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Dynamics of epidemic spreading on connected graphs

Christophe Besse & Grégory Faye!

1CNRS, UMR 5219, Institut de Mathématiques de Toulouse, 31062 Toulouse Cedex, France

November 23, 2020

Abstract

We propose a new model that describes the dynamics of epidemic spreading on connected
graphs. Our model consists in a PDE-ODE system where at each vertex of the graph we have a
standard SIR model and connexions between vertices are given by heat equations on the edges
supplemented with Robin like boundary conditions at the vertices modeling exchanges between
incident edges and the associated vertex. We describe the main properties of the system, and
also derive the final total population of infected individuals. We present a semi-implicit in time
numerical scheme based on finite differences in space which preserves the main properties of the
continuous model such as the uniqueness and positivity of solutions and the conservation of the
total population. We also illustrate our results with a selection of numerical simulations for a

selection of connected graphs.

AMS classification: 34D05, 35Q92, 35B40, 92-10, 92D30.

Keywords: SIR model, graph, diffusion equation.

1 Introduction

Classical SIR compartment models are cornerstone models of epidemiology which allow one to
study the evolution of an infected population at a given spatial scale (e.g. whole countries, regions,
counties or cities). Such models date back to the pioneer work of Kermack and McKendrick [15]
and describe the evolution of susceptible (S) and infected (I) populations which eventually become

removed (R) via systems of ordinary differential equations which typically take the form

S'(t) = —7S(t)I(t),
I'(t)=7S@t)I(t) —nl(t), (1.1)

where 7 > 0 is a contact rate between susceptible and infected populations, and 1/n7 > 0 is the

average infectious period; see [12] for a review on SIR models. These models have been used in the



Figure 1: Map of France with an illustration of a connected graph connecting major cities.

past to reproduce data of epidemic outbreaks such as the bubonic plague [15], malaria [19], SARS
influenza [6, 18] and most recently COVID-19 [16, 20, 21]; see also [20] for other applications.

In classical SIR models such as (1.1), interactions among the infected population are oversimpli-
fied, and when taken into account they typically involve transfer matrices of populations of infected
between various uniform patches [17, 18, 26]. Our interest lies in the understanding of the intri-
cate interplay between spatial effects and heterogeneous interactions among infected populations.
Schematically, we propose a model composed of cities linked by a given transportation network
(roads, railroads or rivers), see Figure 1 for an illustration in the case of France. It will turn out
that the appropriate theoretical framework will be graph theory where each vertices of the graph
will be thought as the cities and the edges the lines of transportation. In a first approximation, we
will assume that infected populations are only subject to spatial diffusion along the lines, as it is
traditionally assumed in classical spatial SIR models [1, 3, 9, 22]. As a consequence, in our model,
the dynamics of the epidemic only takes place in the cities. Interactions are then modeled by flux
exchanges between cities and lines where we assume that some fraction of infected individuals can
either leave a city to be on a line, or leave a line and stop in a city, or pass from one line to another
through a city. The typical question that we address here can easily be stated as follows. Given
a connected graph of cities linked by roads and an initial configuration of infected individuals,
how does the epidemic spread into the network and what is the eventual final configuration of the
infected population? Our aim here is to gain insight into this spreading aspect at the fundamental
mathematical level of a SIR type model that incorporates the possibility of infected individuals to

travel along a specific given transportation network.

Our framework is at the crossroad of models that take into account lines of transportation such as
recent reaction-diffusion models that study propagation of epidemics along lines with fast diffusion
[3] and models that incorporate networks with more sophisticated interactions dynamics [2, 4, 5, 25].

On a formal level, our proposed model can be thought of as being a one-dimensional version of



the planar reaction-diffusion system of [3] with a line of fast diffusion in the case of one city and
one line of transportation. Actually, the graph structure of the transportation network provides a
natural embedding into a planar spatial domain. From a mathematical point of view, our model
shares also some similarities with the PDE-ODE model of [8] which studies the spread of airborne

diseases where the movement of pathogens in the air is assumed to follow a linear diffusion.

2 Model formulation and main results

Throughout, we denote by G = (V, ) a compact metric graph, i.e. a collection of vertices V and
edges £ and further assume that G is finite and connected. Each edge e € & is identified with
a segment . = [0,4.] with /. € (0,00), where /. is the finite length of the edge. A real valued

function v : G — R is a collection of one dimensional maps defined for each edge e € &:
Ue : Qe — R.
For future references, we define BC(G,R) the space of bounded continuous functions on G as

BC(G.R) := P BC(Q,R),

eef

and similarly BC*(G,R) with & > 1. We define the L> norm on G for u € BO(G,R) as

me:%g$@%ML

2.1 A SIR model on compact connected graph

Given a graph G, we let X,(t) := (S,(t), I,(t), Ry(t)) € R3, for each v € V, where S,(t) represents
the population of susceptible individuals, I,,(¢) the population of infected individuals and R,(t) the
population of susceptible individuals at vertex v € V and time ¢t > 0. We assume that X, evolves

according to a SIR model of the form
S (t) = —TuSu(t) 1, (1),
I’L/)<t) - Tvsv<t)lv(t) - nvjv(t> + Z ozgue(t, U) - XUIv(t); (2'1)

R; (t) = nuly (t);

where 7,,7, > 0 are the intrinsic parameters of the epidemic which may depend on the vertex v. The
contribution —\,I,(t) in the right-hand side of the equation for the infected population traduces
the fact that infected individuals can leave the vertex v to incident edges whereas )

e Cotte(t, V)

reflects the contribution of incoming infected individuals from incident edges. Here, e ~ v denotes

Ay 1= Z)&;,

e~v

the edges incident to the vertex v and



such that \!I,(t) infected individuals leave vertex v to edge e. We have assumed that only the
infected population is subject to movement, and we think of .5, being an ambiant population whose
movement does not affect its distribution. We recover the standard SIR model (1.1) by considering
the trivial graph G = ({v},0). Throughout the manuscript, we will assume the following standing
hypothesis on the coefficients a? and A in (2.1).

Hypothesis 2.1. For each (e,v) € £ x V we assume that
ap € (0,1) and A €(0,1),

together with
Y Ae(0,1) and Y ale€(0,1).
e~V e~v
Next, for each e € £, we let d. > 0 and we assume that u, evolves according to
(o]
e (t, ) = dedPuc(t,z), t>0, z€Q.. (2.2)
Assuming that infected individuals have local diffusion along the edges of the graph is a first
approximation, and this can be viewed as a limiting Brownian movement of individuals. We shall
come back to this modeling hypothesis later in the manuscript, but possible extensions could be to

incorporate nonlocal diffusion or transport terms.

It now remains to model the exchanges of infected individuals at the vertices. Fo each v € V, we
associate an integer 0, > 1 which we refer to as its degree (i.e. number of edges incident to the

vertex v). We define u,(t) € R% as the column vector function

u,(t) = (ue(t, v))e~v,

where we recall that e ~ v denotes the edges incident to the vertex v, and thus u.(t,v) is the

corresponding limit value of u. at = v. Define also d,u,(t) € R% as the column vector function
Oy (t) := (Onue(t,v))emu,

where 0, uc(t,v) is the outwardly normal derivative of u, at the vertex v. Our boundary conditions
at the vertex v that link (2.1) and (2.2) are described by

Dydpuy(t) + Kyu(t) = AL (2), (2.3)

where D, € .#;,(R) is the diagonal matrix D, = diag[(de)e~v] and K, € #;,(R) whose structure
will be specified below. Formally, (2.3) traduces the balance of fluxes of infected individuals at
the vertex v, and we will demonstrate this heuristic rigorously by showing in the forthcoming

Subsection 2.4 the conservation of total population.



2.2 Assumptions on the connectivity matrices K,

We now precise the form of the matrix K, entering in the boundary condition (2.3). Essentially, K,
gathers two contributions. One contribution comes from the exchanges between infected individuals
at the vertex with the incoming infected individuals for the incident edges. The second contribution
traduces exchanges between edges. Indeed we allow infected individuals to pass from one edge to

another one. More precisely, we have that K, splits into two parts
K, := A, + Ny,

where the matrix A, € .#;, (R) is the diagonal matrix A, = diag(a?)e~, while the matrix N, €

M, (R) is such that the sum of each column is zero. More precisely, if we label by e ~ v =

(e1,--- ,es,) the edges incident to the vertex v, we have that for alli=1,--- 4,
_ v
(N’U)i,i - § :Z/ei,e]-
J#i
and for i £ j=1,---,6,
_ v
(NU)%] - Vej,ei'
In the case d, = 3, we get
v U _ 4, 1,V
V61762 + €1,€3 Ve2yel Ve3761
— ) v v v
Ny = Vei,en Ves,er + Veses Ves,ea ’
Ty _ v v v
V€1763 1/62,63 V63,€1 + V637€2

see Figure 2 for an illustration in that case.

Furthermore, for the diagonal term we will use the shorthand notation

(No)ee = D Veer-
ele
The fact that N, € #s,(R) is such that the sum of each column is zero precisely traduces the
fact that there is the conservation of infected individuals through exchanges between incident edges
at each vertex. And, we remark that it implies that the matrix K, has a strict column diagonal
dominance in the sense that for each i =1,---,4,

Oy
(Kv)ese; = ag, >0,

€
J=1

because of this specific structure of N,. From now on we also assume that K, has a diagonal
dominance with respect to its lines. This property will be crucial later on in the proof of existence

of solutions. As a consequence, we impose the following running assumptions on the matrices K.

Hypothesis 2.2. For each v € V and (e,€') € € x €, we assume that

Z/:,e’ S [0, 1)



€1

€3

€2

Figure 2: Schematic illustration of the exchanges at a given vertex v with 6, = 3.

Furthermore, we impose that for allv €V
St <ol Yot
e'#e e'#e

together with

(Ku)ee = ag + ) vie € (0,1),
e'te
for each e ~ v.
Remark 2.3. If the exchanges between the edges are symmetric, that is for each v € V the matrices
N, are symmetric, that is
Ve ot = Ver V(e,e') € £ x &,

e,e

then Hypothesis 2.2 is automatically satisfied.

2.3 Initial configuration

Finally, we complement our coupled PDE-ODE (2.1)-(2.2)-(2.3) with some initial conditions. We
assume that at ¢t = 0, we have

u(t =0,-) =u’ € BC(G,R),

such that for e € &,
uwl(xr) >0, x€Q.

[

On the other hand, for the ODE system (2.1), we suppose that

(Sy(t = 0),I,(t = 0),R,(t =0)) = (S, 1°,0) >0, VYveV.

VIV



We further assume that (2.3) is satisfied at t = 0
Do, + Kyud = A, 10,

with obvious notations ud := (u2(v))e~y and IY := (I9,--- , I9)t. Last, we impose that the initial

total population of infected individuals is strictly positive,
d 1) >0,
veV

and that susceptible individuals are initially present at each vertex of the graph
S0>0, Vwev.

This in turn implies that the total population is initially

Z/ (z)dz+ > (ST +10) > 0.

ec& veY

2.4 Conservation of total population

Assuming that there is a solution to (u, (X,)yep) to (2.1)-(2.2)-(2.3), we have that the total mass
of the system M (t) defined as

Z/uet:cdaH-Z ) + Ro(t))
ec& veEY

is a conserved quantity and thus independent of ¢.

To see that, we first remark that

(Sy(t) + I,(t) + Ry (t Za ue(t,v) — My (t) = (Ayuy(t), 15,) — (A L,(2), 15,)

e~v
with
15 = (17 71)t € R6U7

and (-, ) is the standard Euclidean inner product on R%. On the other hand let us define

Z/ ue(t, z)d

ecf

and assume that wu is a classical solution of (2.2), which we will prove in the next section, and



compute

Z/ 8tuetxdw—2d [0zue(t, )] 50

ec& ec&

—ZDauv ), 1s,)

veY

= (AT (t) — Kyuy(t), 1,)

veY

= Z(AyIv(t) - Avuv(t)v 15'u> - Z<Nvuv(t)7 15v>

veY veY

~~

== (SL) +I,(t) + Ry(1)) -

veY

The fact that
D (Nouy(t),15,) =0

veV
is a direct consequence on the specific structure of each matrix N, and the fact that the sum of

each column is zero. We therefore conclude that M’(t) = 0 and

Z/ ue(t,z)dz + > (S, () + Ry(t)) = M°, vt >0.

ecf veY

Biological interpretation. Our model is thus consistent with the conservation of the total
population as it is traditionally the case for SIR model in the case of zero natality /mortality rate.

The exchanges between the vertices and the edges exactly compensate each other as is natural.

2.5 Main results and outline of the paper

We now present our main results regarding our model (2.1)-(2.2)-(2.3). At this stage of the presen-

tation, we remain formal and refer to the following sections for precise statements and assumptions.

Main result 1: Existence and uniqueness of classical solutions. We prove in Theorem 1
below that for each well prepared initial condition our model (2.1)-(2.2)-(2.3) admits a unique
positive classical solution which is global in time. We remark that the system (2.1)-(2.2)-(2.3) is
not standard as it couples a system of PDEs to ODEs at each vertices through inhomogeneous
Robin boundary conditions. As a consequence, the existence and uniqueness of classical solutions

has to be proved. This analysis is conducted in Section 3.

Main result 2: Long time behavior of the solutions. We fully characterize the long time
behavior of the unique solution of our model. More precisely, we prove that the final total population

of infected individuals at each vertex, denoted by Z;°, is a well defined quantity: 0 < Z3° < oo for



v eV and (Z9°)yey are solutions of a system of ¢y + 1 implicit equations, where ¢y stands for the

cardinal of V', which belong to the parametrized submanifold

3 (806 4 ) = 0
veY
where MY is the initial total mass. We refer to Theorem 2 for a precise statement. We also present
further qualitative results on the final total configuration (Z3°),ecy in the fully symmetric case where
we obtain closed form formula (see Lemma 4.3) and in the case of two vertices where we manage to
obtain sharp bounds on the final total populations of infected individuals (see Lemma 4.4). In each
case, we manage to relate these quantities to standard basic and effective reproductive number for

classical SIR model. The aforementioned results are proved in Section 4.

Main result 3: A mass preserving semi-implicit numerical scheme. We propose and
analyze a semi-implicit in time numerical scheme based on finite differences in space which has the
property to preserve a discrete total mass associated to the discretization. We prove that if the
time discretization constant is smaller than a universal constant depending only on the parameters
of the system (and not on the space discretization constant) and if N, is symmetric for each v € V,
then our mass preserving semi-implicit numerical scheme is well-posed and preserves the positivity
of the solutions. We refer to Section 5 for a presentation of the numerical scheme and Theorem 3

for a precise statement of our main result.

Main result 4: Numerical results for various types of graphs. We illustrate our theoretical
findings with selection of numerical simulations for various types of graphs in Section 6. We
respectively study the case of 2 vertices and 1 edge, 3 vertices and 3 edges (closed graph), 4 vertices
and 3 edges (star-shape graph) and N + 1 vertices and N edges with N being arbitrarily large
(lattice graph). Most notably, in the last case, we show the propagation of the epidemics across

the vertices of the graph in the form of a traveling wave.

3 The Cauchy problem: existence and uniqueness of classical so-

lutions

This section is devoted to the proof of the following main theorem which guarantees that our model

is well-posed.

Theorem 1. For each (S9,1)) > 0 with S >0, Y-, .\, 19 > 0 and u® € BC(G,R™) that satisfy the

boundary condition (2.3), there exists a unique positive global solution (S,, I,, R,) € € (RT, RT x
R* x RY) and u € €?(R} x G,RT).

The proof of Theorem 1 is divided into two parts. We first prove the existence of positive global

classical solutions and then show that such constructed solutions are unique. We look for solutions



that satisfy (2.1)-(2.2)-(2.3) in the classical sense, and we always assume that (S0, I9) > 0 with
S9>0,3,cp 1) > 0and v € BC(G,R"), that is for all e € £, u > 0 is bounded continuous on
Q.. We further assume that the initial conditions satisfy the boundary condition (2.3). We remark
that the system (2.1)-(2.2)-(2.3) is not standard as it couples a system PDEs to ODEs at each
vertices through inhomogeneous Robin boundary conditions. As a consequence, the well-posedness

of the Cauchy problem has to be proved.

Remark 3.1. Our existence and uniqueness result extends trivially in the case that parameters
T > 0, af € (0,1), AL € (0,1) and v € [0,1) are continuous functions of time satisfying
Tu(t) >0, ag(t) € (0,1), A(?) € (0,1) and vy ,(t) € [0,1) together with Hypotheses 2.1-2.2 verified
at all times t > 0.

3.1 Existence

In this section, we construct a classical solution to (2.1)-(2.2)-(2.3) through a limiting argument.
We will obtain a solution (u, (X, )yecy) has the limit of a subsequence of solution ((u”, (X}')yey))n>0

of the following problems

(dSp(t) .
dt - TUSv (t)Iv (t)7
dI;L 3 mn n Y n v, n—
S SO0 — o+ R0 + Y0t ), 10, weev,  (3)
dR}(t)
z = vIn t )
i noly ()
with
D,opuy(t) + Kyuy(t) = AJI(t), ¢>0, Yvel, (3.2)
and
Ol (t,x) = deagug(t,x), t>0, €., Veecf. (3.3)

starting from v’ € BO(G,R*) and (X?),ep. Note that (3.1)-(3.2)(3.3) is supplemented by the

same initial condition (u°, (X9),ey) at each step. We proceed along three main steps.

Step #1: solvability of (3.1)-(3.2)-(3.3). We first show that (3.1)-(3.2)-(3.3) admits a unique
solution. It can be done by induction. Assume that at step n — 1, we have constructed a solution
(u™1, (XP71),ey) such that for each t — u?~!(¢,v) is continuous, then we get the existence of a
unique solution of (3.1) which is € in time. Next we solve the system of PDEs (3.3)-(3.2) whose
coupling comes from the boundary conditions and owing that now the right-hand side of (3.2)
can be seen as given inhomogeneous term of class ¢! in time. As both D, and K, are invertible
matrices, we get the existence of a classical solution u™ € €2 which then ensures that t +— u?(t, v)

is continuous.

10



Step #2: a priori estimates. Let 0 <T < 1 be fixed. We first show by a recursive argument
that 0 < 57, 0 < I, 0 < R} for each v € V and 0 < u for each e € £. It is trivial at n = 0. Let

assume that is it true at n — 1. We start from (3.1) and a direct integration gives
Sn(t) = S0 Jo I (s)ds < 0,

I;l( ) IO —(7711+)\U t—‘rfo Sn ds+z / _(77U+>\v t S+f Sn dT 'g, 1(3 U)ds > O

e~vv
¢
Ry (t) = 771,/ I'(s)ds > 0.
0

Now owing that 0 < I7! for each v € V, the maximum principle implies that u] > 0 for each e € £.
Assume by contradiction that e, € £ is the component which reaches a negative minimum, namely
ug (ts,z4) = =6 < 0 with ] (t,z) > —d for t < t, and = € ., and for each e # e, we have
ul(t,z) > —6 for t < t, and x € Q.. We know that z, € 09, and let denote v, = z, € V the
vertex where this occurs. The Hopf lemma implies that d,u, (t4,vs) < 0. Inspecting the boundary

condition (3.2) at v,, we obtain that

de*anug* (t*,’U*) + ozg:u t*,’U* (Z Z/e* e) t*?”* Z Ve ,€x e t*,’U*) )‘EIIZ}*( )

evex EVEx

which writes
0>d6*8nu (t*vv* +5<Z”€e*_a1e]:_ Z e*,e> Zyee* 5+u t*a”*))_AZI[&( ) 0,
e~ex e~es e~vex
and leads to a contradiction. Here we have used the fact that
Yol Salt Yy v
EevVey Eve
from Hypothesis 2.2 on the matrices (K, ),ey.

Next, from the positivity of solutions, we obtain some uniform L°° bounds. More precisely, we

claim that there exists a constant K > 0 depending only on (T, 12, 59, ||u°||~) such that

bl V)

0< SO 1), RE(t) < K, and 'dS{}(t)‘"d]{}(t)HdRﬁ(t)

<K t<T
dt dt dt ‘— O<t=1,

and
0<ug(t,x) <K, 0<t<T, z€Qe.

First, using (3.1) we obtain that

dsp(t) | dIy(t) | dRu(t) _ ~ ., oo
ot T = L)+ Y aduT (),

which gives that

0<SP(t)+IM(t) + R (1) < SO+ I° + T[u" Yoo, 0<t<T,

11



together with

dSy(t)
dt

dR}(t)
dt

Az (t)
dt

) )

‘ <O Moo+ T + T?|u" o) 0<t<T,
which in turn implies that
[u" oo < CT[[u" oo (1 +T + T?[u" " o0),

for C,C > 0 only depend on the initial condition (u’, (X?),cy) and the parameters of the system.
We now claim that by induction, we have for all 0 <t < T,

a

0<SP(t)+I0(t) + Rit) < CY TP,

p=0
asn(t)| |dIn@) | [dRP ()| A
v v v < P
‘dt’dt’dt sCL T
p=0
2an
[u* oo < CY TP,
p=0

with a, = 2+ 2a,_1 for n > 2 and a; = 1 for some C' > 0 only depending on (u, (X9),ecy). As
0<T <1, we get that

0<S™(t) 4+ IM(t) + RM(t) < Cp, 0<t<T,
together with

dsy(t)
d¢

dry (t)
dt

dR}(t)
dt

n
™[] oo,

9 9

'SéTa

for some constant C7 > 0 depending on (T,u°, (X9)pey).

Step #3: existence of a solution. Parabolic Schauder estimates give that the time derivative
and the space derivatives up to order 2 of u™ are uniformly Holder continuous in compact sets. As
a consequence, we can use the Arzela-Ascoli theorem to show that (u”, (X]')yey) converges (up to
sequences) toward (u, (Xy)yey) in Cllo’z((O, T)x G)xCL ((0,T)) xCL ((0,T)) xCL.((0,T)). Passing

to the limit n — 400 in (3.1)-(3.2)-(3.3) we get that (u, (X,)yey) satisfies (2.1)-(2.2) subject to
boundary conditions (2.3).

As a by product of the proof we get that for the just constructed solution (u, (X, ),cy) we have the
uniform bounds:
0<S,(t) <82 0<t<T, veV,

and
0<I,(t),Ry(t) 0<t<T,

together with
0 <wue(t,x), 0<t<T, x€Q., e€f.

12



The fact that I,,(¢) > 0 implies thanks to the strong maximum principle that in fact
0<ue(t,r), 0<t<T, z€Q., ecg,

which in turn gives that I,,(¢) > 0 for each v € V since

- t -
w@):I&;mﬁwmﬁﬁ%@m5+§:a;/ffmﬁwmwwﬁC%vag—q&Mds>o
e~y 0

Finally, we use the conservation of mass which tells us that

E;/WQ@M+§]&@+QM+RWD:M%w,0<mﬂ,

eck € veV
such that both I,(t) and R, (t) are uniformly bounded in time, together with their derivatives. This
also implies that there exists a constant M > 0, depending only (u?, (X{),ey) such that

0<u(t,x) <M, 0<t<M, z€Qe.

Using again parabolic regularity, we obtain the solution (u, (X, )yey) is global in time and satisfies
(2.1)-(2.2)-(2.3) in the classical sense.

3.2 Uniqueness

Let assume that (u, (Xy)yey) and (@, (Xy)ep) are two classical solutions to (2.2)-(2.3)-(2.1) starting
from the same initial datum (u?, (X%),ey). We denote (i, (X,)vey) where for each e € €

Ue = Ue — Ue,

and each v € V

~ ~ ~

Xv = (S’UafvaRv) = (Sv - Sv,Iu - ngv — Rv)
By linearity, we get that for e € £
Ol = deOe, t>0, z€Q,

together with
Dydpty(t) + Koty (t) = AL (1), >0, vel.

On the other, one computes that X, satisfies for each v € V
Sy(t) = =7 (Su®Lu(t) + SO D))

R;) (t) = nuly (t),

13



We define the energy

=5 / Yot 5 3 (S0P + (0P + Rule)?)

eEE vEV

and note that &(0) = 0 by definition. Next, differentiating &(¢), we obtain

Z/ uetmﬁtuetxdx—i—Z( +I()I()~|—Rv(t)f2;(t)>
eef vey
=&, (t) + Ex (t).

On the one hand, we have

Z/ uetxatuetxd:p—z:d/ uetxazue(tx)dx

ecE ecf
= — Z de / 6 ue t x) dx + Z de [ﬁe(t, x)atae(t7 x)}aﬂ
ecf ee&
< 3 (D,0,8,(1). 5, (1)
veY
=Y (AT (1) — Kyl (t), ,(1))
veY
=) (AL () — Apiag(8), () — Y (Nt (t), 1y (L))
veY veEY
<) (AT (t) — Ayt (8), Tu(t))
veY

as IV, is symmetric positive. On the other hand, we compute

N ~

Eult) = 3 (Su®SL(0) + L T(1) + Ru(t) Ry (1))

veY
=3 7 (SuOLMSu(E) + Su® () + Su (0 + Su (VLML (1))
veY
~ S ndu(t)? - ZX L2+ L0 bt ) + 3 nR ()1, (2)
veY veY e~y veY
<C&(t) + ZI Za Ue(t,v)

veY e~

where C' > 0 is some large positive constant. Next, we see that

D L)) aie(tv) =D (Lu(t), Ayt (1),

veY e~ veY

such that we obtain

E'(t) < CEM) + Y (AuLu(t) — Aviy(1), (1) + > (I, (1), Aty (t)).
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Next, if we denote wy(t) := %A;l/Q (Ay + A) I, (2) — Azl,/zﬁv(t), we compute

0.2 T 00} = § U (o A0, 10) - S+ 400,000
) + %(Avﬁv(t)a a,(t)) )
-2 UG (ot AP 0,80 = ST (0 = A1) 84(0)
— giv(t),Avﬁv(t» )

As a consequence, we get

£1(1) < O61) + (AT (A + A B0 1(0) — 32 (9(0). 90, (1)

veY veY
< CEt),

for some C' > 0 and we conclude that &(t) = 0 for all time which then implies that & = 0 and

A~

X, =0.

4 Long-time behavior of the solutions

Throughout this section, we denote by (u, (X, )yey) the unique positive bounded classical solution
of the Cauchy problem (2.1)-(2.2)-(2.3) as given by Theorem 1 and which further satisfies the

conservation of total population, namely

Z/Q welt, 2)dw + 3 (Su(t) + L(t) + Ro(t) = MO >0, ¥t > 0.

ecf veY

4.1 Final total populations: general results

As 0 < S,(t) < SY and S, (t) is strictly decreasing, it asymptotically converges towards a limit that
we denote
So¢ = lim S,(t), wveV.

t—+o00
Furthermore, as R,(t) is strictly increasing and uniformly bounded, it asymptotically converges

towards a limit that is denoted
0< Ry := lim R,(t) <oo, wve.
t—+4o0

But as for each t > 0

&Wzmﬂh@m
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this implies that

t R
Zy(t) :== / Iy(s)ds — Z° = % < o0 as t — +00,
0

T
which in turn proves that
I’ = lim I,(t) =0.

t——+o0

If one recall the notation m(t) for the total population on the edges then we have

m(t) = Z/Q ue(t, x)dx,

ecf

and it verifies

D (Su(t) + L(t) + Ro(t) +m(t) = > (SO +1)) + Z/ ud(x)dz.
vey veY ec& v ite
The above computations shows that m(¢) has a limit as ¢ — +o0, that we denote my, and which
satisfies
D (SFEHRY) +mee = (S0+10) + Z/ u(x)dz. (4.1)
veV veV ecg /<

We shall also keep in mind that

_ 0 _ Ty Roo SOO
5§ = S0 ™I = 8% o 100 , or Rgo:—@ln 5, VEV
To SV

And so if we introduce the function ¥, (z) := 2 — > Inz, then the above conservation of mass can

S W(SE) +mae = 3 (124 (D) + Y [l

veY veY eef

be written as

On the other, one can compute that

dm(t) ~—~+
T = Z )\UIv(t) — Z<Avuv(t)7 15v>7

veY vey

such that

m(t) + > [ (Avuy(s),15,)ds = [ ul(z)de+ Y NTu(t).
0 e

veY ec& veY

Now, as m(t) and each Z,(t) are convergent we deduce that all fg u,(s)ds are also convergent so

that
Moo+ Y /0 (Ayuy(s), 15, )ds = > /Q ud(z)dz + > AT, (4.2)

veY ecf veY
and
[o@)
/ uy(s)ds < oo, wvev,
0

which proves that
u,(t) — 0ast— 400, vel.
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And the boundary conditions imply that
Opuy(t) — 0 as t — 400, ve.

Next, we define the sequence of functions u}(t,z) = u.(t + n,x) for each e € £ and X]'(t) =

Xy(t +n) for each v € V which are uniformly bounded such that one can extract a convergent

subsequence. On the one hand we have that lim X'(t) = X3° = (5:°,0, R;°) and on the other if
n—oo

ul®(t,x) = lim u?(¢,x) it is solution of
n—oo
Ol (t, x) = d0ul®(t, x),
with the boundary conditions

OpuyC(t) = u(t) =05, ve.

v

This then shows that ug°(¢,z) = 0, t > 0 and = € €, for each e € £. As there is unicity of the
limit, we deduce that
lim we(t,z) =0, ecé.

t——+o0

From which we also get that ms, = 0 and that

D WL(SP) =D (194 Ty (S)) + Z/Q ul(z)da.

veY veY ecf

This implies that each ¥, (S5°) is bounded, we get that S5° > 0 for all v € V.
We also get from (4.2), that
Z/ (Ayuy(s),1s,)ds = Z/ ud(z)dx + ZXUISO.
vey 0 ecg Ve veV

Finally, we use the fact that

dL(t) | dSy(t) _m+X dInS,
dt dt o dt

®) = Zaﬁue(t,v), vey,

e~vv
to obtain that
__nv4’xa

Ty

Ly (t) + Su(t)

X t
InS,(t) — 10 — 89 + mlnSg = Zaé’/ Ue(s,v)ds, veV.
To e~ 0
As a consequence, the final total populations of infected individuals at each vertices satisfy the
following scalar differential equation
dz, (t)
dt

t
=59 (1 - e_TuIv(t)> — Ty(t) + 10 + Za;ﬂ/ ue(s,v)ds — N, (t), v € V. (4.3)
0

e~v

Passing to the limit as ¢ — 400, we get

o
0=50(1—e ™5 =2 + 19 + Zag/ ue(s,v)ds — \yI°, v E V.
0

e~v

To summarize, we have proved the following result.
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Theorem 2. For each (S9,1)) > 0 with S} >0, Y-, .\, 1) > 0 and u® € BC(G,R™) that satisfy the
boundary condition (2.3), the long time behavior of the unique corresponding solution (u, (Xy)ypey)
s given by

o)
im u.(t,z) =0, z€Q., ecf&, with /0 Ue(s,v)ds < 400, (v,e) €3,

t——+o0

and
lim  (Sy(t), L(t), Ro(t)) = (S9e ™5, 0,n,I°), v eV, (4.4)

t——+o0
where the final total populations of infected individuals 0 < Z;° < oo al each vertices v € V are

solutions of the system

526 To I +?7UI°°—IO+SO—|—Z / Ue(s,v)ds — \I°, v EV,

e~y

(4.5)
Z/ (Ayuy(s), 15, ds—Z/ z)dz + Y NI,
veY ec& veY
As a consequence, (Z5°)yey belongs to the parametrized submanifold given by
> (Soe ™ 4 pIR) = MO, (4.6)
veY
Remark 4.1. Equivalently, (S5°),cy belongs to the parametrized submanifold given by
Z <S§° - n—vlog (S.°) + o log (SS)) =M, (4.7)
veY v T
and (RX)yey belongs to the parametrized submanifold given by
> (SYexp(—7/m0 BY) + RY) = M. (4.8)

veVY
The equations (4.6), (4.7), and (4.8) also read Y, (S5° + R°) = MO, which is nothing but (4.1)
since we have proved that me, = 0.
Remark 4.2. If we assume that T = = Tv >0 and n = n, > 0 are independent of v € V and let
Sy =7/1 Sy, R = exp(—7/n R°) and I°° = exp(—7Z>X). Then, equations (4.6), (4.7), and (4.8)

are respectively equivalent to

veY
exp <:9v0§;°)
,\v, ° = exp <TMO> ,
veY Rgo "
and .
exp (SOIOO)
T —exp (M) |
veEVY Igo N

The common right hand side features %M U that is nothing but the traditional basic reproductive

number X.
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4.2 Final total populations of infected individuals: further properties

The aim of this section is to present further qualitative results on the final total configuration
(Z3°)vey in the fully symmetric case where one can obtain closed form formula and in the case of
two vertices where we manage to obtain sharp bounds on the final total populations of infected
individuals. In each case, we manage to relate these quantities to standard basic and effective

reproductive number for classical SIR model [10].

Fully symmetric case. We assume that the length /. of every edge e € £ is equal to a reference
length ¢. For every e € &, the diffusion coefficient d. is equal to d. We moreover suppose that
for every vertex v € V, 9 = S% 1Y = I° and R) = R’. We also assume that 7 = 7, > 0 and
n =1y > 0 are independent of v € V. In the same spirit, A’ = A and of = « for every e € £ and
v € V. We also assume V”Eji,ej = v for every edges incident to the vertex v. Finally, the components
u? of initial condition on each edges e € £ are supposed to be even with respect to the center of
the interval 2. = [0, ¢]. Thanks to all these assumptions, Z3;° does not depend on the vertex v € V
and we set Z5° = Z°°. Let us recall the notation cy for the cardinal of the set V. The parametrized

submanifold given by (4.6) becomes
5% 4 R® = §% 7T 4 1> = MO,
where MO = MO /cy. We can transform this relation as
S0~ 4 grzoo — MO =0. (4.9)
Let . = —7Z°°. We have to solve
soef_gy_f[o:o.

The solutions are given in terms of Lambert W function that is the multivalued inverse relation
of the function f(w) = we™ for w € C [7]. Let us recall how to compute the real solutions of
the equation ae® + fx +v = 0 for (o, ,7) € R* x R* x R. Let A = «a/f exp(—7/fF) be the
discriminant. If A > 0 or A = —exp(—1), the solution is unique and =z = —Wy(A) — v/ where
W is the principal branch. If A € (—exp(—1),0), there are two solutions g = —Wy(A) — /5 and
x_1 = —W_1(A) —~/B, where W_; is another branch. When A < —exp(—1), there is no solution.

In our symmetric case, the discriminant writes

0 /0
A:—ﬁexp _Mr .
n n

Since A < 0, there exist solutions to (4.9) if A > —exp(—1), which is equivalent to

370 :
exp To1) > & (4.10)
n n
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We recall that when we consider the standard SIR model (meaning in the context of this paper
that we consider an isolated vertex), we can define the effective reproductive number %, and the
basic reproductive number %, respectively given by

0 MO
Re = &, and %y = T, (4.11)
n n

see [10, 12, 26] for further properties of effective and basic reproductive numbers. If we denote
Ry = MO /n, the equation (4.10) reads

exp (% — 1) > R

This inequality is satisfied as long as S° < ]\/ZO, which is always true since M = Y~ ¢ fﬂe ud(z)dz+
cy (SO + IO) > ¢80, Since A = —%, exp(—%y), the solutions are

Ho,-1=—Wo,—1 (-ﬁe eXP(ﬁ%)) — %o,

and so
5y = Wo,—1 (—%e exp(—%@) /T + R/ T.

Both Wy 1 (—%’e exp(—%)) < 0. However, we can show that Zg° > 0 and Z° < 0. Thus, the
only possibility is
™ =W (—,@e exp(—%@) /T + R

We also have access to S and R* thanks to (4.4). Since exp(—Wy(z)) = Wy(x)/z, we obtain
S = —ZWO <—%€ exp(—%)) ,

and
R>* = 77VVO (—%’e exp(—%)) + MO,

T
We can summarize these results in the following lemma.

Lemma 4.3 (Fully symmetric case.). Assume that our model is fully symmetric, then the final
total population of infected individuals as given by Theorem 2 is independent on the vertex that is
IX =1 for each v €V, and I has the following closed form formula

Wo (=% exp(~ho/ev) | %o

> = :
T Cy T

where X and Xy are respectively the effective and basic reproductive number defined in (4.11) and

cy the cardinal of V. See Figure 3 for an illustration.
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(S0, Sb,]
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G %
[Sy, S5y
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0 1 1
0 0 bl %
L, S,

U1

Figure 3: Schematic visualisation (red star) of T = I13° = I35, resp. S = S3° = S0, in the (Z,,,1,,)
plane, resp. in the (Sy,, Sy, )-plane, in the fully symmetric case. The asymptotic value I, resp. S, lies
at the intersection of the diagonal T, = L,,, resp. Sy, = Sy,, and the implicit curve given by (4.6), resp.

(4.7).

Case of two vertices. In this simple case, it is possible to build explicit formulas to deal with
the implicit submanifold equations (4.6), (4.7), and (4.8). Let %o, = M1y, /1y, and Ze,, =
Sgk Top /Mo > B = 1,2 be respectively the local to vertex vy basic and effective reproductive number.
Then,

1My exp (S T
ng - _EW —eXp (_‘@Oﬂn)%&m (Rewy) 021 P ( vz "V /nvl)

Tuq

Tvq Mvg ? (412)
(Sg;’ Tog /771,2) Tvg My
where the Lambert W function W can be either Wy or W_;. Indeed, the argument of W being

negative, two solutions have to be considered. We obviously also have

Twa1 exp (S50 Ty, /N
Sg: - _@W —exXp (_%0,’02)‘%8,1)2 (%e’vl)ﬁq 2 ( . "'1;}72721 ’

Tug
(ng Toy /771)1) Tvy Mg

Due to the definition of the domain of the Lambert W function, the argument has to be greater

(4.13)

than —exp(—1). So, the following inequality must be satisfied for S55 (respectively of Sg7)

Tvy NMvg
— €Xp (_‘%07111) %e,m (%67112) 21

Tvg Mvg

(55§ Tvz/nm) T2 exp (_5’820 o1 /17”1)

Solving the equality part of this inequality, we find that

> —exp(—1).

oo 771)2 :ZQZZI Tvz 77111
SUQ =——W|- (‘%67171) 1752 %‘371’2 EXpl\ — — (1 o %0’1)1) ’

Tuy Ty Ty
This equation has to be verified both for Wy and W_;. Let 287{1 be defined by

28,2—1 = —@Wo,—l () s

v2
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where

_ s Toaor (1 _
%2 - (%6701) 1oz ‘%6,1)2 CeXp (1 %O,UJ (4'14)

Tvy Mg

Then, the domain of S;7 as a function of 57 is
Spy € [min (X%, 5¢?) , max (%%, 5¢%)] .
Concerning Sy as a function of Sp7, we have

Soy € [min (ZTI, 281) , max (ETI, 281)] ,

with
281—1 = _@WO,*l (%1) >
) 7—7)1

where .

_ % Tv1 Ty

’52{111 - ‘%67111 (‘%67112) i exp | ——— (1 _‘@0,02) . (4‘15)
Tva Ty

Thus,

(55°,55%) € Qg := [min (X%, ¢') , max (X%, 5¢)] x [min (%2, 5¢?) , max (2%, 5¢2)] .

vl T vz

We present on Figure 4 (left) the functions Wy and W_; defining S5 as a function of S;° and the
domain (g for a given set of the parameters and initial conditions. We refer to Section 5 for details
regarding the numerical integration of the model and Section 6 for further numerical results on the

case of two vertices.

Actually, we can reduce the domain of validity of (4.12)-(4.13) for S5° and S;7. Indeed, we know
that Sy, , k = 1,2, decay with respect to time, so Si7 < Sy,. Moreover, the sum S77 + S77 < MO,

Thus, we have

(55°,55) € wg := [min (S, 54, Sy, ] x [min (S%%, 5¢2) , 50,1 N {Se2 + 550 < MO}

v Tv2

The domain wg is drawn on Figure 4 (right).

Concerning Z;7 and Z7, we can perform the same analysis. Let

Ty nv — Too
jvolo = _%0,7}1 + - - <<%€,’U2 eXp 2 U2 +TUQI’S2O) ’
Tog Ty

and

T _ 00
‘71)020 = _‘@0,7)2 + vzl (fﬁe,m exXp 12y +TUII§10> .
Ty Mg
We obtain for k =1, 2,
00 1 00 jvoko
Ivk =—W (_%e,vk €xp (jvk )) - )

Tuy, Tug

still with W equal to W_1 and Wj. Let Ll_LO and LQ_LO be defined by

Tvq Mg 1
1}11170 _ W_1p (=, ) + Tug vy (%0,112 1 —log (%611)2))’ (4.16)

Tuy Tuy
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Figure 4: Location of S;° and SgY together with the visualisation of the domains Qs (left) and ws (right).

The final configuration of susceptible individuals (S;°,S55) lies on the closed curve parametrized by the two

branches of the Lambert W function (blue and red curve). We note that (S°° Sf,’;) € wg as indicated by

vy
the red star on the right figure. Values of the parameters are d = 1073, A\ = \? = 6/10, o' = o? = 1/8,
Toy = 1, Tuy, = 9/10, 0y, = 2/5, 1y, = 2/6, and initial conditions are set to: 1Y = I3 =107, S} =3/4 - 17,
S2=1/4— 1) and u®(z) = 0. The mass M° is therefore equal to 1.

and
Tvg Ty

_10 (—, e (Zo,, — 1 —log (Ze,,))
o = Vo0 (C%) | Tomy O > (4.17)
' Tus Tuo

with <7, and 47, given by (4.14) and (4.15). Then,

(Z7,T5)) € [min (ﬁfl, Lgl) , max (szl, Lgl)] X [min (qul, L82) , max (ﬁfl, LSQ)].

We can show that min (in’“l, Lgk) < 0 for k =1,2. So, we can reduce this domain since Z;* > 0. So,

we define the domain wyz

(T3, 735) € wr i= [0, mass (:24,1§1)] 0, max (17,657

As a consequence, we have proved the following lemma.

Lemma 4.4. Case of two vertices. Assume that |V| =2 and |E| = 1. The final total population of
infected individuals at each vertex Z,°, k = 1,2 can be expressed as
1 Ty
Iy = —W (= Re, exp (T3°)) — =2,

Tuy, Toy,

with
Tog T;

Tv; My,

7y I .
T = ~ Ry + (ﬁe,vj exp T +ij13f> , k#je{1,2},
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Figure 5: Location of I3° and Ry, k = 1,2, and visualisation of the domains wr (left), and domain wr

(right). In both cases, (I7°,25°) € wg and (R3°,R3°) € wg are represented by a red star. Values of the

parameters and initial conditions are similar to Figure 4.

where By, = MO 1y, [0, and Rep, = SO, Tv, /Mo, k = 1,2. Furthermore, we have the sharp

bound

(37, T2%) € wr o= [0, max (12,461)] x [0, mae (1%, 7))

with 1% o, k = 1,2 defined in (4.16)-(4.17). See Figure 5 for an illustration.

Remark 4.5. As the solutions R7?, k = 1,2, are simply gien by R = ny, Ly°, if we let pﬁ’“w =

Vi 7

s o then we have

(R

V1)

RY) € wr = [0,max (p, pg' )] x [0, max (p?2, pg?)].

We represent on Figure 5 the domain wg.

5 A semi-implicit numerical scheme which preserves total mass

In this section, we propose a semi-implicit in time numerical scheme based on finite differences in

space which has the property to preserve the discrete total mass.

5.1 Notations

For each e € £, we denote dx. > 0 the space discretization of each edge, and J. € N the number
of points of the corresponding discretization. For each i = 1,--- | J., the space grid on each edge is
given by z; = (i — 1)dx, with £, = (Jo — 1)6x.. And we let J:= 3> _oJ. € N. Let 6t > 0 be the

time discretization and denote t,, = mdt for m > 0.
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For a given function u € ¥12(R, x G,RY), its space-time discretization is given by some sequence
of vectors
u~ (U™) >0, with U™ = (U, --- ,UT)* € RY.

For each e € £, there exists an integer j. € N such that

ue(tmaxi) NU}Z+7J7 1= 17 7J€7 mZO

We approximate the laplacian on each edge via finite differences. That is, for each e € &,

Ujtricn = 2U50 + Uil
d2 ’

ague(tm, x;) ~

where we have only considered the interior points of the discretized domain. Let us now precise
how we approximate the laplacian at a given vertex v € V of the graph. So let v € V such that
there are ¢, edges incident to the vertex. We locally label e ~ v = (e1,--- ,es,) all these incident
edges. For each v € V, we introduce the map o, : {e1, -+ ,es,} — {1,---,J} such that o,(ex)
corresponds to the global index of the grid discretization associated to the vertex v on edge ey.
Finally, we denote by n(o,(ex)) the global index of the nearest neighbor on edge e, to the vertex v.
Note that either n(oy(ex)) = oy(ex) — 1 or n(oy(ex)) = oy(ex) + 1. To approximate the laplacian
at a given vertex v € V on edge ej, we use the following formula
usn =20r

+um
a:%uek (tm,v) ~ 7ol 5U$(Zk) nioeler) = 5}]@" k=1,---,0,, m2>1
ek

The unknown U"""

ov(ek
each v € V with e ~ v = (e1,--- ,€5,), we approximate the normal derivative 0, ue, (tm,v) as

) can be expressed by discretization of the boundary condition as follows. For

U*,m m
Ontey (fms 0) ~ "“6’6)2&6 noven) g g s, m> 1
ek

Using (2.3), and denoting I)" the time approximation of I, (,,), we obtain the following expression

for UU;(ek)

[

*,m m 25‘%'6 v m - voTm

UO’v(ek) = Un(av(ek)) o dekk <a€kU0'v(5k) + Z( )klU NC R Aekly ) , k=1,---,0,, m2>1.
=1

As a consequence, we obtain that for each k =1,--- ,d, and m > 1

_ 2U;77« 61}

m _ 2Unoute) = WVorte) 2 o
v,k 5x§k de, 0%, "“ (ex) p

No)uUgl ) — AZ,J:”) .
:1
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5.2 The semi-implicit numerical scheme

We introduce the following scheme for each m > 0

pmtl - _opmtl L gmitl
U;ni} ) UJWL_H ' d66t ( o 6]6;1 bt ’ 1= 27 e ’Je - 17 e c 5;
e e xe
U:’Z—(Zt) - ;rvl(ek) + dek&tz:?_l7 k=1,---,6,, veV,
Oy
[ = I 6t (P — ) 51 (Z LU - Avm“) |
k=1

Rvm+1 =R+ 51&771)[5”—’—1’

initialized with U° € R and some (S, I9, RY),cy. One can find similar semi-implicit discretization

for the SIR part of the model in [23].

Well-posedness and positivity. We prove that the numerical scheme defined through (5.1) is
well defined and preserves positivity under some condition on dt. Indeed, we first remark that the

equation for St and I™*! in (5.1) can be used to obtain that

Sm
Sm—l—l — v
v I
et _ L Stn IS+ 1) ot 52 B
v (1+0t(ny + X)) (L4 0tro ) 1+ 6t(ny + Xy) & @ ov(@)
such that Z;”,j ! can be expressed only in terms of elements of U™ as
m+1 _ m+1 (SU 51}
Zm—H _ ZUN(UU(ek)) 2U0v(€k) _ 2 av Um+1 4 (N )klUm+1 _ 7(%)\2’“ — Zav Um+1
vk a2, Aoy 0e, \ o ooler) T LM oule) T gy ) A e (e

208, I+ 6t V(S + 1)
ey 0T e, \ (1+ 6t(ny + M) (L4 tr, 1) )

As a consequence, there exists a matrix A € .#3(R) such that
L+ AU =04 Y™,

where Y™ € RY is such that

26tNY, I 4 St I (ST + 1) o
m — ) lf ] = UU(ek)’
Vit=1q e, \ (140t + Ao)) (1+ 5t )

0 , otherwise.

Lemma 5.1. There exists a constant Cy > 0, which only depends on the parameters of the system,
such that if 0 < §t < Cy then we have
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o Iy + A is invertible;

e if N, is symmetric for eachv € V, then given V € RY with V > 0, the unique solution U € RY
of (I3 + A)U =V also satisfies U > 0.

Proof. Let U € R? # 0 be such that (I +.A)U = 0. Without loss of generality, assume that
Uj, = maxj—j .. yU; > 0. If there exists e € £ such that jo = je + 4o for some ig € {2,---,J. — 1},

then we have

deot
Ujo + 5,2 (2Uio = Ujo—1 = Ujo+1) =0,
which is a contradiction by definition of Uj,. Next if jo is such that thereisv € Vand k € {1,--- ,d0,}

such that jo = o, (ex), then we have

v

2d,, 0t 20t OtAY
U, (U, -, = — -k v U, .
JU(ek)+ 5$gk ( ov(er) n(ov(ek))) 51_@ ( a (ex) + Z kl ov(el 1+ 5t(77v T )\v) ; A, Jv(el)>

The left-hand side of the above equality is strictly positive and we claim that the right-hand side
is negative. We use the fact that (Ny)u = —vg ., when k # L and (No)gk = 32524 Ve, e,

by
Z(Nv)kanv(el) = Zng,ej ov(ek Zyehek o (er)
=1 Ak 1£k
= Z Vepe; — Z Ve e, Us, (ex) T Z V61,6k Uv(ek - UUv(ez)) :
| i#k Ik I£k

As a consequence, we deduce that

1 1)
v SEAY v
ullc) = a Uav ex) T (Nv)klUcrv e;) — — O‘Qe) Uov e
(ex) lz; () ™7 + 5t(10 + M) lz; 17 ow(er)
SEA. oy
=[O 2 e T O e T Ty, g g | Ve 2 e (Pt~ Urn)
itk I#k o T o) 15 1k

+ it i v (U Usy(e)
T e, Y N @ oyp(eg) — Youl(e .
1 + 5t(77v + >\v) — €l v(er) v(er)

The last two terms are positive by definition of Uj, = Uy, (¢,) = max;=1,.. 3U; > 0. Now using
Hypothesis 2.2, we have that

v U v
Qe + Zyekzej B Z Verex = 0,
ok 1#k

such that the term in bracket is positive provided that
OtAL,

1+6t 77v+)\ Zael<aek+z ekv _Z Ve, ers

J7#k I#k
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or equivalently
5t [ MY Za (o + o) g, + Z ngj — Z Ve, e <ag, + Z ngj — Z 2
J#k I#k J#k I#k

As a consequence, we impose that

v v _ v
0 < 0t <min min Qe + Zﬁék Vey e, Zl;ék Ve en

VR Ny S = O o) (08, Kk ey — S Vi)

)

+

where it is understood that when the positive part is zero there is no condition on d¢t. And we have

reached a contradiction since

2d,, 0t 20t
0 < Usy(ex) T 5,5~ WUoi(er) = Unou(en)) =
x2

Uy < 0.

Te,
This shows that Iy + A is invertible.
Next let U € R? be the unique solution of (I3 +.A)U =V with V > 0. We denote by U~ € R the

vector with components given by
U; = min(0,U;), j=1,---,J.

Our aim is to evaluate {(Iy + .A)U, U~ )y where (-,-)5 is the following scalar product on R”:

Je—1 1 5
(U,V)s = Z (Z Uje+z'Vje+i> t3 Z (Z UO’v(ek)Vo'v(ek)> :

eef =2 veY \k=1

We divide ((Iy +.A)U,U ™)y into three parts:

(Iy+ AU, U )3 =Q1+ Q2+ Q3,

where
el d 5t
Q=) Y, < Jeti T (2ch+l = Ujeti-1— Uje+i+1)> Ujotir
ecE 1=2
2de ot B
ZZ ( moten) + 5pn— Uoten) = Un(m(ek»)) Us,(er)’
vGVk 1 k
0=t Y3 o1 (0 300 LN e I
'uek Uvel Y e~ ovl€ oy(ep)”
VeV k=1 0ze 1+ 5t(mw + Ao) 13 ! (ex)
The first and second terms are handled as follows
Je—1
d.0t ¢ _ _
Q+ Q= I+ Z Z Ujeit1 = Ujeyi) (Uje+z’+1 - Uje+i) > 0.
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For the third term Qs, if we further assume that IV, is symmetric, then the matrix K, = A, + N,

is symmetric positive definite, and thus for each v € V there exists some 3, > 0 such that

1)
1 - -
(5xek <Oz UO'v(ek) + Z(NU)kZUU'v(GL > U vler) = BU Z 0 ‘7 Uv(ek)

=1

while there exists w, > 0 such that

Oy )\ Sv 1
( 51. o'v(ek > (Za Uav(el > — UZ 51. Uav(ek)UO'_v(ek)'

k=1 "~ ¢k

And thus, we get an estimate for Qg of the form

5
Otw, <1 _
> 6t - U, (U ,
Q3 > Z [(B 1+5t(77v +)\ )> Sx v(er) Y oy (er)

veY

which is positive provided that §t is small enough. As a consequence, we have proved that
0<({ILy+AU,U )y =(V.U )5 <0,

which implies that U~ = 0 and thus U > 0. [ ]

The previous lemma demonstrates the well-posedness of our numerical scheme (5.1). It also ensures
that if we start with positive initial conditions U > 0 and SO > 0, I > 0 with Zvev » > 0 and
RS > 0, then for all m > 1 we also have that U™ > 0, S* > 0, I > 0 and R} > 0, provided

0t > 0 is small enough and N, is symmetric for each v € V.

Preservation of total discrete mass. For any U € RY, we define the following quantity

Je—1
trapy (U Z(Sme (Z U]€+Z> Z‘S%k (Z Us,(er) ) .

eel UGV

The expression trapy(U) is simply the trapezoidal rule applied to the elements of U adapted to our
graph G. From (5.1), we get that

Je—1
de N m m m
trapy (U™ = trapy (U™) + 6t E 5 ( g (ngizl , — 207 +1 +U; IllJrl))

X
ec€ € \i=2

Z&xek o (Z zmjl) .

UGV
Upon denoting Z; " the following quantity

2™ —2um
Lm _ “Un(ou(er)) ~ “Vouler)
Zom = : :

2
dxZ,
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we get that

m de &l m m
- Z(Sl‘ek ek <Z Zl +1> = Z ) - <Z Un(:vl(ek)) n UU’U(+ellc)> ’

T
UGV vey %k \g=1

Next, we observe that

de — m m m m m
< 5z, <Z2 (o5 2! + Uye#H)) £y Sz <Z Untonten Uoﬂb) =0,

veY

where the cancellation comes from the specific structure of the discretized laplacian through finite

differences. As a consequence, we have that

Oy
trapy (U™ ) = trap;(U™) — 6t Z Z (aekU;”H) + Z klUm(el )\gklf)”“)

veV k=1
We also have that 5 5
1 - - 1
> S vzt -3 (S0 vt <o
k=11=1 =1 \k=1

as the sum over the lines of N, vanishes. And thus we get

trapy (U™ = trap( &Z <Z OzekU:H—l — /\UIL”H> :

veY

On the other hand, from (5.1) we also have

o
DS I+ RPTY) =D (ST I+ R + 6ty <Z ag UL =X Im“) :

veY veY veY \k=1

As a conclusion, we have proved the following result.

Lemma 5.2. Let (U™, S}, I, R") a solution of (5.1), then we have for each m > 0

v oYU )

trapy (U™ ) + 37 (S + I 4 R = trapy (U™) + Y (S0 + I + R .
veY veY

This is the discrete conter part of conservation of mass for the continuous model.

Now, combining Lemma 5.1-5.2, we have proved the following theorem.

Theorem 3. There exists a constant Cy > 0, which only depends on the parameters of the
system, such that if 0 < 0t < Cy, then the numerical scheme (5.1) defines a unique sequence
o™, Sy I R ) m>0. If we further assume that N, is symmetric for each v € V, then the nu-

merical scheme (5.1) preserves the positivity of the initial condition. Finally, for each solution of

(5.1), the total discrete mass is preserved, namely for each m > 0, we have

trapJ(Um+1) + Z (S;’,n"'1 + I{,nH + R;n“) = trapy(U™) + Z (S +I1I'+R}).
veY veY
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6 Numerical results for a selection of graphs

In the present section, we illustrate our theoretical results with a collection of numerical simulations
for various types of graphs. Throughout this section the time discretization is set to 6t = 0.01 while

the space discretization to d,, = 0.01 for each e € £.

6.1 Case of 2 vertices and 1 edge

e
U1 V2

We first consider the case where ¢y = 2 and c¢g = 1, where cg denotes the cardinal of £. In this

setting, we recall that our model reads as follows
wu(t,x) = dd?u(t,z), t>0, x€(0,0),

with boundary conditions

{—daﬁu(t,()) + oqu(t,0) = M\ I (1),
t>0,

d&mu(t,ﬁ) + agu(t,ﬁ) = )\Qfg(t),

where (S;(t), I;(t), Ri(t)), for ¢ = 1,2, solution of

Si(t) = —miSi(t)Li(t),
L(t) = 18 ()L (t) — milo(£) + asu(t, vi) — NeLi(t), t>0,
Ri(t) = mili(t),

where v1 = 0 and vy = £. This system is complemented by some initial condition (u” SZO , I?, RO)

with S; > 0, IV + I9 > 0, RY = 0 and u® > 0 such that the boundary condition is satisfied initially.

Finally, we normalize the total mass as follows
¢ 2
M° = / u’(x)dz + Z (SY+17) =1
0 i=1
For the numerical simulations, we have fixed initial conditions to be of the form

)\1[0 ( 0121'2

0 —

with .
(89, 19,89, 19) = (50 —Iy— / ud(z)dz, I, 1 — 50,0> ,
0

where Sy and Iy may vary. In Figures 6-7-8, Sp and I are fixed to (Sp, In) = (1/2,107%), while in
Figure 10, Sy is allowed to vary and Ij is fixed to Iy = 1076.
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Figure 6: Profiles of the solutions (S;(t), L;(t)) together with the total population on the edge f[f u(t,z)dz and
the total mass of the system M(t) as the parameter Ay is varied from 0.05 to 0.95. All other parameters are
fized and set tod=€=1, Ao =1/10, a1 = ag = 1/4, and 71 = 7o = 1 with 1 = ns = 1/3. For the initial
condition we have (Sp, In) = (1/2,107°).

In Figure 6, we report the profiles of the solutions (S;(t), I;(t)) together with the total population
on the edge foe u(t,x)dz and the total mass of the system M (¢) as the parameter \; is varied
from 0.05 to 0.95, while all other parameters are being kept fixed. We observe that the dynamics
of the epidemic at the second vertex is almost independent of the parameter A; while it has a
significant impact on the dynamics at the first vertex. Indeed, as A; is increased, the maximum
of infected individuals max;>o [1(¢) is decreased. In the last panel of the figure, we also illustrate
the conservation of total population where the fluctuations around M°? = 1 is of order 107!2.
In the top panel of Figure 7, we present the final total populations of infected individuals and
corresponding final population of susceptible individuals as A1 is varied. The blue curve is the
location of (Z7°,Z5°) respectively (S7°,55°) while the dark red circles indicate the numerically
computed values. We recover the fact that A\; has a more significant impact on the final total
populations at the first vertex than it has at the second vertex. The get a better understanding
of the intricate dynamics between the epidemic at the two vertices, we also present the relative
distance AT := Ty — T; between time of maximal infection 7; in each population as A; is varied.
We observe that A7 is not monotone in A1, as it first decreases and then increases. But we also
note that A7 < 0 for Ay > 0.1 traducing the fact that the pick of the epidemic occurs at the second
vertex before it does at the first vertex, although initially I9 = 0. This illustrates the effect of the

diffusion of infected individuals along the edge.

Similarly, in Figure 7, we report the final total populations of infected individuals and corresponding
final population of susceptible individuals as Ay (second panel), a; (third panel) and ag (bottom

panel) are varied from 0.05 to 0.95. As expected, the final total population of infected individuals
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Figure 7: Final total populations of infected individuals (left) and corresponding final population of susceptible
individuals (middle) as one parameter is varied from 0.05 to 0.95 while all parameters are fixed. The blue

curve is the location of (Ij

(o] OO)

respectively (S5°,55°) while the dark red circles indicate the numerically

computed values. Right: relative distance AT := To — T1 between time of mazimal infection T; in each
population, indicated by dark red circles, as the parameter is varied from 0.05 to 0.95. Varying parameters:

A1 (top panel), Ay (second panel), oy (third panel) and as (bottom panel).
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Figure 8: Log-plot of the relative distance AT = Ty — T1 between time of mazimal infection T; in each
population I;(t) as the diffusion coefficient d and the length of the edge ¢ are varied while all other parameters
are fixred to Ay = Ao = 1/10, a1 = a2 = 1/4, and 71 = 72 = 1 with m1 = n2 = 1/3. For the initial condition

we have (So, Io) = (1/2,107%). We note that as d becomes smaller AT rapidly increases as £ increases.

at the second vertex decreases as Ay increases while at the first vertex it varies less significantly.
As oy increases, the final total population of infected individuals at the first vertex increases while
it decreases at the second vertex. This time the relative distance AT := T3 — 71 between time of
maximal infection is monotonically increasing with a;. We get the opposite monotonicity properties

as o 1s varied.

In Figure 8, we investigate the joint effect of the diffusion coefficient d and the length of the edge
£ on the dynamics of the epidemic at the vertices. Here, we focus on the delay between time of
maximal infection 7; in each infected population I;(t). As expected, when the diffusion coefficient
is really small while the length is being kept at order one, AT takes large value: AT ~ 10* when
d = 1073 and ¢ = 1. Biologically, this means that when the diffusion coefficient is really small it
takes more time for infected individuals from vertex one to reach the second vertex and start an
epidemic. We also note that at fixed ¢, AT monotonically decreases as d increases, while at fixed

d, AT monotonically increases as £ increases.

In Figures 9-10, we vary respectively the initial population of susceptible individuals Sy and in-
fected individuals Iy. We visualize the final total populations of infected individuals and corre-
sponding final population of susceptible individuals on the parameterized surfaces (Z7°,Z5°, So)
and (S7°,585°,50), respectively (Z7°,Z5°, Ip) and (S7°,55°, Iy), where the level sets of the param-
eterized surface are given by the conservation of total mass (4.6). We note that (Z°,Z5°) and
(55°, 55°) are almost independent of Iy when Iy < 1073 with sensible variations only occurring for
larger values of Iy. On the other hand, we observe that as Sy is increased the final total population
of infected individuals increases at the first vertex while it decreases at the second one. The depen-
dence of (57°,55°) as a function of Sy is more subtile and is presented in Figure 11. In the same
figure, we also show the location of max I;(t) and its amplitude. We observe a strong nonlinear
dependence with respect to Sp. As Sy increases, we first see that the time at which I (¢) is maximal

increases and then decreases, while max I (t) is monotonically increasing. The converse is observed
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Figure 9: Final total populations of infected individuals (left) and corresponding final population of susceptible
individuals (right) as the initial population of susceptible individuals Iy is varied from 10~7 to 10~1 in log-
scale while So = 1/2 is fivred. The dark blue curves are the location of (I7°,Z3°) respectively (S¢°,55°) for
each value of Sy, while the dark red circles indicate the numerically computed values. Each dark blue curve
is a level set of the parameterized surface given by the conservation of total mass (4.6). All other parameters
are fiked tod =4 =1, \1 =X =1/10, oy =g =1/4, and 1y = o = 1 with n =ne =1/3.
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Figure 10: Final total populations of infected individuals (left) and corresponding final population of suscep-
tible individuals (right) as the initial population of susceptible individuals Sy is varied from 0.05 to 0.95 while
I = 1075 is fived. The dark blue curves are the location of (I°,I5°) respectively (S2°,S5°) for each value
of So, while the dark red circles indicate the numerically computed values. Each dark blue curve is a level
set of the parameterized surface given by the conservation of total mass (4.6). All other parameters are fized
tod=0=1, A1 =X =1/10, a1 = a3 =1/4, and 71 =15 =1 with m; =n2 = 1/3.

at the second vertex.
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Figure 11: Locations of S7% (top) and max Iy »(t) (bottom left and right) as functions of S 4. Values of all
other parameters are similar to Figure 10. The initial condition is of the form (Sp,1 — Sp) with Sy € [0, 1]
and to each initial configuration is associated a color code from blue to red. The curve in the top right panel
is a projection on the (S{°,55°)-plane of the parametrized a curve from Figure 10, right panel.
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6.2 Case of 3 vertices and 3 edges

U3

U1 B

V2

Next, we consider the case of 3 vertices and 3 edges arranged in a triangular configuration. For the
numerical simulations presented in Figure 12, we have assumed full symmetry in the parameters
that is

(eevde) = (67 d)7 e €€, (Tvﬂh) = (7-777)7 vEV,
(@2, A) = (e, \), (e,0)€EXV, Vi, =v, (e, v)e&xExV.

e.e

Regarding the initial condition, we have chosen
(89,17, 89,13, 53, 19) = (S° — In, 1p,5°,0,5°,0) wveV,

for a given (S°, Iy), while for each e € & we have set ul(z) = 0 on Q.. Note that, we have initially
a boundary layer as our initial condition does not satisfy (2.3) for small times. We remark that
the final total populations of infected individuals and corresponding final population of susceptible

individuals belong to a surface as provided by (4.6)-(4.7) from Theorem 2.

In Figure 13, we tested a different configuration. Upon labeling by A the edge between vertices vg
and vo, B the edge between vertices vo and vz and C the edge between vertices v; and wvs, we have

set the parameters to
oy =a% =0} =0, and o = o} = o = 1/10,

while
My =25 =A% =1/20, and M4 = 25 = )% =0,
and
I/}‘,C = I/%7A = 1/?;73 =0, and Z/éryA = I/ELB = U%,C = 1/30.

The length of each edge is fixed £ = ¢ =1 and (7,,7,) = (1,1/7) at each vertex v € V. Finally, we
have set different coefficients on each edge, namely dy = 1, dg = 1072 and dc = 1073, Initially,
we assume that infected individuals are only present at vertex v; and each vertex has the same
number of susceptible individuals fixed to 1/3. Finally, for each e € £ we have set u%(z) = 0 on
Q.. We see in Figure 13 that such a configuration can generate a second wave of infection at the
first and second vertices showing that transient dynamics can be complex with multiple bumps of

infection.
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Figure 12: Final total populations of infected individuals (left) and corresponding final population of sus-
ceptible individuals (right) as v is varied from 0.05 to 0.95. The dark blue surfaces are the location of
(I°,I3°,I3°) respectively (55°,55°,.55°) for each value of So, while the dark red circles indicate the numer-
ically computed values. Parameters were set to { =d =1, (t,nm) = (1,1/6), and (o, \) = (1/8,1/10), while
the initial condition is (So, Iy) = (1,1076).
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Figure 13: Time plot of infected populations in the case of 3 vertices and 3 edges in a triangular configuration
between times [0,500] (left) and a zoom for times between [150,400] (right). We observe a second wave of
infection at the first vertex resulting from incoming infected individuals that have successively passed through
the two other vertices. This second wave is also present at the second vertex with a slight increase of I5(t)

after the second wave has reached the first vertex. Parameters values are set in the text.

6.3 Case of 4 vertices and 3 edges

V4

U1 U2

3
38



0.8

0.6

Tlock —_

0.4

0.2

1500

04 O
1500, 02 Thock 0 s0 g, 1000

Figure 14: Location of the time of maximal infection Tpa. for each vertex together with the corresponding

amplitude I7, .. as a function of Tieer (left) with its projection in the (Tmax, Tiock)-plane (middle) and a

axr

zoom mear the turning points (right). Other parameters are set to £ = 1, d = 0.1, n = 1/8, (a, \,v) =
(1/8,1/20,1/20), Tioek = 50 and poes = 100 with (So, Io, €) = (1/4,1075,1072).

Next, we consider a star-shape graph with 4 vertices and 3 edges where one vertex is connected to
the three others. In this configuration, we assume that our parameters may vary with respect to
time, modeling locked down strategies for example [11, 16]. More precisely, we will assume that

there exists Tjoer and pyocr Such that the transmission rates can be written as

o T, t e [O,I—Z}ock]a
To(t) = T exp(—tiock (t=Tiock) )+ Tiock 4 ~, Tiock
Y

1+6Xp(_ulock(t_Tlock:)) !

for each v € V and for a given 0 < 7Tjoep < 7. We will assume that the four vertices are at equal
distance such that ¢, = £ for each e € £ and that the coefficient diffusion are equal on each edge,
de = d, e € £. We further assume that at the central vertex vy exchanges are no longer allowed.

That is, we impose that

: t € [0, Thoek],
ag = “ 10, Tioct] e€f,
@ eXp(_Nlock(t - ,Tlock)) ) t> T’locka

while o = o for j # 2 and e € &, together with

A ) te 07 T )
2= 0, Tioct] e€é,
)\exp(_,uflock(t - ,Tlock)) ’ t> ﬂock:
while A = A for j#2ande €&, and also
) te 07 1 )
yc?’e, = Y 10: Tiock (e,e') € E x E.
Vexp(_,uflock(t - 7jlock)) ) t> ﬂockv

Finally, we set 1, = n for all v € V. Regarding the initial condition, we work with
(S?a-[?,Sgalg7sgalg7527]2) = (SO - IOaIOaSmOa SO - 6707 SO + 6’0)7

for given (S, Io, €), while for each e € £ we have set u2(z) = 0 on ..

In Figure 14, we report the location of the time of maximal infection T;,,, for each vertex together

with the corresponding amplitude Dhw = maxy>o 1;(t) as a function of 7,,. We observe that
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Figure 15: Location of the time of maximal infection Tya. for each vertex together with the corresponding

amplitude I7, ... as a function of Tieer for two configurations of initial susceptible populations at vertices v3

and vy, with € = 1071 (left) and € = 1072 (right). Other parameters are set to £ =1, d = 0.1, n = 1/8,
(c, \,v) = (1/8,1/20,1/20), Tioers = 50 and mioer = 0.6 with (So, Ip) = (1/4,107).

below a critical value of 7., the time of maximal infection always occurs at ¢t = Truae = Tiock
traducing the fact that the locked down strategy has no effect on the dynamics of the epidemic. At
each vertex, we observe the same pattern: as 7y, is decreased the corresponding I,%mx is decreasing
while Tyq, is increasing up to some value of 7, where we observe a sudden turning point (see
the right panel of Figure 14). We observe that Tltf vy the value of the turning point, is well
approximated (actually always bounded by below) by the value at which the effective reproduction

number of each vertex is equal to 1. Indeed we have %, ,, = 1 if and only if Tgk = M

= <o*, and we find
Yk

Ty, = 0.5, 75, =05 7, ~052 and 7, ~0.48,

v2 V.

with our specific values of the initial condition, while we have computed
tp ~ tp ~ tp ~ tp ~
Trockwy == 093, Tioep 4y =051, 7oy, >~ 053, and 7, ~0.49.

We also point out that when 7, is below the turning point Tltf kv the corresponding value of
Iaz is below 1072, On the other hand, in Figure 15, we present similar results but this time
Tiock 18 fixed and Tj,q. varies. Above some critical value of Tj,.k, I,%wx saturates to a fixed value
independent of T}, traducing the fact that the locked down strategy has no effect on the dynamics
of the epidemic if it occurs to late in time. Depending on the initial configuration of susceptible
populations at each vertex, we observe intricate nonlinear relationships on the location of the time

of maximal infection T},qz-
6.4 Case of N + 1 vertices and N edges
U1 V2 U3 V4 UN UN+1

In our final example, we have considered a network of IV 4 1 vertices and N edges arranged in a

lattice, in the sense that vertex v; is only connected to vertices v;_1 and v;11 via two different edges.
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Figure 16 shows the time evolution of the infected population I, (t) and susceptible populations
Sy, (t) at each vertex for several different initial conditions when the length and diffusion coefficient
of each edge are equal. In the first case (top panel), we assume that 1,91 > 0 while Igj = 0 for
all other vertices, and observe a propagation of burst of activity among infected and susceptible
populations. In the second case (middle panel), we assume that ISLN o > 0 while ISJ_ = 0 for all
other vertices, and we see the propagation of two bursts of activity among infected and susceptible
populations going leftwards and rightwards. In the last case (bottom panel), we assume that
I = IBNH > 0 while ISJ_ = 0 for all other vertices, and we note the propagation of two waves
activity which collide at the middle vertex v| /2. For very small values of the diffusion coefficient
d, this burst of epidemic activity seems to travel coherently and forms a coherent traveling wave,
as can be seen in Figure 17 where we represent the location of max~q I, ; (t) at each vertex. Such a
traveling wave of epidemic activity share similarities with traveling waves in excitable media such
as the propagation of electrical activity along a nerve cell [13, 14] or calcium waves [24]. When
d = 1073, they are all aligned on the same line, where for smaller values d € {10_1, 10_2} the
location is a nonlinear curve. We also demonstrate that larger diffusion coefficient leads to a faster

propagation of epidemic burst across vertices. Finally, we also remark that if Ifflw1 denotes the
< I

max,1

maximum as a function of d at the first vertex, we have I. 41 for di < do while for larger

max,1

vertices j > 6 we have the reverse ordering [ d> R for dy < dy.

max,j — ~max,j
For the numerical simulations presented in Figures 16-17, we have assumed full symmetry in the

parameters that is

(gevde) = (Ea d): ec ga (Tvanv) = (7—777)7 v E Vv
(@2, 2) = (a,\), (e,0)€€ExXV, Vii=v, (e, v)eEXEXV.

e.e

Regarding the initial condition on the edge, we have set u?(x) = 0 on €, for each e € &.
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