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In this note, we present Stokes’ calculation of the force exerted by the fluid on an oscillating
cylinder. While the calculation of the similar problem in the case of the sphere is treated in several
textbooks, the case of the cylinder is absent from these textbooks. Because modified Bessel functions
were not defined in 1851 when Stokes made this calculation, Stokes was not able to express his results
in closed forms but he gave asymptotic formulas valid in the two limits a < § and a > J, where
a is the cylinder radius and § is the viscous penetration depth. The closed form results were given
by Stuart in 1963. We recall this calculation and we compare Stokes’ asymptotic formulas to these
exact results. Using modified Bessel functions, it is possible to calculate the force when the fluid is
confined by an external cylinder of radius b sharing the same axis: we review previous publications
which have treated this problem and we present an exact calculation of this force which is also
developed in powers of §/a, with the expansion coeflicients being functions of the ratio v = a/b of

the cylinder radii.

INTRODUCTION

In 1851, Stokes [1] calculated the force exerted by the
surrounding fluid on a sphere and on a cylinder in oscil-
lating motion, in the limit of a vanishing Reynolds num-
ber. In the case of the sphere, Stokes obtained closed-
form expressions of the stream function and of the force
while, in the case of the cylinder, he was not able to
express the stream function in closed form, because it in-
volves modified Bessel functions which had not already
been defined (following Watson [2], these functions were
defined by Basset in 1886). He was nevertheless able to
give asymptotic approximations of the force in the two
limits @ < 6 and a > ¢ (where a is the cylinder radius
and § is the viscous penetration depth) and the exact
expression of the force was given in 1963 by Stuart [3].

In the same paper [1], the effect of fluid confinement
was treated in the case of a sphere oscillating in a larger
sphere but it was impossible to treat the similar prob-
lem of a cylinder of radius a oscillating in a larger cylin-
der of radius b, because a closed-form expression of the
stream function was not available. This problem has
been treated in 1976 by Chen, Wambsganss, and Jen-
drzejczyk [4] who expressed the fluid stream function and
the force exerted by the fluid on the oscillating cylinder,
using modified Bessel functions.

Because the problem of the oscillating cylinder is not
treated in detail in most textbooks, we have chosen a
tutorial point of view and we start our note by following
Stokes’ derivation as closely as possible. We then review
the papers which have calculated the fluid confinement
effect for the cylinder by various methods. We develop an

exact calculation and, using asymptotic approximations
of the modified Bessel functions, we give an expansion
of the force in powers of the ratio §/a, the expansion
coefficients being functions of the ratio v = a/b of the
cylinder radii.

NAVIER-STOKES EQUATIONS AND THEIR
SOLUTION

Navier-Stokes equations and the stream function v

The starting point is the Navier-Stokes equations re-
lating the pressure p and velocity v

Vo= nav—p |54 (v V)] 1)
V-v=0. (2)

Here p is the fluid density assumed to be constant and
1 its viscosity. Stokes neglected the non-linear term
(v-V)v because he assumed a small enough velocity:
the problem then has an analytic solution. This approxi-
mation is good if the Reynolds number Re is very small,
Re < 1.

We consider a cylinder of radius a oscillating in a cylin-
der of radius b. When the inner cylinder is at rest, the
axes of both cylinders coincide with the z-axis, and the
oscillation is along the x-axis, with the inner cylinder
center at z(t) = xg cos (wt). The problem is restricted to
2 dimensions. Noting u and v the velocity components,



egs. (1,2) are projected on the x- and y-axes
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Equation (5) proves that dy defined by
dy = udy — vdzx (6)

is an exact differential. 1 is the stream function and its
dimension is the product of a length by a velocity.

Elimination of the pressure p and its expression as a
function of v

By derivation of eq. (3) with respect to y and eq. (4)
with respect to x, one gets two expressions of §%p/0x0y.
We write that these expressions are equal and we thus
eliminate the pressure p. We replace u by u = 9¢/dy
and v by v = —0¢/0x and we get
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where v = 7/p is the kinematic viscosity. The general
solution of this equation is

]w=o, (7)

Y =11+ (8)
with 1 and 9 solutions of the following equations
0? 0?
|:ax2 + 2} 1=0 (9)
0? 02 1 8

Using equations (3,4) and (6), the pressure p is expressed
as a function of
dp dp
dp = —dxr+ —dy
8z ™" " By
0 0 02 2 10
=1tz g | |5+ 7

The term due to o vanishes and we get
9 (O O
dp=p— | =—dy— —d 12
p=rg, ( or W, (12)

Introduction of polar coordinates

We introduce polar coordinates r, 6 in the x,y plane,
6 = 0 corresponding to the x-axis, and the radial v, and
tangential vy components of the velocity
x=rcosf and y = rsiné

u = v, costl —vgsinf and v = v, sin 6 + vy cos O

dy = udy — vdx becomes dy) = v,rdf — vedr from which
we deduce

10y oY
] and Vo= (13)
The 2D Laplacian in polar coordinates is
0? 0? 0? 10 1 02
- - = —— 4+ = -
ox?  Oy:  Or?2  ror  r?06?
11 and 1y are solutions of
0? 10 1 02
— + = = 14
<8r2+7“87"+7“2892>¢ =0 (14)
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Equation (12) becomes
oy 1 9y
dp=p, < 5, rd0 — o d) (16)

Boundary conditions

We must write boundary conditions on the surfaces
of the two cylinders of radii @ and b. Using complex
notations, the velocity of the inner cylinder is

dx(t)

dt
Stokes assumed that the amplitude z( is very small
with respect to the cylinder radius a i.e. the Keulegan-
Carpenter [5] number KC = wxg/a verifies KC < 1.

With this assumption, he wrote that the fluid velocity is
equal to the cylinder velocity on the surface r = a

vr(a,0) =
vg(a,d) =

= Uexp (iwt) with U = iwx (17)

U cos 0 exp (iwt)
—U sin @ exp (iwt) . (18)

The fluid velocity must vanish on the surface » = b of the
outer cylinder

v (b,0) =0
ve(b,0) = 0. (19)
Equation (18) proves that ¢; and 9 are proportional to
sin 0
Y1 = Usinfexp (iwt) Fy(r)
g = Usin@exp (iwt) Fa(r) (20)
where Fi(r) and Fy(r) have the dimension of a length.

From egs. (14,15), we deduce the equations verified by
Fi(r) and Fy(r)

d>Fy 1dFy, F
it et N 21
dr? + r dr = 0 (21)
d*F. 1 dF: F:
e L)) (22)

dr? r dr r2



with k2 = iw/v. We define x by
1+74 2
_ I it s =2 (23)
w

¢ is the viscous penetration depth. 7™ is an obvious so-
lution of eq. (21) with n? =11i.e. n = +1. We get

A2

Fy(r) = — + Br. (24)

The introduction of the a? factor in the first term makes
that A and B are both dimensionless. We multiply eq.
(22) by r? and we introduce z = s7 to get

,d*F,  dF,

—_— = 1) Fo = 0. 25
a2 s (&5 +1) F, (25)
Following Watson’s book [2], the equation
d*F, dFy,
2 2 2 _
12 Zdz_(z +13) F, =0 (26)

has two independent solutions which are the modified
Bessel functions I,,(z) and K, (z) so that

Fy5(r) = Caly(kr) + DaK;(kr). (27)

The a factor has been introduced so that C' and D are also
dimensionless. With these results, the stream function
is given by

Aa?
P = 20 + Br+ Caly(kr) + DaK;(kr)| Usin 8 exp (iwt) .
,

(28)

Although the modified Bessel functions were not defined
in 1851, Stokes was able to calculate many properties
of the solutions of eq. (22). These results are recalled
below.

The unknown constants A, B,C, D are fixed by the
boundary conditions in r = a and in r = b. Equation
(13) gives v, and vy as a function of Fy(r) and F»(r) and
we then use eqgs. (18,19) to get

Fi(a) + Fa(a) = a
F,(a) + Fy(a) =1
Fi(b) + F2(b) =0
Fy (b) + Fy(b) =0, (29)

or in explicit form

A+ B+ ChL(a)+ DK (a)=1

—A+ B+ Cal(a) + DaK,(a) =1
b

A% + B—+CL(B) + DK\(8) =0

Ab2 + B+ Cal,(B) + DaK(8)=0  (30)

with o = ka and 8 = kb. For these notations and the use
of dimensionless unknowns A, B, C, D, we have followed
the paper of Chen et al. [4]. Before solving this system,
we give the expression of the force as a function of the
stream function.

EXPRESSION OF THE FORCE

By symmetry, the only non-vanishing component of
the force is along the x-axis and it is proportional to the
length [ of the cylinder. It is given by

sz 2m
= / o - nadf
0

dl
ov;  Ouy
Oir. = —pdip - YY5 4+ =

ik PO TN <a . ax]>

n is the vector normal to the cylinder surface oriented
inward n, = —1 and ng = 0. We need only o,.- and o9

dF,
dl
The components in cylindrical coordinates of the tensor

0;i, are given in chapter III of the book Laminar Bound-
ary Layers [6]:

(31)

27
= / (o cosO — o9 sin 6) adf (32)
0

ov,
e = TP or
0 (] 1 (%T
"’”9"{ o (7 )ﬂ»ae]
_ vg  Ovg 10v,
_"{_ o v aa} (33)
Calculation of o,
We need the derivative dv,/0r for r = a
ov, _10% 100
or  rdor r2 00

ov,\ 1 (0% A
<6r>a‘a<aear>a‘cﬁ(ae>a‘o 34

We prove this result thanks to eqs. (13) and (18) to get

(0v/0r), = —vg = Usinbexp (iwt). We then derive with
respect to 6 to get (8%#/8(987") = U cosfexp (iwt). The
radial velocity v, (a, ) is related to (0v/06), and we get
(0v/08), = aU cos @ exp (iwt) so that dv,/0r = 0. As a
consequence oy, = —p.

Calculation of 0,9

Vo 81)9 1 8’UT :| (35)

or o0
(Bvg/dr), is given by (dvg/Or), = — (0%p/0r?), . To

calculate (9%¢/8r?) , we use the equations verified by
1/% 1/’17 T/Jz

PP\ 1 (oY 1 (0% Oy
—(W)a— (m) *az(ae?)a‘(at)a

(36)



The sum of the two first terms of the r.h.s. of equation
(36) vanishes because (0v/0r), = Usin@exp (iwt) and
(0%¢/06%),, = —aU sin @ exp (iwt) and we get

PPN\ 1 [0y
_<8r2>a__V(8t>a

We then calculate (Ov,/rdf),

8U1~ o 1 82,(/} B U . . - "
(T@G)a__(ﬁ(602>a—'_(L$H96Xp(wﬁ)__(11>a
(38)

(37)

so that this term cancels the term in — (vg/r), in eq. (35)
and we get

_Ovg om0 [(OYs
=gt == (), = (%), @

Calculation of the force

With these results, the force per unit length is given

by
dF, 2 2
= = o COs 0 ind| df (4
7l a/o [pcos +p<(9 )asm] (40)

Rather than calculating the pressure p,, Stokes integrates
by parts

27
/ Pa cos 0df = pg sin |27 — / dpa sin 6df (41)

The integrated term obviously vanishes because sin 6 van-
ishes at the bounds. We deduce dp,/df from eq. (16)

dpa _ O
do ’pat or ),

We take 9/9t out of the integral to get

dF, o [T (0 ,
Z :paa/o {a (;;1) +(w2)a] sin 0d6 (43)

The values of 9y /0r and 19 at r = a are given by

(42)

(%ﬁl)a = Usinfexp (iwt) [-A + B]

(12), = Usinf@exp (iwt) [Cali(ka) + DaK:(kal .
(44)

From these results, we get the force per unit length

dF, o Oexp (iwt)
a =~
= iwra®pU exp (iwt) [1 — 2A]

[-A+ B+ CIi(ka) + DK, (ka)]
(45)

where we have used the first of the equations (30) to
simplify the result.

THE FORCE IN THE ABSENCE OF
CONFINEMENT

We first consider the case with b — oo and we recall
the results obtained by Stokes and by Stuart.

Stokes’ results for the force

Stokes expressed the force per unit length of the cylin-
der in the form

dF, de 1 raN2 d’x
dl —‘27”7{(5) Ko () kdﬂ} (46)
dx d*z
= —7ma’p {wk + kdtz} . (47)

The term proportional to the velocity dz/dt is a friction
term and the term proportional to the acceleration is the
added mass term, which describes the inertia of the fluid
following the cylinder in its motion. The identification of
eq. (45) with eq. (46) relates the quantities k and k' to
the solution of the system of equations (30) by

k—ik =24 —1. (48)
The added mass per unit length dm/dl is given by
d
c;ln = ma?pk. (49)

Stokes calculated asymptotic expansions of k£ and k' in
the two limits ¢ < § and a > . In the low-frequency
case, a < ¢, the quantities (k — 1) and k' diverge while
these quantities multiplied by (a/8)* tend toward 0. We
reproduce here the asymptotic behaviors of these last
quantities

a\2 N /2
(5) -n= T2(a)0) 1 (x2/4) (50)
a\? o, 2L(a/d)
(5) ¥ = T I2(a/8) + (n2/4) (51)
with L(a/6) = —@ +yp+In (%) . (52)

where vg is the Euler constant, yg ~ 0.577. In the high-
frequency case, a > §, we reproduce Stokes’s expansions
of (a/8)%k and (a/6)?k limited to the 3 dominant terms
(there is no constant term in (a/§)2k)

(5) k= (5) +25+ & :3)
(%)Qk/z2%+1f%. (54)

From these results, one easily deduces the asymptotic
behaviors of k and k

3
()32
a 8 \a
2 3
‘=) () -5 ()
a a 8 \a

(55)

(56)



The added mass dm/dl is then given by

()3 ()] e

ma?p is the mass of displaced fluid per unit length of the
cylinder and the following terms represent the contribu-
tion of the boundary layer of thickness §. In the sphere
case, the expression of the added mass is fully similar [7]
but the main term is equal only to half of the mass of
the displaced fluid.

I~ ra?
ar ~Tee

Stuart’s results

Stuart [3] has made the calculation using modified
Bessel functions. The function I; (kr) diverges when
r — oo (see ref. [2]) and this divergence, which is ex-
ponential, cannot be compensated by the divergence of
r. This proves that B = C' = 0 and the system (30) is
simplified with two unknowns A and D

A+ DEy(a) =1
—A+ DaK,(a) = 1. (58)
and we get
2
b= Ki(a) + aKj(a)
_ . 2K1 (O[) o 2K1(O{)
A= Ki(a) +aK;(a) aKy(a) (59)

A has been simplified thanks to the equality Kj(«a) +
oK (o) = —aKy(a) (see Watson’s book [2]). This sim-
plification was introduced by Hussey and Vujacic [9]. We
thus get

(60)

k—ik =24 —1= [1+4K1(°‘)]

aKy(a)

We have compared numerically the expansions given by
Stokes to the exact results given by eq. (60). If a/d <
0.1, the approximate results given by egs. (50, 51) are
accurate with a relative error smaller than 7% for k£ and
1% for k'. If a/é > 1, the approximate results given
by egs. (55, 56) are also accurate with a relative error
smaller than 7% for k and 1% for k.

THE FORCE IN THE GENERAL CASE

If b is finite, we need to solve the system of equations
(30). The derivatives of I; and Kj can be replaced by
modified Bessel functions either of orders 0 and 1 or of
orders 1 and 2. We present these two calculations. The
first one was done by Chen, Wambsganss, and Jendrze-
jezyk [4] and, using Mathematica [8], we have done the
second one which gives slightly simpler expressions.

Calculation of Chen, Wambsganss, and Jendrzejczyk

To solve the system of equations (30), Chen et al. [4]
have replaced the derivatives I; and K i using the rela-
tions [2]

211 (2) = 21y (z) — I,(2)
2K, (2) = —2Ko(2) — K1(2). (61)

Their results are expressed by fractions A = A, um/A,

B = Bpum/A, ... with the same denominator A:
Apum = =0 [Io(2) Ko(B) — Io(8) Ko ()]
+2a [I1(a)Ko(B) + Io(8)K1(a)]

+ay? [Io(a) Ko(B) — Io(B)Ko(ev)]
—2a7? [I1 () Ko (B) + Io(B) K1 ()]
Crum = —20Ko(8) — 4vK1(B) + 72 [2aKo (o) + 4K ()]

Dopum = —2ado(B) + 4v11(B) + 7 [2ado(er) — 411 (ev)] ,
(62)

with the denominator A given by

A =a®(1—7%) [Io(a)Ko(B) — Io(8)Ko(a)]

+2ay [[Io(a) — Io(B)] K1(B) + 1(B) [Ko(a) — Ko(B)]]

+207° [(Io(B) — Io(a)) Ky (a) + I (@) (Ko(8) — Ko(a))],
(63)

where v = a/b = a/8. We have found some typographi-
cal errors in the paper of Chen et al.:

e in the numerator of B, there is a minus sign in front
of the term Iy(8)K1(B) whereas there should be a plus
sign. We have corrected this error in eq. 62.

e all the quantities A, B, C, D have a sign opposite to
the one we have found when we solve the system of equa-
tions (30) with the same replacement of the derivatives
Ii and K 1;

e their equation 9 gives H = k—ik’ = —2A—1 so that
the final value of the force is exact.

Our results

We have used Mathematica [8] to solve the system of
equations (30). The results involve the modified Bessel
functions Iy and K5 which is explained by another pos-
sible replacement of I;(z) and K (z), namely

I(2) = (Io(2) + I2(2)) /2 (64)
Ky (2) = — (Ko(2) + Ka(2)) /2, (65)



also given by Watson [2]. Noting A = A/, /A", B =

Bum/A .., we get

A = B [Ir(@) Ko (B) — Io(8) Ka()]
Bl = @ [0 (Io(8) Ka(a) — I(a) Ko(B)) — 2]

/

Cnum =2 [_GQKQ(Q) + 52K2(ﬂ)]
Dy = 2 [-02Ix(a) + FL2(B)] (66)

and the denominator A’ given by

A =aq [(0® = ) Io(B) Ko () + 2aly(B) K1 ()
+281(8)Ko(a) — a?Ir () Ko(B)
+8%1o () K2 (B) — 4] (67)

In our calculation v = a/b does not appear because we
have replaced it by v = «/5. We have verified that our
calculation of H = 2A — 1 agrees with value of H given
by Chen et al..

APPROXIMATE CALCULATIONS OF THE
FORCE ON A CYLINDER IN PRESENCE OF
FLUID CONFINEMENT

In this section, we review a series of papers treating
this subject. All these papers involve an approximation.

Calculations neglecting the fluid viscosity

This calculation was first done in 1844 by Stokes [10]:
only the added mass is not vanishing while the friction
force vanishes. The added mass dm/dl and the coefficient
k are given by

dm _ 2 147
a P T
1442
k= . 68

When v — 0, the added mass tends toward dm/dl =
ma?p, which is is the limit of eq. (57) when § vanishes,
while the added mass dm/dl and k diverge when v — 1.

In 1965, Hussey and Reynolds [11], in order to inter-
pret experiments in superfluid helium, have calculated
the effect of a cylindrical boundary on the added mass
of one or two cylinders. In the case of a single cylinder,
their result agrees with Stokes’ result.

The results of Segel [12]

In 1961, Segel [12] calculated the effect of fluid con-
finement, using conformal mapping techniques. The two
cases of a low or high frequency oscillation corresponding
respectively to a?/d% < 1 or > 1 were treated separately.

We report here only the results corresponding to the high
frequency case a?/§% > 1 because the results in the low-
frequency case have complicated expressions. Equation
5.25 of Segel’s paper gives the modification of the coeffi-
cients k and k approximately given by eqs. (53, 54) by
the presence of the outer cylinder. We have expressed
Segel’s results with our notations

1 2 2 )
k~ +7 +—— X |-
1—72 1—172 a

/ 2 é

When vy — 0, these results converge toward the first two
terms of Stokes’ result for &k given by eq. (55) and to the
first term of Stokes’ result for k" given by eq. (56). In
the limit of vanishing viscosity (i.e. when d/a — 0), the
coefficient k agrees with the result of Stokes [10] given by

eq. (68).

The results of Siniavskii, Fedotovskii and Kukhtin

In 1980, Siniavskii, Fedotovskii and Kukhtin [13] de-
veloped an approximate calculation valid if (b — a) > §.
They treated separately the boundary layer in which the
viscosity is taken into account while the viscosity is ne-
glected outside this layer. When b — oo, their calculation

gives
5\ 1/6\?
a2 (D)2E
/ )
v=2(2). =

The coefficient k agrees with Stokes’ result given by eq.
(57) for the first two terms but not for the third one
and the coefficient &~ given by eq. (71) agrees with the
leading term of Stokes’ result given by eq. (56). If b is
finite, their calculation gives the following result for the
coefficient k

~ SN\ @2-0)"+ (2a+08)? §
kw<1+2a> (zb—a)Q—(2a+5)2+a' 2)

An expansion of this result in powers of §/a gives

2(1—y+72 5

(- 7)2x(>. (73)
I+ =) a

In the limit (6/a) — 0, this result agrees with the well
established result [10, 11] given by eq. (68). The friction
force coefficient k is given by

: 1+7°

J AP 2% (6> . (74)
(1-72)" \a

We have noticed that (1++%)/(1— ’72)2 =

(1—~v+9%)/(1+~v) so that the term linear in
(6/a) is the same in k and in k.

142

k=~
1—72




Expansion of the exact results

Chen, Wambsganss, and Jendrzejczyk [4] have given a
approximate form of H in the limit where o = (1 + i) a/é
and 8 = (1+14)b/é are both large. Their derivation
is based on the asymptotic expansions of the modified
Bessel functions I,,(z) and K (z) given by Watson [2] :

1
I () ~ exp (2) G
4: 2 _ 1 4 2 _ 12 4: 2 _ 32
X |1-— r + ( n )( Z ) + ...
1182 2!(82)

K 2) ~ e (2[5

4n? —1  (4n* —12) (4n® — 3?)
x| 1+ + 5 + ...
1182 2!(82)

(75)

We have limited these expansions to the first terms of the
1/z series and we have neglected terms which are expo-
nentially small if Re (z) is positive and large. If we under-
stand correctly what has been done by Chen et al., the
series appearing in eq. (75) have been limited to the term
equal to 1. Their result involves terms in sinh (8 — «)
and cosh (8 — «) as well as two terms in ay'/? and a~y>/?
which come from the terms of the type I, (2) K, (2) with
the same z (z = @ or z = ). When Re (8 — «) is pos-
itive and large, these terms are negligible with respect
to the hyperbolic sine and cosine terms. Moreover, the
difference between sinh (8 — «) and cosh (8 — «) is also
negligible in this case. Finally, Chen et al. have not de-
duced from their calculation of H the values of k and &’
as a function §/a and ~.

1000
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FIG. 1. Semi-logarithmic plot of the power expansion coef-

_ 2
ficients Fp () = 1+Vz, Fi(y) = (1=7++%) and F»(y) =

T a+n -2
% as a function of v: Fj is represented by the

dashed (blue) curve, Fi is represented by the full (red) curve
and F5 is represented by the full (green) curve.

Using Mathematica [8], we have redone this calcula~
tion, including the terms up to 1/z? of the series of
eq. (75) and neglecting the negligible quantities dis-
cussed in the previous paragraph. We have expressed
B = a/y and we have expanded the results in powers
of 1/a = (1 —14)é/a up to the second order. We have
verified that this procedure gives the same result using
the expression of H obtained either by Chen et al. or
by ourselves. We thus get the values of k and k' up to
the second in §/a, with the expansion coefficients being

functions of ~:
5\ 3
()]

142 (T—y+77) L2
1= 14y (1-9)?7 a
! 1_ 2
k:—( 7+7)2><2—5
I+y) Q-7 a
1 -2y 462 —293 £ 44 /6\?
v + 6y 73+v () L0
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Here are some comments:
e in the expansion of k, the term in (J/a)? vanishes;

e we have verified that the expansions of k and K given
by egs. (76) are stable if we increase the number of terms
of the 1/2" series of eq. (75);

e the limits of k& and &k when v — 0 are in perfect

agreement with the expansions in (d/a) given by egs.
(55,56) corresponding to case v = 0;

e the limit of k¥ when (§/a) vanishes agrees with Stokes’
result given by eq. (68);

e the results of Segel [12] are in agreement with Stokes’
result for the added mass in an inviscid flow but the first
order terms in (§/a) in the expansions of k and k" are not
in agreement with the results of Siniavski et al. which
agree with our results. However our results extend up to
a second order term in (§/a);

e figure 1 presents a plot of the variations of the three
non-vanishing coefficients appearing in eqs. (76) as a
function of . They diverge when v — 1, the divergence
of the coefficient of (§/a)" being due to the denomina-
tor (1 — )"
increases;

so that the divergence is faster when n

e our procedure can give higher order terms of the ex-
pansions of k and k" in powers of (§/a). However, when ~
approaches 1, the coefficients of (§/a)"™ appear to diverge
more rapidly when the order n increases. As a conse-
quence, the use of this expansion is probably limited to
lower ~ values if the higher order terms of these expan-
sions become important and it is probably better to use
the exact results.



CONCLUDING REMARKS

In this note, we have first reproduced Stokes’ calcu-
lation of the force exerted by the surrounding fluid on
a cylinder in oscillating motion. We have verified that
Stokes asymptotic results are in good agreement with the
exact results obtained by Stuart, using modified Bessel
functions.

In his 1851 paper, Stokes calculated the effect of con-
finement for a sphere oscillating inside a larger sphere
but, at that time, it was not possible to make the same
calculation for a cylinder oscillating inside a larger cylin-
der because this calculation requires the use of modified
Bessel functions. This calculation was first done by Chen,
Wambsganss, and Jendrzejczyk [4] in 1976 and, using
Mathematica [8], we have reproduced their calculation
and pointed out some misprints in their paper. More-
over, as Mathematica [8] uses different relations between
modified Bessel functions, we have obtained somewhat
simpler expressions of the confinement effect.

We report the results of the approximate calculations
of the confinement effect made by Segel [12] and by Sini-
avskii, Fedotovskii and Kukhtin [13]. We have also com-
pleted the calculation of Chen, Wambsganss, and Jen-
drzejczyk [4] and we have obtained a power expansion
in 6/a of the two coefficients k and k  respectively de-
scribing the inertial part (the added mass term) and the
friction part of the force. The coefficients of the power
expansions of k£ and k' are expressed as functions of the
ratio v = a/b. The results of Siniavskii et al. agree with
our results which also involve the next order terms and
which could be extended to higher orders.

Experimental tests of the confinement effect on the
added mass and on the friction force have been done by
Chen et al. [4] and also by Siniavskii et al. [13]. In both
cases, the experimental results have been found in good
agreement with their calculations. We have also used our
calculation of the confinement effect to analyze our mea-
surements of the friction force on a cylinder oscillating
inside another cylinder [14]: the confinement correction
appears to be quite necessary for a correct interpretation

of the experimental results.
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