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PRISMATIC DIEUDONNE THEORY

JOHANNES ANSCHUTZ AND ARTHUR-CESAR LE BRAS

ABSTRACT. We define, for each quasi-syntomic ring R (in the sense of Bhatt-

Morrow-Scholze), a category DM?d™(R) of admissible prismatic Dieudonné

crystals over R and a functor from p-divisible groups over R to DM2d™(R).
We prove that this functor is an antiequivalence. Our main cohomological tool
is the prismatic formalism recently developed by Bhatt and Scholze.
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1. INTRODUCTION

Let p be a prime number. The goal of the present paper is to establish clas-
sification theorems for p-divisible groups over quasi-syntomic rings. This class of
rings is a non-Noetherian generalization of the class of p-complete locally complete
intersection rings and contains also big rings, such as perfectoid rings. Our main
theorem is as follows.

Theorem. Let R be a quasi-syntomic ring. There is a natural functor from the cat-
egory of p-divisible groups over R to the category DM*™(R) of admissible prismatic
Dieudonné crystals over R, which is an antiequivalence.

A more precise version of this statement and a detailed explanation will be given
later in this introduction. For now, let us just say that the category DM®I™ (R) is
formed by objects of semi-linear algebraic nature.

The problem of classifying p-divisible groups and finite locally free group schemes
by semi-linear algebraic structures has a long history, going back to the work of
Dieudonné on formal groups over characteristic p perfect fields. In characteristic
p, as envisionned by Grothendieck, and later developed by Messing ([44]), Mazur-
Messing ([43]), Berthelot-Breen-Messing ([6], [7]), the formalism of crystalline co-
homology provides a natural way to attach such invariants to p-divisible groups.
This theory goes by the name of crystalline Dieudonné theory and leads to classifi-
cation theorems for p-divisible groups over a characteristic p base in a wide variety
of situations, which we will not try to survey but for which we refer the reader,
for instance, to [37]. In mixed characteristic, the existing results have been more
limited. Fontaine ([23]) obtained complete results when the base is the ring of in-
tegers of a finite totally ramified extension K of the ring of Witt vectors W (k) of a
perfect field k£ of characteristic p, with ramification index e < p — 1. This ramifica-
tion hypothesis was later removed by Breuil ([I6]) for p > 2, who also conjectured
an alternative reformulation of his classification in [I5], simpler and likely to hold
even for p = 2, which was proved by Kisin ([30]), for odd p, and extended by Kim
([29]), Lau ([35]) and Liu ([38]) to all p. Zink, and then Lau, gave a classification
of formal p-divisible groups over very general bases using his theory of displays
([54]). More recently, p-divisible groups have been classified over perfectoid rings
(B8], |51, Appendix to Lecture XVII]).

The main interest of our approach is that it gives a uniform and geometric con-
struction of the classifying functor on quasi-syntomic rings. This is made possible
by the recent spectacular work of Bhatt-Scholze on prisms and prismatic cohomol-
ogy (18], [8]). So far, such a cohomological construction of the functor had been
available only in characteristic p, using the crystalline theory. This led in practice
to some restrictions, when trying to study p-divisible groups in mixed characteris-
tic by reduction to characteristic p, of which Breuil-Kisin theory is a prototypical
example : there, no direct definition of the functor was available when p = 2! Re-
placing the crystalline formalism by the prismatic formalism, we give a definition
of the classifying functor very close in spirit to the one used by Berthelot-Breen-
Messing ([6]) and which now makes sense without the limitation to characteristic p.
Over a quasi-syntomic ring R, our functor takes values in the category of admissible
prismatic Dieudonné crystals over R. As the name suggests, prismatic Dieudonné
crystals are prismatic analogues of the classical notion of a Dieudonné crystal on
the crystalline site.
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Before stating precisely the main results of this paper and explaining the tech-
niques involved, let us note that several natural questions are not addressed in this
paper.

(1) It would be interesting to go beyond quasi-syntomic rings. By analogy
with the characteristic p story, one would expect that the prismatic theory
should also shed light on more general rings. In the general case, admissi-
ble prismatic Dieudonné crystals will not be the right objects to work with.
One should instead define analogues of the divided Dieudonné crystals in-
troduced recently by Lau [37] in characteristic p.

(2) Even for quasi-syntomic rings, our classification is explicit for the so called
quasi-reqular semiperfectoid rings or for complete regular local rings with
perfect residue field of characteristic p (cf. Section[(.2]), as will be explained
below, but quite abstract in general. Classical Dieudonné crystals can be
described as modules over the p-completion of the PD-envelope of a smooth
presentation, together with a Frobenius and a connection satisfying vari-
ous conditions. Is there an analogous concrete description of (admissible)
prismatic Dieudonné crystals?

(3) Finally, it would also be interesting and useful to study deformation theory
(in the spirit of Grothendieck-Messing theory) for the prismatic Dieudonné
functor.

We now discuss in more detail the content of this paper.

1.1. Quasi-syntomic rings. Let us first define the class of rings over which we
study p-divisible groups.

Definition 1.1.1 (cf. Definition B3T)). A ring R is quasi-syntomic if R is p-
complete with bounded p*>-torsion and if the cotangent complex Lg,z, has p-
complete Tor-amplitude in [—I,O]E. The category of all quasi-syntomic rings is
denoted by QSyn.

Similarly, a map R — R’ of p-complete rings with bounded p>-torsion is a
quasi-syntomic morphism if R’ is p-completely flat over R and Lp/ /g € D(R’) has
p-complete Tor-amplitude in [—1,0].

Remark 1.1.2. This definition is due to Bhatt-Morrow-Scholze [12] and extends
(in the p-complete world) the usual notion of l.c.i. rings and syntomic morphisms
(flat and l.c.i.) to the non-Noetherian, non finite-type setting. The interest of this
definition, apart from being more general, is that it more clearly shows why this
category of rings is relevant : the key property of (quasi-)syntomic rings is that
they have a well-behaved (p-completed) cotangent complex. The work of Avramov
shows that the cotangent complex is very badly behaved for all other rings, at least
in the Noetherian setting: it is left unbounded (cf. [2]).

Example 1.1.3. Any p-complete 1.c.i. Noetherian ring is in QSyn. But there are
also big rings in QSyn : for example, any (integral) perfectoid ring is in QSyn (cf.
Example B33). As a consequence of this, the p-completion of a smooth algebra
over a perfectoid ring is also quasi-syntomic, as well as any bounded p®-torsion

IThis means that the complex M = Lry/z, ®HR R/p € D(R/p) is such that M ®HR N €
DI=101(R/p) for any R/p-module N.



PRISMATIC DIEUDONNE THEORY 5

p-complete ring which can be presented as the quotient of an integral perfectoid
ring by a finite regular sequence. For example, the rings

Oc,(T) 5 Oc,/p i F[TY77])(T 1)
are quasi-syntomic.

The category of quasi-syntomic rings is endowed with a natural topology : the
Grothendieck topology for which covers are given by quasi-syntomic covers, i.e.,
morphisms R — R’ of p-complete rings which are quasi-syntomic and p-completely
faithfully flat.

An important property of the quasi-syntomic topology is that quasi-reqular
semiperfectoid rings form a basis of the topology (cf. Proposition B.3.1).

Definition 1.1.4 (cf. Definition B3H). A ring R is quasi-regular semiperfectoid if
R € QSyn and there exists a perfectoid ring S mapping surjectively to R.

As an example, any perfectoid ring, or any p-complete bounded p°°-torsion quo-
tient of a perfectoid ring by a finite regular sequence, is quasi-regular semiperfectoid.

1.2. Prisms and prismatic cohomology (after Bhatt-Scholze). Our main
tool for studying p-divisible groups over quasi-syntomic rings is the recent prismatic
theory of Bhatt-Scholze [I3], [8]. This theory relies on the seemingly simple notions
of d-rings and prisms. In what follows, all the rings considered are assumed to be
Zp)-algebras.

A 0-ring is a commutative ring A, together with a map of sets § : A — A, with
5(0) =0, §(1) = 0, and satisfying the following identities :

R it G )
p
for all z,y € A. For any é-ring (4, d), denote by ¢ the map defined by
p(x) = 2" + pé(x).

The identities satisfied by d are made to make ¢ a ring endomorphism lifting Frobe-
nius modulo p. Conversely, a p-torsion free ring equipped with a lift of Frobenius
gives rise to a d-ring. A pair (4, I) formed by a d-ring A and an ideal I C A is a
prism if I defines a Cartier divisor on Spec(A), if A is (derived) (p, I')-complete and
if I is pro-Zariski locally generatecﬂ by a distinguished element, i.e., an element d
such that 4(d) is a unit.

6(zy) = 2P8(y) +y"o(x)+pd(x)o(y) ; d(x+y) = o(z)+6(y)

)

Example 1.2.1. (1) For any p-complete p-torsion free -ring A, the pair (A, (p))

is a prism.
(2) Say that a prism is perfect if the Frobenius ¢ on the underlying d-ring

is an isomorphism. Then the category of perfect prisms is equivalent to
the category of (integral) perfectoid rings : in one direction, one maps a
perfectoid ring R to the pair (Aiu¢(R) := W(R), ker(#)) (here 6 : Ajne(R) —
R is Fontaine’s theta map) ; in the other direction, one maps (A4, 1) to A/I.
Therefore, one sees that, in the words of the authors of [13], prisms are
some kind of “deperfection” of perfectoid rings.

The crucial definition for us is the following. We stick to the affine case for
simplicity, but it admits an immediate extension to p-adic formal schemes.

2In practice, the ideal I is always principal.
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Definition 1.2.2. Let R be a p-complete ring. The (absolute) prismatic site (R) p
of R is the opposite of the category of bounded] prisms (A, I) together with a
map R — A/I, endowed with the Grothendieck topology for which covers are
morphisms of prisms (A, I) — (B, J), such that the underlying ring map A — B is
(p, I)-completely faithfully flat.

Bhatt and Scholze prove that the functor O (resp. @A) on the prismatic
site valued in (p,I)-complete d-rings (resp. in p-complete R-algebras), sending
(A, I) € (R)), to A (resp. A/I), is a sheaf. The sheaf O) (resp. Oy ) is called the
prismatic structure sheaf (resp. the reduced prismatic structure sheaf).

From this, one easily deduces that the presheaves I) (resp. N Z1(9A) sending
(A,I) to I (vesp. N=1A := ¢~1(I)) are also sheaves on (R),.

Let R be a p-complete ring. One proves the existence of a morphism of topoi:

v : Shv((R)p) = Shv((R)gsyn)-
Set : . _ _
©pris . U*OA : NZlOpI‘lS — ,U*_/\/‘ZIOA : Zpris . ’U*IA.
The sheaf OP™ is endowed with a Frobenius lift 0. Moreover, if R is quasi-syntomic,
the quotient sheaf OP™s /N'Z1OP™S i naturally isomorphic to the structure sheaf O
of (R)qsyn-

1.3. Admissible prismatic Dieudonné crystals and modules. We are now in
position to define the category of objects classifying p-divisible groups.

Definition 1.3.1. Let R be a quasi-syntomic ring. A prismatic Dieudonné crystal
over R is a finite locally free OP"s-module M together with ¢-linear morphism

(pM:./\/l—>M

whose linearization ¢*M — M has its cokernel is killed by ZP'S. It is said to be
admissible if the image of the composition

M EL M — M/TPS M

is a finite, locally free O-module Faq such that the map (OP'S/ZP'S) @ Frg —
M /TP M induced by ¢ is a monomorphism.

Definition 1.3.2. Let R be a quasi-syntomic ring. We denote by DM(R) the
category of prismatic Dieudonné crystals over R (with morphisms the OP™s-linear
morphisms commuting with the Frobenius), and by DM*!™(R) its full subcategory
of admissible prismatic Dieudonné crystals.

Remark 1.3.3. In a former version of the paper, we used the notion of filtered
prismatic Dieudonné crystal. A filtered prismatic Dieudonné crystal over a quasi-
syntomic ring R is a collection (M, FilM, v ) consisting of a finite locally free
OP"s_module M, a OP*S_submodule FilM, and a @-linear map o : M — M,
satisfying the following conditions :

(1) em(FilM) C ZPHs M.

(2) NZ1OP™S M C FilM and M /FilM is a finite locally free O-module.

(3) o (FilM) generates ZP'S. M as an OP*S-module.

3A prism (A, I) is bounded if A/I has bounded p®-torsion.
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However, as was pointed out to us by the referee, the category of filtered prismatic
Dieudonné crystals embeds fully faithfully in the category of prismatic Dieudonné
crystals, with essential image given by the admissible objects (this essentially follows
from Proposition below). Since admissible prismatic Dieudonné crystals are
easier to work with than filtered prismatic Dieudonné crystals, we decided to work
only with the first; hence, the results stayed the same, but their formulation changed
slightly.

For quasi-regular semiperfectoid rings, these abstract objects have a concrete
incarnation. Let R be a quasi-regular semiperfectoid ring. The prismatic site (R),
admits a final object (Ag, ).

Example 1.3.4. (1) If R is a perfectoid ring, (Agr,I) = (Aint(R), ker(6)).
(2) If R is quasi-regular semiperfectoid and pR = 0, (Ag,I) = (Aays(R), (p)).

Definition 1.3.5. A prismatic Dieudonné module over R is a finite locally free
Ar-module M together with a ¢-linear morphism
om: M — M

whose linearization ¢*M — M has its cokernel is killed by I. It is said to be
admissible if the composition

M5 M — M/T-M
is a finite, locally free R = Ag/N='Ar-module Fy; such that the map Ag/IAr @r
Fyy — M/IM induced by @ps is a monomorphism.

Proposition 1.3.6 (Proposition ET.T3). Let R be a quasi-reqular semiperfectoid
ring. The functor of global sections induces an equivalence between the category of
(admissible) prismatic Dieudonné crystals over R and the category of (admissible)
prismatic Dieudonné modules over R.

1.4. Statements of the main results. In all this paragraph, R is a quasi-
syntomic ring.

Theorem 1.4.1 (Theorem LG7). Let G be a p-divisible group over R. The pair
(Ma(G) = €2t (G,0P™), priyc) )

where the Ext is an Ext-group of abelian sheaves on (R)gsyn and OMy(G) S the

Frobenius induced by the Frobenius of OP™S, is an admissible prismatic Dieudonné
crystal over R, often denoted simply by M) (G).

Remark 1.4.2. The rank of the finite locally free OP"-module M (G) is the
height of G, Vand the qlzotient MA(G)/QOX/}A(G)(Ipr‘S-MA(G)) is naturally isomor-
phic to Lie(G), where G is the Cartier dual of G.

Remark 1.4.3. When pR = 0, the crystalline comparison theorem for prismatic
cohomology allows us to prove that this construction coincides with the functor
usually considered in crystalline Dieudonné theory, relying on Berthelot-Breen-
Messing’s constructions ([6]).

Theorem 1.4.4 (Theorem L6.I0). The prismatic Dieudonné functor
Mp G = (MR(G), orm,(6))
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induces an antiequivalence between the category BT(R) of p-divisible groups over R
and the category DM*™(R) of admissible prismatic Dieudonné crystals over R.

Remark 1.4.5. Theorem[[.Z.Jland Theorem[[.4.4limmediately extend to p-divisible
groups over a quasi-syntomic formal scheme.

Remark 1.4.6. It is easy to write down a formula for a functor attaching to an
admissible prismatic Dieudonné crystal an abelian sheaf on (R)gsyn, which will be
a quasi-inverse of the prismatic Dieudonné functor : see Remark But such a
formula does not look very useful.

Remark 1.4.7. As a corollary of the theorem and the comparison with the crys-
talline functor, one obtains that the (contravariant) Dieudonné functor from crys-
talline Dieudonné theory is an antiequivalence for quasi-syntomic rings in character-
istic p. For excellent l.c.i. rings, fully faithfulness was proved by de Jong-Messing;
the antiequivalence was proved by Lau for F-finite l.c.i. rings (which are in partic-
ular excellent rings).

Remark 1.4.8. It is not difficult to prove that if R is perfectoid, admissible pris-
matic Dieudonné crystals (or modules) over R are equivalent to minuscule Breuil-
Kisin-Fargues modules for R, in the sense of [I1]. Therefore, Theorem 4.4 contains
as a special case the results of Lau and Scholze-Weinstein. But the proof of the
theorem actually requires this special casd] as an input.

Remark 1.4.9. In general, the prismatic Dieudonné functor (without the admis-
sibility condition) is not essentially surjective, but we prove it is an antiequivalence
for complete regular (Noetherian) local rings in Proposition [5.2.3] i.e., in this case
the admissibility condition is automatic.

Moreover, we explain in Section how to recover Breuil-Kisin’s classification
(as extended by Kim, Lau and Liu to all p) of p-divisible groups over Ok, where K
is a discretely valued extension of Q, with perfect residue field, from Theorem [[.Z.4

Remark 1.4.10. Section [5.3] shows how to extract from the admissible prismatic
Dieudonné functor a functor from BT(R) to the category of displays of Zink over
R. Even though the actual argument is slightly involved for technical reasons, the
main result there ultimately comes from the following fact : if R is a quasi-regular
semiperfectoid ring, the natural morphism 6 : Ap — R gives rise by adjunction to a
morphism of d-rings Ar — W (R), mapping NZ'Ar to the image of Verschiebung
on Witt vectors.

Zink’s classification by displays works on very general bases but is restricted (by
design) to formal p-divisible groups or to odd p ; by contrast, our classification is
limited to quasi-syntomic rings but do not make these restrictions.

Remark 1.4.11. As in Kisin’s article [30], it should be possible to deduce from
Theorem [[.44] a classification result for finite locally free group schemes. We only
write this down over a perfectoid ring, in which case it was already known for p > 2
by the work of Lau, [36]. This result is used in the recent work of Cesnaviéius and

Scholze [18].

4n fact, as observed in [51], only the case of perfectoid valuation rings with algebraically closed
and spherically complete fraction field is needed.
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1.5. Overview of the proof and plan of the paper. Section 2] and Section
contain some useful basic results concerning prisms and prismatic cohomology, with
special emphasis on the case of quasi-syntomic rings. Most of them are extracted
from [12] and [I3], but some are not contained in loc. cit. (for instance, the
definition of the ¢g-logarithm, Section 222 or the Kiinneth formula, Section [3.1]), or
only briefly discussed there (for instance, the description of truncated Hodge-Tate
cohomology, Section B.2)).

Section [l is the heart of this paper. We first introduce the category DMadm(R)
of admissible prismatic Dieudonné crystals over a quasi-syntomic ring R and dis-
cuss some of its abstract properties (Section []). We then introduce a candidate
functor from p-divisible groups over R to DM*¥™(R) (Section E2)). That it indeed
takes values in the category DM*™(R) is the content of Theorem [LZI] which we
do not prove immediately. We first relate this functor to other existing functors,
for characteristic p rings or perfectoid rings (Section [4.3]). The next three sections
are devoted to the proof of Theorem [[LZJl This proof follows a road similar to
the one of [6, Ch. 2, 3]. The basic idea is to reduce many statements to the case
of p-divisible groups attached to abelian schemes, using a theorem of Raynaud en-
suring that a finite locally free group scheme on R can always be realized as the
kernel of an isogeny between two abelian schemes over R, Zariski-locally on R.
For abelian schemes, via the general device, explained in [0, Ch. 2] and recalled
in Section 4] for computing Ext-groups in low degrees in a topos, one needs a
good understanding of the prismatic cohomology. It relies on the degeneration of
the conjugate spectral sequence abutting to reduced prismatic cohomology, in the
same way as the description of the crystalline cohomology of abelian schemes is
based on the degeneration of the Hodge-de Rham spectral sequence. We prove it
in Section by appealing to the group structure on the abelian scheme. Alterna-
tively, one could use an identification of some truncation of the reduced prismatic
complex with some cotangent complex, in the spirit of Deligne-Illusie (or, more
recently, [I1]), proved in Section

To prove Theorem [[.4.4] stated as Theorem [A.6.10 below, one first observes that
the functors

R~ BT(R) ; Rw~— DM*™(R)

on QSyn are both stacks for the quasi-syntomic topology (for BT, this is done in
the Appendix). Therefore, to prove that the functor M is an antiequivalence, it is
enough to prove it for R quasi-regular semiperfectoid, since these rings form a basis
of the topology, in which case one can simply consider the more concrete functor
M) taking values in admissible prismatic Dieudonné modules over R, defined by
taking global sections of M ). Therefore, one sees that, even if one is ultimately
interested only by Noetherian rings, the structure of the argument forces to consider
large quasi-syntomic ringdi.

Assume from now on that R is quasi-regular semiperfectoid. The proof of fully
faithfulness is ultimately reduced to the identification of the syntomic sheaf Z,(1)
(as defined using prismatic cohomology) to the p-adic Tate module of G,,, a re-
sult of Bhatt-Morrow-Scholze recently reproved without K-theory by Bhatt-Lurie
([I0, Theorem 7.5.6]). (A former version of this paper attempted to prove fully
faithfulness using the strategy of [50] (following an idea of de Jong-Messing) : one

5In characteristic p, Lau has recently and independently implemented a similar strategy in
[37].
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first proves it for morphisms from Q,/Z, to pp~ and then reduces to this special
case. This reduction step works fine in many cases of interest — such as charac-
teristic p or p-torsion free quasi-regular semiperfectoid rings — but we encountered
several technical difficulties while trying to push it to the general case.) Once fully
faithfulness is acquired, the proof of essential surjectivity is by reduction to the
perfectoid case. One can actually even reduce to the case of perfectoid valuation
rings with algebraically closed fraction field. In this case, the result is known, and
due - depending whether one is in characteristic p or in mixed characteristic - to
Berthelot and Scholze-Weinstein.

Finally, Section [l gathers several complements to the main theorems, already
mentioned above : the classification of finite locally free group schemes of p-power
order over a perfectoid ring, Breuil-Kisin’s classification of p-divisible groups over
the ring of integers of a finite extension of Q,, the relation with the theory of
displays and the description of the Tate module of the generic fiber of a p-divisible
group from its prismatic Dieudonné crystal.

1.6. Notations and conventions. In all the text, we fix a prime number p.

e All finite locally free group schemes will be assumed to be commutative.

e If R is a ring, we denote by BT(R) the category of p-divisible groups over
R.

o If Ais aring, I C A an ideal, and K € D(A) an object of the derived
category of A-modules, K is said to be derived I-complete if for every
f € I, the derived limit of the inverse system

LKLk K

vanishes. Equivalently, when I = (f1,..., f.) is finitely generated, K is
derived I-complete if the natural map

K — Rlim(K ®% K?)

is an isomorphism in D(A), where for each n > 1, K denotes the Koszul
complex K¢(A; f',..., f*) (one has HO(K2) = A/(f7, ..., ), but beware
that in general K may also have cohomology in negative degrees, unless
(f1,..., fr) forms a regular sequence). An A-module M is said to be derived
I-complete if K = M[0] € D(A) is derived I-complete. The following
properties are useful in practice :

(1) A complex K € D(A) is derived I-complete if and only if for each
integer i, H*(K) is derived I-complete (this implies in particular that
the category of derived I-complete A-modules form a weak Serre sub-
category of the category of A-modules).

(2) If I = (f1,..., fr) is finitely generated, the inclusion of the full subcat-
egory of derived I-complete complexes in D(A) admits a left adjoint,
sending K € D(A) to its derived I-completion

K = Rlim(K &5 K?).

(3) (Derived Nakayama) If I is finitely generated, a derived I-complete
complex K € D(A) (resp. a derived I-complete A-module M) is zero
if and only if K ®% A/ =0 (resp. M/IM = 0).
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(4) If I is finitely generated, an A-module M is (classically) I-adically
complete if and only if it is derived I-complete and [-adically sepa-
rated.

(5) I = (f) is principal and M is an A-module with bounded f°°-torsion
(i.e. such that M[f>] = M[f™] for some N), the derived I-completion
of M (as a complex) is discrete and coincides with its (classical) I-adic
completion.

A useful reference for derived completions is [52, Tag 091N].

e Let A be a ring, I a finitely generated ideal. A complex K € D(A) is

I-completely flat (vesp. I-completely faithfully flat) if K ®% A/I is concen-

trated in degree 0 and flat (resp. faithfully flat), cf. [I2, Definition 4.1]. If

I~

an A-module M is flat, its derived completion M is I-completely flat.
Assume that I is principal, generated by f € A (in the sequel, f will
often be p). Let A — B be a map of derived f-complete rings. If A has
bounded f>°-torsion and A — B is f-completely flat, then B has bounded
f°-torsion. Conversely, if B has bounded f°°-torsion and A — B is f-
completely faithfully flat, A has bounded f°°-torsion. Moreover, if A and
B both have bounded f°°-torsion, then A — B is f-completely (faithfully)
flat if and only if A/f™ — B/f™ is (faithfully) flat for all n > 1. See [12|
Corollary 4.8]).
e A derived I-complete A-algebra R is I-completely étale (resp. I-completely
smooth) if R®Y A/I is concentrated in degree 0 and étale (resp. smooth).
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2. GENERALITIES ON PRISMS

In this section we review the theory of prisms and collect some additional results.
In particular, we present the definition of the ¢-logarithm (cf. Section 2:2)).

2.1. Prisms and perfectoid rings. We list here some basic definitions and results
from [13], of which we will make constant use in the paper. Let us first recall the
definition of a J-ring A. In the following all rings will be assumed to be Z,)-algebras.

Definition 2.1.1. A §-ring is a pair (A, §) with A a commutative ring and §: A —
A a map (of sets) such that for x,y € A the following equalities hold:

9(0) =06(1) =0
0(zy) = aPd(y) + y*3(x) +pd(x)d(y)
3z +y) = 8(x) + 8(y) + Tt

P
A morphism of é-rings f: (A4,d) = (A’,§’) is a morphism f: A — A’ of rings such
that fod =o' o f.
By design the morphism
p: A— A x— 2P 4 pd(x)

for a d-ring (A, d) is a ring homomorphism lifting the Frobenius on A/p. Using ¢
the second property of § can be rephrased as

d(zy) = @(x)d(y) + yPo(x) = 2Pd(y) + »(y)d(x)

which looks close to that of a derivation. If A is p-torsion free, then any Frobenius
lift ¢p: A — A defines a d-structure on A by setting

— P
o(x) = Y(z) =2 .
p
Thus, in the p-torsion free case a d-ring is the same as a ring with a Frobenius lift.

Remark 2.1.2. The category of d-rings has all limits and colimits and that these
are calculated on the underlying ringdd (cf. [I3] Section 1]). In particular, there exist
free §-rings (by the adjoint functor theorem). Concretely, if A is a §-ring and X is
a set, then the free d-ring A{X} on X is a polynomial ring over A with variables
0"(z) for n > 0 and z € X (cf. [I3, Lemma 2.11]). Moreover, the Frobenius on
Zpy{ X} is faithfully flat (cf. [I3, Lemma 2.11]).

Definition 2.1.3. Let (4, ) be a d-ring.
(1) An element x € A is called of rank 1 if 6(z) = 0.
(2) An element d € A is called distinguished if §(d) € A* is a unit.

In particular, p(x) = 2P if z € A is of rank 1.
Here is a useful lemma showing how to find rank 1 elements in a p-adically
separated d-ring.

Lemma 2.1.4. Let A be a §-ring and let x € A. Then §(zP") € p™A for all n. In
particular, if A is p-adically separated and y € A admits a p™-th root for all n > 0,
then 6(y) =0, i.e., y has rank 1.

Proof. Cf. [13, Lemma 2.31]. O

6This does not hold for the category of rings with a Frobenius lift in the presence of p-torsion.
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We can now state the definition of a prism (cf. [I3} Definition 3.2]). Recall that
a o-pair (A, 1) is simply a -ring A together with an ideal I C A.
Definition 2.1.5. A §-pair (A, I) is a prism if I C A is an invertible ideal such that
A is derived (p, I)-complete, and p € T + o(I)A. A prism (A, I) is called bounded
if A/I has bounded p*°-torsion.

Remark 2.1.6. Some comments about these definitions are in order :

(1) By [13, Lemma 3.1] the condition p € I + ¢(I)A is equivalent to the fact
that I is pro-Zariski locally on Spec(A) generated by a distinguished ele-
ment. Thus it is usually not much harm to assume that I = (d) is actually
principaﬂ.

(2) If (A, I) — (B, J) is a morphism of prisms, i.e., A — B is a morphism of
d-rings carrying I to J, then [I3, Lemma 3.5] implies that J = I B.

(3) An important example of a prism is provided by

(A4,1) = (Zp[lg = 1}, ([ply))

_¢-1

[plq : q—1

is the g-analog of p. Many other interesting examples will appear below.
(4) The prism (A, I) being bounded implies that A is classically (p, I)-adically
complete (cf. [8) Exercise 3.4]), and thus in particular p-adically separated.

Lemma 2.1.7. Let (A,I) be a prism and let d € I be distinguished. If (p,d) is a
regular sequence in A, then for all r,s > 0, r # s the sequences

(P, ¢"(d)), (¢"(d), ¢°(d))

where

are regular.

Proof. Note that for the second case, one can always assume min(r, s) = 0, up to
replacing d by ™ "(")(d). Then the statement is proven in [I, Lemma 3.3] and [I]
Lemma 3.6]. O

Previous work in p-adic Hodge theory used, in one form or another, the theory of
perfectoid spaces. From the prismatic perspective, this is explained as follows. We
recall that a é-ring A (or prism (A4, I)) is called perfect if the Frobenius ¢: A — A
is an isomorphism. If A is perfect, then necessarily A = W(R) for some perfect
F,-algebra R (cf. [I3] Corollary 2.30]).

Proposition 2.1.8. The functor
{perfect prisms (A, I)} — {(integral) perfectoid rings R}, (A,I)— A/I.

is an equivalence of categories with inverse R — (Aine(R), ker(0)), where Aing(R) :=
W(R) and 6 = 0 o o=,  being Fontaine’s theta map.

Proof. Cf. [13, Theorem 3.9]. O

Remark 2.1.9. (1) Of course, one could use @ instead of §. We make this (slightly
strange) choice for coherence with later choices.

(2) The theorem implies in particular that for every perfect prism (A, I), the
ideal I is principal.

"For example, if A is perfect, i.e., the Frobenius ¢: A — A is bijective, then this condition is
automatic by [I3} Lemma 3.7].
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As a corollary, we get the following easy case of almost purity.

Corollary 2.1.10. Let R be a perfectoid ring and let R — R’ be p-completely étale.
Then R’ is perfectoid. Moreover, if J C R is an ideal, then the p-completion R’ of
the henselization of R at J is perfectoid.

Proof. We can lift R’ to a (p, ker(6))-completely étale Ains(R)-algebra B. By [13|
Lemma 2.18], the §-structure on Ajns(R) extends uniquely to B. Reducing modulo
p we see that B is a perfect d-ring as it is (p, ker(6))-completely étale over Ains(R).
Using Proposition R’ = B/ker(f)B is therefore perfectoid. The statement
on henselizations follows from this as henselizations are colimits along étale maps
(cf. the proof of [52, Tag 0A02]). (Note that since R has bounded p*>-torsion, the
p-completion of an étale R-algebra is p-completely étale.) O

Moreover, perfectoid rings enjoy the following fundamental property.

Proposition 2.1.11. Let (A, 1) be a perfect prism. Then for every prism (B, J)
the map

Hom((A,I),(B,J)) = Hom(A/I, B/J)
is a bijection.

Proof. Cf. [13, Lemma 4.7]. O

2.2. The g-logarithm. Each prism is endowed with its Nygaard filtration (cf. [8]
Definition 11.2]).

Definition 2.2.1. Let (A, I) be a prism. Then we set
NZA = gp_l(Ii)
for i > 0. The filtration N'=* A is called the Nygaard filtration of (A, I).

This filtration (or rather the first piece of this filtration) will play an important
role in the rest of this text. It already shows up when proving the existence of the
g-logarithm

log,: Z,(1)(B/J) — B, x> log,([z"/?];)
for a prism (A, I) over (Z,([qg — 1], ([plg)) from Remark [ZT.6] as we now explain.
Here,
Zp(1) == Tp(pap=)
is the functor sending a ring R to T,(R*) = Jim g (R) and

[—](;: @ A/I—>A

T—xP
is the Teichmiiller lift sending a p-power compatible system

x = (20, 21,...) € lim A/I

TP
to the limit

[aly = ling 37

n—00

where Z,, € A is a lift of z,, € A/I. By definition,
Z,()(A/T) € Tim A/T

T—xP
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is the subset of the inverse limit consisting of sequences that start with a 1. More-
over, on @ A/I one can take p-th roots

T—xP

(=)YP: lim A/I — lim A/I, (z0,x1,...) — (x1,22,...).
mﬁp mﬁp
In [Il Lemma 4.10] there is the following lemma on the ¢-logarithm. For n € Z
we recall that the g-number [n], is defined as

= L= € 2,0 1)

Lemma 2.2.2. Let (B,J) be a prism over (Zy(lq — 1]],([plq)). Then for every
element x € 1 + NZ1B of rank 1, i.e., §(z) = 0, the series

Z n 1 7n(n 1)/2 (I_ 1)({E—q) (x_qnil)

— [n]q

log, ()
is well-defined and converges in B. Moreover, log,(r) € NZ1B and, in
B[1/pl[lx — 1]]"@Y,

one has the relation log,(z) = lggf(llz) log(z), where log(z) := Y (—1)n—1&=1"

n
n

1
The defining properties of the g-logarithm are that log,(1) = 0 and that its
g-derivative is dja—z (cf. [I, Lemma 4.6]).
One derives easily the existence of the “divided g-logarithm”.
Lemma 2.2.3. Let (B,J) be a bounded prism over (Z,[lq — 1]],([plq)) and let

x € Zy(1)(B/J). Then [z/?]; € B is of rank 1 and lies in 1 + N='B. Thus
n—l)

log l/p Z n 1 —n(n 1)/2 ([xl/p]é — 1) : [nﬁ[xl/p]é —4q

exists in B.

Proof. By Lemma 2.1.4] (which applies to B as B is bounded and thus classically
(p, [p]q)-complete, by [I3, Lemma 3.7 (1)]), the element [z'/P]; is of rank 1 as it
admits arbitrary p"-roots. Moreover, [z'/7]5 € 1 + NZ1B as ¢([z'/?];) = [z]; = 1
modulo J. By Lemma we can therefore conclude. O
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3. GENERALITIES ON PRISMATIC COHOMOLOGY

3.1. Prismatic site and prismatic cohomology. In this paragraph, we shortly
recall, mostly for the convenience of the reader and to fix notations, some fun-
damental definitions and results, without proofs, from [13]. Fix a bounded prism
(A,I). Let R be a p-complete A/I-algebra.

Definition 3.1.1. The prismatic site of R relative to A, denoted (R/A), is the
category whose objects are given by bounded prisms (B, IB) over (A, I) together
with an A/I-algebra map R — B/IB, with the obvious morphisms, endowed with
the Grothendieck topology for which covers are given by (p, I)-completely faithfully
flat morphisms of prisms over (A, I).

Remark 3.1.2. In this remark we deal with the set-theoretic issues arising from
Definition B.I.Jl For example, as it stands there does not exist a sheafification
functor for presheaves on (R/A)). We will implicitly fix a cut-off cardinal  like
in [49, Lemma 4.1] and assume that all objects appearing in Definition Bl (or
Definition [BT4]) have cardinality < k. The results of this paper will not change
under enlarging . For example, the category of prismatic Dieudonné crystals on
(R) ) will be independent of the choice of x. Also the prismatic cohomology does

not change (because it can be calculated via a Cech-Alexander complex), and thus
the prismatic Dieudonné crystals will be independent of x (by Section E.Z]).

This affine definition admits an immediate extension to p-adic formal schemes
over Spf(A/I), cf [13].

Proposition 3.1.3 ([I3], Corollary 3.12). The functor O) (resp. O ) on the pris-
matic site valued in (p, I)-complete § — A-algebras (resp. in p-complete R-algebras),
sending (B,1B) € (R/A)) to B (resp. B/IB), is a sheaf. The sheaf Op (resp.
@A ) is called the prismatic structure sheaf (resp. the reduced prismatic structure
sheaf).

These constructions have absolute variants, where one does not fix a base prism.
Let R be a p-complete ring.

Definition 3.1.4. The (absolute) prismatic site of R, denoted (R), is the category
whose objects are given by bounded prisms (B, J) together with a ring map R —
B/J, with the obvious morphisms, endowed with the Grothendieck topology for
which covers are given by morphisms of prism (B, J) — (C, JC) which are (p, I)-
completely faithfully flat.

Exactly as before, one defines functors Oy and O, which are sheaves on (R) .

We turn to the definition of (derived) prismatic cohomology. Fix a bounded
prism (A, I). The prismatic cohomology of R over A is defined in two steps. One
starts with the case where R is p-completely smooth over A/I.

Definition 3.1.5. Let R be a p-complete p-completely smooth A/I-algebra. The
prismatic complex Ar,4 of R over A is defined to be the cohomology of the sheaf
O), on the prismatic site :

DAgrya = RT((R/A)p, Op).

This is a (p, I)-complete commutative algebra object in D(A) endowed with a semi-
linear map ¢ : Ar/a — AR/, induced by the Frobenius of O).
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Similarly, one defines the reduced prismatic complex or Hodge-Tate complex :
Brya = RU((R/A)y, 0)).
This is a p-complete commutative algebra object in D(R).

A fundamental property of prismatic cohomology is the Hodge-Tate comparison
theorem, which relates the Hodge-Tate complex to differential forms. For this, first
recall that for any A/I-module M and integer n, the nth-Breuil-Kisin twist of M
is defined as

M{n}:=M @45 (I/1%)®".
The Bockstein maps
Br: H(bgya){i} = H ' (Lgrsa){i + 1}

for each i > 0 make (H*(Ap/a){*},Br) a graded commutative A/I-differential
graded algebraﬁ, which comes with a map n: R — H° (ZR/A).

Theorem 3.1.6 ([I3], Theorem 4.10). The map n extends to a map
77;% : (QQI;(A/I)ad) — (H*(ZR/A%BI)

which is an isomorphism.

While proving Theorem [B.1.6] Bhatt and Scholze also relate prismatic and crys-
talline cohomology when the ring R is an F,-algebra. The precise statement is the
following. Assume that I = (p), i.e. that (A,I) is a crystalline prism. Let J C A
be a PD-ideal with p € J. Let R be a smooth A/J-algebra and

RW =R, Alp,

where the map A/J — A/p is the map induced by Frobenius and the fact that J
is a PD-ideal.

Theorem 3.1.7 ([I3], Theorem 5.2). Under the previous assumptions, there is a
canonical isomorphism of Es — A-algebras

AR(I)/A ~ RPCTyS(R/A),
compatible with Frobenius.

Remark 3.1.8. (1) If J = (p), R is just the Frobenius twist of R.

(2) The proof of Theorem BI7 goes through for a syntomic A/J-algebra R.
The important point is that in the proof in [I3, Theorem 5.2] in each
simplicial degree the kernel of the morphism B® — R is the inductive limit
of ideals of the form (p,1,...,2,) with (21,...,2,) being p-completely
regular relative to A, which allows to apply [I3, Proposition 3.13]. The
statement extends by descent from the quasi-regular semiperfect case to all
quasi-syntomic rings over F, (cf. Lemma [3.2.2).

Definition B.1.5 of course makes sense without the hypothesis that R is p-
completely smooth over A/I. But it would not give well behaved objects ; for
instance, the Hodge-Tate comparison would not hold in generaﬁ. The formalism

8For p = 2 this assertion is non-trivial and part of the proof of [I3}, Theorem 4.10].

9Nevertholess7 in Section [3.:4] we will check that the site-theoretic defined prismatic cohomology
is well-behaved for quasi-regular semiperfectoid rings (as it agrees with the derived prismatic
cohomology), and also for quasi-syntomic rings
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of non-abelian derived functors allows to extend the definition of the prismatic and
Hodge-Tate complexes to all p-complete A/I-algebras in a manner compatible with
the Hodge-Tate comparison theorem.

Definition 3.1.9. The derived prismatic cohomology functor LA_,4 (resp. the
derived Hodge-Tate cohomology functor LA_4) is the left Kan extension (cf. [12,
Construction 2.1]) of the functor A_,4 (resp. Z_/A) from p-completely smooth
A/I-algebras to (p, I)-complete commutative algebra objects in (the co-category)
D(A) (resp. p-complete commutative algebra objects in D(R)), to the category of
p-complete A/I-algebras.

For short, we will just write Ap,4 (resp. ZR/A) for LR, 4 (resp. LZR/A) in the
following.

Left Kan extension of the Postnikov (or canonical filtration) filtration leads to
an extension of Hodge-Tate comparison to derived prismatic cohomology.

Proposition 3.1.10. For any p-complete A/I-algebra R, the derived Hodge-Tate
complex Arsa comes equipped with a functorial increasing multiplicative erhaus-
tive filtration Fil®™ in the category of p-complete objects in D(R) and canonical
identifications _
gri”(Brja) = N Lgja/n{—i}[=i]".
Finally, let us indicate how these affine statements globalize.

Proposition 3.1.11. Let X be a p-adic formal scheme over Spf(A/I), which is lo-
cally the formal spectrum of a p-complete ring with bounded p>-torsion. There
exists a functorially defined (p,I)-complete commutative algebra object Ax,a €
D(X, A), equipped with a @ a-linear map ¢x: hx/a — bhxa, and having the fol-
lowing properties :

e For any affine open U = Spf(R) in X, there is a natural isomorphism of
(p, I)-complete commutative algebra objects in D(A) between RI'(U,Ax,a)
and Agya, compatible with Frobenius.

o Set ZX/A = MAx/a @4 A/I € D(X,A/I). Then ZX/A 1s naturally an object
of D(X), which comes with a functorial increasing multiplicative ezhaustive
filtration FilS°™ in the category of p-complete objects in D(X) and canonical
identifications

g1 (Bx/a) ~ N Lxyasn{—i}[—i]".
3.2. Truncated Hodge-Tate cohomology and the cotangent complex. Let
(A,I) be a bounded prism, and let X be a p-adic A/I-formal scheme. The fol-
lowing result also appears in [I3] Proposition 4.14]. We give a similar argument
(suggested to us by Bhatt), with more details than in loc. cit. Since this result

is not strictly necessary for the rest of the paper, the reader can safely skip this
subsection.

Proposition 3.2.1. There is a canonical isomorphism :
ax: LX/Spf(A){_l}[_l]/\p = Fil({on'j (ZX/A)a

where the right-hand side is the first piece of the increasing filtration on ZX/A
introduced in Proposition [T1.11].

10Recent1y, Tllusie has also obtained related results in characteristic p (private communication).
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Proof. We can assume that X = Spf(R) is affine. Write A = A/I. We want to
prove that there is a canonical isomorphism
ar: Lra{=1}[-1]"" = Fil{™ (Ag/a).
First, let us note that by the transitivity triangle for A — A — R the cotangent
complex L a{—1}[—1]"7 sits inside a triangle
R=R®jz Li/a{-1}[-1]"" = Lgja{-1}[-1]"" = Ly, 2{-1}[-1)""

and the outer terms are isomorphic to R = grgoan r/A and

i Apya = Lg a{—1}[-1]"".

To construct the isomorphism ap it suffices to restrict to A — R p-completely
smooth first, and then Kan extend. Thus assume from now on that R is p-
completely smooth over A.

Let (B,J) € (R/A)p, ie., (B,J) is a prism over (A, I) with a morphism ¢: R —

B/J. Pulling back the extension of A-algebras
0—J/J* = B/J* = B/J—0
along t: R — B/J defines an extension of R by J/J? = B/J{1} and as such, is
thus classified by a morphism
i Ly — B/J{1}[1].
Passing to the (homotopy) limit over all (B, .J) € (R/A)) then defines (after shifting
and twisting) the morphism
ar: Lpja{—1}-1]" — 75 Ag/ 4.

Concretely, if R = A(x), then

Ly, = Rei1/I°[1] @ Rde.

On the summand R ® 5 I/I?[1], the morphism o/ is simply the base extension of
I/1? — J/J? as follows by considering the case A = R. On the summand Rdz
the morphism o/, is (canonically) represented by the J/J 2_torsor of preimages of
«(z) in B/J? and factors as R = B/J — B/J{1}[1] with the second morphism the
connecting morphism for 0 — B/J{1} — B/J? — B/J — 0. Thus, after passing
to the limit, we get a diagram

R

|

Brja — brya{1}[1]
and on H the horizontal morphism induces the Bockstein differential
B: H(Agya) = H(Agya{1}[1]) = H' (Brya){1}.
Thus the image of dz € HO(L/}}T/'A) under ag is B(¢(x)). Therefore we see that on
HOY the morphism ag induces the identity under the identifications
(1) = HO(LYY, )
and

(U 2)" = H' (hrya){1}
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(the second is the Hodge-Tate comparison). Moreover, the morphism
~ =17 Ae \ H 'aRr) 1R
RezI/I° = H N (Ly),) ——= H '(br/a{1}[1))
is the canonical one obtained by tensoring R — H°(Agp /4) with /1 2. By functo-
riality (and as Q}% /A is generated by dr for r € R), we can conclude that for every
p-completely smooth algebra R over A

OR: Hi(LIA;f/A) — Hi(ZR/A{l}[l])

induces the canonical morphism, and thus, that ar is an isomorphism in general.
O

Recall the following proposition, which is a general consequence of the theory of
the cotangent complex.

Proposition 3.2.2. Let S be a ring, I C S an invertible ideal and X a flat
S := S/I-scheme. Then the class v € Extg, (Lx/spec(é)vl/p ®g Ox) defined
by Lx/spec(s) 8 £ the obstruction class for lifting X to a flat S/12-scheme.

Proof. See [24, 111.2.1.2.3] resp. [24] 111.2.1.3.3]. O
As before, let (A, I) be a bounded prism.

Corollary 3.2.3. Let X be a p-completely flat p-adic formal scheme over A/I.
The complex Filion'jZX/A splits in D(X) (i.e., is isomorphic in D(X) to a complex
with zero differentials) if and only if X admits a lifting to a p-completely flat formal
scheme over A/I?.

Proof. Indeed, FilioanX/ 4 splits if and only if the class in
EXt%')X (gr(ljoanX/A’ grgoanX/A) = EXt%X (L/)\(T’/Spf(A/I){_l}v Ox)

defined by Fil{™™ (A x /4) vanishes. PropositionB.2ZTlshows that this class is the same
as the class defined by the p-completed cotangent complex L?f/spf( A){ —1}. Lifting

X to a p-completely flat formal scheme over A/I? is the same as lifting X ® 4 /1
A/(I,p") to a flat scheme over A/(I%,p") for all n > 1 (here we use that (A, 1)
is bounded in order to know that A/I is classically p-complete). One concludes
by applying Proposition 3.2.2] together with the fact that the p-completion of the
cotangent complex does not affect the (derived) reduction modulo p™. ([l

3.3. Quasi-syntomic rings. We shortly recall some key definitions from [12, Chap-
ter 4].

Definition 3.3.1. A ring R is quasi-syntomic if R is p-complete with bounded
p>°-torsion and if the cotangent complex Lg,z, has p-complete Tor-amplitude in
-1, O]. The category of all quasi-syntomic rings is denoted by QSyn.

Similarly, a map R — R’ of p-complete rings with bounded p>-torsion is a
quasi-syntomic morphism (resp. a quasi-syntomic cover) if R’ is p-completely flat
(resp. p-completely faithfully flat) over R and Lg/,z € D(R’) has p-complete Tor-
amplitude in [—1, 0].

1 This means that the complex M = Lr/z, ®HR R/p € D(R/p) is such that M ®HR N €
DI=101(R/p) for any R/p-module N.
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For a quasi-syntomic ring R the p-completed cotangent complex (Lg/z,); will
thus be in DI=19 (cf. [12 Lemma 4.6)).

Remark 3.3.2. This definition extends (in the p-complete world) the usual notion
of locally complete intersection ring and syntomic morphism (flat and local complete
intersection) to the non-Noetherian, non finite-type setting, as shown by the next
example.

Example 3.3.3. (1) Any p-complete l.c.i. Noetherian ring is in QSyn (cf. [2,
Theorem 1.2]).

(2) There are also big rings in QSyn. For example, any (integral) perfectoid
ring (i.e., a ring R which is p-complete, such that 7 = pu for some 7 € R
and u € R*, Frobenius is surjective on R/p and ker(f) is principal.) is in
QSyn (cf. [I2, Proposition 4.18]). We give a short explanation : if R is such
a ring, the transitivity triangle for

Zp = Aing(R) = R

and the fact that Ajne(R) is relatively perfect over Z, modulo p imply that
after applying — ®% R/p, Lryz, and Lg/a,(r) identify. But

L) = ker(6)/ Ker(6)2[1] = R[1],

as ker(#) is generated by a non-zero divisol3.

(3) As a consequence of (ii), the p-completion of a smooth algebra over a per-
fectoid ring is also quasi-syntomic, as well as any p-complete bounded p>°-
torsion ring which can be presented as the quotient of an integral perfectoid
ring by a finite regular sequence.

The (opposite of the) category QSyn is endowed with the structure of a site.

Definition 3.3.4. Let QSyngg,,, be the site whose underlying category is the op-
posite category of the category QSyn and endowed with the Grothendieck topology
generated by quasi-syntomic covers.

If R € QSyn we will denote by (R)qsyn (resp. (R)qsyn) the big (resp. the
small) quasi-syntomic site of R, given by all p-complete with bounded p®°-torsion R-
algebras (resp. by all quasi-syntomic R-algebras, i.e. all p-complete with bounded
p-torsion R-algebras S such that the structure map R — S is quasi-syntomic)

endowed with the quasi-syntomic topology.
The authors of [12] isolated an interesting class of quasi-syntomic rings.

Definition 3.3.5. A ring R is quasi-reqular semiperfectoid if R € QSyn and there
exists a perfectoid ring S mapping surjectively to R.

Example 3.3.6. Any perfectoid ring, or any p-complete bounded p°°-torsion quo-
tient of a perfectoid ring by a finite regular sequence, is quasi-regular semiperfectoid.

The interest of quasi-regular semiperfectoid rings comes from the fact that they

form a basis of the site QSyngk, .

Proposition 3.3.7. Let R be quasi-syntomic ring. There exists a quasi-syntomic
cover R — R/, with R’ quasi-reqular semiperfectoid. Moreover, all terms of the
Cech nerve R'® are quasi-reqular semiperfectoid.

120ne also proves that R[p™] = R[p|, which shows that R has bounded p®-torsion.
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Proof. See [12, Lemma 4.27] and [12] Lemma 4.29]. O
Finally, recall the following result, which is [I3| Prop 7.11].

Proposition 3.3.8. Let (A, I) be a bounded prism, and R be a quasi-syntomic A/I-
algebra. There exists a prism (B,IB) € (R/A)) such that the map R — B/IB is
p-completely faithfully flat. In particular, if A/I — R is a quasi-syntomic cover,
then (A,I) — (B,IB) is a faithfully flat map of prisms.

Proof. Since the proof is short, we recall it. Choose a surjection
A/I{z;,j € J)— R,
for some index set J. Set
S = A/I<x}/pm>®i/l<wj,j6J)R'

Then R — S is a quasi-syntomic cover and by assumption A/I — R is quasi-
syntomic : hence, the map A/I — S is quasi-syntomic. Moreover the p-completion
of le/(A/I) is zero. We deduce that the map A/I — S is such that (Lg/a/n)""
has p-complete Tor-amplitude in degree [—1,—1]. Therefore, by the Hodge-Tate
comparison, the derived prismatic cohomology Ag,/4 is concentrated in degree 0
and the map S — M is p-completely faithfully flat. One can thus just take
B =hg/a- O

As observed in [13], a corollary of Proposition B:3.8 is André’s lemma.

Theorem 3.3.9 (André’s lemma). Let R be perfectoid ring. Then there exists a
p-completely faithfully flat map R — S of perfectoid rings such that S is absolutely
integrally closed, i.e., every monic polynomial with coefficients in S has a solution.

Proof. This is [I3] Theorem 7.12]. Since the proof is also short, we recall it. Write
R = A/I, for a perfect prism (A, I) (Proposition [ZT.8). The p-complete R-algebra
R obtained by adding roots of all possible monic polynomials over R is a quasi-
syntomic cover, so by Proposition B38| we can find a prism (B, J) over (A, I) with a
p-completely faithfully flat morphism R — Ry := B/J. Moreover, we can (and do)
assume that (B, J) is a perfect prism. Indeed, as (4, I) is perfect, the underlying
A-algebra of the perfection] of (B, J) is the (p, I)-completion of a filtered colimit
of (p, I)-completely faithfully flat A-algebras, hence is (p, I)-completely faithfully
flat. Transfinitely iterating the construction R — R; produces the desired ring
S. O

Let us recall that a functor u: C — D between sites is cocontinuous (cf. [52, Tag
00XT]) if for every object C' € C and any covering {V; — u(C)};jes of u(C) in D there
exists a covering {C; — Cl}icr of C in C such that the family {u(C;) — u(C)}ier
refines the covering {V; — u(C)}jes. For a cocontinuous functor u: C — D the
functor

u~': Shv(D) — Shv(C), F — (F ou)*
(here ()* denotes sheafification) is left-exact (even exact) with right adjoint
GesShv(C) = (D~ lim  G(C)).
{u(C)—D}or

3 The perfection of a prism is the (p, I)-derived completion (or classical) of its colimit along
®. See [13].
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Thus, a cocontinuous functor u: C — D induces a morphism of topoi

u: Shv(C) — Shv(D).
Note that in the definition of a cocontinuous functor the morphisms u(C;) — u(C)
are not required to form a covering of C.
Corollary 3.3.10. Let R be a p-complete ring. The functor u: (R)) — (R)qQsyN,
sending (A, I) to

R— A/I

is cocontinuous. Consequently, it defines a morphism of topoi, still denoted by u :

u: ShV((R)A) — ShV((R)QSYN).

Proof. Tmmediate from the definition (cf. [62, Tag 00XJ]) and the previous propo-
sition. O

This yields the following important corollary.

Corollary 3.3.11. Let R be a p-complete ring. Let
0—-G1 —>Gy—G3—0
be a short exact sequence of abelian sheaves on (R)qsyn. Then the sequence
0—u HG1) = uH(Gy) = u(G3) =0

is an exact sequence on (R)). This applies for example when G1,G2,G3 are finite
locally free group schemes over R.

Proof. The first assertion is just saying that u~! is exact, as u is a cocontinuous
functor ([52, Tag 00XL]). The second assertion follows, as any finite locally free
group scheme is syntomic (cf. [16, Proposition 2.2.2]). O

3.4. Prismatic cohomology of quasi-regular semiperfectoid rings. In this
short subsection, we collect a few facts about prismatic cohomology of quasi-regular
semiperfectoid rings for later reference.

For the moment, fix a bounded base prism (A, I) and let R be p-complete A/I-
algebra. There are several cohomologies attached to R :

(1) The derived prismatic cohomology

N

of R over (A,I) defined in Definition via left Kan extension of pris-
matic cohomology.
(2) The cohomology

init
Apya = RU((R/A)p, Op)
of the prismatic site of (R/A)) (with its p-completely faithfully flat topol-
ogy).
(3) Finally (and only for technical purposes),
init,unbdd
AR/A = RF((R/A)A,unbdd’ Op);

the prismatic cohomology of R with respect to the site (R/A)p ,.,qq ©f DOt
necessarily bounded prisms (B, J) over (4, I) together with a morphism
R — B/J of A/I-algebras. We equip (R/A)p .qq With the chaotic topol-
ogy.
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Assume from now on that (A,I) is a perfect prism and that A/ — R is a
surjection with R quasi-regular semiperfectoid. The prism A‘;‘Zunbdd admits then a

more concrete (but in general rather untractable) description. Let K be the kernel
of A — R. Then

init,un K
N Pl A{T}A“)’”

is the prismatic envelope of the d-pair (A, K) from [8, Lemma V.5.1] as follows from
the universal property of the latter. In particular, the site (R/A)) ., 4 has a final

objec.

Proposition 3.4.1. Let as above (A,I) be a perfect prism and R quasi-reqular
semiperfectoid with a surjection A/I — R. Then the canonical morphisms induce
isomorphisms

init ~, Ainit,unbdd
Drja = Drjs = Dpya
as §-rings.

Proof. This is [I3, Proposition 7.10] (the second isomorphism, i.e. the fact that

Ag}t{&unbb is bounded, follows from the last assertion of loc. cit.). O

If pR = 0, i.e., R is quasi-regular semiperfect, there is moreover the universal
p-complete PD-thickening

Acrys(R)

of R (cf. [50, Proposition 4.1.3]). The ring Acys(R) is p-torsion free by [12, Theorem
8.14].

Lemma 3.4.2. Let (A,I), R be as above and assume that pR = 0. Then there is
a canonical p-equivariant isomorphism

AR/A = Acrys (R) .

Proof. As Aqrys(R) is p-torsion free (cf. [I2] Theorem 8.14]) and carries a canonical
Frobenius lift there we get a natural morphism

AR/A — Acrys(R).

Conversely, the kernel of the natural morphism (cf. Theorem [34.4] which does not
depend on this lemma)

0: AR/A — R
has divided powers (as one checks similarly to [12, Proposition 8.12], using that the

proof of Theorem B.1.17 goes through in the syntomic case, cf. Remark B.1.8). This
provides a canonical morphism

Acrys(R) — AR
in the other direction. Similarly, to [12, Theorem 8.14] one checks that both are

inverse to each other. O

14‘Up to now this discussion did not use that R is quasi-regular, it was sufficient that A/I — R
is surjective.
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Remark 3.4.3. Both rings Ar/4 and Acys(R) are naturally W (R?)-algebras, but
the isomorphism of Lemma [3.4.2 restricts to the Frobenius on W (R”). Concretely,
if R = R"/x for some non-zero divisor 2 € R, then

x
Ay oy = W(Rb){E}A
and (cf. [I3] Corollary 2.37])
P
Acrys(R) = W(Rb){;}A = Npyw (ro) @w (ro),p W(R’).

The prismatic cohomology Agr of a quasi-regular semiperfectoid ring R comes
equipped with its Nygaard filtration, [13], §12], an N-indexed decreasing multiplica-
tive filtration defined for ¢ > 0 by

./V'Zi(AR) = {ZZT € AR, QD(ZZ?) € diAR}7

d denoting a generator of the ideal I. The graded pieces of the Nygaard filtration
can be described as follows.

Theorem 3.4.4. Let R be a quasi-regular semiperfectoid ring. Then
NZH(bg) [N (Br) = FIE™ (Br){i}
for i > 0. In particular, Ag/N>*Ag = R.

Here FilS® (A g) denotes the conjugate filtration on Az with graded pieces given
by gr?onj (AR) = AiLIA%‘; s[—i], for any choice of perfectoid ring S mapping to R, cf.
BI10).

Proof. See [13, Theorem 12.2]. O

3.5. The Kiinneth formula in prismatic cohomology. The Hodge-Tate com-
parison implies a Kiinneth formula. Here is the precise statement. Note that for
a bounded prism (A, I) the functor R +— Ag/4 is naturally defined on all derived
p-complete simplicial A/I-algebras.

Proposition 3.5.1. Let (A,I) be a bounded prism. Then the functor
R~ AR/A

from derived p-complete simplicial rings over A/I to derived (p,I)-complete Eoo-
algebras over A preserves tensor products, i.e., for all morphism Ry + Rz — Ro
the canonical morphism

AT
ARI/A®AR3/AAR2/A - AR1®T;33 Ro/A
is an equivalence.

Proof. Using [12] Construction 2.1] (resp. [40, Proposition 5.5.8.15]) the functor
R+ ApRya, which is the left Kan extension from p-completely smooth algebras to all
derived p-complete simplicial A/I-algebras, commutes with colimits if it preserves
finite coproducts. Clearly, Aayrya = A, ie., A_,4 preserves the final object.
Moreover, for R, S p-completely smooth over A/I the canonical morphism

~ L
Arja®absia — As®R/A

is an isomorphism because this may by I-completeness be checked for A_ /A Where
it follows from the Hodge-Tate comparison. O
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Gluing the isomorphism in Proposition3.5. Il we can derive, using as well the pro-
jection formula and flat base change for quasi-coherent cohomology, the following
statement.

Corollary 3.5.2. If X andY are quasi-compact quasi-separated p-completely smooth
p-adic formal schemes over Spf(A/I)), then

~ L
RU(X Xspra/n) Yo Bxsgyin,ny/a) = RU(X, Axja)@,RU(Y, Dy a).
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4. PRISMATIC DIEUDONNE THEORY FOR p-DIVISIBLE GROUPS

This chapter is the heart of this paper. We construct the prismatic Dieudonné
functor over any quasi-syntomic ring and prove that it gives an antiequivalence
between p-divisible groups over R and admissible prismatic Dieudonné crystals over
R. The strategy to do this is to use quasi-syntomic descent to reduce to the case
where R is quasi-regular semiperfectoid, in which case the (admissible) prismatic
Dieudonné crystals over R can be replaced by simpler objects, the (admissible)
prismatic Dieudonné modules.

4.1. Abstract prismatic Dieudonné crystals and modules. Let R be a p-
complete ring. We defined in Corollary [3.3.10] a morphism of topoi :
u : Shv((R)p) — Shv((R)qsyn)-
We let
[ ShV((R)QSYN) — ShV((R)qsyn)
be the functor defined by e, F(R') = F(R') for F € Shv((R)qsy~) and R’ €
(R)qsyn- It has a left adjoint € : Shv((R)qsyn) — Shv((R)qsyn). We warn the
reader that the restriction functor from the big to the small quasi-syntomic site
does not induce a morphism of site, i.e., this left adjoint need not preserve finite
limits (which explains why we denoted it €’ instead of ¢~ 1).
We let

Vs = €4 0 Uy : Shv((R)p) = Shv((R)qgsyn)
and

v¥ =u"' o€l Shv((R)qsyn) — Shv((R)p)-
We still have the formula Rv, = Re,. o Ru, as €, is exact.
Definition 4.1.1. Let R be a p-complete ring. We define :

OPris . — v:0) ; NZLoprs .= U*N210A . IPTiS .= 0.y,

where Z) C O) denotes the canonical invertible ideal sheaf sending a prism (B, J) €
(R)p to J. The sheaf O™ is endowed with a Frobenius lift .

Although these sheaves are defined in general, we will only use them over quasi-
syntomic rings.
Proposition 4.1.2. Let R be quasi-syntomic ring. The quotient sheaf
Opris/NZlopris
is isomorphic to the structure sheaf O of (R)gsyn-

Proof. Tt is enough to produce such an isomorphism functorially on a basis of
(R)qgsyn- By Proposition B.3.7, we can thus assume that R is quasi-regular semiper-
fectoid. In this case, we conclude by Theorem B. 4.4 O

Definition 4.1.3. Let R be a p-complete ring. A prismatic crystal over R is
an Op-module M on the prismatic site (R)) of R such that for all morphisms
(B,J) = (B',J') in (R)) the canonical morphism

M(B,J) @5 B'—=M(B',J')

is an isomorphism.

15We thank Kazuhiro Ito for drawing our attention to this point.
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Note that a prismatic crystal in finitely generated projective O)-modules (resp.
in finitely generated projective Op-modules) is the same thing as a finite locally
free Op-module (resp. a finite locally free Op-module). In what follows, we will
essentially consider only this kind of prismatic crystal.

Proposition 4.1.4. Let R be a quasi-syntomic ring. The functors v, and v*(—) :=
O ) Rpaopris v(—) induce equivalences between the category of finite locally free Op-

modules and the category of finite locally free OP'S-modules.

Proof. Because v, (0)) = OP™ it is clear that for all finite locally free OP™s-modules
M the canonical morphism

M = v, (v'(M))

is an isomorphism as this can be checked locally on (R)gsyn. Conversely, let N be
a finite locally free O)-module. We have to show that the counit

v (N) = N

is an isomorphism. For any morphism R — R’ with R’ quasi-syntomic there are
equivalences
(R)A/hR’ = (R/>A ’ (R)qsyn/R/ = (R/)qsyn

of slice topoi where hr/(B,J) := Homg(R', B/J). By passing to a quasi-syntomic
cover R — R’ we can therefore assume that R is quasi-regular semiperfectoid, in
particular that the site (R), has a final object given by Agr. By (p, I)-completely
faithfully flat descent of finitely generated projective modules over (p, I)-complete
rings of bounded (p,I)-torsion (cf. Proposition [AZ3]), the category of finite lo-
cally free O)-modules on (R)) is equivalent to finitely generated projective Ag-
moduledd. As the morphism Ar — R (the “6”-map) is henselian along its kernel,
cf. Lemma 128 finite locally free Ag-modules split on the pullback of an open
cover of Spf(R). Thus, after passing to a quasi-syntomic cover of Spf(R), we may
assume that A is finite free. Then the isomorphism

v, (N) 2N
is clear. O

Definition 4.1.5. Let R be a quasi-syntomic ring. A prismatic Dieudonné crystal
over R is a finite locally free OP"*-module M together with ¢-linear morphism

om: M—=>M

whose linearization ¢* M — M has its cokernel killed by ZP's. We call a prismatic
Dieudonné crystal (M, o) admissible if the image of the composition

M EL M — MJTPTS . M
is a finite, locally free O-module Fpq such that the map (OP'S/ZP'S) @ Frqg —
M /ZP"S M induced by ¢aq is a monomorphism.
Here, M /ZP™s . M is an O = OP's /N ZLOPrs_module, cf. EE1.2} via the compo-
sition OP'is £, @pris _, @pris /7pris),

16The non-trivial point is that the global sections of a finite locally free O )-module are locally
free over AR.
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Remark 4.1.6. For a prismatic Dieudonné crystal (M, ¢a ) the linearization
©*M — M of the morphism ppr: M — M is an isomorphism after inverting
a local generator £ of ZP™ and in particular is injective, since p*M is &-torsion
free.

Remark 4.1.7. Let (M, paq) be a prismatic Dieudonné crystal. Write FilM =
@t (TP M). Consider the diagram (defining @, K)

0 ——= O*FilM 224 7Pris A — > Q ——> 0

L)

0— > p'M—2 s M K 0.

As ZP"$ K = 0 (by definition of a prismatic Dieudonné crystal) the map « is zero.
The snake lemma implies therefore that there exists a short exact sequence

0= Q = ¢* M/ FiIM = OP /7P @ o Foo By M/TPS M 5 K — 0

(where as in Definition L.T.5] we wrote Faq = M/FilM). Hence we see that the
injectivity of 8 (condition required in the definition of admissibility) is equivalent
to the condition that @ = 0.

Definition 4.1.8. Let R be a quasi-syntomic ring. We denote by DM(R) the cate-
gory of prismatic Dieudonné crystals over R (with OP'-linear morphisms commut-
ing with Frobenius) and by DM*™ (R) the full subcategory of admissible objects.

Proposition 4.1.9. The fibered category of (usual or admissible) prismatic Dieudonné
crystals over the category QSyn of quasi-syntomic rings endowed with the quasi-
syntomic topology is a stack.

Proof. This follows from the definition, because by general properties of topoi mod-
ules under OP™ and O form a stack for the quasi-syntomic topology on (R)qsyn. O

For quasi-regular semiperfectoid rings, these abstract objects have a more con-
crete incarnation, which we explain now. Let R be a quasi-regular semiperfectoid
ring and let (Ag,I) be the prism associated with R. Note that I is necessarily
principal as there exists a perfectoid ring mapping to R. Recall (Theorem [B.4.4)
that

0: AR/NZ'Ar =R
is an isomorphism.

Definition 4.1.10. A prismatic Dieudonné module over R is a finite locally free
Agr-module M together with a ¢-linear morphism

ov: M — M

whose linearization ¢*M — M has its cokernel killed by I. As in [ T.0] we call
a prismatic Dieudonné module (M, ppr) over R admissible if the image of the
composition

M 25 M — M/T-M
is a finite, locally free R = Ag/NZ'Agr-module Fi; such that the map Ar/IAr ®r
Fyy — M/IM induced by @j/ is a monomorphism.
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Remark 4.1.11. For a prismatic Dieudonné module (M, ¢ps) the linearization
@*M — M of the morphism pp: M — M is an isomorphism after inverting a
generator £ of I and in particular is injective, since p* M is E-torsion free. In @128
we will prove that these properties imply that the cokernel of p*M — M is a finite
projective Ag/I-module.

If R is perfectoid, one has
(Br, T) = (At (R), (6))-
A prismatic Dieudonné module is the same thing as a minuscule Breuil-Kisin-

Fargues module ([IT]) over Ajn¢(R) with respect to €. In fact, the situation for
perfectoid rings is simple, as shown by the following proposition.

Proposition 4.1.12. Let R be a perfectoid ring. Any prismatic Dieudonné module
over R is admissible.

We postpone the proof, it will be given below after Proposition [4.1.29

Proposition 4.1.13. Let R be a quasi-reqular semiperfectoid ring. The functor
(M7 (P./\/l) = (U*M(AI% I)u U*QOM (Au I))
of evaluation on the initial prism (Ar, I) induces an equivalence between the category

of (usual or admissible) prismatic Dieudonné crystals over R and the category of
(usual or admissible) prismatic Dieudonné modules over R, with quasi-inverse

(M, onm) = (M @y, OP™S oar @ Qoris)

Proof. Let us call Gg, resp. Fg, the first, resp. the second, functor displayed in the
statement of the proposition. Using Proposition .I.4l and the equivalence between
finite locally free O)-modules and finite locally free Ag-modules, one immediately
gets that Fr is an equivalence between the category of prismatic Dieudonné crystals
over R and the category of prismatic Dieudonné modules over R, with quasi-inverse
given by Gr. Hence, we only need to check that the admissibility conditions on
both sides agree.
Let (M, @) be an admissible Dieudonné module over R.

Lemma 4.1.14. Let R — R’ be a quasi-syntomic morphism, with R’ being also
quasi-regular semiperfectoid. Let (M’ pnr) := (M ®p, DR/ s o1 ®‘PAR,) be the base
change of (M, ). Then
Pap (IR M) = N2 Ay M+ Im(py (IM) @) D — M),
The lemma follows from Proposition (and Remark LT.2T]), which will be
proved below; let us take it for granted and finish the proof. For any quasi-regular

semiperfectoid ring R’ quasi-syntomic over R, note that, using the notations from
the lemma,

D(R,Fr(M)) = M', T(R,¢p} (T Fr(M))) = oyp (IAg ).
The lemma tells us that in particular
M Joyp (IAg M') = R @ M/py}(I.M).

This being true for any quasi-regular semiperfectoid ring R’ quasi-syntomic over R,
we deduce that we have a short exact sequence of sheaves on (R)qSyn

0— ¢;;(M) (ZP"S.Fp(M)) — Fr(M) - O @ M /@y (I.M) — 0
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By admissibility of (M, @) the right most term is a finite locally free O-module,
and thus Fr(M) is admissible.

Conversely, let (M, ¢ rq) be an admissible Dieudonné crystal. Consider the exact
sequence of sheaves

0= P (TP M) = M — M/ (TP M) — 0,
and apply to it the functor T'(R, —). We get an exact sequence
0 = T(R, g3 (T7.M)) = 95! ) (LG R(M)) = Gr(M) = T(R, M/} (7. M),

Since M /¢ (ZP75.M) is a finite locally free O-module by admissibility of (M, p4),
the right most term is a finite projective R-module, and it therefore suffices to show
that the above sequence is also right-exact. The map

Gr(M) = T(R, M/ (TP M))
factors through
Gr(M)/NZ'AR.Gr(M) — T(R, M/ (TPT5.M))

which is a map of R-modules, and it suffices to show that this map is surjective.
Since the target is a finitely generated R-module and R is p-complete, it suffices
by Nakayama’s lemma to prove surjectivity after base-change along any surjection
R — k, with k a perfect field of characteristic p. After base-change along such a
morphism R — k, the above map factors through

Gr(M) @y, B = T(R, M/ (T M)) @R k-

Since Gr(M), resp. ./\/l/gajwl (ZP™s. M), is a finite locally free OP*S-module, resp. a
finite locally free O-module, this identifies with the map

Gk(./\/lk) — F(k, Mk/gojvllk (Ipris../\/lk)),

i.e. the same map as the one we originally wanted to prove is surjective, but
now with R replaced by k (we denoted with an index k the restrictions of the
various objects involved to the quasi-syntomic site of k). But since k is perfect,
(Ge(Mr), 9a,(m,)) is automatically admissible, by definition of admissibility using
that every k-module is free. Hence, as proved above, we have an exact sequence
(using that Fj o G, =2 1d)

0— gaj\/llk (Ipris../\/lk) - M — O®pg Gk(Mk)/@éi(Mk)(I-Gk(Mk)) — 0,
ie.
M/ @5, (TP M) = O @ Gu(Mi) /g, () (L-Cr(Mi)),
hence
This shows that the map
Gk (Mk) — F(k, Mk/gﬁx/}k (Ipris../\/lk))
is surjective, as desired. (Il
Definition 4.1.15. We denote by DM(R) the category of prismatic Dieudonné

modules over R (with morphisms commuting with the Frobenius) and by DM*4™ (R)
the full subcategory formed by admissible objects.
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Proposition A.1.13] shows that the possible conflict of notation is not an issue :
for R quasi-regular semiperfectoid, the two categories denoted by DM(R) are nat-
urally equivalent, and similarly for DF(R).

In the rest of this subsection, we will shortly recall the general notions of frame
and window, and then discuss the connection with the definitions above.

Definition 4.1.16. A frame A = (A,Fil A, p, 1) consists of (classically) (p,d)-
adically complete rings A and R = A/Fil A, for some d € A and some ideal Fil A,
a lift of Frobenius ¢, a ¢-linear map @1 : Fil A — A (called the divided Frobenius
on A) such that ¢ = wyy on Fil A, with @ = ¢(d).

Let A, A’ be two frames, and let v € A’ be a unit. A u-morphism of frames
a: A — A is a morphism of rings o : A — A’ intertwinning ¢ and ¢’, carrying
Fil A into Fil A’, and satisfying ¢} o @ = ua o ¢1 and a(w) = uw’.

Remark 4.1.17. In many situations (such as those considered in this paper), the
image of o1 will always generate the unit ideal of A.

Here is an important source of examples.

Example 4.1.18. Let (A,I = (d)) be an oriented prism. There are usually two
natural ways of attaching a frame to (4, (d)). One possibility is to consider the
frame

Ay = (A, (d), ¢, 1),
where ¢ is defined by ¢1(dx) = () (recall that A is d-torsion free). Here,
¢ = p(d)e1 on FilA = (d). The other possibility works when d is of the form
d = ¢(d’) for some d’ € A: one can then consider the frame

ANyg = (AVA/ZlA?SOu 901)

where @1 := p/d on N=1A (using again that A is d-torsion free). Here, ¢ = dy;
on FilA. Note that in the first case, the divided Frobenius is with respect to ¢(d),
whereas in the second case the divided Frobenius is with respect to d.

Definition 4.1.19. A window M = (M,Fil M, o, 1) over a frame A consists
of a finite locally free A-module M, an A-submodule Fil M C M, and -linear
maps ¢nr : M — M and a1 Fil M — M, such that :

Fil A- M C Fil M and M/Fil M is a finite locally free R-module.
IfaeFil A, me M, ppi(am) = @1(a)pn(m).

If m € Fil M, pp(m) = wonr,1(m).

oma(Fil M) + oar (M) generates M as an A-module.

A morphism of windows is an A-linear map preserving the filtrations and commuting
with ¢ar and ¢ar,1. The category of windows over A is denoted by Win(A).

Remark 4.1.20. If the surjectivity condition on the image of ¢1 of Remark L.T.171
is satisfied, then the third point of the previous definition follows from the sec-
ond and the last one simply says that ¢pr1(Fil M) generates M (indeed, by as-
sumption one can write 1 = Zle a;p1(by) for some a; € A,b; € Fil A, whence
@ =i aip(bi).

Remark 4.1.21. If o : A — A’ is a u-morphism of frames as Definition [A.1.16] (for
some unit v € A’), and M, resp. M’, is a window over A, resp. A’, an a-morphism
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of windows f: M — M’ is a morphism f : M — M’ of A-modules, intertwinning
oy and @, sending Fil M into Fil M’ and satisfying ¢a 10 f = ufopa 1 (hence
if A= A', a = 1d, an a-morphism of windows is just a morphism of windows over
A). There is a base change functor

a* : Win(A) — Win(4')

characterized by the universal property that if M € Win(4), M’ € Win(4’), ho-
momorphisms in Win(4") from a*M to M’ identify with a-morphisms of windows
from M to M'. Concretely, if M € Win(A), then o*M = (M',Fil M, o, orr1)
is given by M’ = A’ ® 4 M, Fil M’ is the submodule generated by (Fil A’).M’ and
the image of Fil M, and ¢p, a1 are uniquely determined by the requirement
that M — M', m — 1 ® m, is an a-morphism of windows.

Proposition 4.1.22. Let A = (A, Fil4, ¢, p1) be a frame, such that any finite pro-

jective A/Fil A-module lifts to a finite projective A-module. Let (M, Fil M, o, oar,1)
be a window over A. Then there exist finite projective A-modules L, T such that

M=L&T and Fil M = L@ Fil A.T. Moreover, given L, T there exists a bijection

between p-semilinear isomorphisms (i.e. @-semilinear maps which become isomor-

phisms after linearization) ¥V: L&T — L®T and A-window structures on the pair

(LeT,LeFil AT).

Proof. This is a combination of [33] Remark 2.4] and [33, Lemma 2.5]. Let us give
some details, and set S := A/Fil A. The module S® 4 M decomposes, as M /Fil M is
finite projective, into a direct sum S® 4 M = M /Fil M ©(Q for some finite projective
S-module Q. Let L, T be finite projective A-modules such that L is a lift of @) and
T alift of M/Fil M. We can then lift the decomposition S® 4 M to a decomposition
M = L & T by projectivity. The property Fil M = L & Fil AT follows. Given s
we define U(I+t) := opm1(l)+om(t) forl € Lt € T on M = L& T, and conversely
given ¥ we set opr(I+1) :=w¥ (1) + U(t) and o1 (I + at) := U() + p1(a)P(¢) for
le LiteT,a€Fil A. O

Lemma 4.1.23. Let A = (A, FilA, ¢, ¢1) as in Proposition [{.1.22| such that w is a
non-zero divisor and FilA = p~1(wwA). Then if (M,Fil M, o, para1) is a window
over A, we have

Fil M = ¢, (wM)

(note that one always has an inclusion Fil M C ¢y} (wM)). Moreover, ppr: M —
M induces an injection M/FilM — M/wM, and the latter extends to an injection
AJw @aspiia M/FIIM — M/I of a locally direct summand.

Proof. Let
M=LeT
be a normal decomposition of M as in E.1.22, and
U= (SDM,].)‘L + ((pM)\Ta
so that Fil M = L@ Fil AT. Let x = [+t € M such that v (z) € wM. We have
em(x) = V() + U(t)

so the condition is equivalent to requiring that W(¢t) € w.M. For simplicity we
assume that L, T are free A-modules in the following. The general case follows by
localization. Fix a basis t1,...,t. of T and a basis l1,...,ls of L, as A-modules.
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Since U is a @-linear isomorphism, the family (U(t1),..., ¥ (¢), ¥(l1),..., ¥(ls)) is
a basis of M, and so the reduction of the family (¥ ( 1) U(t )) odulo w is
linearly independent. Write ¢t = Y_!_, a;t;, with a; € A for all ¢ ,7. By
assumption, we have that

Z 0(a;)V(t;) € w.M
and therefore we must have p(a;) € wA for all i = 1,...,r, i.e. a; € Fil A for all

i=1,...,r, by the condition on Fil A. Hence t € Fil A.T and thus x € Fil M, as
desired. For the last statements note that the map ¢pr: M/FilM = T/FilA.T —
M /w identifies with the map induced by ¥. As pp(t;) = U(t;),e = 1,...,r, are
linearly independent (over A/w) this map extends to an inclusion

A/w @ A/FilA M/FllM — M/w
of a direct summand. This finishes the proof. O

Let us now see what the categories of windows look like for the frames attached
to prisms discussed in Example [£.1T.18

Definition 4.1.24. Let (A,I = (d)) be a prism. A Breuwil-Kisin module (M, ppr)
over (A,I), or just A if I is understood, is a finite free A-module M together with

an isomorphism
o1 1
oM P M[f] = M[f]-
If par(p*M) C M with cokernel killed by I, then (M, ) is called minuscule.
We denote by BK(A) the category of Breuil-Kisin modules over A and by

BKpin(A4) € BK(A) its full subcategory of minuscule ones.

Remark 4.1.25. If (M, ¢)) is a minuscule Breuil-Kisin module over (A, I), the
cokernel N of op(p*M) C M is a finite projective A/I-module. Indeed N is
pseudocoherent as an A-module (having a 2-term resolution by finite projective A-
modules), hence as an A/I-module. Moreover, if k is the residue field of Spec(A/I)
at any closed point, then the derived tensor

k®%,, N=Ww(k) @i N

is a perfect complex of W (k)-modules, hence bounded. It follows that the complex
k®ﬁ/1 N is also bounded, so that N has a finite resolution by finite projective A/I-

modules ([52, Tag 068W]). Since N has projective dimension < 1 as an A-module,
it is necessarily projective as an A/I-module. We thank the referee for poiting out
this argument to us.

Proposition 4.1.26. Let (A, (d)) is an oriented prism. The functor
(M,FilM, opr, oar1) — (FilM, d.opr)
induces an equivalence between the category of windows over the frame A, of Ex-
ample [f-1.18 and the category BKmin(A).
Proof. See [17, Lemma 2.1.16] (taking Remark [.1.25] into account). O

Before turning to the second example introduced in Example [L.1.I8] let us recall
some facts about henselian pairs. Let A be a ring and let I C A be an ideal. We
recall that the pair (4, ) is henselian if I is contained in the Jacobson radical of
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A and if for any monic polynomial f € A[T] and each factoriztion f = goho with
go,ho € A/IT] monic and generating the unit ideal, there exists a factorization
f = gh with g, h monic and go = g, ho = h (cf. [52, Tag 09XE]).

If I is locally nilpoten or A is I-adically complete, then the pair (A,I) is
henselian (cf. [52, Tag 0ALI], [52, Tag 0ALJ]).

For us the following well-known property of henselian pairs will be important
(cf. [19, Lemma 4.20]).

Lemma 4.1.27. Let (A, I) be an henselian pair. The base change M — M ®4 A/I
induces a bijection on isomorphism classes of finite projective modules over A, resp.

A/l

Proof. It M, N are finite projective A-modules, then any isomorphism M/IM =
N/IN can be lifted to a morphism M — N by projectivity of M. As I C A lies
in the Jacobson radical of A this lifted homomorphism is then automatically an
isomorphism. Moreover, any finite projective A/I-module can be lifted to a finite
projective A-module by [52, Tag 0D4A]. O

Now, we provide the proof that Ag is henselian along N='Ap = ker(0: Ag — R).
We learned the argument from [37, Remark 5.2].

Lemma 4.1.28. The pair (Ag,ker(0)) is henselian.

Proof. Because Ag is (p, £)-adically complete it suffices to prove that the pair

(Dr/(p,£), (p,ker(9))/(p,£))

is henselian (cf. [52, Tag 0DYD]). We know ker(#) = NZ1AR. Hence, for every
element x € ker(9), P € (p,£). As locally nilpotent ideals are henselian the claim
follows. O

Proposition 4.1.29. Let R be a quasi-reqular semiperfectoid ring. Fiz a generator

§ = @(§) of the ideal I of the prism (Ag,I), giving rise to a frame Ap Ny, Of
Ezxample[{.1.18 (with d = €). The forgetful functor
Win(éR,Nyg) - DM(R)v (Ma Fil Ma @MWPMJ) = (Mv </7M)

is fully faithful, with essential image the subcategory DM*¥™(R).

Proof. Thanks to Lemma [L.T.28 we can apply Lemma [L1.23 to the frame Ap yy,-
This yields fully faithfulness, and that for a window (M, Fil M, o, @ar,1) the image
of

M 2L M — M/T-M
identifies with M/Fil M. By Lemma .1.23] we can deduce admissibility. Assume

conversely that (M, ¢p) is an admissible prismatic Dieudonné module. Then the
datum (M, ¢y} (I - M), our, %@M) is a window over Ap ny,- Indeed, the condi-

tion that a1 (FilM) generates M follows from the definition of admissibility and
Remark [£.1.7 This finishes the proof. O

T That is, every element in [ is nilpotent.
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Remark 4.1.30. Assume that R is quasi-regular semiperfect, i.e. R is quasi-
regular semiperfectoid and pR = 0. Let (M, @) be a prismatic Dieudonné module
over R. Let N C M/NZ'ArM be a locally free R-module which is a direct sum-
mand, and define Fil M to be the inverse image of N in M. Then the collection
(M, Fil M, o, 1/pon) is a window over Ag ny, = ACWS(R)I\Iyg if and only if N
is an “admissible” filtration in the sense of Grothendieck on the Dieudonné mod-
ule (M, on, V), where Vi = <pg41 .p (which makes sense by the assumption that
(M, ppr) is a prismatic Dieudonné module). For a proof of this, see [17, Lemma
2.5.1)).

We can now prove Proposition [4.1.12]

Proof of Proposition [{.1.12. We know by Proposition .1.29] that the functor
1,5 1
(M, on) = (M, 037 (€M), par, EsaM)

is an equivalence between DM*™(R) and Win(Ag nyg)- Since R is perfectoid,
NZ1AR = (€), and so

AR,Nyg = AR,&
By Proposition 4.1.28, the functor

(N, Fil N, ox) s (Fil N, %DN)

induces an equivalence between Win(Ag () and BKuin(Aint(R)) (the category of
minuscule Breuil-Kisin modules over Ajys(R)). The latter category is, however,
obviously equivalent to DM(R’), with R’ = Aijne(R)/€. As @ is bijective on A, base
change along ¢ is also an equivalence between DM(R’') and DM(R). Composing
these equivalences, we obtain an equivalence

DM™™(R) — DM(R)
But this composite functor is nothing but the identity functor. ([l

Finally, we record some statements which are later used to prove essential sur-
jectivity for the prismatic Dieudonné functor.

For a ring A with an endomorphism ¢: A — A we denote by ¢ — Mod}™* the
category of “unit” p-modules over A, i.e., the category of pairs (M, pps) with M a
finite projective A-module and @pr: @*M = M an isomorphism.

Lemma 4.1.31. Let A — B be a surjection of bounded prisms with kernel J C
A. Assume that the Frobenius ¢ of A is topologically nilpotent (for the (p,I)-adic
topology) on J and that (A, J) is henselian. Then the functor

= MOdIAnit — - 1\/[0(11]1310%7 (]\47 @M) — (M XA B, M XA B)
is an equivalence.

Proof. To prove fully faithfulness it suffices to show (by passing to internal hom’s)
that for every p-module (M, ) over A the map

M</7M:1 N (M/JM)<PM:1
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n

is bijective. Let m € M¥M=1 N JM and write m = > a;m; with a; € J and
i=1

m; € M. Then

m=ghy(m) = 3 @ (a:)eh (ms)
=1

where the ¢ (a;) converge to 0 if j — oo by our assumption on ¢. Thus m =
¢l (m) — 0if j — oo and therefore m = 0, which proves injectivity. Conversely,
let m € M and assume that ¢p(m) = m modulo JM. Write

z:=@p(m)—me JM.

As above the sequence gpg\/j(z) converges to 0 if j — co. Set

m:=m+ Zcpgw(z)

j=0
Then m = m modulo JM and ¢ () = m. Thus we showed that
M%’le o~ (M/JM)@NIZl

and the functor ¢ — Mod ™" — ¢ — Mod'5"™* is fully faithful and we are left with
essential surjectivity. For this let (N,¢n) € ¢ — Mody™. By assumption A is
henselian along J and thus we can write N = M ®4 B for some finite projective
A-module M. Using projectiviy of ¢* M over A we can lift o : ¢* N — N to some
homomorphism @ *M — M. As J lies in the radical of A the homomorphism
o will automatically be an isomorphism as ¢ is. Thus, we have lifted (N, ¢n)
to (M, @ar), which finishes the proof. O

The following statement is similar to [33] Lemma 2.12] or [30, Appendix A.4].
It will use the “Nygaard frame” associated to an oriented prisms, which was

discussed in L.I.18]

Lemma 4.1.32. Let (4, (§)) — (B, (§)) be a surjection of oriented bounded prisms
with kernel J contained in NZ'A, and assume that £ = w(&) for some £ € A and
that (A, €) bounded. Assume that @1 is (pointwise) topologically nilpotent on J and
that (A, J) is henselian. Then the base change functor induces an equivalence :

Win(Ayy,) =~ Win((B,N='A/J, A/NZ1A, ¢, o1)).

We note that 1 (J) C .J as B is é-torsion free and ¢(j) = £p1(j) in A. Thus the
condition that ¢ is topologically nilpotent on J makes sense. Moreover, ¢1(J) C J
implies that (B,NZ'A/J, A/NZA, p, 1) is indeed a well-defined frame.

Proof. In this proof, we will use the following convenient notation: if o : § — S is
a ring endomorphism and f : M — N is a o-linear map between two S-modules,
we will denote by f*: o*M — N its linearization. We will also abbreviate Anyg 88

Aand (B,NZYA/J, A/JNZTA ¢, 01) as B.

By the existence of normal decompositions (cf. Proposition we can ap-
ply it since the proof of Lemma shows that A is henselian along N'Z'A and
this implies that finite projective B/im(N=!A)-modules can be lifted to finite lo-
cally free B-modules — even to finite projective A-modules) and the fact that A is

henselian along J the base change functor
Win(4) — Win(B)
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is essentially surjective. Let M, N be two windows over A. We want to prove that
Homa (M, N) = Homp(M/.J,N/J)
where M /J, N/J denote the base change of M, N to B. The idea of proof is similar
to Lemma .T3T] (and [33, Theorem 3.2]). Let
8: M — JN
be an arbitrary homomorphism of A-modules. Then the A-module homomorphism

U(B): M — JN, m = b (1d® B)(¢h, 1)~ (m)

is well-defined. Indeed, ‘P‘}w: @*M — M is injective with cokernel killed by §~
(which follows from the fact that par1(FilM) generates M and that M, o* (M) are

é—torsion free) and thus on {tM there exists a partial inverse (cpgw)_l : gM — *M
of w'}w. Moreover, as § has image in JN the composition <p§v(1d ® ) has image in
EN. The module M is finitely generated: choose generators z1,...,xz,. For each
n > 1, and each x € M, we can write

(") ()™ 00 9 (a0 (Hhra) @) = Y bun() @ 22 € ()M,

with b; ,(z) € A. Hence, we get

U™(8)(x) = ((pn1) o ™ (ona)t o0 (")  (ow1))o(™)* B) (Z bin (@) ®f€i>

=1

whence

Write for eacht =1,...,7,

Sr
Blz;) = Zji,kyi,k;
k=1
with jix € J, yir € N. We have, foreachi=1,...,r,
Sr Sr
1 (B(@) = ©R 1 (Z jz;kl/i,k) = Ot Gir)eR Yik)-
k=1 k=1
By our assumption, ¢1 on J is pointwise topologically nilpotent, and so in particular
for each mg > 0, we can find m > 0 such that ¢7*(j; x) € (p,§)™°, foralli =1,...,r,
j=1,...,s,. The above equalities show that for all n > m and for all x € M,

U"(B)(x) € (p, &)™ N.
Hence, we deduce from the above that for every 8: M — JN the sequence

BUB),UWUB))....U"(B),...

converges to 0 (because A is (p,&)-adically complete as (4,£) is bounded). Now
let a: M — N be a homomorphism of windows such that & = 0 modulo J. Then
U™(a) = « for all n because avo @y = @y o a, which implies a = 0 as the sequence
U™ () converges to 0 as we saw above. Conversely, assume that o: M — N is an
A-module homomorphism, such that o modulo J is an homomorphism of windows
over B. Then a maps FilM to FillN because this can be checked modulo J. Note
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that (wgw)*l(gM) = ¢*(FilM) as follows from Lemma [L1.23] Hence U(«) sends
M to N. Set

B:=U(a)—a: M — N.
Then (M) C JN by the assumption on «. Therefore the homomorphism

a: M — N, m—a(m)+ Y U"(B)(m)
n=0

is well-defined. Moreover, @« = @ modulo J and & is a homomorphism of windows
over A. O

From the proof of the last lemma, one can also extract the following statement.

Lemma 4.1.33. Let R — R’ be a morphism of quasi-reqular semiperfectoid rings
such that J = ker(Ap — Ag') is contained in N=1Ag, stable by o1 and such that @1
is topologically nilpotent on J (for some, or equivalently any, choice of a generator
of the ideal I defining the prism structure of Ar). Then the base change functors

DM(R) — DM(R') ; DM*™(R)— DM*™(R)
are faithful.

Proof. 1t is enough to prove that the first functor is faithful. For this, one uses the
exact same argument used in the proof of Lemma [4.1.32] (|

Remark 4.1.34. More generally, if one has a l-morphism of frames A — A,
whose kernel J is contained in Fil A, stable by 1, and such that ¢; is topologically
nilpotent on J, the same proof shows that the base change functor

Win(A) — Win(4’)
is faithful.

4.2. Definition of the prismatic Dieudonné functor. In this subsection we
define the prismatic Dieudonné crystals of p-divisible groups over quasi-syntomic
rings and prove some formal properties of them. More difficult properties, like
the crystal property or local freeness, will be proved later (cf. Section [£.6) after
discussing the case of abelian schemes first (cf. Section [4.5]).

Let R € QSyn be a quasi-syntomic ring and let (R), be its absolute prismatic
site. We recall from Proposition L. T.4lthat the category of finite locally free crystals
on (R)) is equivalent to the category of finite locally free OPris_modules on the small
quasi-syntomic site (R)gsyn of R endowed with the quasi-syntomic topology.

Recall as well that there is an exact sequence

0 — NZ1oPs 5 OPfs 5 0 0
where O is the structure sheaf S € (R)qsyn — S on (R)qsyn (cf. Proposition [4.1.2).
Definition 4.2.1. Let G be a p-divisible group over R. We defind™
M) (G) == é’xt%R) (G, OPrs)

and @, (g) as the endomorphism of M A(G) induced from the endomorphism ¢
on OP™. We call (My(G), ¢, (q)) the prismatic Dieudonné crystal of G.

qsyn

18For an alternative perspective on this definition, using classifying stacks, see the work of
Mondal [45].
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We will check later that (M) (G), pa1,(c)) is indeed a(n admissible) prismatic
Dieudonné crystal.

Remark 4.2.2. Let us note that
Hom(G,Q) =0

for any derived p-adically complete quasi-syntomic sheaf @. Indeed, the finite lo-
cally free group schemes G[p"] are syntomic over R for n > 0 (as follows e.g. from
[44, 11.(3.2.6)]) (hence multiplication by p on G is surjective in the syntomic topol-
ogy). This implies that the derived p-completion of G on the big quasi-syntomic
site over R is given by T,G placed in degree —1. As there are no morphisms from
D=1 to DZ°, and @ is assumed to be derived p-adically complete, the statement
follows.
In particular, we can apply this to Q = OP' and deduce that

Hom(G, OP"%) =0
and thus also

Hom (G, N=1OP") = 0.

Remark 4.2.3. Beware that the prismatic Dieudonné crystal of a p-divisible group
is a sheaf on the quasi-syntomic site, not on the prismatic site. In particular, it is
not a crystal on the prismatic site of R, but rather the push-forward along v of a
crystal on the prismatic site (as will be proved later). We hope that this choice of
terminology does not create too much confusion ; from the mathematical point of
view, it is justified by Proposition E.T.4

Fix a p-divisible group G over R. We check some easy properties of M (G).

In [6], the crystalline Dieudonné crystal of a p-divisible group is defined via the
sheaf of local extensions on the crystalline site. There is a similar description of
the prismatic Dieudonné crystal.

Lemma 4.2.4. There is a canonical isomorphism
M) (G) = v*(Ext%R)A (uH(G),0p)).
Proof. First, we claim that there is a canonical isomorphism
&vt%R)QSYN(G, u.O)) = u*(é'xt%R)A (u1(G),0))).
By adjunction, there is a canonical isomorphism
RHom(R)QSYN (G, Ru*(OA)) =~ Rus (R’HOTTL(R)A (u_lG, OA))

It thus suffices to see that 8wt%R)QSYN (G,u.O)p), resp. u*(é'xt%R)A (u™ (@), 0p)),
are the first cohomology sheaves on both sides. The sheaves

Hom (G, R'u.(0))), Hom(u™(G),0))

are 0: for the first this follows as G is p-divisible and the target derived p-complete,
cf. Remark and for the second the same argument as in Remark [.2.2] can be
applied since the multiplication by p map on 4 ~1(G) is surjective and the prismatic
topos is replete. This implies the claim.

To finish, the proof of the proposition, it therefore remains to show that we have

E*Ext%R) G, u.0p) = M) (G).

QSYN(
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We will in fact give an argument, inspired by [3], which works with £zt! replaced
by Extt, for any i > 0. The Breen-Deligne resolution C(G) of G, seen either as a
sheaf on the big or on the small quasi-syntomic site (cf. [48, Appendix to Lecture
IV], see also Section 4] below for a partial explicit resolution, sufficient for our
purposes), give, for each ¢ > 0, spectral sequences

gwtzl_%gQSYN (Cj (G)’ U*OA) = gwtzR)stN (Gv U*OA),

and

Eatly)  (C5(G),0.0p) = Extip  (G,v.0p),

Since for each j, C;(G) is a finite direct sum of terms of the form Z[G"], n > 1, it
suffices to show that for each k > 0,5 > 1,

ET Ry qovn (LG, u0)) = Eatly  (Z[G],0,0)).

QSYN

Since fp, : G™ — Spf(R) is quasi-syntomic, it induces a morphism of topoi fy, qsyn :

Ghsyn = (R)gsyn, identifying G | with the slice topos (1)qsyn/G™. Hence,

Ext(py, o (ZIG7),0.0p) = R o goym e frr qsyn€stixOp

Analogously, if fn.qsyn @ Gigyn — (R)qsyn denotes the morphism of topoi in-
duced by f,, we have
gwt?R)stN (Z[G]]v U*OA) = kan,QSYN,*friQSYNU*OA.

The sheaf RF f,, qsyn.«
X € (R)gsyn tO

€xuxO) is the sheaf attached to the presheaf sending

*
n,qsyn

Hk (f:;,qsynXa :,qsyne*u*OA)

while the sheaf G*kan,QSYN,*f;:,QSYNU*OA is the sheaf attached to the presheaf
sending X € (R)qsyn to

Hk(f;,QSYNXa fr.asynuxOp)
Both f* X and f; qgynX are represented by X Xgpp(r) G™ € Gy, and there-

7,qsyn qgsyn?
fore H (f: qaynXs frr qsyn€xtixOp), TESD. Hk(f;QSYNX, forqsynu«Op), agrees with

HE (X Xspi(R) G", €xu+O) ), resp. with H(SSYN(X Xspi(r) G", u=O) ). But these

gsyn
last two cohomology groups agree, since on both sites, quasi-regular semiperfectoid

rings form a basis on which the cohomology in positives degrees of u.O) vanishes.
Whence our claim, and the end of the proof. O

Using the p-adic Tate module T),G of G, i.e., the inverse limit
lim Gp"]

of sheaves on (R)gsyn, One can give a more explicit description of the prismatic
Dieudonné crystal M) (G).

Lemma 4.2.5. Define the universal cover G := @G of G. Then the sequences
P
0= T,G—»G—=G—0
0= u'T,G—u'G—-u'lG—-0

of sheaves on (R)qsyn Tesp. (R)p are exact for the quasi-syntomic topology.
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Proof. Exactness of the second follows from exactness of the first and exactness
of u=t (cf. Corollary B311). Each G[p"] is syntomic over R. This implies that
G — G is a quasi-syntomic cover, which implies exactness of the first sequence. [

The following lemma will be useful when describing the prismatic Dieudonné
crystals of Q,/Z, and pp~ and when proving fully faithfulness of the prismatic
Dieudonné functor.

Lemma 4.2.6. There are canonical isomorphisms
MA(G) = Hom(R)qsyn (T,G, Opris) = U*’Hom(R)A (u_l (TPG), OA)'
Proof. This follows from Lemma and the fact that

RHomp), (u""(G),05) =0 ; RHomg),,,(G,O"*) =0

gsyn

as Op, OPUis gre derived p-complete sheaves and G is a Qp-vector space. O

Remark 4.2.7. The universal vector extension E(G) of G can be seen as an ex-
tension of sheaves on (R)qsyn :

0 —>ws— E(G) - G—0.

It is defined as in [44] (this makes sense since R is p-complete), or equivalently as
the push-out of the universal cover exact sequence

0T, -G —=G—=0

along the Hodge-Tate map
HT : T,G = we,

which sends f € T,G = Homg(Q,/Z,, G), viewed by Cartier duality as an element
of Hompg(G, iy ), to f*dT/T, dT/T being the canonical generator of Wypoo o I8
there a way to use Lemma to relate the prismatic Dieudonné module to the
dual of the Lie algebra of E(G)?

Assume now that R is quasi-regular semiperfectoid. Then, by Proposition [£.1.4]
the category of finite locally free crystals on (R), is equivalent to the category
of finite projective Ag-modules by evaluating a crystal on the initial prism Ag.
Similarly, finite locally free OP™S-modules on (R)qsyn are equivalent to finite pro-
jective Ag by evaluating a finite locally free OP"-module M on R. This allows
the following simplification of the definition of the prismatic Dieudonné crystal of
a p-divisible group G over R.

Definition 4.2.8. Let R be quasi-regular semiperfectoid and let G be a p-divisible
group over R. Define

My(G) := Ext(p  (G,O"") = Extip) (u"'(G),0p)

qsyn

and ¢y, (o) as the endomorphism induced by ¢ on Orris,. We call

(Mp(G), o, ()

the prismatic Dieudonné module of G.
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We will see later that Mj(G) is indeed a(n admissible) prismatic Dieudonné
module in the sense of Definition ELI.I0L Moreover, M) (G) is the evaluation of
the prismatic Dieudonné crystal My (G) as follows from the local-global spectral
sequence

E;j = H'(Spf(R), &Cth)qsyn (G, OPS)) = Extl(;;qsyn (G, OPTs)

by the vanishing of the sheaf Hom gy .(G, OP's) . Thus under the equivalence
from Proposition ELI.T3 the prismatic Dieudonné crystal M, (G) corresponds to
the prismatic Dieudonné module M) (G).

4.3. Comparison with former constructions. In this section we prove a com-
parison of the prismatic Dieudonné functor M) with former constructions, in two
special cases :

(1) For quasi-syntomic rings such that pR = 0, we relate M to the crystalline
Dieudonné functor of Berthelot-Breen-Messing [6].

(2) For perfectoid rings, we relate the prismatic Dieudonné functor to the func-
tor introduced by Scholze-Weinstein in [5Il Appendix to Lecture XVII].

The intersection of these two cases is the case of perfect rings, which was histori-
cally the first to be studied. The situation for perfect fields is briefly discussed at
the end of this section.

We start with the case of quasi-syntomic rings R with pR = 0. We want to
compare the prismatic Dieudonné functor to the crystalline Dieudonné functor

G 5It%R/ZP)CTyS,pr (Z.Sﬂrys(G)a OCrys)

of [6]. Here (R/Zp)crys,pr is the (big) crystalline site of R over Z,, Ogys is the
crystalline structure sheaf, pr denotes the p-th root topology of [37, Definition 7.2]
and

icryS: ShV(R)pr — ShV(R/Zp)CrySJDT

defined as in [37, Lemma 8.1], where the left-hand side denotes the category of all
schemes over R endowed with the pr topology. As in [37, Section 8] we define

O°Ys .— uirys(ocrys)
as the pushforward of the crystalline structure sheaf O,ys along the morphism
u®: Shv(R/Zp)crys,pr — Shv(R)pr

of topoi. Note that by definition i$™* = (u“¥*)~1, so we can rewrite the crystalline
Dieudonné functor as

Gr— gwt%R/Zp)C,rys,p,r ((ucrys)fl(G), Ocrys)

Let J¢vs C O%Y® be the pushforward of the crystalline ideal sheaf Jcrys € Ocrys-
The following lemma is the basic input in the comparison of the prismatic and
crystalline Dieudonné functor.

Lemma 4.3.1. Let R’ be a quasi-syntomic Fp-algebra. Then there is a canonical
isomorphism

Opris (R/) —y O°rys (R/)
identifying N=1OP"S(R') with JV(R).
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Proof. Using the sheaf property for the pr-topology we may assume that R’ is
semiperfect. Then R’ is even quasi-regular semiperfect as it is quasi-syntomic.
Hence,

Opris(R/) — AR’ ~ Acrys (R/) _ OcryS(R/)
by Lemma[3.4.2l Moreover, the isomorphism in LemmaB.Z.2identifies N'=*OPs(R/)
with Jvs. O

Let (R)qsyn,pr be the category of quasi-syntomic R-algebras equipped with the
pr-topology, and let

v Shv(R/Zp)erys,pr = Shv(R) gsyn pr

obtained by composing uy”® with restriction (the same caveat as in the beginning
of Section E.1] applies here). Lemma 3.1 implies that the sheaves OP™s and Qs
on (R)qsynpr are isomorphic. We note that the categories of finite locally free
O°¥s-modules on (R),, and finite locally free Of{gqsywr—modules on (R)gsyn,pr are
equivalent because for R quasi-regular semiperfect both categories identify with fi-
nite locally free Acrys(R)-modules. These remarks give a meaning to the comparison

contained in the next two results.

Theorem 4.3.2. Let R be a quasi-syntomic ring with pR = 0 and G a p-divisible
group over R. Then there is a canonical Frobenius equivariant isomorphism

MA(G) =~ U:rys(gxt%R/Zp)crys,pr ((ucrys)—l(G)7 OCI‘yS))

from the prismatic Dieudonné crystal of G (cf. Definition[{-2-1)) to the push-forward
of the crystalline Dieudonné crystal of G. In particular, if R is quasi-regular
semiperfect, M) (G) is isomorphic to the evaluation MY5(G) on Acrys(R) of the
crystalline Dieudonné crystal, compatibly with the Frobenius.

Of course, the isomorphism is linear over the isomorphism OP™ = OY* from

Lemma 311

Proof. By definition _
M) (G) = ngt%R)qsyn(G, oPs),

But .
(.C/‘./L't:([R)q (G, Oprls) =~ (_C/‘./L't:(LR)

(G, Opris)'
syn gsyn,pr
Indeed, by the spectral sequence constructed in Section [£4] below it suffices to
see that the OP"-cohomology for the quasi-syntomic and pr-topologies agree. But
quasi-regular semiperfectoid rings form a basis for both topologies and on such the
higher cohomology of OP' vanishes in both topologies. Thus by Lemma E3.1] it

suffices to see
crys 1 crys\—1 ~ 1 crys

VN ETt Rz )y (W) THG), Ocrys)) = Eatigy (G, OM).
As uY*® is a morphism of topoi , we get
RHOM(R) sy e (G RUSY*(OY®)) 22 RuSY*(RHOM(R/2,) g e (077%) THG), Ocrys).-
Here we use that we are dealing with the pr-topology: we don’t know if this state-
ment is true for the quasi-syntomic topology, but it holds the syntomic topology as
the arguments of [6, Proposition 1.1.5] apply because syntomic morphisms can be
lifted locally along PD-thickenings, cf. [52] Tag 0070]. As in [£.2.4] it suffices to see

that
ex(Hom(G, Rluirys(ocryS)))v Hom((ucrys)_l (@), OcryS)
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vanish (here €, is the (exact) pushforward to the small quasi-syntomic site). The
sheaf R'us"™®(Ogrys) for the pr-topology on (R)qsyn,pr vanishes on every R-algebra
S, which is quasi-syntomic, because it vanishes on quasi-regular semiperfects (cf.
[12] Section 8]) and each quasi-syntomic F,-algebra admits a pr-cover by some
quasi-regular semiperfect ring. Write

Hom (G, R 6™ (Ocrys)) = im Hom(Glp"], R4S (Ocrys)).

The set Homg) sy o (GIP"], '™ (Ocrys)) embeds into the sections of RMug™*(Ocrys)
over G[p™], but these sections vanish because G[p] is syntomic over R. Applying
the same reasoning to all quasi-syntomic R-algebras proves the desired vanishing

of the first Hom. For the second Hom note that Ogpys, (u™Y®)7H(G) are actually
sheaves for the syntomic topology on the site (R/Z;)crys and the local Hom does
not depend on the topology. Multiplication by p™ on (u¥®)~1(G) is surjective for
the syntomic topology for every n > 0 ([6, Proposition 1.1.7]) . This implies that

Hom((u™®)~H(G), Ocrys) = Jim Hom((u*) ~H(G), Ocrys /p") = 0

using that Ocys is p-adically complete (being p-adically separated would be suffi-
cient for this argument). Lemma [L31] implies then moreover compatibility with
Frobenius. O

In general, i.e., when p is not necessarily zero in R, one can still relate the
prismatic Dieudonné crystal of a p-divisible group to the crystalline Dieudonné
crystal, as follows. Let R be a p-complete ring and let D be a p-complete p-torsion
free 0-ring with a surjection D — R whose kernel has divided powersl’1 As the
kernel of D — R has divided powers, the Frobenius on D induces a morphism
R — D/p. With this morphism the prism (D, (p)) defines an object of the absolute
prismatic site (R)p of R. Via Lemma .24 it thus makes sense to evaluate the
prismatic Dieudonné module of a p-divisible group over R, more precisely v* of it,
on (D, (p)).

Lemma 4.3.3. For every p-divisible group G over R there is a natural Frobenius
equivariant isomorphism

V(MR (G)(D, (p) = D(G)(D).
Here D(G)(D) denotes the evaluation of the (contravariant, crystalline) Dieudonné
crystal of G on the PD-thickening D — R.

Proof. Let C be the category of schemes over R, which are p-completely syntomic
over R. For each scheme H € C there is a canonical isomorphism in the co-category
D(z)

NH : RF((H(I)/D)A= OA) = RT((H/D)eryss Ocrys)
by the crystalline comparison for syntomic morphisms (cf. Remark B.1.8]), where
HY .= H X Spec(R) Spec(D/p)@. We can write both sides as

H — RU((HW /D)), 0)) = RHom g, (Z[u~(H)],0))

19%e don’t require p"* R = 0 for some n > 0.

20Note that RT'((H/D)crys, Ocrys) = RU(((H/p)/D)crys, Ocrys). This follows from the com-
putation of crystalline cohomology by a Cech-Alexander complex and the following fact : if A is a
Z/p™-algebra (for some n > 0), P a free Zp-algebra surjecting onto A, the divided power envelopes
of P/p™ — A and P/p™ — A/p agree for any m > n : see [5, Theorem 1.2.8.2].
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resp.
H = RU((H/D)erys; Ocrys) = RHomg.,,, (Z[(u®) " (H)], Ocys),
making it clear that both functors are actually restrictions to C of RHom-functors
F(—) = RHOIH(R)A(—, OA)’ G(—) = RHOm(R)CryS (—, Ocrys)

on the category of sheaves of abelian groups Shvz((R)p) resp. Shvz((R)crys) on
(R)p, resp. (R)crys along the functors

H v tpis(H) := Z[u""(H)] € Shvz((R) )

resp.
H & terys(H) := Z[u* " (H)] € Shvz((R)ecrys)-

Assume now that H is a finite locally free group scheme over R, in particular
H is syntomic over R. Applying F(—),G(—) to the Breen-Deligne resolution, cf.
Theorem EZTL of ' (H), u®Y*~!(H) (seen via Dold-Kan as simplicial objects in
Shv((R)p), resp. Shv((R)crys)) yield two cosimplicial objects K7, K3: A — D(Z)
(here A is the simplex category) with limits

RHOHI(R)A (uil(H), OA)

and
RHom gy, (u®) " (H), Ocrys)-

We claim that the natural isomorphism 7 extends to a natural isomorphism
K} =2 K35. Intuitively, this is clear as the morphisms in the Breen-Deligne res-
olution are sums of maps induced by morphisms between schemes. We thank
Yonatan Harpaz and Fabian Hebestreit for their help with the following rigor-
ous oo-categorical argument. It suffices to argue for the left Kan extensions of
F 0 tpris; G 0 terys: C — D(Z)°P from C to the category of all schemes over R
(this ensures the existence of fiber products in C commuting with coproducts).
Hence, we abuse notation and denote by C the category of all schemes over R.
Let D be any category with action by the symmetric monodial (via tensor prod-
uct) category Freey of finite, free Z-modules, such that the action commutes
with finite coproducts in each variable, e.g., D = D(Z)°?. In other words, D
is required to be a module under Freez in the symmetric monoidal co-category
Cateo(Kgn) from [39, Corollary 4.8.1.4] with g, the class of finite sets. Now
each functor ¢: C — D preserving finite coproducts resp. each natural transforma-
tion between such functors extends to a functor ¢*: C** := Freez ®x,, C — D
resp. a natural transformation between such functors with — ®x,, — the tensor
product in Cats(Kan) by Freez-linearity of D. The category C* can now be cal-
culated as follows: Consider the category Fun(C°P,D>o(Z)) of functors, and its
full subcategory Fun™ (C°P, D>((Z)) of product-preserving functors. The inclusion
Fun™ (C°P, D>o(Z)) — Fun(C°?, D>¢(Z)) admits a left adjoint L, given by sheafi-
fication on C with respect to the Grothendieck topology in which coverings are
finite collections {X; — X }ier, such that [[ X; — X is an isomorphism. Now,

i€l
C?P is the smallest full subcategory of Fun™(C°P,D>o(Z)) containing all objects
L(Z[Hom¢(—, X)]) with X € C. Note that C?" is a l-category because sheafifica-
tion for this Grothendieck topology preserves set-valued presheaves. In fact, we
only need that functors ¢: C — D preserving coproducts extend to C** when the
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latter is defined by the above concrete description. To see this note if S denotes
the oo-category of spaces, i.e., Kan complexes, that

Fun™ (Free;’,S) = D>o(Z)
by [41, Example 1.2.9]. Each functor ¢: C — D yields a functor
Fun(CP, Dso(Z)) — Fun(D°P, D=o(Z)).
Now Fun(D°P, D>((Z)) embeds into
Fun(D°? x Freey’,S)

(with essential image those functors commuting with products in the second factor),
and the Freeg-action Freez x D — D furnishes a functor from this to the category
Fun(D°P,S), which contains D by the Yoneda lemma. Restricting further along
the inclusion C*® — Fun(C°P, D>o(Z)) then yields a functor

C* — Fun(D°?, S)

with image in D as ¢ preserves finite coproducts. This yields the desired extension,
and similarly we see that natural transformations extend. Given these considera-
tions, and in particular the description of C2P, it follows by unraveling the construc-
tion that in our situation the simplicial objects given by the images under F resp.
G of the Breen-Deligne resolutions of u~'(H) resp. u¥s~'(H) are the images of a
simplicial object in C*” under the extensions of F o Lpris) G O lerys. This shows that
7 extends as desired.
Passing to the limits and taking cohomology in degree 1 we can deduce that

Mp(H)(D, (p)) := Ext' (u™"(H),0p)
resp. D(H)(D) are canonically isomorphic. Hence, we obtain the desired natural
isomorphism for finite flat group schemes. The proof of Proposition below]
shows that writing

G = liy Glp"]
and passing to the limit yields a canonical isomorphism
Mp(G)(D, (p)) = D(G)(D)
for G a p-divisible group over R. O
Remark 4.3.4. The relation between the prismatic and the crystalline Dieudonné
functors will mostly be used over a characteristic p perfect field in the rest of this
text, and it could be interesting to find a more direct proof of it in this special case,

as explained at the end of this section. But it will also be used for comparison with
the Scholze-Weinstein functor in the next paragraph and in Section

We turn to perfectoid rings. The following statement is a special case of a
theorem of Fargues ([22], [51]). Let C be a complete algebraically closed extension
of Q,. We abbreviate

Ainf = Ainf(OC) P Acrys = Acrys(OC/p)-
We also fix a compatible system e of p-th roots of unity, and let £ = [plg, where

q = [e] — 1. We identify the initial prism of (O¢)p with (Aint, (£)).

21Which the reader can check to be independent of the present lemma.



48 JOHANNES ANSCHUTZ AND ARTHUR-CESAR LE BRAS

Proposition 4.3.5. A prismatic Dieudonné module (M, ppr) over O¢ (i.e., a
minuscule Brewil-Kisin-Fargues module) is uniquely determined up to isomorphism
by the triple

(TM7 Mcry57 aM)7

where Ty is the finite free Z,-module
1y, =
Ty = M[g]wM_lv

Mcrys =M XA Acrys
is a @-module over Acrys and oy @ T ®z, Berys = Merys @Ay Berys 15 the -

inf

equivariant isomorphism coming from the natural map M [%]‘/’M =l M [%]

Let R be a perfectoid ring. In [5I) Theorem 17.5.2], Scholze-Weinstein construct
a covariant functor MW from p-divisible groups over R to prismatic Dieudonné
modules over R inducing an equivalence between the two categories. It has the
following properties characterizing it uniquely, which will be used in the next proof.
e When R is perfect, MW = M,y(—) is the (covariant) crystalline Dieudonné
functor dual to MY,
o If R = 0O¢, with C' a complete algebraically closed extension of Q,,

MSW(_) ®Ainf Acrys = Mcrys(_ ®Oc OC/p)

(51l Proposition 14.8.3]). In particular, if G = X[p], for some formal
abelian scheme X over O¢, the functor MW sends G to the prismatic
Dieudonné module over O¢ dual to H) (X): this follows from the def-
inition of M*W(G) (|51, §12.1]), [51, Proposition 14.8.3] and the above
proposition.

e In general, for any perfectoid ring R, if G is a p-divisible group over R,

MSW(G) C Mcrys(G ®R R/p)

is the largest submodule mapping into M (G @r V) C Meys(G @ V) for
all maps R — V where V is an integral perfectoid valuation ring with
algebraically closed fraction field.

Proposition 4.3.6. Let R be a perfectoid ring. The functor G — M) (G) from
BT(R) to DM(R) coincides with the (naive3 dual of the functor MSW of [51]
Appendix to Lecture XVII].

Proof. If R is perfect and G a p-divisible group over R, then we get a natural
isomorphism
QR G: MA(G) = MSW(G)*

because both sides identify with the (contravariant) crystalline Dieudonné module,
cf. Moreover, ag — is compatible with base change along morphisms of perfect
rings. Now assume that R = O¢, where C'is a perfectoid algebraically closed field
over Q,. In this case, assume first that G = X [p>°], for some formal abelian scheme
X over O¢, with rigid generic fiber X*&. As recalled above, the functor M>" sends
G to the prismatic Dieudonné module over O¢ dual to H}lmf (X). In particular, in
this case, MW (G) is isomorphic to the (naive) dual to M (G), by Corollary EE5.T

2Le., (-)* =Homyu,  (r)(— Aint(R)).



PRISMATIC DIEUDONNE THEORY 49

and the comparison theorem [I3, Theorem 17.2]. Moreover, this identification is
functorial for morphisms of p-divisible groups of abelian schemes (and not simply
for morphisms of abelian schemes) : indeed, let X, X’ be two abelian schemes over
Oc¢, and G = X[p>=], H = X'[p*], with a morphism f: G — H. We want to see
that the diagram

MSW(G) ——= M)(G)*
MSW<f>l lMu.f)*

MSW (H) —— My(H)*

commutes. This can be checked after base change to Acyys. Then, using Lemmal3.3]
the terms on the top line (resp. on the bottom line) are identified with the covari-
ant crystalline Dieudonné module of G (resp. H), and the horizontal isomorphisms
induce the identity, by construction.

Let now G be a general p-divisible group over O¢. There exists a formal abelian
scheme X over O¢, such that X[p™] = G x G (cf. |51, Proposition 14.8.4]). Let
e: X[p>] — X[p>°] be the idempotent with kernel G. Then

M)(G)" = ker(Mp(e)": Mp(X[p™])" = Mp(X[p™])")
and
MEW(G) = ker (MW (e): MPW(X[p™]) — MW (X [p™))).

By the functoriality explained above we can conclude the proof when R = O¢, i.e.,
we have constructed an isomorphism ar,c = M)(G) = MSW(G)* in this case,
which is natural in G and compatible with base change along morphisms of such
R’s. If k denotes the residue field of O¢, then by construction the base change of
agr,q along Ar — Ay is ag,.gopk-

Now assume that R is a general perfectoid ring. By [36, Remark 8.8] we can
write

R=R; xg, 51

with Ry p-torsion free perfectoid, S, S2 perfect and Ry — S3,. 51 — So surjective.
As in [36, Lemma 9.2] the category DM(R) of prismatic Dieudonné modules for R
is naturally equivalent to the 2-limit

DM(R1) Xpm(s,) DM(S1).

Thus it suffices to construct a natural isomorphism M) (G) = MW (G)* for any
p-divisible group over a perfectoid ring R, which is either perfect or p-torsion free,
and show that it is compatible with base change in R. If R is perfect, then we
are already done. Let us assume that R is p-torsion free. Then the ring R/p is
quasi-regular semiperfect, and Agp;, = Acrys(R/p) by By £32] and
the construction of M*W (G)* we have a natural isomorphism

OG®rR/p* MA(G) ®AR Acrys(R/p> = MSW(G)* ®AR Acrys(R/p>

because both sides identify with the (contravariant) crystalline Dieudonné module
of G ®r R/p. By M) (G) is a finite, locally free Ag-module. Thus M) (G)
identifies with a Ag-submodule of M) (G) ®)  Acrys(R/p) because the morphism

23Note that we chose f as a generator of the ideal of the prism, so the Frobenius twist in the
statement of loc. cit. disappears.
24The proof of AL6.5] does not use the comparison with [51].
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AR — Acrys(R/p) is injective. We claim that agg,r/p, maps (injectively) M) (G)
into MW (G)*. By the very construction of MW (G)* we have to check that for any
perfectoid valuation ring V with algebraically closed fraction field and morphism
R — V the module M) (G) maps to MSW(Gy)* C Meys(Gy) with Gy := GRRV.
If V is perfect, this follows by [£.3.2] If V is of mixed characteristic we can write V as
the fiber product V' x,, S of a perfect valuation ring S with a mixed-characteristic
valuation ring V’ of rank 1 over the residue field « of V', and write

MW (Gy) = MW (Gyr) X prsw g,y MW (Gs).

We already checked the statement for V', k, .S, and thus we have finished the con-
struction of a natural injective morphism

QR.G: MA(G) — MSW(G)*

for a general perfectoid ring R. Assume R — R’ is a morphism of perfectoid rings,
then we know that ag ¢ Qp, Ar = ar g, if R, R’ are perfect. If R is p-torsion
free and R’ perfect, we can draw the same conclusion as then Ag — Ags factors over
Acrys(R/p) and ag,g ®) . Acrys(12/p) is the identification coming from Dieudonné
theory. As MW (G)* is a finite free Ag-module (by [51, Theorem 17.5.2]), we can
check that it is an isomorphism after base change along all morphisms Ar — A, for
R — k a morphism from R to a perfect field k. But this case was already handled.
This finishes the proof. O

We obtain the following corollary, which we will need in Section 4.9

Corollary 4.3.7. Let R be a perfectoid ring. The prismatic Dieudonné functor
M), takes values in DM™™(R) = DM(R) and induces an antiequivalence between

BT(R) and DM*™(R) = DM(R).

Proof. This follows immediately from the last proposition and [51], Theorem 17.5.2].
Note that the argument of loc. cit. shows that one only needs to prove the equiva-
lence when R is the ring of integers of a perfectoid algebraically closed field, where
it is due to Berthelot [ Theorem 3.4.1] and Scholze-Weinstein [0, Theorem 5.2.1]
(in this case, one can even assume that the fraction field of R is spherically com-
plete, and the result is then an easy consequence of results of Fargues : see [50,
§5.2]). O

Remark 4.3.8. Let R be a perfectoid ring. The functor M) is exact (see below
Proposition L6.8)) and has an exact quasi-inverse (we will provide an argument for
this later in Section[B.1lin the case of finite locally free group schemes, which applies
verbatim for p-divisible groups).

Let us conclude this section by discussing the case of perfect fields. For a perfect
field k, Fontaine [23] was the first to give a uniform definition of a functor from
p-divisible groups to (prismatic) Dieudonné modules over k. Let us recall it first, as
formulated in [7], §4.1]. If A is a commutative ring, the set CW(A) of Witt covectors
with values in A is the set of all family (a—;);en of elements of A such that there
exist integers r, s > 0 such that the ideal J,. generated by the a_;, i > r, satisfies
J? = 0. One still denotes by CW the sheaf on the big fpqgc sitd®d of k associated to
the presheaf of Witt covectors. This is an abelian sheaf of W (k)-modules, endowed

25We could as well use any other topology finer than the Zariski topology.
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with a Frobenius operator which is semi-linear with respect to the Frobenius on
W (k). Fontaines defines :

MCI(G) = HOHl(k)quC (G, CW)
As a corollary of Theorem 3.2 and results of Berthelot-Breen-Messing, one gets

Proposition 4.3.9. Let k be a perfect field, and let G be a p-divisible group over
R. One has a canonical W (k)-linear Frobenius-equivariant isomorphism

M) (G) = MYG).

Proof. By construction, the isomorphism of Theorem [4.3.2] is linear over the iso-
morphism A, >~ Agrys(k), which is given by the Frobenius o of W (k), i.e., it can be
seen as a Frobenius-equivariant W (k)-linear isomorphism :

My(G) = (071 M™(@).

Composing it with o~ !-pullback of the inverse of the W (k)-linear Frobenius-equivariant
isomorphism of 7, Theorem 4.2.14], we get the desired isomorphism. ([

It would be interesting to get a more direct proof of this corollary. In character-
istic p, the prismatic Dieudonné crystal of a p-divisible group admits a description
which looks similar to Fontaine’s definition.

Definition 4.3.10. Let R be a a quasi-syntomic ring with pR = 0. We define the
sheaf Q on (R)) as the quotient :

O—)OA%OA[l/p]% Q — 0.

The morphism O) — O, [1/p] is injective since any prism in (R), is p-torsion
free.

Proposition 4.3.11. Let R be a quasi-syntomic ring with pR =0, and let G be a
p-divisible group over R. The connecting map of the canonical exact sequence

0—O0p— Op[l/p] = Q—0
induces an isomorphism :
Hom(R)qsyn(G, 0, Q) = v Hom gy, (u_lG, Q) = M) (G).

Proof. First assume that G is a finite locally free group scheme. Then the statement
is clear, as

RHom gy, (u™'(G),0p[1/p]) =0,

because u~*(G) is killed by some power of p, whereas on O [1/p] multiplication by
p is invertible. The result for p-divisible groups is deduced by a limit argument. [

This naturally leads to the following question.

Question 4.3.12. When R =k is a perfect field, what is the relation between the
sheaf v, Q and the sheaf CW of Witt covectors?
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4.4. Calculating Ext-groups in topoi. In this section we recall the method of
calculating Ext-groups in a topos as presented by Berthelot, Breen, Messing (cf. [6]
2.1.5]. Let X be a topos and let G, H € X be two abelian groups, i.e., two abelian
group objects.

The following theorem is attributed to Deligne in [6]. A proof can be found in
[48, Appendix to Lecture IV, Theorem 4.10].

Theorem 4.4.1. Let G € X be an abelian group. Then there exists a natural
functorial (in G) resolution

C(Ge :=(... > Z[X2] = Z[X1] = Z|Xo]) =~ G
where each X; € X is a finite disjoint unions of products of copies G.

Proof. See [0l 2.1.5] or [48, Appendix to Lecture IV, Theorem 4.10) O

Lemma 4.4.2. Let X € X be any object and let F € Ab(X) be an abelian group.
Then

RI(X,F) RHomAb(x)(Z[X],]:),
where Z[X| denotes the free abelian group on X.

Proof. This follows by deriving the isomorphism F(X) = Homayx)(Z[X], F). O

These two results show that the Ext-groups
Extipx) (G, H)
can, in principle, be calculated in terms of the cohomology groups
H (G x...xG,H)

for various products G x ... x G. Unfortunately, the construction of the resolution
in Theorem .4.1] is rather involved. However, the first terms, which are sufficient
for our applications, can be made explici. For example, the first terms can be
chosen to be
C(G)o = Z[C]
C(G); := Z|G?]
C(G)y := Z|G?) & Z|G?)

with explicit differentials (cf. [6] (2.1.5.2.)]). The stupid filtration of the complex
C(G)e yields a spectral sequence

By’ = Ext), o)

(C(G)i, F) = Extil ) (C(G)a, F) 2 Exti 1) (G, F)
and the terms

Extly 2 (C(G);, F)

26For simplicity we omit the case of the local Ext-sheaves, which is entirely similar.
27By this, we mean that one can construct a functorial (in G) resolution having these terms
in the beginning.
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can be calculated using the cohomology. For later use let us make the first terms
of the first page of this spectral sequence explicit:

H2(G,F) =%~ HX(G x G, F) === H*(G x G, F) ® HX(G x G x G, F) === ...

H'(G,F) =2~ H'(G x G,F) =2~

HY (G x G, F)® H'(G x G x G, F) == ...

HYG,F) —2 HOG x G, F) —L= HO(G x G, F) @ H(G x G x G, F) === ...

For an element (z1,...,2,) € G™ let us denote by [z1,...,z,] € Z[G"] the cor-
responding element in the group ring Z[G"]. The morphisms d; and dy are then
induced by

ZIG*) = ZIG), [z.y] = ~[a] + [z +y] — [4]
for d; and

Z|G* = Z[G?], [z, y] = [z,9] - [y, 2]
Z[GS] - Z[G2]7 [Iayvz] = —[y,Z] + [x + y,Z] - [xvy + Z] + [Iay]

for dy (ct. 6, (2.1.5.2.)]).

4.5. Prismatic Dieudonné crystals of abelian schemes. In this section we
describe the prismatic cohomology of the p-adic completion of abelian schemes and
deduce from this the construction of the prismatic Dieudonné crystal

Mp (X [P™]) = (Mp(X[P™])s oay (xip=]))-

of the p-divisible group X [p*] of the p-adic completion of an abelian scheme X
over a quasi-syntomic ring R. Admissibility of this prismatic Dieudonné crystal
will be proved in the next section, in fact for any p-divisible group.

Let (A,I) be a bounded prism. Write A = A/I. Let X — Spf(A) be the p-adic
completion of an abelian scheme over Spec(A).

We first prove degeneracy of the conjugate spectral sequence (cf. Proposition BI.T0)
for X. The proof is an adaptation of the argument in [6, Proposition 2.5.2], which
proves degeneration of the Hodge-de Rham spectral sequence.

Recall the following statement.

Proposition 4.5.1. For allk >0 (resp. foralli,j > 0), the A-module H*(X, Q;{/A)
(resp. H'(X, QJX/A)) is finite locally free, and its formation commutes with base
change.

Moreover, the algebra H*(X, Q;(/A) is alternating and the canonical algebra mor-
phism

NHNX, %) 1) = H (X, 9% 1)

defined by the multiplicative structure of H*(X, Q;(/A), s an isomorphism.

Proof. This is [6, Proposition 2.5.2. (i)-(ii)]. O
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Proposition 4.5.2. The conjugate spectral sequence

E;J = Hi(Xa Q&/A){_]} = Hi+j(X7 AX/A)
degenerates and each term as well as the abutment commutes with base change in
the bounded prism (A,I). Moreover,

H*(X,Dx/a) =2 N H (X, Ay, s)
is an exterior A-algebra on H'(X, ZX/A).

Proof. If p # 2, we can use a simple argument using the multiplication by n € Z
on X. If n € Z, then the multiplication by n on X induces on H*(X, QJX/A){—j}
multiplication by nit7. As the differentials of the spectral sequence are natural in
X this implies that they vanish on each E,-page, r > 0 (this uses p # 2). This
proves that H'(X, ZX/A) is a finite locally free A-module for each i > 0. By the

Hodge-Tate comparison the complex

Bxya
satisfies base change in (A, I), i.e., for a morphism (A, I) — (A’,I') of prisms with
induced morphism g: X’ := X xgp¢ 4y Spf(A’/I") — X the canonical morphism

LQ*ZX/A — ZX’/A’

is an isomorphism. From this we can deduce that each H'(X, ZX/A),Z' > 0, sat-
isfies base change in (A, 7). To show that H*(X,Ax/4) is an exterior algebra on
HY(X, ZX/A), we need first to see that each element in H'(X, ZX/A) squares to
zero. For this we can argue as in the proof [6, Proposition 2.5.2.(ii)]. Then we
obtain a canonical morphism

B: A" HYX, Ax/a) — H* (X, Dxya).
We can use Lemma 453l and compatibility with base change to reduce to the case
that A is an algebraically closed field of characteristic p. In particular, the Frobenius

on A is bijective in this case, I = (p) and the twists (—){j} are isomorphic to the
identity. We may check that £ is an isomorphism after pullback along ¢ 5. Then

PHN(X, Dxya) = HY(XW, (0x/0)« (0, 2)) = HH(X, Q% 5)
where we used in the second isomorphism that the relative Frobenius
ox/a X — XMW .= x X Spec(A),p 4 Spec(A)

is finite. This reduces the assertion to de Rham cohomology, which is the content
of Proposition 4.5.1 This finishes the proof.

Alternatively (including the case p = 2), we could have argued like in [6], Theorem
2.5.2.(i)] to reduce, by descending induction, to the claim that H'(X,Ax/4) is

locally free of rank 2n, where n is the relative dimension of X over Spf(A), and
commutes with base change in (A, T). From Proposition BZTlit follows that

HY (X, Ax/a) = HY (X, 7<1bx/4) =2 HO(X, Lx/a[-1]).
As Lx,4 is a perfect complex with amplitude in [—1, 0] this implies compatibility
of HY(X, ZX/A) with base change in (A,I) if all the higher cohomology groups

HI(X,Lx/al—1]) are locally free. As X admits a lift to A (see e.g. [47, Theorem
2.2.1]), Corollary B.2.3 shows that Lx/4 = Ox[1] @ Q;/A' Another application of
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Proposition EE5.1] implies therefore that H!(X, ZX/ 4) is locally free of dimension
2n and commutes with base change in (A, ) as all the A-modules H’(X,Ox) and

Hi(X, Qﬁ(/A) are locally free for j > 0. 0

Lemma 4.5.3. Let S be a ring and let g: M — N be a morphism of S-modules
with M finitely generated and N finite projective. If

g®sk(z): M ®sk(z) = N Qg k(x)
is an isomorphism for all closed points x € Spec(S), then g is an isomorphism.

Proof. Let @ be the cokernel of g. Then @Q is finitely generated and Q ®g k(z) =0
for all closed points « € Spec(S). By Nakayama’s lemma, this implies that @ = 0,
i.e., g is surjective. As N is projective, this implies M = N & K for K the kernel
of g. As M is finitely generated, K is finitely generated. Moreover for all closed
points = € Spec(S)

K®gk(x)=0

and thus another application of Nakayama’s lemma implies that K = 0. O

We recall that for a p-complete ring R there is the natural morphism of topoi
u: ShV(R)A — ShV(R)QSYN.

Using the previous computations, we can first describe extension groups modulo
1.

Theorem 4.5.4. Let R be a p-complete ring and let f: X — Spf(R) be the p-adic
completion of an abelian scheme over Spec(R). Then

(1) ExtzR)A (u(X),0)) =0 fori=0,2.
(2) Ext%R)A (u=H(X),0p) is a prismatic crystal over R. Moreover,

EIt%R)A(’UJ_l(X),gm) = R{fmﬁ(@&)
for fp: Shv(X), — Shv(R)y the morphism induced by f on topoi and

Ext%R)A (u™(X),0)) is locally free of rank 2dim(X) over O).

The proof is entirely similar to the one of [6, Théoreme 2.5.6].

Proof. Let (B,J) € (R)). We use the spectral sequence from Section 44l to calcu-
late for 7 € {0,1,2} the groups

Ext'(u™"(X)5,7),Op)

on the localised site (R) ) /(B, JE. Set Y 1= X Xgpea) Spf(B/J). As by Hodge-
Tate comparison _
H((Y/B)p,0p) =2H (Y, by/p) = B/J

for any n the first row E7 0 of the spectral sequence is seen to be independent of
X and exact in the case that X = 0 is trivial (the spectral sequence for X = 0 is
concentrated in the first row and converges to 0), hence always exact. In general
we see that Hom(u™(X)|(5,7),0p) = 0 and Ext" (u=(X)(5,7), O)) is isomorphic
to the kernel of

Hl(Y, Ay/B) d—1> HI(Y X Y7AY><Y/B)

28Which will be implicitly the subscript of all Ext-groups appearing in this proof.
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and dy = pr] + prj — p* for pr; the two projections and g the multiplication. From
the Kiinneth formula (cf. Corollary B.5.2)) and Proposition .52 it follows that

HY (Y x Y, Dy vy p) = H' (Y, Dy p) & H' (Y, Ayp).
This implies p* = pr] + pr3, i.e., dy =0 and
Ext!(u™ (X) (5,7, Op) = H'(Y, By/p).
In particular, this group is compatible with base change in (B, J) and locally free
of rank 2dim(X) (by Propositiond.5.2)). Moreover, the morphism ds is injective on
HYY x Y,Zy/ p) as follows from the Kiinneth theorem and the concrete formula
for dy. Finally, from Corollary 5.8 and Lemma [.5.5] one can deduce that
iy N d i N
H'(Y,by)p) — H'(Y, Dy, p)

is injective for all i > 2. These statements (together with the mentioned exactness
of the first row) imply

EXt2(u_l(X)|(B)J),6A) =0.
This finishes the proof by passing to the local Ext-groups, i.e., by letting (B, J)
vary. O

In the proof we used the following lemma on primitive elements in exterior
algebras.

Lemma 4.5.5. Let S be a ring and let M be a projective S-module. Then
{ze AM) | p*(x)=1@z+r®1} =AM,

where p*: A(M) = AM + M) =2 A(M) ®s A(M) is the natural comultiplication
on A(M) coming from the diagonal M — M & M.

Proof. This follows easily by decomposing A(M) ®g A(M) into its bigraded pieces
AY(M) @s A (M). O
Now we calculate the full extension groups, up to degree 2.

Theorem 4.5.6. Let R be a p-complete ring and let f: X — Spf(R) be the p-adic
completion of an abelian scheme over Spec(R). Then

(1) Sxﬁ('R)A(u—l(X),OA) =0 fori=0,2.

(2) &vt%R)A (u=(X),0)) is a prismatic crystal over R. Moreover,

Extip, (W (X),0p) = R ) (O)),

for fp: Shv(X)) — Shv(R)) the induced morphism on topoi and the pris-
matic crystal Ext%R)A (u1(X),0)) is locally free of rank 2dim(X) over
Op.
Proof. Let (B,.J) € (R)). As the statements are local for the faithfully flat topology
we may assume that J = (5) is principal. From the exact sequence
0— (’)A/f” £> (’)A/é"“ — OA/§~= 6A —0
of sheaves on (R))/(B,J) and Theorem [£.5.4 we can inductively conclude that
Ext’(u™(X)|(5.1), Op/ (") =0
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for ¢ € {0,2} and any n > 0. This implies that

0 — Ext! (u™}(X) (8.1 Op/(€") 5 Ext' (™ (X)y(5,), Op/ (E*H1)
— Ext! (uil(X)I(B)J),éﬁ) — 0
is exact and that for 0 < i < 2,
Ext (u™" (X)(5,4), Op) = Jm Ext' (u™" (X) (5,1, Op/(€")),

and that it is zero for ¢ € {0,2} or a locally free B-module of rank 2dim(X) if
i+ = 1. Using the spectral sequence from Section B4l we get as in the proof of
Theorem [£.5.4] for each n > 1 a map

Ext' (u™(X)|(5,7), Op/(E")) = H'(X Xspe(r) SPE(B/J), Ax/a/(€7)).

By induction on n, we deduce from Theorem 5.4 that this map is an isomor-
phism for all n. Passing to the inverse limit over all » > 1 and using the above
identification, we deduce an isomorphism

Ext' (v (X)(5,7), Op) = H' (X Xsper) SPI(B/J), bxya)-
This finishes the proof by passing to local Ext-groups. ([l

Corollary 4.5.7. Let R be a p-complete ring. Let X be the p-completion of an
abelian scheme over R. The OP"-module

Mp(X[p™)) = Eatlp,,, (X [p™], OP™)
is a finite locally free OP"*-module of rank 2dim(X), given by R*f) .O).

Proof. By Lemma [£.2.4]
Mp(Xp™) = va(Eatlny, (167G, Op)).
Hence the corollary results from Theorem and Proposition .14 O

Although we will not use it, let us record the full description of the prismatic
cohomology of X.

Corollary 4.5.8. With the notation from Corollary[{-5.7, the prismatic cohomol-
0gy

R fp.Opn
is a finite locally free crystal on (R)) and an exterior algebra on the locally free
crystal

R'fp . (0p)
of dimension 2dim(X).

Proof. Let (B, J) € (R)) and let Y := X xgp¢g) Spf(B/J). It suffices to prove the
analog statements for H*(Y, Ay,/p). From (the proof of) Theorem E.5.6] we see that

HY Y, Ay p) — Hl(YaZY/B)

is surjective and that H*(Y, Zy/B) is an exterior algebra on H!(Y, Zy/B). Since
HY(Y, Dy /p) is projective, we can lift the identity HY\(Y, DyB) — HY(Y, DMy /B) to
a map

H' (Y, by p)[—1] = Dy,
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Using multiplication in H*(Y,Ay,p) and that H*(Y, Zy/ B) is an exterior algebra,
we see that for each ¢ > 0 the morphism

Hl(Y, Ay/B) — Hl(ya ZY/B)

is surjective. This implies that each B-module H*(Y, MAy/p) is J-torsion free,
and then that it is a finite, locally free B-module as modulo J it identifies with
H'(Y,by;g). The same argument as in [6, Proposition 2.5.2.(ii)]) implies then that
each element in H*(Y, Dy p) squares to zero. We obtain a morphism

NHY(Y, Ay p)[—i] = RU(Y, Ay/5)

inducing an isomorphism on H* after passing to ®%B/J. Altogether, we obtain a
morphism
A (H' (Y, by p))[—*] = RU(Y, Ay, p)

of complexes which is an isomorphism after applying ®I[BB /J. By derived J-adic
completeness it is therefore an isomorphism, which implies the statements. O

4.6. The prismatic Dieudonné crystal of a p-divisible group. In this section,
we establish the basic properties of the prismatic Dieudonné functor for p-divisible
groups. The idea, due to Berthelot-Breen-Messing, is to make systematic use of the
following theorem of Raynaud, to reduce to statements about (p-divisible groups
of) abelian schemes proved in the last section.

Theorem 4.6.1. Let S be a scheme, and let G be a finite locally free group scheme
over S. There exists Zariski-locally on S, a (projective) abelian scheme A and a
closed immersion G — A of group schemes over S.

Proof. See [6l Theorem 3.1.1]. O

Proposition 4.6.2. Let R be a p-complete ring, and let G be a finite locally free
group scheme over R. The sheaf Ext%R)A (u=1@G, O ) is a prismatic crystal of locally

finitely presented O )-modules.

Proof. By Theorem [.6.1] one can choose locally on R an exact sequence of group
schemes

0-G—= X=X —0,
where X and X' are abelian schemes over R. Whence, by Theorem (1), an
exact sequence
Extip), (WX ,0p) = Extigy (w1 X,0p) = Extip, (u™'G,0p) = 0.
This proves the proposition, by Theorem (2). O

Let n > 1. Recall (|25, Definition 1.1]) that an a finite locally free group scheme
G over a scheme S is called a truncated Barsotti-Tate group of level n if it is killed
by p™ and flat over Z/p", and, when n = 1, if it also satisfies that the sequence

F v
Go = ¢s,,+Go = Gy

is exact, where G denotes the base change of G to So = V(p) € S. The rank
of G[p] is of the form p", for an integer h locally constant on S called the height
of G. In the sequel, we will make use of the following basic facts on truncated
Barsotti-Tate groups (cf. |25 1.3 (e), 1.3 (f), 1.6]):
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(1) If G is a p-divisible group over S (of height h), G[p"] is a truncated Barsotti-
Tate group of level n over S (of height h) for all n > 1.

(2) If G is a truncated Barsotti-Tate group of level n and height h, then so is
the Cartier dual G* of G.

(3) f 0 > G; — G2 — G5 — 0 is an exact sequence finite locally free group
schemes of order p™ over S, and if two of them are truncated Barsotti-Tate
groups of level n, then so is the third one.

Remark 4.6.3. Let G be a finite locally free group scheme killed by p™ over a
scheme S such that p”Og = 0, and let {5 be its coLie complex. Set :
wag = Ho(ég) , ng = Hﬁl(gc) , tg = HO(EG) ; Vg = Hl(gg).

Grothendieck’s duality formula identifies /¢ with the truncation 7=' RHom/(G*, G,),
and this gives rise to a canonical morphism :

¢thg—>tg.

Then G is a BT, if and only if ¢g, tg+ are locally free and the canonical morphisms
¢ and ¢g+ are isomorphisms (cf. [25] Corollary 2.2.5]). In this situation, wg is
finite locally free of rank called the dimension dim(G) of G, and v~ is finite locally
free of rank h — dim(G), if h is the height of G.

Proposition 4.6.4. Let R be a quasi-syntomic ring, and let G be a truncated
Barsotti-Tate group over R of level n. The sheaf E:Et%R)A (u™1G, O)) is a prismatic

crystal of finite locally free O /p"-modules.

Proof. Fix once and for all an embedding of G into an abelian scheme X’ of dimen-
sion g over R. By Theorem [£6.1] this can be done Zariski-locally on Spf(R), and
the reader can check that the different steps of the proof are all local statements on
Spf(R). Let X be the cokernel of the embedding G — X' ; this an abelian scheme,
and one has an exact sequence

0-G—-X -X—0

of group schemes over R.
We first prove that for any (B, J) € (R)), the B-module

gxt%R)A (uilG, OA)(B,J)

is locally generated by h sections, where h is the height of G. By the crystal
property of Sxt%R)A (u™'G, 0)) (cf. Proposition £6.2)), for any morphism of prisms
(B,J) = (W(k), (p)), where k is a characteristic p perfect field,

g‘rt%R)A (u_lG, OA)(B,J) @ W(k) = 5“%1%)& (u_le, OA)(W(k),(p))'

By Nakayama’s lemma, (p,J)-completeness of B and the finite presentation
proved in Proposition 6.2} it suffices to prove that for any morphism B — k
vanishing on J, k characteristic p perfect field,

gxt%R)A (u_lG, OA)(B,J) QB k

is generated by h elements. Such a morphism B — k extends to a morphism of
prisms (B, J) — (W(k), (p)), so it suffices by the above to prove our claim when
R =k is a perfect field and (B, J) = (W(k), (p)). First, observe that

Ext(yy, (WG Op) W),y ® k = Extyy, (WG, Op)w k), () -
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This is easily seen, using that c‘fzzrt?k)A (u™'X,0)) and Ext?k)m(ule, O)) both
vanish (Theorem 5.4 and Theorem [A5.6]).

As a corollary of Proposition [£.5.2] (together with the standard relation between
HY(X,0) and Lie(X*), cf [6, §5.1.1]) and Theorem 5.4, one has a short exact

sequence
0 — w*Lie(X™) — Ewt%R)A (v 'X,0)) = u'wx — 0,
and similarly for X’. Also, note that we have exact sequence@ :
u*Lie(X*) — u*Lie(X ™) = u*vge — 0
(where vg- = Ext} (G, G,)) and
wWrwx = wrwx — ufwg — 0.
The map Ewt%k)A (uX',0)) = Ewt%k)A (u='X,0)) is compatible with the natural

maps u*Lie(X*) — u*Lie(X *) and u*wxs — u*wx, through the identifications of
Theorem [£5.4l The long exact sequence of Ext gives a surjection :

5wt%km (u X', 0)) — 5wt%km (u'X,0,) — 5wt%km (v 'G,0)) =0,
since, as we have seen in Theorem [£.5.4], 5wt%k)A (u—lX/,@A) = 0. By the above
remark, we even have a commutative diagram :

0 0 0

u*Lie(X*) —— > u*Lie(X*) T ——

Ext%km (u1X,0)) — Ext%km (u X', 0)) — Ext%km (u™'G,0)) —=0

wrwx urwxr urwa 0

0 0 0

where all rows and the first two columns are exact. This proves that the map

5wt%k>& (u'G,0)) = vtwe
is surjective and an easy diagram chase prove that in fact the sequence
uwvgs — 5wt%k>& (v 'G,0)) = utwe — 0

is exact. As G is a truncated Barsotti-Tate group, the sheaf wg is a locally free sheaf
of rank d = dim G and vg- is a locally free sheaf of rank h — d (cf. Remark €G3
which applies whatever the level of G is, since p = 0 on k). Hence the sequence stays
exact after evaluation on (W (k), (p)) and &Ct%km (WG, Op) (W (k),(p)) is generated
by h sections. This proves the claim.

29Recall ([6] §5.1.1]) that if X is an abelian scheme, Lie(X*) = Ext! (X, G,).
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Back to the proof of the proposition, we know, as a direct consequence of Theo-
rem [4.5.6] that

Ext%R)A(u_lX/[p"], op) = Ext%R)A(u_lX/, Op)/p"
is crystal of locally free O) /p™-modules of rank 2g. Consider the exact sequence
0—-G—X'[p'|— H—0,

where H is a Barsotti-Tate group of height 2¢g — h, induced by the embedding of G
in X’. This gives an exact sequence

Ext%R)A (u'H,0)) = Ext%R)A (u ' X'[p"],0)p) — Ext%R)A (u'G,0)) = 0.
Indeed, right-exactness follows from [.5.6] which implies that already
&vt%R)A(u_lX’, Op) — Ext%R)A (u'G,0,)

is surjective. Locally on (R),, the middle term is free of rank 2g over O /p™, while
the left (resp. right) term is generated by 2g — h (resp. h) sections. Therefore,
ixt%R)A (u™'H,0)) and Ext%R)A (u™tG,0)) are free over O) /p™ of rank 2g—h ané

Proposition 4.6.5. Let R be a p-complete ring, and let G be a p-divisible group
over R. The sheaf

gfbt%R)A (uilG, OA)

is a prismatic crystal of finite locally free Op-modules of rank the height of G.

In particular, if R is a quasi-syntomic ring and G is a p-divisible group over R,
the OP"S_module M) (G) is a finite locally free OP"S_module of rank the height of
G.

Proof. Let G be a p-divisible group over R. Since G = colim G[p"], we have a short
exact sequence :

0— Rllign Hompy, (u'G[p"],Op) — Extip), (WG, 0p)

— lim Extigy, (w'G[p"],0p) — R2h£n Hom gy, (u'G[p"],Op).

The last term vanishes as the prismatic topos is replete. We have to show that the
first term vanishes, or even stronger, that for each (B, J) € (R)) the morphism

EXt%R)A/(B,J) (u™NG),0p) = lim EXt%R)A/(B,J) (u N (G[p™),0p)

is bijective. Set
M = EXt%R)A/(B,J) (u™H(G),0p)
and
M, = Ext%R)A/(ByJ)(u_l(G[p"]), Op)
for n > 0. For n,m > 0 the sequence

My 25 Mysn — My, — 0

is right exact (this follows by locally embedding G[p™ "] and using Theorem [1.5.6)).
Thus, the canonical morphism

Mn+m ®B/pn+p B/pn — Mn
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is an isomorphism for n, m > 0. As all M,, are finite locally free over B/p™ (of rank
the height of G) the B-module N := lim M,, is finite locally free over B (of rank

the height of G) by [52, Tag 0D4B]. By the same reference
N/p" = M,
The canonical morphism M — N is surjective (by a similar R! ]£1 sequence as

above). In particular, we can conclude that M — M, is surjective for each n > 0.
The long exact sequence for 0 — u~Y(G[p"]) — v 'G — v~ 'G — 0 and the
surjectivity of M — M,, imply that M/p"™ = M,, and Ext%R)A/(B”]) (v (@), 0p)

has no p"-torsion. This p-torsion freeness of Ext? in turn implies that
M/p" = EXt%R)A/(B,J) (u™H(G),0p/p").

Our aim is to prove that M = N or equivalently that M is classically p-complete,
M = @M/p" As all prisms in (R)) are by definition bounded, and thus

classically ptlcomplete7
Op = ]'glOA/p" = R]'&l@A/p".
We can therefore calculate M = Ext( R),/(B.J) (u™'G,0)) by an exact sequence
0—)R LHom(R)A/(BJ( GOA/p)%M—)LM/p — 0.

In this sequence the R! lgl—term vanishes as each Hom(R)A/(BJ)(u_ G,0)/p") is
zero because G is p—divisi%le. The isomorphisms

M = lim M/p" = lim M,
imply that M (G) is a crystal, because they show that, even stronger,

Ext(r), /(5,5 (4 G, Op)

commutes with base change in (B, J). This finishes the proof of the first sentence
of the proposition.

The second sentence is an immediate corollary of the first one, together with
Proposition [£.1.4] and Lemma [£.2.4] O

We can now summarize our discussion and prove the main result of this section.
We need a last lemma.

Lemma 4.6.6. Let (C,.J) be an henselian pair and let G be a p-divisible group
over C/J. Then there exists a p-divisible group G over C such that

G®cC/J~G.
Proof. Set h as the height of G. Let BT" be the Artin stack (over Spec(Z)) of
n-truncated Barsotti-Tate groups of height h. Then for any n > 1 the morphism
BT/ — BT/

is a smooth morphism between smooth Artin stacks (cf. [32, Section 2] resp. [25]
Thm 4.4]). By [2I Theorem, page 568] (which extends to the non-noetherian case
by passing to the limit) any section D — C/J of some smooth C-algebra D extends

n—1
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to a section D — C. These statements imply that inductively, we can lift G[p"] to
a truncated p-divisible group H, over C. Then finally

G .= hngn
yields the desired lift over G. O

Theorem 4.6.7. Let R be a quasi-syntomic ring, and let G be a p-divisible group
over R. The pair (Mp(G),om, () of Definition[{-2.1) is an admissible prismatic

Dieudonné crystal over R.

Proof. Let G be a p-divisible group over R. By Proposition [£.6.5 we already know
that M (G) is a finite locally free OP"-module, endowed with the semilinear
endomorphism ¢aq,. We need to see that it this gives an admissible prismatic
Dieudonné crystal over R. The construction being functorial in R, it suffices by
Proposition to deal with the case where R is quasi-regular semiperfectoid.
Choose a perfectoid ring S mapping surjectively onto R; by Corollary 2110, we
can assume that S is henselian along ker(S — R). Lemma[L6.8l (applied to (C, J) =
(S, ker(S — R)) and G = G) shows that G is the base change of a p-divisible group
H over S. Hence, (M)(G),pr,(q)) is the base change of (Mp(H), o, (m))-
which we know to be an admissible Dieudonné crystal since S is perfectoid, cf.
Corollary £37 O

We now state two useful properties of the prismatic Dieudonné functor : its
exactness and its compatibility with Cartier duality.

Proposition 4.6.8. Let R be a quasi-syntomic ring. The functor
M, : BT(R) = DM(R), G M)(G)
18 exact.
Proof. Let
0-G —>G—=>G"=0

be a short exact sequence of p-divisible groups over R, which we see as an exact
sequence of abelian sheaves on (R)qsyn. Applying RHom g, —, OP™8) to it, we
get a long exact sequence :

(G, 0P"%) = Mp(G") = Mp(G) = Mu(G') — c‘f:z:t?R)qSyn(G”7 Opris).

gsyn (

'Hom(R)

gsyn

The first term vanishes as G’ is p-divisible and OP™® derived p-complete. Let us
prove surjectivity of M) (G) — M) (G’). For n > 1 consider the exact sequences

0— G'p"] = Gp"] = H, — 0.
Then G” = thn with injective transition maps H, — H,4+1 (as G[p"] C G’ =
G'[p"] for all 71; >1). As in the proof of Proposition we can conclude that
Mp(GIP™]) = MG ™), Mp(Hnia) = My (Hn)
are surjective. Passing to the limit of the exact sequences
Mp(Hp) = Mp(Glp"]) = Mp(G'[p"]) =0

implies therefore that
Mp(G) = My (G

is surjective, as desired. O
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Let R be a quasi-syntomic ring and let G be a p-divisible group over R with
Cartier dual G. Passing to the limit for the Cartier duality on finite flat group
schemes yields isomorphisms

Tp(é) = Homp(TpG, Typpp=) = Homp(G, pip)
of sheaves on (R)qsyn. We first construct a canonical morphism
Dt M) (G)Y @ppris My (fip=) — M) (G),
where M (G)" denotes the OP™s-linear dual of M (G). Recall that
M) (G) =2 Hom(T,G, OP™)
by Lemma .26l Thus we can define ®5 by setting
a0 @1)(a) = (80 Mp(a))(l) € OP™

where

b€ MA(G)Y, 1 € My(upe), 0 € Hom(G, pipee) = TG,
Clearly, the morphism ®¢ is natural in G and commutes with base change in R.

Proposition 4.6.9. Let R be a quasi-syntomic ring. For every p-divisible group G
over R, the map

Pg: MA(G)V & @pris MA(/J,Z)OO) — MA(G)
constructed above is an isomorphism.

Proposition L7.3limplies, via quasi-syntomic descent, that M) (G)Y @ gpris M (pip=)
is naturally a prismatic Dieudonné crystal when equipped with the Frobenius

1®0®1 € OP™ @, ppmis (M) (G)Y @opris My (fip=)) + <p*5o<p;jA(G) ® Py (1D1)

(using the identification ¢*OP™s = OP'S and the inverse SDHA(G): M) (G) —

1/ZP"5p* M) (G) of the linearized Frobenius on M (G)). With this choice of
Frobenius one checks that ®¢ is a morphism of prismatic Dieudonné crystals, i.e.,
compatible with the Frobenius.

Proof. Both sides are locally free OP'S-modules of the same rank (cf. Proposi-
tion [L6.5). Hence it suffices to see that ®¢ is surjective, which can be checked
after base change R — k to perfect fields k of characteristic p. Thus, assume that
R = k. By Theorem the prismatic Dieudonné functor over k is isomorphic to
the crystalline one. Let

DG M) (G)Y @ppns Mp () = Mp(G)

be the natural isomorphism coming from classical duality for the crystalline Dieudonné
functor over perfect fields (cf. for example [23] Proposition III 5.1.iii)]). Let

Uy Mp(=)Y @opris Mp(pp=) = Mp((=))
be any natural transformation (of functors on p-divisible groups over quasi-syntomic
rings over k). Then for any morphism ~: G — H of p-divisible groups, there is an
equality
(1) Va(d@l)(aoy) =Vu(doMy(y) @) (a)
where § € M)(G),l € Mp(pp=),a € Hom(H, pp~). We want to show that
dq = u@CGl for all p-divisible groups G and some unit v € OP" (independent of
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G). Thus pick § € Mu(G)Y,l € Mp(pp~) and o € Hom(G, pip=). Applying
(Equation () to v = a: G — ppes implies

V(5 @1)(0) = U,y (5 0 Mp(0) @ 1)(1d,, )
for any natural transformation ¥ _y as above. In particular, ¥ (and thus ®_) and

@?L) as examples) are determined by their behavior on G = pipes. For p,e both
induce an isomorphism

My ()" @owe Mp (1) = Hom(Ty (e ), OPF) = OP',

Namely, @, .. is given by the natural evaluation, which is an isomorphism as
M p(ppe) is free over rank 1 (by the crystalline comparison, cf. Theorem E.3.2).
That @f)pm is an isomorphism follows from classical Dieudonné theory (cf. [23]
Proposition 5.1.iii)]). Hence, ®,, .. and @f}pm differ by some unit v € OP P, This
implies @ = u®Y for all G by naturality. By [23, Proposition 5.1.iii)] we can
conclude. O

The main result of this text is the following theorem, whose proof will spread
out over the next sections.

Theorem 4.6.10. Let R be a quasi-syntomic ring. The prismatic Dieudonné func-
tor :

M, : BT(R) — DM*™(R)
is an antiequivalence between the category of p-divisible groups over R and the
category of admissible prismatic Dieudonné crystals over R.

Proof. By Proposition B3 and the fact that both BT and DM*™ are stacks on
QSyn for the quasi-syntomic topology (see Proposition [A2] and Proposition L.T.9),
we can assume that moreover R is quasi-regular semiperfectoid. Then the theorem
is a consequence of Theorem [£.81] and Theorem [£.9.5] to be proved below. O

4.7. The prismatic Dieudonné modules of Q,/Z, and pp~. In this subsec-
tion, we calculate the prismatic Dieudonné crystals of Q,/Z, and pipe to explicitly
work out some examples for prismatic Dieudonné crystals. We deduce as well a
description for all étale and multiplicative p-divisible groups. For the analogous re-
sults for the crystalline Dieudonné functor see [7, 2.2]. Let us fix a quasi-syntomic
ring R. Recall that for a p-divisible group G over R the prismatic Dieudonné crystal
M) (G) is defined (cf. Definition E2.T]) as the sheaf

M) (G) = 5wt%R) (G, 0r™s) = v*&vt%R)A(u_l(G), Op)
on the absolute prismatic site (R), of R and that
Mp(G) = Homyg,,,. (TG, OPris) = v Homg), (u N T,G),0p),
by Lemma

Lemma 4.7.1. The OP"_module M) (Qp/Zy) is freely generated by the isomor-
phism class of the extension of OP" by Q,/7Z, obtained as the push-out of the short
exact sequence

qsyn

0—>Z,—Q,—Qy/Z, -0

300f course, one expects u = +1, but as this finer statement is not necessary for us, we avoided
the calculation verifying this.
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on (R)qsyn along the canonical morphism Z, — OP"S. More generally,
Mp(G) = Hompy,,.(Tp(G), Zp) @z, OPris,
if G is an étale p-divisible group.
Proof. This follows directly from the isomorphism
M) (G) = Homgy,,,. (TG, orris)

and the fact that for an étale p-divisible group 7,G is a local system of finite free
Zy-modules on (R)qsyrl). O

qsyn

Let us now describe the prismatic Dieudonné crystal M p (ppe ) of pipee on (R)gsyn-
Definition 4.7.2. Let Op{—1} be the sheaf
Op{—1} = Homz,), (v (Zp(1)), Op)
on the absolute prismatic site of Z,,, with Z, (1) := T ppee.
Note that, if @; denotes, the p-adic completion of the multiplicative group
scheme G,,,, we also have
Op{-1} = Ext%ZP)A (u™ papee, Op) Ext%ZP)A (Gm,Op)

as @; /Hpe is uniquely p-divisible and O) p-complete. Also, as recalled above, we
have a natural isomorphism

Mp(pp=) = 0:0p{=1}) 5, -

We can describe the sheaf O {—1} in restriction to prisms (B, .J) which live over
the “cyclotomic” base prism

(A4, 1) := (Zyp[lg = 1}, ([pl))
from Section 22l We point out that Mondal [46] was able to recently get rid of this

restriction, using Bhatt-Lurie’s syntomic Chern classes [10].
The reason is that for such prisms we can use the g-logarithm from Section

log,: uN(Zy(1)) = Op
which defines a canonical element, which we call £, € Op{—1}(A, I).
Proposition 4.7.3. The O -linear map
OA — OA{—l},
sending 1 to £y, of sheaves on the category of all prisms living over (A,I) = (Zy|lqg—
1]], ([plq)), is an isomorphism. Moreover, the Frobenius on Op{—1} sends £, to
[pllq-
Proof. Let (B, J) be a prism over (4, I). It suffices to show that the morphism
B — Ext! (u_l(@;)‘(BJ), OA)’

(where we mean Ext' in the category of abelian sheaves on the site of prisms
over (B, J)) given by the g-logarithm is an isomorphism. By Proposition .6.5] the
formation of this map is compatible with base change in (B, J). From the proof

31Here, we did some abuse of notation and denoted by Z, the sheaf S —» Homets(m0(S), Zp)
on (R)qgsyn, which is usually called Zp.
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of loc. cit. we also know that Extl(u_l(@;)‘(gw, O)) is a finite, locally free B-
module of rank 1. Therefore, it suffices to show surjectivity. To show surjectivity
one may pass to the case that (B,J) = (W(k),(p)) for k an algebraically closed
field of characteristic p. Then the comparison with the crystalline Dieudonné crystal
(cf. Theorem 3.2)) reduces to an analogous statement for the usual logarithm as
for ¢ = 1 the g¢-logarithm becomes the logarithm. Let R be a general ring of
characteristic p and let R — R be a surjection of schemes with a PD-structure
{Yn}n>0 on K := ker(R’ — R) and assume p nilpotent in R’. Then there is the
canonical morphism

log: Z,(1)(R) — R', =+ log([z])
where [—]: lim R — R’ is the Teichmiiller lift and log the crystalline logarithm

T—xP

log: 1+ K = R, y— Y (=1)" '(n—Dly(y—1)
n=1
(which makes sense as [z] € 1+ K). But it is known that the logarithm generates the
crystalline Dieudonné crystal of pipe (cf. [7, 2.2.3.Corollaire]). Finally the action of
Frobenius on ¢, can be calculated using Lemma [2.2.2]

¢ —1
= q—1 ly(z) = [plgly(z)

¢ -1
wHom(ufl(Zp(l)),(’)A)(éq)(x) = log(q) lo (Ip)

for x € Z,(1).
(]

Remark 4.7.4. Note that, when pR = 0, the identification between the pris-
matic and crystalline Dieudonné modules from Theorem is linear over the
isomorphism Ar = Acys(R) from Lemma This explains why the map
x = logq([xl/p]é) is sent to x — log([x]) (and not something like z — log([z'/?]),

which would not make sense as [2'/?] — 1 need not have divided powers), cf. the
remark after Lemma [3.4.2]

Assume now that R is an A/I = Z[(,]-algebra.

Corollary 4.7.5. Let G be a multiplicative p-divisible group over R. Then there
is a canonical isomorphism

u” (Hom(G, =) @2, Op = Extigy, (u™' G, Op) (r/a),

induced by sending f: G — pp~ to the evaluation of the morphism induced by f:
Extigy, (W pee, Op)(r/a), = Ext(gy, (W G, Op)|(R/A),

on .

Proof. The morphism (and the claim that it is an isomorphism) commutes with
étale localisation on R. In particular, we may assume that G = ugoo. Then the
claim follows from Proposition [.7.3 and additivity of the right hand side. O

As a corollary of these computations, we can concretely describe the action of
the prismatic Dieudonné functor on morphisms Q,/Z, — ppe. Set

Z5 = (lim Z, G0}

As usual we get the elements & = (1,(,...), ¢ := [e] € Aint(ZZ) and £:= q;:ll.
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Lemma 4.7.6. Let R be a quasi-reqular semiperfectoid ring over Zgyd. Then the
morphism

Zo(1)(R) 2 Hom p(Qp/Zy, py) 2= Hompg ) (M (1)), M, (Qp/Zp)) = DG~

is given the map which sends x € Zy(1)(R) to logq([acl/p]g) € A}%:é.
Proof. First note, that

Hompag(ry (M, (ttp)), M, (Qp/Z)) =2 A5~

by evaluating a homomorphism M (ppe) — M) (Qp/Zy) = Ag on £4. The iden-
tification of M) (—) on a homomorphism f: Q,/Z, — pp~ follows easily from the
natural isomorphism

My (G) = Homg), (u™H(T(G)), 0p)
for a p-divisible group G over R and Proposition E.7.3] Lemma E.7.11 O

Remark 4.7.7. This description together with [I0, Theorem 7.5.6] imply fully
faithfulness of the prismatic Dieudonné functor in the special case of morphisms
from Q,/Z, to ppe-. We will give in the next section a proof of fully faithfulness,
still relying on the same input from [10].

4.8. Fully faithfulness. The main result of this subsection is the following.

Theorem 4.8.1. If R is a quasi-reqular semiperfectoid ring, the prismatic Dieudonné
functor over R is fully faithful for p-divisible groups.

The proof we offer was kindly suggested to us by Akhil Mathew. Recall that the
prismatic Dieudonné functor is given, according to Lemma 2.6l by the formula
(2) M) (G) = Homg) .. (T,G, OP™)

for any p-divisible group G over the quasi-regular semiperfectoid ring R. We also
set

gsyn (

NZMY(G) = Homgy,,, (T,G, N=2OP™),

gsyn (

From now on, we fix a quasi-regular semiperfectoid ring R, and a generator é of
the prismatic ideal in Ag. For simplicity we assume that R lives over the cyclotomic
prism and that = [p]g, cf. K73l By descent this assumption is harmless.

Proposition 4.8.2. If G is a p-divisible group over R, there is a natural (in R
and G) identification of quasi-syntomic sheaves
T,G 2 ker(N 2T My (G) P51 My (@G)).

Proof. We have, cf. [10, Theorem 7.5.6]7 an isomorphism of quasi-syntomic
sheaves i

TG = ker(NZ10Prs PL5T opris).
To conclude, it suffices to apply the functor Homg),.,., (TG, —) to both sides and
to note that T),G = Homg),,.(TpG, TpGn). O

32Gee also [12], Proposition 7.17] for a proof using algebraic K-theory.
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Now we start the proof of Theorem 81l Let us denote by Shg the category of
abelian sheaves on (R)qsyn (so that Homgy, (=, —) = Hom(gy__ ., (-, —)) and by Dg
the category of OP™$[F]-modules, which contains as a full subcategory the category
of (admissible) prismatic Dieudonné crystals. The functor

R :Sh® — Dg, F — Homg.,.(F,O"™)
admits the left adjoint
L:Dr — Shy, M — Homopsisp)(M, orris),
Indeed, if F € Shpg is any abelian sheaf and M € Dg, then
Homppsis ) (M, Hom gy, (F OPris)) = Homp, F, Homp, (M, OP'))

gsyn (

qsyn(
because both sides identify with bilinear maps w: M x F — OP'S_ which are

OP'S[F-linear in the first component.
Note that by the above displayed formula (2)), if G is a p-divisible group over R,

MA(G) = R(TPG)'
Hence, to prove the theorem, we are reduced to proving the following proposition.

Proposition 4.8.3. The functor R is fully faithful on the subcategory of Sh}y
spanned by the Tate modules of p-divisible groups over R.

Proof. Given a sheaf F € Sh%y which is the Tate module of a p-divisible group, we
have a natural counit map in Sh’

LRF = F

and we will show that it is an isomorphism. Switching back from Sh} to Shg, this
counit is the biduality map

F(=) = Homopss (g (Hom gy, (F (=), OP), OP').

The formation of this map is compatible with base change in the quasi-regular
semiperfectoid ring R. We claim that this map is an isomorphism whenever F is
the Tate module of a p-divisible group G over R. Applying Proposition £.82to G,
we get a natural (in F and R) identification

F= TpG o (NleA(G))wMA(G):g _ (MA(G))#’MA(C:):ﬁ
(for the last equality, note that if f € Homg,,, ., (T,G, OP'is) satisfies o(f) = £f,
then for any section s of T, G, f(s) € NZ'OP™ ie. f € Homg),,, ., (T,G, N=10P")).
Proposition [£.6.9 and the remark following it for the identification of Frobenius al-
low us to rewrite this as a natural (in 7 and R) identification

F = Homowe(p) (M (G), OP"®) = LM (G)) = LRF

as we can identify (M (kp=), Paty (upee)) = (OP'S €00 ) by Proposition E7.3.
However, this natural isomorphism may not a priori coincide with above counit map.
But, composing the latter with the inverse of this isomorphism, we obtain a natural
endomorphism of F, i.e., an endomorphism of any p-divisible group G over any
quasi-regular semiperfectoid ring R, natural in G and R. Any such endomorphism
acts on the p-divisible group Q,/Z, by multiplication by some scalar (in Z,), at
least on each connected component of R. It also does act by multiplication by the
same scalar (depending on a connected component of Spec(R)) on any p-divisible
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group G: indeed, this can be checked on the Tate module and since T,(G) =
Hom(g),.,.(Qp/Zp, G) this follows there by naturality.

Hence, to conclude the proof of fully faithfulness, it suffices to show that these
scalars are units. This can be checked for one specific p-divisible group G and we
can take G = Q,/Z,, for which the claim is immediate. Indeed, F = Z, in this
case and F — LR(F) = Homopis () (OP", OP™) sends 1 € Z, to the identity of
OP's | which generates Homopris(p(OP, OPTS) by [13, Remark 9.3]. O

Remark 4.8.4. In fact, as was also pointed out by Akhil Mathew and the referee,
the results used in this section can be strenghtened. Indeed, [I0, Theorem 7.5.6]
already quoted above even gives a short exact sequence

0 — T,G,, — NZLOPTS PIESY opris ),

Applying RHom g T,G,—) to it, we get an exact sequence of sheaves

qsyn(
0= T,G — NZMy (G) 75" Mp(G) = Eatlyy  (T,G.T,Cr).

But Ewt%R)qsyn (T,G, T,G,,) = Ext%R)qSyn (G, up=) =0 (cf. [53] Theorem 1] together

with the fact that the set of splittings of such an extension is a torsor under G which
is syntomic). Hence we get a short exact sequence and, after taking cohomology,
an isomorphism

RT((R)qsyn, T,C) = fib <N>1MA(C¥) A MA(G)) .

4.9. Essential surjectivity. Let R be quasi-regular semiperfectoid and let as be-
fore

My (=): BT(R) = DM*™(R), G (My(G), o1, (c))
be the prismatic Dieudonné functor with values in the category of admissible pris-
matic Dieudonné modules DM*™ (R) (cf. Section B2 and Theorem E6.7).

Let us fix a perfect prism (A, I'), a generator € e I and a surjection A =A/I - R.
Let & := go_l(g). In this section, we will make repeated use of Proposition [£.1.29]
which tells us that admissible prismatic Dieudonné modules over R (or any other
quasi-regular semiperfectoid ring living over A) are the same as windows over the
frame Ap ny, (associated to £).

By Corollary we may assume that A is henselian along ker(A — R).

Let us first assume that ker(A — R) is generated by some elements aj, j €J,
I/p 1/p®

a

that admit compatible systems (a;,a;’",a;’" ,...) of p"-roots. Define

Ap

$= (AX)"7" | j e DIX))

and S — R, X;/pn »—>ajl-/pn.

Lemma 4.9.1. The base change functor DM*¥™(S) — DM*™(R) on admissible
prismatic Dieudonné modules is essentially surjective.

Proof. Using Proposition E.1.22] it suffices to see that Ag — Apg is surjective and
henselian along its kernel (cf. Lemma T.3T). The surjectivity follows from the
Hodge-Tate comparison as Lg/ 5 — Lpg/4 Is surjective by our assumption that
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the aj,j € J, generate ker(A — R). First note that the pair (S, ker(S — R)) is
henselian because the X Jl /P are nilpotent in S and we assumed that A is henselian
along ker(A — R). By Lemma 128 to show that Ag is henselian along K :=
ker(As — Ag) it suffices to see S = Ag/ker(fs) is henselian along K = (K +
ker(6))/ ker(6) (cf. [52, Tag ODYD])). But K C S is contained in ker(S — R).
Another application of [62, Tag 0DYD] therefore implies that S is henselian along
K because (S, ker(S — R)) is henselian. This finishes the proof. O

Note that the ring
n 1/p°°, . . Ap
s= (A1 jen/x;1jeD)

admits a surjection from the perfectoid ring

/\P
& Anvl/p . . v l/pt
S=A[X/"|je )= ( i A[X € J'H)
n,J'CJ finite
by sending X;/pn — X;/pn.
Lemma 4.9.2. The natural functor
DM***(S) — DM*™™(S)
is essentially surjective.
Proof. The ring S is henselian along (X; | j € J). The prism Mg is the (p, I)-adic
completion of
iy A[X e T
n,J'CJ finite
Call a d-pair (B, K) over (A,I) a good pair if it satisfies the following conditions:
e B is (p, I)-completely flat over A and K is (p, I)-complete.
e There exists a universal map (B, K) — (C, IC) of é-pairs to a prism (C, IC)

over (A, I). Moreover, (C,IC) is flat over (4, I), and its formation com-
mutes with (p, I)-completely flat base change on B.

For each n > 1 and J' C J finite, the d-pair
(A[[le/pn| je J/]]/\(P,I), (I, Xj7j c J)/\(PJ))

over (A,I) is a good pair, by [I3| Proposition 3.13]. Since good pairs are stable
under filtered colimits in the category of all §-pairs (B, K) over (A, ) with B and
K (p, I)-complete, we deduce that the pair

is a good pair, too. Therefore, by definition of a good pair and Proposition B.4.1]
we have
X5, . A s
bs=bsi—z 1] € T} 0o,

Define

B:=NMNg/(X;|j€J) @,
Then B is p-torsion free and &-torsion free and thus defines a prism. Moreover,
canonically S = B/¢. By the universal property of Ag there exists therefore a

canonical morphism
a: Ag — B.
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Concretely, the morphism «a sends X; — 0. Using a variant of Lemma L. T.28 we see
that Ag is henselian along ker(a). By Lemma 93, o(ker(e)) C £Ag and ¢/€ is
topologically nilpotent on ker(«). Thus by Lemma.T.32the categories of windows
over Ag and B are equivalent. Therefore it suffices to see that windows over B can
be lifted to windows over Ag. After choosing a normal decomposition, this follows
as the functor
w— Mod?‘A’“s_it — ¢ — Modg"*

is essentially surjective, which is true as Az is henselian along the kernel of Ag — B
(cf. the end of the proof of Lemma [I.3T]). This finishes the proof. O

To finish the proof of Lemma [£.9.1] we have to prove the following lemmas.

Lemma 4.9.3. With the notations from the proof of Lemmal[f.9.4 we get p(ker(a)) C
Ehs and 1 := /& is topologically nilpotent on ker(a).

Proof. Set K := ker(a). Then K is the closure in the (p,g)—adic topology of the

Ag-submodule generated by 6" (X; /) for j € J and n > 0. By Lemma [£.9.4] below
the module K equals the closure of the ideal generated by

X"
J
@ (E)pn ()PP
for j € J and n > 0. Let us show that ¢(K) C £Ag. Clearly,

Zjn 1=

~ n+1
(3) e(zjn) =& zjni1-

As NZ1Ag is closed in Ag (being the kernel of the continuous surjection Ag — S),
we can conclude K C N'Z'Ag. Next, let us check that ¢; is topologically nilpotent
on K. Fix [ > 1. We claim that for every m > 1 such that p” > [ and any k € K
we have

P (k) € E'K.
This implies as desired that ¢; is topologically nilpotent on K. As §~lK is closed

and 7" continuous (for the (p, §~)-adic topology on K) it is enough to assume that
k = zj for some j € J,n > 1, because the z; , generate a dense submodule in KPA

Using (Equation (B])) we can calculate
4 montl_ ~
P (zn) = o7 E Tagna) = .. = a€”

for some a € Ag. But épHm’lK - EIK because p"*t™ — 1 > [. This finishes the
proof. (I

ntm_q pntm_q
Zjntm € & K

Lemma 4.9.4. Let (A,I) be a bounded prism and let d € A be distinguished. Let
furthermore © € A be an element of rank 1. Then for n > 0 there exist natural (in
A, x) elements

2y € A{%}Amd)

such that " (d)e™ Y(d)P---dP" - z, = zP". Moreover, for all n > 0, 0" (%) lies in
the subring Alzo, ..., z,) of A{Z} @9 generated by 2o, ..., 2n.

33Dense for the (p,&)-adic topology.
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Note that the last part of the lemma implies that the resulting morphism
x
Alyrya, - A/ (@ = dyr,yf = o(d)y2,v5 = 9% (d)ys, ) = A{Z} 00, g 2

is surjective after (p,d)-completion. We expect that this surjection is actually an
isomorphism.

Proof. We can argue in the universal case A = Z,[z]{d, ﬁ}’\@vd) where §(z) =0,
thus we may assume that A is transversal, i.e., that (p, d) is a regular sequence in A,
and that (x,d) is a regular sequence. This implies that for all » > 1 the sequence
(¢"(d), "~ 1(d)) is regular as well (cf. Lemma 7). We first claim that for all
n > 0 the element

"

@ @
L ¢ A{Z}. For n > 0 we can calculate

Zn =

lies in A{Z}. If n =0, then z, =

n+1
P

#len) = ST @

because ¢(z) = 2. The numerator zP" " is divisible by d?"" in A{Z}. We claim
that (d?"", "+ (d) - - o(d)?") is a regular sequence in A{Z} @, Granting this

we can conclude that @”"" divides Wﬂ(d)pn, ie., that z,41 € A{% }pd)
Write s = ¢"t1(d)---@(d)?". To prove that (dpn ,8) is a regular sequence in
A{Z} @ it suffices to show the same for (d,s). One proves by induction on m
that for all m > 1, ¢"(d) is congruent to pu,,, modulo d for a unit u,,. In particular,
one concludes that s is congruent to up® modulo d, for k > 1 and u a unit. Hence
to prove that (d, s) is a regular sequence in A{%}" @ it suffices to show that (d,p)
is a regular sequence in A{%}"@.4 . But this follows from transversality of A and
the fact that A — A{%} . is (p,d)-completely flat.

Next, we show that for all n > 0, 6"(%) lies in the subring Alzo, ..., 2] of

A{ d}A<P ) generated by zp,...,2n. This clalm follows from the assertion that
d(zn) € Alz0, ..., 2n+1] using induction and how ¢ acts on sums and products. For
n = 0 we can calculate

1 zP

3(z0) = () = (#(5)

Similarly, we see

)= (@ = e(@)a = 6d)ar € ALG).

§(zn) =

n+1

1
E(d - <Pn+1(d))zn+1

where the term %(dp ©"*1(d)) lies in A. This finishes the proof. O

We can derive essential surjectivity.

Theorem 4.9.5. Let R be a quasi-regular semiperfectoid ring. Then the prismatic
Dieudonné functor

M) (-): BT(R) — DM*™(R)

from the category of p-divisible groups over R to the category of admissible prismatic
Dieudonné crystals over R is essentially surjective.
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Proof. To prove the theorem, we may pass to a quasi-syntomic cover R’ of R:
indeed, let M € DMadm(R) such that its base change along the map R — R’ is
of the form M) (G'), for some p-divisible group G’ over R. The descent datum for
M) (G') expressing that it comes from an admissible prismatic Dieudonné module
over R (namely, M) gives rise to a descent datum for G’, since fully faithfulness
over R'®@rR' is already proved (cf. Theorem {L.8.1)). This descent datum is effective,
by p-completely faithfully flat descent for p-divisible groups (cf. Proposition [A.2),
so there exists a p-divisible group G over R, with M), (G) = M.

Therefore, by Theorem .39, we may and do assume that R = A/(a; | j € J)
for A = A/I a perfectoid ring and a; € R admitting compatible systems of p"-roots
of unity. Using Lemma [4.9.7] we may even assume that

R A G e d)/(X;).
In this case we can invoke Lemma [£.9.2] and reduce to the case that R is perfectoid.
Then we can cite Corollary B.3.7to conclude that M) (—) is essentially surjective.
O

This concludes the proof of the main Theorem [A.6.10

Remark 4.9.6. Let R be quasi-syntomic ring. The arguments used in Section [£.§]
show that the functor G from DM*™(R) to the category of abelian sheaves of
(R)qsyn, sending M € DM™™(R) to

(M) @z, Qp/Zyp,

where MY denotes the OP_linear dual of M, defines a quasi-inverse of the pris-
matic Dieudonné functor.

It seems difficult to prove directly that G takes values in the category of (quasi-
syntomic sheaves attached to) p-divisible groups. In the case of étale p-divisible
groups Theorem yields an equivalence of Zy-local systems on R and finite
locally free OP*S-modules (resp. Ar-modules if R is quasi-regular semiperfectoid)
M together with an isomorphism @a: ©*(M) = M. This is a generalization
of Katz’ correspondence between Zy-local systems on the spectrum Spec(k) of a
perfect field k and @-modules over W (k) (cf. |27, Proposition 4.1.1]. We thank
Benoit Stroh for pointing this out to us.
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5. COMPLEMENTS

5.1. Prismatic Dieudonné theory for finite locally free group schemes.
Let R be a perfectoid ring. We fix a generator £ of ker(#) and let & = ¢(¢).

Definition 5.1.1. A torsion prismatic Dieudonné module over R is a triple
(Ma PM, wM)a

where M is a finitely presented Ajns(R)-module of projective dimension < 1 which
is annihilated by a power of p and where ¢y : M — M and ¥ : M — M are
respectively o-linear and ¢~ !-linear, and satisfy

ooty =&, Yaopu =¢.
The category of torsion prismatic Dieudonné modules over R is denoted by DMios(R).
It is an exact category.

The base change of torsion prismatic Dieudonné modules behaves well.

Lemma 5.1.2. Let R — R’ be a morphism of perfectoid rings and M € DM;ors(R).
Then M ® 4, (r) Aint(R') is concentrated in degree 0. In particular, the base change
functor DMiors(R) = DMiors(R') is ezact.

Proof. Let

0— M 5 My - M0
be a resolution of M by finite locally free Ajn¢(R)-modules. As M is killed by p™
for some n > 0, there exists g: My — M; such that fog = p™. Then p” =go f
(using that f is injective). The base change M) ® 4, .(r) Aint(R') is p-torsion free
as Aine(R’) is. This implies that the base change of f to Aj,¢(R’) remains injective,
which finishes the proof. O

Before stating the main result, let us introduce a notation, which will be in use
only in this section.

Notation 5.1.3. If S is a p-complete ring, let Bg (resp. Cg) denote the category
whose objects are O)-modules on (S), (resp. Op-modules on (S5)), endowed with
a @-linear Frobenius), and whose morphisms are O -linear morphisms (resp. O)-
linear morphisms commuting with Frobenius).

Theorem 5.1.4. There is a natural evac] antiequivalence
H = (Mp(H), ny () Yary (1)
between the exact category of finite locally free group schemes of p-power order on

R and the exact category DMiors(R) of torsion prismatic Dieudonné modules over
R, such that the Aint(R)-module My (H) is given by the formula

My (H) = Ext(g, (u""H,0))
and such that opr, (m) is the map induced by the Frobenius of O).

Remark 5.1.5. A similar statement can be found in [36, Theorem 10.12]. Apart
from the change of terminology, the only difference with the result in loc. cit. is that
we remove the assumption that p > 3 and provide a formula for the underlying Aj,¢-
module of the torsion minuscule Breuil-Kisin-Fargues module attached to a finite
locally free group scheme of p-power order.

34This includes the non-formal assertion that the inverse equivalence is exact, too.
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The proof of Theorem [5.T.4] will make use of the following lemma.

Lemma 5.1.6. Let (A, I) be a bounded prism, such that A is p-torsion free and let
S be a p-completely syntomic A/I—algebr. Then

H°(S,Ag)a)
is p-torsion free.

Proof. As S is a p-completely syntomic A/I-algebra the derived prismatic coho-
mology Ag,4 agrees with the cohomology RI'((S/A)p,Op) of the prismatic site of
S over A (this follows by descent from the quasi-regular semiperfectoid case and
Proposition BA4]). By [I3, Proposition 3.13] and the assumption that S is a p-
completely syntomic A/I-algebra, one can calculate Ag/4 by some Cech-Alexander
complex whose first term is p-complete and p-completely flat over A. Therefore it
suffices to see that each p-complete p-completely flat A-algebra B has no p-torsion.
As A is p-torsion free, A, and thus B, is p-completely flat over Z,. But any p-
completely flat p-complete module over Z, is topologically free and thus p-torsion
free. O

Proof of Theorem[5.1.4] The construction of the antiequivalence is exactly similar
to the one of [36], Theorem 10.12], replacing Theorem 9.8 in loc. cit. by Corol-
lary 317 so we do not give it and refer the reader to [36]. The simple principle is
that Zariski-locally on Spec(R), any finite locally free group scheme of p-power order
is the kernel of an isogeny of p-divisible groups (and even an isogeny of p-divisible
groups associated to abelian schemes, cf. Theorem [4.6.1]); similarly, Zariski-locally
on Spec(R), any torsion prismatic Dieudonné module is the cokernel of an isogeny
of prismatic Dieudonné modules ([36, Lemma 10.10]).
Let us now prove that

MA(H) = EXt%R)A (U_lH, OA)
and that the functor M) (—) preserves exactness for a short exact sequence
0—-H - H—H'"—0

of finite locally free group schemes of p-power order over R. Note that this implies
by Mittag-Leffler exactness of

0— My(H") = Mp(H) = My(H') =0

if H',H,H" are finite locally free group schemes of p-power order or p-divisible
groups.

By construction of the antiequivalence, it suffices to check that if H is the kernel
of an isogeny X — X', with X, X’ are abelian schemes over R, the natural map

My(X[p™)) = Ext}R)A(u—lx, Op) = Ext}R)A (w"'H,0))

is surjective. But the cokernel of this map embeds in Ext%R)A (u=1X', Op), which
is zero by Theorem

For exactness, start with a short exact sequence of finite locally free group
schemes of p-power order on R

0—-H —H—=H'—=0,

357 morphism R — R’ between p-complete rings of bounded p®°-torsion is p-completely syn-
tomic if R /p = R’ ®@% R/p and R/p — R’ /p is syntomic in the sense of [52} Tag 00SL].
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which we see as an exact sequence of abelian sheaves on (R)qsyn. The surjectivity
of the map

M (H) — My(H')
can be checked locally and so we can assume that H, and so also H', embeds in an
abelian scheme X. But we know that the map

Mp(X[p™]) — My (H')
is already surjective, again because Ext%R)A (u™'X/H',0)) = 0. Thus, the same
holds for the map
To prove injectivity of the map
Mp(H") = M) (H),
it suffices by the long exact sequence for RHom g, A(—, O)) to prove that
IIOID(R)A (uilH/, OA) =0.

Let us prove that Homg), (utH',0)) is p-torsion free. This is enough : indeed,
we know it is also killed by a power of p, because w1 H’ is. As

HOm(R)A(uilH/, OA) C Ho(uilH/, OA) = HO(H/,AH//Ainf),

it suffices to prove that the latter is p-torsion free. This is the content of Lemma[5. 1.6l
when applied to the p-completely syntomic R-scheme H'.
Let

G: DM;os — {finite locally free group schemes of p-power order over R}
be an inverse functor to M) (—). We claim that G is exact. Let
0— My — My — Mz —0

be an exact sequence in DM;q(R). For any morphism R — R’ the base change of
it along Aine(R) — Ains(R') will stay exact by Lemma By [20, Proposition
1.1] and compatibility of G with base change in R we can therefore assume that R
is a perfect field of characteristic p. In this case the category of finite locally free
group schemes of p-power order and the category DM, are abelian and thus any
equivalence between them is automatically exact. ([

Remark 5.1.7. Let R be quasi-syntomic ring. Although the same trick allows
in principle to deduce from Theorem a classification result for finite locally
free group schemes of p-power order over R, it seems more subtle to obtain a nice
description of the target category, i.e. of the objects which can locally on R be
written as the cokernel of an isogeny of admissible prismatic Dieudonné crystals on
R. At least the arguments given above should go through whenever the forgetful
functor

DF(R) — DM(R)

is an equivalence, like in the case of perfectoid rings or in the Breuil-Kisin case to
be discussed in the next section (where the classification of finite flat group schemes
is already known, and was proved by Kisin following the same technique, cf. [30]
Section 2.3]).
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5.2. Comparison over Of. In this section, we want to extract from Theorem [.G.10]
a concrete classification of p-divisible groups over complete regular local rings with
perfect residue field of characteristic p. This will in particular recover Breuil-Kisin’s
classification ([I5], [30]), as extended to all p by Kim [29], Lau [35] and Liu [3§],
over Ok, for a complete discretely valued extension of Q, with perfect residue field.

Proposition 5.2.1. Let R be a complete Noetherian local ring with perfect residue
field of characteristic p. If R is reqular, there exists a quasi-syntomic perfectoid
cover Ro, of R.

Proof. The existence of a faithfully flat cover R — R, with R, perfectoid, is
explained in [9, Theorem 4.7]. Assume first that pR = 0 or that R is unramified®.
R is either flat over Z, or pR = 0. In the first case set A := Z, and in the
second A := F,. By [62, Tag 07GB] the morphism A — R is a filtered colimit
of smooth ring maps and thus Lp,y has p-complete Tor-amplitude in degree 0.
The triangle attached to the composite A — R — Ry shows that Lp_,r has
p-complete Tor-amplitude in degree —1. Therefore the map R — R, is indeed a
quasi-syntomic cover. Finally, when R is ramified of mixed characteristic, one sees
from the explicit construction of [9, Ex. 3.8 (5)] that R — R is the p-completion
of a colimit of syntomic morphisms (obtained by extracting pth-roots), hence is
quasi-syntomic. ([

Remark 5.2.2. In the converse direction, the main result of [9] asserts that a
Noetherian ring with p in its Jacobson radical which admits a faithfully flat map
to a perfectoid ring has to be regular (this is a generalization of a theorem of Kunz
[31] in positive characteristic).

Proposition 5.2.3. Let R be a complete reqular local ring with perfect residue field
of characteristic p. Any prismatic Dieudonné crystal over R is admissible.

Proof. Let (M, ¢oar) € DM(R). Let Ro be a perfectoid quasi-syntomic cover of
R, as in Proposition 5211 Let Mo, € DM(R) be the base change of M, which
we see as a prismatic Dieudonné module M., over R, via the equivalence of
Proposition LT3 We know (Proposition .T.T2]) that M, is admissible. Since
the natural functor DM?¥™ — DM is (tautologically) fully faithful, M., descends
to an admissible prismatic Dieudonné crystal over R, which must identify with

(Ma@M)' [l

Recall the following definition, which already appeared in Proposition [£.1.20]
before.

Definition 5.2.4. Let (A, = (d)) be a prism. A Breuil-Kisin module (M, ppr)
over (A,I), or just A if I is understood, is a finite free A-module M together with

an isomorphism

1 1

-1 = M=)

e M)

If par(p*M) C M with cokernel killed by I, then (M, ar) is called minuscule.
We denote by BK(A) the category of Breuil-Kisin modules over A and by

BKpnin(4) € BK(A) its full subcategory of minuscule ones.

IR

oM e M|

36The case R unramified is explained in [9, Ex. 3.8 (4)], too.
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If R is a complete regular local ring with perfect residue field k of characteristic
p, it can be written as
R =W(k)[[u1,...,ud]/(E),
where d = dim R and E is a power series with constant term of p-value one (cf. [42]
Theorem 29.7, Theorem 29.8 (ii)]). Let (A, I) be the prism

(A, 1) = (W(k)[[ur, ..., ud]l, (E)),
where the §-ring structure on A is the usual one on W (k) and is such that é(u;) = 0,

for i = 1,...,d. For simplicity, we assume d = 1 in the following. We hope that
the general case works similarly.

Theorem 5.2.5. Let R be a complete reqular local ring with perfect residue field
of characteristic p. The functor

BT(R) = BKmin(4) 5 G = 0" My(G)(A D)) = Extip), (u™'G,Op)(ar)
is an equivalence of categories.

The case where pR = 0 follows from Theorem [£.3.2] the classical fact that a
Dieudonné crystal over R is the same thing as a minuscule Breuil-Kisin module
over A (with respect to p) together with an integrable topologically quasi-nilpotent
connection making Frobenius horizontal and [I7, Proposition 2.7.3], which proves
that for this particular ring A, the connection is necessarily unique. Hence in the
following, we will always assume that R is p-torsion free. In this case, the pair
(p, E) is transversal.

Remark 5.2.6. When R = Ok, with K a complete discretely valued extension of
Q, with perfect residue field, A is usually denoted by & (a notation which seems
to originate from [I5]). We will see below that the antiequivalence of the theorem
coincides in this case with the one studied by Kisin for p odd and Kim, Lau and
Liu when p = 2.

We will describe prismatic Dieudonné crystals over Ok via descent using the
following lemma.

Lemma 5.2.7. The natural map from the sheaf represented by (A,I) to the final
object of Shv((R) ) is an epimorphism for the p-completely faithfully flat topology.

Proof. Indeed, let (B,J) € (R)). Let Ay be the perfection of A; the map R =
A/I = Ro = Ax/TA is a quasi-syntomic cover. By base change, the map
B/J — B/J®pRo

is therefore a quasi-syntomic cover as well. By Proposition [3.3.8 there exists a prism
(C,JC) which is p-completely faithfully flat over (B,J) such that there exists a
morphism of B/J-algebras B/J®rRs — C/J. Since Ry, is perfectoid, it implies
that (C, JC) lives over (Axo, [ Ao (cf. Proposition 2,11, and a fortiori over (A, T),
as desired. (]

Proof of Theorem [5.2.3. By Theorem [£.6.10] and Proposition [F.2.3] we know that
the prismatic Dieudonné functor

M, : BT(R) — DM(R)
is an antiequivalence. Therefore, it suffices to prove that the functor

M — v* M((A, 1))
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from prismatic Dieudonné crystals DM (R) to minuscule Breuil-Kisin modules BK i, (A)
is an equivalence. Let B be the absolute product of A with itself in (R),. One has
(cf. [I3], Proposition 3.13])

U — VA
B=(W(k Wik —— ) @ED
(W Wlf] @y Wk s
where we wrote E(u) for E ® 1P1. By Lemma 2.7 below and Proposition I, a
prismatic Dieudonné crystal M over R is the same thing as a minuscule Breuil-Kisin
module N over A, together with a descent datum, i.e., an isomorphism

N®ap, BEN®ayp, B

(where p1,p2 : A — B are the two natural maps), satisfying the usual cocycle
condition.

We claim that any N € BK,in(A) is equipped with a unique descent datum.
Indeed, let f: B — A be the map extending the multiplication map

fo: By = A®W(k)A — A

and, for i = 1,2, set E; := p;(E) € By, with p;: A — By the two inclusions. Let
My be a minuscule Breuil-Kisin module over By with respect to the element F; and
Ny a minuscule Breuil-Kisin module with respect to Es. Let M4 = My ®p,,5, 4,
Nao = Ny ®p,,7, A be their base changes along fo. Let ag: My — Ny be any
Bo-linear map such that as = fiao: Ma — N4 is a morphism of Breuil-Kisin
modules over A. Consider the composition

1 . _ 1
UQ(CYQ) = E—lgoNO oY o (pMi(El(—))t MO — ENQ

as in the proof of Lemma Then the morphism Up(ag) — g maps My to
E%K No where K = ker(fy) as a4 is a morphism of minuscule Breuil-Kisin modules
over A. By construction of B we have K C EyJ, if J = ker(f). In particular, if «
denotes the base change of oy to B, then

U(a) -«

maps Mo ®p, B to J(No®p, B), where U(«) is the base change of Up(ag). Thanks
to Lemma [5.2.8 below, we can use the same arguments in the proof of £.1.32] to see
that there exists an isomorphism a:: My®p, B = No®p, B of Breuil-Kisin modules
over B with f*a = a4. Indeed, if By := Up(ap) — oo with fioao = aa, then the
series

> Us'(Bo)
n=0
converges after base change to B, since 8 sends My ®p, B to J.(No ®p, B). In
other words, the map induced by f
5M0,N0 : HomBKmin(B)(MO ®B, B, No X By B) — HomBKmin(A) (MA, NA)

is a surjection. We claim that dps,,n, is also injective. Indeed, assume that
a: My ®p, B— Ny ®p, B is a morphism of minuscule Breuil-Kisin modules over

37If similarly, E(v) = 1® E, then E(u)/E(v) is a unit in B by [I3} Lemma 2.24] because E(u)

divides E(v) in B. Namely, E(v) = E(u)(% +1) in B and u — v divides E(u) — E(v).
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B reducing to 0 after base change to A. Define
1 _
U(a): My ® B, B — J(NQ ® By B), m — E—IQDN[)@BOB o (p*a o wMi@BOB(El'm)

Then, since « is a morphism of minuscule Breuil-Kisin modules,
Uta) =«

for all n > 1. But as ¢ := E% is topologically nilpotent on J, we see that U™(«)
converges to 0 for n — oo by the same exact same argument as in the proof of
Lemma (4.1.32

Recall that we started with N € BKy,in(A) and want to produce a descent datum
on N. To apply the above discussion, we set My := N ® 4,5, Bo, No := N ®4 p, Bo,
and let @ar,, N, be the respective base changes of ¢n. Since the compositions
fop1, fops are the identity map, M4, N4 are isomorphic to N. Let

ay: My — Ny

corresponding via the bijection 6y, n, to the identity map from My = N to Ny =
N. If N € BKpin(A) is another minuscule Breuil-Kisin module over A, and g €
Hompg,,,(4) (N, N'). We claim that

QaNr 0 gl = g20an

where g1, resp gz, is the base change of g along p;, resp. p2. Indeed, this can be
rewritten as an equality

QN7 0 g1 0 Oéfvl = g2 € Hompy, . (8)(No ®B, B, Ny ®pB, B)

(using for N’ notations analogous at the ones we used for N), which, by the con-
siderations above, can be checked after base change along f : B — A, where it
becomes obvious (since ay, resp. aps, reduces to the identity of N, resp. N’,
and since f op; = f o po is the identity). This shows that the formation of ay is
functorial in N. As each descent datum on N reduces to the identity on N after
base change along f the descent datum on [V is unique, if it exists, since daz,, N, is
injective.

To conclude, it therefore remains to prove that oy is a descent datum, i.e. that
it satisfies the cocycle condition. Let

C

be the prism representing the triple absolute product of (A, (E)) in (R),. We have
to see that

(4) PT2QN © Py 3N = P1 30N,

where the p; j: B — C are induced by the respective projections. Let us note that
fiber products in (R)) are calculated by (completed) tensor products and that

XxXXxX¥(XxX)xx (X xX)
for any object X in a category C admitting fiber products. This implies that
C =~ B&4B.
Let Cop = B ®4 B be the uncompleted tensor product. Note that p; ;an, for each
1 <i < j <3, is already defined over Cy. The kernel L of the natural morphism

Cp — A is generated by
J®a B, BRgJ.
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In particular, ¢ := ﬁ stabilizes L, and ¢, is elementwise topologically nilpotent
on it. Therefore, arguing as above, we see that any morphism of minuscule Breuil-
Kisin modules over Cy which vanishes after base change along Cy — A, must vanish

after base change to C. After reduction to A, (@) becomes
Idy oIdy = Idy
by construction of ay. This finishes the proof. O
The proof of Theorem relied on the following technical lemma.

Lemma 5.2.8. With the notation from the proof of Theorem[5.2.9 the ideal J C B

is contained in N'Z'B, stable by oy := E‘("u) and @1 1s topologically nilpotent on J,

with respect to the (p, E)-adic topology.

Proof. Write E := E(u). The ideal J is generated (up to completion) by the
d-translates of

z:=(u—v)/E,
so to check that J C NZ!B, it is enough to prove that §"(z) € N=!B for all n. We

prove by induction on n that for all k > 1, ©*(6"(2)) is divisible by E. For n = 0,
one has, for any k£ > 1,

E(z) = — PP (= v) (PP PR 2y PR 2 Pk
T TE) P(E) |

Since (E, ¢*(E)) is regular (as (p, E) is transversal because B is (p, E)-completely
faithfully flat over W (k)[[u]] by [I3| Proposition 3.13]) and u — v is divisible by FE
in B, we deduce that E divides ¢*(z). Let now n > 0 and assume the result is
known for §”(z). We have, for k > 0,

Pt (071 (2)) = " (3" (2)) = " (0(67(2) = 8"(2)P) = "1 (8"(2)) = " (8" (2))",

so the statement for §"*1(z) follows by induction hypothesis, and the fact that p
and E are transversal. This concludes the proof that J c NZ!B.
Let z € J. We have

E.f(e1()) = fp(x)) = ¢(f(x)) = 0.

Since E is a non-zero divisor in A, we must have f(¢1(z)) = 0 and therefore
v1(z) € J, i.e., o1 stabilizes J.

It remains to prove that the divided Frobenius is topologically nilpotent on J,
endowed with the (p, F)-adic topology. Let

roafe)”

which by [I3, Lemma 2.35] identifies with the (p-completed) divided power envelope
DA((E))* of Ain (E). Let ¢: A — A’ be the natural inclusion. The composition

ar A5 AL A
defines a morphism of prisms (4, (E)) — (4’, (p)). Let

B'i=Dg, a7V,
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where J' is the kernel of the map A®W(k)A — R. The ideal J’ is generated by E
and u — v, which form a regular sequence in A®W(k)A /p, and therefore

B’ = (A®w ) A) {—W(E)’ s‘;(u ) }; = (ADw ) A) {pi’ g:;zlE; 0 };(E)
= D“"ZQ?WWAB((E))AP'

(In the second isomorphism we used again [I3] Lemma 2.24], and in the first and
last [I3] Lemma 2.37].) In particular, the map « induces a map:

ag:B— B

because B = AQw ) A{%52} @ . It sends J C B to the kernel K C B’ of
the map B’ — A’ (which extends the multiplication on p: AQy (A — A), and
commutes with the divided Frobenius (because B’ is p- and thus ¢(F)-torsion free).

We thus have a diagram:

J K
.
¢ -7 T
~ - /_/ T~ ~ REN
Lo
Iz _c
A//// \\\A\AI

The ideal K C B’ is generated (up to completion) by (u — v) and the d-translates
of
plu—v) _ . plu—v)
p p(E)
As the kernel J of B — A is stable by ¢1, this implies that K = JB’' is stable by
1, and thus in particular contained in N =1 B’.
Observe also that

pB'NB = (p,E).B
To see this, one needs to show that the map induced by ap
B/(p.E) = B'/p
is injective, i.e., by faithful flatness of ¢: A — A that the natural map
B/(p,¢(E)) = B/(p, E¥) = B'/p = Dp((E))/p
is injective. But since B is p-torsion free,
B'/p = B/(p, E")[Xo, X1, ...}/ (X, XT,...)""

and the above map is simply the natural inclusion map. Hence, it suffices to
prove topological nilpotence of p; = 7¢/@(E)” on K with respect to the p-adic
topology®l. We do it in two steps.

38 et us clarify what we mean by the various ¢1’s, whenever they are defined. On A we set
»1 = ¢/E which is the restriction of 1 = ¢/@(E) along a. In B’ the element ¢(E)/p is a unit

and thus ¢1 = ﬁ %, i.e., both possible definition of the divided Frobenius differ by a unit.
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Note first that ¢ is topologically nilpotent on K. More precisely, using that K
is stable by ¢1, one easily sees by induction that ¢*(z) is divisible by p*, for all
z € K and k > 1 (with ¢*(2)/p* € K, because A’ is p-torsion free). The equality

e1(zy) = p(x)e1(y)
for z,y € K, implies by induction that for any n > 1 :

o1 (zy) = @ (2)7 (y)-
This shows that the second divided power ideal K[! is stable by ¢, (since K is
stable by ¢,¢1) and, by what we just said, that the left hand side is divisible by p"
in K. In fact, one can do better. Let m > 1 and x € K. In the previous equality,
take y = 2™~ 1. Seeing it in B’[1/p] (recall that B’ is p-torsion free), one can divide
both sides by m!. It reads :

"(x
2 )
The left hand side always makes sense in K since K has divided powers, and for n
big enough, the right hand side as well since ¢"(x) tends p-adically to 0 and thus is
divisible by m! for n big enough. Letting n go to infinity, we see that the left hand
side goes to 0 in K. These considerations prove that ¢; is topologically nilpotent
(with respect to the p-adic topology) on K2, as it is topologically nilpotent on K2
and all divided powers ~,,(x), m > 2, for z € K.

Let e be the degree of the polynomial E. Since K2 is stable by ¢1, ¢1
defines a semi-linear endomorphism of the quotient K/K 2. Let us now prove
that o}°(K/KP) c p.K/K!?l. We know that the A’-module K/K? is isomor-
phic to (Q4)"» @4 A’ (where the map A — A’ is the natural inclusion ¢). It
is a free A’-module of rank generated by du and via this identification, one has
©1(du) = uP~tdu. But the image of uP¢ in A’ is divisible by p since p divides E? in
A" and F is an Eisenstein polynomial. Therefore p (even pP~1) divides ¢} (du ® 1)
in K/K[.

Finally, let us check that these two steps imply the desired topological nilpotence.
Let x € K, x its class in K/Km. Fix an integer n > 1. By the second step, we
have

o1 (vm(2)) =

P () € p K /KB,
i.e., there exists y € K2 such that

pne

o1 (2) ey +p K.
By the first step, there exists m > 1 such that ¢7*(y) € p" K, and so
sDzl)ne-l-WL (JJ) c an,
as desired. (]

Remark 5.2.9. We have seen above that prismatic Dieudonné crystals over O
are the same as minuscule Breuil-Kisin modules. One cannot expect the same kind
of result to hold for non-minuscule finite locally free F-crystals on the absolute
prismatic site of Ok: one really needs to remember the (unexplicit) descent datum
to reconstruct the F-crystal. In fact, Bhatt and Scholze, [14], have recently proved
the remarkable result that finite locally free F-crystals on the absolute prismatic site
of O are the same as Galg-stable lattices in crystalline representations of Galyx . In
the minuscule case, i.e. for prismatic Dieudonné crystals, combined with the result
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above and the considerations below, this recovers the known equivalence between
p-divisible groups of O and Galg-stable lattices in crystalline representations of
Galg with Hodge-Tate weights in {0, 1}.

Finally, let K be a complete, discretely valued extension of Q,, let Ox C K be
its ring of integers and assume the residue field k& of Ok is perfect. We will show
that the equivalence of Theorem coincides with the equivalence established
by Kisin (cf. [30, Theorem 0.4]). Set

S = W (k)[u]]

with Frobenius lift ¢: W (k)[[u]] — W (k)[[u]] sending u — wP. Fix a uniformizer
m € Ok and define the morphism

0: 6 = Ok, ur— .

Then the kernel ker(d) = (F) is generated by an Eisenstein polynomial E
W (k)[u]. Let S be the p-completed divided power envelope of the ideal (E) C
ie.

€
S,
3

s - (22,

in the category of §-rings. Note that the composition
V6 H &~ S

induces to a morphism (&, (E)) — (S, (p)) of prisms. Via the composition O =

G/(E) L2 S/(p) we consider (S, (p)) as an object of the (absolute) prismatic site
(Ok)p- The antiequivalence

MKiS(_): BT(Ok) = BKmin(Ok)

of Kisin has the characteristic property (cf. [30, Theorem (2.2.7)]) that for a p-
divisible group G over O there is a canonical Frobenius equivariant isomorphism

M"¥(G) ®e.4 S = D(G)(S5)

where the right hand side denotes the evaluation of the crystalline Dieudonné crystal
of G on the PD-thickening S — O (which sends all divided powers of E to zero).

Let G be a p-divisible group over O with absolute prismatic Dieudonné crystal
M) (G). We use Lemma B.2.4 and Proposition {.1.4] and consider M) (G) as a
crystal on the absolute prismatic site (O ).

Lemma 5.2.10. There is a natural Frobenius-equivariant isomorphism
ar: Mp(G)(S, (p)) = D(G)(S).

Here D(G)(S) denotes the evaluation of the Dieudonné crystal of G at the PD-
thickening S — Ok .

Proof. This follows from Lemma O

We want to show that the natural isomorphism ay restricts to an isomorphism
Mp(G)((S,(F)) = MXS(G). In other words, we want to prove the existence of
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the dotted morphisms in the diagram

—

Mp(G)(S,(E)) M*S(G)

—~ _ -

Mp(G)(S, (p)) ==D(G)(9).

Let C be the completion of an algebraic closure of K and let O¢c C C be its ring
of integers. Set Aint := Ainr(Oc), Acrys := Aarys(Oc).
We can extend the morphism Ox — O¢ to a morphism of prlsmﬂ

f:(6,(E)) = (A, ()

by sending u + [°] = [(7, 7/P,...)] (after choosing a compatible system of p-power
roots /7" € O¢ of ). Let

@
Z/JCS Ainf — Ainf - Acrys-

Then analogous 1¢ induces a morphism (Aing, (§)) = (Acrys, (p)) of prisms.
By faithful flatness of & — Ajn¢ (cf. [I1, Lemma 4.30[%) it suffices to prove the
existence of the dotted arrows after base change to Ajns:

(5) ( (E ®G f Alnf MKIS(G) ®67f Ainf

1

MA( (p Rs f Amf

D(G)(S) @, f Aint-
By flat base change of PD-envelopes (cf. [52, Tag 07THD]) we get
S®G Ainf = Acrys

and thus D(G)(S) ®e Aint = D(Go,)(Acrys)-
Similar to Lemma [5.2.10] there is a canonical isomorphism

ac: MA(G)((Acrysa (p)) = D(GOC)(ACTYS)

by Lemma .33 and thus the lower horizontal isomorphism in (Equation (H)) iden-
tifies with ac. By the crystal property of M) (G) the left vertical injection

MAp(G)((6,(E))) @6, Aint = Mp(Gog)(S, () ®@e,f Aint-
identifies with the inclusion

Mp(G)(Aint, (€))) = Mp(Goc)(Aerys; (P))

along the morphisms of prism ¥¢: (Aint, (€)) = (Acrys, (p)). By Proposition [£.3.0]
there is a canonical isomorphism

B @, MpG) (Aint, (€)) = Mp(G)(Aint, (€))) = MW (Goe )"

39Note that we take £, not €.
40But note that our map f differs from the one of [II], which is ¢ o f.
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to the dual of the functor constructed by Scholze-Weinstein. By [51, Theorem
14.4.3] MSWY(G)* @4, Acrys = D(G o, /p)(Aerys) and moreover the diagram

o M (G) (A, (6)) ——2

MSW(GOC)*

|

Mp(G)(Acrys, () —= D(G)(Aerys) = M3W(Go )" @a

commutes by construction of 3, cf. Propositiond.3.6land its proof. Hence, it suffices
to prove that there exists an isomorphism

v: MXS(Q) @6,y Aint — MWV (GoL)*
where g = ¢ o f is a morphism of prisms

9:(&,(E)) = (Aint, (),

Acrys

inf

such that the diagram
MYXS(G) @4 At ———— MW (Go,)*

| l

D(GOC)(Acrysv (p)) —:> MSW(GOC>* XA Acrys

inf
commutes.

Let T be the dual of the p-adic Tate module T,,G of G. Then T is a lattice in
a crystalline representation of Gal(K /K) (where K C C is the algebraic closure of
K) and M®(G) =2 M(T) where M (—) is Kisin’s functor from lattices in crystalline
representations to Breuil-Kisin modules. By [II Proposition 4.34] M(T) g, 4 Aint
corresponds under Fargues’ equivalence (cf. [51, Theorem 14.1.1]) to the pair (T, Z)
with 2 C T®z, Bar the B:{R—lattice generated by Dyr (Tg,) = (T®z, Bggr) G/ K)
But this pair is exactly the one associated to Go. by Scholze-Weinstein.

Thus in the end our discussion implies the following proposition.

Proposition 5.2.11. The two functors
G — MXs(Q)
G = My(G)(S,(E))
from p-divisible groups over Ok to minuscule Breuil-Kisin modules are naturally
isomorphic.

5.3. Admissible prismatic Dieudonné crystals and displays. The work of
Zink provides a classification of connected p-divisible groups over p-adically com-
plete rings (cf. [54]). In this section, we want to relate it to the classification
obtained (for quasi-syntomic rings) in Theorem

Definition 5.3.1. Let R be a p-complete ring. A display over R is a window (cf.
Section @] and [37, Example 5.4]) over the frame

W(0) = (W(0), I(0) := ker(W(O) — O), F, F}),

in the topos of sheaves on the p-completely faithfully flat site of R, where F' is
the Witt vector Frobenius and Fy: I(O) — W(O) the inverse of the bijective
Verschiebung morphism V.

The category of displays over R is denoted by Disp(R).
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Remark 5.3.2. We have phrased the definition of a display in a manner parallel
to the definition of a prismatic Dieudonné crystal. In this form it is however unnec-
essarily abstract. The category of displays satisfies faithfully flat descent : see [54]
Theorem 37]. Since displays over a p-complete ring R (with bounded p®°-torsion)
are equivalent to compatible systems of displays over R/p™ for all n > 1, we see
that displays even satisfy p-completely faithfully flat descent (cf. [12, Corollary
4.8]). Hence the category of displays over R in the sense of Definition [E.3.1] is
the same as the usual category of displays over R (i.e., windows over the frame
(W(R), I(R), F, F\)).

Proposition 5.3.3. Let R be a quasi-reqular semiperfectoid ring. Assume that
pR =0 or that R is p-torsion free. The natural morphism from Theorem [3.4.4)

AR—>R

(given by moding out NZ'Ag) lifts to a u-morphism of frames (in the general sense

of Definition [{.1.16}) ‘i Wi
. BPp Nyg — W 5

where Dp g 05 the frame associated to (b, 1) and ¢, as in Evample [[.1.18, and

u € W(R) is a unit such that p = uf(€).
Proof. By adjunction (cf. [26, Theoreme 4]), the morphism Ar — R gives rise to a
morphism of §-rings :

f:br — W(R),
lifting the morphism to R, i.e., sending N=Ag to I(R). In particular, f(¢) € I(R),
and thus

F(&) = o(f(§) = per(f(£))
and so p divides f(£). By [13, Lemma 2.24], we deduce that (p) = (f(€)), and thus
there exists a unit v € W(R) such that p = uf(£). It is then easy to conclude
when W(R) is p-torsion free since the commutation (up to a unit) of f with the
divided Frobenius can be proved after multiplying by p. In the case where pR =0

one argues as in [36, Lemma 7.4]. O

It would be nice to prove that for any R quasi-regular semiperfectoid, the mor-
phism of the proposition always defines a morphism of frames. Although we did

not succeed in doing so, the next proposition shows that one can circumvent this
difficulty.

Proposition 5.3.4. Let R be a quasi-syntomic ring. If G is a p-divisible group
over R, set
ZRr(G) = M)(G) ®@ppis W(O)
with Frobenius Fz,q) = ¢m,c) @F, and let Fil Zg(G) be the submodule of Zr(G)
generated by 1(0).Zr(G) and the image of ‘PHA(G)(IpﬂS-MA(G»- There exists a
unique way to extend the functor
G — (Zr(G),Fil Zr(G), Fz,(a))
to a functor
ZR : BT(R) — DiSp(R), G— ZR(G) = (ZR(G), Fil ZR(G), FZR(G)7 FZR(G),I)

natural in R which moreover coincides (through Proposition[{.1.29) with the compo-
sition of the prismatic Dieudonné functor with the functor induced by the morphism
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of frames of Proposition when R is quasi-regular semiperfectoid and pR = 0
or R is p-torsion free.

Proof. The requirement of the proposition already says what
(Zr(G),Fil ZR(G), Fz,(c))

must be. Therefore, the only issue is to define the divided Frobenius Fiz, ) 1-

Assume first that R is quasi-regular semiperfectoid and p-torsion free. If it ex-
ists, Fz,(),1 is necessarily unique, since W (R) is p-torsion free; thus we only need
to show its existence. For this, we define Zj as the composition of the prismatic
Dieudonné functor with the functor induced by the morphism of frames of Propo-
sition 533l By quasi-syntomic descent (Remark [£3.2)), one gets a functor Zp for
any p-torsion free quasi-syntomic ring R. For such rings R, the functor Zp is nec-
essarily unique by p-torsion freeness of W(R). In particular, it commutes with base
change in R.

To obtain the functor Z , in general, we use smoothness of the stack of p-divisible
groups, following an idea of Lau, [34] Proposition 2.1]. Let X = Spec(A) —
BT x Spec(Z,) be an ind-smooth presentation of the stack of p-divisible groups as
in loc. cit. Then Spec(B) = X xp7 X is affine. The p-adic completions A and B
are both p-torsion free (cf. [34) Lemma 1.6]).

Let R be a quasi-syntomic ring and G be a p-divisible group over R. It gives rise
to a map « : Spec(R) — BT x Spec(Z,). Let

Spec(S) = Spec(R) X 5Txspec(z,) Spec(4),
and
Spec(T') = Spec(S) X Spec(A) Spec(B).

Let S and 7' be their p-adic completions. The rings A and B are quasi-syntomic.
By base change the rings S and T are also quasi-syntomic. The base change

of the triple (Zr(G),Fil Zr(G), Fz,(c)) along R — S is also the base change of
the triple
(Z4(Hz),Fil Z5(H ), Fz ()

along a ® A of the universal p-divisible group H over A. The divided Frobenius
Fy (1. on Z;(H ;) (coming from the first part of the proof) therefore induces
an operator Fz_(g,),1 on Z(Gg). This operator Fz,G4),1 1s compatible with the
descent datum for the base change along the two natural maps S — T, since the
functor Z 4 exists and is unique. By descent (Remark [5.3.2)), this defines a display
structure Zz(G) on the triple (Zr(G),Fil Zr(G), Fz,())-

This display structure is uniquely determined by the requirement that it is com-
patible with the maps R — S , S — A In particular, it has to coincide with the
composition of the prismatic Dieudonné functor with the functor induced by the
morphism of frames of Proposition[5.3.3also when R is quasi-regular semiperfectoid
and killed by p. ([

The functor of Proposition [£.3.4] is not an antiequivalence when p = 2. Never-
theless, one has the following positive result, reproving the main result of [54], [32]
in the special case of quasi-syntomic rings.
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Proposition 5.3.5. Let R be a quasi-syntomic ring, flat over Z/p™ (for some
n>0) or Z,. The functor Zy restricts to an antiequivalence

BTf (R) = Dispnilp(R)

between the category of formal p-divisible groups over R and the category of F-
nilpotent displays over R.

Recall that a display is said to be F'-nilpotent if its Frobenius is nilpotent modulo
.

Proof. Assume first that R is quasi-regular semiperfect. The functor Zj is the
composite of the prismatic Dieudonné functor, which is an antiequivalence by The-
orem [£.6.70] and of the functor induced by the morphism of frames

(AR = Acrys(R)uN21AR7<Pu 901) - (W(R)vl(R)vFv Fl)'

The morphism Ar — W (R) is surjective (indeed, the composition Az = W (R") —
W (R) is surjective, since R* — R is, and factors through the map Ap — W(R)).
We claim that the divided Frobenius is topologically nilpotent on its kernel. It
suffices to show the same for the surjection Acrys(R) — W(R) coming from the PD-
thickening W (R) — R. We recall that A.ys(R) is obtained from W (R") by passing
to the PD-envelope for the ideal ker(W (R”) — R). This kernel is (topologically)
generated by the elements V™ ([z]) for m > 0 and x € I := ker(R” — R). If m > 1,
then V™ ([x]) € W(R’) already has divided powers. As Aerys(R) is p-torsion free (by
quasi-regularity of R), we can conclude that A.ys(R) is (topologically) generated
(as a module over W (R")) by the divided powers [z]™) of [z] for x € T (i..,
the divided powers of V™ ([z]) for m > 1 are not necessary). We note that for
x € I each divided power [2](™) € A.ys(R) lies in the kernel of Aepys(R) — W(R)
because [z] € W(R”) maps to 0 € W (R). Hence, we can conclude that the kernel
of Acrys(R) — W(R) is (topologically) generated by V™ ([z]), [#]™ for z € I and
n,m > 1. Now V™ ([z]) = p™[z/?"] and thus o7* (V™ ([z])) = [x]. Hence, it suffices
to show that ¢ is topologically nilpotent on the elements [z](™),n > 1,2 € I. For
such an element, one has

(n)y _ (np)! (np)
o1(a]") = ().
Iterating, one sees that ¢ is topologically nilpotent on the kernel (with respect to
the p-adic topology). By Remark 134 the functor

DM*™(R) = Win(Ag nye) — Disp(R)

is an equivalence. It is easily seen that it restricts to an antiequivalence between
formal p-divisible groups and F-nilpotent displays.

By quasi-syntomic descent, this yields the statement of the proposition when R
is quasi-syntomic with pR = 0. In general, R/p is quasi-syntomic ([I2, Lemma 4.16
(2)]) and one can consider the following commutative diagram :

Zp .
BT(R) Disp(R)

l |

ZR/p .
BT(R/p) — Disp(R/p).
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Grothendieck-Messing theory for F-nilpotent displays (cf. [64, Theorem 48]) cou-
pled with Grothendieck-Messing theory for p-divisible groups (cf. [44, V (1.6)] and
[54, Corollary 97]) show that this diagram is 2-cartesian. Since Zp /p 1S an antiequiv-
alence, Zp also is one. (]

5.4. Etale comparison for p-divisible groups. Let R be a quasi-syntomic ring
and let G be a p-divisible group over R. In this section we show how the (dual
of the) Tate module of the generic fiber of R, seen as a diamond ([49, Definition
11.1]), can be recovered from the prismatic Dieudonné crystal M (G) of G.
Let
Opris

be the prismatic sheaf on (R)qsyn and

T .= :paris g Opris
the natural invertible OP"s-module (cf. Definition EET.T]). Fix n > 0. Note that the
Frobenius . .

(p' Oprls _> Oprls
induces a morphism, again called Frobenius,

p: O [p"[1/T] — O™ /p*[1/T]
as p(Z) C (p,Z) although Z is not stable under ¢.
We let
(R)o
be the v-site of all maps Spf(S) — Spf(R) with S a perfectoid ring over R. By
definition the coverings in (R), are v-covers Spf(S’) — Spf(S) (cf. [I3| Section
8.1]). Let
(R)asyn,arsp
be the site of all maps Spf(S) — Spf(R) with S quasi-regular semiperfectoid (covers
given by quasisyntomic covers). The perfectoidization functor
S Sperfd

from [I3] Definition 8.2] induces a morphism of sites
a: (R)y = (R)qgsyn,qrsp

sending Spf(S) to Spf(Sperta). Indeed, by [I3, Proposition 8.10] and the fact that
quasi-syntomic covers are v-covers the conditions of [52] Tag 00WV] are satisfied.
Moreover, we have the “inclusion of the generic fiber”

J: Spa(R[1/p], R); — (R),
induced by sending Spf(S) to Spa(S[1/p], S. Here Spa(R[1/p], R)¢ is the v-site

v

of the diamond associated with Spa(R[1/p], R) (cf. [49] Section 15.1], [49] Definition
14.1.iii)]).
The sites (R)., (Spa(R[1/p], R)), carry tilted structure sheaves O?R)v, O’ send-

ing S € (R), to S” resp. Spa(S,S*) € (Spa(R[1/p], R)), to S*. We let W(O?R)v)

resp. W((’)b) be the associated Witt vector sheaves. It is easy to see that for every
n > 1 there are natural morphism OP*s/pn — a*(Wn(OER)U)), oS [pn(1 /7] —

(a0« (Wi (0)).

41We use the notation Spa(S[1/p],S) when S is not necessarily integrally closed in S[1/p).
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Lemma 5.4.1. The above morphisms induces natural isomorphisms
. (Z/p") = (0P [p) P~
and .
(a0 )« (Z/p") 2= (OP™ /p"[1/T])*~

of sheaves on (R)qsyn.qrsp after passing to o-fized points.

Here (—)#=! denotes the (non-derived) invariants of ¢ on the sheaf OP™* /p"[1 /7],
and we use that Wn(O?R)v) =~ Z/p", W,(O°) = Z/p™ as will be explained in the
proof.

Proof. We only prove the second statement. The first is similar (but easier). Let
S be a quasi-regular semiperfectoid R-algebra. Then

(O /" [1/T])#=1(S) = (lim OV /" [1/T))#=1(S) = (timy OP(S) /p"[1/])7=".

The first isomorphism follows from commuting Frobenius fixed points the filtered
colimit over N along ¢ and the second as hg OP's is p-torsion free (cf. [13, Proof of

%]
Lemma 2.28]) and S is quasi-regular semiperfectoid (which implies that the sheaf

lig@pIis has no higher cohomology over S). Then [I3| Lemma 9.2] implies that
@

(g O7°*(5)/p"1 /)" 2 ((Spra) 71127~

By [13] Lemma 9.3], the equivalence of underlying topological spaces under tilting
of perfectoid spaces, [51, Theorem 7.1.1], and [28] Proposition 3.2.7] the right-hand
side becomes

Wn((Sperfd[l/p])b)<p:1 = Homcts (7TO (Spa(sperfd[l/p]a Sperfd))7 Z/pn)u
which agrees with
(a0 J)«(Z/p")(S).
This finishes the proof. (I

We can derive the following description of the Tate module of the generic fiber.

Proposition 5.4.2. Let G be a p-divisible group over R with prismatic Dieudonné
crystal My (G) and let n > 0. Then

o (Mp(G)/p"[1/T]P7Y)
is canonically isomorphic to Homgz,n (G[p"]y, Z/p™) where G[p"],, denotes the sheaf
Spa(S[1/pl, S) = G[p"|(S[1/p]) on Spa(R[1/p], R);.

Proof. Set M := M) (G). By Lemma [£.2.0]
M= Homgy, o onen (TpG, OP™).
From the proof of Proposition we can conclude that
T,G,OP™) /p™ = Hom(R) e (Tp G O /")
2 HOM(R) oy qren (GIP"], OV /7).

7_[OTn(—R)qsym,qrsp (

It follows that
M/p"[1/T] = Homgy,... oy (GIP"], OP"°/p"[1/T))
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as using Section 4] the functor Hom (g, ..., (GIP"], —) commutes with filtered
colimits. Finally,

Mp" (LTI 2 Hom gy, oy (GIp", OP /" [1/T)#=),

By Lemma (.41
OP™S [P [1/T)#=1 2 (a0 ). (Z/p")

and thus

MP"[L/TI* 7 2= HOMR) gy gne (GIP"]: (@ 0 ) (Z/P™))

= (o j)s(Homg e ((a 0 §)"G[p"], Z/p")))-
The definitions of o and j imply that for any sheaf F on (R)gsyn,qrsp the non-
sheafified pullback (a o j)~1F is the presheaf Spa(S, ST) — F(Spf(S*)). In par-
ticular, we see that
(aoj)"o(aoj).
is naturally isomorphic to the identity. We obtain thus
(a0 §)* M/p"[1/T*=" = Homz e (o 0 ) Glp"], Z/p").
and can now conclude by Lemma d
Lemma 5.4.3. With the notations from Proposition [5.4.2,
(a0 j)*Gp"] = Gp"]y.
Proof. By right exactness of (« o j)*, it suffices to show
(o j)'T,G = T,G,.

Moreover, we may assume that R is perfectoid by passing to slice topoi. Let S be

the R-algebra representing 7),G on p-complete rings. Thus S is the p-completion
of lim Sy, where Sy, represents G [p™]. Then S is quasi-regular semiperfectoid. By

definition (o o §)*T,G is represented by the perfectoid space
Spa(Spcrfd[l/p]v S;—erfd)

over Spa(R[1/p], R) where S’;crfd is the integral closure of Sperfa In Sperfa[1/p].
Let Spa(T,T7") be an affinoid perfectoid space over Spa(R[1/p], R), in particular
we assume that 77T is integrally closed in T' = T*[1/p]. Then any morphism
Spertd[1/p] — T sends S;rerfd — T because S is a p-completed direct limit of finite
R-algebras and T is perfectoid and integrally closed in T. Thus

Hom(R[l/PLR) ((Sperfd[l/p]7 S;arfd)’ (T7 T+)) = HOHIR(S;arfd’ T+)
=~ Hompg(S,T™)
> Homp(ling S, )

= Homp(lim Sy, T') = T,G(T)

where S,,, represents G[p™] (thus S is the p-adic completion of lim Sm)). In the last

isomorphism we used again that all S, are finite over R and thus any morphism
S — T of R-algebras factors over T'T. O
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APPENDIX A. DESCENT FOR p-COMPLETELY FAITHFULLY FLAT MORPHISMS

In this appendix we want to record some descent statements that are used in the
main body of this text.

Lemma A.1. Let R be derived p-complete ring with bounded p°°-torsion. Then
the natural functor

{ finite projective R — modules} — 2 — l&n{ finite projective R/p" — modules}

is an equivalence. In particular, the fibered category R — { finite projective R —
modules} is a stack for the p-completely faithfully flat topology on the category of
derived p-complete rings with bounded p> -torsion.

Proof. As R is classically p-complete the first statement follows from [52, Tag
0D4B]. If R — R’ is a p-completely faithfully flat morphism between p-complete
rings of bounded p>-torsion, then R/p™ — R'/p™ is faithfully flat for all n >
0 (flatness follows from [I2, Lemma 4.7.(2)] and surjectivity of Spec(R’/p™) —
Spec(R/p™) is implied by the case n = 1). Thus, classical descent of finite projec-
tive modules holds for this morphism. Passing to the ((2)-)inverse limit implies the
last statement. (]

Proposition A.2. The fibered categories of p-divisible groups and finite locally
free group schemes over p-complete rings with bounded p°-torsion are stacks for
the p-completely faithfully flat topology.

Proof. 1t suffices to show the statement for finite locally free group schemes as p-
divisible groups are canonically a colimit of such. From [A.]] we know that finite
locally free modules form a stack for the p-completely faithfully flat topology on
p-complete rings with bounded p°°-torsion. As base change commutes with fiber
products, this implies that finite locally free group schemes form a stack, too. [

Recall that a morphism
(A, 1) = (B, J)
of prisms is called faithfully flat if it is (p, I)-completely flat.
Proposition A.3. The fibered category
(A, T) — { finite projective A — modules}
on the category of bounded prisms is a stack for the faithfully flat topology.
Proof. Tf (A, I) is a prism, then A is classically I-complete and thus finite projective

A-modules are equivalent to compatible systems of finite projective A/I™-modules,
ie.,

{ finite projective A — modules} =2 — ]&n{ finite projective A/I" — modules}

(cf. [62, Tag 0D4B]). As the 2-limit of stacks is again a stack it suffices to show that
for any n > 0 the fibered category
(A, I) — { finite projective A/I"™ — modules}

is a stack on bounded prisms. If (A,I) — (B,J) is a faithfully flat morphim of
prisms, then
A/I" — B/J"
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is a p-completely faithfully flat morphism of rings with bounded p*°-torsion. Thus
the proposition follows from [Al O

Example A.4. We give an example of a ring R which is classically (p, f)-complete
where f € R is a non-zero divisor, such that R/f has bounded p*>-torsion, but R
has unbounded p>°-torsion. Set
R:=Z[f,z;]i>0,0<j<i]*®n/J
with J generated by the elements
P — friji
(where x; ;41 := 0). Then f is a non-zero divisor in R and all p>-torsion in
R/f = Zlxi ]/ (pxi ;)

is killed by p. But . . ‘

p'xio=p' fri1=...= f'2;; #0
while p**lx; o = fipz;; = 0. This shows that R has unbounded p>-torsion. As f
is a non-zero divisor in R the (p, f)°°-torsion in R is zero.
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