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Robust Beamforming Design for Intelligent
Reflecting Surface Aided MISO Communication
Systems

Gui Zhou, Cunhua Pan, Hong Ren, Kezhi Wang, Marco Di Renzo, Fellow, IEEE, and
Arumugam Nallanathan, Fellow, IEEE

Abstract—Perfect channel state information (CSI) is chal-
lenging to obtain due to the limited signal processing capability
at the intelligent reflection surface (IRS). This is the first work
to study the worst-case robust beamforming design for an
IRS-aided multiuser multiple-input single-output (MU-MISO)
system under the assumption of imperfect CSI. We aim for min-
imizing the transmit power while ensuring that the achievable
rate of each user meets the quality of service (QoS) requirement
for all possible channel error realizations. With unit-modulus
and rate constraints, this problem is non-convex. The imperfect
CSI further increases the difficulty of solving this problem.
By using approximation and transformation techniques, we
convert this problem into a squence of semidefinite program
(SDP) subproblems that can be efficiently solved. Numerical
results show that the proposed robust beamforming design can
guarantee the required QoS targets for all the users.

Index Terms—Intelligent reflecting surface (IRS), large in-
telligent surface (LIS), robust design, imperfect channel state
information (CSI), semidefinite program (SDP).

I. INTRODUCTION

Intelligent reflecting surface (IRS) has recently been pro-
posed as a cost-effective and energy-efficient high data rate
communication technology due to the rapid development
of radio frequency (RF) micro-electro-mechanical systems
(MEMS) as well as the abundant applications of the pro-
grammable and reconfigurable metasurfaces [1]]. It consists
of an passive array structure that is capable of adjusting the
phase of each passive element on the surface continuously or
discretely with low power consumption [2], [3]. The benefits
of IRS in enhancing the spectral and energy efficiency have
been demonstrated in various schemes (e.g., [4]-[9]) by the
joint design of active precoder at the base station (BS) and
passive reflection beamforming at the IRS.

However, all the existing contributions on IRS are based
on the assumption of perfect channel state information (CSI)
at the BS, which is too idealistic in IRS communications.
For the imperfect CSI, the authors in [10] studied the impact
of the channel error by adopting the performance analysis
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technique in an uplink MISO system. There are three types
of channels in an IRS-aided system: the direct channel from
the BS to the user, the indirect channel from the BS to the
IRS and the reflection channel from the IRS to the user.
The first one can be obtained with high accuracy by using
conventional channel estimation methods. The accurate CSI
of the latter two, however, are challenging to obtain in
practice due to the fact that the reflective elements at the IRS
are passive and have limited signal processing capability.
Fortunately, the location of the IRS is fixed and is usually
installed in the building facades, ceilings, walls, etc. In
this case, the indirect channel can be accurately estimated
through calculating the angles of arrival and departure, which
vary slowly. In contrast, the reflection channel is more
challenging to acquire as the locations of users are changing
and their environmental conditions are varying.

Against the above background, this paper investigates the
robust active precoder and passive reflection beamforming
design for an IRS-aided downlink multiple-user multiple-
input single-output (MU-MISO) system based on the as-
sumption of imperfect reflection channel. An ellipsoid
model of the reflection channel uncertainties are adopted.
To the best of our knowledge, this is the first work to study
the worst-case robust beamforming design problem in IRS-
aided wireless systems. The contributions of this paper are
as follows: 1) We aim to minimize the transmit power of
the BS through the joint design of an active precoder at the
BS and a passive beamforming at the IRS while ensuring
that each user’s QoS target can be achieved for all possible
channel error realizations. This problem is non-convex and
difficult to solve due to the unit-modulus constraints and the
imperfect CSI. 2) To address this problem, we propose an
iterative algorithm based on approximation transformations
and a convex—concave procedure (CCP). Specifically, to han-
dle the non-convex rate expression and CSI uncertainties, we
first approximately linearize the rates by using the first-order
Taylor expansion, and then transform the resultant semi-
infinite constraints into linear matrix inequalities (LMIs).
The non-convex unit-modulus constraints of the reflection
beamforming are handled by the penalized CCP [11]. 3)
Numerical results confirm the effectiveness of the proposed
algorithms in guaranteeing the QoS targets of all users.
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Fig. 1: An IRS-aided multiuser communication system.

II. SYSTEM MODEL

A. Signal Transmission Model

We consider an IRS-aided MISO broadcast (BC) com-
munication system shown in Fig. [T} in which there is a
BS equipped with N transmit antennas serving K single-
antenna users. Denote by s = [s1,---,sk]T € CE*! the
Gaussian data symbols, in which each element is an inde-
pendent random variable with zero mean and unit variance,
i.e., E[ss!]] = I. Denote by F =[f;,---,fx] € CV*K the
corresponding precoding vectors for the users. Then, the
transmit signal at the BS is x = Fs, the transmit power
of which is E{Tr [XXH]} = ||F||%.

In the MISO BC system, we propose to employ an IRS
with the goal of enhancing the received signal strength of
the users by reflecting signals from the BS to the users. It
is assumed that the IRS has M passive reflection elements
e =leg, ,en|T € CM*1, the modulus of each element
is |e;|?= 1,1 < m < M. Then, the reflection beamforming
at the IRS is modeled as a diagonal matrix E = (diag(e) €
CM*M where + € [0,1] indicates the reflection efficiency.
The channels from the BS to user k, from the BS to the IRS,
and from the IRS to user k are denoted by hq € CV*1,
Hgy, € CM*N and h, ;, € CM*1, respectively.

The BS is responsible for designing the reflection beam-
forming at the IRS and sending it to the IRS controller [4].
Let us define the set of all users as X = {1,2,..., K} , then
the received signal of the users is

yr = (hY ), + hi, EHg,)Fs + ny, Vk € X, (1)

where ny, is the received noise at user k, which is an additive
white Gaussian noise (AWGN) with distribution €N (0, 03).
The achievable data rate (bit/s/Hz) at user k is given by

Ry, (Fe) =log, (1+ | (bl + B, EHu) &[° /8:) )

where 85, = ||(hY, + b, EHy,)F_4||3+02,Vk € K rep-
resent the interferénce-plﬁs-noises (INs) term with F_;, =
1, o1, fogr, o )

In the IRS-aided communication system, there are three
types of channels: the direct channel from the BS to the
user, i.e., hq , the indirect channel from the BS to the IRS,
ie., Hyy, and the reflection channel from the IRS to the
user, i.e., h; ;. As mentioned in the introduction section, the

reflection channel is much more challenging to obtain than
the other two channels. Hence, in this paper, we assume that
the third type of channel is imperfect. The reflection channel
{h;, k}VkefK can be modeled as {h, ; = hr [ A
where {hr, k tvkex denote the contaminated channel vectors
and {Aj}vkex denote the corresponding channel error
vectors. In this paper, we adopt the channel error bounded
model, i.e., {||Qk||2< ek }vkex, Where € is the radius of
the uncertainty region known by the BS.

B. Problem Formulation

With imperfect CSI, we aim to minimize the total trans-
mit power via the joint design of the precoding matrix
F and the reflection vector e under the worst-case QoS
constraints, i.e., ensuring that the achievable rate of each
user is above a threshold for all possible channel error
realizations. Mathematically, the worst-case robust design
problem is formulated as

. 2
min [|F[[F (3a)
s.t. Ry (F7e) > Tk,VHAk”Q <er,Vk e X, (3b)
lem|?=1,1 <m < M. (3c)

Constraints (3b) are the minimum QoS targets for each
user, while constraints (3c) correspond to the unit-modulus
requirements of the reflection elements at the IRS.

III. ROBUST BEAMFORMING DESIGN

Problem is a non-convex problem and the main chal-
lenge lies in the non-convex QoS constraints (3b) over the
CSI uncertainty regions and the non-convex unit-modulus
constraints . Since variables F' and e are coupled, we
propose an alternate optimization (AO) method to solve
Problem (3).

A. Problem Transformation

To start with, the non-convexity of constraints (3b) can
be addressed by firstly treating the INs 3 = [31, ..., Bx]T as
auxiliary variables. Hence, constraints are rewritten as

|(hY, +h! EH,,) fk\ > Br(27F — 1),

VAl < er, VEk € X, (4a)
2

| (bl + by EHa,) B, + 0f < B,

V”Aknz <eg, vk € X. (4b)

We first handle the infinite inequalities in (@a), which are
non-convex. Specifically, the left hand side (LHS) of is
approximated as its lower bound, as shown below..

Lemma 1 Let f,gn) and E™ be the optimal solutions
obtained at iteration n, then_ the linear lower bound of
(b ), + hi, EHg, )f, |* in at (£, M EM) is

hi, Xyh, o + hiexi + x he g + e, &)



where
Xy = EHg £, "W HEET (™ + E@H £V HILE!
— B H £ g HEET ™),
xi = EHg £ £ "ha g, + B Ha £ £y 4
—EMH £ 1 M hy
cp = hgl,k(fkf;?’(n) + flgn)fl? - fén)fé{’(n))hd,k-

Proof : Let a be a complex scalar variable. By applying
Appendix B of [[12], we have the inequality

|a|2 > a*Mg 1+ g*a™ — g% g™ (6)
for any fixed a(™). Then, is obtained by replac-
ing a and o™ with (hf, + hi, EHy)fi and (hf, +
hEkE(”)Hdr)f,ﬁ"), respectively. The proof is complete. H

With h, , = ﬁr,k + A}, and Lemma the inequality @)
is reformulated as

ABE X A+ 2Re { (xf] + B X Ah i b + d
> Pe(2™ = 1),V [|Aklly <ex,VE € X, (7
where dj, = ﬂEkaﬁr,k + X}jﬁr,k + flEkxk + ¢k

In order to tackle the CSI uncertainties, the S-Procedure
in [13]] is used to transform (7) into equivalent LMIs as

il + X (x}f + Bl X )1
H , TH e » | =0,
(Xk + hrkak) dp — ﬁk(Q — 1) — WkEL
Vk e X, ¥

where @ = [y, ..., wk]T > 0 are slack variables.

Now, we consider the uncertainties in { A }yrex of .
To this end, we first adopt Schur’s complement [14] to
equivalently recast (4Db) as

_ 2 H
[ Bktk"k b } = 0¥ | Apll, <enVEEK,  O)
where tk = ((hg,k + hEkEHdr)F,k)H.

Then, by using Nemirovski lemma [[15] and introducing
the slack variables & = [, ..., £x]T > 0, (@) is rewritten as

B — f;% — &k ! O1xns
tr I(K—l) €k (EHdrF,k)H = 0,
Onrx1 e EHq, F g Skl
Vk € X, (10)

where t;, = ((hY, + ﬁEkEHdr)F_k)H.

With (8) and , we obtain the following approximated
reformulation of Problem (3) as

min _ [|F||3 11a

p i [[Flr (11a)

s.t. (8, (10), (39, (11b)

w >0, >0. (11c)

It is difficult to optimize the variables F and e si-
multaneously as they are coupled in the LMIs (8) and
(TI0). Therefore, the AO method is adopted to solve the

subproblems corresponding to different sets of variables
iteratively. Specifically, for a given reflection beamforming
e, the subproblem of Problem (TI) corresponding to the
precoder F' is formulated as

FO D) — i F|2 12
arg min ||F[|% (12a)

s-t- @), @0, (L9,

where F("+1) is the optimal solution obtained in the (n+1)-
th iteration. Problem (12) is a semidefinite program (SDP)
and can be solved by using the CVX tool.

On the other hand, for a given precoding matrix F,
the subproblem of Problem (TI) corresponding to e is a
feasibility-check problem. According to the Problem (P4’) in
[16], the converged solution in the optimization of e can be
improved by introducing slack variables a = [ay, ..., ax|T
which are interpreted as the ‘“signal-to-interference-plus-
noise ratio (SINR) residual” of users. Please refer to [16]
about the theory of “SINR residual”. Thus, the feasibility-
check problem of e is formulated as follows

(12b)

Hglaax ) llal|1 (13a)
s.t. Modified-(®), (T0), (39, ((1d), (13b)
a>0, (13c¢)

where the Modified-(8) constraints are LMIs obtained from
by replacing S35 (2™ — 1) with 85 (2™ — 1) + aj for
vk € X.

However, the above problem cannot be solved directly
due to the non-convex constraint (3d). In addition, the
semidefinite relaxation (SDR) method used in [16|] cannot
always guarantee a feasible solution due to the fact that the
QoS constraints may be violated when the SDR solution
is not rank one. To handle this issue, we apply the penalty
CCP [11] which is capable of finding a feasible solution that
meets the unit-modulus constraint and the QoS constraints.
In particular, the constraints |e,,|?= 1,1 < m < M can be
equivalently rewritten as 1 < |e,,[?< 1,1 < m < M. The
non-convex parts of these constraints are again linearized
by |ell|2—2Re(efell) < —1,1 < m < M at fixed elfl.
Following the penalty CCP framework, we impose the use
of slack variables b = [by, ..., baps]T over the equivalent
constraints of the unit-modulus constraints, which yields

max|lal[i=A"bl]; (142)
B, €
s.t. Modified-(8),(T0),(TTc),(T3d), (14b)

P —2Re(ellelt) < b, — 11 <m <M (140
€m § + O tm, S m S

2< 140 +m, 1 M (14d)
b >0, (14e)

where A\l*) is the regularization factor to scale the impact of
the penalty term ||b||1, which controls the feasibility of the
constraints. At low A, Problem targets to maximize the
“SINR residual”, while Problem ([E[) seeks for a feasible
point rather than optimizing the “SINR residual” at high A.



Problem is an SDP and can be solved by using the
CVX tool. The algorithm for finding a feasible solution of e
is summarized in Algorithm [T} Some points are emphasized
as follows: a) The maximum value A, is imposed to avoid
numerical problems, that is, a feasible solution may not be
found when the iteration converges under increasing large
values of AlY; b) The stopping criteria ||b||; < x guarantees
the unit-modulus constraints in the original Problem (I3)
to be met for a sufficiently low x; c¢) The stopping criteria
||e!l —el*=1]|; < v controls the convergence of Algorithm i}
d) As mentioned in [[11]], a feasible solution for Problem
may not be feasible for Problem (I3)). Hence, the feasibility
of Problem (I3) is guaranteed by imposing a maximum
number of iterations 7,,,, and, in case it is reached, we
restart the iteration based on a new initial point.

Algorithm 1 Penalty CCP optimization for reflection beam-
forming optimization

Initialize: Initialize el®, 4% > 1, and set t = 0.
1: repeat
2. ift < Ty then
3 Update el*1 from Problem (14);
4 M = min{yAM N0 b
5: t=t+1;
6 else
7 Initialize with a new random el%, set 'y[O] > 1, and
t=0.
8: end if
9: until ||b]|;< x and ||el] — elt=||; < v.
10: Output e+ = eltl,

B. Algorithm Description

Algorithm [2] summarizes the AO method for solving
Problem (TT).

Algorithm 2 AO algorithm for Problem

Initialize: Initialize e(© and F(®), and set n = 0.
1: repeat
2. Update F("*1 from Problem (12) with given e(™);
3. Update et from Problem (13) with given F(**1);
4: n<n-+1;
s: until The objective value ||F(™+1)||2, converges.

a) Convergence analysis: The convergence of Algo-
rithm [2] can be guaranteed. In particular, denoting the objec-
tive value of Problem as F(F,e), it follows that

F(F("),e(")) > F(F(”),e(”+1)) > F(F(”+1),e("+1)).

The above equality holds true because the objective value of
Problem is independent of e, and also e(™+1) ig feasible
for Problem (T2) if it is a feasible solution for Problem
(T3). The above inequality follows from the globally optimal
solution F(+1) of Problem for a given (1), Hence,
the sequence {F(F( e(™)} is non-increasing and the
algorithm is guaranteed to converge.

b) Initial point: As for the method of initialization,
e(® can be chosen as a full-1 vector for simplicity. Inspired
by [17], the initial point F(?) can be chosen as the optimal
solution to the following optimization problem

. 2
min > (e —1) (152)
keX
s.t. Ry (F,e) > g1, Vk € K (15b)
pr > 0,Vk e X, (15¢)

where ¢ = [p1,...,0x]T is an auxiliary variable vector.
Problem is guaranteed to be feasible since at least
{or = 0,Vk € K,F( = 0} is a feasible solution.
Problem (I5) can also be solved by reformulating it into an
alternative optimization problem that is similar to Problems
(opt) :
. Denote by {¢, ' }vrex the solution of Problem (15),
then the corresponding optimal precoding matrix can be used

as the initial point for Algorithm [2] if <p,(€0pt) =1,Vk e XK.

IV. NUMERICAL RESULTS AND DISCUSSIONS

In this section, numerical results are provided to evaluate
the performance of the proposed algorithm. We consider that
the BS is equipped with N = 6 transmit antennas serving
K = 4 users with the assistance of an IRS. The number of
the reflection elements is M = 16. We assume a rectangular
coordinate to discribe the system, i.e., the locations of the
BS and IRS are (0 m, 0 m) and (50 m, 10 m) respectively,
and users are distributed randomly on a circle centered at
(70 m, 0 m) with radius 5 m.

The large-scale path loss is PL. = —30—10a log;(d) dB,
where « is the path loss exponent and d is the link length
in meters. The path loss exponents for the BS-IRS link, BS-
user link, and the IRS-user link are equal to ap; = 2.2
[18], apy = 4 and aju = 2, respecAtively. The small-
scale fading of the channels [Hy,, {hq , h; x }yrex] follows
a Rician distribution with Ricean factor 5. The line-of-
sight (LoS) components are defined by the product of the
steering vectors of the transmitter and receiver and the non-
LoS components are drawn from a Rayleigh fading. The
CSI error bounds are defined as e, = d||h, x||2,Vk € K,
where § € [0,1) accounts for the relative amount of CSI
uncertainties. The power of the AWGN at all users is set to
—100 dBm and the target rates of all users are the same,
i.e., 711 = ... = rg = r. The IRS and benchmark schemes
considered are the following: 1) “IRS, ¢ = 1(or 0.5)”. 2)
“Non-robust IRS”, in which the channel estimation error is
ignored when designing the beamformings. 3) “Non IRS”, in
which there is no IRS in the MU-MISO system. 4) “Relay”,
in which a full-duplex relay is located at the same place of
the IRS. The numbers of transmit and receive antennas at
the relay are both M.

Firstly, Fig. 2] shows the total transmit power and energy
efficiency versus the channel uncertainty level § when r = 4
bit/s/Hz. It is observed from Fig. [2fa) that the required
transmit power of the robust IRS beamforming is higher
than other schemes. This is the price to pay to have a
robust design and to employ passive reflection elements. In
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any case, it is less than the “Non IRS” case. The energy
efficiency (EE) reported in Fig. 2[b) is defined as the ratio
between the smallest achievable rate among the users and the
total power consumption. The total power consumption of
the IRS schemes is equal to ||F||%4+N P,ctive + M Ppassive
and that of the relay scheme is equal to ||F||%+Preay +
(N +2M)Pyctive, Where Prcjqy is the relay transmit power.
We set the circuit power consumption of the active antennas
to Pyctive = 10 mW and that of the passive antennas
as Puctive = 5 mW [[19]]. Fig. |Zkb) illustrates the high
EE performance of the IRS-aided systems compared with
the relay system for the reason of the low circuit power
consumption of the passive elements in the IRS. In addition,
from Fig. [2fa) and Fig. 2[b) we come to the conclusion
that only when the reflection efficiency of the reflecting
metasurfaces is high (¢ is nearly 1) and the estimation error
of the reflection channel is small (¢ is less than 0.03), the
IRS can show its advantages of enhancing the spectral and
energy efficiency.

Fig. 3] shows the outage probability of rate for the nonro-
bust design. Here, outage probability refers to the probability
that the target rate of at least one user is not satisfied. It
is observed that when the beamforming design ignores the
channel error, the target rate of at least one user is frequently
not met, especially at high value of  or J. However, our
adopted worst-case robust design method can guatantee no
outage happens.

V. CONCLUSIONS

In this paper, we considered the robust beamforming
design for the IRS-aided MU-MISO system when the CSI
is imperfect. The CSI uncertainties were addressed by us-
ing approximation and transformation techniques, and the
non-convex unit-modulus constraints were solved under the
penalty CCP framework. Numerical results demonstrated the
robustness of our proposed algorithm.
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