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Abstract

A parameter estimation methodology has been developed on the basis of model
inversion using a Quasi-Newton method and adaptive parameterization. The continuous adjoint
state equations for both flow and transport in porous media are employed as the tool calculating
the gradient components of the objective function with respect to parameters. Solving the
continuous form of the adjoint equations can be implemented independently of the code used
to solve the forward problem, which renders the technique non-intrusive.

The developed methodology is applied to the identification of hydraulic conductivity
and porosity fields conditioned by piezometric head data associated with steady-state flow and
transient solute concentrations. Synthetic numerical experiments have been undertaken for test
cases of increasing complexity, from an almost uniform flow sweeping the modeled domain
with a prescribed uniform continuous injection of solute at the inflow boundary, to spatially
highly variable flow conditions obtained through source/sink terms within the flow domain and
a local stepwise solute injection. The results of inversions are analyzed using criteria based on
the comparisons between estimated concentration and reference concentration values as well as
comparisons between estimated hydraulic conductivity (and porosity for one test case) and

reference hydraulic conductivity fields.
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The results show that employing a continuous adjoint state technique computed
independently of the direct problem is an efficient option for parameter estimation relying
jointly upon flow and transport data. In the reported numerical examples that are characterized
by the identifiability of the flow problem on the basis of hydraulic head observations,
concentration data from solute transport scenarios bring few added value to sought solutions of
hydraulic conductivities. The spatial structure of the conductivity fields is slightly improved
compared with the reference, but the overall system in terms of head distribution, identification

of main flow paths, and solute transit times, only inherits cosmetics.

Keywords
Parameter estimation, adjoint state, adaptive parametrisation, groundwater, hydraulic

conductivity, porosity.

Highlights (less than 85 characters including spaces)
- The continuous adjoint state associated with the transport equation is derived.
- Hydraulic conductivity and porosity fields are estimated by inverse modeling.

- Concentration data complementing heads slightly improve inverse solutions to flow.
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1. Introduction

Parameter estimation through inverse methods for flow and solute transport simulations
is still challenging despite the variety of concepts and methods developed since the pioneer
works in inverse methods of Vemuri et al. (1969), Emsellem and de Marsily (1971), and Yeh
and Tauxe (1971), among others. Recent reviews of conceptual frameworks and methods can
be found in Hendricks Franssen et al. (2009), Zhou et al. (2014), and Linde et al. (2015). Almost
all the developed methods target the estimation of hydraulic conductivities (or transmissivities)
constrained (conditioned) by hydraulic heads and, through the last 40 years, by additional data
such as solute concentrations, geological information or geophysical properties.

In this work, we focus, as a first goal, on estimating spatially-heterogeneous hydraulic
conductivity and porosity fields conditioned by both hydraulic heads and solute concentrations.
Many authors have already addressed this challenge, and Table 1 presents an overview of
various approaches dedicated to this topic. The table is not an exhaustive presentation of the
existing literature but a selection of works (17 contributions ranked as they appear in time in
the literature) that we consider representative of methods and trends.

Solving the inverse problem for flow and transport in ground water systems is tightly
associated with methodological choices. Among the possible choices, we exemplify, via
continuous adjoint state calculations, how gradient-based inversion techniques can cope with
highly parameterized problems. Mixing data of various types and weighting them in the
objective function of an inverse problem is also a key feature. This is why this study emphasizes
methodology as a second goal.

Notably, when modeling natural systems (or synthetic test cases supposedly close to
natural systems), it is always complicated to discuss on identifiability, uniqueness of inverse
solutions, quality of conditioning, etc., simply because highly parameterized inverse problems

encompassing multiple elementary processes result in fuzzy theoretical frameworks. That being
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said, it cannot be overlooked that complex systems might result in multiple inverse solutions.
Repeatability, in the sense of estimating how similar various solutions are when initiated at
different locations in the parameter space, appears as a simple way to determine success or
failure of inversions. Incidentally, when dealing with synthetic test cases employing fully-
known reference problems, the comparison between inverse solutions and references is also
informative.

In this study, observations associated with flow and transport parameter estimations are
scarce piezometric head data from steady-state flow conditions and solute concentrations under
transient transport conditions. These data are used to build an objective function assembling

two terms: the sum of the weighted squared differences between measured and computed

piezometric heads £, , and the sum of the weighted squared differences between measured and

computed solute concentrations F.. Notably, the weights may sometimes serve to narrow down

the range spanned by the squared differences when data of different units are used. This type
of objective function is usually employed within: (i) the non-linear Least Square framework,
which also often adds a regularization term on model parameters, or (ii) the Maximum
Likelihood framework earlier proposed by Carrera and Neuman (1986), which allows for
handling prior information on model parameters. Summing two quantities that have different
units in an objective function requires an adapted strategy and/or the use of a weighting

coefficient applied to one of these terms (usually F.). In fact, the weighting should be directly

given by the probability density functions of errors between model outputs and observations.
The point is that these densities are generally conjectured, which results in weights given to £,
and F. becoming parameters of the inversion procedure. Pioneer works from Umari et al.
(1979), Strecker and Chu (1986), and Keidser and Rosbjerg (1991) proposed a two-stage

procedure to minimize successively F, and F,. Simultaneous inversion of both heads and

4
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solute concentrations (and simultaneously decreasing both £, and F.) is nowadays the

common way to estimate the parameters. Nevertheless, the optimal weighting of the two terms
E, and FC has been under debate (Carrera and Neuman, 1986; Doherty, 2003; Medina and

Carrera, 2003), and is still not fully resolved.

Even though abundant literature and many studies are available for other inversion
techniques, gradient-based methods are the most common algorithms applied to minimize the
objective function. The minimization employs either sensitivity coefficients with a Gauss-
Newton method (Levenberg, 1944; Marquardt, 1963) or adjoint state variables coupled with a
Quasi-Newton method (Byrd et al., 1994). Over the last decade, Kalman filtering (Kalman,
1960) and its extensions such as Ensemble Kalman filtering (e.g., Iglesias et al., 2013; Deng et
al., 2016) have been applied and improved to efficiently solve the inverse problem. The method
has become a valuable alternative approach to gradient-based methods for estimating flow and
transport parameters.

Parameterization techniques have also shown an interesting evolution over the last 50
years. Zonation was the most popular method during the seventies period, probably due to lack
of powerful computers that hampered the deployment of stochastic (Monte Carlo) simulations.
Stochastic parameterization now seems to be the standard approach for seeking hydraulic
conductivity, but recently, Pool et al. (2015) recalled that zonation could be a relevant option
to represent geological patterns for large-scale aquifers (i.e., systems of several tens of km
extension with flow patterns modeled at the 100-1000 m scale). In most applications, transport
parameters (effective porosity and dispersivities) are usually considered as uniform over the
modeled domain, and transport heterogeneity is mainly associated with heterogeneous
hydraulic conductivity fields and subsequent variations of the mean fluid velocity in the system.

In this work, we explore the capacity of the adaptive parametrization technique detailed

in Ackerer and Delay (2010) and Hassane and Ackerer (2017) coupled with an independently
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computed adjoint equation (Delay et al., 2017) to estimate hydraulic conductivity and porosity
spatial distributions conditioned by head and concentration measurements.

In the following section, the mathematical models describing the flow and transport
processes are presented. Section 3 provides a synopsis of the continuous adjoint state method
used to minimize the objective function under the constraints resulting from solving the flow
and transport equations. The detailed mathematical development of the continuous adjoint state
for transport is reported in Appendix A. It is presented in a new, convenient manner (as done
for flow in Delay et al., 2017) that allows for the derivation of the gradient of the objective
function with respect to all types of factors, including transport parameters, initial and boundary
conditions, and source/sink terms of the transport problem. The objective function and the
minimization strategies are presented in Section 4. Finally, the numerical experiments are
presented and discussed in Section 5; emphasis is put on the comparison between inverse
solutions obtained from calculations conditioned by head data only and by the joint use of head

and concentration data.

2. The forward problem

Steady-state flow and transient transport conditions in a 2D confined aquifer are
assumed. These conditions are quite common for practical cases where steady-state flow may
represent average flow conditions. These conditions also work for shallow unconfined aquifers
that show small variations of water levels (which keep the flow equations linear regarding
hydraulic heads). We also assume constant aquifer thickness for simplicity, which allows for
inverting hydraulic conductivities instead of transmissivities, but without loss of generality.

Under these conditions, groundwater flow and solute transport are modeled over the

domain Q and, for transport, over the time interval ]O,T] by (e.g., Bear, 1972):
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Uq=g, over Q

q=-KUh )
h=h" over 0,Q,,
-KOhn, =gy over 0,Q,

dar _ _

a—+D.(a)uc—a)DDc) =q. ;u=q/w  overQ and]O,T]

t

c=c’ overQatzr=0 2)

c=c, overd,Q.and ]0,7]

-DUc.n; =g, over0,Q_ .and ]O,T]

where h [L] is the hydraulic head; K [LT] is the hydraulic conductivity (considered here as

a scalar); ¢, [T!] is the flow source/sink term; C [ML?] is the concentration; CJ [-] is the

effective porosity; q [LT] is the Darcy flux; u [LT'] is the average water velocity; ¢. [ML
3T!] is the solute source/sink term; and D [L2T"!] is the local dispersion tensor defined by:

u’ u
D =a, =+,
ol el
2 2
D =a,=+0a — (3)

D =ny=(cJ'L-aT)h

u
Juf

where (ux, u, ) are the local components of the fluid velocity,

u” is the velocity magnitude
and (O’L,O’T) are the longitudinal and transverse dispersities [L], respectively. Dirichlet
boundary conditions apply to contours aDQH for flow and aDQC for transport as Neumann

boundary conditions apply to contours d NQH for flow and aNQC for transport. I represents

the outer vector normal to the contours where Neumann boundary conditions are applied.
Boundary conditions and source/sink terms are assumed to be known and prescribed at constant
values over time. It is noticeable that for the above equations, the porosity should not vary over

time, otherwise flow would no longer be steady-state. Boundary conditions for flow and
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transport have also been written as independent from one another when it might not be the case.
For example, Neumann boundary conditions for flow with fluxes exiting the domain are often
associated with Neumann boundary conditions for concentrations, but for entering water fluxes,

concentrations are often prescribed via Dirichlet-type boundary conditions.

3. Parameter identification methodology
3.1 The objective function

The parameter identification procedure is based on the minimization of the quadratic
differences between measured and computed variables. These differences are gathered in a so-

called objective function defined as:

F(p.h(p),c(p)) = F, (p.h(p)) + kF, (p.c(p)) 4)

with

F, (p.h@) = (h-h) W, (h-h)
N, (5)
(p,c(p) =Z(c -c ) Wcj(éj—cj)
=

where ()7 denotes the transpose operator; h and ¢’ are the vectors of computed heads and

concentrations with a size corresponding to the number of observations; j is the index of
observation times for transport; N, is the number of times at which concentrations have been
measured; P is the vector of parameters (here, hydraulic conductivity and porosity) of size
n , and h and &’ are the vectors of observed values. h —h and ¢/ — ¢’ are usually named as

"measurement” errors in the jargon of inverse problems, as they simply are the difference
between model outputs and observations in a framework considering that the model is "exact"
(for a given set of parameters) and data are "flawed". In essence, it must be understood that
measurement errors encapsulate actual errors on measures, differences between model outputs

and data, and the consequences of conceptual errors associated with a model or its settings that

8
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are always approximations of reality. Assuming that the measurement errors are not correlated
. . . . . . — .

in space and invariant over time, the W matrices are diagonal, and W, =&, , where &, is the
variance of the measurement errors at location k. Finally, K  is a weighting coefficient to ensure

a balanced minimization of both Fh(p,h(p)) and Fc(p,C(p)). In the framework of the

Maximum Likelihood and applying the assumptions made on the W matrices, K represents
the ratio of the measurement error variance of heads to the measurement errors variance of

concentrations. These errors are usually unknown. From a practical standpoint, K should avoid

biased optimization by giving too much importance to either F, or F., (Medina and Carrera,
2003), and should therefore be modified during the minimization procedure.
Different minimization techniques of the objective function F (p,h(p),c(p)) exist.

Because the number of estimated parameters might be large, we rely upon the adjoint state
method rendering an estimate of the gradient components of the objective function at a cost
independent of the type and the number of parameters (see Appendix A). Even though the
convergence toward a minimum of the Quasi-Newton methods is usually slower compared with
the Gauss-Newton method (Cooley, 1985), for highly parameterized problems, it is wise to rely
upon the adjoint method seeking gradient components which are then introduced into a Quasi-
Newton algorithm (Chavent 1979; Neuman and Carrera, 1985; Sun 1994; Ackerer et al., 2014;
Sun and Sun, 2015; Delay et al., 2017). Variants of the adjoint state exist (e.g., Medina and
Carrera, 2003) to calculate model sensitivity to parameters which then feed Gauss-Newton
algorithms. The latter option is not employed here as the calculation costs strongly depend on

the number of measurement values.

3.2 The continuous adjoint state
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The adjoint state technique is associated with the class of problems ensuring the
optimization (minimization) of an objective function under constraints (e.g., Bertsekas, 1996).
These constraints can be, for example, the equations that are solved by a model for which we
seek the optimal parameters rendering model outputs close to observations. Recently, Delay et
al. (2017) presented a thorough discussion on the adjoint state to invert the spatially distributed
problem of flow in dual-porosity systems. Their discussion dealt with both the discrete and
continuous forms of the adjoint state and with a comparison of their ability to assist inversions
in providing rapid calculations of the gradients of the objective function. The present work
inherits the method proposed by Delay et al. (2017) and extends it to the inversion of solute
transport treated via an advection dispersion equation. The adjoint state is employed in its
continuous form, which can be differentiated, and then implemented, without prior knowledge

about the structure of the discrete equations in the forward model.

Let us take a forward problem as a continuous operator 7/(6, p) =0 handling a single
state variable ¢ (X, t ) and a single type of parameter p(x,t) over the domain Q and the period

]O, T] . References to space x and time ¢ coordinates are dropped herein when feasible for better

readability. The objective function of the inverse problem is usually discrete because it
compares a finite set of observations of ¢ with equivalent simulated values (see e.g., Egs. (4)

and (5)). Nevertheless, the objective function is rewritten in a continuous form

T
F (c, p) =II f (c, p) dQdt, with f an elementary function, usually piecewise (or pointwise)
0Q

non-null at locations in time and space where observations are available. It must be noted that
the simple integrals over time and space defining F' are here employed for ease of notation,
but without loss of generality. When dealing with discrete objective functions as those in Eq.

(5), the formulation of F' becomes complicated with four integrals concealed in the continuous

10
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form (see, Delay et al., 2017). For example, with point observations of concentrations C,

denoting a value at location X, and time %, a generalized least-square objective function on

concentrations in a continuous form could be written as:

O N
O C—

[[EEEE (el i) (e(vr)-2)

m n 1 (6)
5(X—Xm)5(y—Xn)5(t—ti)é'(t'—tj)dxdydtdt'

where W,;fl denotes the weight associated with the pair of observations (éﬁn,é,{ ) and O ( ) is the
delta-Dirac function.
Minimizing the objective function F knowing that the constraint 7/(6, p) =0 is

fulfilled, assumes that both the objective function and the constraints are gathered in a

Lagrangian operator in the form:

T

.E(c,p,,u):].J.f(c,p)det+IIV(c,p),udet (7)

As the second term in Eq. (7) is null, the Lagrangian L is equivalent to the objective function
F, even though it encloses the addition of the constraint "V multiplied by the variable /,I(X,t)

over Q and ]O,T]. The variable M is a Lagrangian multiplier which is defined up to the

addition of a constant or the multiplication by a constant ( &/ multiplies a constraint expressed

as a null term). The Lagrangian multiplier is named as the continuous adjoint state of the

variable c. If model parameters p are perturbed by Jdp, with the consequence of generating a
perturbation Oc on the variable ¢, such that 7/(C+5C, p+5p) =0, a variation of the

Lagrangian L can be written as:
(o L oof T
:}U;a— OcdQdt + !lgé_dedt +.(|:£[(V(c+5c,p+5p)—V(c,p)),udet (8)

where a first-order Taylor series expansion has been used to rearrange the terms in f .
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Identifying the equations ruling the adjoint state 4 relies upon the development of the
variations in the constraint V(C +0dc, p +5p) —V(C, p) while separating terms in dc from

terms indp. Cancelling out the terms in dc within AL poses the equations of the continuous

adjoint state over Q and [O,T[ and its initial and boundary conditions. Solving these equations

eliminates terms in dc, which in turn modifies the variation of the Lagrangian that becomes:

oL = Ii

with G a continuous operator combining the state variable ¢ and the adjoint state // , both

Q)|\

SpdQdt +[ [G(c, 1) dpdQat (9)

previously calculated by the forward problem and the adjoint state equations, respectively. This
operator G depends on the type of parameter (the perturbation Jp) to which it is associated in

the scalar product in Eq. (8). Usually, parameters in spatially distributed models are defined as

uniform values over subdomains Q of Q (e.g., zones, cells, etc.) and eventually over periods
Atn within ]O,T]. Denoting , as the restriction of the parameter p(X,l‘) to the subdomain

Q and the period Afn , the variation of the Lagrangian JL in Eq. (8) renders an approximation

of the gradient of the objective function with respect to -

- H i - d Qs + [ [G(c.u)dQat (10)

p i N, Q; Ar, Q;
where integrals in Eq. (10) are restricted to the subdomain Q, and the period Af, . Tt is worth
noting that the adjoint state [/ is independent of the type of gradient component 4 /dp; to

be calculated. Stated differently and knowing that £/ has been calculated beforehand in a single

step very similar to that of the forward model (see below), the access to gradient components
is very rapid, irrespective of the type and the number of sought parameters. This renders the

adjoint state technique suited to highly parameterized problems, when methods based on model
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sensitivities (the calculation of each sensitivity being very similar to the forward problem) are

plagued by computation costs.

3.3 Adjoint state equations and gradients of the objective function
A crucial point of the continuous adjoint state application is in developing the equations

ruling the adjoint state and setting the operators G mentioned above for calculating the gradient

components. Several attempts have appeared in the literature even though the technique has not
been widely employed in Hydrology. The most important contribution is probably that
proposed by Sun and co-workers (Sun, 1994), who developed the continuous adjoint states for
single-phase flow, two-phase flow, transport under various conditions, and specific applications
targeting the identification of a single type of parameter, a specific form of the objective
function, or steady-state problems. Delay et al. (2017) proposed a unified development (and
presentation) of the continuous adjoint state for flow in dual porosity systems, which became
available for the identification of all types of parameters, initial and boundary conditions, and
source/sink terms. The continuous adjoint state equations for steady-state single-phase flow in
Eq. (1) are an adaptation from Delay et al. (2017). The interested reader is referred to that work
for further details. Regarding the transient solute transport in Eq. (2), the unified development
of the adjoint state equations do not yet appear in the literature and is reported in Appendix A.

Regarding the inversion of the coupled problem of steady-state flow and transient

transport, a variation of the continuous Lagrangian operator can be written as:

5L (h,c,p. A, 1) =j%5hd9 +Ig—]35de+I(U(h+5h,P+5P)‘U(h’P))"dQ
Q Q Q
(11)

+ h%&dgdﬁﬂidpmdr +jj(V(c+5c p+0p) ="V (c.p)) udQar
o5 0c 20 0P 00 ’ ’

The elementary continuous objective function f has been dissociated in the two components
fh and fc enclosing the state variable £ (head) for flow and the state variable € (concentration)

13
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for transport, respectively; U(h,p) =0 is the continuous steady-state flow equation;

V(c, p) =0 is the continuous transient-transport equation; A and M are the continuous

adjoint states associated with flow and transport, respectively; and P is the undifferentiated

vector of factors ruling the flow and transport equations. It could include initial and boundary
conditions, source/sink terms, and flow and transport parameters. Here, the aim is to retrieve
hydraulic conductivity (and porosity) fields on the basis of head and concentration
measurements for pre-identified dispersivity parameters, known source/sink terms, and known
initial and boundary conditions. That being said, the hydraulic conductivity influences transport
parameters, such as the mean water velocity W and the dispersion tensor D (see Eq. (2)). It
makes sense to calculate via the adjoint state the gradient components of the objective function
with respect to W and D and link them with the total variation of the objective function with
respect to K.

The continuous adjoint state equations for steady-state flow ruled by Eq. (1) are derived

as (see Delay et al., 2017):

D.(—KD/]) +%=O over Q
oh

A=0 over 0,Q, (12)
KUOAn =0 over 0,Q,,

Transport equations in Eq. (2) are flanked with continuous adjoint state equations in the form

(see Appendix A):
—w%—’u—wu.D,u—D.(a)D.D,u) +% =0  overQand]|T,0|
t c
H=0 overQ atr=T (13)
H=0 overd,Q . and ]T,O]
D.Oun, =0 over0,Q.and ]T,O]

14
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The minus signs appearing in Eq. (13) for terms in 6/ O and in w.0 assume that Eq. (13) is

solved backward over time from 7 to 0 and with a reversed water velocity field —UW . Otherwise,
Eq. (13) lacks physical meaning by letting a negative diffusion tensor appear.

As told earlier, continuous adjoint state equations look very similar to their equivalent
forward problem in Egs. (1) and (2). Eqs (12) and (13) can be solved numerically by any means
(any discretization and numerical scheme) independent of the way the forward problem is
solved. The forward model and the adjoint state calculations can be decoupled, which is not the
case of the discrete adjoint state technique which is differentiated (from) and calculated with
the same discrete equations as those of the forward model (e.g., Ackerer et al., 2014). For its
part, the independent implementation of the continuous adjoint state is able to work with any

forward model. Both simply exchange information, such as the source/sink terms of the adjoint

states, % / Oh and @CC / dc, those inheriting from calculations performed by the forward model.

Notably, Egs. (12) and (13) show that initial and boundary conditions for the adjoint states are
always null. Stated differently, we can say that adjoint states let local source/sink terms diffuse
or transport over domains that are partly disconnected from the domain of the forward problem.
One might, for example, invert part of the forward problem on a restriction of its domain of
definition by simply calculating the continuous adjoint states on this restriction with appropriate
types of boundary conditions.

With steady-state flow and transient transport aimed at retrieving hydraulic conductivity
fields with known porosity and dispersivity transport parameters as well as known initial and

boundary conditions, the gradient components of the objective function are of two types:
dF, /dK linking heads with hydraulic conductivity, and dF,/dK linking concentrations with

hydraulic conductivity via the mean water velocity U and the dispersion tensor D . For the
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part of the objective function handling measured and simulated heads, the gradient component
with respect to K is given by (see Delay et al., 2017):

dF, j

I g+ [oronaq (14)
dK )

0K

Q

If there is no information (or no prior guess) on hydraulic conductivity values and their

comparison with sought values, the term @[ / OK cancels out in Eq. (14) and the gradient

component of the objective function is a simple scalar product between simulated heads and
the associated adjoint state. For the part of the objective function handling concentrations, the

gradient component with respect to K can be obtained as:
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The gradient components of the objective function with respect to transport parameters,
source/sink terms, and initial and boundary conditions are derived in Appendix A. As
mentioned earlier, the non-intrusive character of the continuous adjoint state implies exchanges
of information between the forward model and the adjoint state. This is also exemplified by the
relations of Eq. (14) to Eq. (17), showing that gradient components of the objective function
combine values of the state variables calculated by the forward model and values of the adjoint

states.

4. Parameter estimation strategy

The objective function defined by Eq. (4) is a sum of two terms, depending on two very
different quantities: piezometric heads expressed as a length and concentrations expressed as
mass or moles per volume. In addition to differences in measurement units, the numerical values
can also be significantly different. As an example, a difference of 1.0 m between computed and
measured heads for heads varying between 100 m and 110 m is less significant than a difference
of 1.0 mg.I"! between computed and measured concentrations for values varying between 0.0
mg.l! and 2.0 mg.1"".

In the context of the Maximum Likelihood or Generalized Least Squares with
regularization, the coefficient « in Eq. (4) has a physical meaning if the priors on measurement
errors are known. However, this information is not often available. Doherty (2003) and Carrera
and Neuman (1986) suggested including this coefficient in the parameter estimation procedure.
Medina and Carrera (2003) analyzed the optimal weight for identifying hydraulic conductivities
conditioned by piezometric heads and concentrations, and they tested different values. The

expected value of the likelihood function provides robust weights to be assigned to
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concentration and hydraulic conductivity data, except for the steady-state flow case. We
followed the suggestion of Medina and Carrera (2003) and define the weighting coefficient as:

k+1
K=
F (p.h@)) +F (p.c(p))

(19)

where 6 is a user-defined variable, and k is the iteration index in the optimization procedure.

An alternative to evaluating hydraulic parameters using both types of data 4 and c is to
consider F, (p, h(p)) and F, (p,C(p)) separately. The algorithm suggested by Strecker and Chu

(1986), for example, consists of a first stage, which estimates hydraulic conductivities
conditioned by heads only, and then is followed by a second stage, which estimates hydraulic
conductivities conditioned by concentrations only. In this work, we investigate the performance
of the following strategies:
- S1: hydraulic conductivities are estimated using head data only.
- S2: hydraulic conductivities are estimated using head and concentration data
simultaneously.
- S3: the conditioning is alternated during the minimization in the sense that a first
set of M}, iterations considers head data only, which is then followed by M.
iterations handling both head and concentration data; this swap is repeated until
convergence. In this work, we set M;=20 and M.=5. Alternated conditioning
suggests that a highly flawed flow field could result in simulated concentrations
far from data and eventual problems of convergence. Thus, iterations handling
head data only should first rough-out the flow field, then refined by using both
heads and concentrations. The number of iterations for each type of conditioning
is problem dependent. This number was chosen by trials counting solutions that
converge for 10 runs started at different locations in the parameter space, and

also counting the mean number of iterations required per solution to converge.
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Notably, we did not delineate any strategy seeking hydraulic conductivity on the basis
of concentration measurements only. In general, when concentrations are measured in open
wells over a groundwater system, measures of heads in those wells are also available. It would
be counter-productive to discard head data. On the other hand, there exist many actual systems
where concentrations are never monitored. Another reason is that seeking hydraulic
conductivity fields only via concentration measurements is usually not a convergence problem.
Concentration distributions over time and space depend on the velocity field, a quantity defined
as the product of conductivity and head gradient. Lack of information on heads can result in
many hydraulic conductivity fields rendering the same model outputs. In other words,
concentrations mainly inform on transit times between two locations along a flow line. This
time is insensitive to various distributions of the velocities along the line, provided their
harmonic means are similar. Therefore, with smoothly varying head gradients, many
distribution of hydraulic conductivities along a flow line would result in the same transit times.
That being said, heads along a flow line are also mainly controlled by the harmonic mean of
conductivities. The point is that the flow equation is diffusive. Widespread head data inform on
mean conductivities along all the segments joining the pairs of observations with a consequence

of a better deciphering of hydraulic conductivity distributions.

5. Numerical experiments

We rely upon synthetic test cases to evaluate the performance of the parameter
estimation methodology. Measurement errors in data (as they could be defined here by adding
random fluctuations to heads and concentrations extracted from the reference problems) are not
considered in the inversion exercises as we mainly focus on comparisons between inversion
strategies in their ability to identify reference parameter fields over diverse flow and transport

conditions. In the context of inverse problems, the notion of measurement errors is often taken
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as the difference between outputs of a supposedly "exact" model and "flawed" data. Therefore,
the absence of noisy measures does not go against the use of an objective function inheriting

from the notion of measurement errors.

5.1 Settings of the test cases

The synthetic examples investigate a rectangular flow domain of 250 m in length and
150 m in width. The aquifer thickness is constant at 20 m. The domain is discretized by a mesh
with 1,566 triangular elements of 8 m average length. Four test cases are designed with
increasing complexity in the flow field and the solute transport conditions (Table 2).

The boundary conditions for flow are a prescribed uniform head of 100 m at the west

. . . -3
boundary and a constant over time uniformly distributed outflow rate of 2xX10™ m3.s™! over the
east boundary. The north and south boundaries are considered as impervious (see Fig 1). The
hydraulic conductivity field follows a log-normal statistical distribution generated with an

exponential isotropic covariance function with an effective correlation length of 60 m and a

variance of Glzog(K) =0.12. Hydraulic conductivity values vary between 310 ms™ and 10 ms

! (Fig. 2). Usually, sequential Gaussian simulation techniques, when generating random fields
over a rough mesh, do not fully match the prescribed covariance. In practice, the effective
covariance (variogram) of the reference hydraulic conductivity field is slightly distorted and
shows a correlation length of approximately 85 m, but the right prescribed variance. This feature
is unimportant when the question is to retrieve a reference parameter field via inversion without
any prior guess on its structure. In the case of inversion exercises seeking both hydraulic
conductivity and porosity fields, the reference porosity field follows a normal distribution
generated with a spherical covariance function that has a correlation length of 80 m and a
variance g2 = 0.002 . Porosity values vary between 0.04 and 0.36 (Fig. 2), and, as for hydraulic

conductivity, the effective covariance is slightly distorted with an effective correlation length
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of 100 m. Steady-state flow is considered. The test case C1 is designed without source/sink
terms whereas five pumping wells and two injection wells (locations in Fig. 1) are added in the

domain for the other test cases C2 and C3 (see Table 2). Pumping and injection rates are set to

5.55x10° m?.s". The mathematical model for flow is solved using mixed finite elements
(Younes et al., 2010) with a code developed in the lab and checked for being rigorously mass-
conservative at the scale of each cell of the mesh.

It is worth noting that all the settings employed to generate the various flow fields are
assumed to render a well-posed problem for the inversion of hydraulic conductivities. The
existence of source/sink terms or Neumann boundary conditions in the flow equations avoids
the evaluation of conductivity up to the multiplication by a constant. Nevertheless, with only
20 head values available for the identification of more than 1500 parameters (in essence, one
per cell of the discretized domain, noting those 1500 values are not independent), good
inversion results are not guaranteed. This motivates to complement the head data set with
concentrations from transport scenarios. Incidentally, rendering the flow field tortuous by
adding injection/pumping wells in the system (tests cases C2 and C3) is supposed to complicate
the inversion using head data only. In these test cases, concentrations following the main flow
paths are expected to increase the degree of improvement of the inverse solutions conditioned
on heads only.

Regarding the simulation of solute transport, a null dispersive flux is set at all
boundaries except at the line x= 0 m, yD[25;125] where a concentration of 1 kg.m™ is

prescribed for test cases C1 and C2, and at the upstream (western) flow boundary of test case

C3 where the solute concentration is set to zero. For test case C3, a pulse of solute is injected

over a rectangular domain of delineation X D[i 10] m and Y D[65, 85] m during 2 days with a

rate of 8.0)(10_3 kg.m3.s!. The transport parameters are homogeneous and assumed to be
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known for test cases C1, C2, and C3. The effective porosity is equal to 0.05 and the longitudinal
and transverse dispersivities are @7 =10 m and @p=I m, respectively. Notably, test case C4 re-

handles the settings of test case C2, but adds an unknown heterogeneous porosity field to be
retrieved in addition to the hydraulic conductivity field. For all test cases, the solute transport
simulations are run under transient conditions with initial null concentrations within the system,
and the simulations are performed over 120 days. The transport equations are solved using a
combination of mixed and discontinuous finite elements methods, which limits the effects of
numerical dispersion (Hassane et al., 2017).

Steady-state hydraulic heads and time-varying concentrations are observed at 20 wells
(see Fig. 1) uniformly distributed in the domain. Concentrations are sampled every day. Overall,
the observations consist of 20 head values and 20x120 = 2400 concentration values. It is worth
noting that a large number of data points, as is the case here for concentration values, can
mislead the inversion procedure when the corresponding computed variables are not sensitive
to the parameter values, as, for example, close to the boundary conditions. The weighting
parameter & inthe K coefficient of the objective function (see Eq. (19)) is set to 10™* for each
test case.

The initial parameter mesh of the adaptive parameterization (see, e.g., Ackerer and
Delay, 2010) consists of 12 triangular elements and 11 nodes uniformly distributed over the
domain. The parameter mesh is refined 3 times and the total number of estimated hydraulic
conductivities, which may vary between runs according to the way the parameter mesh is
refined, is between approximately 60 and 80. Each inversion is repeated 50 times, and the initial
parameter grid is assigned with initial parameter values chosen randomly in a uniform
distribution. The aim of this duplication is to evaluate the reproducibility of the results and

compare them to the reference. The sought hydraulic conductivity values are bounded between

1.0x10° m.s" and 3.0x10° m.s! during inversion, and for test case C4, porosity is sought in
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the range [0.01, 0.40]. These upper and lower bounds of hydraulic conductivities and porosities
are the only prior information on parameters brought to the inversion procedure.

Adjoint state variables associated with both flow and transport are computed with a
different numerical code but with the same grid and the same numerical methods as those
employed for the calculation of the state variables. Codes for the adjoint states were developed
in the lab as tools independent of the forward codes with the aim of building an inversion
toolbox working in parallel with any forward model, even on non-proprietary codes for which
the calculation structures are unknown. Separate codes between the forward problem and the
adjoint state calculations also allowed us to check how the exchanges of information between
the grids of adjoint states and that of the forward flow and transport models could eventually
hamper inversions (see e.g., Delay et al., 2017). This feature is not reported in this study as both
the forward problems and adjoint state calculations share the same computation grids with

exchanges of information free from any interpolation.

5.2. Inversion of the hydraulic conductivity with known uniform porosity

The settings of the test cases are motivated by three objectives that are: (i) to evaluate
the different strategies for estimating the parameters (strategies S1 to S3), (ii) to assess the
effects of flow conditions by comparing test cases C1 and C2, and (iii) to assess the effects of
transport boundary conditions by comparing test cases C2 to C3.

Irrespective of the addressed test cases, the observed hydraulic heads are always
matched within an error of 5-10 cm for maximal variations of heads over the flow fields of
approximately 2 m. This very good matching (see also a comparison of heads between inverted
and reference flow fields in Fig. 3) justifies that results on heads will not be addressed in the
following discussion. Consequently, the comparisons are based on different criteria and only

involve concentration and hydraulic conductivities. These criteria deal with the overall spatial
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distribution of concentrations at a given time, the analysis of breakthrough curves (BTC) at 3
locations (see Fig. 1), and the calibrated parameter fields compared with the reference. Fifty
different solutions per test were analyzed. These solutions were obtained by starting the
inversion procedure from different randomly picked locations in the parameter space. It is also
worth noting that the multiscale parameterization randomizes the current inverse solution each
time the parameter grid is refined. These solutions cannot be distinguished in view of the final
values of the objective function, meaning that they are of similar quality in terms of quadratic
differences between the reference and estimated heads and concentrations.

Regarding solute concentrations, the BTC stemming from 50 solutions were gathered

into a confidence interval computed for each time step n and defined by [<c”> t0, ] where <c">

is the mean of the 50 concentration values at time stepn, and o , is the corresponding standard

deviation. Preliminary computations show that the confidence intervals did not change

significantly by running more simulations. With these 50 realizations, an average value of the

decimal logarithm of the hydraulic conductivity <log ( K E)> was computed for each element £

of the mesh with its associated standard deviation. An average error for each element £ <£E>

was also used as an assessment criterion and defined by:

<€E> =<10g (KE)>—log(KE) (20)
where K is the exact value (from the reference field) of the hydraulic conductivity at element
E ,and g, is the estimated value. The variograms of log(IE' E) were also compared with the

reference as an overall indicator of quality of estimated parameter fields. In the same way as
for breakthrough curves, the 50 variogram functions were gathered into a confidence interval
for each lag.

The concentration distributions are provided in Fig. 3. The main features of the

reference concentration distributions are reproduced by the inverse solutions for all test cases
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and all inversion strategies (regarding the objective function). However, the estimated
concentrations show additional smearing compared with the reference even though the same
mesh and same dispersivities were used for calculating reference and inverse solutions. As
shown hereafter, the retrieved hydraulic conductivity fields are smoother than the reference.
This feature is consistent with the robustness of the flow equation with respect to hydraulic
conductivity, in the sense that the head variable is not very sensitive to local contrasts in
hydraulic conductivity values (e.g., Giudici and Vassena, 2008).

The strategy overlooking concentration data in the objective function (S1) provides
results as good as the other strategies accounting for concentrations in test cases C1 and C3;
however, in test case C2, the effects of the injection wells are not completely reproduced. The
quality of the match for test case C3 is still quite good, even though solute concentrations remain
null for some observation wells that are not downstream of the local injection source. This
means that including observations at locations that do not see any concentrations is helpful to
retrieve the fluid velocity field and its subsequent relationship with hydraulic conductivities.

The different strategies can be distinguished when considering BTC (Figs. 4 to 6) as a
quality criterion of the parameter estimation. For test case C1 (Fig. 4), the BTC are well
reproduced when employing the two strategies S1 and S2. For strategy S3, which consists of
incorporating concentration data in the objective function while calculating the first iterations
of convergence by relying upon head data only, the method results in a few discrepancies
regarding the arrival times of concentrations. This bias on arrival times also occurs with strategy
S1 (concentration data are never used) and test case C2 (Fig. 5). These two attempts show that
concentration data provide useful and valuable information on solute travel times, which in turn
inform on hydraulic conductivity values.

Test case C3 is harder to decipher because solute concentrations remain equal to the

initial conditions (null concentration values) at a significant number of monitored wells not
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located downstream of the local injection. Therefore, test case C3 is more sensitive to flow
direction variations within the domain than test cases C1 and C2. A poor estimation of the flow
direction in test case C3 leads to either a difference in mean travel time or a difference in the
total solute "mass" passing through the wells (the mass being defined as the integral of the BTC
over time). Discrepancies in mass can be observed at wells P7 and P9 (except for strategy S2).
Again, strategy S2, which includes weighted information on both head and concentration data
in the objective function, is the most efficient strategy to retrieve the flow field. It is worth
noting that for all test cases and all strategies, the early arrival times of concentrations are well
estimated. The accuracy of the estimated parameters decreases with the travel distance (late
arrival times) as shown by the increase in the range of the confidence interval from well P11 to
well P9 for test cases C1 and C2.

The estimated hydraulic conductivities are analyzed by comparing the average value of
log (K ) , its related standard deviation, and the average error in Eq. (20) (Figs. 7 to 9). The

three test cases provide very similar results, showing that:
- In general, the hydraulic conductivity field is fairly well reproduced irrespective

of the inversion strategy employed.
- The largest differences between estimated and reference log (K ) are located

close to the eastern boundary of the domain assigned with a prescribed flux for
flow. At these locations, fluxes remain almost similar irrespective of the local

conductivity values. The reliability of the estimated parameters, measured by the
local standard deviation of log (K ) , is poor (high standard deviation) in this

eastern area compared with the rest of the domain. It is also worth noting that
after 120 days of transport, solute concentrations did not reach the eastern
boundary and thus poorly inform the inverse problem on local hydraulic

conductivity experienced during transport. This could be an additional
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explanation for the poor evaluation of conductivities close to the eastern
boundary of the domain.

- The third strategy, S3, leads to the poorest parameter estimation compared with
the other two.

- The ensemble of inverse solutions is wider for strategy S2 than for strategy S1
(see test cases C2 and C3 in Figs. 8 and 9). These results may appear counter-
intuitive as it is usually expected that more information (of good quality) brought
to the inverse problem should yield better results, or at least more constrained
solutions (which is consistent with the robustness of these solutions). This
notwithstanding, the additional information provided by concentrations does not
have the same meaning as information on heads. In short, concentrations are
sensitive to flow directions and associated travel times along these directions as
heads are sensitive to conductivities in a neighborhood roughly centered on the
head measurement location. Increasing the complexity of the inverse problem
by multiplying the number of sensitive factors or phenomena is conducive to an
increase of local minima. This feature spreads out the set of possible inverse
solutions even though these solutions resulted in similar values of the objective
function.

Finally, the results were analyzed via a global criterion, comparing the variogram of
log (K ) from the reference solution to the variograms computed from the estimated solutions

(Fig. 10). All variograms from inverse solutions underestimate the spatial variability of
hydraulic conductivities within lag distances less than one-half the size of the domain. This
feature is consistent with the fact evoked above stating that hydraulic head fields are not very
sensitive to local contrasts in hydraulic conductivity values. In addition, concentrations at a

given time and location depend on the average travel time between the source and the
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observation well. Therefore, they are rather less sensitive to local hydraulic conductivity
variations than to the mean of conductivities experienced along the flow path between injection
and observation. This could explain the inference of smaller variances for variograms from
inverted conductivity fields. In the same vein, hydraulic heads, as the variables of a diffusion
process (Darcian flow), are known to be rather more sensitive to mean values of conductivities

over large patches than to contrasts between local values.

5.3 Identification of hydraulic conductivity and effective porosity distributions

The additional test case C4 re-handles the settings of test case C2 but considers the
inversion of both the hydraulic conductivity field and a heterogeneous effective porosity field.
A single strategy S2 was employed to estimate the parameters, with the minimization in a single
phase of an objective function mixing both hydraulic head and concentration data (Eq. (4)).
This choice of a single strategy is motivated by the inversions of hydraulic conductivity fields
that showed strategy S2 to be the most efficient (even though the three strategies employed
render almost similar results). It was thought that strategy S2 would also be the best suited to
the joint inversion of hydraulic conductivity and porosity. As the mean porosity of the
heterogeneous field is approximately 0.12-0.15 in the western half of the domain compared
with the uniform value of 0.05 in test case C2, the simulation time for transport is increased up
to 280 days (120 days for test case C2) to let the solute plume widely invade the system.

The reliability of the simulated concentrations (Figs. 11 and 12) and of the estimated
parameters (Figs. 13 and 14) has been significantly diminished compared with the test cases
solely inverting hydraulic conductivities. This can tentatively be explained by several features,
among which the most likely is that the main driver to solute concentration propagation is the
mean water velocity, which depends on the ratio of hydraulic conductivity to effective porosity.

It is always challenging to identify both terms of a ratio when the latter is the sensitive
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parameter, even though both terms of the ratio in the present study are independent quantities
with different correlation lengths, etc. It is worth noting that actual data may show relationships
between porosity and conductivity values, following for example the well-known Archie's law
in its various forms. However, these relationships mainly apply to the fine scale of core samples,
but rarely apply to the elementary mesh of a regional aquifer model. In the latter case, small
variations in porosity values do not generate enough variability in hydraulic conductivities that
might vary over orders of magnitude. That being said, it seems that choosing independent
porosity and conductivities values does not help/hamper inversion more than choosing loosely
correlated values. Another feature hampering inversion is the increased number of sought
parameters, which is approximately 70 hydraulic conductivity values in test case C2 inversions
and becomes approximately 210 (in our tests with two independent parameter grids, one for
conductivity and one for porosity) in test case C4 inversions.

The difficulties experienced by the inverse procedure in test case C4 are also witnessed
by the important variability in the estimated concentrations resulting from flow and transport
through solution parameter fields (Fig. 12). The spreading of the 50 different possible solutions,

and the mean local errors between solutions and the reference are also enlarged (compare, for
log(K) plots, Fig. 13 and test case C2-S2 in Fig. 8). The variograms of the solution parameter

fields (Fig. 14) render the same appraisal by underestimating the variability at small scales
(small lag-distances). They also highlight the difficulty in estimating with confidence the spatial

distribution of porosity.

6. Conclusion
We have provided a rigorous and detailed presentation of the partial differential
equations ruling the continuous adjoint state associated with solute transport. The adjoint state

obeys an advection-dispersion equation that must be solved backward in time and with a

29



664

665

666

667

668

669

670

671

672

673

674

675

676

677

678

679

680

681

682

683

684

685

686

687

688

reversed flow field compared to the forward problem of transport. It also obeys specific
boundary conditions. It can be identified uniquely in a single calculation very similar to that of
the forward problem; then, it can serve as calculations for all gradients of the objective function
with respect to parameters, initial and boundary conditions, and source/sink terms. We have
also extended the adaptive parameterization technique to solute transport and to coupled
inversion of flow and transport data. The methodology has been applied to four synthetic test
cases targeting the estimation of hydraulic conductivity and effective porosity fields, using both
piezometric heads and solute concentration data. These numerical experiments showed:

1. Employing the continuous adjoint state solved via an independent numerical code, that is, in
anon-intrusive way with regard to existing (proprietary) transport models, is a viable alternative
to more common methods (Gauss-Newton and Quasi-Newton methods with embedded
computations of sensitivities or adjoint variables) for joint parameter estimation.

2. Concentration data has to be taken into account in the parameter estimation and included in
the objective function in a balanced way. If the objective function is not weighted, usually
hydraulic head observations are rapidly fitted by the inverse procedure, and the conditioning by
concentrations will not bring any additional information. In the weighting procedure, the
weighting coefficient can be adapted during the minimization and is not necessarily a parameter
to include in the minimization.

3. Concentration data render information on travel times and flow directions as a valuable
means to improve the inference of unknown hydraulic conductivity fields. Null concentrations
at some locations are also helpful. In the process of incorporating transport data to retrieve
conductivity fields, it could be conjectured that a poor prior knowledge of the fluid velocity
field could mislead the inversion relying upon transport data. The consequence would be to
partly separate the inversion procedure in a first step, predefining the flow field (conductivities)

on the basis of hydraulic head measurements; then, in a second step, launching calculations of
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transport. Even though successes of inversions are problem dependent, we have shown that the
above conjecture is wrong. It is wise to invert both flow and transport scenarios in the same
procedure, which means that the objective function of the inverse problem should mix
information on heads and concentrations. The objective function would then be minimized in a
single phase, handling both terms in heads and concentrations.

4. In the test cases reported by this study, it is worth noting that hydraulic head observations
were always rapidly fitted, and when used alone, these data rendered valuable hydraulic
conductivity fields. The addition of concentration data in the inversion procedure brought few
cosmetic features to the conductivity fields, except for better assessment of early and mean
travel times in the system, which applies to both sweeping-uniform or tortuous flow fields. A
key question raised by this study can be formulated as: Is it worth a try to include concentration
data for identifying hydraulic conductivities when it is known how cumbersome and costly

concentration measurements can be?
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Appendix A

The development of the continuous adjoint state associated with the advection-
dispersion equation for solute transport in porous media is presented below. The continuous
expressions of the gradient components of the objective function are also provided.

The continuous operator that solves solute transport and that represents the constraint

V(c, p) =0 in the Lagrangian operator of an optimization problem is written as:

V(c,p)=0 = aa—at)c+D (a)uc—a)D.Dc)—qc =0 over Q and]O,T] (Al)

with initial and boundary conditions:

c=¢" overQatt=0

c=cp overd,Q.and [0,7] (A2)
-D.Ce.n, =g, overd,Q.and ]O,T]

At this stage, perturbations Jp resulting in perturbations Jc to keep V(c +5c,p+5p) =0

only concern model parameters, that is, Op = (5&; ou, 5])) , noting that y is a parameter for the

transport equation but also an output of a flow model. A later discussion will address
perturbations regarding source/sink terms, initial conditions, and boundary conditions. A
variation of the Lagrangian operator is employed to derive the equations of the adjoint state,

which takes the form:
tror trof
:”— dcdQdt + jj— dedH” (c+3c,p+3p) ="V (c.p)) udQadr
00 0¢ 22 0P

(A3)

with f the continuous objective function, A the continuous adjoint state, and the constraint

V(c +dc,p+ Jp) =0. The latter is developed as:
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6(w+5c(;)3(c+50) +D.((w+5a))(u+5u)(c+50)) (A4)

—D.((a)+ &u)(D+6D).D(c+5c)) ~q,=0  over Qand]0,T]

V(c+5c,p+5p) =0

and flanked with initial and boundary conditions:

c+dc=c’ overQatt= 0
ct+oc=cp, overd,Q.and ]0,7] (A5)
~(D+0D)0(c+dc).n, =g overd,Q.and |0,7]

Developing to the first order (i.e., by neglecting terms in &°), the difference fvd —V tenders:

V(c+5c,p+5p)—V(c,p)=O =
0 (a)Jc) N 0 (c5a))
ot ot

~0.(aD.06c) = 0.(wdD.Oc) = 0.(daD.Oc) =0 over Q and]0,T]

+[0.(awndc) + 0. (wouc) + 0. (denc) (A6)

with initial and boundary conditions:

oc=0 overQatt= 0
oc=0 overd,Q . and ]0,T] (A7)
-D.0Jdc.n; —oD.Ucn, =0 overd, Q. .and ]O,T]

The basic idea prevailing for the identification of the continuous adjoint state equations

T
is to isolate the terms in O in the integrals I I (VJ - V) 1dQdr of the operator 0L in Eq.
0Q

(A3). This occurs via integration by parts for all terms in Eq. (A6), which are handled below as

they appear ranked in Eq. (A6).

T

T | 0 (we) 1dQdt = —T | woe 2 aQuar + { j ch,udQ}
0Q at 0Q at Q

. 0 (A3)
=- j j aﬁc%—‘t’der

0Q
In Eq. (A8), simplifications come from the following properties: at =0, dc =0 is due to
boundary conditions in Eq. (A7); at t =T, M is set to zero as it is the initial condition for

calculating U4 (see below), and U can be defined up to the addition of a constant.
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T

O

3 (cow
i (gt ),ua’Qa’t— Hcawa a’th+[J.c5£qudQ}

0 (A9)
:—”cda)a—det j‘)da)‘)u dQ

0Q

where it has been accounted for the fact that =0 at £ =7 . We note that:

t0a tob tob .
{E dz:—jaadﬁ[ab]g Z—Igadt—aobo if b’ =0 (A10)

0 0

Using the property z=0 at t =T and applying Eq. (A10) in Eq. (A9) results in:

jja(M ),udet = Hda),u dQdt (Al1)
0Q a 0Q a

fj D.(wub_c),udet=—JT‘J.a)qu.D,udet+JT. [ wdcpun drar (A12)
00 0Q 00,0

In Eq. (A12), the contour integral over the Dirichlet-type boundary aDQC has been cancelled

out, considering that dc =0 along this type of boundary (see Eq. (A7)).

h 0. (cduc) ,udet——”abJu D,udeﬁj j arpoun, drds
0Q

00Q

r (A13)
- j jaz:o*u.mydgdt
0Q

hm douc) pdQdr =- ”o“cwumydndﬁjj&wyun drdt
0Q

00Q

(A14)
=- j [ daru.OpaQar
00
In Egs. (A13) and (A14), the contour integrals cancel out because the perturbations du and
Ow are null along the boundaries (& and U are not defined straight at the boundary of the
modeled domain, they do not appear in the boundary conditions), and incidentally, the adjoint
state M , which is defined up to the addition of a constant, can be considered as null along a

Dirichlet-type boundary.
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h 0. (@D.08c)udQdr =~ H Jc.(aD.Op deH”chD Opn, dTdt
0Q

0 0Q

- j j auD.0dcn, dTdt (A15)

00Q

:—Tj JcD.(aD.Dy)deHJT' [ Sced.Opn arde
0Q

0 9,Qc
The expression in Eq. (A15) has been integrated by parts twice to extract the perturbation Oc

from the operator [L[J. The simplification of contour integrals results from g =0 over the
contour aDQC, and the boundary conditions dc =0 over aDQC. Note also that D-D&?-Ilr from

(A15) in addition to 5D.|:bllr which appear in (A16) results in a null term over aNQC (see

boundary conditions (A7)).

TID adD.Ce)pdQdr = jj (Ou)" .0D.0cdQdt - jja;uéDDcn drdr
0Q

00Q
T

=[] w(Du)" .oD.0caQdt (Al6)
0Q

In Eq (A16) the contour integral cancels out because g =0 over the contour aDQC, and

5D-DC-HF in addition to D-D&?-Ilr in (A15) cancel out over aNQC.

TID . Ce)udQdr = ”&omu DOcdQdt - Hdaynmcnrdrdz
0Q

00Q
T

=[ [ de(Op)" D.0caQdr (A17)
0Q

In Eq (A17), the contour integral cancels out because g =0 over the contour aDQC, and the

perturbation dw 1is zero over the whole contour 0Q .
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Gathering all terms in Oc over the expressions in Egs. (A8) to (A17), then reintroducing
them into the variation of the Lagrangian operator 0L in Eq. (A3) and cancelling out the

whole, poses the continuous equations of the adjoint state, which render:

—w%—’i’ —ou.lu-1 (wD.D,u) +gi = over Q and]T,O]
c
,L[:O overQatr=T (A18)
H=0 overd,Q .and ]T,O]
(wpm+aD.0Op)n =0 overd, Q. and ]T,O]

It is worth noting that Eq. (A18) has to be solved backward in time and with a reversed velocity
field —UW ; otherwise, the problem lacks physical meaning with a negative dispersion tensor in
the advection-dispersion equation. The Neumann boundary condition of the forward problem

in Eq. (A2) has been transformed into a Robin boundary condition (with a reversed velocity

field —W) along the contour aNQC. Usually in transport problems, a so-called homogeneous
Neumann boundary condition —DUene =0 is associated with a no-flow boundary, yielding
un- =0. In that case, the Robin boundary condition for the adjoint state simplifies into

Ljune =0. Another possibility where the condition —DCem- =0 applies is that of a "free"

advective flux exiting the system with no modification beyond the boundary. In that case, the
Robin boundary condition of the adjoint state with a reversed flow field simply consists in
letting a prescribed value g =0 enter into the domain.

Solving the adjoint state equations in Eq. (A18) changes the expression of the variation

of the Lagrangian operator in Eq. (A3), which simplifies into:

_T af T
oL _Mgapdgdz +'([£5pg(c,,u)det (A19)

With the three types of parameters @, U, and D in p, the operator 0L can be separated into

three components:
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From Eqgs. (A11), (A14), and (A17):

3L, —jjdwaideH”Jw(a p=cu.Opu+(0p) .D.chdet (A20)

0Q 0Q

From Eq. (A13):

:]j u—det jjwcau OudQadt (A21)
0Q
From Eq. (A16):

= TI&DS—]];deth(Du)T.6D.Dchdt (A22)

0Q 0Q

The expressions in Egs. (A20), (A21), and (A22) give the form of the gradient components of

the objective function with respect to parameters W, U, and D . For example, let us take uf’i ,
the velocity along the x direction over a subdomain Q, of Q and over the time step Atn within

the period ]O,T]. The gradient component of the objective function with respect to “;,i 1s

expressed via Eq. (A21) as:

dﬁ; j j o -aQadr- | | % aar (A23)
ux i A, Q A, Q; X
The strength of the continuous adjoint state also allows us to retrieve source/sink terms,

initial conditions, and boundary conditions by providing the gradient components of the

objective function with respect to these factors. Regarding source/sink terms, the operator

%—V in Eq. (A6) is modified to include a perturbation —5qc. As this perturbation is

T
independent of that on the parameters 0w , du , and OD , the integration I I (VJ - V) udQdt
0Q

T
simply lets an additional term in the form —j I Oq. 1 dQdt appear. The latter does not alter the

0Q

development between Eqgs. (A8) and (A17). Consequently, the continuous adjoint state equation
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(A18) and the gradient components of the objective function (precisely, the components of the
operator 0L ) with respect to parameters &, U, and D (Egs. A20, A21, and A22) are
unmodified. After the adjoint state /4 has been calculated by solving Eq. (A18), the gradient
components of the objective function with respect to source/sink terms ¢, are calculated by

employing:

oL, = I i ch(%fdgdt—l i Oq udQdt (A24)

c

Regarding initial and boundary conditions, the operator fvd -V in (A6) is modified on

its initial and boundary conditions in Eq. (A7). The latter become:

dc = dc’ overQatt= 0
oc = Oc,, overd,Q.and ]0,T] (A25)
-D.0dcn; —ID.Len, =dq), overd,Q.and |0,7]

with d¢° the perturbation associated with initial conditions, and &D, &]N the perturbations

associated with Dirichlet- and Neumann-type boundary conditions, respectively. The general

T
form of the operator II(V5 - V) udQdr 1s not modified, but the expansion of a few terms
0Q

slightly changes. d¢° appears in Eq. (A8), which becomes:

T

Tj a‘(‘fc ©dQdr = —“aﬁc%—”mdﬁ Daﬁcum}
0Q 0Q 1 Q 0 (A26)

T

:—”aﬁca—”deHjaﬁcwdQ
0Q at Q

where the properties =0 at t=T7T and Jc=0c’ at =0 have been accounted for. The

perturbations JCD and Og), appear in the two successive integrations by parts of Eq. (A15) and

the integration by parts of (A16). More precisely, only the contour integrals are modified; their

sum from expressions in (A15) and (A16) renders:
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T j dceD O, dT dt —T j wuD.0dcn, dTdt

00Q 00Q
T
~[ [ apdD.Ocn, ara
00Q
T T
= [ | dcaDOpndrdr+| [ Jc,aDOung drde (A27)
00,Qc 00,Q¢

+T j wudq’, n, drdt

00yQ¢

The contour integrals of Eq. (A27) take into account the following properties: 4 =0 over the
contour aDQC, the boundary condition oc = 5CD over DQC, and the boundary condition

—-D.0dcn, —ID.Uen, =Jq), over 0,£..

T

All the remaining terms in the development of ”(V5 —V) 1dQdr are unchanged,
0Q

which also comes down to unchanged continuous equations for the adjoint state f/ and the
components of Lagrangian operator 0L regarding perturbations on parameters ow , du , and
OD . When the adjoint state has been calculated by solving Eq. (A18), the gradient components

of the objective function with respect to initial and boundary conditions are accessible via:

T af
oL, =[[oc —deHch@u dQ
0Q a
T af T
oL], =[ | Jc,=—dQdt +[ | e, Oun, drdr (A28)
00,0, aCD 00,0,
0 )
_[jd‘ 9 dez+j [ udgyn arar
09,0 09,0
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Figure and table captions

Fig. 1. Flow domains of the three synthetic test cases C1, C2, and C3. Dirichlet boundary
conditions for flow at western (red bolt line, # = 100 m) and eastern (blue bolt line, 4 = 90 m)
boundaries. North and south boundaries are of no-flow type. Green lines in test cases C1 and
C2 delimit the boundary associated with continuous uniform injection of solute. The green
rectangle in test case C3 is the location of a short-step injection of solute. Observations of
hydraulic heads and concentrations are located at the square dots. Blue and red dots mark the
locations of extraction and injection wells, respectively. Wells P7, P9, and P11 are locations
where solute concentration breakthrough curves are compared between reference and inverse
solutions.

Fig. 2. Reference log hydraulic conductivity (logK) and porosity () fields.

Fig. 3. Reference and examples of simulated head fields (constant over time) and solute plumes
after 120 days for flow and transport test case C1, 80 days for test case C2, and 50 days for test
case C3. S1, S2, and S3 denote the strategies employed for inversion, and h or ¢ refer to either
head or concentration fields. Black lines through some fields mark the main streamlines of the
flow field. The reference flow fields for test cases C2 and C3 are similar. The color scale ranks
values for both head and concentration casted between 0 and 1 for minimal and maximal
reference values, respectively

Fig. 4. Solute concentration breakthrough curves at the three locations P11, P7, and P9 (ranked
with increasing distance from solute source) for test case C1 and three inversion strategies S1,

S2, and S3. Black lines denote the references; blue areas delineate the envelope [<c> J_rac] of
50 inverse solutions.

Fig. 5. Solute concentration breakthrough curves at the three locations P11, P7, and P9 (ranked
with increasing distance from solute source) for test case C2 and three inversion strategies S1,

S2, and S3. Black lines denote the references; blue areas delineate the envelope [<c> J_rac] of
50 inverse solutions.

Fig. 6. Solute concentration breakthrough curves at the three locations P11, P7, and P9 (ranked
with increasing distance from solute source) for test case C3 and three inversion strategies S1,

S2, and S3. Black lines denote the references; blue areas delineate the envelope [<c> J_rac] of

50 inverse solutions.
Fig. 7. Average log hydraulic conductivity <10g (k )> (left), standard deviation of log(K)

(middle), and mean error in log(K) compared to reference (right), for 50 inverse solutions of

test case C1. The reference log(K) field is at the top of the figure. S1, S2, and S3 correspond

to the three inversion strategies employed.
Fig. 8. Average log hydraulic conductivity <log(K )> (left), standard deviation of log(K)

(middle), and mean error in log(K) compared to reference (right), for 50 inverse solutions of
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test case C2. The reference log(K) field is at the top of the figure. S1, S2, and S3 correspond

to the three inversion strategies employed.

Fig. 9. Average log hydraulic conductivity <log(K )> (left), standard deviation of log(K)
(middle), and mean error in log(K) compared to reference (right), for 50 inverse solutions of
test case C3. The reference log(K) field is at the top of the figure. S1, S2, and S3 correspond

to the three inversion strategies employed.

Fig. 10. Variogram of the reference log hydraulic conductivity (black lines) compared with the

variogram envelopes [( y> J_ray] (grey areas) calculated over 50 inverse solutions. C1, C2, and

C3 denote the three flow-transport test cases; S1, S2, and S3 correspond to the inversion
strategies.

Fig. 11. Reference (left) and simulated (right) solute plumes after 280 days for flow and
transport test case C4.

Fig. 12. Solute concentration breakthrough curves at the three locations P11, P7, and P9 (ranked
with increasing distance from solute source) for test case C4. Black lines denote the references;

blue areas delineate the envelope [(c} * JC] of 50 inverse solutions.

Fig. 13. Average parameters — log hydraulic conductivity log(K) and porosity W — (left),

standard deviation of parameters (middle), and mean error in parameters compared to reference
(right) for 50 inverse solutions of test case C4.

Fig. 14. Variograms of the reference (black lines) log hydraulic conductivity (left) and porosity
(right) compared with the variogram envelopes [( y>4_ray] (grey areas) calculated over 50

inverse solutions of test case C4.

Table 1. 17 reference studies dealing with coupled flow-transport inversions. Main
characteristics of these studies.

Table 2. Main characteristics of synthetic tests cases C1 to C4 inverting coupled flow and
transport to retrieve hydraulic conductivities (and porosity, only test C4).
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Reference Measured variables Strategy Optimization Parameterization Estimated parameters
Umari et al., | Transient transport - Quasi-linear Uniform o

1979 minimization Hypothetical test case
Strecker and Transient flow and Two stage Gradient-based Zonation T, o.

Chu, 1986 transient transport minimization Hypothetical test case
Wagner and Steady flow, transient | Simultaneous inversion Gradient based with Homogeneous aquifer K, o, a.

Gorelick, transport adjoint state. Hypothetical test case
1987

Sun and Yeh, | Transient flow and Simultaneous inversion Gradient based with Zonation K, o.

1990 transport adjoint state. Hypothetical test case
Keidser and Steady flow, transient | Two stage with a feedback | Gradient based, Kriging (pilot points) and/or | Ln(T), a, source
Rosbjerg, transport procedure Levenberg-Marquardt zonation concentration.

1991 Gauss Newton Hypothetical test case

Wagner, 1992

Steady flow, transient
transport

Simultaneous with
optimized weighting
(Carrera, Neuman, 1986a)

Gradient based with
adjoint state.

Zonation

K, ®, a, recharge, flux
boundary for flow.
Source location and mass
flux with known
hydrogeological
parameters.
Hypothetical test case.

Hendricks Steady state flow, Simultaneous inversion Gradient based with Stochastic distribution with | Ln(K),In(Ss), Dirichlet
Franssen et transient transport adjoint state. master blocks for flow, retardation
al., 2003 factor, mass sources.
Hypothetical test case.
Medina and Steady state and Simultaneous inversion Gradient based, Zonation Ln(T), a, retardation

Carrera, 1996

transient flow,
transient transport

Levenberg-Marquardt
Gauss Newton

factor, matrix diffusion,
contaminant source
strength.

Laboratory test case and
field case.

Wen et al.,
2002

Transient flow and
transient transport

Simultaneous inversion

Gradient-based
minimization

Stochastic distribution
(Sequential self-calibration
method)

Ln(K).
Hypothetical test case.




b wnN

Medina and
Carrera, 2003

Steady state or
transient flow,
transient transport

Simultaneous inversion

Gradient based (revised
adjoint state),
Levenberg-Marquardt
Gauss Newton

Stochastic distribution

Ln(T).
Hypothetical test case.

transient transport

and ®

Liu et al., Steady state flow, Simultaneous inversion EnKF Stochastic distribution for Ln(K), a, mass transfer
2008 transient transport. K, uniform value for other | rate and mobile porosity
parameters ratio.
Made experimental site.
Lietal., 2012 | Transient flow and Simultaneous inversion EnKF Stochastic distribution for K | Ln(K), o.

Hypothetical test case.

Pollock and
Cirpka, 2012

Steady state flow,
transient transport
(through temporal
moments)

Simultaneous inversion

Gradient-based Gauss-
Newton

Stochastic distribution
Quasi-linear geostatistical
method

Ln(K) and structural
parameters by a two steps
iterative method.
Laboratory experiment.

Kitanidis and

Steady state flow,

Simultaneous inversion

Gradient based with

Stochastic distribution

Hypothetical test case.

Lee, 2014 transient transport Principal Component
Geostatistical Approach
Pool et al., Transient flow and Simultaneous inversion Gradient based with Stochastic distribution Ln(T).
2015 transient transport adjoint state. (regularized pilot points) Field case.
and geology-based zonation
Erdal and Transient flow, Simultaneous inversion EnKF, Stochastic distribution for Ln(K), o, transient
Cirpka, 2017 | transient transport Kalman Ensemble Ln(K) and o, zonation for recharge.
Generator recharge. Hypothetical test case.
Carniato et Transient flow and Three steps: Gradient based method. | Pilot point for K, Ss, K, Ss, o, a, recharge, ,
al., 2015 concentrations of 1. Flow Levenberg Marquardt recharge. degradation rates, mass
different species. 2. Transport transfer coefficients.
Local values of K, Ss. | 3. Flow and transport Field site.
Lab. scale values for with optimal weighting
chemical parameters from Doherty (2003)

EnKF: Ensemble Kalman filter. K: Hydraulic conductivity, Ss: specific storage capacity, T: transmissivity, ®: porosity, a: dispersivity

Table 1




Sink/source for flow Boundary Conditions for transport Porosity

C1 No sink/source Continuous prescribed concentration at the ~ Known

upstream boundary

C2 5 pumping wells and 2 Continuous prescribed concentration at the ~ Known
injection wells upstream boundary

C3 5 pumping wells and 2 Pulse injection Known
injection wells

C4 5 pumping wells and 2 Continuous prescribed concentration at the ~ Unknown

injection wells

upstream boundary

Table 2





