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CONVERGENCE OF ENERGY MINIMIZERS OF A MEMS MODEL
IN THE REINFORCED LIMIT

PHILIPPE LAURENCOT, KATERINA NIK, AND CHRISTOPH WALKER

ABSTRACT. Energy minimizers to a MEMS model with an insulating layer are shown to
converge in its reinforced limit to the minimizer of the limiting model as the thickness of
the layer tends to zero. The proof relies on the identification of the I'-limit of the energy
in this limit.

1. INTRODUCTION

A microelectromechanical system (MEMS), such as an electrostatic actuator, consists
of an elastic plate, which is coated with a thin dielectric layer, clamped on its boundary,
and suspended above a rigid ground plate. The latter is also coated with a dielectric layer
but with positive thickness é > 0, see Figures 1.1 and 1.2. Applying a voltage differ-
ence between the two plates generates a Coulomb force accross the device and induces a
deformation of the elastic plate, thereby changing the geometry of the device and con-
verting electrostatic energy to mechanical energy through a balance between electrostatic
and mechanical forces [2,3,8,22]. Assuming that the physical state of the MEMS device
is fully described by the vertical deflection u of the elastic plate and the electrostatic
potential 1) inside the device, a mathematical model is derived in [17]. It characterizes
equilibrium configurations of the device as critical points of the total energy which is the
sum of the mechanical and electrostatic energies, with an additional constraint stemming
from the property that the elastic plate cannot penetrate the layer covering the ground
plate. Specifically, ignoring variations in the transverse horizontal direction, we consider a
two-dimensional MEMS in which the rigid ground plate and the undeflected elastic plate
have the same one-dimensional shape D := (—L,L) with L > 0. The ground plate is
located at height z = —H — §, where H > 0, and is coated with a dielectric layer

Ry =D x (—H — 6,—H)

of positive thickness 4. The vertical deflection u of the elastic plate from its rest position
at z = 0 is a function from D to [-H,oc0) with u(+L) = 0, so that the elastic plate is
described by the graph {(z,u(z)) : « € D} of the function u. Observe that the required
lower bound u > — H on u is due to the assumption that the elastic plate cannot penetrate
the dielectric layer Rs, while the boundary conditions u(+L) = 0 reflect the fact that the
elastic plate is clamped on its boundary. We then define

Qu) :={(z,2) e DxR : —H < z < u(z)}
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FIGURE 1.2. Geometry of s(u) for a state u with non-empty coincidence set
C(u).

as the free space between the elastic plate and the top of the dielectric layer and denote
the interface separating the free space and the dielectric layer by

Y(w):={(z,—H) : z€ D, u(z) > —-H}.
As for the electrostatic potential 1, it is defined in the full device
Qs(u) ={(z,2) e DxR: —H—-d<z<ux)} =RsUQ(u)UX(u).

It is worth mentioning at this point that the geometry of the full device Q5(u) has
different properties according to the minimal value of u. Indeed, the free space Q(u) is
connected and ¥(u) = D x {—H} when minpu > —H, while it is disconnected when
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minp u = —H, which corresponds to a touchdown of the elastic plate on the dielectric
layer Rs on the coincidence set
Clu):=={zxeD :ulx)=-H}, (1.1)

see Figures 1.1 and 1.2. In the model derived in [17], equilibrium configurations of the
above described MEMS device are critical points of the total energy given by

Es(u) :== Ep(u) + Ees(u) . (1.2)
In (1.2), By (u) is the mechanical energy

B2 2 T, a 2 2
Eun(u) 1= 510203,y + (5 + 100l ) 100l

with 8 >0, ¢ > 0, and 7 > 0, and includes bending and external stretching effects of the
elastic plate. The electrostatic energy is

1
Eos(u) = _5/9 ( )05|V¢u75|2d(:p,z),
s(u

with o5 denoting the permittivity of the device (see (2.1) below), and @) = 1,5 is the
electrostatic potential satisfying the transmission problem

div(osVipy,5) =0 in Q5(u), (1.3a)
[W)u,é]] = [[0562¢u,5]] =0 on E(u)7 (13b)
Yy =hys on 0Qs(u). (1.3¢)

Here, [[-] denotes the jump of a function across the interface ¥(u). The boundary values of
the electrostatic potential are prescribed by a function h,, s which satisfies the assumptions
listed below in (3.1). A specific example, when o does not depend on the vertical coordinate
z, is
1+o(z)(H + 2)
1+o(z)(H +u(z))’
1 z4+H+§
d1+o(x)(H+u(z))’
Since the elastic plate is clamped at the boundary and cannot penetrate the dielectric
layer Rs, the set of admissible deflections is

So:={u€ Hp(D) : u>—Hin D},

(v,2) € D x [-H, ),

hys(z,2) = (1.4)

(z,2) € Dx [-H —6,—H].

where
Hp(D) :={u € H*(D) : u(£L) = dyu(xL) =0} .

Equilibrium configurations of the MEMS device are then critical points u € Sy of the total
energy Fs. Their analysis involves the associated transmission problem (1.3) solved by the
electrostatic potential 1, s. A natural question is what happens when the thickness ¢ of
the dielectric layer tends to zero, in particular, whether the reduced model derived in this
limit retains the dielectric inhomogeneity of the device. When the dielectric permittivity
os of the device does not depend on d, the influence of the dielectric layer is lost in the
limit 6 — 0, and the reduced model is obtained simply by setting § = 0 in (1.2) and
(1.3), discarding the jump condition (1.3b) which is then meaningless. Building upon the
outcome of [1,5], it turns out that it is rather the reinforced limit, where the dielectric
permittivity scales as d in the layer R, which leads to a relevant reduced model. For a
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given deflection u € Sy, the reinforced limit of the transmission problem (1.3) is identified
in [14] by a I'-convergence approach. More precisely, it is shown in [14] that the reinforced
limit as § — 0 of (1.3) is

div(cVip,) =0 in Q(u), (1.5a)
Py = hy on 0Q(u) \ (u), (1.5b)
- zwu + O'(wu - bu) =0 on Z(U), (150)

that is, in the reinforced limit the electrostatic potential 1, solves Laplace’s equation in
Q(u) with a Robin boundary condition along the interface ¥(u) and a Dirichlet condition
on the other boundary parts. Here, o := 051, is assumed to be independent of 4. The
total energy is then given by

E(u) := Ep(u) + Eco(u), (1.6)

where

2

and b, is defined below in (3.1).

The purpose of this research is to complete the outcome of [14] by identifying the
reinforced limit of the full model and showing that, in this limit, if u} € Sy is a minimizer
of Es in Sy for each d € (0,1), then the cluster points of (u})se(o,1) in La2(D) are minimizers
of the reduced total energy E in Sy. The main tool we shall employ in the forthcoming
analysis is the theory of I'-convergence. We shall actually show that, under suitable
assumptions on the dielectric permittivity o5 and the boundary values in (1.3), the I'-
limit in La(D) of (Es)se(0,1) is the reduced total energy E defined in (1.6).

Let us finally remark that, in this paper, we focus on the energy approach to take into
account the influence of the thickness of a dielectric layer as first developed in [16] for a
related model. We refer to [3,19-21] for alternative approaches to model dielectric layers,
all designed within the so-called small aspect ratio approximation. Recall that, in the
latter, the electrostatic potential is given explicitly as a function of the deflection u and
the model then reduces to a single equation for u. Such models have been extensively
studied in the last decades in the mathematical literature since the pioneering works
of [4,9,11,21], see the book [7], the survey [15] and the references therein.

Eeolu) := —l/ﬂ( )a\v¢u12d(x,z) - %/Da(a;, —H) | (z, —H) — by (z)|* dz

2. CONVERGENCE OF MINIMIZERS

As already mentioned, the reinforcement limit requires that the permittivity os in the
dielectric layer Ry scales with the layer’s thickness; that is, the (scaled) permittivity of
the device is given in the form

| bo(x,2), (z,2)€Rs,
o5(2,2) = { 1, (x,z) € D x (—H,00), (2.12)
for § € (0,1), where 0 € C*(D x [-H — 1,—H]) is a fixed function with
o(r,z) >0, (x,2)€Dx|[-H-1,—H]. (2.1b)

With this specific form of o, we can show that cluster points as  — 0 of minimizers of
the total energy Fs on Sy are minimizers of the reduced total energy E. More precisely:
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Theorem 2.1. Suppose that the dielectric permittivity satisfies (2.1) and that the assump-
tions on the boundary values in (1.3c) are given by (3.1) below. For § € (0,1) let uj € So
be any minimizer of Es on Sy with corresponding electrostatic potential Yuz6 satisfying
(1.3). Then

sup |Jujll2(py < o0 and sup ||V ol 51 (quz)) < 00,
5€(0,1) 5€(0,1)

and there are a subsequence 6; — 0 and a minimizer u* € So of E on Sy such that
Jim g, =" 2y = 0
and
lim Eg; (us,) = E(u”).

J—00

Moreover, for M > 0 such that —H < us < M — H a.e., we have
Yus 5~ by, = Yur —huem HY(D x (-H,M)),

where Yy~ satisfies (1.5) (with u replaced by u*).

As we shall see below, the main step in the proof of Theorem 2.1 is the I'-convergence
of the sequence (Es)se(o,1) in L2(D) to E which is established in Section 4. We then
combine this property with estimates on the minimizers of E5 on Sy, which do not depend
on ¢ € (0,1) and are derived in Sections 4.3-4.4 to complete the proof.

Let us finally point out that the assumptions (2.1) and (3.1) on the permittivity os
and the boundary conditions h, s guarantee that, for each 6 € (0, 1), the total energy Es
defined in (1.2) has at least one minimizer u} € Sp; that is,

Es(u3) = min Es , (2.2)
So

see [18, Theorem 1.3]. Actually, the corresponding electrostatic potential x5 € H L(Qs(us))
is a strong solution to the transmission problem (1.3) in the sense that ¢ 5|z, € H 2(Rs)
and ¢u§,6|9(u§) € H?(Q(u})), this regularity property being in fact true for any u € Sy
[17,18]. _

As for the reduced total energy F, the existence of minimizers of £ on Sy has already
been established in [13, Theorem 2.3] by a direct approach, assuming additionally that

O.h(x,—H,w) = o(x) [h(:z:, —H,w) — h(:n,w)] , (r,w) € D x [-H,0), (2.3)

besides (3.1) below. Theorem 2.1 then extends the existence of minimizers of E on Sy to
the situation where (2.3) does not hold. However, it does not provide the H2-regularity of
the associated electrostatic potential 1,+ solving (1.5), which is shown to be true in [13,
Theorem 2.2] under the assumptions (2.3) and (3.1).

3. ASSUMPTIONS AND AUXILIARY RESULTS

This section is devoted to a precise definition of the boundary conditions (1.3¢) and (1.5¢),
and includes as well useful properties of h, s on which we rely on in the sequel.
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3.1. Boundary data. We fix two C?-functions

hy:Dx[-H —1,—H] x [-H,00) = R (3.1a)
and )
h:D x [-H,o0) x [~H,o0) — R (3.1b)
satisfying
hy(x, —H,w) = h(z,—H,w), (v,w) € D x [-H,o0), (3.1¢)
o(x,—H)0,hy(x, —H,w) = O,h(x,—H,w), (z,w)€ D x[-H,o0). (3.1d)

We then define for (z,w) € D x [—H, 0)

J
h(z,z,w), z € [-H,0),
and observe that hs € C(D x [-H — §,00) x [-H,00)) by (3.1c).

In order to guarantee the coercivity of the energy functional Es we require that there
is a constant m > 0 such that

|8€Bhb(x7z7w)| + |8Zhb(x7z7w)| S v m(l + w2)7 |awhb(x7zyw)| < \/ma (31f)
for (z,z,w) € D x [-H —1,—H] x [~H,00) and

o
I <x,—H+i,w>, 2 e [—H—6,—H),

hs(x, z,w) := (3.1e)

m(1 + w?)
H+w

|0h(z, 2, w)| + |0h(z, 2z, w)| < , |Owh(z, z,w)| < (3.1g)

H+w’
for (z,z,w) € D x [~H,00) x [~H,00). Moreover, we assume that
Owhp(z,—H —1,w) =0, (z,w) € D x[-H,o0), (3.1h)
and that there is K > 0 such that
|0zh(z, w, w)| + |0, h(x, w,w) + Oph(z,w,w)| < K, (z,w)€Dx[-H,00). (3.1i)
Given a function u : D — [—H, 0c0) we shall also use the abbreviations
hys(z,2) == hs(z, z,u(x)), (z,2) € Qs(u), (3.1j)
and
hu(x, 2) == h(z, z,u(z)), (x,2)€ Qu). (3.1k)
Furthermore, we set
hu(z) == by(x, —H) := hy(x,—H — 1,u(z)), x€D. (3.11)
Note that (3.1c)-(3.1d) imply that h, s satisfies the transmission conditions (1.3b):
[hus] = [050:hus] =0 on X(u).
Simple computations show that the example provided in (1.4) satisfies (3.1) with
z+H+1

hy(z, 2z, w) = TTo@) Htw)’ (x,z,w) € Dx [-H —1,-H| x [-H,0),

and
1 4o(x)(H +2) B« —H oo I
T o)(H 1w’ (x,z,w) € D x [-H,00) x [-H,00).

h(z, z,w)
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3.2. Auxiliary results. We begin with some properties of the function h,, s that we derive
from assumptions (2.1)-(3.1) imposed above. For further use, we set

Omaz := 1+ max o.
Dx[—H—1,—H)]

Lemma 3.1. Assume (2.1) and (3.1). B
(i) There is a constant ¢y > 0 depending on m, L, and opqy such that, given u € Sy and
5 €(0,1),

/Q ( )ag\VhW;\zd(a:,z) <co(1+[ullZ,py + 102012, p)) - (3.2)
slu

(i) Suppose that us — u in H'(D) as 6 — 0 and that —H < ug in D. Then

M = sup |lusllz.(p) < o0
0€(0,1)
and, as § — 0,
huss — hy in HY(D x (—H,M)), (3.3a)
Bus — bu in  La(D), (3.3b)
Pug (o, —H) = hy(.,—H) in  Ly(D). (3.3¢)
Moreover,
lim/ |V ho, 5%d(, 2) :/ |Vh,|?d(z, 2) . (3.3d)
020 S0 (us) O(u)

Proof. (i) Using (2.1), (3.1e), (3.1j), and the definition of Q5(u) we have

/ 0’5|th75|2 d(z,2) = / |0zh(x, z,u(x)) + Oru(x)Owh(z, z, u(m))|2 d(z, 2)
Qs (u) Q(u)

IIJ‘ZUZL’2 T,z
+/Q(u)|azh<,,<>>| d(z, 2)

+ 5/ o(x,z) |0zhp <:E, i + H,u(:ﬂ))
Rs 0

2
d(z, z)

0

%azhb (m, “H+Z —;H,u(:n)>

+0,u(x) 0y hy (m, “H+Z + H,u(:n))

2
+0 o(x,z) d(z, 2) .
Rs
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Invoking (3.1f)-(3.1g) and Young’s inequality, we derive

2 2
/ 05| Vhysl? d(z,2) < 2m/ L+ u(z)” + (Gsu(z)) d(z, 2)
Qs (u) Q(u) H + u(x)
2

P - /R (14 u(@)’ + Bru(2))?) d(z, 2)

MOmax 2
: /R (1+u(@)?) d(z,2)

)

< (1 + 0maa) [3 (ID]+ lul ) ) + 20000l ) -

This proves ().
(ii) First, M is well-defined and finite owing to the continuous embedding of H'(D) in
C(D) and the strong convergence of (us)se(,1) in H 1(D). Next, the stated convergences

readily follow from the smoothness of & and hy, from the convergence of us — w in H YD),
and the continuous embedding of H!(D) in C(D). O

4. CONVERCGENCE OF MINIMIZERS

Three steps are needed to prove Theorem 2.1: we begin by establishing in Section 4.1
the convergence of the electrostatic energy E.s as 6 — 0, building upon the analysis
performed in [14] for a reduced problem. This convergence, along with the weak lower
semicontinuity of the mechanical energy F,,, leads us to the I'-convergence of F5 to E in
Ly(D), see Section 4.2. Such a property provides information on the relationship between
minimizers for the cases § > 0 and § = 0, which we use in Sections 4.3-4.4 to complete
the proof of Theorem 2.1.

4.1. Convergence of the electrostatic energy. Building upon the analysis performed
in [14], we investigate the limit of the electrostatic energy E. s as 6 — 0. Recalling that
the main outcome of [14] is that

lim E, 5(u) = Eeo(u)
0—0
for any u € Sp, we extend this result to a sequence (us)se(0,1) In Sp and show that

(Ee,5(us))se(0,1) converges to Eeo(u) as 6 — 0, provided that (us)se(o,1) converges to u in
H'(D). More precisely, consider a sequence (us)se(o,1) in So and u € Sy such that

us —u in H' (D) as § =0, —H <us(x), zeD. (4.1a)

Observe that the convergence (4.1a) and the continuous embedding of H'(D) in C(D)
ensure that

0<H+us(r), H+u(x) <M:= sup ||H+uslr )y, z€D. (4.1b)
0€(0,1)

Proposition 4.1. Suppose (4.1) and set Q(M) := D x (—H, M). Then

lim Ee,g(u(;) = E@@(U)
§—0



and
Yug.s — Pugs — Yy —hy in La(QM)) as 6§ = 0.

Proof. We use a I'-convergence approach combining arguments from [13, Proposition 4.1]
and [14, Theorem 3.1]. Let Oy := D x (—H — 1, M) and define, for ¢ € (0,1),

1
N / 05V (0 + )2 (. 2), 0 € HY(Q(us),
Gs[9] =9 2 Jas(up)
0, Y e LQ(OM)\H(%(Q(g(U(g))
Then
E.s(us) = —Gs[Xus.s)  With  Xuss := Yug.s — hus.s € Hy(Qs(us)) (4.2)

and X, s is the unique minimizer of G5 on H}(Q2s(us)), see [17, Proposition 3.1].
We next introduce Hx(2(u)) as the closure in H*(Q(u)) of the set

CL(QW)) == {0 e CY(QW)) : Iz, u(z)) =0, z €D
and ¥(z,2) =0, (x,2) € {£L} x (—H, 0]}

Noticing that J(z,u(z)) = 9(z, —H) = 0 for x € C(u) and ¥ € CL(Q(u)), we agree upon
setting ¥(z,u(x)) = 9(x, —H) := 0 for all z € C(u) and ¥ € H5((u)) in the sequel. Now,
given ¥ € H5(Q(u)), we define

1

Gl = 5/Q(u)|V(z9+hu)Fd(g;,z)+%/D(a|19+hu—r)u|2)(g;, _H)de,  (43)

with b, defined in (3.11), and
GlY] =00, € Ly(On)\ H(Qu)).

Then
Eeo(u) = —G[xu] with Xy =¥, — hy € Hg(Q(u)), (4.4)
and x, is the unique minimizer of G on H}(Q(u)), see [14, Proposition 3.3]. We now claim
that
I' — lim G5 =G in LQ(OM) . (45)
6—0

For (4.5) we have to prove the asymptotic weak lower semicontinuity and the existence of
a recovery sequence.

(i) Asymptotic weak lower semicontinuity. Consider Jo € La2(Opr) and a sequence (Js)se(0,1)
in La(Opr) such that

Y5 — ¥y in LQ(OM) . (4.6)
We shall then show that
G[vo] < li%n i(r)1f Gs[9s] . (4.7)
%

Due to the definitions of G5 and G, we only need to consider the case where s €
HE(Qs(us)) for 6 € (0,1) and

sup Gs[vs] < 00 (4.8)
0€(0,1)
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We may then extend s trivially to Q(M) = D x (—H, M), so that ¥5 € H5(U(M)). We
next infer from (2.1) and the definition of G5 that

/ V952 d(z, 2) = / o5V951? d(z, 2)
QM) Q(us)

<2 oslV0s + hu)P A 42 [ ol VhyysP d,2)
Q(us) Q(us)

< 2G5[0s] +2/ 05| Vs 52 d(, 2)
Qus)

and the right-hand side of the above inequality is bounded by (4.1), (4.8), and Lemma 3.1.

Consequently, taking also into account (4.6) and the property J5 € HE(Qs(us)) for
§ € (0,1), we conclude that (9s)se(0,1) is bounded in Hp(Q(M)). Owing to (4.1) and
Lemma 3.1, we may assume without loss of generality that

s+ hug s — 9o+ hy in HY(QM)). (4.9)

Moreover, since Q(M) is a Lipschitz domain, the embedding of H'(Q(M)) in H3/4(Q(M))

is compact, see [10, Theorem 1.4.3.2], while the trace operator is continuous from H3/4(Q(M))
in Lo (02AM)), see [10, Theorem 1.5.1.2]. We may thus assume without loss of generality
that

¥s =g in Lo (0Q(M)). (4.10)
In particular,
Os(-,—H) — Uo(-,—H) in Ly(D), (4.11)
and it follows from (4.1), (4.11), and Lemma 3.1 that

lim (0‘195 + hyy — bu6|2)(a:, —H)dz = / (0‘790 + Py — f)uf)(x, —H)dz. (4.12)
0—0 D D

Next, arguing as in [13, Proposition 4.1], we deduce from (4.9) and Lemma 3.1 that

lim inf IV (95 + huys)|* d(z, 2)
6—0 Q(us)
= lim inf IV (95 + huys)|* d(z, 2) — lim \Vhu, s)? d(z, 2)
=0 Ja(m) 020 Ja(M)\Q(us)

z/ \V(ﬁo+hu)]2d(a:,z)—/ Vha 2 d(z, 2)
Q(M) QM\Q(u)

_ / V(90 + ha)[2d(z, 2).
w)

Hence, together with (4.12),

1 1
lim inf {— / |V (95 4 huy.6)* d(z, 2) + —/ (0|05 + huy — hué‘z)(az, —H) dx}
6—0 Q(us) 2 D (413)
1 1
> —/ IV (00 + hy) > d(z, 2) + = / (o]0 + hu — hu|2)(az, —H)dz.
2 Jo) 2/p
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Moreover, (4.8) entails that

sup / 05|V (s + hug.5) 2 d(z, 2) < 00.
5€(0,1) JRs

The continuity of ¢ now warrants that

lim inf / 05(2,2)| V(05 + huy 5)[2 d(z, 2)
6—0 Rs

= lim inf (5/ oz, —H)|V (s + huy.)> d(z, 2)
Rs

6—0

> liminf § o(x, —H)|0:(9s + huy 6) > d(z, 2) .

§—0 Rs

Since ¥5(-,—H — §) = 0 a.e. in D, we infer from Hélder’s inequality that
—H
‘(196 =+ hu(;,é)($v _H) - hu(;,é(x7 —-H — 5)‘2 < 5/H s |8Z(196 + hu(;,é)(x7 Z)|2 dz
for a.e. x € D. Combining the previous two estimates and using (see (3.1e) and (3.1j)-
(3.11))
hug 5(x,—H) = hyy(x,—H), hy;s(z,—H —0) = by, (), x €D,
we deduce from (4.1), (4.11), and Lemma 3.1 that

6—0

lim inf %/ 05(2,2)|V (95 + huy ) |* d(z, 2)
Rs (4.14)

> %/fo(x, —H)|0o(x, —H) + hy(z,—H) — b“(x”z dz.

Noticing finally that

6—0

lim inf G5[¥5] = lim inf L / 05|V (Vs + huy 5)* d(z, 2)
00 Qs (us)

o1 2
> —
_hgn_:élf 2/725 05|V (U5 + hys 5)|° d(z, 2)

+ lim inf {1 / |V (9s + hu5,6)|2 d(z, 2)
Q(us)

6—0
1
+5 [ (01054 by =)o~ dx}

1 2
_(%1_%5 D(J|195—|—hué—hu5| )(x,—H)d:E,

we readily obtain from (4.12), (4.13), and (4.14) that

1 1
lim inf G5[¥5] > —/ IV (9o + hy)|? d(z, 2) + —/ (o9 + hu — f)u‘2)(m, —H)dzx
0—0 2 Q(u) 2 D

— G[do].

This is the asymptotic weak lower semicontinuity (4.7).
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x (=2H — M, M). Given an arbitrary function

(ii) Recovery sequence. Let QM) :=
(QUM )) by extending 9 trivially to D x (—H, M) and
);

¥ € HL(Q(u)) we define J € 6
(

then reflecting the outcome to Q(M); that is,
0, xe€D, ulx)<z< M,
- Wz, z), reD, —H <z<u(x),
Hex, z) =
Wx,—2H —z2), z€D, —2H —u(z) <2< —-H,
0, xe€D, —2H - M < z< —2H —u(x).

Then F := —AdJ € H-Y(Q(M)). With
Qus) = Qug) U (D x (—2H — M,—H]) € Q(M),
the restriction of the distribution F belongs to H~1(Q(us)). Thus, there is a unique
variational solution 95 € Hg(Q(us)) € HE(Q(M)) to
—Al% =F in Q(u(g), 1§5 =0 on 8Q(u(§) .
If dy denotes the Hausdorff distance in Q(M) (see [12, Section 2.2.3]), then, due to (4.1)
and the continuous embedding of H}(D) in C(D), we have

dir (2(us), Q) < llus = ull o p) = 0

Since Q(M) \ Q(us) has a single connected component, it follows from [23, Theorem 4.1]

and [12, Theorem 3.2.5] that ¥5 — ¥ in HE(Q(M)), where ¥ € H(Q(M)) is the unique

variational solution to
~Ad=F=—-Ad in ), J=0 on 9QM).

M
Clearly, since ¥ and ¥ both belong to HA(Q(M)), we deduce from the above identity that
¥ = U. Hence,

Js =0 in HYQM)). (4.15)
Considering the corresponding restrictions to Q(M) yields
Js =0 in HYQM)). (4.16)
Set
1, L—|z| >0,
Ts(x) = L_Tdm, e < VA, xeD,
and introduce
Is(x, 2) = #35(‘% z) + H%];I—HS [hu675($, —H) — hy, s(x,—H — 5)]7’5(:17)
— [huys(x, 2) — huy s(x, —H — 8)|15(z), (2,2) € Ry,
and

A~

Us(z,2) == Vs5(x, 2), (x,2) € Qus).
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The smoothness and definitions of U5, hy, 5, and 75 imply that 95 € H'(Rs) N H(Q(M))
and thus, since moreover [Js] = 0 on L(us), we deduce that 95 € H(Qs(us)). By con-
struction, s vanishes on 9 (us), hence 95 € Hj(Qs5(us)). We now claim that (95)se(0,1)
is a recovery sequence for 1J; that is,

GIY) = lim G5[ds]. (4.17)

First, using that J5 = 0 in Q(M)\Q(us) and 95 = Js in Q(us) along with (4.1), Lemma 3.1,
and (4.16), it is not difficult to see that

1 1
m = [ V(05 + huys) 2 d(z, 2) = —/ V(0 + hy) 2 d(x, 2) (4.18)
5—0 2 Q(us) 2 Q(u)

Next, for (z,z) € R, we have

1. 1
82(195 + hU5,6)($7 Z) = 5196(:177 Z) + g [hU5,5($7 _H) - hu(;,é(x7 —H — 5)] 7—5(:17)

z+H+6
s

and we aim at identifying the limit of the right-hand side of (4.19) as § — 0. Let us first
note that, for z € (—H — §, —H),

J

) (4.19)
0,9s(x,2) + (1 — 7'5(%))82}1“5,5(%,2),

~

N 2 —H
Is(z, 2) — 95, —H)‘ dx S/ ]H—Fz[/
D z

sa/
Rs

from which, thanks to the convergence (4.15), we deduce that

~ 12
83195‘ dz dx

<12
V795‘ d(z, 2),

2
lim ( de = 0. (4.20)

1 . .
lim _/ |95, 2) — D, ~ )
0 Jp
Since (4.16) implies that J5(-,—H) — 9(-,—H) in Ly(D), we infer from (4.20) and the
continuity of o that

1

~H
lim —/ /a(m,z)\vﬁ‘g(m,z)\zdxdz:/ o(z,—H)|0(z,—H)|* dz . (4.21)
=00 ) g 5Jp D

Now, the definitions of 05 = do in Rs and 75, the properties of h,, ; (see Lemma 3.1), and
(4.21) yield

2

o5, 2) + £ Thuy s —H) — huy (@, —H — §)]ms(2)| d(z, 2)

0 0

i
i | os5(, 2)

9
_H R 2
—tim 5 [ [ o) |ds(e.) + [l ~H) — bugolar,~H = 8)]rs(a)|” do
5—0 0 _H-5§JD ’ ’

= /D o(z,—H)[9(x,—H) + hy(x, —H) — by(z)*dz. (4.22)
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2 —H
d(z,2) < 50maw/ /
~H-§JD

< (50’maxH1§5”ifl(Q(M))

Moreover,

/725 os(x, 2)

so that, recalling that (195)56(0,1) is bounded in H'(Q(M)) due to (4.15),
2
d(z,2) =0. (4.23)

z+HA+6_ -

. 2
5 0,0s(x, 2) 0.95(x, z)‘ dzdz

%Mazq%(x’z)

li
51—I>I%) Rs 05($, Z)

Finally, observe from (3.1e) that

z+ H
)

1
Outayo.2) = 50:m (w11 + L s)) L (@) € s

Hence,

/ os(x, z) |(1 — Tg(l‘))@zhu675($,z)‘2 d(z, z)
Rs

—H
< omar [ [ 10 13(0) 0 (0,6, ) [

so that, using (4.1), the definition of 75, the continuity of 0,hy, and Lebesgue’s dominated
convergence theorem, we derive

lim o5(x,2) |(1 — 75()) 0z huyy 5, z)‘2 d(z,z) =0. (4.24)
6—0 Rs
Consequently, we deduce from (4.19) and (4.22)-(4.24) that

lim 06(x72)|8z(195+hu5,5)|2 d(:E,Z)

=0 JR,
- /Da(x7 _H) ‘6(‘% _H) + hU(xv _H) - hu(x)F de.

Furthermore, we note that
z+H4+9

(4.25)

0:05(x, 2) = 5 ami%(x,z)
z+H4+9
+ ﬁ [axhu(;,5($v _H) - 8whu(;,6(x7 —H — 5)] 7—5($)
z+H+6
T [hu(;,5($v _H) - hu(;,é(x7 —H — 5)] am76($)

— [(%hu&,g(x,z) — Ophuy 5(x, —H — 5)]7’5(3})
_ [hu(;’g(l‘,z) — hyys(x, —H — 5)]8907'5(:17)
and, recalling (3.1e),
2+ H

Ophug s5(x,2) = Ozhy, (m, —H + T,w(m))

+ Dytig ()0 <:L~ _H+ EH , w@))
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for (z,z) € Rs. Thus, since

H+9
0<m@ <1, 05T 2<1, (@2) ERy,

we eagily obtain from o5 = do in R that
/ 0'6(33,2”8:2(196+hu5,6)|2d($7z)
Rs
< C(so'ma:c/ ’81495(.’1',2)‘2 d(x7z)
Rs
R I / (14 0,u5(2) 2 + [Durs () 2) da
D
< ¢80 maa 03] Pomarliboli (1D1+ luslip oy + 2
S COO0maz||Vs Hl(Q(M)) + Cc 0" Omaz || N Ccl + [lus HY(D) +T ’

where ||hy|/c1 denotes the norm of hy in CY(D x [-H — 1,—H] x [-H, M]), and c is a
positive constant depending on D and H. Therefore, (4.1) and (4.15) entail

lim [ o5(2,2)|00 (05 + huy 5)| > d(z,2) = 0. (4.26)
60—0 Rs

Consequently, we derive from (4.18), (4.25), and (4.26) that
: e (1 2
tin Gs[os] =t (5 [ V0 )P, )

1
# 5 [ 810005+ huga) P+ 10:005 + s ) dle2) )
5

_! *d(z, 2

_2/Q(u)|vw+hu)\ d(z, 2)
+%/Da(x,—H)‘19(x,—H)+hu(a:, —H)—bu(az)‘2 dx

= G[J],

where we used that J(z, —H) = ¥(z, —H) by construction of 9. Hence, (J5)se(0,1) 18 indeed
a recovery sequence for .

(11i) Convergence. Since (i) and (i) prove (4.5), we may invoke the Fundamental Theorem
of T'-convergence [6, Corollary 7.20] to deduce from (4.2)-(4.5) that, as 6 — 0,

Ee 5(us) = —GslXus,6] —> —Glxu] = Eeo(u)
and
Yug.s — Pugs — Yy —hy  in La(Q(M)).

This proves Proposition 4.1. O
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4.2. T'-convergence of the total energy. We now turn to the I'-convergence of the
total energy and first establish that the H2-norm of u is controlled by the total energy
Es(u) (defined in (1.2)) and the Lo-norm of u, whatever the value of 6 € (0,1).

Lemma 4.2. Given k> 0 there is a constant c(k) > 0 such that, if u € Sy satisfies
lull o0y < K and Es(u) <k, 0€(0,1), (4.27)
then
ol + [ oslVus A ) <o), 5€ 0D, (125)

Proof. We argue similarly to [18, Lemma 2.3]. The variational characterization of 1, s
(see [17, Lemma 3.2]) and (3.2) imply

/ 0'6|v¢u76|2d(33,2) < / 0'5|th75|2 d(z, 2)
Q5 (u) Q5 (u) (4.29)

< co(1+ [lullf, o) + 102l 7, 1))

where cg is defined in Lemma 3.1. Furthermore, since u € Sy C H%(D) we have

oty = = | wRude < Julacoy 020l (4.30)
so that we deduce from (4.27) and (4.29) that
1
_Ee,é(u) = 5 /Q ( )0-6|V7pu,5|2 d(l‘, Z) < C(’{)(l + HaguuLz(D)) . (431)
s(u

Consequently, we obtain from (4.31), the definition of Es, and Young’s inequality that
B p
Es(u) > EH@%UH%Q(D) — (k) (1 + 1103ull L)) > ZHQ%UH%Q(D) — (k).

Combining the above estimate with (4.27) and (4.30) entails that |[u||g2(py < (%), which
also implies the second assertion of (4.28) due to (4.31). O

The total energies (defined in (1.2) and (1.6)), being a priori defined only on Sy, are
extended to functionals on Lo(D) by setting

Es(u) :==00, E(u):=o00, u € La(D)\ Sp .
Then we can prove:

Corollary 4.3.

'-limEs=FE in Lo(D).
6—0

Proof. (i) Recovery sequence. Concerning the construction of a recovery sequence it is
sufficient to consider u € Sy. Let us observe from [14, Corollary 3.4] that

lim E, 5(u) = Eco(u) .
6—0
Since E,,(u) is independent of §, we thus readily obtain

(%i_)r% Es(u) = E(u) .
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(ii) Asymptotic weak lower semicontinuity. Consider a sequence (us)se(o,1) in L2(D) and
u € Lo(D) such that

tim s — ull ) = 0. (4.32)
Since we shall show that then
E(u) < liminf Es(us), (4.33)
6—0

a property which is obviously true if the right-hand side is infinite, we may assume that
there is a constant x > 0 such that

Es(us) <k, 0€(0,1). (4.34)

Now, due to (4.32) and (4.34), we may invoke Lemma 4.2 to derive that (us)sc(o,1) is

bounded in H?(D). Thus, up to a subsequence, we have us — u in H?(D) and us — u
in HY(D). The former implies

Ep(u) < liminf B, (us) , (4.35)
6—0

while the latter, along with Proposition 4.1, entails

lim E. 5(us) = Eeo(u) . (4.36)
6—0
Therefore, (4.33) holds true owing to (4.35) and (4.36). This implies the assertion. O

4.3. Remaining arguments for the proof of Theorem 2.1: The case a > 0. Let
§ € (0,1). We first use the positivity of a to show that the H?-norm is controlled by Ej.
Specifically, it follows from (4.29), the Poincaré inequality

”U”LQ(D) < 4L”8IUHL2(D) ’ v E H&(D)7 (437)

and Young’s inequality ar* + a > 2ar? that, for u € S,
15} a
Egs(u) > EHQ%UH%Z(D) + ZH@EUH%(D) — o (1 +[lullZ, p) + Hamu||2L2(D))

B a
Z _Ha:%UH%Q(D) + ZHa:cU”iz(D) — <o [1 +(1+ 16L2)H8qu%2(D)}
B a ct
> S02ull}, ) + g 10sullt, ) — co = (1 +16L%)°

a
Blia2, 12 a 2
2 S 19zullz, oy + 7 102ullz, ) —c1y
with ¢y defined in Lemma 3.1 and ¢1 := a/8 + ¢y + c&(1 + 16L?)? /a. Hence,
B a _
EH@%U”%Q(D) + ZH(%UH%Q(D) < Es(u)+c1,  ueS. (4.38)

Now, for each § € (0,1), let u} € Sy be an arbitrary minimizer of Ej in Sp, see (2.2), with
corresponding electrostatic potential 1y 5 satisfying (1.3). Since Es(uj) < E5(0) <0, we
readily infer from (4.37) and (4.38) that (u})se(o,1) is bounded in H?*(D). In particular,
there are a subsequence 6; — 0 and u* € Sy such that

us, —~u" in H*(D), (4.39)
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so that Corollary 4.3 and the Fundamental Theorem of I'-convergence, see [6, Corol-
lary 7.20], imply that «* is a minimizer of F on Sy and

lim B, (u},) = E(u*). (4.40)
Jj—o0

Moreover, since (u})se(0,1) is bounded in H?(D) and (Es(uj))se (0,1 is bounded, Lemma 4.2
and (2.1) entail that (the trivial extensions of) (¢u375 - huz,(;) is bounded in H'(D x
(—H,M)), where

4€(0,1)

M := maX{HH + U Lo (p)> sUP HH+UE||LOO(D)}

6€(0,1)
is finite thanks to the boundedness of (u})se(0,1) in H*(D) and the continuous embedding
of H*(D) in Lu (D). Therefore, upon extracting a further subsequence if necessary, we
may assume that (wug"(gj - hug"5j)j>1 weakly converges in H'(D x (—H, M)), the limit

J J -

necessarily being 1, + — hy+ owing to Proposition 4.1.

Let us finally improve the convergence (4.39) of (ugj )j>1. Since H%(D) embeds com-

pactly in H'(D), it follows from (4.39) that
uj, »u*  in H'Y(D) (4.41)

and Proposition 4.1 then entails that E, s, (ug‘j) — E.o(u*) as j — oco. Recalling (4.40),
we deduce that Em(uf;j) — Epn(u*) as j — oo. Together with the convergences (4.39)
and (4.41), this property implies the strong convergence of (u}j )j>1 to u* in H?(D) and
completes the proof of Theorem 2.1 when a > 0.

4.4. Remaining arguments for the proof of Theorem 2.1: The case a = 0. To
finish off the proof of Theorem 2.1, we are left with the case a = 0 for which the weak
compactness of minimizers in H?(D) is harder to derive. Additional information on these
minimizers is actually required and follows from the analysis performed in [17,18], using
that they are critical points of the total energy.

Lemma 4.4. There is a constant ca > 0 which does not depend on 6 € (0,1) such that, if
u s a minimizer of Es on Sy for some ¢ € (0,1), then

lullropy < ez, 6€(0,1).

Taking Lemma 4.4 for granted, we are in a position to complete the proof of Theorem 2.1
when a = 0.

Proof of Theorem 2.1: a = 0. For each 6 € (0,1), let uf € Sy be an arbitrary minimizer
of Es in Sy, see (2.2), with corresponding electrostatic potential Yuz,o satisfying (1.3). By
Lemma 4.4, (u3)se(,1) is bounded in L (D) and thus also in Lz(D). Therefore, since
Es(u}) < E5(0) <0, it is also bounded in H?(D) according to Lemma 4.2. We may then
proceed as in the previous case a > 0 in order to complete the proof of Theorem 2.1. [

We are left with proving Lemma 4.4, which relies on the same comparison argument
as [18, Proposition 2.6] and uses in an essential way the Euler-Lagrange equation satisfied
by minimizers of the total energy Ej.
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Proof of Lemma 4.4. Let § € (0,1) and consider a minimizer u € Sy of Es on Sy (if any).
Owing to (3.1), it follows from [18, Theorem 1.3] (see also [17, Theorem 5.3]) that u is a
weak solution to the parabolic variational inequality

B — TO%u + Olg (u) > —gs(u) in D,
where Jlg, denotes the subdifferential in La(D) of the indicator function I of the closed
convex set Sy (that is, Ig,(v) = 0 for v € Sy and I, (v) = oo for v € Ly(D) \ Sp). Taking

into account assumptions (2.1) and (3.1h), the electrostatic force gs(u) € Lo(D) is given
by

gs(u)(z) == gs(u)(z) — % [((&Ch)u)2 + ((0:h)u + (&Uh)u)z} (x,u(x)) (4.42a)
for x € D, where
0s()(w) == 3 (14 (@u(2))?) [0:025 — (D:h)e — (Duh)]*(u(e))  (4.420)
for x € D\ C(u) and
gs(u)(z) :== % (0500051 — (02h)y — (Buh)u® (x, —H) (4.42¢)

for z € C(u), the coincidence set C(u) being defined in (1.1). In the definition of gs(u),
Yus1 = Yuslrs and ¥y g2 = Yy 51q(), Where we recall that [17, Theorem 1.1] guarantees
that 1,51 € H*(Rs) and ¥y 52 € H*(2(u)), so that the traces involved in (4.42) are well-
defined.

Now, since gs(u}) > 0 in D, it easily follows from (3.1i) that gs(u) > —K? in D and we
argue as in the proof of [18, Proposition 2.6] to conclude that there is a constant ¢ > 0
depending only on L, 3, 7, and K such that u < ¢in D. Recalling that u > —H completes
the proof. O
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