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Sorbonne Université, CNRS, Institut Jean Le Rond d’Alembert, Paris, France
(Dated: November 24, 2020)

In this note, we present Stokes’ calculation of the force exerted by the fluid on an oscillating
cylinder. While the calculation of the similar problem in the case of the sphere is treated in several
textbooks, the case of the cylinder is absent from these textbooks. Because modified Bessel functions
were not defined in 1851 when Stokes made this calculation, Stokes was not able to express his results
in closed forms but he gave asymptotic formulas valid in the two limits a � δ and a � δ, where
a is the cylinder radius and δ is the viscous penetration depth. The closed form results were given
by Stuart in 1963. We recall this calculation and we compare Stokes’ asymptotic formulas to these
exact results. Using modified Bessel functions, it is possible to calculate the force when the fluid is
confined by an external cylinder of radius b sharing the same axis: we review previous publications
which have treated this problem and we present an exact calculation of this force which is also
developed in powers of δ/a, with the expansion coefficients being functions of the ratio γ = a/b of
the cylinder radii.

INTRODUCTION

In 1851, Stokes [1] calculated the force exerted by the
surrounding fluid on a sphere and on a cylinder in oscil-
lating motion, in the limit of a vanishing Reynolds num-
ber. In the case of the sphere, Stokes obtained closed-
form expressions of the stream function and of the force
while, in the case of the cylinder, he was not able to
express the stream function in closed form, because it in-
volves modified Bessel functions which had not already
been defined (following Watson [2], these functions were
defined by Basset in 1886). He was nevertheless able to
give asymptotic approximations of the force in the two
limits a � δ and a � δ (where a is the cylinder radius
and δ is the viscous penetration depth) and the exact
expression of the force was given in 1963 by Stuart [3].

In the same paper [1], the effect of fluid confinement
was treated in the case of a sphere oscillating in a larger
sphere but it was impossible to treat the similar prob-
lem of a cylinder of radius a oscillating in a larger cylin-
der of radius b, because a closed-form expression of the
stream function was not available. This problem has
been treated in 1976 by Chen, Wambsganss, and Jen-
drzejczyk [4] who expressed the fluid stream function and
the force exerted by the fluid on the oscillating cylinder,
using modified Bessel functions.

Because the problem of the oscillating cylinder is not
treated in detail in most textbooks, we have chosen a
tutorial point of view and we start our note by following
Stokes’ derivation as closely as possible. We then review
the papers which have calculated the fluid confinement
effect for the cylinder by various methods. We develop an

exact calculation and, using asymptotic approximations
of the modified Bessel functions, we give an expansion
of the force in powers of the ratio δ/a, the expansion
coefficients being functions of the ratio γ = a/b of the
cylinder radii.

NAVIER-STOKES EQUATIONS AND THEIR
SOLUTION

Navier-Stokes equations and the stream function ψ

The starting point is the Navier-Stokes equations re-
lating the pressure p and velocity v

∇p = η∆v − ρ
[
dv

dt
+ (v · ∇)v

]
(1)

∇ · v = 0. (2)

Here ρ is the fluid density assumed to be constant and
η its viscosity. Stokes neglected the non-linear term
(v · ∇)v because he assumed a small enough velocity:
the problem then has an analytic solution. This approxi-
mation is good if the Reynolds number Re is very small,
Re� 1.

We consider a cylinder of radius a oscillating in a cylin-
der of radius b. When the inner cylinder is at rest, the
axes of both cylinders coincide with the z-axis, and the
oscillation is along the x-axis, with the inner cylinder
center at x(t) = x0 cos (ωt). The problem is restricted to
2 dimensions. Noting u and v the velocity components,
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eqs. (1,2) are projected on the x- and y-axes

∂p

∂x
= η

[
∂2u

∂x2
+
∂2u

∂y2

]
− ρ∂u

∂t
(3)

∂p

∂y
= η

[
∂2v

∂x2
+
∂2v

∂y2

]
− ρ∂v

∂t
(4)

∂u

∂x
+
∂v

∂y
= 0. (5)

Equation (5) proves that dψ defined by

dψ = udy − vdx (6)

is an exact differential. ψ is the stream function and its
dimension is the product of a length by a velocity.

Elimination of the pressure p and its expression as a
function of ψ

By derivation of eq. (3) with respect to y and eq. (4)
with respect to x, one gets two expressions of ∂2p/∂x∂y.
We write that these expressions are equal and we thus
eliminate the pressure p. We replace u by u = ∂ψ/∂y
and v by v = −∂ψ/∂x and we get[

∂2

∂x2
+

∂2

∂y2
− 1

ν

∂

∂t

] [
∂2

∂x2
+

∂2

∂y2

]
ψ = 0, (7)

where ν = η/ρ is the kinematic viscosity. The general
solution of this equation is

ψ = ψ1 + ψ2 (8)

with ψ1 and ψ2 solutions of the following equations[
∂2

∂x2
+

∂2

∂y2

]
ψ1 = 0 (9)[

∂2

∂x2
+

∂2

∂y2
− 1

ν

∂

∂t

]
ψ2 = 0 (10)

Using equations (3,4) and (6), the pressure p is expressed
as a function of ψ

dp =
∂p

∂x
dx+

∂p

∂y
dy

= η

[
dx

∂

∂y
− dy ∂

∂x

] [
∂2

∂x2
+

∂2

∂y2
− 1

ν

∂

∂t

]
ψ (11)

The term due to ψ2 vanishes and we get

dp = ρ
∂

∂t

(
∂ψ1

∂x
dy − ∂ψ1

∂y
dx

)
(12)

Introduction of polar coordinates

We introduce polar coordinates r, θ in the x,y plane,
θ = 0 corresponding to the x-axis, and the radial vr and
tangential vθ components of the velocity

x = r cos θ and y = r sin θ

u = vr cos θ − vθ sin θ and v = vr sin θ + vθ cos θ

dψ = udy − vdx becomes dψ = vrrdθ − vθdr from which
we deduce

vr =
1

r

∂ψ

∂θ
and vθ = −∂ψ

∂r
(13)

The 2D Laplacian in polar coordinates is

∂2

∂x2
+

∂2

∂y2
=

∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2

ψ1 and ψ2 are solutions of(
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2

)
ψ1 = 0 (14)(

∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2
− 1

ν

∂

∂t

)
ψ2 = 0 (15)

Equation (12) becomes

dp = ρ
∂

∂t

(
∂ψ1

∂r
rdθ − 1

r

∂ψ1

∂θ
dr

)
(16)

Boundary conditions

We must write boundary conditions on the surfaces
of the two cylinders of radii a and b. Using complex
notations, the velocity of the inner cylinder is

dx(t)

dt
= U exp (iωt) with U = iωx0 (17)

Stokes assumed that the amplitude x0 is very small
with respect to the cylinder radius a i.e. the Keulegan-
Carpenter [5] number KC = πx0/a verifies KC � 1.
With this assumption, he wrote that the fluid velocity is
equal to the cylinder velocity on the surface r = a

vr(a, θ) = U cos θ exp (iωt)

vθ(a, θ) = −U sin θ exp (iωt) . (18)

The fluid velocity must vanish on the surface r = b of the
outer cylinder

vr(b, θ) = 0

vθ(b, θ) = 0. (19)

Equation (18) proves that ψ1 and ψ2 are proportional to
sin θ

ψ1 = U sin θ exp (iωt)F1(r)

ψ2 = U sin θ exp (iωt)F2(r) (20)

where F1(r) and F2(r) have the dimension of a length.
From eqs. (14,15), we deduce the equations verified by
F1(r) and F2(r)

d2F1

dr2
+

1

r

dF1

dr
− F1

r2
= 0 (21)

d2F2

dr2
+

1

r

dF2

dr
− F2

r2
− κ2F2 = 0, (22)
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with κ2 = iω/ν. We define κ by

κ =
1 + i

δ
with δ =

√
2ν

ω
. (23)

δ is the viscous penetration depth. rn is an obvious so-
lution of eq. (21) with n2 = 1 i.e. n = ±1. We get

F1(r) =
Aa2

r
+Br. (24)

The introduction of the a2 factor in the first term makes
that A and B are both dimensionless. We multiply eq.
(22) by r2 and we introduce z = κr to get

z2
d2F2

dz2
+ z

dF2

dz
−
(
z2 + 1

)
F2 = 0. (25)

Following Watson’s book [2], the equation

z2
d2F2

dz2
+ z

dF2

dz
−
(
z2 + ν2

)
F2 = 0 (26)

has two independent solutions which are the modified
Bessel functions Iν(z) and Kν(z) so that

F2(r) = CaI1(κr) +DaK1(κr). (27)

The a factor has been introduced so that C andD are also
dimensionless. With these results, the stream function ψ
is given by

ψ =

[
Aa2

r
+Br + CaI1(κr) +DaK1(κr)

]
U sin θ exp (iωt) .

(28)

Although the modified Bessel functions were not defined
in 1851, Stokes was able to calculate many properties
of the solutions of eq. (22). These results are recalled
below.

The unknown constants A,B,C,D are fixed by the
boundary conditions in r = a and in r = b. Equation
(13) gives vr and vθ as a function of F1(r) and F2(r) and
we then use eqs. (18,19) to get

F1(a) + F2(a) = a

F
′

1(a) + F
′

2(a) = 1

F1(b) + F2(b) = 0

F
′

1(b) + F
′

2(b) = 0, (29)

or in explicit form

A+B + CI1(α) +DK1(α) = 1

−A+B + CαI
′

1(α) +DαK
′

1(α) = 1

A
a

b
+B

b

a
+ CI1(β) +DK1(β) = 0

−Aa
2

b2
+B + CαI

′

1(β) +DαK
′

1(β) = 0 (30)

with α = κa and β = κb. For these notations and the use
of dimensionless unknowns A,B,C,D, we have followed
the paper of Chen et al. [4]. Before solving this system,
we give the expression of the force as a function of the
stream function.

EXPRESSION OF THE FORCE

By symmetry, the only non-vanishing component of
the force is along the x-axis and it is proportional to the
length l of the cylinder. It is given by

dFx
dl

=

∫ 2π

0

σ · nadθ

σjk = −pδjk + η

(
∂vj
∂xk

+
∂vk
∂xj

)
. (31)

n is the vector normal to the cylinder surface oriented
inward nr = −1 and nθ = 0. We need only σrr and σrθ

dFx
dl

=

∫ 2π

0

(σrr cos θ − σrθ sin θ) adθ (32)

The components in cylindrical coordinates of the tensor
σjk are given in chapter III of the book Laminar Bound-
ary Layers [6]:

σrr = −p+ η
∂vr
∂r

σrθ = η

[
r
∂

∂r

(vθ
r

)
+

1

r

∂vr
∂θ

]
= η

[
−vθ
r

+
∂vθ
∂r

+
1

r

∂vr
∂θ

]
(33)

Calculation of σrr

We need the derivative ∂vr/∂r for r = a

∂vr
∂r

=
1

r

∂2ψ

∂θ∂r
− 1

r2
∂ψ

∂θ(
∂vr
∂r

)
a

=
1

a

(
∂2ψ

∂θ∂r

)
a

− 1

a2

(
∂ψ

∂θ

)
a

= 0 (34)

We prove this result thanks to eqs. (13) and (18) to get
(∂ψ/∂r)a = −vθ = U sin θ exp (iωt). We then derive with
respect to θ to get

(
∂2ψ/∂θ∂r

)
a

= U cos θ exp (iωt). The
radial velocity vr(a, θ) is related to (∂ψ/∂θ)a and we get
(∂ψ/∂θ)a = aU cos θ exp (iωt) so that ∂vr/∂r = 0. As a
consequence σrr = −p.

Calculation of σrθ

σrθ = η

[
−vθ
r

+
∂vθ
∂r

+
1

r

∂vr
∂θ

]
a

(35)

(∂vθ/∂r)a is given by (∂vθ/∂r)a = −
(
∂2ψ/∂r2

)
a
. To

calculate
(
∂2ψ/∂r2

)
a
, we use the equations verified by

ψ, ψ1, ψ2

−
(
∂2ψ

∂r2

)
a

=
1

a

(
∂ψ

∂r

)
a

+
1

a2

(
∂2ψ

∂θ2

)
a

− 1

ν

(
∂ψ2

∂t

)
a

(36)
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The sum of the two first terms of the r.h.s. of equation
(36) vanishes because (∂ψ/∂r)a = U sin θ exp (iωt) and(
∂2ψ/∂θ2

)
a

= −aU sin θ exp (iωt) and we get

−
(
∂2ψ

∂r2

)
a

= −1

ν

(
∂ψ2

∂t

)
a

(37)

We then calculate (∂vr/r∂θ)a(
∂vr
r∂θ

)
a

=
1

a2

(
∂2ψ

∂θ2

)
a

= −U
a

sin θ exp (iωt) =
(vθ
r

)
a

(38)

so that this term cancels the term in − (vθ/r)a in eq. (35)
and we get

σrθ = η
∂vθ
∂r

= −η
ν

(
∂ψ2

∂t

)
a

= −ρ
(
∂ψ2

∂t

)
a

(39)

Calculation of the force

With these results, the force per unit length is given
by

dFx
dl

= a

∫ 2π

0

[
−pa cos θ + ρ

(
∂ψ2

∂t

)
a

sin θ

]
dθ (40)

Rather than calculating the pressure pa, Stokes integrates
by parts∫ 2π

0

pa cos θdθ = pa sin θ|2π0 −
∫ 2π

0

dpa
dθ

sin θdθ (41)

The integrated term obviously vanishes because sin θ van-
ishes at the bounds. We deduce dpa/dθ from eq. (16)

dpa
dθ

= ρa
∂

∂t

(
∂ψ1

∂r

)
a

(42)

We take ∂/∂t out of the integral to get

dFx
dl

= ρa
∂

∂t

∫ 2π

0

[
a

(
∂ψ1

∂r

)
a

+ (ψ2)a

]
sin θdθ (43)

The values of ∂ψ1/∂r and ψ2 at r = a are given by(
∂ψ1

∂r

)
a

= U sin θ exp (iωt) [−A+B]

(ψ2)a = U sin θ exp (iωt) [CaI1(κa) +DaK1(κa] .

(44)

From these results, we get the force per unit length

dFx
dl

= πa2ρU
∂ exp (iωt)

∂t
[−A+B + CI1(κa) +DK1(κa)]

= iωπa2ρU exp (iωt) [1− 2A] (45)

where we have used the first of the equations (30) to
simplify the result.

THE FORCE IN THE ABSENCE OF
CONFINEMENT

We first consider the case with b → ∞ and we recall
the results obtained by Stokes and by Stuart.

Stokes’ results for the force

Stokes expressed the force per unit length of the cylin-
der in the form

dFx
dl

= −2πη

[(a
δ

)2
k

′ dx

dt
+

1

ω

(a
δ

)2
k
d2x

dt2

]
(46)

= −πa2ρ
[
ωk

′ dx

dt
+ k

d2x

dt2

]
. (47)

The term proportional to the velocity dx/dt is a friction
term and the term proportional to the acceleration is the
added mass term, which describes the inertia of the fluid
following the cylinder in its motion. The identification of
eq. (45) with eq. (46) relates the quantities k and k

′
to

the solution of the system of equations (30) by

k − ik
′

= 2A− 1. (48)

The added mass per unit length dm/dl is given by

dm

dl
= πa2ρk. (49)

Stokes calculated asymptotic expansions of k and k
′

in
the two limits a � δ and a � δ. In the low-frequency
case, a � δ, the quantities (k − 1) and k

′
diverge while

these quantities multiplied by (a/δ)
2

tend toward 0. We
reproduce here the asymptotic behaviors of these last
quantities(a

δ

)2
(k − 1) ≈ π/2

L2(a/δ) + (π2/4)
(50)(a

δ

)2
k

′
≈ − 2L(a/δ)

L2(a/δ) + (π2/4)
(51)

with L(a/δ) = − ln(2)

2
+ γE + ln

(a
δ

)
, (52)

where γE is the Euler constant, γE ≈ 0.577. In the high-
frequency case, a� δ, we reproduce Stokes’s expansions
of (a/δ)2k and (a/δ)2k

′
limited to the 3 dominant terms

(there is no constant term in (a/δ)2k)(a
δ

)2
k ≈

(a
δ

)2
+ 2

a

δ
+

δ

8a
, (53)(a

δ

)2
k

′
≈ 2

a

δ
+ 1− δ

8a
. (54)

From these results, one easily deduces the asymptotic
behaviors of k and k

′

k ≈ 1 + 2

(
δ

a

)
+

1

8

(
δ

a

)3

, (55)

k
′
≈ 2

(
δ

a

)
+

(
δ

a

)2

− 1

8

(
δ

a

)3

. (56)
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The added mass dm/dl is then given by

dm

dl
≈ πa2ρ

[
1 + 2

(
δ

a

)
+

1

8

(
δ

a

)3
]
. (57)

πa2ρ is the mass of displaced fluid per unit length of the
cylinder and the following terms represent the contribu-
tion of the boundary layer of thickness δ. In the sphere
case, the expression of the added mass is fully similar [7]
but the main term is equal only to half of the mass of
the displaced fluid.

Stuart’s results

Stuart [3] has made the calculation using modified
Bessel functions. The function I1 (κr) diverges when
r → ∞ (see ref. [2]) and this divergence, which is ex-
ponential, cannot be compensated by the divergence of
r. This proves that B = C = 0 and the system (30) is
simplified with two unknowns A and D

A+DK1(α) = 1

−A+DαK
′

1(α) = 1. (58)

and we get

D =
2

K1(α) + αK
′
1(α)

A = 1− 2K1(α)

K1(α) + αK
′
1(α)

= 1 +
2K1(α)

αK0(α)
. (59)

A has been simplified thanks to the equality K1(α) +
αK

′

1(α) = −αK0(α) (see Watson’s book [2]). This sim-
plification was introduced by Hussey and Vujacic [9]. We
thus get

k − ik
′

= 2A− 1 =

[
1 +

4K1(α)

αK0(α)

]
(60)

We have compared numerically the expansions given by
Stokes to the exact results given by eq. (60). If a/δ <
0.1, the approximate results given by eqs. (50, 51) are
accurate with a relative error smaller than 7% for k and
1% for k

′
. If a/δ > 1, the approximate results given

by eqs. (55, 56) are also accurate with a relative error
smaller than 7% for k and 1% for k

′
.

THE FORCE IN THE GENERAL CASE

If b is finite, we need to solve the system of equations
(30). The derivatives of I1 and K1 can be replaced by
modified Bessel functions either of orders 0 and 1 or of
orders 1 and 2. We present these two calculations. The
first one was done by Chen, Wambsganss, and Jendrze-
jczyk [4] and, using Mathematica [8], we have done the
second one which gives slightly simpler expressions.

Calculation of Chen, Wambsganss, and Jendrzejczyk

To solve the system of equations (30), Chen et al. [4]
have replaced the derivatives I

′

1 and K
′

1 using the rela-
tions [2]

zI
′

1(z) = zI0(z)− I1(z)

zK
′

1(z) = −zK0(z)−K1(z). (61)

Their results are expressed by fractions A = Anum/∆,
B = Bnum/∆, ... with the same denominator ∆:

Anum = −α2 [I0(α)K0(β)− I0(β)K0(α)]

+2α [I1(α)K0(β) + I0(β)K1(α)]

−2αγ [I0(α)K1(β) + I1(β)K0(α)]

+4γ [I1(α)K1(β)− I1(β)K1(α)]

Bnum = 2αγ [I1(β)K0(β) + I0(β)K1(β)]

+α2γ2 [I0(α)K0(β)− I0(β)K0(α)]

−2αγ2 [I1(α)K0(β) + I0(β)K1(α)]

Cnum = −2αK0(β)− 4γK1(β) + γ2 [2αK0(α) + 4K1(α)]

Dnum = −2αI0(β) + 4γI1(β) + γ2 [2αI0(α)− 4I1(α)] ,

(62)

with the denominator ∆ given by

∆ = α2
(
1− γ2

)
[I0(α)K0(β)− I0(β)K0(α)]

+2αγ [[I0(α)− I0(β)]K1(β) + I1(β) [K0(α)−K0(β)]]

+2αγ2 [(I0(β)− I0(α))K1(α) + I1(α) (K0(β)−K0(α))] ,

(63)

where γ = a/b = α/β. We have found some typographi-
cal errors in the paper of Chen et al.:

• in the numerator of B, there is a minus sign in front
of the term I0(β)K1(β) whereas there should be a plus
sign. We have corrected this error in eq. 62.

• all the quantities A,B,C,D have a sign opposite to
the one we have found when we solve the system of equa-
tions (30) with the same replacement of the derivatives
I

′

1 and K
′

1;

• their equation 9 gives H = k− ik′
= −2A−1 so that

the final value of the force is exact.

Our results

We have used Mathematica [8] to solve the system of
equations (30). The results involve the modified Bessel
functions I2 and K2 which is explained by another pos-
sible replacement of I

′

1(z) and K
′

1(z), namely

I
′

1(z) = (I0(z) + I2(z)) /2 (64)

K
′

1(z) = − (K0(z) +K2(z)) /2, (65)
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also given by Watson [2]. Noting A = A
′

num/∆
′
, B =

B
′

num/∆
′
..., we get

A
′

num = αβ2 [I2(α)K2(β)− I2(β)K2(α)]

B
′

num = α
[
α2 (I0(β)K2(α)− I2(α)K0(β))− 2

]
C

′

num = 2
[
−α2K2(α) + β2K2(β)

]
D

′

num = 2
[
−α2I2(α) + β2I2(β)

]
(66)

and the denominator ∆
′

given by

∆
′

= α
[(
α2 − β2

)
I0(β)K0(α) + 2αI0(β)K1(α)

+2βI1(β)K0(α)− α2I2(α)K0(β)

+β2I0(α)K2(β)− 4
]

(67)

In our calculation γ = a/b does not appear because we
have replaced it by γ = α/β. We have verified that our
calculation of H = 2A − 1 agrees with value of H given
by Chen et al..

APPROXIMATE CALCULATIONS OF THE
FORCE ON A CYLINDER IN PRESENCE OF

FLUID CONFINEMENT

In this section, we review a series of papers treating
this subject. All these papers involve an approximation.

Calculations neglecting the fluid viscosity

This calculation was first done in 1844 by Stokes [10]:
only the added mass is not vanishing while the friction
force vanishes. The added mass dm/dl and the coefficient
k are given by

dm

dl
= πa2ρ

1 + γ2

1− γ2

k =
1 + γ2

1− γ2
. (68)

When γ → 0, the added mass tends toward dm/dl =
πa2ρ, which is is the limit of eq. (57) when δ vanishes,
while the added mass dm/dl and k diverge when γ → 1.

In 1965, Hussey and Reynolds [11], in order to inter-
pret experiments in superfluid helium, have calculated
the effect of a cylindrical boundary on the added mass
of one or two cylinders. In the case of a single cylinder,
their result agrees with Stokes’ result.

The results of Segel [12]

In 1961, Segel [12] calculated the effect of fluid con-
finement, using conformal mapping techniques. The two
cases of a low or high frequency oscillation corresponding
respectively to a2/δ2 � 1 or� 1 were treated separately.

We report here only the results corresponding to the high
frequency case a2/δ2 � 1 because the results in the low-
frequency case have complicated expressions. Equation
5.25 of Segel’s paper gives the modification of the coeffi-
cients k and k

′
approximately given by eqs. (53, 54) by

the presence of the outer cylinder. We have expressed
Segel’s results with our notations

k ≈ 1 + γ2

1− γ2
+

2

1− γ2
×
(
δ

a

)
k

′
≈ 2

1− γ2
×
(
δ

a

)
. (69)

When γ → 0, these results converge toward the first two
terms of Stokes’ result for k given by eq. (55) and to the
first term of Stokes’ result for k

′
given by eq. (56). In

the limit of vanishing viscosity (i.e. when δ/a → 0), the
coefficient k agrees with the result of Stokes [10] given by
eq. (68).

The results of Siniavskii, Fedotovskii and Kukhtin

In 1980, Siniavskii, Fedotovskii and Kukhtin [13] de-
veloped an approximate calculation valid if (b− a)� δ.
They treated separately the boundary layer in which the
viscosity is taken into account while the viscosity is ne-
glected outside this layer. When b→∞, their calculation
gives

k ≈ 1 + 2

(
δ

a

)
+

1

4

(
δ

a

)2

(70)

k
′
≈ 2

(
δ

a

)
. (71)

The coefficient k agrees with Stokes’ result given by eq.
(57) for the first two terms but not for the third one
and the coefficient k

′
given by eq. (71) agrees with the

leading term of Stokes’ result given by eq. (56). If b is
finite, their calculation gives the following result for the
coefficient k

k ≈
(

1 +
δ

2a

)2
(2b− δ)2 + (2a+ δ)

2

(2b− δ)2 − (2a+ δ)
2 +

δ

a
. (72)

An expansion of this result in powers of δ/a gives

k ≈ 1 + γ2

1− γ2
+

2
(
1− γ + γ2

)
(1 + γ) (1− γ)

2 ×
(
δ

a

)
. (73)

In the limit (δ/a) → 0, this result agrees with the well
established result [10, 11] given by eq. (68). The friction
force coefficient k

′
is given by

k
′
≈ 2

1 + γ3

(1− γ2)
2

(
δ

a

)
. (74)

We have noticed that
(
1 + γ3

)
/
(
1− γ2

)2
=(

1− γ + γ2
)
/ (1 + γ) so that the term linear in

(δ/a) is the same in k and in k
′
.
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Expansion of the exact results

Chen, Wambsganss, and Jendrzejczyk [4] have given a
approximate form of H in the limit where α = (1 + i) a/δ
and β = (1 + i) b/δ are both large. Their derivation
is based on the asymptotic expansions of the modified
Bessel functions In(z) and K(z) given by Watson [2] :

In (z) ∼ exp (z)

√
1

2πz

×

(
1− 4n2 − 1

1!8z
+

(
4n2 − 12

) (
4n2 − 32

)
2! (8z)

2 + ...

)

Kn (z) ∼ exp (z)

√
π

2z

×

(
1 +

4n2 − 1

1!8z
+

(
4n2 − 12

) (
4n2 − 32

)
2! (8z)

2 + ...

)
(75)

We have limited these expansions to the first terms of the
1/z series and we have neglected terms which are expo-
nentially small if Re (z) is positive and large. If we under-
stand correctly what has been done by Chen et al., the
series appearing in eq. (75) have been limited to the term
equal to 1. Their result involves terms in sinh (β − α)
and cosh (β − α) as well as two terms in αγ1/2 and αγ3/2

which come from the terms of the type In (z)Kn (z) with
the same z (z = α or z = β). When Re (β − α) is pos-
itive and large, these terms are negligible with respect
to the hyperbolic sine and cosine terms. Moreover, the
difference between sinh (β − α) and cosh (β − α) is also
negligible in this case. Finally, Chen et al. have not de-
duced from their calculation of H the values of k and k

′

as a function δ/a and γ.

0.2 0.4 0.6 0.8 1.0
γ

10

100

1000

FIG. 1. Semi-logarithmic plot of the power expansion coef-

ficients F0 (γ) = 1+γ2

1−γ2 , F1 (γ) =
(1−γ+γ2)

(1+γ)(1−γ)2 and F2 (γ) =

1−2γ+6γ2−2γ3+γ4

(1+γ)(1−γ)3 as a function of γ: F0 is represented by the

dashed (blue) curve, F1 is represented by the full (red) curve
and F2 is represented by the full (green) curve.

Using Mathematica [8], we have redone this calcula-
tion, including the terms up to 1/z2 of the series of
eq. (75) and neglecting the negligible quantities dis-
cussed in the previous paragraph. We have expressed
β = α/γ and we have expanded the results in powers
of 1/α = (1− i) δ/a up to the second order. We have
verified that this procedure gives the same result using
the expression of H obtained either by Chen et al. or
by ourselves. We thus get the values of k and k

′
up to

the second in δ/a, with the expansion coefficients being
functions of γ:

k =
1 + γ2

1− γ2
+

(
1− γ + γ2

)
(1 + γ) (1− γ)

2 ×
2δ

a
+O

[(
δ

a

)3
]

k
′

=

(
1− γ + γ2

)
(1 + γ) (1− γ)

2 ×
2δ

a

+
1− 2γ + 6γ2 − 2γ3 + γ4

(1 + γ) (1− γ)
3

(
δ

a

)2

+O

[(
δ

a

)3
]
.

(76)

Here are some comments:

• in the expansion of k, the term in (δ/a)2 vanishes;

• we have verified that the expansions of k and k
′

given
by eqs. (76) are stable if we increase the number of terms
of the 1/zn series of eq. (75);

• the limits of k and k
′

when γ → 0 are in perfect
agreement with the expansions in (δ/a) given by eqs.
(55,56) corresponding to case γ = 0;

• the limit of k when (δ/a) vanishes agrees with Stokes’
result given by eq. (68);

• the results of Segel [12] are in agreement with Stokes’
result for the added mass in an inviscid flow but the first
order terms in (δ/a) in the expansions of k and k

′
are not

in agreement with the results of Siniavski et al. which
agree with our results. However our results extend up to
a second order term in (δ/a);

• figure 1 presents a plot of the variations of the three
non-vanishing coefficients appearing in eqs. (76) as a
function of γ. They diverge when γ → 1, the divergence
of the coefficient of (δ/a)

n
being due to the denomina-

tor (1− γ)
(n+1)

so that the divergence is faster when n
increases;

• our procedure can give higher order terms of the ex-
pansions of k and k

′
in powers of (δ/a). However, when γ

approaches 1, the coefficients of (δ/a)
n

appear to diverge
more rapidly when the order n increases. As a conse-
quence, the use of this expansion is probably limited to
lower γ values if the higher order terms of these expan-
sions become important and it is probably better to use
the exact results.
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CONCLUDING REMARKS

In this note, we have first reproduced Stokes’ calcu-
lation of the force exerted by the surrounding fluid on
a cylinder in oscillating motion. We have verified that
Stokes asymptotic results are in good agreement with the
exact results obtained by Stuart, using modified Bessel
functions.

In his 1851 paper, Stokes calculated the effect of con-
finement for a sphere oscillating inside a larger sphere
but, at that time, it was not possible to make the same
calculation for a cylinder oscillating inside a larger cylin-
der because this calculation requires the use of modified
Bessel functions. This calculation was first done by Chen,
Wambsganss, and Jendrzejczyk [4] in 1976 and, using
Mathematica [8], we have reproduced their calculation
and pointed out some misprints in their paper. More-
over, as Mathematica [8] uses different relations between
modified Bessel functions, we have obtained somewhat
simpler expressions of the confinement effect.

We report the results of the approximate calculations
of the confinement effect made by Segel [12] and by Sini-
avskii, Fedotovskii and Kukhtin [13]. We have also com-
pleted the calculation of Chen, Wambsganss, and Jen-
drzejczyk [4] and we have obtained a power expansion
in δ/a of the two coefficients k and k

′
respectively de-

scribing the inertial part (the added mass term) and the
friction part of the force. The coefficients of the power
expansions of k and k

′
are expressed as functions of the

ratio γ = a/b. The results of Siniavskii et al. agree with
our results which also involve the next order terms and
which could be extended to higher orders.

Experimental tests of the confinement effect on the
added mass and on the friction force have been done by
Chen et al. [4] and also by Siniavskii et al. [13]. In both
cases, the experimental results have been found in good
agreement with their calculations. We have also used our
calculation of the confinement effect to analyze our mea-
surements of the friction force on a cylinder oscillating
inside another cylinder [14]: the confinement correction
appears to be quite necessary for a correct interpretation

of the experimental results.
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