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Abstract

The thermal rectification of a conductive thermal diode made up of two phase-change materials, whose
thermal conductivities significantly change within a narrow interval of temperatures, is theoretically studied
and optimized. This is done by deriving analytical expressions for the temperature profiles, heat fluxes and
rectification factor. An optimal rectification factor of 60% is obtained for a thermal diode operating with
terminals of VOq and Polyethylene with a temperature difference of 250 K spanning the metal-insulator
transition of both materials. It is shown that this high rectification of a conductive thermal diode could
be maximized even more by increasing the thermal conductivity variations of both diode terminals. The
obtained results can thus be useful to guide the development of phase-change materials capable of optimizing
the rectification of conductive heat fluxes.

Keywords: Thermal rectification, conductive thermal diode, phase-change materials.

1. INTRODUCTION

Thermal diodes allowing the heat exchange between two terminals in a given direction and blocking
it in the opposite one, have attracted significant attention over the past decade, due to their potential
applications in heat control [1, 2, 3]. This thermal rectification is analogous to the electrical one driven by
electronic diodes and has been studied through thermal diodes operating with photons [4, 5, 6, 7], phonons
[8,9, 10, 117 | 3], electrons [12] and quantum structures [13, 14]. This phenomenon was first experimentally
observed by Starr [15] at the interface between copper/cuprous oxide and then observed in carbon nanotubes
structures [16, 17], dielectric quantum dots [18], phase-change materials (PCMs) [19, 20, 21, 22] and bulk

materials [23].
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Thermal rectification of conductive heat fluxes is generally generated by the temperature dependence of
the thermal conductivities of the diode terminals [24] and therefore it can, in principle, be achieved with
arbitrary solid materials subjected to a sufficiently large temperature gradient. Based on the Fourier’s law of
heat conduction, Yang et al. [25] modeled and optimized the rectification ratio of a conductive thermal diode
made up of two terminals, whose thermal conductivities follow either a linear or a quadratic dependence on
temperature. For the linear variation, they obtained a maximum rectification ratio of 0.5, which increases
to 0.86, for the quadratic dependence. These relatively high rectification ratios required a temperature
difference greater than 100 K between the diode terminals, which could be difficult and expensive to achieve
in practice. This drawback can be overcome by means of PCMs, such as vanadium dioxide (VO3), nitinol,
and polyethylene (PE), whose thermal conductivities strongly change in a relatively narrow interval of
temperatures [26, 27, 28, 29, 30, 31, 32]. These PCMs with a strong phonon-electron correlation have
recently attracted a lot of experimental and theoretical interest, due to their metal-insulator transition
(MIT) at temperatures close to room temperature. For instance, the thermal conductivities of VO3 and PE
typically change within a relatively small ranges of temperature 340 K < T < 345 K and 395 K < T < 400
K, respectively [33, 34]. The fact that the MIT of VO3 occurs in a temperature range of only 5 K has
motivated its application in combination with a non-PCM, as the terminal of a conductive thermal diode,
however, the maximal rectification factor obtained was lower (~ 20%) [34] than that reported by Yang et al.
[25] This indicates that the operation of a conductive thermal diode with both terminals made up of PCMs
could enable not only to maximize its rectification factor, but also to reduce the temperature difference
between its terminals, as was recently proposed [35]. Based on an alternative definition of the rectification
factor, Hyungmook et al. [36] recently determined a rectification factor of 147% for a thermal diode with
the terminals of VO and PE, whose thermal conductivities significantly change with temperatures. This
relatively high rectification was obtained by describing the thermal conductivities of both PCMs as step
functions, which is similar but not equal to their real behaviors, as the phase transitions of VOs and PE
occur in a temperature interval greater than 5 K. Therefore, a more realistic description of the thermal
conductivities of the rectification of thermal diodes based on two PCMs is thus required.

In this work, we theoretically study the optimization of the rectification factor of a conductive thermal
diode made up of a junction of VO, and PE. This is done by taking into account the temperature dependence
of the thermal conductivities of these PCMs within their phase transitions. Simple analytical expressions
for the temperature profiles, heat fluxes and optimal rectification factor are derived and analyzed for the
steady-state heat conduction. The present study is thus based on the combination of two PCMs, which
are expected to yield higher rectification factors than a thermal diode based on a single PCM, which we

addressed in a previous work et al. [34].
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Figure 1: Scheme of a dual PCMs conductive thermal diode operating in the (a) forward and (b) backward configurations.

Hot and cool thermal shells are set at the temperatures Ty, and T¢, respectively.

2. THEORETICAL MODELING

Let us consider a system of two phase change materials exchanging heat through steady-state conduction
as a result of their temperature difference T}, — T, > 0, as illustrated in Figs. 1(a) and 1(b), respectively. In
the forward configuration [Fig 1(a)], the heat flux gr flows from PCM1 to PCM2, while in the backward one
[Fig 1(b)], the heat flux gp occurs in the opposite direction, as a result of the interchange of the temperatures
Ty, and T,. The values of gr and gp are driven by the thermal conductivities of x1(7") of PCM1 and ko (T') of
PCM2, and are not expected to be equal (¢r#¢qp), due of the temperature dependence of x1(T) and ko (T).
For temperatures within the MIT of VO3 and PE. Therefore, the asymmetry of «,,(T) around its transition
temperature Ty,, with n = 1,2, is much larger. It allows optimizing the heat flux difference qr—qp by
setting the terminals’ temperatures as follows: T, < Ty, < T}. The ability of this temperature-controlled
thermal diode to rectify heat fluxes can thus be defined by the following rectification factor R [34]

- oy W
Equation (1) establishes that a nonzero rectification is achieved when the reversal of the temperature gradient
induces not only the inversion of the heat flux direction, but also a significant variation of the heat flux

magnitude. Optimal rectification (R = 1) is reached when one of the heat fluxes is zero.
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Figure 2: Thermal conductivities of VO3 and PE, as functions of the temperature within their corresponding MIT. Dots and

triangles stand for experimental data reported in the literature [37, 33], while lines represent the theoretical predictions of Eq.

3)-

2.0.1. Forward configuration
According to the Fourier’s law of heat conduction and the principle of energy conservation, the steady-

state heat flux ¢ in the forward configuration of the thermal diode shown in Fig 1(a), is given by

arT dT:
ar =~ (Th) - = —ma(T2) =, (2)

where T (z) and Ty () are the temperatures within the PCM1 (0 < x < L;) and PCM2 (L1 <z < Ly + L),
respectively. In this work, we consider that the thermal conductivities x1(T") and k2(T") belong to VO2 and
PE, respectively, and their temperature variations are shown in Fig. 2, within their MITs. Note that the
thermal conductivity contrast of PE (25/5 = 5) is higher than that of VO3 (6/3.6 = 1.7), such that they
reach their maximum thermal conductivities for temperatures T' < 395 K and T" > 345 K, respectively. This
fact along with Eq. (2), indicates that gr can be maximized by properly setting the temperatures 7}, and
T, to fulfill these temperature conditions.
The thermal conductivities of both VO5 and PE (Fig. 2) can be described by

RKmn — Rin
kn(T) = Kin + T3 e nT—Ton)’ (3)

where K., and Kk, are the thermal conductivities in their respective high- and low-temperature phases,

and (3, is the phase-transition slope of k,(T) at the transition temperature T = Tp,,, for n = 1 and 2. The



values of these four parameters were determined by fitting Eq. (3) to the experimental data shown in Fig.

2 for VO5 and PE, and they are summarized in Table 1.

Table 1: Material properties involved in Egs. (3).
Material ki, (Wm™ K™ K, (Wm™tK™) B, (K™Y Tp,(K)

VOq 3.6 6 1.7 342.3
PE 25 5 2.2 397.4

The temperatures T7(z) and T(x) can now be determined by integrating Eq. (2) for the thermal
conductivities in Eq. (3), which yields
1 C
T (2) — Ton + —— I [1 + My (T ()] = —= — L4 (4)

BnYn Kmn  Kmn

where C,, is an integration constant, v, = Kmn/(Kmn — Kin), and M, (T) = exp[—Bn(T — Ton)]. The
values of the three parameters ¢p, C; and C are determined by the boundary conditions T(0) = Tp,
To(L1 + Lo) = T,, and T (L1) — To(L1) = pgr, with p being the interface thermal resistance between the
PCM1 and PCM2. Equation (4) thus yields the following expressions for the heat flux and temperature

profiles
= i n 7Z1(Th) a
"= : [Zl(Tl(Ll))] ’ (5a)
_ 1 [Z@iLy) - per)
"=, : { Zy(Te) ] ’ (5b)
Zy(Ty(x)) = [Zo(T)] ™" (20T (L))" (5¢)
Zo(Ta(x)) = [Zo(T1(L1) — pap))'~F0 22 [ Zy(T)) P02 (5d)

where a, = BuYnpPmn, Pmn = Ln/Kmn, and Z,(T) = [1 + M, (T)] / [M,(T)]"". The substitution of Eq. (5a)
into Eq. (5b) results in a strong non-linear dependence of the temperature T7(L;) = 6 on T}, and Ty, as

follows:

o _ L 21 (Ty)
(zm)* 2L )
Z1(0) a Z5(Te) '
After numerically solving Eq. (6) for the interface temperature 6, the forward heat flux and temperature

profiles can be determined through Egs. (5b)-(5d), for a given set of temperatures 7}, and 7.

2.0.2. Backward configuration
The backward heat flux (¢p) and the temperatures [T7(x) and T5(x)] for the backward configuration
[Fig. 1(b)], can be determined by following a similar approach than the one developed for the forward



configuration. The appropriate boundary conditions are T5(0) = Ty, Th (L1+Ls) = Te., and To(Lo)—T1(Le) =

pqp. The final results are

I Zo(Th)
an = [ZQ(T1<L2)+qu>] (7b)
Zy(Ti(x)) = [Zy(T1 (L))~ 2 B [z (1)) o 2 (7c)
Zo(Ta(x)) = [Zo(Tn)]' ™" [Za(T1(L2) + pap)]*/ "2 . (7d)

The combination of Egs. (7a) and (7b) yields the following transcendental equation for the interface tem-

perature Ty (Ls) = ¢, as a function of T}, and T,:

(sz((Tq?)) - 2 (¢ N ;f(lfh[)m ] ) ' (8)

Z1(Te)
The numerical solution of Eq. (8) for ¢, fully describes the heat conduction in the thermal diode through

Egs. (7b)-(7d).

2.0.8. Rectification factor

In order to maximize qr and minimize gp for optimizing the rectification factor R in Eq. (1), we have

conveniently rewrite Egs. (5a), (5b), (7a), and (7b), as follows:

T, -0 m1) L 14 e Pr(Th—To1)
qF = h + (Pm1) . - 7 o0
Pm1 Bim 1+ ¢—B1(6—To1)
b —Tc + pma2) 1 1 + eB2(Toa+par—0)
qr = + (p 14 2) - 7 (9b)
P+ Pm2 Bay2 1 + eB2(Toz—Te)
- T, -1 1 B1(Tor—Te)
qB = ¢ c (Pm1) In +e 7 90
Pm1 Aimn 1+ ebr(Tor—¢)
Th—¢ (p+ me)_l 1 4+ e—P2(¢—To2+pan)
4B = — _ - (0d)
p+ pm2 Bay2 1 + e—B2(Th—Toz)

Equations (9a) and (9b) establishes that when the temperature T, (T¢) is high (low) enough for fulfilling
the conditions £ (T, —To1) > 1, B1(8 —To1) > 1, Ba(To2 —T) > 1, and B2(pgr + To2 — 0) > 1, they reduce

to
Th—-0  0-T,
Pm1 p+ pio’

qr (10)

where p;2 = La/Kiz and ppm1 = L1 /km1. Equation (10) explicitly indicates that, under these conditions, the
whole terminal 1 (PCM1) is in its high-temperature (metallic) phase, while the entire terminal 2 (PCM2) is in
its low-temperature one. According to Fig. 2, both of these phases are characterized by the highest thermal

conductivities of PCM1 and PCM2, and therefore they maximize the heat flux ¢r = ¢F max determined by



Eq. (10), as follows

Ty — T,
GFmax = —————, (11a)
Pm1 + p+ pi2
i2) 7] mi1l.
Tl,max(Ll) _ (p+p22) ht+ pmidlec (11b)
Pm1 + p+ pi2
i T; m Tc
Ty (L1) = 22 h+ (pm1 +p) 7 (11c)
Pm1 + p+ pi2

where T1(L1) = T1 max(L1) and T5(L1) = T max(L1) are the interface temperatures associated to ¢ max.
On the other hand, Egs. (9¢) and (9d) show that when the temperature T, (T¢) is high (low) enough for
satisfying the conditions 81 (Tp1 — 1) > 1, B1(Tor — @) > 1, Bo(Th — To2) > 1, and B2(pgp + ¢ — To2) > 1,
they turn into
~T. T, —
= (bpil B Piprj; (12)
where p;1 = L1 /ki1 and ppma = Lo/km2. Equation (12) explicitly points out that, under these conditions, the

whole terminal 1 (PCM1) is in its low-temperature (insulating) phase, while the entire terminal 2 (PCM2)
is in its high-temperature one. According to Fig. 2, both of these phases correspond to the lowest thermal

conductivities of PCM1 and PCM2, and hence they minimize the heat flux ¢gg = ¢B min given by Eq. (12),

as follows
Ty — T,
4Bmin = ——————, (13a)
Pi1 + P+ Pm2
i T; m Tc
Tl,min(LQ) = Pirlh + (p + P 2) 5 (13b)
pPi1 + P+ pme2
7 T, m Tc
TQ,min(L2) = (p Lt p) nt Pm2 (13C)
Pi1 + P+ Pm2

where T1(L2) = T1 min(L2) and T5(La) = T min(L2) are the interface temperatures related to ¢g = ¢B min-
According to Egs. (1), (11a) and (13a), the optimal rectification factor Ropt = 1 — ¢B,min/¢F,max 1S then
determined by
_pmitptpi2

pi1 + P+ pm2

ki (LA p/pma)7 + Emi/Kiz
Km1 (1+p/pi)r + Kit/Kima

Ropt =1
(14)

where r = L1/Ly. Note that Rop¢ is symmetric on the thermal resistances of both PCMs and increases
with the thermal conductivity contrasts ,;,1/ki1 and K2/Km2 between the metallic and insulator phases of
the PCMs. In contrast to the optimal rectification factor of a conductive thermal diode operating with a
single PCM [34], Ropt in Eq. (14) does depend on the interface thermal resistance p between the terminals,
such that lower values of p yield higher values of Rop;. The optimization of the rectification factor of

heterojunction based on two PCMs thus requires high values of £,,1/%:1 and K;2/km2 and low ones of p.
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Figure 3: Rectification factor, forward and backward heat fluxes of the conductive thermal diode of VO35 and PE, as functions

of the temperature T},. Calculations were done for T, = 300 K and p = 0 mm?KW~1.

3. RESULTS AND DISCUSSION

Figure 3 shows the temperature evolution of the forward (gp) and backward (gp) heat fluxes of a
conductive thermal diode operating with terminals of VO; and PE. Note that both ¢r and gp exhibit a
nearly linear increase with T}, such that their difference is positive (¢r — g > 0), for most temperatures
higher than the VOs transition one (Tp; = 342.5 K). The slope change of ¢g is due to the MIT transition of
VOs at T}, = To1, such that the difference qr — ¢ increases for Tj, > Ty;. The heat fluxes ¢r and ¢g shown
in Fig. 3 also increase with the interface temperatures T (L) and T»(L2), as shown in Figs. 4(a) and 4(b),
respectively. This fact is consistent with Fig. 3, Egs. (11a) and (13a) as well as with theoretical predictions
[34, 38] and experimental data [35]. The metallic phase of VO3 is thus able to enhance the rectification
factor of the proposed conductive thermal diode when the temperature difference of its terminals is high
enough.

The interface temperatures for the forward [T1(L1) and T5(L1)] and backward [To(L2) and Ti(Ls)]
configurations of the conductive thermal diode are respectively shown in Figs. 5(a) and 5(b), as functions
of the temperature Tj,. The expected increase of these four temperatures with 7}, is driven by the combined
effect of the thermal conductivities of VO5 and PE, while the temperature differences T} (L1) —T2(L1) = pqr
and To(Ly) — T1(L2) = pgp are determined by the forward and backward heat fluxes shown in Fig. 3,
respectively. Larger interface temperature jumps are obtained for higher temperatures T}, such as they
tend to constant values (> 5 K) for T}, > 380 K. This fact along with Fig. 3, indicates that the optimization
of the rectification factor of the conductive thermal diode requires relatively high temperature jumps at

8
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as functions of the temperature T},. Calculations were done for T, = 300 K and p = 1 mm?KW 1,

the interface of its terminals, for a given interface thermal resistance p > 0. These jumps, of course, also
increase with p and vanish for p = 0, as shown in Fig. 6. For a typical p = 1 mm?KW™!, temperature
jumps of T1(Ly) — Ta(Ly) = 65 K and T5(La) — T1(L2) = 55 K, are obtained for the forward and backward
configurations, respectively. As the calculations in this latter figure were done for optimizing the rectification
factor [(Th,T.) = (550,300) K], the almost linear behavior of the temperature within the PCM terminals
is due to the fact that the terminals are either in their pure metallic or pure insulating phases. The slope
change of the temperature at the interface x = L; is, therefore, as a result of the change of phase.

The rectification factor R of the proposed thermal diode is shown in Figs. 7, as a function of the
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were done using R = [1 — min(gp, gg)/max(qr,¢p)] and T, = 300 K.

interface thermal resistance p, for three values of the temperature T}, of the hotter terminal. Note that
R increases as p decreases and/or T}, increases, such that its value for 7}, = 550 K is well predicted by
the analytical expression in Eq. (14). This verify the reliability of Eq. (14) to describe the optimal
rectification factor, for different interface thermal resistance, and it indicates that the rectification factor
reaches its maximum value for 7, = 550 K, as confirmed by the density plot in Fig. 8. Given that p is
the interface thermal resistance between VO, and PE, its reduction to optimize the rectification factor will

require careful control of the deposition parameters of the VO /PE heterojunction. The rectification factor

10
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Figure 9: Rectification factor R of the conductive thermal diode as a function of the temperature 7j,. Calculations were done
by using the alternative definition R, = [max(qr,gp)/min(qr,gp)] — 1 for three representative interface thermal resistances

and T, = 300 K.

at Ty, = 550 K differs from the optimal one by only 3%, which reduces for higher values of Tj,. The optimal
rectification factor Ry = 60% is reached for p = 0 mm?KW~! and a temperature difference of T}, — T, =
550 — 300 = 250 K between the diode terminals. Similar temperature and thermal rectification factors have

been reported for heterojunction made up of graphene-hexagonal boron nitride [39], graphene-graphene

11



phononic crystals [40], graphene nanoribbons [? ] and carbon nanotube-graphene [41], but by involving
temperatures relatively higher than the ones determined here for a VO3 /PE heterojunction. Furthermore,
we note that the maximum rectification factor obtained for a conductive thermal diode operating with
two (VO2 and PE) PCMs is about 3 times the corresponding one obtained with a single PCM [34], which
shows the advantage of properly combining the operation of two PCMs to enhance the thermal performance
of conductive thermal diode. It is worth mentioning that in terms of the alternative definition of the
rectification factor R, = [max(qr,¢p)/min(qr,¢g)] — 1, the optimal rectification factor generated by the
junction of VO5 and PE is around 240%, which is greater than the 147% reported by Kang et al. [36]. This
improvement is due to the difference in the thermal conductivity of tungsten-doped VOs used by Kang et
al. [36] with respect to the one of pure VOg utilized in this work. This is reasonable, given that thermal
diodes with higher rectification factors require larger thermal conductivity contrasts (Knigh/Kiow) for both

of its terminals, as established by Eq. (14).

4. CONCLUSIONS

We have theoretically analyzed and optimized the rectification factor of a conductive thermal diode made
up of a junction between two phase-change materials, whose thermal conductivities significantly change in a
narrow interval of temperatures. This has been done by deriving analytical expressions for the temperature
profiles, heat fluxes and rectification factor. A rectification factor up to 60% have been determined for a
conductive thermal diode operating with terminals of VO2 and polyethylene set with a temperature difference
of 250 K from either side of the MIT temperatures. Higher rectification factors in a narrower temperature
interval could be obtained with phase-change materials exhibiting higher thermal conductivity contrasts and
faster phase transitions. The proposed model could thus be useful for guiding the development of phase-
change materials capable of optimizing the rectification of conductive thermal diodes, which represent a

fundamental building block for developing thermal circuits based on heat currents.
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