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AUGMENTED LAGRANGIAN METHODS FOR DEGENERATE
HAMILTON–JACOBI EQUATIONS

HAMZA ENNAJI†, NOUREDDINE IGBIDA†, AND VAN THANH NGUYEN‡

Abstract. We suggest a new approach to solve a class of degenerate Hamilton–Jacobi equa-
tions without any assumptions on the emptiness of the Aubry set. It is based on the character-
ization of the maximal subsolution by means of the Fenchel–Rockafellar duality. This approach
enables us to use augmented Lagrangian methods as alternatives to the commonly used meth-
ods for numerical approximation of the solution, based on finite difference approximation or on
optimal control interpretation of the solution.

1. Introduction

Our main interest lies in the study from theoretical and numerical point of view the Hamilton–
Jacobi (HJ) equation

H(x,∇u) = 0

in an open bounded domain Ω ⊆ RN coupled, for instance, with a Dirichlet boundary condition
on ∂Ω. Here, H is continuous in both arguments, coercive and convex in the second, but not
enjoying any property of existence of a smooth strict subsolution. Our study here takes place
in the framework of viscosity solution theory, so that the term (sub, super) solution must be
understood in this sense.

Recall that the nonexistence of smooth strict subsolution is connected to the fact that the so-
called Aubry set, noted by A, is not empty. It is known that in this case the problem has many
solutions. Nevertheless, one needs to select the pertinent one from the physical point of view as
well as the optimal control one, such as, the maximal subsolution. Such kind of equations are
relevant, for instance, in the study of Shape from Shading [16, 29, 31, 32, 36], granular material
[24] and many other problems ranging from mechanics, geometry, seismic analysis, optics to
image processing, etc.

Typical situation appears in the study of the so-called Eikonal equation subject to Dirichlet
boundary condition, that is {

|∇u| = f in Ω
u = 0 on ∂Ω,

(1.1)
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where f ≥ 0 is a continuous function. In this case the Aubry set corresponds to the zero set
[f = 0]. In the case where this set is empty, i.e. f > 0 in Ω, the equation (1) falls into the
scope of Eikonal equation of the type k |∇u| = 1, where k is a continuous positive function on Ω.
Among famous numerical methods (especially for Eikonal equations), remain the Fast Sweeping
Method (FSM) and the Fast Marching Method (FMM) (see e.g. [30, 34]).

The case where A is nonempty is different. Recall that the main role of this set concerns the
uniqueness of the solution. Roughly speaking a solution is characterized in a unique way by its
values on the set of degeneracy, i.e. on A. So, some additional condition is imposed to single out
numerically the reasonable solution among infinitely many ones: for example, it is assumed that
the solution is given on the Aubry set, which becomes then a part of the boundary of the domain
where the problem is discretized (see e.g. [32]). Nevertheless, in practice we do not, in general,
have this knowledge. Another method suggests to regularize the problem by cutting from below
f at some level ε > 0, and then let ε→ 0. This approach was exploited in [7] using deeply control
theoretic interpretation for the approximation of the maximal subsolution. Their scheme was
based on a two-step discretization of the control problem associated with the regularized problem:
first in the time variable, and then in the space variable. Under some appropriate condition, the
approximated solution is shown to be convergent to the maximal solution using stability results.
For comprehensive exposition of Hamilton–Jacobi equations and optimal control one can see, for
example, [28, 9].

In this paper, we suggest a new approach of variational type based on the characterization of
the maximal subsolution of the degenerate Hamilton–Jacobi equations. We use duality method
without requiring any additional assumption on the Aubry set. This enables us to give a direct
algorithm to approximate the solution. More precisely, we use augmented Lagrangian methods
as alternatives to the commonly used methods we presented previously. Actually, it is known
that problem (1) aims to characterize the maximal subsolution; i.e. the maximal continuous
functions subject to a Dirichlet condition and the constraint on the gradient

|∇u| ≤ f,

which can be rewritten as ∇u ∈ B|.|(0, f) where |.| stands for the Euclidean norm. This enables
us to rewrite the problem into the following sub-gradient constrained optimization

max

{∫
Ω
udx : |∇u| ≤ f and u = 0 on ∂Ω

}
. (1.2)

Similar problems as (1) will be addressed for general Hamilton–Jacobi equations H(x,∇u) = 0
exploiting more precisely the metric character of these equations. This will allow us to establish
the equivalence between being a subsolution of HJ equations, i.e. H(x,∇u) ≤ 0, and ∇u ∈ Bσ∗
where σ∗ is the dual of the support function σ of the sublevel sets of H, which will be given
later. So, in order to solve the HJ equations we will focus on the problem of the form

max

{∫
Ω
udx : ∇u ∈ Bσ∗ and u = g on ∂Ω

}
. (1.3)
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One sees that exploiting the intrinsic metric associated to the Hamiltonian, dσ, we end up in

some sense with the problem of maximizing
∫

Ω
udρ for a given measure ρ (ρ ≡ 1 in (1)), among

1-Lipschitz functions with respect to dσ.

Dealing with the degenerate case, the main difficulty remains in the strong duality since the
qualification conditions are not fulfilled even for the Eikonal equation (with f ≥ 0). Moreover,
the dual problem involves a normal trace of the vector-valued dual variable. To handle rigor-
ously these difficulties, we make use of a trace-like operator for the so called divergence-measure
field (cf. [10, 11, 12]). Then, using the perturbation method, we prove a duality result which
provides the equivalence with a minimal flux type problem under some divergence constraint. In
particular, we will see that this kind of problems can be seen as Finsler variants of Beckmann’s
model for transportation (cf. [1, 33]). With such a duality result, the problem then consists in
determining saddle points of an augmented Lagrangian. This strategy works for very general
(even degenerate) quasiconvex Hamiltonians. Up to our knowledge, most of the existing methods
to approximate solutions of HJ equations of the form H(x, p) = F (p)−k(x) assuming that k > 0.
We will see in the examples that with the augmented Lagrangian we can deal with source terms
k ≥ 0, which is meaningful from modeling viewpoint.

At last, let us notice that though the approach proposed in [7] is more concerned with the
discretization of the intrinsic metric dσ, the FMM and FSM repose on a direct discretization of
the equation, our strategy is more in the sprite of "optimize then discretize". As we will see, the
analysis in the continuous setting leads, via augmented Lagrangian methods, to the discretization
of a Laplace equation and to perform projections onto convex sets, which are easy to implement
in general. Let us mention also that our approach is close to the one in [6] as they are considering
a maximization problem. However, they deal with nonconvex constraint contrary to the convex
problem we are considering.

This paper is organized as follows. In section 2, we recall the metric character of HJ equations.
More precisely, we present a distance dσ of Finsler type, constructed from the sublevel sets of the
Hamiltonian, which is essential to characterize the subsolutions of HJ equations. We also show
that the unique maximal subsolution is characterized by the maximization problem of the form

max

{∫
Ω
udx : ∇u ∈ Bσ∗ and u = g on D ⊂ Ω

}
. (1.4)

Dealing with the problem (1), it is natural to derive its dual problem. This will be the main goal
of section 3 where we discuss the duality issue for a general Hamiltonian. This will be done via
perturbation techniques. Finally we present the augmented Lagrangian, and we see that thanks
to the duality result, solving (1) amounts to finding a saddle point of a Lagrangian L. We give
several numerical tests to illustrate our results.

2. Metric character of Hamilton–Jacobi equations

2.1. Preliminaries. In this paper Ω ⊂ RN is a regular connected open domain. We consider
the following HJ equation

H(x,∇u) = 0, x ∈ Ω, (2.5)
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where H : Ω × RN → R is a continuous Hamiltonian satisfying, for each x ∈ Ω, Z(x) := {p ∈
RN , H(x, p) ≤ 0},
(H1) coercivity: Z(x) is compact;
(H2) convexity: Z(x) is convex for any x ∈ Ω;
(H3) H(x, 0) ≤ 0, i.e. 0 ∈ Z(x) for any x ∈ Ω.

A typical example is the Eikonal equation with H(x, p) = |p|−f(x) for a nonnegative continuous
function f .

The properties and notions introduced in this subsection are more or less known. Proofs
and more details can be found in [13, 28, 35, 14]. We recall briefly some definitions related to
viscosity theory. Given two continuous functions φ and ψ, one says that ψ is a strict supertangent
(respectively subtangent) to φ at some point x ∈ Ω if x is a strict local maximizer (respectively
minimizer) of φ− ψ.

Definition 2.1. A continuous function u : Ω → R is said to be a viscosity subsolution of (2.1)
if H(x,∇φ(x)) ≤ 0 for any x ∈ Ω and any C1 supertangent function φ to u at x. It is said to
be a viscosity supersolution of (2.1) if H(x,∇ψ(x)) ≥ 0 for any x ∈ Ω and any C1 subtangent
function to u at x. Finally, u is a viscosity solution of (2.1) if it is both a subsolution and a
supersolution.

We denote by S−H(Ω) the family of subsolutions of (2.1). One pertinent property of this family
is its stability with respect to uniform convergence, which is not the case for a.e. solutions as we
can see by considering a sawtooth function. Moreover, whenever we consider a family C ⊂ S−H(Ω)
of locally equibounded functions, then inf

u∈C
u(x) and sup

u∈C
u(x) are still subsolutions to (2.1). We

similarly denote by S+
H(Ω) (resp. SH(Ω)) the family of supersolutions (resp. solutions) of (2.1).

For x ∈ Ω, we define the support function of the 0-sublevel set Z(x) by

σ(x, q) := sup q · Z(x) = sup{q · p, p ∈ Z(x)} for q ∈ RN .

The assumption (H1)− (H2) ensures that σ is a continuous nonnegative function in Ω×RN ,
convex and positively homogeneous with respect to q. Due to the assumption (H3), σ(x, q) is
possible to equal to 0 for q 6= 0, which leads to the degeneracy and its dual σ∗, as given below,
may take the value +∞. Here, the dual σ∗ (also called polar) is defined by

σ∗(x, p) := sup
q
{p · q : σ(x, q) ≤ 1}.

For example, in the case of Eikonal equation |∇u(x)| = f(x), one has σ(x, q) = f(x)|q| and
σ∗(x, p) =

1

f(x)
|p|. We see that σ∗(x, p) take the value +∞ for p 6= 0 on the zero set of f .

We denote by Γ(x, y) the set of Lipschitz curves defined on [0, 1] joining x, y in Ω. We then
define the intrinsic distance by

dσ(x, y) := inf
ζ∈Γ(x,y)

∫ 1

0
σ(ζ(t), ζ̇(t))dt,
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which is a quasi-distance, i.e. satisfying dσ(x, x) = 0 and the triangular inequality, but not
necessarily symmetric. We summarize the basic properties of dσ in the following.

Proposition 2.2. ([19])
1) dσ is a quasi-metric, in the sense that for any x, y ∈ Ω dσ(x, y) ≥ 0 and dσ(x, x) = 0.

Moreover, for all x, y, z ∈ Ω one has dσ(x, y) ≤ dσ(x, z) + dσ(z, y).
2) For any x ∈ Ω dσ(x, .) ∈ S−H(Ω) ∪ S+

H(Ω \ {x}).
3) Compatibility condition: v ∈ S−H(Ω) if and only if v(x)−v(y) ≤ dσ(y, x) for any x, y ∈ Ω.

The so called Aubry set is defined as the set where the quasi-metric dσ degenerates. Prescribing
a boundary value on ∂Ω does not guarantee the uniqueness of viscosity solutions to (2.1) unless
A = ∅, which is not the case in our situation due to the assumption (H3). The Aubry set A
appears then to be a uniqueness set for (2.1).

Definition 2.3. We define the Aubry set A as the set of points x ∈ Ω such that there exists
(ζn)n ∈ Γ(x, x) with l(ζn) ≥ δ > 0 and

inf
n

{∫ 1

0
σ(ζn(t), ζ̇n(t))dt

}
= 0,

where l(ζn) is the Euclidean length of the curve ζn.

Proposition 2.4. ([19],[8])
1) The Aubry set A is a closed subset of Ω.
2) If x ∈ A then dσ(x, .) ∈ SH(Ω). Moreover, x /∈ A if and only if (2.1) admits a strict

subsolution around x.
3) If g : A ∪ ∂Ω→ R is a continuous function satisfying the compatibility condition g(x)−

g(y) ≤ dσ(y, x) on A ∪ ∂Ω, then

u(x) = min
y∈A∪∂Ω

{dσ(y, x) + g(y)}

is the unique viscosity solution of the equation (2.1) such that u = g on A ∪ ∂Ω.

2.2. Equivalence between HJ and maximization problem. Given a closed subset D ⊂ Ω
(typically D = ∂Ω or D = {x} for some x ∈ Ω), we consider the following HJ equation{

H(x,∇u) = 0 Ω \D
u = g D

(2.6)

where g : D → R is continuous function satisfying compatibility condition. Then the unique
maximal viscosity subsolution of the equation (2.2) such that u(x) = g(x) for any x ∈ D, is
given by

u(x) = min
y∈D

dσ(y, x) + g(y) (2.7)

with dσ(., .) being the intrinsic metric associated to the Hamiltonian H.
The considerations given in the introduction lead us to look for the maximal subsolutions of

the HJ equation, i.e., H(x,∇u) ≤ 0 or equivalently u(x) − u(y) ≤ dσ(y, x). We will show that
such functions are precisely the ones with gradient in the unit ball of σ∗. More precisely, we
prove the following
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Proposition 2.5. S−H(Ω) = {u ∈W 1,∞(Ω) and σ∗(x,∇u(x)) ≤ 1 for a.e x ∈ Ω} := Bσ∗.

Then, we transform the problem into a question of maximization of the volume
∫

Ω
udx among

the subsolutions u. This leads to the following theorem which is an important step to treat the
equation (2.2) via augmented Lagrangian methods.

Theorem 2.6. The maximal viscosity subsolution of (2.2), given by (2.2), is the unique solution
of the problem

max
{∫

Ω
z(x)dx, σ∗(x,∇z(x)) ≤ 1 and z = g on D

}
. (2.8)

For the proof of Proposition 2.5, we recall that the result is more or less known in the case
where H(x, 0) < 0 which corresponds to A = ∅ (see [26, 25] for example). Here, under the
general condition (H3), we need the following Cauchy–Schwartz-like lemma.

Lemma 2.7. For any q ∈ RN , and for any x ∈ Ω we have

σ∗(x, q) ≤ 1⇔ 〈p, q〉 ≤ σ(x, p) for any p ∈ RN .

Proof. Assume first that σ∗(x, q) ≤ 1. If 〈p, q〉 = 0, it is obvious. For the case 〈p, q〉 > 0, if
σ(x, p) = 0 then by homogeneity of σ, σ(x, λp) = 0 for every λ ≥ 0. Consequently, σ∗(x, q) ≥
λ〈p, q〉 → ∞ as λ → ∞, this contradicts σ∗(x, q) ≤ 1. This implies that σ(x, p) > 0 and〈 p

σ(x, p)
, q
〉
≤ σ∗(x, q) ≤ 1, as desired. Conversely, if 〈p, q〉 ≤ σ(x, p), by definition of σ∗,

we take the sup over all p such that σ(x, p) ≤ 1 in the previous inequality to obtain that
σ∗(x, q) ≤ 1. �

Proof of Proposition 2.5. We divide the proof into two parts. Firstly, S−H(Ω) ⊂ Bσ∗ . Take a point
x ∈ Ω such that u is differentiable at x. For every vector v ∈ SN−1 on the unit sphere, we take
ζh(t) = tx + (1 − t)(x − hv) for every h > 0 and t ∈ [0, 1] and we notice that ζh ∈ Γ(x − hv, x)
and for h small enough, ζh is close to x. We then have

〈∇u(x), v〉 ≤ lim
h→0+

h−1(u(x)− u(x− hv))

≤ lim inf
h→0+

h−1dσ(x− hv, x)

≤ lim inf
h→0+

h−1

∫ 1

0
σ(ζh, ζ̇h)dt = lim inf

h→0+

∫ 1

0
σ(ζh, v)dt ≤ σ(x, v),

where we have used the continuity of x 7→ σ(., v) and Lebesgue theorem. Using the definition of
σ∗, we deduce that σ∗(x,∇u(x)) ≤ 1 as desired.
Secondly, Bσ∗ ⊂ S−H(Ω). Assume now that σ∗(x,∇u(x)) ≤ 1 at any differentiable point x of u,
i.e., 〈∇u(x), p〉 ≤ σ(x, p) for all p ∈ RN . For smooth function u, the argument is simply given
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by

u(y)− u(x) =

1∫
0

∇u(ξ(s)) · ξ̇(s)ds

≤
∫ 1

0
σ(ξ(s), ξ̇(s))ds,

for Lipschitz curves ξ joining x to y in Ω. This implies that u(y)− u(x) ≤ dσ(x, y). For general
Lipschitz function u, one can make use of smooth approximation (see [26, Proposition 5]). �

Proof of Theorem 2.6. Let us see that for any subsolution v (2.2), we have v ≤ u. Pick any
subsolution v of (2.2) satisfying the condition v = g on D. Let x ∈ Ω, we have for any y ∈ D

v(x) = v(x)− v(y) + g(y)

≤ dσ(y, x) + g(y).

This gives that v ≤ u in Ω and then
∫

Ω
v(x)dx ≤

∫
Ω
u(x)dx. Clearly u is 1−Lipschitz with respect

to dσ, hence by Proposition (2.5) we have σ∗(x,∇u) ≤ 1. Consequently u solves (2.6). If w is

another solution, then
∫

Ω
u(x)dx =

∫
Ω
w(x)dx and w ≤ u in Ω by the first step. Consequently

u = w, as desired. �

3. HJ and duality results

3.1. Generalities. As we said in the introduction among our main interests in this paper is to
use augmented Lagrangian methods to give a direct algorithm to approximate the solution of
the Hamilton–Jacobi equations.

Actually, the problem (2.6) falls into the scope of the following class of optimization problem

(P) inf
u∈X

F(u) + G(Λu)

where X and Y are two Banach spaces with the topological dual spaces X ∗ and Y ∗, F : X →
(−∞,+∞], G : Y → (−∞,+∞] are proper, l.s.c., convex functions and Λ : X → Y is a linear
operator. The main future for this kind of formulation is to look at its dual problem, which is
given by

(D) sup
v∈Y ∗

(
−F∗(−Λ∗v)− G∗(v)

)
.

Here Λ∗ is the adjoint operator of Λ, while F∗,G∗ are the Legendre–Fenchel transformations of
F and G given by

F∗(f) = sup
u∈X

(〈f, u〉 − F(u)) for any f ∈X ∗

G∗(g) = sup
q∈Y

(〈g, q〉 − G(q)) for any g ∈ Y ∗.

Using the definitions of F∗, G∗ and Λ∗, it is not difficult to get the following inequality

sup
v∈Y ∗

(
−F∗(−Λ∗v)− G∗(v)

)
≤ inf

u∈X
F(u) + G(Λu),
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usually called weak duality. The reverse inequality, the so-called strong duality, plays an impor-
tant role since the point is that the solutions of (P) and (D) are given by the saddle-points of
the problem

min
u,q

max
φ

L(u, q;φ)

where L(u, q;φ) = F(u)+G(q)+ 〈φ,Λu− q〉. Yet, the strong duality is not true in general. Some
qualification conditions are needed. For instance, one has

Theorem 3.8. (Strong duality [18, Chap. III]) Assume moreover that there exists u0 ∈X such
that F(u0) < +∞, G(Λu0) < +∞ and G is continuous at Λu0. Then the dual problem admits at
least a solution v ∈ Y ∗ and the strong duality holds, i.e.

max
v∈Y ∗

(
−F∗(−Λ∗v)− G∗(v)

)
= inf

u∈X
F(u) + G(Λu).

Moreover, u solves (P) if and only if

−Λ∗u ∈ ∂F(u) and v ∈ ∂G(Λu).

As we pointed out in the introduction, because of the degeneracy of the Hamiltonian, we can
not directly use Theorem 3.8 to show duality between the maximization problem and its dual
problem. The main goal of this section is to show rigorously that the duality still holds true.

3.2. Duality for HJ equation. To the duality, we consider a more general problem by consid-
ering, for a nonnegative Radon measure ρ ∈M+

b (Ω) and a closed subset D ⊂ Ω, the problem

max

{∫
Ω
udρ : σ∗(x,∇u(x)) ≤ 1 and u = g on D

}
.

Since the values of u are prescribed on D and the solution of (2.2) is given by the distance to D,
we can consider the following problem

(MD) : max

{∫
ΩD

udρ : σ∗(x,∇u(x)) ≤ 1 and u = g on ΓD

}
,

where ΩD := Ω \D, ΓD := ∂ΩD ∩∂D and Γ̃ = ∂ΩD \ΓD. In particular, if D = ∂Ω then ΩD = Ω

and ΓD = ∂Ω, Γ̃ = ∅.
As we will see, our dual formulation challenges some kind of trace-like operator for the so

called divergence-measure field. To begin with let us sort out formally and briefly our approach,
at least in the case where D = ∂Ω. Taking X to be the Banach space W 1,∞(Ω) and Y to be
the space L∞(Ω)N , we consider simply

F(u) =


−
∫

Ω
u dρ if u ∈W 1,∞(Ω) and u = g on ∂Ω

+∞ otherwise,

, Λu = ∇u,

and

G(η) =

 0 if σ∗(x, η) ≤ 1

+∞ otherwise,
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so that the problem (MD) reads as (P). For a formal computation of the dual problem, let us
notice that G∗ : Y ∗ → (−∞,+∞],

G∗(Φ) =

∫
Ω
σ(x,Φ) for any Φ ∈ Y ∗.

The operator Λ∗ : Y ∗ →X ∗ is given by

〈Λ∗Φ, ξ〉 = 〈Φ,∇ξ〉 for any ξ ∈X .

Also,

F∗(−Λ∗Φ) = sup
u∈X ,u=g on ∂Ω

∫
Ω
−Φ · ∇u dx−F(u)

= sup
u∈X ,u=g on ∂Ω

∫
Ω
−Φ · ∇u dx+

∫
Ω
u dρ

= sup
u∈X ,u=g on ∂Ω

∫
Ω
udiv(Φ)−

∫
∂Ω

Φ · ν u+

∫
Ω
u dρ

=

−
∫
∂Ω

Φ · ν g if − div(Φ) = ρ

+∞ otherwise.
In other words, the dual problem reads

inf

{∫
Ω
σ(x,Φ)−

∫
∂Ω

Φ · ν g : Φ ∈ Y ∗, −div(Φ) = ρ in D′(Ω)

}
. (3.9)

Note that the above computation is very formal by the appearance of the trace-like term Φ · ν
which is not well defined for all Φ.

To handle rigorously the normal trace of the vector-valued dual variable Φ in the dual problem
of the type (3.2), we recall the trace-like operator for the so called divergence-measure field (cf.
[10, 11, 12]). To this aim, we assume in this section that

ΩD = Ω \D is a regular domain with a deformable Lipschitz boundary ∂ΩD.

This is achieved for instance in the case where Ω is a regular domain and D = ∂Ω or D = ω
with a regular domain ω ⊂⊂ Ω.

For any 1 ≤ p ≤ ∞, we define the set

DMp(ΩD) :=
{
F ∈ Lp(ΩD)N : div F =: µ ∈Mb(ΩD)

}
,

where µ = div F is taken in D′(ΩD). See here, that for any F ∈ DMp(ΩD), the total variation
of div F is given by

|div F |(ΩD) := sup

{∫
ϕ dµ : ϕ ∈ C0(ΩD), |ϕ(x)| ≤ 1 for any x ∈ ΩD

}

= sup

{∫
ϕ dµ : ϕ ∈ C1

0(ΩD), |ϕ(x)| ≤ 1 for any x ∈ ΩD

}
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= sup

{∫
F · ∇ϕ : ϕ ∈ C1

0(ΩD), |ϕ(x)| ≤ 1 for any x ∈ ΩD

}
.

In particular, the space DMp(ΩD) endowed with the norm

‖F‖DMp(ΩD) := ‖F‖Lp(ΩD) + |div F |(ΩD)

is a Banach space.
Thanks to [10, 11, 12], for any 1 < p ≤ ∞, it is possible to define a trace-like operator on the

set DMp(ΩD). Actually, for any F ∈ DMp(ΩD), we define F · ν the normal trace of F on ∂ΩD,
given by F · ν : Lip(∂ΩD)→ R the continuous linear functional such that

〈F · ν, ξ/∂ΩD〉 =

∫
ΩD

ξ divF +

∫
ΩD

∇ξ · F, for any ξ ∈ C1(ΩD).

Moreover, since ΓD is a deformable Lipschitz boundary, then the restriction of F ·ν to ΓD is well
defined, this will be denoted by F · νD (cf. [10, 11, 12], see also Remark 3.9).

Remark 3.9. (1) Thanks to [10, 11, 12], for any F ∈ DMp(ΩD), with 1 < p ≤ ∞, it is
possible to define the normal trace F · ν locally by using Lipschitz deformation of the
boundary. This formulation is very useful in the case where the boundary is partitioned
into disjoint deformable Lipschitz patches.

(2) In the case where p = 1 as well as the case where Lp(ΩD)N is replaced by the space
Mb(ΩD)N , the trace may be defined as well, but only as continuous linear form on a
subset of Lip(∂ΩD) (cf. [10, 11, 12]).

Now, combining this consideration with the formal computation for (3.2), we introduce the
following optimization problem

(OFD) : inf
φ∈DMp(ΩD)

{∫
ΩD

σ(x, φ(x))dx− 〈φ · νD, g〉 : −div (φ) = ρ in D′(ΩD \ ΓD)

}
,

where the divergence constraint is understood as follows:∫
ΩD

∇ξ · φ dx− 〈φ · νD, ξ〉 =

∫
ΩD\ΓD

ξdρ, for any ξ ∈ Lip(ΩD),

with φ·νD being trace-like term on ΓD as defined above. In other words, we impose that φ·νΓ̃ = 0

on Γ̃.

Our main result in this section is the following duality result.

Theorem 3.10. Let ρ ∈M+
b (Ω), then (MD) and (OFD) coincide.

Proof. Consider onMb(ΩD) the following functional F : Mb(ΩD) 7→]−∞,∞] defined by

F (h) = inf
φ∈DMp(ΩD)

{∫
ΩD

σ(x, φ(x))dx+

∫
ΓD

gdh−〈φ·νD, g〉 : −div(φ) = ρ+h in D′(ΩD \ ΓD)
}
,
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for any h ∈ Mb(ΩD). Then F is convex and l.s.c. Indeed, take h1, h2 ∈ Mb(ΩD) and set
h := th1 + (1 − t)h2 for t ∈ [0, 1]. Let φ1,n, φ2,n ∈ DMp(ΩD) be two minimizing sequences of
fluxes corresponding to h1 and h2 respectively, i.e. −div(φi,n) = ρ+ hi, in D′(ΩD \ ΓD) and

F (hi) = lim
n

∫
ΩD

σ(x, φi,n(x))dx+

∫
ΓD

g dhi − 〈φi,n · νD, g〉 for i = 1, 2.

Set φn = tφ1,n + (1− t)φ2,n. We clearly see that φn are admissible for h and

F (h) ≤ lim
n

∫
ΩD

σ(x, φn(x))dx+

∫
ΓD

g dh− 〈φn · νD, g〉

= lim
n

∫
ΩD

σ(x, tφ1,n + (1− t)φ2,n)dx+

∫
ΓD

g dh− 〈(tφ1,n + (1− t)φ2,n) · νD, g〉

≤ lim
n
t
(∫

ΩD

σ(x, φ1,n)dx+

∫
ΓD

g dh− 〈φ1,n · νD, g〉
)

+ (1− t)
(∫

ΩD

σ(x, φ2,n)dx+

∫
ΓD

g dh− 〈φ2,n · νD, g〉
)

≤ tF (h1) + (1− t)F (h2)

and this proves convexity. For the lower semicontinuity, take a sequence hn ⇀ h in Mb(ΩD).
For every n ∈ N, we consider a sequence (φkn)k∈N of L1(ΩD,RN ) such that

F (hn) = lim
k→∞

∫
ΩD

σ(x, φkn(x))dx+

∫
ΓD

g dhn − 〈φkn · νD, g〉.

We may find some ψn ∈ L1(ΩD,RN ) such that −div(ψn) = h− hn in D′(ΩD \ ΓD), ‖ψn‖L1 → 0

and 〈ψn · νD, g〉 → 0. In fact, we have h − hn ∈ Mb(ΩD) ↪→ W−1,p′(ΩD) for p > N and
p
′

:=
p

p− 1
. We consider the following p-Laplace equation


−∆pun = h− hn in ΩD

un = 0 on ΓD

|∇un|p−2∇un · νΓ̃ = 0 on Γ̃.

(3.10)

The system (3.2) admits a unique solution un ∈ W 1,p(ΩD) such that un = 0 on ΓD. Hence, if
we set ψn = |∇un|p−2∇un, we see that ψn ∈ Lp

′
(ΩD), and then in L1(ΩD). Moreover, we have

−div(ψn) = h−hn in D′(ΩD). Since h−hn is bounded in W−1,p′(ΩD), it is not difficult to prove
that un is bounded in W 1,p(ΩD). So, by taking a subsequence if necessary, we have un ⇀ u in
W 1,p(ΩD), and uniformly in ΩD. On the other hand, we have∫

ΩD

|ψn|p
′
dx =

∫
ΩD

|∇un|pdx =< h− hn, un >W−1,p′ (ΩD),W 1,p(ΩD) −→
n→∞

0.
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In particular, this implies that |ψn| −→
n→∞

0 in L1(ΩD). Moreover, taking g̃ ∈ Lip(ΩD) be such
that g̃ = g on ΓD, we have

〈ψn · νD, g〉 =

∫
ΩD

ψn · ∇g̃ dx−
∫

ΩD

g̃ d(h− hn) −→
n→∞

0.

This being said, we clearly have −div(φkn + ψn) = ρ + h, i.e. φkn + ψn are admissible fluxes for
h. By semicontinuity of the integral, we have

F (h) ≤
∫

ΩD

σ(x, (φkn + ψn)(x))dx+

∫
ΓD

g dh− 〈(φkn + ψn) · νD, g〉

≤
∫

ΩD

σ(x, φkn(x))dx+

∫
ΓD

g dhn − 〈φkn · νD, g〉

+

∫
ΩD

σ(x, ψn(x))dx+

∫
ΓD

g d(h− hn)− 〈ψn · νD, g〉.

Letting k →∞ we get

F (h) ≤ F (hn) +

∫
ΩD

σ(x, ψn(x))dx+

∫
ΓD

g d(h− hn)− 〈ψn · νD, g〉.

Now, letting n → ∞, and using the fact that ψn → 0 in L1(ΩD)N , and hn ⇀ h inMb(ΩD), as
n→∞, we obtain the lower semicontinuity, i.e.

F (h) ≤ lim inf
n

F (hn).

Next let us compute F ∗. For any u ∈ C(ΩD), we have

F ∗(u) = sup
h∈Mb(ΩD)

∫
ΩD

udh− F (h)

= sup
h∈Mb(ΩD)
φ∈DMp(ΩD)

{∫
ΩD

udh−
∫

ΩD

σ(x, φ(x))dx−
∫

ΓD

g dh+ 〈φ · νD, g〉 :

−div(φ) = ρ+ h in D′(ΩD \ ΓD)
}

= I1(u) + I2(u),

where I1(u) := −
∫

ΩD

udρ and

I2(u) := sup
h∈Mb(ΩD)
φ∈DMp(ΩD)

{∫
ΩD\ΓD

ud(ρ+ h)−
∫

ΩD

σ(x, φ(x))dx+

∫
ΓD

(u− g) dh+ 〈φ · νD, g〉

: −div(φ) = ρ+ h in D′(ΩD \ ΓD)
}
.
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Using Lemma 3.11 below, we deduce that, for any u ∈ Lip(ΩD), we have

F ∗(u) =


−
∫

ΩD

udρ if

{
σ∗(x,∇u) ≤ 1

and u = g on ΓD

∞ otherwise.

Finally, using the fact

inf(OFD) = F (0) = F ∗∗(0) = sup
u∈Lip(ΩD)

−F ∗(u) = max(MD),

we deduce the result. �

Lemma 3.11. Let u ∈ Lip(ΩD), we have

sup
h∈Mb(ΩD)
φ∈DMp(ΩD)

{∫
ΩD\ΓD

ud(ρ+ h)−
∫

ΩD

σ(x, φ(x))dx+

∫
ΓD

(u− g) dh+ 〈φ · νD, g〉

: −div(φ) = ρ+ h in D′(ΩD \ ΓD)
}

=


0 if

{
σ∗(x,∇u) ≤ 1

and u = g on ΓD

∞ otherwise.

Proof. Take u as a test function in the divergence constraint −div(φ) = ρ + h in D′(ΩD \ ΓD),
we get

I(h, φ) :=

∫
ΩD\ΓD

ud(ρ+ h)−
∫

ΩD

σ(x, φ(x))dx+

∫
ΓD

(u− g) dh+ 〈φ · νD, g〉

=

∫
ΩD

∇u · φdx−
∫

ΩD

σ(x, φ(x))dx+

∫
ΓD

(u− g) dh+ 〈φ · νD, g − u〉.

If σ∗(x,∇u) ≤ 1 and u = g on ΓD, then following Lemma 2.7, we obtain sup I(h, φ) ≤ 0.
Actually, sup I(h, φ) = 0 in this case by taking h ≡ −ρ and φ ≡ 0. If u(x0) 6= g(x0) for some
x0 ∈ ΓD, then we consider Dirac mass at x0, h = n sign(u(x0) − g(x0))δx0 for n ∈ N, and fix
Φ0 ∈ DMp(ΩD) such that −div Φ0 = ρ in D′(ΩD \ ΓD), we have

sup I(h, φ) ≥
∫

ΩD

Φ0 · ∇u−
∫

ΩD

σ(x,Φ0(x))dx+ n|u(x0)− g(x0)|+ 〈Φ0 · νD, g − u〉.

Letting n→∞, we get the result. For the remaining case, i.e. u = g on ΓD and σ∗(x,∇u) > 1
on a non negligible set, we see first that, for any u ∈ Lip(ΩD), there exists a measurable function
that we denote by qu : ΩD → RN , such that

qu(x) · ∇u(x) = σ∗(x,∇u(x)), a.e. in ΩD.
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Indeed, recall that σ∗(x,∇u(x)) = max
p
{〈p,∇u(x)〉 : σ(x, p) = 1} and the function x →

〈p,∇u(x)〉+ II[σ(x,.)=1] is measurable. Then, qu is given by the measurable representation in the
set

arg max
p

{〈p,∇u〉 : σ(x, p) = 1} .

Now, if u = g on ΓD and σ∗(x,∇u) > 1 in a subset A ⊂ ΩD such that |A| 6= 0, we consider
Φnε = n

qu
|qu|

χA ∗ηε, where ηε is a sequence of mollifiers. It is clear that there exists h ∈Mb(ΩD),

such that −div Φnε = ρ+ h. For any n, we have

sup I(h, φ) ≥
∫

ΩD

Φnε · ∇u−
∫

ΩD

σ(x,Φnε(x))dx.

Letting ε→ 0, we get

sup I(h, φ) ≥ n
∫
A

1

|qu|
(qu · ∇u− σ(x, qu)) dx ≥ n

∫
A

1

|qu|
(σ∗(x,∇u(x))− 1) dx.

Then, letting n→∞, we get the result. �

Remark 3.12. Going over the duality inferred by Theorem 3.10, we have

inf

{∫
ΩD

σ(x, φ(x))dx− 〈φ · νD, g〉 : φ ∈ DMp(ΩD), −div (φ) = ρ in D′(ΩD \ ΓD)

}
= max

{∫
ΩD

u(x)dρ, σ∗(x,∇u(x)) ≤ 1 a.e. x in ΩD and u = g on ΓD

}
.

It is not clear if the inf is a min . This is closely connected to the regularity of the trace of
divergence-measure field. However, one sees that if this is true, i.e. the inf is a min, then the
respective extremums u and φ satisfy the following PDE:

−div(φ) = ρ in D′(ΩD \ ΓD)

φ(x) · ∇u(x) = σ(x, φ(x)) in ΩD

u = g on ΓD

σ∗(x,∇u(x)) ≤ 1 in ΩD

φ · νΓ̃ = 0 on Γ̃.

4. The augmented Lagrangian technique

4.1. Formulation of the problem. We set again X = W 1,∞(ΩD) and Y = L∞(ΩD)N . For
any u ∈X and η ∈ Y , we define

F(u) =


−
∫

ΩD

u dρ if u = g on ΓD

+∞ otherwise

, G(η) =

 0 if σ∗(x, η) ≤ 1

+∞ otherwise
, and Λu = ∇u.
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Thus, the problem (MD) can be rewritten in the form

− inf
u∈X

F(u) + G(Λu).

Thanks to Theorem 3.10, we can write

−min
{
F(u) + G(Λu) : u ∈X

}
= − sup

{
−F∗(−Λ∗φ)− G∗(φ) : φ ∈ DMp(ΩD)

}
= inf

{∫
ΩD

σ(x, φ(x))dx− 〈φ · νD, g〉 : φ ∈ DMp(ΩD), −div (φ) = ρ in D′(ΩD \ ΓD)

}
.

Introducing a new primal variable q ∈ Y we can write (MD) in the following alternative form

− inf
(u,q)∈X ×Y

Λu=q

F(u) + G(q) (4.11)

so that (MD) and (OFD) can be recast in a saddle point form

inf
(u,q)∈X ×Y

sup
φ∈DMp(ΩD)

L(u, q;φ)

where

L(u, q;φ) = F(u) + G(q) +

∫
ΩD

φ · (Λ(u)− q) dx, for any (u, q, φ) ∈X × Y ×DMp(ΩD).

More precisely, we have

Proposition 4.13. u is a solution of (MD) if and only if the couple (u, q := Λu) ∈ X × Y is
a solution of

sup
φ∈DMp(ΩD)

min
(u,q)∈X ×Y

L(u, q;φ)

which is equal to
min

(u,q)∈X ×Y
sup

φ∈DMp(ΩD)
L(u, q;φ).

Proof. The proof of this result is standard. For completeness let us give the main arguments
showing how the duality of the previous section takes part of this result. Using (4.1), it is not
difficult to see that

min
{
F(u) + G(Λu) : u ∈X

}
= min

(u,q)∈X ×Y
sup

φ∈DMp(ΩD)
L(u, q;φ).

On the other hand, using the definition of F∗, G∗ and Λ∗, one sees that

sup
φ∈DMp(ΩD)

min
(u,q)∈X ×Y

L(u, q;φ) = sup
{
−F∗(−Λ∗φ)− G∗(φ) : φ ∈ DMp(ΩD)

}
.

Thus using Theorem 3.10, the result of the proposition follows. �

For a given r > 0, we recall that the augmented Lagrangian (cf. [22]) is given by

Lr(u, q;φ) = F(u) +G(q) + 〈φ,Λu− q〉+ r

2
|Λu− q|2, for any (u, q, φ) ∈X ×Y ×DMp(ΩD).

In the same way, it can easily be proved that
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Proposition 4.14. Let r > 0. Then, u is a solution of (MD) if and only if the couple (u, q :=
Λu) ∈X × Y is a solution of

sup
φ∈DMp(ΩD)

min
(u,q)∈X ×Y

Lr(u, q;φ)

which is equal to
(Sr) : min

(u,q)∈X ×Y
sup

φ∈DMp(ΩD)
Lr(u, q;φ).

Now for the numerical computation concerning the problem (MD), we will focus on the saddle
point problem (Sr). Recall that the addition of the quadratic term

r

2
|Λu−q|2 has the advantage

of improving the convergence of the dual approach (one can see [18, 21]).

4.2. Application of ALG2. We approximate the domain ΩD via a triangulation Th. For k ≥ 1,
we denote by Pk the space of polynomials with real coefficients and of degree at most k. We define
Xh ⊂ W 1,∞(ΩD) as the space of continuous functions on ΩD belonging to Pk on each triangle.
Similarly, Yh is the space of vector valued functions belonging to (Pk−1)d on each triangle. Then
the problem (MD) is discretized by the following finite-dimensional optimization problem:

inf
u∈Xh

F(u) + G(Λu).

Then, for a given q0 ∈ Yh, φ0 ∈ Y ∗h , using ALG2 algorithm (also called ADMM [4]) we con-
struct a sequence {ui}i, {qi}i, {φi}i by optimizing alternatively in u and q, for i ≥ 1. Convergence
of the algorithm in the finite-dimensional setting is well known (cf. [17]). The convergence can
be also established in the case of infinite-dimensional Hilbert spaces. For further details in this
direction and about the ALG2, we refer the reader to [22, 20, 17].

Algorithm 1 ALG2 iterations

1st step: ui+1 ∈ arg min
u∈Xh

{
F(u) + 〈φi,Λ(u)〉+

r

2
|Λ(u)− qi|2

}
.

2nd step: qi+1 ∈ arg min
q∈Yh

{
G(q)− 〈φi, q〉+

r

2
|Λ(ui+1)− q|2

}
.

3rd step: We update the multiplier φ by

φi+1 = φi + r(∇ui+1 − qi+1).

Remark 4.15. • The first step amounts to solve a Laplace equation with mixed boundary
conditions. Indeed, we have for every z ∈Xh with z = 0 on ΓD

r〈∇ui+1,∇z〉 = 〈ρ, z〉+ 〈(rqi − φi),∇z〉

which is equivalent to solve

−r∆u = ρ+ div(φ− rq) in ΩD,
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together with the following mixed boundary conditions:
Dirichlet boundary condition u = g on ΓD

Homogeneous Neumann boundary condition (r∇u+ φ− rq) · νΓ̃ = 0 on Γ̃.

• The second step is a pointwise projection. Indeed, we use P1 finite element for q and φ,
we have at each vertex xk

0 ∈ ∂IIB∗(xk,.)(qi+1(xk))− φi(xk)− r(∇ui+1(xk)− qi+1(xk)),

which is equivalent to perform pointwise projections:

qi+1(xk) = ProjB∗(xk,.)

(φi(xk)
r

+∇ui+1(xk)
)

where B∗(x, .) = {p ∈ RN : σ∗(x, p) ≤ 1}.
4.3. Error criterion. Basing on the primal-dual optimality conditions, we use the following
stopping criterion

1. MaxLip := sup
x
σ∗(x,∇u(x)),

2. Div := ‖ − div(φ)− ρ‖L2 ,
3. Dual := ‖σ(x, φ(x))− φ(x) · ∇u‖L2 ,

4. NBDφ :=
(∫

Γ̃
(φ · ν)2

)1/2
.

We expect MaxLip ≤ 1 and Div,Dual,NBDφ to be small. In addition, we compute ‖u− uexact‖
for different norms where u is the computed solution and uexact is the exact solution, whenever
the latter is easily found. Let us mention that NBDφ will concern only the Test 2 where we
prescribe data on a closed set D, so that Γ̃ 6= ∅.

To implement the algorithm we use FreeFem++ [23], which is particularly adapted to solve
the Laplace equation in the first step of ALG2. We use P2 finite element for u and P1 finite
element for φ and q (see e.g. [2]). All the tests are executed on a macOs Mojave 10.14.4.

5. Numerical experiments

5.1. Test 1: We first examine the case |∇u| = f(x, y) ≡ 1 in Ω = (0, 1)2 and u = 0 on ∂Ω.

(a)

IsoValue
0.0122589
0.0367766
0.0612943
0.085812
0.11033
0.134847
0.159365
0.183883
0.208401
0.232918
0.257436
0.281954
0.306472
0.330989
0.355507
0.380025
0.404542
0.42906
0.453578
0.478096

(b)

Vec Value
0
0.0274978
0.0549956
0.0824933
0.109991
0.137489
0.164987
0.192484
0.219982
0.24748
0.274978
0.302476
0.329973
0.357471
0.384969
0.412467
0.439964
0.467462
0.49496
0.522458

(c)

Figure 1. Left to right: 3D plot of the solution u, contour plot of u, the flux φ
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Figure 2. Error criterion for 1000 iterations with Nh = 120

The exact solution is uexact(x, y) = d((x, y), ∂Ω) = min(x, 1 − x, y, 1 − y). We measure
‖u− uexact‖ in different norms, with different mesh sizes Nh and for 1000 iterations.

Nh Time execution ‖u− uexact‖L2 ‖u− uexact‖L1 ‖u− uexact‖L∞
30 55.3254s 1.19311e-3 1.2476e-3 9.71803e-4
60 212.838s 3.68023e-4 3.82991e-4 3.48313e-4
120 855.136s 1.64122e-4 1.7198e-4 1.66483e-4

This test shows us that ALG2 iteration converges to the accurate solution u as the mesh is
refined.

5.2. Test 2: We consider the same equation |∇u| = 1 on Ω = (−1, 1)2 \ D where D is the
euclidean ball centered at (0.05, 0.09) and of radius 0.25, and we set u to be equal to 0 on D.

(a)

IsoValue
0.0283175
0.0900488
0.15178
0.213511
0.275243
0.336974
0.398705
0.460437
0.522168
0.583899
0.64563
0.707362
0.769093
0.830824
0.892556
0.954287
1.01602
1.07775
1.13948
1.20121

(b)

Vec Value
0
0.205054
0.410107
0.615161
0.820215
1.02527
1.23032
1.43538
1.64043
1.84548
2.05054
2.25559
2.46064
2.6657
2.87075
3.07581
3.28086
3.48591
3.69097
3.89602

(c)

Figure 3. Left to right: 3D plot of the solution u, contour plot of u, the flux φ
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Figure 4. Error criterion for 500 iterations with Nh = 50

5.3. Test 3: Always with the Eikonal case, take f(x, y) =
√

(1− |x|)2 + (1− |y|)2. The exact
solution in Ω = (−1, 1)2 is uexact(x, y) = (1− |x|).(1− |y|).

(a)

IsoValue
0.024445
0.0733351
0.122225
0.171115
0.220005
0.268895
0.317786
0.366676
0.415566
0.464456
0.513346
0.562236
0.611126
0.660016
0.708906
0.757796
0.806686
0.855577
0.904467
0.953357

(b)

Vec Value
0
0.0360819
0.0721639
0.108246
0.144328
0.18041
0.216492
0.252574
0.288655
0.324737
0.360819
0.396901
0.432983
0.469065
0.505147
0.541229
0.577311
0.613393
0.649475
0.685557

(c)

Figure 5. Left to right: 3D plot of the solution u, contour plot of u, the flux φ
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(b) Divergence and Dual errors.

Figure 6. Error criterion for 600 iterations with Nh = 120

Nh Time execution ‖u− uexact‖L2 ‖u− uexact‖L1 ‖u− uexact‖L∞
30 39.1138s 2.27077e-3 2.54665e-3 2.47988e-3
60 158.138s 6.49636e-4 7.41279e-4 1.57558e-3
120 647.024s 2.99273e-4 3.22747e-4 6.54593e-4
240 2610.03s 6.97158e-05 7.83619e-05 2.807e-4

5.4. Riemannian case. We take σ((x, y), v) =
√
β1v2

1 + β2v2
2, with β1, β2 > 0. It is not difficult

to see that σ∗(q) =

√
q2

1

β1
+
q2

2

β2
. As in [3], the projection onto the unit ball of σ∗, B∗ = {q, σ∗(q) ≤

1} is given by

ProjB∗(q) =

q if q ∈ B∗( β1q1

β1 + ζ
,
β2q2

β2 + ζ

)
otherwise,

where ζ is the zero of the function

F (ζ) = 1−
( β1q1

(β1 + ζ)2
+

β2q1

(β2 + ζ)2

)
,

which can be computed with a dichotomy algorithm.
For this test, we take

β1 =
1

e
−2

(√
2(x−0.5)2+2(x−0.5)(y−0.5)+(y−0.5)2)

) and β2 =
2

e
−2

(√
2(x−0.5)2+2(x−0.5)(y−0.5)+(y−0.5)2)

) .
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(a)

IsoValue
0.0179358
0.0538075
0.0896791
0.125551
0.161422
0.197294
0.233166
0.269037
0.304909
0.340781
0.376652
0.412524
0.448396
0.484267
0.520139
0.556011
0.591882
0.627754
0.663626
0.699497

(b)

Vec Value
0
0.0311718
0.0623435
0.0935153
0.124687
0.155859
0.187031
0.218202
0.249374
0.280546
0.311718
0.342889
0.374061
0.405233
0.436405
0.467577
0.498748
0.52992
0.561092
0.592264

(c)

Figure 7. Left to right: 3D plot of the solution u, contour plot of u, the flux φ
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(b) Divergence and Dual errors.

Figure 8. Error criterion for 400 iterations with Nh = 64

5.5. Anisotropic Eikonal equation: One interesting case is the so called anisotropic Eikonal
equation. Consider a symmetric positive definite matrix M modelling the anisotropy, and define
the following equation

H(x,∇u) =
√
∇u†M∇u− 1 in Ω and u = 0 on ∂Ω.

In this case B∗ is an ellipse and the projection can be computed as in the Riemannian case [27]:

ProjB∗(q) =

{
q if q ∈ B∗

(ζM + In)−1q otherwise,

where ζ is the unique positive root of the function

F (ζ) = q̄†ζMq̄ζ − 1 with q̄ζ = (ζM + In)−1q,
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which can be found with a dichotomy method. We perform a test as in [30, Example 2] by taking

M =

(
l1(x, y) −l3(x, y)
−l3(x, y) l2(x, y)

)
with

l1(x, y) =
1

e
−2

(√
2.(x−0.5)2+2.(x−0.5).(y−0.5)+(y−0.5)2

)
l2(x, y) = 2l1(x, y)

l3(x, y) = l1(x, y).

(a)

IsoValue
0.00732994
0.0219898
0.0366497
0.0513095
0.0659694
0.0806293
0.0952892
0.109949
0.124609
0.139269
0.153929
0.168589
0.183248
0.197908
0.212568
0.227228
0.241888
0.256548
0.271208
0.285867

(b)

Vec Value
0
0.0293957
0.0587915
0.0881872
0.117583
0.146979
0.176374
0.20577
0.235166
0.264562
0.293957
0.323353
0.352749
0.382145
0.41154
0.440936
0.470332
0.499728
0.529123
0.558519

(c)

Figure 9. Left to right: 3D plot of the solution u, contour plot of u, the flux φ
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Figure 10. Error criterion for 300 iterations with Nh = 80.
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5.6. Polyhedral case. Consider k vectors p1, · · · , pk and define for any v ∈ RN the following
Finsler metric

σ(v) = max
1≤i≤k

< v, pi >

usually called a crystalline norm. We can easily check that the unit ball B∗ of σ∗ is nothing but
the convex hull of the vectors p1, · · · , pk:

B∗ = conv(p1, · · · , pk).
The projection onto B∗ can be performed easily (see [3, 25]). We start by determining the
vertices s1, · · · , sk of B∗ and the corresponding outward normal vectors νi to the edges of B∗.
Afterwards, if v 6∈ B∗, we distinguish to cases: either v ∈ [si, si+1] + R+νi, and in this case we
project v onto the segment [si, si+1], or it belongs to a sector si + R+νi + R+νi+1 and in this
case its projection is si.

We perform a test with p1 = (1,−1), p2 = (1,−0.8), p3 = (−0.8, 1), p4 = (−1, 1), p5 =
(−1,−1). We take Nh = 64 and 600 iterations.

(a)

IsoValue
0.00408771
0.0122631
0.0204385
0.028614
0.0367894
0.0449648
0.0531402
0.0613156
0.069491
0.0776665
0.0858419
0.0940173
0.102193
0.110368
0.118544
0.126719
0.134894
0.14307
0.151245
0.159421

(b)

Vec Value
0
0.0662808
0.132562
0.198842
0.265123
0.331404
0.397685
0.463966
0.530247
0.596527
0.662808
0.729089
0.79537
0.861651
0.927931
0.994212
1.06049
1.12677
1.19305
1.25934

(c)

Figure 11. Left to right: 3D plot of the solution u, contour plot of u, the flux φ
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Figure 12. Error criterion for 600 iterations with Nh = 64.
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