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OVERCONVERGENT RELATIVE DE RHAM COHOMOLOGY
OVER THE FARGUES-FONTAINE CURVE

by

Arthur-César Le Bras

Abstract. — We explain how to construct a cohomology theory on the category of separated
quasi-compact smooth rigid spaces over Cj, (or more general base fields), taking values in the
category of vector bundles on the Fargues-Fontaine curve, which extends (in a suitable sense)
Hyodo-Kato cohomology when the rigid space has a semi-stable proper formal model over
the ring of integers of a finite extension of Qp, therefore proving a conjecture of Scholze [38].
This cohomology theory factors through the category of rigid analytic motives of Ayoub.
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1. Introduction

Fargues and Fontaine introduced a few years ago the fundamental curve of p-adic Hodge
theory, now simply called the Fargues-Fontaine curve. It turned out to be indeed a funda-
mental geometric object : most of p-adic Hodge theory can be rephrased using the curve,
and recent spectacular work of Fargues and Scholze shows how the curve and several closely
related objects allow to reformulate geometrically the local Langlands correspondence. The
reader is referred to [22] (and references therein) for a nice overview of these recent devel-
opments. Let us here simply briefly recall the definition of the Fargues-Fontaine curve. The
curve has two incarnations : an algebraic one and an adic one, which are both useful. We
give the latter definition, which is shorter. Let C, be the completion of an algebraic closure
of Q, and C; its tilt, a complete algebraically closed field of characteristic p. One starts
with the analytic adic space

Y = Spa(W(Oc;), W(OC;))\V(p[pb]),

where p° € Oc; has first coordinate p, i.e. is such that (p°)* = p. One can think of the
space Y as the mixed characteristic version of the punctured open unit disk (now “in the
variable p”).

1. There is also a very simple but important description of the diamond associated to the curve, due to

Scholze [39].
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The ring of analytic functions on Y is called B ; it is the Fréchet algebra obtained by
completing the algebra

B — { S walp" 20 € C (20)n bounded} =W(Oc;)[1/p,1/p’]]
n=>>—oo

of “meromorphic functions along the divisors p = 0 and [p?] = 0” with respect to the norms
|- ||, for all 0 < p < 1, defined by

[ Z[wn]pnllp = sup |2,|p".
n

n

There is a Frobenius operator ¢ on Y, whose action on functions is given by the formula
Y lzalp™ = D [whlp™
n n

The action of ¢ on Y is properly discontinuous and one can then define the Fargues-Fontaine
curve X (for the local field Q,) as the quotient :

X :=Y/%

The set of classical points of X is in bijection with the set of untilts of C; in characteristic
0 (modulo the action of Frobenius) : if x € |X]|, the residue field C; of X at z is an
algebraically closed complete valued extension of Q,, with Ci o~ C;. In particular, there is
a point called co on X, such that Cc = C,,.

In fact, the exact same construction works if one replaces C, by any algebraically closed
complete valued extension C' of Q,. In this case, one gets adic spaces which will be called
Yo and X» and which have exactly the same properties.

It turns out that the Fargues-Fontaine curve X looks like the non-archimedean analog of
the twistor projective line Pk, which is the quotient of the complex projective line by the
antipodal involution :

f’%{ = Plc/z ~—z %

This is a real variety without any real point (exactly like the Fargues-Fontaine curve, whose
residue fields at classical points are all algebraically closed). The analogy between the
curve and f’h has so far no precise mathematical meaning, but there are some interesting
similarities between these two objects. Here are a few examples :

(a) The set of G-torsors over 13%1 (resp. X) is in bijection with Kottwitz’s set B(G) (as
defined in [27]), for G reductive over R (resp. Q). In the non-archimedean setting, this
is the main result of [2I], see also [1] ; in the archimedean setting, this can be proved for
example using the strategy of [I], as explained to us by Anschiitz.

(b) The function field of PL is conjectured to be (C1) (Lang [28]) ; similarly, Fargues
(J21]) conjectures the function field Frac(B[1/t]*=1) of X to be (C1).

(c) The variety f’h is the Brauer-Severi variety of Hamilton’s quaternion algebra over R
; similarly, it was conjectured by Fargues that X should be in some sense the Brauer-Severi
variety of a division algebra C introduced by Colmez in [12].

In this paper, we study another instance of this analogy. It is a nowadays classical result
of Simpson (|40l §2], see also [31], §3.1-3.4]) that the datum of a real pure Hodge structure
can be encoded as a U(1)-equivariant semi-stable vector bundle on f’h Let Z be a smooth
projective variety over C. The U(1)-equivariant vector bundle attached to the cohomology
of degree i of Z is obtained by modifying the U(1)-equivariant vector bundle

Héo(Z) = Héem(Z, R) ® 013%K
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at the point co € PL lying above 0 and oo (which is fixed by the U(1)-action), using the
Hodge filtration on Hj,;(Z,C). Similarly, if Z is proper and smooth over K, a complete
discretely valued extension of Q, with perfect residue field, one can modify the Gg-
equivariant vector bundle (obtained by descending to X) H% (Z) := E(Dpst (HL (Ze, Qp)),
where C' = IC(, using the Hodge filtration on Dy ® K. This modification is the G-
equivariant vector bundle Hgt(Zcp, Q) ®q, (’)X. The first construction relies on the
equivalence between filtrations on V' and C*-equivariant lattices in V ®@c C((t)), if V is a
finite dimensional C-vector space ; the second on the equivalence between filtrations on V'
and Gg-equivariant lattices in V ® g Bgg, if V is a finite dimensional K-vector space.

Over the field of complex numbers, the vector bundle H’_(Z) can still be defined more
generally, by the same formula :

Héo(Z) = Héem(za R)® Of)kﬂ

which makes sense whenever the Betti/de Rham cohomology is finite dimensional. Our goal
in this text is to show that we can also extend the construction of the vector bundle H% »(Z)
outside the proper case, and give a geometric definition of this vector bundle. More precisely,
let K be a complete valued field containing Q,, (not assumed to be discretely valued), C' the
completion of an algebraic closure of K (for example, K may be a finite extension of Q,, or
C,) with residue field &, and Gx = Gal(C'/K) the absolute Galois group of K. We explain
how to construct a cohomology theory

7w FF(Z),

on the category of smooth quasi-compact rigid spaces defined over K, taking values in the
bounded derived category D®(Coh ch) of coherent sheaves on the Fargues-Fontaine curve
Xc», such that if C' is the completion of an algebraic closure of W (k)[1/p], Z is a smooth
quasi-compact rigid space of dimension n and ¢ > 0, the coherent sheaf

Hie5(2) = H (FF(2))

is a vector bundle, which vanishes if i < 0 or ¢ > 2n. Under this assumption on C, this
cohomology theory satisfies several properties explained below and thus confirms Conjecture
6.4 of [38] (see also [22] Conj. 1.13]).

In particular, still under this assumption on C, one gets an isocrystal H. .(Z) attached
to Z, for all i (see Corollary 016l ; there is some caveat).

A few remarks are in order.

Remark 1.1. — Assume that K is a complete discretely valued extension of Q, with
perfect residue field and that Z is smooth and proper. We show that for all ¢ > 0, H}}-(Z )
is the Gx-equivariant vector bundle on X+ attached as in [23] Ch. 10] to the Dy, of the
étale cohomology HY, (Zc,Qy), using comparison theorems in p-adic Hodge theory.

Remark 1.2. — When the smooth rigid variety Z over K is such that Z¢ has a smooth
quasi-compact formal model 3 over O¢, we expect H}_— #(Z) to be the vector bundle attached
to the isocrystal given by the rigid cohomology of the special fiber of 3. This implies in
particular that this isocrystal is independent of the choice of the formal model. We prove
this statement when 3 is proper, which is easy using the results of Bhatt-Morrow-Scholze
[8] (in the proper case, the independence of the isocrystal is already known : when K is a
complete discretely valued extension of Q, with perfect residue field, it is a corollary of a
deep theorem : Fontaine’s Ce,ys conjecture ; in general it was recently proved in [8]).

2. The slightly confusing point in this analogy is that it does not match the two trivial vector bundles...
3. All the rigid spaces we consider are assumed to be separated and taut.
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One can also ask a similar question when 3 is only assumed to be semi-stable, and answer
it in the proper case, using the recent work of Cesnavicius-Koshikawa, [10].

Note that our construction of H% (Z) is entirely on the generic fiber and does not involve
any choice of formal model.

This cohomology theory is quite simple to describe : if Z is as before, FF(Z) comes by
the equivalence between (the derived category of) vector bundles on X and finite projective
w-modules over B (which are the same as ¢-equivariant vector bundles on Y') from an
“overconvergent version” of the complex RT'(Z¢, Ly Rv.Bz), (Vi, z/lfl) being the morphism
from the pro-étale topos of Z to the étale topos of Z¢. There are essentially two things to
prove about these cohomology groups : a "finiteness" and a "torsion-freeness" result. For
both, the key point is to show that this cohomology theory factors through the category of
rigid analytic motives of Ayoub (|3]). This reduces to prove finiteness in the case where Z is
smooth and proper, where several tools are available. This strategy was inspired by Vezzani’s
paper [43], which studies overconvergent de Rham cohomology using the motivic formalism.
This works for any C. If C is the completion of an algebraic closure of W (k)[1/p], we also
get torsion-freeness, using a trick : any quasi-compact motive over C descends to a motive
defined over a discretely valued extension of Q, with perfect residue field (a statement which
is false for smooth quasi-compact rigid spaces !) ; therefore, we can use some p-adic Hodge
theory.

Let us end this introduction by saying that there should exist a more geometric construc-
tion of FF(Z), making the analogy with Betti cohomology more transparent and explaining
the title of this text. Let us start by (trivially !) reformulating the construction of H:_ (Z) in
the complex case. It is obtained by descending to Pg the vector bundle Hj,,;(Z, C)®c Oay,
which, in the diagram,

Zx AL

is simply
R'q.(Q% AL /aL)-
When Z is moreover projective, the twistor is obtained by descending to f’h the sheaf
RlQ*((Q.ZxAE/AE 9 Zd))v
where 2 is the coordinate on Ag (this is Deligne’s reinterpretation of Simpson’s construc-

tion).
Similarly, in the p-adic case, we can look at the diagram of diamonds :

Z° x Spa(Q,)°
7° / \ Y?

asY® = Spa(C,)°xSpa(Q,)°®. There should exist a complex of étale sheaves ” QEQ XSpa(QP)O/Y”
such that the pull-back of H:-~(Z) to Y is

7 »OT,® ”
R ("5 cspa(qy)e v )-

In joint work in progress with Alberto Vezzani, we show how to give a meaning to this
hypothetical overconvergent relative de Rham complex. Still, the point of the present

4. The relation between the pro-étale cohomology of B and Deligne’s A-connections was also noticed by
Liu and Zhu, cf, [30, Rem. 3.2].
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paper is that, even if we don’t know what this complex is, Y being Stein, to construct
H%-(Z), it is enough to know what

»Oythe ”
Rpi ("7 xspa@yye /v

is : this is precisely (the overconvergent version of) Ln:RV.By.

Plan of the text. Sections [2land Bl are devoted to some remainders and some fundamental
results about the category of rigid motives, pro-étale period sheaves and the décalage
functors. The key technical statement of this text (showing that our cohomology theory F
factors through the category of motives) is proved in Section @l We define FF and prove
that its cohomology groups are vector bundles on the Fargues-Fontaine curve when C' is the
completion of an algebraic closure of some discretely valued field in Section Bl Finally, we
briefly explain in Section [6] how our constructions are related to other cohomology theories
in some cases : étale, crystalline, syntomic and pro-étale cohomologies.

Conventions and notations. The field K is a complete valued field containing Q, ; C
the completion of an algebraic closure of K, with residue field & (in particular K may very
well be C itself !) ; D is the closed unit disk over Q, and DT its overconvergent analogue.
We fix a compatible system of p™-th roots of unity ¢ € C;, with €@ =1, ™ £ 1, and let
t =log([e]) € B be “Fontaine’s 2in”. All rigid spaces are assumed to be separated and taut.

Acknowledgments. The idea of this paper originated from a conversation with Peter
Scholze in Bonn in February 2017. I would like to thank him heartily for this, as well as
for his numerous very helpful suggestions and comments. Some of the key cohomological
computations of this text were started when redacting Chapter 2 of [29] as part of my
PhD thesis and I thank Laurent Fargues for everything he taught me about period sheaves
and the Fargues-Fontaine curve. Special thanks go to Alberto Vezzani for his interest and
the time he took to answer my many naive questions about motives. I am indebted to
Wieslawa Niziol who pointed out a gap in a first version of this text. Finally, I would also
like to thank Kestutis Cesnavicius and Teruhisa Koshikawa for interesting conversations and
Eugen Hellmann for an invitation to talk about this work.

2. Motives of (overconvergent) rigid analytic varieties

For what follows, the main reference is [43]. We take A = Q,, as a coeflicient ring ; it will
be implicit in the notation. In all this section, let F' be a characteristic 0 complete valued
field with a non archimedean valuation of rank 1 and residue characteristic p. We recall
the definition of the category of rigid motives (and overconvergent rigid motives), which can
be thought of as the Verdier quotient of the derived category of étale sheaves of Q,-vector
spaces on the category of smooth rigid varieties over F', obtained by requiring that all the
projections maps (Z x Dg)[i] — Z[i] are invertible, for Z any rigid smooth space over F' and
i € Z, and we state two results which will be useful later on (Theorem and Proposition
below).

Let Rigy (resp. Affr) be the category of rigid spaces over F' (resp. affinoid rigid spaces
over F'), and let RigTF (resp. Aff}) be the category of overconvergent rigid spaces over F'
(resp. overconvergent affinoid rigid spaces), in the sense of Grofie-Klonne [24]. The natural
functor Rig;ﬂ — Rigp, Z — Z is denoted by ¢. Let RigSm be the subcategory of smooth
rigid analytic varieties over F' and RigSmTF be the subcategory of smooth overconvergent
rigid varieties over F' (an overconvergent rigid space Z is said to be smooth if the associated
rigid space Z is).
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If Z is affinoid over F, a presentation of an overconvergent structure on Z is by definition
a pro-affinoid variety ]gl Zy, where Z and Zj,, for all h > 1, are rational subspaces of Z; with
Z € Zy € Zy (for all h > 1) and such that this system is coinitial among rational subspaces
of Z; strictly containing Z. A morphism of presentations is a morphism of pro-objects.

Proposition 2.1. — If Z = Spa(R,Ro) is affinoid over F, and @Zh is a presentation
of an overconvergent structure on Z, then R := th(Zh) is dense in R and the functor
1'£th > Spal (R) induces an equivalence between the category of presentations of overcon-

vergent structures on affinoid spaces and the category AffTF.
Proof. — See [43] Prop. A.22]|. O

In what follows, "presheaf" always means "presheaf of Q,-vector spaces". If Z € RigSm
(resp. RigSm;ﬂ), we will denote by Q,(Z) the presheaf Z’' — QpHomgigsm, (Z’,Z) on

RigSmp (resp. Z' — Q,Homp, ¢ 1 (7, Z) on RigSm}).
F

Definition 2.2. — Let Sg be the class of maps F — F’ in the category of complexes of
presheaves over RigSmj or RigSm;ﬂ inducing isomorphims on the étale sheaves attached
to the cohomology presheaves of these complexes. Let Sp (resp. Spi) be the set of all
maps Q,(Dr x Z)[i] = Qu(Z)[i] (resp. maps Q,(DY, x Z)[i] = Qu(2)[i)), as Z varies in
RigSmp (resp. RigSmTF) and i € Z. Let S¢t,p (resp. Sgy pt) be the union of the two classes.
The homotopy category of the left Bousfield localization of the projective model category
on the category of presheaves on RigSm (resp. RigSmTF) with respect to the class S¢,p
(resp. S¢t,pt) will be denoted RigMot - (resp. RigMot}) : it is the category of rigid analytic
motives over F' (resp. the category of overconvergent rigid analytic motives over F).

If Z € RigSmp, we will again denote by Q,(Z) the associated motive in RigMot .

These two categories are actually equivalent (|43} Th. 4.23]) :

Theorem 2.3. — The functors (L{*, RL,) induce quasi-inverse equivalences of triangulated
monoidal categories :

RigMot . ~ RigMot},.

Definition 2.4. — Let RigMot3™" be the full triangulated subcategory of RigMot
formed by compact objects (those objects C such that the functor Homgignot, (C,-)
commutes with small sums).

We will make a crucial use of the following two results.

Theorem 2.5. — The subcategory RigMot™" coincides with the saturated triangulated

subcategory of RigMoti generated by the motives Q,(Z)[d], where Z runs among proper
O) and d runs in Z.

smooth Tigid varieties
Proof. — See [3| Th. 2.5.35]. O

Proposition 2.6. — Assume that C is the completion of an algebraic closure of W (k)[1/p].
The natural functors induce equivalences :

RigMoty™ ~ 2 — lim RigMot3™P,
where F runs among finite extensions of W (k)[1/p].

Proof. — See [44], Lem. 5.21, Lem. 5.23]. O

5. Even : analytifications of smooth projective varieties, but this statement will be enough for us.
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Remark 2.7. — The analogous statement at the level of quasi-compact smooth rigid spaces
is completely false. This shows the interest of working with motives.

Let us briefly give the rough idea behind the proof of this statement. Let Z be a quasi-
compact smooth rigid space over C'. One can easily find a finite cover of Z by affinoid
spaces which descend to a finite extension F' of W (k)[1/p] (using, for example, Elkik’s
approximation theorem [18]). Then one can approximate the gluing isomorphisms over C'
by morphisms defined over F' (up to enlarging F') ; by Lemma below, these morphisms
are homotopic to the original ones and thus define the same morphisms in the category of
motives. Therefore, the motives of the models over F' of our affinoids "glue" to a motive
over F.

We used the following simple

Lemma 2.8. — Let A be an affinoid algebra, with its norm || - ||, and f : A — A an
automorphism satisfying || f — Id|| < p~Y/®P=Y. There exists a morphism H : A — A(T)
such that oo H =1d and 11 0o H = f, 1o (resp. 11) being the evaluation at 0 (resp. 1).

Proof. — (D’apreés [41].) Let
D =log(f) =Y (1)

n

This is a derivation of A which satisfies || D|| < p~%/®=1. It suffices to set, for a € A :

H(a)=>_ D(@)

n!

(Id _ f)n-l—l
n+1 '

n

to get the sought-after homotopy. O

Notation. From now on, we will simply write RigMot (resp. RigMot') for the category
RigMot (resp. RigMotTC).

3. Pro-étale period sheaves and décalage functors

In this section, we recall or prove some results about period sheaves and décalage functors,
which will be used in the next section.

Definition 38.1. — Let f : Z' — Z be a morphism of analytic adic spaces over C. The
morphism f is said to be affinoid pro-étale if Z' = Spa(S,S™), Z = Spa(R, RT) are affinoid
and if Z/ = 1'£1ZZ— — Z can be written as cofiltrant projective limit of étale morphisms
Z; — Z, with Z; = Spa(S;, S;") affinoid. The morphism is said to be pro-étale if it is
affinoid pro-étale locally on source and target.

Let Z be an analytic adic space over C. The (small) pro-étale site of Z is the Grothendieck
topology on the category of f : Z' — Z pro-étale, with Z’ perfectoid over C, for which a
family of morphisms {f; : Z — Z',i € I} is a covering if each f; is pro-étale and if or
each quasi-compact open U C Z’, there exist a finite subset J C I and for each i € J a
quasi-compact open U; C Z!, such that U = U,e s f;(U;).

Let Z be a rigid space over C'. There is no morphism of sites Zpro6e — Zét, but there
is still a morphism (v, 1//_1) form the pro-étale topos of Z to the étale topos of Z.

Definition 3.2. — Let Z be a rigid space over C. We define the following pro-étale sheaves
on Z.

— The completed integral structure sheaf (5}' = @T (9}' /p" and its tilted analogue 0

lim O} /p.

+
A

6. There is such a morphism if one uses instead the old pro-étale site of [35] but the definition of the
pro-étale site we take is different.
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— The sheaf Ay = W((’S;b) One has a morphism of sheaves 0 : Ay ¢ — (5}', which

extends to 6 : Aj,¢[1/p] — @Z.

— The sheaf B} = lim, Aine[1/p]/(ker(9))*. Tt is endowed with a filtration defined by
Fil'BI; = ker(6)".

— Let t be a generator of FﬂlIB%:{R (such an element exists locally for the pro-étale topol-

ogy, is unique up to a unit and is not a zero divisor). Let Bgg = IB%:{R[l /t] and
Fil'Bar = 3y t=IFil" BT,

Definition 3.3. — Let Z be an adic space over C. Let I = [a,b] C]0,1[ be a compact
subinterval, with a,b € pQ. If a, 8 € Op» are such that |a| = a, |3| = b, one defines :

Ap=1lim (Ainella]/p.p/[B)/p" 5 Br=As[1/p].

n
Let :

B= lim B
I1C]o,1]

The pro-étale cohomology of these period sheaves can be simply described in the proper
case.

Proposition 3.4. — Let Z be a smooth proper rigid space over C. Let
M e {BIRv BdR; IBI) Ba Bl[l/t]v B[l/t]}v
and accordingly
M e {B(TR,BdR,B[,B,B[[l/t],B[l/t]}
One has a quasi-isomorphism
Rrét(Zv Q;D) ®Qp M ~ RFproét (Za M)
Moreover, the cohomology groups H: (Z,Qy) are finite dimensional Qy-vector spaces, for

all i > 0.

Proof. — As Z is proper, thus quasi-compact, it is enough to prove the statement when
M e {B(J{R, B;,B}. Using Lemma BH below, the statement for M = B is easily deduced from
the statement for By, for all compact subintervals I CJ]0,1[. The sheaf B; is obtained by
p-adically completing Aiu¢[[a]/p, p/[B]], for «, 8 as in Definition B3] and inverting p. So it
is enough to prove that for any x € O¢», 0 < |2| < 1, and any m > 0,

RUs(2, 2y [p") @z, Aint/([x]) = Rl proct (2, Aint/ (P, [2]))-

This is a corollary of the proof of [35, Th. 8.4]. The case M = By is also treated in [35]

Th. 8.4]. Finaly, the last statement is [37, Th. 3.1]. O
Lemma 3.5. — Let Z be a smooth proper rigid space over C. For any i > 0, one has
Ril'& B; =0,
I

when I runs among compact subintervals of |0, 1{, with extremities in pQ.

Proof. — We apply [35] Lem. 3.18], by taking as a basis the set of all affinoid perfectoid
spaces pro-étale over Z. Condition (ii) of loc. cit. follows by acyclicity of B; on affinoid
perfectoid spaces. Condition (i) comes from the fact that for any U € Z,,0¢ affinoid per-
fectoid, and any I C J, the morphism B;(U) — B;(U) is continuous morphism of Banach
spaces with dense image. O



DE RHAM COHOMOLOGY OVER THE FARGUES-FONTAINE CURVE 9

In general, if Z is a smooth quasi-compact space, these cohomology groups do not have
good finiteness properties. Two issues are to be overcome. The first one is classical : as
for de Rham cohomology, one needs to make everything overconverge. But this is still not
enough : for example, the “overconvergent pro-étale cohomology” of IB%;{R on the closed unit
disk over C' would be isomorphic to C(T)T, viewed as a B;{R-module via Fontaine’s map
0 : B;R — C. This B;{R-module has torsion and is not of finite type ! Bhatt, Morrow and
Scholze [8] understood how to modify these period sheaves to remedy this problem, using
a simple but magical operation discovered by Deligne and already used by Berthelot and
Ogus. We will briefly recall its definition and some of its properties.

Let A be a ring and f € A, which is not a zero divisor.

Definition 3.6. — If K* is a complex of A-modules such that K is f-torsion torsion free
for all 7, one defines a new complex nyK*® by

(nyK®)Y ={z € fPKI dv € fITTKITY.

The functor 7y sends quasi-isomorphisms to quasi-isomorphisms ; its extension to the
derived category is called L.

The functor Lns kills f-torsion in cohomology. It of course does nothing when f is
invertible in A.

The action of the décalage functor on some Koszul complexes is simple to describe. This is
actually an important point, as many proofs rely on a local study where pro-étale cohomology
groups can be written as Koszul complexes.

Definition 3.7. — Let M be an abelian group and hq,...,hg be commuting endomor-
phisms of M. Let Kps(h1, ..., hq) be the Koszul complex :

M%@M% @ M- — @ M — ...

1<i<d 1<iy <iz<d 1<iy < <ip <d
where the differential on M in position i; < -+ < i to M in position j1 < ..., < jrt1 18
non zero only if {i1,...,ix} C {j1,...,jk+1} and equals (—1)""1h,, in this case, m being

the unique index between 1 and k + 1 such that j,, ¢ {i1,..., i}

Proposition 3.8. — Let A be aring, g1,...,9n € A and f € A which are not zero divisors.
Let M*® be a complex of f-torsion-free A-modules.
(i) If f divides all the g;,

0 (M® @4 Kalgy, .- gn) =nyM° @4 Kalgi/f,--., gn/ f)-
(ii) If there exists ¢ such that g; divides f, ny(M® @4 Ka(g1,...,9n)) is acyclic.
Proof. — See |8, Lem. 7.9]. O
One can actually define décalage functors in greater generality.

Definition 3.9. — Let 0 : Z — N be a non decreasing function. If K*® is a complex of
f-torsion free A-modules, let ns  K® be the complex defined by

(né,fK.)i — {.T c f&(z)Kz,dl_ c f&(iJrl)KiJrl}-

The functor ns,; preserves quasi-isomorphisms ([7, Prop. 8.19]) and extends to a functor
Lns, s on the derived category of A-modules.

Another useful fact is the following

7. Here one uses the fact that any complex of A-modules is quasi-isomorphic to a complex of f-torsion
free A-modules.
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Lemma 3.10. — Let A be a ring, f € A a non zero divisor, and K*® a bounded complex of
A-modules, such that K7 is f-torsion free for all j. Let, for i > 0, §; be the function defined
by
3:(j) = max(0, 5 — ).
Note that K§ . =nsK*® and that K§, , = K*® for any i big enough. Then one has, for all
i >0, a triangle in D(A)
K3 ;—> K3 s — r2 KR f)

i

These definitions and results extend to a more general framework (|8 §6.1]) : if (T, Or)
is a ringed topos, f € Or generates an invertible ideal and K*® is a complex of Opr-modules
without f-torsion, one can define s K*®, for any non decreasing §, as before and one can
show that s extends to the derived category D(Or) of Op-modules.

In particular, let Z be a rigid space over C and M and M be as in Proposition [3.4]
Specializing to the case where T is the topos of étale sheaves of M-modules on Z, O = M
and f = t, one obtains a complex Ln,Rv.M in the derived category of étale sheaves of
M-modules on Z.

Proposition 3.11. — For any smooth affinoid rigid space Z over C, and
M € {B}:,Bar, B, Br[1/t]},

the natural map
Lt RT proet (Z, M) — RU¢(Z, Ly RV, M)

s a quasi-isomorphism.

Proof. — The statement is of course empty when M € {Bqgr,B[1/t]}, as ¢ in invertible and
the complexes are bounded. We can thus assume that M € {B:{R,IB% 1}, I being such that
the annulus of radius I contains at least one zero of ¢, in which case M/t is isomorphic to
a finite number of copies of 0. Using Lemma 310, applied both to L1 RT proct(Z, M) and
Ln:Rv.M, we see that it is enough to show that for all ¢ > 0 :

H},(2,7'RV,0) ~ H}, . (2,0)

if j >4 and that
HI(Z,7%'Rv.0) = 0
if j < i (we used the fact that M/t is a finite product of copies of (5) To do so, we use the
spectral sequence
HI %2, H* (%' RV.O)) = H.,(Z,7%'Rv.0)
and Scholze’s computation (|37, Prop. 3.23] :

0 itk <i

H*(r2'Ru,0) = A
(r=" R, 0) {Hk(Ry;O)Qk if k> .

Similarly, we have a spectral sequence

L HZ,08 = H,,,(2,0).

proét

The differences between the abutments of these two spectral sequences could thus a priori
come from the terms H’~%(Z,QF), for k < i. But then as j > i we have j —k > 0 and Z
being affinoid, these terms are zero. o

Proposition 3.12. — Let 3 be a semi-stable quasi-compact formal scheme over O¢, with
generic fiber Z, and (vi,v™') be the morphism from the pro-étale topos of Z to the étale
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topos of 3. Let I be a compact interval contained in |p~*,1[ and A; be the sheaf defined in
Definition[T3. The natural map

(Rfét (3, LU#RV*Ainf>®AmfA]) [l/p] — RFét(Z, Ln#RViIB[) ~ RFét(Z, LT]tRI/iIB[)

is an isomorphism (the last isomorphism comes from the fact that t and p are equal up to a
unit in Ay), the completed tensor product on the left being for the p-adic topology.

Proof. — One can reduce to the case where 3 = Spf(R), with R small as in [10] : there
exists an étale map

O: Spf(R) — Spt(Oc(To, ..., T, TEY, ... TN ) (To ... Ty — p%)),

for some d > 0, some 0 < r < d and some ¢ € Q>g. Let R, be the completed tensor
product of R with

L VLG N e S [ (e )

5.

Oc(Ty/?™ ..., TP TEP™

over Oc(To, ..., TT,Till, TEN/(Ty ... T — p?). As O is étale, one can lift R to a (p, p1)-

adically complete Ajn¢-algebra Aine(R) formally étale over
Amt(Xoy o, Xo, X5 XN /(X0 - X — [(0M77)9)).

Let A7 (R) = Aine(R)®4
cohomology groups by continuous cohomology groups. Then there are two steps :

weAr. As W(mb) is invertible on both sides, we can replace pro-étale
Step 1. One can decompose Aj,¢(Z) = Ainf(Rio) as
At (R%) = Ain¢(R) ® Neo,
where Noo = Ajne(R%,)"°", One has
AI(RI;O)nonint — Noo®AmfAI7
the completion being p-adic. Assume that for all 7,

Ag.

inf

Héont(zga NOO®AianI) = Héont(zga NOO)®A

As we know that p kills Hf . (Z%, No) (|8] in the smooth case, [10, Prop. 3.25] in the

semi-stable case), u kills the right hand side and thus also the left hand side. To prove the
above isomorphism, one proceeds as in [10] :

Lemma 3.13. — Let A be a ring endowed with the f-adic topology for some f € A, A’
an A-module complete for the f-adic topology. Consider the following condition (x) on an
A-module L : we require that for each j,n the map

Tor!(L, A’/ f') — Tor(L, A’/ f™)

vanishes for some n’ > n. Then if K* is a bounded complex of A-modules, if each K* and
HY(K*®) satisfy (%), then for every i,

Hi(Ko®AA/) — Hi(K.)(g)AA/,
where the completion is f-adic.

Proof. — See [10, Lem. 3.30]. O

8. Let A be the morphism from the étale site of Z to the étale site of 3. The map of the proposition is
induced by the map

Lmyu Rus Ay = LnuR)\*RuiAinf — R)\*Ln#RuiAinf — R« LnuRu;AI.
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One can then redo the proof of [10, §3.28|, working with the ring A; instead of the
ring A" used in loc. cit.. Indeed, the only properties of A™) used in [10] to make the

cris cris

argument work is that the system of ideals (p”AE:;S))nzo and ({r € Ag?s), ux € P"Ag?s)})nzo
are intertwined, to get the key statement (3.26.3) (used to check Point (iii) of their Lemma
3.30). Here the same is true for A7 : indeed p¥/u is in A; for k big enough, so the two

topologies are the same.

Step 2. It thus only remains to show that the map
Lnuchont(Zg; Ainf(R>>®A AI — LnuRFcont(Zza AI (R))

inf

is an isomorphism, but this is easy since we know that both sides identify with ¢-de Rham
complexes. O

Remark 3.14. — Let 3 = Spf(R), with R small. If I is as in the proposition, we have that
RFét (Z, LT]tRI/iIB[> ~ Q%](R)/B] .

As ¢(t) = pt, the Frobenius induces an isomorphism between ¢*RI'(Z, Ln:Rv,B;) and
RI(Z, LRy, B, (1)) and so one deduces from the above proof that for any compact interval
IClo,1],

R (Z, Ly, RV, By) ~ Q%I(R)/BI.

4. Motives attached to period sheaves

The next proposition is the key ingredient for the main result of this section, Proposition

Proposition 4.1. — Let Z = Spa(R, R°) be a smooth affinoid rigid space over C, with an
étale map

0: 7 — T4 =Spa(C(TF, ..., T, Oc(TEY, ... TEY)
which factorizes as a composite of rational embeddings and finite étale maps. For alln > 1,
let D,, = Spa(Qp<p1/”T>) be the closed disk of radius p*/™. Let M, M be as in Proposition
[34 The projection maps Z x Dy, — Z induce an isomorphism :

RY&(Z, Ly, Rv. M) ~ hg RT«(Z x Dy, ¢, Ly RV, M).

Proof. — Everything being quasi-compact, it suffices to prove the statement when M €
{B;,B,B_jx}. The choice of the chart O determines a perfectoid pro-étale algebra R — R,
i.e. a pro-étale perfectoid cover Z,, = Spa(Ruo, RS,) — Z. The pro-étale cohomology of M
can be computed as the cohomology of the Koszul complex

KM(ZOO) = KM(ZOO)('Yl - 1, N 7 1),
Y1,-..,7q4 being generators of Zg.
We will start by proving the following result.
Lemma 4.2. — Let M € {B;,B1;/t"} (r >1). One has:
RU4(Z x D¢, Ly RV, M) =~ LUtKM(zx)é?QpQ.(D)a
the completed tensor product being a completed tensor product of complexes of Tate Q-

algebras.

Proof. — By PropositionB.11] we can first replace RT'¢,(Z xD¢, L Rv,M) by L, RT prost (Z %
D¢, M).

Let D = Spa(Q, (T'/?™)) be the perfectoid unit disk. The morphism D¢ — Dg is not
pro-étale, but it is quasi-pro-étale, that is pro-étale locally for the pro-étale topology, which
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will be enough. The cohomology of M on Z,, x¢ ]5(; is trivial. Hence we can compute the
pro-étale cohomology of M on Z x ¢ D¢ as the Cech cohomology of the covering

Zoo X f)c — Z x D.

Let ev be the evaluation map at 7" = 0. For all £k > 1, the fiber product k-times
f)(clf) = D¢ XDe *** XDg D¢ is affinoid perfectoid, with affinoid algebra (Ak,Ag), where
Ay, = A{[1/p] and A is the ring formed by the elements f € CO(Z’;_l,(’)(;(Tl/poo)) such
that evo f € CO(Z’;*,OC) is a constant function : for a proof of this assertion, see [29]
Lem. 2.3.28]. Therefore, @;b(ﬁgf) Xc Zg.f)) is the ring formed by functions f € C%(ZF~! x
ZI*=D RS T1/poo)) such that for any z € ZoF Y evo f(-z) € CO(Z’;*,R(()EW’JF) is
a constant function.

Thus the k-th term of the Cech complex we consider M(f)(c]f) X Zé’?) is the ring formed
by the elements

fect(zyt x Zg® D Mz (X))
@, with X = [T”°], such that for all z € Zg(kfl), ev' o f(-,z) € CO(Z];_I,M(ZSOC))) is a
constant function, ev’ being the evaluation at X = 0. One has an exact sequence :

0 — CO(ZE x 22D Ker(ev')) — MDY xo ZP) — (241 M(zE)) - o,

the second arrow being f +— ev’ o f.
Let’s look at the subcomplex of the Cech complex whose k-th term is given by

CO(ZEt x Z4+ Ker(ev')).

It is just the standard complex of continuous cochains for the group Zg“ acting on Ker(ev’)
; it is isomorphic to the Koszul complex Kgerev)(Y0 = 1,...,7a — 1). Let

Ker(ev')™ = XM(Z4)(X).
Then the Koszul complex of Ker(ev’) decomposes as the sum of

KKer(eV/)int (’}/Q — 1,’)/1 — 1, ey Yd — 1)

and of the completed direct sum

—

@aEN[l/p]\NKKer(eV/)im (’70[5]“ - 1, Y1 — 1, ey Yd — 1).

We can then argue exactly as in the proof of [8, Lem. 9.6] to prove that multiplication by
t on this completed direct sum is homotopic to zero (here we use the fact that ¢ and [¢] — 1
differ by a unit, by hypothesis on I), and therefore killed by L. Consequently, the only
remaining term is :

Ly Kger(evynt (o — Ly = 1,.. ;90 — 1) = Ly (KXM<X>(70 - 1)®MKN'41(ZOO)) :

where the completed tensor product makes sense as a completed tensor product of Q,-Tate
algebras. Note that 9 — 1 and multiplication by ¢ commute as endomorphisms of M (X)
and that the latter divides the former. We can thus copy the argument of [8, Lem. 7.9] to
get an isomorphism

~ ° - 1 ~ °
Ly (KXM<X)(’YO - DouK ) ~ Kxm(x) (70 ¢ > ®ML77tKM(Zoo)'

By |8 Lem. 12.3], this complex is also quasi-isomorphic to :

a\ . .
Kxarix) (Xd_X) Qum LKy 7y,

9. When M = BT

o B ()P = lim, (B (26)/00)(X/7),
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which identifies to the subcomplex
(X Qu(X) =5 Qu(X) - dX) g, LKz
of Q*(D)®q, Lk 4_)-
All in all, we get a quasi-isomorphism :
RU&(Z x Do, Lng RVM) =~ L Ky, 1©q,2° (D),
as wanted. (]

Now we prove Proposition ] using Lemma Let M =By or M = IB%:{R/tT, r>1.
Choose n > 1. The i-th term of the complex LntKM(Zoo)@QpQ'(Dn) is :

(Lnekiiz 80, 9°Dn) = (Enkz.) @, 0D0) )& ((InK ) 80,2 (D).
Any element x in it can thus be written as

> Dyp(x)T* + > Li(z)T*dT,

k>0 k>0

with Dy(z) € (LK, )" L(x) € (LK, y)'~" and p=*/"Dy(x), p~*/" Ly(a) — 0
when k& — +o00o. In particular, for any such x, the series

Lk (SC) Tk+1

>0 kE+1

converges to an element L(x) € (LntKI\./ﬂ(Zoo)@Qp Q*(D,,+1))?, and this defines a morphism L
of the complex LntKI\'/H(Zw)@Qp Q*(D,,) into LntKM(ZOO)@QpQ' (Dj41). Taking the inductive
limit over n we get a morphism of the complex

lim (LntKI;ﬂ(Zw)@QpQ.(Dn))
into itself, again denoted L. One easily checks the identity :
doL+ Lod=1d— Dy,
which proves that the map Dg is a homotopy inverse to the natural map
LKy ., — lim (LntKg,ﬂ(Zw)@prQ'(Dn)) .
This concludes the proof of Proposition 1] when M = B; or B(J{R /t". Let’s now treat the
case M = B.

Lemma 4.3. — The natural map

Ln:RV.B — R lim Ly, Rv.Br
o

is an isomorphism.
Proof. — We use Lemma [B.100 This reduces us to prove that the map
RV.B — R lim Ruv.B;
T

is an isomorphism, which follows from Lemma O

As derived projective limits commute with RI" and with derived completed tensor prod-
ucts, we have

lig RT&(Z x Dy, ¢, Ly RV, B) = hﬂ R]'&n RT«(Z x Dy, ¢, Ln: Rv.By)
n n I
= lim Rlim (LntKI;I(ZOC)@Q,,Q'(Dn)) ;

—> <_
n I
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the last equality by Lemma As the two limits involved are on different factors of the
completed tensor product, they commute and so :

lig RT,(Z x Dy, ¢, Ly Rv.B) = Rlim liy (LntKIgI(Zw@QPQ-(Dn))
n I n

= Rmi lim RTe(Z x Dy, o, Ly R, By),

again by applying Lemma Similarly,
R« (Z, Ln;RV.B) = R 1&1 RT&(Z, Ln; RV, By).
I

Therefore, Proposition [4.1] for Ml = B follows from Proposition [I] for M = B; that we just
proved.

The exact same argument works to deduce Proposition[Z1]for M = IB%[TR from Proposition
T for M = B, /t" (in this case the analog of Lemma 3| can also be deduced from [8, Lem.
6.20]). O

Let
M e {B(J{R,BdR,B],B,B[[l/t],B[l/t]}

(I C]0,1[ is a compact interval). We fix once and for all an injective resolution Z of the
pro-étale sheaf M viewed as an element of the pro-étale topos of the category RigMot.

Definition 4.4. — Let Fy be the complex of étale sheaves on the category of overconver-
gent affinoid spaces over C, such that for Z overconvergent affinoid, Fu, z corresponds to
the inverse system

: ! Te
hTH} UtV*IM,Zha

where ]gl Zy, is a presentation of the overconvergent structure Z on Z , through the equiva-
lence of Proposition 2.1

Proposition 4.5. — The complex of étale sheaves Fyy is DTC—local.
Proof. — Let @Dh be the standard overconvergent presentation of the dagger structure

DT on D by closed disks Dy, of radius p'/". Let Z be quasi-compact smooth rigid space
over C'. We need to check that for all ¢, the natural map

H'(Z, Finz) = H(Z x D&, Foy ot )

We can assume that Z is small and endowed with an overconvergent presentation @Zh.
We have to prove that the map

hﬂHi(Zh,LﬁtRl/;Mzh) — hgthz(Zh X Dh/,C7LntRV;MZh><Dh/,C)
h h h'

is an isomorphism. It suffices to prove it before taking the direct limit over h. But this is
precisely what Proposition {.1] tells us. O

Let Fi7°" be the motive of Fy viewed as a complex of presheaves. As the localization

4

over Sg; of the category of complex of presheaves on AffSm' is equivalent to the localization

over Sg; of the category of complex of presheaves on RigSm', Fiot can and will be seen as
an object in RigMot. Proposition [5limplies that for any smooth affinoid dagger variety Z,

(1) I{OInRigMotJf (Za ‘F&wt) = hA’l Rl—‘ét (Zh’ LUtRViM)a
h

for any presentation @Zh of the dagger structure Z on Z.
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Definition 4.6. — Let C € RigMot. We define, for M as before and 7 > 0,
RT(C,M)" := Hompg; pporr (REC, Fip®).

To simplify the notation, if Z € RigSm, RI'(Q,(Z),M)! will simply be denoted by
RT(Z,M).

Remark 4.7. — Any complex of presheaves on the category RigSnff defines a motive. But
if one doesn’t know that it is a complex of étale sheaves and that the étale hypercohomology
of the complex on DTC is trivial, it is hard to describe the functor represented by this motive
in terms of the original complex, as in (0l). In particular, it would be impossible to prove the
following proposition, which shows that the above definition is reasonable : it is an extension
to all smooth quasi-compact rigid spaces (and even to motives) of the usual cohomology of
the complex Ln;Rv.M on smooth proper varieties.

Proposition 4.8. — If Z is a smooth proper rigid variety over C,
RT(Z,M)" ~ RU(Z, Ln; Rv.M).
Proof. — Indeed, one has
RIU(Z,M)" = RHomgig\port (RC.Z, Far) = RHompgygniort (27, Fiun)

by Theorem (or rather its proof, which tells us that the motive R¢,Z is isomorphic to
the motive ZT, for any choice of a dagger structure Z! on Z). Hence we have to show that :

RHOInRigMotT (ZTv ‘FM) = Rl¢ (Za LT]tRViM)

To show this, note that as Z is proper, we can fin two finite affinoid coverings U = (U;);er
and V = (V;);er, such that for all s € I, U; € V;. We can assume that the covering U comes
from a covering U = (U;f)iej of ZT. We have a Cech spectral sequence

EPUU) = @ HE Uy, LnRV,M) = HEY(Z, L Ry, M),

[J|=p+1
and similarly for the covering V. For each i, we can choose a presentation @Ui,h of the
dagger structure UZ-T on U; such that U; , € V; for all h. We have maps of spectral sequences
EPYUL) = EVY(Upyr) — EVA(U) for all h, which induce isomorphisms on the abutments.
But

lim EY(Up) = Hompigyort (27, Fir™),

h

because by (),
lim EP4(U,) = @ HomRigMoﬂ(U},fI{EOt).
h |J|=p+1
Whence the desired isomorphism. O

5. Construction of the cohomology theory FF

In all this section, we will define the cohomology theory FF with values in D®(Coh ch)
(Definition [(.3)) and show that its cohomology groups are vector bundles when C' is the
completion of an algebraic closure of W (k)[1/p] (Theorem BIH). We fix once and for all a
smooth quasi-compact rigid space Z over K of dimension n.

Let us recall that the algebra B is a Fréchet-Stein algebra. A coherent sheaf on X is
thus the same thing as a family (M) of finite type By-modules, for any compact interval
I = [a,b] with rational ends and a < b/p, endowed with an isomorphism

©" M1 ®B, ;.1 Blab/p) = M1 ®B; Bab/p)s

10. As the notation may be confusing, let us recall and insist on the fact that K is not, unless explicitly
mentioned, assumed to be discretely valued ; for example, we can take K = C'.
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and such that there are isomorphisms My ®p,, By ~ M; whenever I C I ! satisfying the
obvious cocycle condition. To such a coherent sheaf (M;);, one associates the ¢-module
over B

T(My)r) = lim M.
I

This global sections functor induces an equivalence between the category of coherent sheaves
on Y» and its image, which is by definition the category of coadmissible w-modules over B.
This category is abelian and stable by extensions.

Proposition 5.1. — Let i > 0. The p-module H'(Zc,B)" over B is a coadmissible -
module over B.

Proof. — Set, for any compact interval I, M; = H(Z¢,B;)". We claim that the family
(Mj); defines a coherent sheaf on X and that :

HY(Zo,B) = lim M;.
I

To check that it defines a coherent sheaf, we can reduce to the case where Z is proper smooth,
by Theorem [Z5] as all the objects involved factor through the category of motives. Again,
we apply Lemma 3.0 and the fact that B/t is isomorphic to a finite number of copies of O
indexed by the zeroes of ¢ in the annulus of radius I. As (t) = pt and p is invertible, the
only non trivial thing to check is that the family (Ny);, with Ny = H}iroét (Zc,Br) defines a
coherent sheaf on X». This is a direct consequence of Proposition 84l (Another argument
for the finiteness of H;mét(Zc,IB), which does not rely on Faltings’ comparison result, is
given in [26] Th. 8.1] : this roughly amounts to do a “Cartan-Serre argument” directly for
B, in the spirit of the one of [35] for the constant sheaf Q,.)
Finally, by Lemma [£.3] we have a short exact sequence
0— Rly%n HYZo,B)! = H (Zo,B) — gl H (Zc,Br)T — 0.

But we have just seen that H*™'(Zc,By)f ®p, Br ~ H"Y(Zc,B;)! whenever I C T
Therefore the derived inverse limit on the left vanishes, and thus we indeed have

HY(Z¢,B)' = lim My,
T
as desired. O

Remark 5.2. — When Z has dimension 1, one can give another argument which does not
appeal to Theorem 2.5 One can assume Z to be affinoid. Then one can always write ([41])

Zo=27"\ <O Dk(Tk)> )
k=1

where Z’ is a smooth proper curve and the Dy (ry) are open disks of radius r (the circle of
same origin and radius as Dy(r) will be called Cf). Let for n big enough :

Zn = ZI \ (LTJ Dk(Tk — 1/7’L)> 5

k=1

We get from this incision-excision triangles

lim RT'z, (Z', Ly, Rv,B) — RT(Zc,B)! — @RI (Cy, B)

—)
n k=1
and
lim Rz, (Z', Lp:Rv.B) — RT(Z', Ly Rv.B) — @D RT(Dy(rx), L R B) RN

n k=1
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(see the proof of [29, Th. 2.8.28|). So to show that the cohomology groups of RI'(Z¢,B)t
are coadmissible, we are reduced to prove that the same is true for the cohomology groups
of RT'(Z', LnsRv.B), RT'(Dg(rk), Ln; Rv.B) and RT(Cy,B): for the first ones, we can argue
as in the proof of the proposition ; the second ones were already computed (in disguise) in
Proposition 1] (cf. also [29] Cor. 2.3.30]) ; for the last ones, see [29] Cor 2.3.29].

Definition 5.3. — Let FF(Z) € Db(Cohxcb) be the complex of coherent sheaves on X
corresponding to the complex of y-equivariant coadmissible modules RF(ZC,IB%)T over B
(we used the fact that on a noetherian scheme S, the bounded derived category of coherent
sheaves identifies with the full subcategory of the bounded derived category of Og-modules
formed by complexes whose cohomology sheaves are coherent, plus GAGA theorem for the
Fargues-Fontaine curve).
For any ¢ > 0, let
Hyy(Z) = H'(FF(Z)),

which is a coherent sheaf on X .

Remark 5.4. — For anyi > 0, the coherent sheaf H% (Z) is obviously G K—equivariant.
All the identifications made below will be compatible with the Gx-action, even if we will
not explicitely state it. This equivariant structure will be only used in section 6] when K is
discretely valued and Z proper and smooth.

Remark 5.5. — If one is just interested in defining individual cohomology groups instead
of a complex, one can define H% ~(Z) to be the coherent sheaf on X» corresponding to the
pair (H(Z¢,B.)", H(Zc,B}3)T). One of course has to check that the natural map

H'(Zc,B.)" @5, Bar — H'(Zc,Bar)'

is a quasi-isomorphism but as both sides factor through the category of motives RigMot,
using Theorem [Z.5] once again, it is enough to show that the above map is an isomorphism
for Z proper and smooth. This is a direct consequence of Proposition 3.4

The next proposition will show that this gives the same groups, and it is this description
that we will need to prove that we always get vector bundles when C' is the completion of
an algebraic closure of W (k)[1/p].

Proposition 5.6. — The natural map
RT(Zc,B)! ®@p Bi ~ RT(Zc,BiR)T
18 a quasi-isomorphism.
Proof. — This is proved exactly as in the proof of Proposition .11 O

Remark 5.7. — This implies in particular, by Proposition .1l that HZ'(ZC,IB%:{R)Jf is a
B(;FR—module of finite type. This can be seen directly, as follows : by Theorem 2.5 it suffices
to treat the case where Z is smooth and proper, in which case we can invoke [8, Th. 13.8].
Proposition £.10 below gives another argument, when C' is the completion of an algebraic
closure of W (k).

Lemma 5.8. — Assume that C is the completion of an algebraic closure of W (k)[1/p], and
let F be a finite extension of W (k)[1/p]. Let C be a compact rigid motive over F. One has
for all i an isomorphism

H'(Co,Bip)" ~ Hin(C/F)' ©r By,
where Hip (C/F)1 is the overconvergent de Rham cohomology of C, as defined in [43].

11. Any element of Aut(C) acts on X, ; in particular G acts.
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Proof. — Let us show that for any compact motive C defined over F', one has a quasi-
isomorphism :

RI(Co,BIR)" ~ RT4r(C/F)' @F Bjg.

It suffices to construct explicit complexes computing both sides and a quasi-isomorphism
between them, for any smooth affinoid rigid space T' = Spa(R, R°) over F, functorially in
R (they will then glue). For this, let (T3), be a presentation of a dagger structure on T
Recall that Elkik’s theorem ([I8]) gives for any h an equivalence

Wm Ty o ¢o = Th,c st
F'|F

where F’ runs among the finite extensions of F. If F is a vector bundle on T}, and F’ a
finite extension of F, F& FB(;"R is a sheaf of (’)TTh F/—modules7 as B;‘R is a F-algebra. In other

words, F® FBCTR defines an object of the left hand side of the above equivalence, and can
thus be seen as an étale sheaf on T}, ¢, to which we’ll give the same name. One shows using
Poincaré’s lemma that for any h, the natural map

+ + .
Bir.7, = OBir. 1, ®0r, 7,
induces an isomorphism
/' TR+ ~ 5 + 1 5 -1 p+ . n s —n R+
RV*BdR,T’I ~ Op, ®rBig — QTh®Ft Big — — QTh®Ft B,

where n = dim T}, and the differential of the complex on the right hand side is just the usual
differential of the de Rham complex (the terms of the complex on the right being seen as
étale sheaves on Ty, ). Applying Ln, on both sides, we get a quasi-isomorphism :

LntRV;BjR,Th ~ O, @rBj;.

For the details, see [29] Prop. 2.3.16, Rem. 2.3.18]. Then apply RT'(T},c,-) and take the
direct limit over h. We get

lim RT(Th,c, LipRv/Bg 7,) ~ lim R (Ty, QF, ©rBg) = lim (Q*(Th)@r Byg)
h h

(the last equality by quasi-compacity). Thus the specific complex on the right com-
putes the left hand side, which is isomorphic to RF(TC,IB%CJ{R)T. The inductive systems
(Q'(Th)é@FBérR)h and (QTv'(Th)é@FB;rR)h are coinitial. Hence we can replace in the induc-
tive limit the de Rham complexes by overconvergent de Rham complexes, i.e. we get a
quasi-isomorphism :

RT(Tc,Bip)' = lim (Q"*(Th) 2 r Byg)-
h
The natural map, for all h :
QM (Th) ®F Big — Q" (Th)&rBix
is a quasi-isomorphism. Indeed, by [24, Lem. 4.7] and Lemma [5.9 below, we have for all k&
H" (" (Th)&r Big) = Hin(Th)' @ r By

and we can get rid of the completed tensor product, as we know that HAg (T, /F)' is a finite
dimensional F-vector space for all A (J43] Cor. 5.21]). So, we obtain a quasi-isomorphism :

lim Q°(Th) @r Bl = lim (2 (T1)orBly).
h h

We then take the inverse limit of these isomorphisms over all possible choices of dagger
structures on T to make everything functorial in R. . O

The following lemma was used in the proof.
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Lemma 5.9. — Let K*® be a strict complex of Qp-Fréchet spaces, let W be a Qp-Banach
space. Then one has for all k

HMK*®&q,W) = H"(K*)&q,W.

Proposition 5.10. — Assume that C is the completion of an algebraic closure of
W (k)[1/p]. Leti>0. The Biz-module H (Zc,Bjz)" is finite free.

Proof. — Tt is a direct consequence of Proposition[2Z.0] the last lemma and [43], Cor 5.21]. O

Remark 5.11. — If we don’t make any assumption of C, it is still true that there exists
a smooth affinoid rigid space S = Spa(A, A°) over W (k)[1/p], with a map A — C, such
that the motive Q,(Z¢) descends to a motive over S. If C is a rigid motive over S, Vezzani
defined in [43] the overconvergent relative de Rham cohomology H (C/S)T of C over S. If
we knew that these groups were A-modules of finite type when C is quasi-compact (i.e. if we
had a relative version of the finiteness theorem for overconvergent de Rham cohomology),
we could prove as before that one has an isomorphism :

H'(Co,Big)" = Hip(C/S)' @4 B

for any quasi-compact motive C over S. As relative de Rham cohomology groups, the
groups HA, (C/S)" are endowed with an integrable connection, the Gauss-Manin connection
(as defined in [25]). But any coherent sheaf with an integrable connection on a space over
a characteristic 0 field is automatically locally free, so this would give the result in this case
too.

Remark 5.12. — Lemma and the motivic definition of the overconvergent de Rham
cohomology have another interesting application, unrelated to the rest of this paper. Let G
be a locally profinite group acting continuously (in the sense of [36] Def. 2.1, Lem. 2.2]) on
a smooth Stein variety Z, of dimension d. Then the action of G on HéR7C(Z) is smooth, for
any i > 0. Indeed let (U;) be a Stein cover (that is, an increasing covering by affinoid U;
such that the transition maps O(Uj41) — O(U;) are compact with dense image for all j) of
Z. Let v € Hig (Z). As

HéR,c(Z) = hﬂ HéR,c(Uj)Ta
J

there exists j such that v € H3R7C(Uj)T. One can find a compact open subgroup H of G
stabilizing U;. It is thus enough to show that the action of H on lT{éR(:(U]<)Jf is smooth. As
this space is finite dimensional, this amounts to say that the action of H factors through
a finite quotient and this can be checked on the dual, which, by Poincaré duality (|24]),
identifies with Hgfl{i(Uj) . But if g € H is close enough to the identity, the morphism it
induces on U; is homotopic to the identity by Lemma 2.8 thus equal to the identity on
the associated motive. As Hgl‘%_i(Uj) depends only on the motive attached to Uj, g acts
trivially on it.

This argument also applies to ¢-adic cohomology with compact supports (¢ # p), where
the result was already proved by Berkovich [5 §7]. The smoothness of the action on de Rham
cohomology with compact supports was already checked by hand in [16], in the particular
case where G = GL2(Q,) and Z is a Drinfeld covering of the non-archimedean half plane.

Corollary 5.18. — Assume that C is the completion of an algebraic closure of W (k)[1/p].
Leti > 0. The B;‘R-module H(Zc,B) ®@p B;‘R is finite free.

Proof. — Combine Propositions and [5.10] O

Proposition 5.14. — Assume that C is the completion of the algebraic closure of
W (k)[1/p]. Leti > 0. The B.-module H*(X o \{oo}, H-=(Z)) is a finite free B.-module.
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Proof. — By Proposition [Z0] there exists a finite extension F' of W (k)[1/p] such that the
motive of Z is defined over F. As B, is principal, to check that H°(X e \{oco}, Hx£(Z)) is
finite free over B, amounts to say that it is torsion free, as we already know that it is of finite
type. But if H}_-]_-(Z)‘ch\{
of Xev\{o0}, stable by Gr and such a set is necessarily empty, by [23, Prop. 10.1.1]. O

o) had a torsion part, its support would be a finite set of points

Theorem 5.15. — Assume that C is the completion of the algebraic closure of W(k)[1/p].
Let i > 0. The sheaf H:7(Z) is a vector bundle on X¢». It vanishes for i <0 and i > 2n.

L —

Proof. — Indeed, Corollary I3l tells that H% »(Z) is a finite free B;{R-module and Propo-
sition 514 that H?(X s \{oo}, H-£(Z)) is a finite free B.-module.

The last sentence is a direct corollary of the corresponding assertion for overconvergent
de Rham cohomology. O

Remark 5.16. — Assume that C is the completion of an algebraic closure of W (k)[1/p].
Let ¢ > 0. Then for any smooth quasi-compact rigid space Z defined over K, one gets an

isocrystal HY_.(Z). Indeed, let £ be the functor associating to an isocrystal D the vector

1s0C
bundle £(D) on Xc» whose geometric realization is given by Y X, D ; let gr be the
functor with values in the category of Q-graded vector bundles on X, sending a vector
bundle £ on X to the direct sum of the graded parts of the grading given by its Harder-
Narasimhan filtration. The composite functor gr o £ induces an equivalence between the
category ¢ — Monp and the category of Q-graded vector bundles on X such that for each
A € Q, the A-graded part is semi-stable of slope A ([I, Lem. 3.6]). Applying this to the direct
sum of the graded parts of H%(Z), with the grading induced by its Harder-Narasimhan
filtration, we obtain the isocrystal H. .(Z).

If one moreover assumes that Z¢- has a proper smooth formal model 3 over Oc¢, Hiisoc(Z )
is the isocrystal underlying HZ (38), for all 4 > 0, with 35 = 3 X0, k, as we will see in
the next section.

Unfortunately a quasi-inverse of the above equivalence is not necessarily exact, so we
don’t get a well-behaved cohomology with values in the category of isocrystals that way.
Such a theory exists so far only at the level of formal schemes (in accordance with Scholze’s

cohomological picture, [38], §8]).

Remark 5.17. — Let K be a discretely valued extension of Q,, with perfect residue field
and i > 0. Let Z be a smooth quasi-compact rigid space over K. By Proposition .14, if we
set
Hioo (2):= |J (HX\{oc}, Hr5(2)) @p, Bs)?x'.
[K":K]<oo
this defines a (¢, N, Gi)-module over W (k)[1/p], such that if Z has a proper semi-stable
formal model 3,

Hiisoc,—i-(Z) = le;:)grig(SS) B Ko W(k)[l/p],
for all ¢ > 0, by the classical comparison theorems in p-adic Hodge theory.
The isocrystal underlying H? (Z) is HL,.(Z). The recipe of Remark does not

isoc,+ isoc
allow to recover H{ . (Z) with its additional structures, but it has the advantage that it

does not use the Galois action and thus works over any C' as in the corollary.

6. Relation with other cohomology theories

In this section, we give proofs of the assertions of Remarks [Tl and [L2 and discuss
briefly the relation of the décalage functor L, with the pro-étale cohomology of Q, and

12. We are implicitly using here the fact that the categories of isocrystals over F_p and k are the same.
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syntomic cohomology on rigid spaces.

Proof of Remark[I1l Let K be a discretely valued extension of Q, with perfect residue
field k and V be a p-adic representation of Gx, which is semi-stable. Let
Dst(V) = (V ®Qp Bst)gk-

This a (@, N)-module over K. To such a (¢, N)-module D, Fargues and Fontaine |23, Ch.
10] attach a Gx-equivariant vector bundle £(D) on X corresponding to the Gx-equivariant
B-pair

((D XK, BSt)[P:LN:O’ D @Ko BchrR)

(K is the maximal unramified extension of W (x)[1/p] contained in K). If V is only assumed
to be de Rham, there exists by Berger’s theorem a finite Galois extension L of K such that

WgL is semi-stable : it gives rise to a Gr-equivariant vector bundle on X+ with a descent

datum from L to K (|23} Def. 10.6.3]), that is to a Gx-equivariant vector bundle on X
(23, Prop 10.6.4]). This vector bundle corresponds to the Gx-equivariant B-pair :
(Dpst(V) @w iy /) Bst) ™", Dpst(V) @wry1/p) Big):

where

Dpst(V) = U Dst(vlgkl)'
[K":K]<oo

Let Z be a proper smooth rigid space defined over K, and i > 0. We know by [35] that
o

4 (Zc,Qp) is a de Rham representation.

Proposition 6.1. — The Gk -equivariant vector bundle on X¢» attached to H (Zc,Q,)
by the above recipe is isomorphic to the G -equivariant vector bundle Hy »(Z).

Proof. — We will check that H%-(Z) corresponds to the same Gx-equivariant B-pair. By
Proposition [£.8] we have

RI(Zc,B)' = RU«(Zc,, L RV.B).

After inverting ¢, this is just

RTyroct (Zo,B[1/t]) = Rl'¢t(Zc, Qp) ®q, B[1/t].
Around oo, it’s given by Rl'«(Zc, Ly Rv.Blg). Using 5.8 or 8, Ch. 13|,

H'(RT&(Zc, Ly RV.BR)) = Hig(Z) ®k Bjg-
In other words, H;-}-(Z) corresponds to the B-pair

(Hé(Zo, Qp) ®q, Be, Hir(Z) @k Big)-
The comparison theorem gives an isomorphism
H{(Zc, Qp) ®q, Bse = Dpst(Hiy(Zo, Qp)) @w i /p) Bst

compatible with ¢, N and the Gx-action on both sides. Taking ¢ = 1, N = 0 shows that
the two B.-modules with Gg-action considered are the same. It is also true for the two
B;R—modules, since

Hir(Z) ®k Blg = Dpst(Hi(Zc, Qp)) @w ()(1/p) Big-
O

Remark 6.2. — When Z has a proper semi-stable formal model 3 over Ok, the (¢, N)-
module Dy (HY,
Hllogrig(as)'

Proof of Remark[l.2. We start with a

(Zc,Qp)) is isomorphic to the Hyodo-Kato (or log-rigid) cohomology
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Conjecture 6.3. — Let 3 be a smooth quasi-compact formal scheme over Oc. Let Z be
its rigid genmeric fiber and 3s = 3 X k its special fiber. Then for all i > 0,

Hiyp(Z) = E(Hjiy(35)).

Remarks 6.4. — a) One can also formulate a similar conjecture in the semi-stable case,
using log-rigid cohomology.

b) If true, this conjecture allows to give an alternative definition of rigid cohomology for
smooth varieties over k, inspired by Vezzani [44]. Let W be a smooth scheme over k. Fix
a section k& — Ogv of the canonical projection. Let 2°[03)] be the analytification of the
base change of W to C” and denote by Z the rigid motive over C' attached to Z” by the
equivalence of [42] between rigid motives over C' and C®. The for all i > 0, the isocrystals
HE (W) and H  (Z) (defined in Remark [(5.I6) are isomorphic.

rig isoc

We now prove Conjecture [6.3] in the proper case, in which case rigid cohomology is just
crystalline cohomology. It is an easy consequence of the results of |8 Ch. 12, 13].

Proposition 6.5. — Let 3 be a smooth proper formal scheme over O¢. Let Z be its rigid
generic fiber and 3s = 3 X k its special fiber. Then for all i > 0,

H.ZF}-(Z) = E(Hérys(BS))

Proof. — Let i > 0 and I be a compact interval contained in |p~!,1[. By Proposition ES]
we know that

HY(Z,Br)" = H.(Z, Ly RV.By).
Applying Proposition B.12 we get :

HY(Z,B;)" ~ H.(Z, Ln,RviAint) @, Br

inf

(the cohomology groups on the right are finitely presented Aj,s-modules). Our choice of T
allows to rewrite the right hand side as :

Hi(Z, Ly RviAing) @ a,, Br = (H}(Z, LnuRusAing) @4, By ®pt,, Br-

inf inf

Now [8, Th. 12.1], combined with [8 Prop. 13.9], tells us that
H(Z, Ly RvAing) @ A Bhye ~ Hi oo (36) @w o1 /p) Beeys-
Hence we have an isomorphism :
Hl(Za BI)T = Hérys(ss) ®W(k)[1/p] BI'

This isomorphism holds for any compact interval I C]p~!, 1] and is compatible with Frobe-
nius structures in the obvious sense (see the beginning of Paragraph[]). It therefore implies
the isomorphism of the proposition. O

Remark 6.6. — Using PropositionBI2and the results of Cesnavicius- Koshikawa (namely,
[10L Th. 5.4] and [10, Prop. 9.2]), one can extend the above proof to the semi-stable case.

Geometric syntomic cohomology : étale-syntomic comparison theorem. The reader is
referred to [29] §2.8] for some results regarding the relation between syntomic cohomology
and the décalage functor Ln;. In this paragraph, we simply explain how to give a short
proof of the étale-syntomic comparison theorem in the proper good reduction case, which
is essentially a reformulation of the proof of Colmez-Niziol [15] in the language of Bhatt-
Morrow-Scholze [8]. We start with an easy generalization of Lemma

13. Beware that Z” is not the tilt of anything. It is just a notation.
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Lemma 6.7. — We keep the notations of Lemmal310. Forr >0, let &, = r+9,. For any
r >0, one has a distinguished triangle

e, fK® — npK® — (nK*/Fil") 25 |
the filtration being the tensor product of the filtration béte by the f-adic filtration.

Er

r

We will apply the lemma to the complex Rv.B, and f = ¢. Assume that K is a com-
plete discretely valued extension of Q, with perfect residue field. Let 3 be a smooth
proper formal scheme over Ok, with rigid generic fiber Z, and 0 < ¢ < r. The p-module
H(Zc, Ln., +RV.1"B) over B gives rise to a sheaf on X» and we denote by £%(Z,r) its
twist by OXCb (r). We claim that its global sections are isomorphic to the geometric syn-
tomic cohomology group H{ (30 ,7)[1/p]. Indeed, Lemma gives a long exact sequence
of sheaves on the Fargues-Fontaine curve :

=i H' T (Zo, L RV, B, JFIIT) — E(Z,1) = Hy2(Z) @ Ox_, (r)
— oo H' (Za, L RV, B JFil") — ...
By Proposition 6.5 we know that
Hir(Z) @0y, O, (r) = £(Hi(3:) 90 Ox,, (1)
This vector bundle has positive slopes, since the isocrystal H! . (35) has slopes between
0 and ¢ (11, Th. 3.1.2]) and ¢ < r. Hence H% - (Z) ®ox,, Ox_, (r) and Hyz(Z) ®ox,,

@ X (r) have no H' on the curve and the same is obviously true for the skyscraper sheaves
showing up in the exact sequence. From this we deduce an exact sequence :

(H!Z1(35) @ B)?™P — H'"Y(Zc, Ly RV, Bl JFi7) — E4(Z,7)

cris

— (H!

cris

(35) ® B)*~*" — H'(Zc, L, RV, B, /Fil").
It remains to compute the cohomology groups of LmRv/BI;/Fil". We deduce from
Poincaré’s lemma (see the proof of Lemma [5.8) that :

L RV,Bl; ~ Q% @k Big.
As Z is proper, this gives, for all j > 0 :
HI(Zc, Ly RV, B JFil") = (H)R(Z) @k Blg)/Fil".
This proves the claim, because of the description of geometric syntomic cohomology in terms
of crystalline and de Rham cohomologies, [32] 3.2].
But now we can reprove the étale-syntomic comparison theorem for free : indeed, one has

a map
Ln.. +Rv.B — RV/t"B

14. Recall that the slopes of the vector bundle are the opposites of the slopes of the isocrystal.
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which obviously induces an isomorphism between the truncations 7="Ln., ;Rv.t"B and
7<"RV.t"B, by choice of the function e,. But we know (Proposition [3.4) that for all 7,

(Zc,t'B) = HL (Zc, Qp(r)) ®q, t" B,
so for i < r, the sheaf £/(Z,r) will just be the sheaf H} (Zc,Qp(r)) ®q, Ox,,. Taking
global sections, we get that the above map induces an isomorphism

Hiy (300 7)[1/p] = Hi(Ze, Qp(r),

for every ¢ < r. That this isomorphism is the same as the one induced by the Fontaine-
Messing period map can probably be done as in [15] §4.7] (the author did not check this).

Hj

proét

Relation with the pro-étale cohomology of Qp. Assume that C is the completion of an
algebraic closure of W (k)[1/p]. Let Z be a Stein rigid space over K. Choose a Stein covering
(Zk)r of Z (see Remark (5.12).

One has an exact sequence of pro-étale sheaves on Z¢ :

0— Qp — B[1/t]*=" = Bar/Blz — 0.

Assume (for simplicity) that dim Z = 1. The cohomology of the pro-étale sheaf Bgr /IB%;FR
can be analyzed via the Poincaré lemma : this was done in [29] Rem. 2.3.21]. One
finds that Hgme’t(ZC’BdR/B:{R) is an extension of (O(Z¢)/C)(—1) by Bar/Bjg. that
HY . (Zc,Bar/Bly) = Hig(Z)kBar/t ' By and that H! . (Zc,Bar/Bfy) = 0 for
1> 1.

One gets a short exact sequence :

0= (O(Zc)/C)(=1) = H}, 4 (Zc, Qp) =

proe

Ker (H; (Ze,B[1/1]7=Y) — H(}R(Z)®KBdR/lejR) - 0.

roet

Let k>0 and £ = H:x(Zx) ® O(1). The exact sequence, for any k,

0 H' (X, &) = HO (X o\ {00}, E) = Eso[1/1]/Ene — 0
tells us that

Rer (H;rOe't(Zc,B[l/t]“”d) - HC}R(Zk)@KBdR/leJR)

is isomorphic to
H°(Xev, Hrp(Zy) @ O(1)) = (H' (Zi,c, B)')#~P.
Taking the inverse limit over k, one gets an exact sequence :

(2) 0— (0(Zc)/C) (1) = H!, (Zc,Qp) — Hi(Zo, Ly RV, B)?=P — 0.

proet

We now turn to the relation with the results of [14]. Assume that K is a discretely valued
extension of Q,, with perfect residue field[(8] and that Z has a semi-stable formal model 3
over Og. If the semi-stable version of Conjecture [6.3 was known to be true, this could be
rewritten using log-rigid cohomology. Indeed, let (3%)x be an affine covering of 3 such that
(Zk)k is a Stein covering of Z. Then we would know that for all k and all i > 0, H%~(Zy,)
is the vector bundle attached to the (o, N)-module H{,;, (3%.5)". In particular,

HO(XCb’H}]:(Zk)(l)) = (Hliogrig(ak,‘,S)T ®KU B;)¢:p7N:O.

15. That a variant of such an exact sequence may be relevant to the study of the pro-étale cohomology of
Q, was suggested to the author by Gabriel Dospinescu and was used in [29] §2.3] to compute the pro-étale
cohomology of Q, on the affine space and the open disk.

16. One needs to write the Tate twists, which was not done in loc. cit., but is easy to do.

17. And using that the R! lim term vanishes, as it only involves H? which can be computed.

18. This assumption is probably unnecessary.
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As a Stein space is partially proper, one deduces easily that
Hg(Zo, LigRv.B)?~P = (Higgyiq (35) @k, By ) F 7PN °.
Injecting this into the exact sequence (2)), one would recover the exact sequence :

0= (0(Ze)/C)(=1) = Hpoes(Ze, Qp) = (Hiogrig(3s) @1y Bet) 7PV~ = 0,

proved in [14].

Even without being able to express the right term of the exact sequence (@) in terms
of log-rigid cohomology, one can still say interesting things in some cases. For example,
for Drinfeld’s coverings of the p-adic upper half-plane, Cerednik-Drinfeld uniformization
theorem and the Hochschild-Serre spectral sequence, combined with Remark [I.T] (applied to
Shimura curves), give a description of the right term of the exact sequence () in terms of
(classical) local Langlands and Jacquet-Langlands correspondences : this was done in [13],
§5] (their argument is formulated differently, but could be transposed to this setting).
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