have shown that the
space of joint Ruelle resonant states (i.e. the range of II(¢\)) is intrinsic, i.e. does not depend
on the precise form of the parametrix. But surely the operator R(i\) depends on the choice
of the cutoff functions ¢; (see (5.1)) and thus also II(¢A\) might depend on that choice. In
order to see that this is not the case, let us consider X; = —X; + div,,(X;) which are the
adjoints with respect to the fixed measures v4. Note that by the commutativity of the X, the
operators X also commute and are admissible operators (in the sense of Definition 2.4) for
the inverted Anosov action 77 (a) := 7(a~!) which is obviousely again an Anosov action (with
the same positive Weyl chamber after swaping the stable and unstable bundles). Therefore
we can apply the results of Section 4 to the admissible operators X7, in particular they a
discrete joint spectrum on the spaces H_ng. Using (X; + iX;)II(iA) = 0 and the fact that
[X;,II(iA)] = 0 we deduce that (XJ* —iXj)wy, = 0 and thus all wy, k = 1,...,J are joint
resonant states of the X ;- We can even see that they span the space of joint resonant states:
one can perform the same parametrix construction Lemma 4.14 to X7

Qx+(IN)dx+1ix + dx=1ixQx+(iA) = Id — Rx+(i\) ® Id,

and if we choose the same cutoff functions as in the parametrix for X; at the beginning of
this section we find

Rx-(iN) =[] / e Tyt dt;. (5.6)
j=1

In particular Rx«(—i\) = (Rx(¢)\))* and if ITx«(i\) is the spectral projector of Rx+«(i\) onto
the eigenvalue 1 then we obtain ITx«(—i\)f = IIx(i\)*f = Zi:l wi(f, vg) 2. By Lemma 3.8
the space of joint resonant states (X; —i\)w = 0, w € H_n¢ is in the range of ILy«(—iA),
consequently the w; span the space of joint resonant states of X* with joint resonance —i\
and the w; span the space of joint resonant states of the resonance ¢A. Putting everything
together, we have:

Lemma 5.3. Let A € a such that i)\ is a Ruelle-Taylor resonance of X. Then —i\ is also a
Ruelle-Taylor resonance of X* and spaces of joint resonant states have the same dimension.
If vi,...,vy € C'_go(/\/l) and wy,...,wy € C_;?O(M) are such that they span the space of
joint resonant states of X at i\ and X* at —i) respectively and fullfill (vj, wy)r2 = 61, then
we can write TI(iN) = Y7 _o vp(-,wg) 2. In particular TI(i\) depends only on the X; but not
on the choice of R(i}\).
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We can now identify resonant states on the imaginary axis with some particular invariant
measures.

Proposition 5.4.
(1) For each v € C®°(M,R"), the map
fy 2 u € CF(M) — (I1(0)u, v)
is a Radon measure with mass ji,(M) = f/vt vdvg, ivariant by X; forallj=1,... K
in the sense p1,(X;u) =0 for all u € C*°.
(2) The space
span{y, | v € CF(M)} =TI(0)"(C=(M))
is a finite dimensional subspace of CpX(M) and it is precisely the space spanned by
all finite measures p with WF(u) C E;i that are invariant under the Anosov action.
(3) For each open cone C C W in the positive Weyl chamber, and u,v € C*°(M) we can
express ly, as the Birkhoff sum

_ 1 1 —Xa
Ho(w) = Th_r)rgo Vol(Cr) /AEC%(e wv)dA (5.7)

where dA is the Lebesque-Haar measure on a and Cy:={A € C||A| <T}.

(4) Similarly, for A € a*, v € C°°(M) the map

iy s u € C®°(M) = (TI(i\)u, v)

is a complex valued measure. The measures are flow equivariant in the sense that
iy (Xju) = —iXjud(u) and the set {u)|v € C®°(M)} is finite dimensional and co-
incides with the space of finite complex measures p with WF(u) C E¥ which are
equivariant in the above sense.

(5) Let vi,v2 € C°(M,R") with vi < Cvg for some C > 0 and i)\ € ia* a Ruelle Taylor
resonance. Then u;}l s absolutely continuous with bounded density with respect to iy, .
In particular any 11 is absolutely continuous with respect to ju.

Proof. First R(0)1 =1 is clear and X has a Taylor-Ruelle resonance at A = 0 by Lemma 3.9.
If u,v € C*°(M) are non-negative, we have ay := (R(0)*u,v) > 0 and

Jim (R(0)*u,v) = (IT(0)u,v) > 0.

Note also that for each k, and each u € C°°(M) non-negative
Vo e M, 0 < (R(0)*u)(z) < (R(0)*Dlullco < [lullco.

This implies that for each v € C™ with v > 0, ¥ : u +— (R(0)*u,v) is a Radon measure
with finite mass pf(M) = [  Udvg and thus p, is as well. The invariance of y, is a direct
consequence of Lemma 5.3. The same holds for property (2). The invariance of the space
spanned by these measures with respect to X follows from II1(0)X; = X;II(0) = 0, obtained
by Lemma 5.2.

Let us next show that for an arbitrary Ruelle-Taylor resonance ¢A € ia* we get complex
measures y and in the same turn prove the absolute continuity statement (5). We consider
u € C®(M), v,vy € C®°(M,RT) with v; < vy and get

(RGN u, v1)] < (R(0)F[ul,v1) < (R(0)*|ul,v2)
thus [p, ()] < o, (|ul).
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Let us finally show (5.7). We fix a small open cone C C W and choose a basis (A;)7_;
of a so that A; € C, we then identify a ~ R* by identifying the canonical basis (e;); of R"
with (A;);. Welet ¥ =Cn {41 + > % ,tjA;,|t; € R} be a hyperplane section of the cone
C. Choose th € C°((—1/2,1/2)) non-negative even with [, ¢ = 1, and for each o € R",
define ¢, (t) := [[j_; ¥(t; — 0;). The operator Q(0), R(0) constructed in Lemma 4.14 can be
defined, for o close to ey, with the cutoff function x; so that —x(t;) = ¥ (t; — 0;), we then
denote @,, R, the corresponding operators, which in turn are locally uniform in . Then u,
is given by g, (u) = limg_,00 (R, (0)¥u,v) locally uniformly in o. This means that viewing ¥
as an open subset of e; + R*™! containing e, taking any ¢ € C°(X) with me,l q(t)dt =1
and any w € C2°((0,1)) with folw =1, we have for o(t) := (1,1) €

. 1 _
po(u) = lim / N Zw(ﬁﬂRfi@u,v)q(ﬂdt.
Recall that R is given by the expression
REu = / (e~ Si= 5% ) (1) d.

where w((,k) is the k-th convolution of 1,. We claim the

Lemma 5.5. Withw,q as above, and let &(r) := r1~"w(r) the following limit holds as N — 0o

[ Eyathymnon- - [7 [ @S a (Do
RMN;“ ) Fo@u vha(hdf — < et Y w(N)q<t1) =

This lemma implies (5.7) by approximating the function t’f_ll[o’l] (t1)1x(t/t1) by some
smooth cutoffs w(ty)q(t/t1). O

Proof of Lemma 5.5. Since for u € C*°(M), |le” Z;ﬂtjxju”po < |Jul|ee, it suffices to show
that

1

N
_ T K—1 1 k (k) t 3
t=(t1,t) eRy xR e N kZlW(NWU(g)(t)Q(@)dQ - mw(ﬁl)Q(g)

converges to 0 in L'(R®). Let ¢ > 0 small so that supp(w) C (¢, 1 — ¢)). Scaling t — tN, the
above convergence statement is equivalent to show that

N(1—¢)

K— k k
= v Y /qu/}ff()g)(tN)q(G)dG
k=eN
is such that limyoo |[fv — Allpimsy = 0 if A(t) = &(tl)q(g). First, notice that

supp(wgz;) (N-)) € B(0,2) for each k < N, and [ @bék) (t)dt = 1. Tt then suffices to prove that
fn converges in L%(R") to h. We proceed using the Fourier transform, writing & = (£, &)

(1—e)N
fN(f) = % Z w(ﬁ) (&0(%))’“6%%&@(%8.

k=eN
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First, for ¢ fixed, since 9(&) = 1+ O(|£]?) for small &, one has (using Riemann sums) the
pointwise convergence

lim fy(€) = Aw(tl)@(tlg)e_itlgldtl = h(¢).

N—o0

To prove L? convergence, we use that there is ¢y > 0 such that

[$o(&)] < (1 +eolé) ™, (5-8)
thus for ¢ > 0 arbitrarily small, there is C' > 0 depending only on ||§||ze, [|&||z such that

/ Fn(©)Pde < CN* / Go(©)2NdE < CNFeoeN® / o (€)lde — 0.
gl N1/2+3 2N -1/2+0

Next, we will show that for 4 > 0 small and ¢ € N, there is Ny, Cy such that for all N > N,
VE [€] € [L N2, | fn ()] < Cullg] ™ + NHE), (5.9)

This will prove the convergence of fN to h in L?, since for all n > 0, there is T,, and N,, > 0
such that for N > N,

/ () — h(E)de < 1/n
|€|>Tn

and, using dominated convergence,

Jim [ fn(€) = h(E)PLiom, (1€ dE = 0.
—00 JRK
We next show (5.9). We will use a discrete integration by parts to gain decay in fy(€) in the
& variable. For p € C§°((0,1)), we can define some sequences a}*, by* for k € Z and m € N
by induction. First, b := e_i%gl, a) = p(k/N) for k € Z. Next, for m > 1, k € Z,
eii% ik e*i% m
b= by = e () =T e
1—e™'w 1—e™'WN

Note also that a = 0 for k < eN —m and k > (1 — €)N and remark that b7 = b}" 1 — p7" 1,
Thus,

— +1 +1y _ +1 _ +1 _m+1
DA =Y e O = ) = = > 0 e = ah) = = )b ap
keZ keZ keZ kEZ
Since p is smooth, a Taylor expansion gives for each m a constant C,, > 0 such that for
N > 1, |a'| £ Cnllplle»N~™. Up to increasing the value of C,,, we also have that |b]"| <

Cru N™/|&1|™. We deduce that for each m, there exists C,, > 0 such that for all N large
enough,

N
ek . _
|3 /N )e 8| < min(Coallpllemlal ™, Nlplo).
k=1
Now, take p(z) := cj(:c_)w(:n)eleog(%(f/N)), which exists since |¢ho(6/N) — 1| < 1/2 for N
large enough (since |£|/N is assumed small). For all £ € N, there is Cp,, > 0 such that for all
x € supp(w)

10 (G(2€)w ()] < Coan(1+ €)™,
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Since | N log(1o(£/N))| < C|€|?/N for some unifom C > 0 by using (5.8) if |¢|/N is small, we
finally obtain the bound (choosing ¢ = 2m above): for all m there is Cy, > 0 so that for N
large enough

lpllcm < Con(1+ €)™ (1 + [€[*™/N™).

This implies that for all m, there is Cy,, C/, > 0 so that for all N large enough and |{| €
[17 N1 /2+6]

: 14 J¢mN—m JL ety 1
Crm = <SColzm T 7w ) S Cm T
INONS O ey + e = (yg\m + ) < (yg\m * Nm<r§>>

which shows (5.9). O

As noted in the introduction, we will call physical measures the measures p,, and p; will
be called the full physical measure.

5.2. Imaginary Ruelle-Taylor resonances for volume preserving actions. In this sec-
tion, we are going to study the dimensions of the Ruelle-Taylor resonance at A = 0 in the
case where there is a smooth measure preserved by the action. First, we want to prove

Proposition 5.6. Assume that there is a smooth invariant measure u for the action, i.e.
Lx, =0 for each A € W. Then, for each X € ia* imaginary, there is an injective map

kercgfom dXJr,\/I'anCEfoA]- dXJr)\ — kerCooAj dXJr,\/I‘anCooAj dX+)\. (510)
u u

Proof. Fix a basis A1,..., A; € W close to A1 and write \; := A(A;) and X, (A) := X4, + ;.
Let T; > 0 for j = 1,...,k, let € > 0 be small and consider x; € Cg°(]0,00[; [0,1]) non-
increasing with x; = 1 in [0, 7}] and supp x; € [0, + €]. We shall use the same parametrix
Q(A) as in Lemma 4.14. We set

@j()\) ::/0 €_thAj()\)Xj(tj)dtj

and we make it act on C°(M) ® Aa* by Q;(\) : u@w — (@](A)u) ®ta,;w. Asin Proposition
4.6, we compute

dx @i\ + Q;(Ndxy =1+ R;(N), Rj(N(u®w):= ( /0 e ti%a; <A>uxg(tj)dtj> ® w.

We thus have

dx(nQ@A) +QWdx(y = F(),  FO\) =1d = (=1)" [ Be(V). (5-11)
k=1
with Q(\) :== 38 (=)™ 1Qmn(N) 21:_11 Ry (N\). As in the proof of Lemma 4.14, F(A\)—1Id =

R(\) + K(\) with K(\) compact on Hyg and [[R(N)|| < 1/2. In precisely the same way as
in Lemma 4.12, we deduce ran(Ilp(A)) C Cp.*(M; Aa®) if TIp(A) is the spectral projector of
F()\) at z = 0. We will show that the range of the spectral projector IIp(A) at z = 0 of F'())
actually satisfies

ran ITp(\) € C°°(M; Aa™). (5.12)
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—>
By

FIGURE 2. Schematic sketch of the phase space regions appearing in the proof of Proposition 5.6.

Since F'(\) is a scalar operator, we can work on scalar valued distributions, and we shall then
identify F’ with an operator Hya — Hng for some N > 0 large enough, and fixed. First, we

notice that [|Id — F((A)||z(z2) < 1: indeed, using e "4 (’\)||£(L2) =1, one has

TjJrl
wm»mmsA X (8)dt = x;(0) = 1.

Therefore z = 1 is at most a pole of order 1 of (Id — F'(\) — z) ™!, so that each u € ran(IIp()))
satisfies F'(A\)u = 0. Then let u € H ¢ such that F(A)u = 0. We now consider a semiclassical
parameter h > 0. Recall from [DZ16] that WF(u) = WFp,(u) NT* M\ {0}. We are now going
to show that WFp,(u) N {(z,£) € EX||¢] € [e1,c2]} = 0 for some 0 < ¢; < ¢2 by using the
equation F'(A\)u = 0, the propagation of semiclassical wavefront sets (Egorov theorem) and
the explicit expression of F'(A) in terms of the propagators e KA

For T1 > 0 large enough but fixed and Tb,...,T, € [0,€] small enough, one can find a
closed neighborhood W,, of E} N T M in the fiber radial compactification of T* M, which
is conic for |{| large, 0 < ¢; < ¢z such that for all 1 € [T1/2,T1 + €] and all ¢; € [0, 2¢] when
7 > 2 we have

Nk poxH N 4. H
W, € e =755 (W) and {(2,€) € B | |€] € [e1, o]} € e 2974 (W) \ W

We choose B = Opy,(b) € ¥ (M) where b € S°(M) (depending on h) satisfies the following
properties. First,
T1 yH

b>0, b(z,€) =1in T*"M\ Wy, b(z,€)=0ine? 41 (W,).
Second, for each ¢t = (t1,...,t.) with ¢t; € [T}, T} + €] the symbol
K vH
0. < b(e,§) = b(e™ ™ (1, 6))

is equal to 1 on {(x,&) € E ||| € [c1,¢2]}. Finally, B is chosen so that 1 — B*B — C*C' €
R W) (M) for some C = Opy,(c) € U9 (M). Note that the escape function G can be chosen so
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that the weight function m > 0 in the region T* M\ W, for |{| large enough. Since u € Hyg,
we thus have Bu € L2. Let ¥ € C*®°(R") be given by Y(t) = (1)~ [T5=1 X(t;) > 0 for t € R™.
We can write, using the semiclassical Egorov Lemma,

Bu=B(Id — F(\)u = / Bue™ 2= %4,V yar, L,
(R+)~

= / e~ X=X, N B (tdty . .. dt,
(R+)~

H

with By — Opy(bo e thEJ’) € h¥, '(M) and WFy(B;) Ce 251X (WFp(B)). This gives
[Bul[r2 = [|B(Id = F(A))ul| 2 < /(Rﬂn | Beul| p2X(t)dt

with X() > 1 on a ball of radius § > 0 centered at to € [[,5,[T},T; + ¢]. We can then write

[ (1Bulie = 1Bl )i <o (513)

Next, we claim that there is e; € SY(M;[0,1]) such that we have B*B — (B;B; + E; E;) €
h°W) (M) for E; := Opp,(et) and such that e;(z, &) = 1+O(h) in the region {(z, &) € E} ||| €
[c1,c2]}. Indeed, E; is microlocally equal to Cy := =1 X, N g 2 tiXa; (N o) WF},(By)
and to B on the complement of WF,(B;). This implies, thanks to (5.13),

[ VBl = 06

There is f,g; € S°(M;[0,1]) with f = 1+ O(h) on {(z,&) € E!||¢| € [c1,co]} with f
independent of ¢, such that for ¢ near to E;f E;—(F*F+G;Gt) € h* W) (M), where F = Opy,(f)
and G = Opy,(g:). We thus obtain

Pl < [ B+ 00) = 00r),

which implies that WFy, (u) N{(x,&) € E} ||| € [c1,c2]} = 0. We then conclude that WF(u)N
E¥ = (), which also shows that u € C* and (5.12).
Then we define the following map

7. JkeTrantio() dx )/ Talran o) dx(n) > kerooen dx )/ ranceen dx ) (5.14)
u + ranranHO(/\) dx(/\) = U + rangoe A dX()\)

which is well defined since ranIly(A) € C°°A. We claim that this map is injective: let
u = dxoyv € ranllg(A) with v € C®AJ, then we need to show that u = dy\yw for some
w € ranIp(A). But is suffices to use [dx ), [To(A)] = 0 to see that u = [lo(A)u = dxy)Io(\)v.
This proves the claim and concludes the proof of the lemma by using also the isomorphism
(4.10). 0

Lemma 5.7. Assume that there is a smooth invariant measure jv for the action, i.e. Lx,p =
0 for each A € a, and that supp(u) = M. Then the periodic orbits are dense in M.

Proof. Since M is compact, the measure is finite, so we can apply Poincaré’s recurrence
theorem: almost every point x of M is recurrent, i.e. its orbit comes back infinitely close
to z infinitely many times (and this for each direction of the action). Katok-Spatzier [K594,
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Theorem 2.4] proved a closing lemma for Anosov actions: there is § > 0 such that whenever
there is x € M and t € W with d(7(¢)z,z) < 6, then there is a periodic torus for the action
at distance at most $+d(7(t)z,z) from z. O

Proposition 5.8. Assume that there is a smooth invariant measure u for the action, with
supp(p) = M. Then

dim <kerC;£oAj dx/ TN sy dX> = dim AVa* = </;>

and the cohomology space is generated by the constant forms 6;1 A A egﬂ if (e})j s a basis
of a*.
Proof. In the proof of Proposition 5.6 now with A = 0, we have defined an operator F'(0) that
is Fredholm on H n¢ and I1g(0) is its spectral projector at z = 0, with Im(Ily(0)) C C°°(M).
Recall also that F'(0) is scalar and can thus be considered as an operator on functions. Let us
show that Im(II5(0)) = R consists only of constants under our assumptions. Pick u € C*°(M)
such that F(0)u = 0. Let x € M belong to a closed orbit, i.e. wng (x) = z for some A € a
and top > 0. Then the orbit T, := {¢X4(z)|s € R, A € a} is a closed k-dimensional torus
isomorphic to R®/Z" by the map

K
Yyt € R — T(thXA/_)(x)
J
j=1
for some basis A € a. Let us restrict the identity Fu = 0 on T,. We can decompose v := ¢}u
into Fourier series
teR o(t)= Z e2imkity, .
keZx
Then for A; = . ; Mi; A} (using Y7y sede = 377, s¢MieA}) the identity Ru(z) = u(z) can

be rewritten
S ey, = 3 vkezmk.t/ e=2imkMs (o) s
keZr kezw (R~

with M = (M;;);; real valued. This shows that for each k € Z",
v =0 or / (e~ %imk-Ms _ 1)%(s)ds = 0.
(R+)~

Using that xy > 0 and x(s) > 0 in some open set, we see that either vy = 0 or k = 0, i.e.
v(t) = v(0) is constant. Therefore u is constant on each periodic torus. Since u is smooth
and the periodic tori are dense, this implies that dxu = 0 and u(gp; 4 (x)) = u(z) for each
reM,teRand A € a. Taking A € W, there is v > 0 such that for each ¢ > 0 large enough
so that |dg; 4v| < e “!|v| for each v € E,. Thus

|duz(v)] = !duwa(x)dsotXA(x)vl < ||dulle™"Jv].

Letting ¢ — oo, we conclude that du|g, = 0. The same argument with ¢t < 0 shows that
du|g, = 0 and therefore du = 0. Since F'(0)1 = 0, this shows that, when viewed as an operator
on Aa*, ranIly(0) is exactly the space of constant forms. We can then use the isomorphism
(4.10) to conclude the proof since it is direct to see that constant forms e A---A egj form a

basis of ker dx /Im dx on Im(Ilp(0)) (as dx |ran1r,(0) = 0)- O
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As a corollary of and Proposition 5.8 and the result of Katok-Spatzier [[KS94] on
kerceop1 dx / rances g1 dx for standard Anosov actions, we obtain

Corollary 5.9. If the Anosov R"-action is standard in the sense of [KS94], then the map
(5.10) is an isomorphism for j = 1.

5.3. Ruelle-Taylor resonances and mixing properties. In this section we want to es-
tablish the following relation of Ruelle-Taylor resonances and mixing properties

Proposition 5.10. Let X be an Anosov action on M then the following are equivalent:

(1) There is a direction Ay € a such that gthAo is weakly mizing with respect to the full
physical measure py.

(2) 0 is the only Ruelle-Taylor resonance on ia* and there is a unique normalized physical
measure (1.

(3) For each A € W, gog(" 1s strongly mizing with respect to the full physical measure .

Proof. Obviously (3) = (1). So let us prove (1) = (2): Assume that there is either a non-
zero Ruelle-Taylor resonance ¢A € ia* or a non-unique normalized SRB measure then by
Proposition 5.4(5) there is a non-constant bounded density f € L*(M,u;1) with Xaf =
iA(A)f for all A € a (setting A\ = 0 if the density comes from the non-uniqueness of the SRB
measure). As f is non-constant there exists g € L*(M,p1) [gdur = 0 but [gf dus # 0.
With these two functions the correlation function

XA s s
Cr.q(t; Ao) ;:/ g(p{°) fdm—/ gdul/ fdu =e A(A“)t/ gf di
M M M M

S0 Lpf is obviously not weakly mixing.

We will now prove (2)=-(3) using the regularity of a joint spectral measure: Let us first
introduce these measures: We consider the space L?(M, u1). Since the measure y; is flow-
invariant, the flow acts as unitary operators on L?(M, u1). In particular, for each A € a, X4
is anti self-adjoint when acting on L?(M, 1) with domain

0

D(X,) = {u € L*(M, )

1
li%n Z(etXAu —u) exists} ={u € L*(M, ) | Xau € L*(M, 1)}

Additionally, since the flow commute, the X 4 are strongly commuting, so that we can apply
the joint spectral theorem — see Theorem 5.21 in [Sch12]. There exists a Borel, L2(M, p1)-
projector valued, measure v on a* such that for u € L2(M, ),

"= / v, X = / (A0

a
We will prove the following regularity result of these measures below:

Lemma 5.11. Let X be an Anosov action. Assume that there is no non-zero purely imaginary
Ruelle-Taylor resonance and a unique normalized SRB measure. Then for any f,g € C*°(M)
with [\ fdp = [y g9dp = 0 we consider vy(0) = (V(0)f,9)r2(pmpy) which are finite
complex valued measures on a*. Then the wavefront set WF (v ) C a* x a fulfills

WE(vsg) N (a* x W) =10

Before proving this Lemma let us show that it implies (3). Take Ay € W, f, g as in the
above Lemma, then the spectral theorem yields

X s »
Crg(t; Ao) = /M 9(p=°) fdm = / A0 gy (1)

a*
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Given any € > 0, using the fact that v 3 is finite, there is a cutoff function xx € C2°(a*, [0,1])
equal to 1 on a sufficiently large compact set K C a* such that | [ . e AN (1 —x i )dv s 5(9)| <
£/2 uniformly in ¢. Furthermore by the fact that the wavefront set is empty in the direction
of the Weyl chamber W we deduce that there is 7" such that | [ . e~ WAy peduy5(09)| < g/2
for any ¢ > T thus limy_.o Cf4(t, Ag) = 0. The passage to arbitrary L?(M, u1) functions
follows by the density of the smooth functions. O

Proof of Lemma 5.11. Let us pick any Ag € W and a basis Aj,..., A, € W such that these
elements span an open cone around Ag. With this basis we identify the joint spectral measure
to a measure on R”. Recall the definition of R, (i\) from the proof of Proposition 5.4 which
was based on the choice of an even, positive ¢ € C*°((—1/2,1/2)) with [¢ = 1 and some
o € RY. Using the spectral theorem we calculate for any f,g € LA*(M, 1)

(ReliN 1. 9) 20y = [ 900+ X0y (0 (5.15)

where W(t) := []}_; 9(t;). Now let us define the following closed subspaces Hng,o = {u €
Hna, [udpy = 0} C Hye. Note that these are well defined for sufficiently large N because
w1 € H_ng. Furthermore from the invariance of p; under the Anosov actions the spaces
HneG,o are preserved under R,(i\). Now the assumption that there is no imaginary Ruelle-
Taylor resonance except zero and that there is a unique normalized SRB measure imply
(combining the findings of Section 5.1) that R,(iA) has a spectral radius < 1 on Hyg, for
any A € R", and o € RY sufficiently large. Thus there are Cy y,e45 ) > 0, locally uniformly
in o, A such that ||Re(iA\)*|[2y6, < Cope k. Now let f, g be as in the assumption of our
Lemma, then we can estimate

(Ro (i) £,9) 2 (atg0) < 1Ro (N Fllrngollgmmlln_ne < Crgone ="
Let us come back to the expression (5.15) involving the spectral measures. By the properties
of ¢ we deduce that near zero W(¢) = exp(—S(£)) with some analytic function S(£) =
alé]? + O(|¢]Y). Furthermore for any § > 0, there is g2 > 0 such that (&) < e~¢2 for |€] > 4.
Choosing a cutoff function x € C°((—36,30)") with x(§) = 1 for |x| < 26 we get by the
boundedness of vy, for an arbitrary fixed A\g € R”

(Ro (I £, 9) L2 Moy — /R B(0 + NN (9 + Ao)de,g(ﬁ)‘ < Cemt

uniformly for o € R} |\ — Ag| < d. Putting everything together we get

S ée—ik

/ e~ RSWHN=iha (IHA)\ (99 1 N\g)dvy 4(9)

with C, & > 0 locally uniform in [A—Xg| < § and o € R. In the expression on the left hand we
recognize the Fourier-Bros-lagolnitzer (FBI) transform (see e.g. [Sjo82] )of the distribution
X(0 + Xo)dvyq(¥) and the exponential decay implies that (Mg, o) is not in the wavefront set
of X(¥ + Xo)dvyq(). As x = 1 near zero the statement about the wavefront set transfers to
the spectral measure vy, and we have completed the proof of Lemma 5.11. ]

APPENDIX A. TOOLS FROM MICROLOCAL ANALYSIS

We recall here some essentials of microlocal analysis. In the paper, we are working with
pseudodifferential operators acting on C*°(M; E) ® Aap = C*°(M; E ® Aaf). Note that by
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fixing an arbitrary scalar product on a* the bundle £ ® A := F ® Aag; — M is again a
Riemannian bundle. We will therefore introduce notations for pseudodifferential operators on
general Riemannian bundles £ — M over a compact Riemannian manifold M. Only when
we want to exploit some specific structures of £ ® A, will we refer to this particular bundle.

For more details we refer to standard references such as [GS94]. For the details concerning
the anisotropic calculus we refer to [FRS08].

Definition A.1. Let k € R, 1/2 < p < 1. Then the standard symbol space S'I;(M;E) is the
space of functions a € C*°(T*M;End(F)), for which in any local chart U C R" of M and
any local trivialization of the bundle, for any compact set K C U and any two multindices
a,feN"
sup [[0207 a(x, )| () ~* I < oo,
(z,£)eT*UzeK

Given a zeroth order symbol m(x,£) € SY(M) then the anisotropic symbol space
Sgl(m’g) (M; E) is the space of functions a € C°(T*M;End(FE)) for which in any local chart
U C R for any compact set K C U and any two multiindices «, § € N”

sup (19200 a(x, &) (¢) @O APl < o
(z,£)eT*U,zeK

We furthermore set?®
ST®(M; E) 1= N0S, MM E),  S®(M; E) := Ups0Sk(M; E),
SIHM; B) = Neso S (M E), - S (M E) 1= Usso Sy (M: ).

—&

Note that by setting m(z, &) = k € R the standard symbols are a special case of anisotropic
symbols. We will therefore mostly introduce the notation in the anisotropic setting as it
comprises the standard symbols as a special case. Furthermore, note that x — Idg, is a
global smooth section of End(E) — M and multiplication with this section yields a canonical
embedding S;°(M) — S7°(M; E). We will denote symbols in the image of this embedding
as the space of scalar symbols.

After fixing a finite atlas and a suitable partition of unity of M one can define a quantization
(see e.g. [DZ19, E.1.7]) that associates to any a € S;°(M; E) a continuous operator Op(a) :
C*®(M; E) — C®°(M; E) which extends to a continuous operator Op(a) : C™>°(M; E) —
C™°(M; E). We denote by U~°°(M; E) the space of smoothing operators A : C~>°(M; E) —
C*®(M; E). The quantization has the property that Op(S™°(M; E)) C ¥~*°(M; E). We
say that A € VH(M; E) iff there is a € S}'(M; E) such that A—Op(a) € ¥7°°(M; E). When
p = 1, we will drop the p index and write S"(M; E) and V™ (M; E) instead of ST*(M; E)
and V" (M; E).

With any A € \IIT(M; E) one can associate its principal symbol

. —2p+1 .
oy (A) € SJH(M; E) /ST (M E).
The principal symbol is an inverse to Op in the sense that
O';n oOp: ng — SLR/SZR—QP-H and OpOO';n . \I]T N \I,;n/\lj;n—2p+1

are simply the projections on the respective quotients.

3Note that Nik>0S, " (M; E) is independent of 1/2 < p < 1 and we therefore drop the index in the notation
of ST°(M; E).
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Example A.2. Any k-th order differential operator P with smooth coefficients on the bundle
E — M is in ¥¥(M; E) and a representative of its principal symbol O'S(P) can be calculated
by
[k (P),6)] ul) = lim 17 [ P(e0)] (2),
where u € C*°(M; E) and ¢ € C*°(M) is a phase function with d¢(z) = £ (see e.g. [Hor03,
(6.4.6")]). As a direct consequence we get:
(1) For any vector field X € C°°(M;T*M) C ¥1(M) we have o) (X)(z,§) = i&(X ().
(2) If X : a — Diff'(M; E) € ¥}(M, E) is an admissible lift of an Anosov action, then
for all A € a one finds that the principal symbol o}(Xa)(z,&) = i£(Xa(x))Idg, is
scalar.
(3) In order to express the principal symbol of the exterior derivative dx € \II%(./\/(, E®
Aa}) of X, let us consider the smooth map T*M > (z,&) — &(Xe(z)) € Ala*. With
its help we calculate for v € E,,w € Aa*

o (dx)(2,8) (V@ w) = v @ (£(Xe(z)) Aw).

(Thus o,(dx) is scalar on the E-component but not on the Aa*-component as it
increases the order of differential forms.)

Proposition A.3. Let A € \I/z“(x’g)(./\/l;E) and B € \I/;nz(x’g)(M;E), then AB €

Ut (M E) and o712 (AB) = o7 (A)o2(B) mod Sy M E).

Definition A.4. Given a € qu(z’@ (M; E), we define its elliptic set to be the open cone
™8 (q) ¢ T*M \ {0} which consists of all (zg,&) € T*M \ {0} for which there is a
C > 0 and a function x € C*®(T*M), positively homogeneous of degree zero for |{| > C,
and x(xo, C&/|&o|) > 0, such that a(z,§) € End(E,) is invertible for all (z,£) € supp(x) and

xa~te S;m(x’g) (M; E). We call a € S;n(x’g) (M, E) elliptic if el™® (q) = T*M \ {0}.
As a direct consequence of the chain rule for derivatives and the symbol estimates we get

Lemma A.5. Ifa € S;n(x’@ (M; E) is a scalar symbol, then (x0,&) € ell™ @) (a) if there
exists an open cone I' C T* M containing (xo,&y) and C' > 0 such that

a(z,€)| 2 SO for all (¢,) € TN {Je] > C}.

One checks that for a € S;n(x’f) (M;E) and r € S;n(m’g)_a(M;E) one has ell”™®8)(q) =
ell”™@8) (¢ + 1) which allows to define the elliptic set of an operator A € U™(#4)(M; E) via
its principal symbol ell”™(®8)(A4) := ell™(®$) (agl(z’é)(A)).

Definition A.6. Given A = Op(a) mod V~>°(M; E), we define its wavefront set to be the
closed cone WF(A) € T*M \ {0} which is the complement of all (zg,&) € T*M \ {0} for

which there is an open cone I' C T*M around (z,&y) such that for all N > 0,a,8 € N"
there is Cy o, such that

1020 a(, €)|| < C.a,p(€) ™ for all (z,€) €T.

The wavefront set has the following property for the product of two pseudodifferential
operators A, B € U5°(M; E):

WF(AB) C WF(A) N WF(B).



RUELLE-TAYLOR RESONANCES OF ANOSOV ACTIONS 45

We will crucially use the following constructions of microlocal parametrices.

Lemma A.7. If A € \If;m(x’g)(/\/l;E),B € W?Q(m’g)(M;E) and WE(B) C ell™ @9 (A), then
there is Q € W=~ ih WF(Q) € WR(B) such that

AQ — B € U"®°(M; E).

If furthermore A and B are holomorphic families of operators, then Q can be chosen to be
holomorphic as well.

As a consequence of Lemma A.7, if A € U"(M; E) and B € ¥'2(M; E), then
ell™(A)NWF(B) C WF(AB). (A1)
We also have the following particular case of Egorov’s lemma.

Lemma A.8. Let F' € Diffeo(M) be a smooth diffeomorphism and let F € Diffeo(E) be a lift

of F, i.e. I acts linearly in the fibers and mo F = F ox for w : E — M the fiber projection.
Define the transfer operator

Lp: C®(M;E) = C®(M;E), (Lpu)(z):=F '(F(z),u(F(z))).
Then for each A € W (M;E), we have LrALZ' € \IJZ”‘I)(M;E) with ®(z,§) =
(F(z), (dF)T€) and

oy (LrALE")(2,€) = FH(F(x),) 0 0, (A)(®(x,€)) 0 F(x,-).

Proposition A.9 (L*-boundedness). Let A € U)(M; E), then A can be extended from an
operator on C(M; E) to a bounded operator on L*>(M; E). Furthermore, for any

C > thUp Ho’S(A)((L‘,&)H,

|§|—o0

there exists a decomposition A = K + R, where K € W~°(M; E) is a smoothing and hence
L2-compact operator and ||R||;2—,r2 < C. If Ay is a smooth family in \112(./\/[; E) fort € [t1,12],
the decomposition Ay = Ry + K can be chosen so that t — Ry and t — K; are continuous in
t.

Proof. See [FRS08, Lemma 14] for the proof. The dependence in ¢ is straightforward from
the proof. O

We conclude this appendix by mentioning that one can use a small semiclassical parameter
h > 0 in the quantization, in which case we shall write Op;,, by using the expression in a local
chart

g [ €Tl 0@

if a is supported in a chart. We do not use this semiclassical quantization except in the two
subsections 4.4 and 5.2 and we refer to [DZ19, Appendix E] for the results on semiclassical
pseudodifferential operators that we will use. One of the advantages is that one can get the
estimate || Opy,(a)|| 12— 2 < sup, ¢ a(x,€)| + O(h) for small h > 0 and if a € SO(M; E).

Opy(a)f(z) =
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