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Abstract

We have theoretically studied and optimized the thermal rectification of plane, cylindrical and spherical

radiative thermal diodes operating with terminals of two phase-change materials, whose emissivities signifi-

cantly change within a narrow interval of temperatures. Analytical expressions for the optimal rectification

factors of these three diodes are derived and analyzed comparatively. Optimal rectification factors of 82%,

86% and 90.5% are obtained for the plane, cylindrical and spherical diodes made up with terminals of

Ge2Sb2Te5 and VO2 operating with a temperature difference of 450 − 300 = 150 K, respectively. The

spherical geometry thus represents a suitable shape to optimize the rectification of radiative heat currents.

Furthermore, it is shown that higher rectification factors can potentially be achieved by using phase-change

materials with emissivities contrasts higher than those of Ge2Sb2Te5 and VO2. We demonstrate that higher

rectification factors could be achieved based on the combination of two phase-change materials compared to

single phase-change material. The obtained results thus shed light on the phase-change materials required

for optimizing the rectification factor of radiative thermal diodes with different geometries.

Keywords: Thermal rectification, heat flows, rectification factor, emissivities, radiative thermal diodes,

phase-change materials.

1. INTRODUCTION

Thermal diodes transporting heat in a preferred direction and blocking it in the opposite one have recently

attracted significant attention due to their promising applications on heat control and nanoscale thermal
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modulation [1, 2, 3, 4]. The unusual behavior of thermal diodes have paved the way for controlling the

rate of heat flows in a similar way as is done with their electric current counterparts in modern electronic

devices. Over the last few years, the rectification effect has been theoretically studied through thermal

diodes driven by electrons [5], photons [6, 7, 8, 9, 10], phonons [3, 4, 11, 12, 13], [17, 18], quantum dots,

hybrid quantum structures [14, 15, 16], and nanoporous silicon devices [17]. The experimental study of the

diode effect, on the other hand, was done by using quantum dots [19], carbon nanotubes structures [20],

graphene nanoribbons [21], nanoporous graphene [22], solid-liquid phase change thermal diodes [23], as well

as electrostatic [24] and bulk oxide materials [25].

One of the main methods to rectify heat flows consists of using phase-change materials (PCMs), whose

optical, electrical and thermal properties significantly change with temperature, in a relatively narrow in-

terval of temperatures. These changes are generated by the correlated interactions of phonons and electrons

inside a PCM [26] and can be applied for developing thermal memories [27], thermal memristors [28, 29],

optical switching [30], thermal rectifier [31, 32], thermal switch [33] radiative thermal diodes [34, 35, 36, 37],

and radiative thermal transistors [38, 39] operating in both the near- and far-field [40, 34, 38, 26]. This wide

variety of promising applications has motivated the interest on PCMs, such as vanadium dioxide (VO2), niti-

nol, Ge2Sb2Te5 (GST), whose emissivities can be thermally driven [34, 26, 40]. These three thermochromic

materials have recently attracted great attention in both experimental and theoretical studies due to their

metal-insulator transition (MIT) at temperatures near room temperature. For example, the emissivities of

GST and VO2 undergo the MIT within the temperature ranges of 420 K < T < 430 K and 340 K < T < 345

K, respectively [41]. The fact that the MIT of VO2 occurs in a temperature interval of only 5 K has moti-

vated its application as one of the terminals of a radiative thermal diode [34], whose rectification factor can

be as high as 90%. This significant rectification is more than four times the typical ones obtained without

PCMs [36], which indicates the great potential of these materials to rectify heat flows.

Taking into account that a thermal diode is composed of two terminals and that two PCMs provide more

degrees of freedom than a single PCM to tailor the heat transport between them, the rectification factor of

radiative thermal diodes is expected to be optimized by the combined effect of two PCMs, as was proposed

for conductive thermal diodes [42, 43]. For instance, Yang et al. [44], determined rectification factors up

to 50% and 80% for a conductive thermal diode made up of two PCMs, whose thermal conductivities vary

linearly and quadratically with temperature, respectively. Furthermore, a high rectification ratio of 147%

was also obtained by Kang et al. [45] for a conductive thermal diode operating with two PCMs. These

rectification factors are higher than the ones obtained for conductive thermal diodes base on a single PCM

[42, 43]. This fact indicates that two PCMs could also be applied to enhance the rectification factor of

radiative thermal diodes, which is not reported in the literature yet, to the best of our knowledge

The goal of this work is to theoretically optimize the thermal rectification effect of plane, cylindrical

and spherical radiative thermal diodes based on two PCMs. This is comparatively done by considering the
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Figure 1: Scheme of a plane radiative thermal diode made up with terminals of GST and VO2 operating in the (a) forward

and (b) backward configurations. Hot and cold thermal baths are set at the temperatures Th and Tc, respectively.

temperature dependence of the emissivities of each PCM within their MITs. Simple analytical expressions

are derived and analyzed for the optimal rectification factors of these three diodes supporting thermal

radiation generated by a relatively narrow temperature difference between their terminals. Our calculations

show that the rectification factor can be raised significantly by using two PCMs instead of the single PCM.

2. THEORETICAL MODELING

Let us consider two semi-infinite plates consisting of GST and VO2 exchanging heat through radiation as

a result of their temperature difference Th − Tc > 0, as illustrated in Figs. 1(a) and 1(b), respectively. The

two plates are separated by a vacuum gap of thickness d much longer than the involved thermal wavelengths

to ensure the far-field regime of heat transport. In the forward configuration [Fig. 1(a)], the heat flow

qF flows from GST to VO2, while in the backward one [Fig. 1(b)], the heat flow qB flows in the opposite

direction due to the interchange of the temperatures Th and Tc. This behavior of the heat flows (qF and

qB) also holds for the spherical or cylindrical radiative thermal diodes shown in Fig. 2. These heat flows are

expected to be different (qF 6=qB) due to the temperature dependence of the emissivities of GST and VO2,

within their MITs. The ability of these temperature-controlled thermal diodes to rectify the heat flows can,

therefore, be defined by the following rectification factor R [47]

R =
|qF − qB |

max(qF , qB)
. (1)
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Figure 2: Scheme of a spherical (or cylindrical) radiative thermal diode made up of GST and VO2 operating in the forward

and backward configurations. The radii r1 and r2 are set at the temperatures Th and Tc for the forward configuration,

while they are interchanged for the backward one. In practice, a spherical diode could be implemented by using the classical

Langmuir-Blodgett law [48].
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Figure 3: Effective emissivities of GST and VO2 as functions of temperature within their MITs. Dots represent experimental

data reported in the literature [43, 46], while lines stand for fits of Eq. (4).
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Equation (1) establishes that a non-zero rectification is reached when the reversal of the thermal gradient

induces not only the inversion of the heat flow direction but also a sizeable change of their magnitude.

Optimal rectification factor [Ropt = 1− qB,min/qF,max → 1] can thus be achieved when one of the heat flows

is much smaller than the other one. According to Stefan-Boltzmann’s law of far-field radiation between two

bodies separated by a vacuum gap, the heat flows qF and qB in the forward and backward configurations of

the plane, cylindrical and spherical radiative thermal diodes are given by [49]

qF = A1σεF (T 4
h − T 4

c ), (2a)

qB = A2σεB(T 4
h − T 4

c ), (2b)

where σ = 5.67×10−8 Wm−2K−4 is the Stefan-Boltzmann constant, A1 and A2 are the areas of the radiating

surfaces, while εF and εB are their effective emissivities in the forward and backward configurations. The

combination of Eqs. (1) and (2) yields the following rectification factor:

R =
|A1εF −A2εB |

max(A1εF , A2εB)
. (3)

Equation (3) explicitly establishes that the values of R are driven by the combined effect of the radiating

surfaces and their effective emissivities. The rectification factors of the plane, spherical and cylindrical

radiative diodes made up with terminal of GST and VO2 are thus expected to be different due to differences

in A1 and A2. The emissivities of both these PCMs can be described by [50]

εn(T ) = εin +
εmn − εin

1 + e−βn(T−T0n)
, (4)

where εmn and εin are the emissivities in their respective high- and low-temperature phases, and βn is the

phase-transition slope of εn(T ) at the transition temperature T = T0n, for n = 1 and 2. The values of these

four parameters were determined by fitting Eq. (4) to the experimental data shown in Fig. 3 for GST and

VO2, and they are summarized in Table I.

Table 1: Material properties involved in Eq. (4).

Materials εin εmn βn(K−1) T0n(K)

GST 0.13 0.52 0.46 426.9

VO2 0.79 0.22 1.6 342.4

In order to better understand the predictions of Eq. (3) for R, its particular and explicit expressions for

the plane, cylindrical and spherical radiative diodes are now going to be determined and optimized.
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2.1. Plane diode

For the sake of simplicity, we are going to consider that the areas of the radiating surfaces of the plane

diode are equal (A1 = A2 = A) and therefore the effective emissivities for the forward and backward

configurations can be written as follows [49]

εF =

(
1

ε1(Th)
+

1

ε2(Tc)
− 1

)−1

, (5a)

εB =

(
1

ε1(Tc)
+

1

ε2(Th)
− 1

)−1

, (5b)

where are εn(Th) and εn(Tc) are the emissivities of the PCMs (n = 1; 2) in their high- and low-temperature

phases, respectively. Given that the areas of the radiating surfaces are equal (A1 = A2), the optimal

rectification factor in Eq. (3) can be determined by the ratio εB,min/εF,max between the minimum emissivity

in the backward configuration to the maximum emissivity in the forward one, as follows:

Ropt = 1− εB,min

εF,max
. (6)

In order to capitalize on the MITs of both PCMs to find Ropt, their temperatures should fulfill the condition

Tc < T0n < Th. According to Fig. (3) and Eqs. (4) and (5), in the forward configuration εF = εF,max

when the GST terminal is in its high-temperature phase (ε1(Th) = εm1), while the VO2 one is in its low-

temperature phase (ε2(Tc) = εi2). In the backward configuration, on the other hand, εB = εB,min when the

GST terminal is in its low-temperature phase (ε1(Tc) = εi1), while the VO2 one is in its high-temperature

phase (ε2(Th) = εm2). Under these conditions, Eqs. (5a) and (5b) reduce to

εF,max =

(
1

εm1
+

1

εi2
− 1

)−1

, (7a)

εB,min =

(
1

εi1
+

1

εm2
− 1

)−1

. (7b)

After inserting Eqs. (7a) and (7b) into Eq. (6), the following optimal rectification factor Ropt of a

radiative plane diode is obtained

Ropt = 1− εm2

εi2

(1 + εi2/εm1 − εi2)

(1 + εm2/εi1 − εm2)
. (8)

Note that Ropt is symmetric on the emissivities of both PCMs and increases with the ratios εi1/εm1 and

εi2/εm2 of GST and VO2, respectively. Materials with a higher emissivity contrasts are thus expected to

yield radiative diodes with higher rectification factors, as expected.
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2.2. Cylindrical diode

In this case, the areas A1 and A2 of the radiation surfaces depends on their respective radii r1 and r2,

such that A1/A2 = r1/r2. The effective emissivities for the forward and backward configurations are hence

given by [49]

εF =

(
1

ε1(Th)
+

1− ε2(Tc)

ε2(Tc)

(
r1
r2

))−1

, (9a)

εB =

(
1

ε1(Tc)
+

1− ε2(Th)

ε2(Th)

(
r2
r1

))−1

. (9b)

where r1 and r2 are radii of the cylindrical radiating surfaces (Fig. 2). In contrast to the corresponding

effective emissivities for the plane diode, Eqs. (9a) and (9b) do depends on ratio r1/r2, which provides

another degree of freedom to optimize the rectification factor of the radiative cylindrical diode. In this case,

Eq. (3) takes the form

Ropt = 1− r2εB,min

r1εF,max
, (10)

where the effective emissivities εF = εF,max and εB = εB,min for the forward and backward configurations

can be found by following a similar procedure than the one developed for the plane diode. The final results

are

εF,max =

(
1

εm1
+

1− εi2
εi2

(
r1
r2

))−1

, (11a)

εB,min =

(
1

εi1
+

1− εm2

εm2

(
r2
r1

))−1

. (11b)

The optimal rectification factor Ropt of the cylindrical diode is then determined by the combination of

Eqs. (10) and (11), as follows

Ropt = 1− εm2

εi2

(
r1
r2

)
(1 + r2εi2/r1εm1 − εi2)

(1 + r1εm2/r2εi1 − εm2)
. (12)

The comparison of Eqs. (8) and (12) indicates that the values of Ropt for a cylindrical diode could be

higher than the corresponding ones for a plane diode, by properly modulating the ratio r1/r2 as well as the

emissivity contrast of the PCMs.

2.3. Spherical diode

In this case, the ratio of the areas A1 and A2 of the radiating surfaces is given by the square of the one

of their radii (A1/A2 = (r1/r2)2) and the effective emissivities for the forward and backward configurations
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are given by[49]

εF =

(
1

ε1(Th)
+

1− ε2(Tc)

ε2(Tc)

(
r1
r2

)2)−1

, (13a)

εB =

(
1

ε1(Tc)
+

1− ε2(Th)

ε2(Th)

(
r2
r1

)2)−1

, (13b)

Equations (13a) and (13b) are similar to Eqs. (9a) and (9b) for the cylindrical diode, but the only difference

is that the ratio r1/r2 is now squared. The spherical geometry is thus expected to have a different impact

than the cylindrical one on the rectification factor of a radiative diode. According to Eq. (3), the optimal

rectification factor can be written in terms of the effective emissivities for the spherical diode as follows:

Ropt = 1− r22εB,min

r21εF,max
, (14)

where, according to Eqs. (13a) and (13b), the effective emissivities εF = εF,max and εB = εB,min for the

forward and backward configurations are given by

εF ,max =

(
1

εm1
+

1− εi2
εi2

(
r1
r2

)2)−1

, (15a)

εB ,min =

(
1

εi1
+

1− εm2

εm2

(
r1
r2

)2)−1

. (15b)
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Figure 4: Temperature dependence of the radiative heat flows for the (a) forward and backward configurations of a plane

radiative diode operating with terminals of GST and VO2. Inset: Zoom-in of the first maximum and minimum values of qB .

(b) Rectification factor as a function of Th. Calculations were done for Tc = 300 K.

Finally, the explicit expression for Ropt is determined by the combination of Eqs. (14) and (15), which
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Figure 5: Temperature dependence of the radiative heat flows for the (a) forward and backward configurations of a cylindrical

radiative diode operating with terminals of GST and VO2 along with (b) its corresponding rectification factor. The solid line

stand for the thermal diode shown in Fig. 2, while the dashed one corresponds to a system with interchanged terminals. The

inset in (a) shows a zoom-in of the first maximum and minimum values of qB . Calculations were done for Tc = 300 K and

r1/r2 = 0.8.

yield

Ropt = 1− εm2

εi2

(
r1
r2

)2
(1 + r22εi2/r

2
1εm1 − εi2)

(1 + r21εm2/r22εi1 − εm2)
. (16)

One can see that Ropt is symmetrical on the emissivities of both PCMs and has a stronger (squared)

dependence on the ratio r1/r2 than that of a cylindrical diode. The spherical diode is thus expected to yield

higher rectification factors than the corresponding cylindrical one, as shown below.

3. RESULTS AND DISCUSSIONS

Figure 4(a) shows the heat flows exchanged by the terminals of a plane diode operating in the forward and

backward configurations, as functions of the temperature Th. Note that both heat flows qF and qB exhibit

a nearly linear increase with Th and change of slope at temperatures around the transition temperatures

(Th ≈ T0n with n = 1, 2) of the PCMs emissivities. According to Fig. 3, the transition of qB at Th = 340.6

K is related to the MIT of VO2, while that of qF at Th = 343.9 K is driven by the MIT of GST. For

Th < 340 K, both PCMs do not undergo any phase transition, qF and qB are equal, and therefore there is

no rectification, as shown in Fig. 4(b). By contrast, the rectification factor reaches its first plateau R ' 30%

just above the VO2 MIT (Th > 340 K). For higher temperatures (Th > 423.9 K), both terminals undergo

their MITs and the rectification factor increases to R ' 82%, which agrees with the predictions of Eq. (8).

This fact indicates that the combination of the MITs of GST and VO2 is able to maximize the rectification

factor of a plane diode to values higher than the corresponding ones obtained with a single PCM [43, 35].
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Figure 6: Temperature dependence of the radiative heat flows for the (a) forward and backward configurations of a spherical

radiative diode operating with terminals of GST and VO2 along with (b) its corresponding rectification factor. The solid line
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inset in (a) shows a zoom-in of the first maximum and minimum values of qB . Calculations were done for Tc = 300 K and

r1/r2 = 0.8

The temperature dependence of the heat flows qF and qB for the forward and backward configurations

of a cylindrical diode along with its rectification factor are shown in Figs. 5(a) and 5(b), respectively.

Note that the values of the heat flow generated in the cylindrical diode exhibits a similar behavior than the

corresponding ones in the plane diode, although their values are relatively higher than these latter ones. The

diode geometry has thus a significant impact on the values of the heat flows, whose behavior is determined

by the PCMs’ emissivities. One can see that both qF and qB increase linearly with Th, such that their

difference is greater than zero for temperatures Th ≤ 342.9 K. The sharp increase of qF around Th = 423.9

K is generated by the GST emissivity and allows increasing the rectification factor up to R ' 86%. This

value is consistent with Eq. (12) and is higher than the one obtained for a plane diode (Fig. 4(b)).

The heat flows qF and qB of a spherical diode operating with terminals of GST and VO2 are shown in

Fig. 6(a). Note that the linear increase of qF and qB with Th is consistent with the one reported for the plane

and cylindrical diodes, such that their values are relatively higher than the corresponding ones for these two

latter diodes. Note also that the temperature interval (3.6 K in width) between the first maximum and first

minimum of qB of the three diodes is the same, which confirms that the behavior of the heat flux is driven by

the PCMs’ emissivities. Taking into account that these extreme values of qB appear at temperatures close

to the those determining the borders of the metal-insulator transition of VO2 (Fig. 3), the local maximum

of qB is related to the appearance of this phase transition, while the local minimum of qB is associated with

its disappearance, as the temperature is raised. On the other hand, the two plateaux of the rectification

factor occur at R ' 63% and R ' 90.5% (Fig. 6(b)), which are higher than the corresponding ones of the
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terminals of GST and VO2. Calculations were done for Tc = 300 K and r1/r2 = 0.8.
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Figure 8: Temperature dependence of the rectification factor of plane, cylindrical, and spherical diodes with terminals of (a)

VO2 and a black body and (b) GST and black body. Calculations were done for Tc = 300 K and r1/r2 = 0.8.
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Figure 9: Rectification factors of (a) plane (b) cylindrical and (c) spherical diodes based on one PCM and two PCMs, as

functions of Th. Calculations were done for Tc = 300 K and r1/r2 = 0.8.

plane and cylindrical diodes. This fact indicates that the spherical geometry is better than the other two

diode geometries to maximize the rectification of radiative heat flows, as shown in Fig. 7. Note that if the

terminals of the thermal diode shown in Fig. 2 are interchanged, the rectification factors of the cylindrical

and spherical thermal diodes are smaller than the corresponding ones obtained for the system in Fig. 2, as

shown in Figs. 5(b) and 6(b). This is expected given that both diode geometries have a strong dependence

on the effective emissivities ratio and area of the radiating surfaces. However, this is not the case for the

plane diode rectification factor, as the areas of the radiating surfaces are equal.

In order to single out the effect of a PCM on the rectification factor of the three radiative diodes

under consideration, we have replaced the GST terminal by a black body (emissivity = 1) and plotted the

temperature dependence of the rectification factors thus obtained in Fig. 8(a). Note that R undergoes a

single transition generated by the VO2 MIT, such that it reaches a plateau for high enough temperatures. A

similar behavior is observed when the VO2 terminal is replaced by a black body, as shown in Fig. 8(b). In
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any case, the maximum rectification factors obtained with a single PCM are lower than the corresponding

ones obtained with two PCMs, as shown in Figs. 9(a), 9(b), and 9(c) for the plane, cylindrical and spherical

radiative diodes, respectively. In fact, the relative increase of the maximum rectification factors obtained

with 2 PCMs and 1 PCM are 82−75 = 7%, 86−80 = 6%, and 90.5−84 = 6.5% for the plane, cylindrical and

spherical diodes, respectively. These similar values indicate that, with a given geometry, the improvement

of the rectification factor is due to the phase transitions of both PCMs mainly. This study thus provides

an analytical theoretical model to describe and optimize the rectification factor of radiative thermal diodes

operating with two PCMs of different geometries. The obtained results therefore allow obtaining rectification

factors higher than those generated by a single PCM [6, 7, 35, 34].

4. CONCLUSION

We have theoretically analyzed and optimized the rectification factors of plane, cylindrical and spherical

radiative thermal diodes with terminals made up of two phase-change materials. This has been done by

deriving analytical expressions for the optimal rectification factors of these three diodes. It has been shown

that combined effect of two phase-change materials along with the geometry of the thermal diode has a

significant impact on its rectification factor. Optimal rectification factors of 82%, 86% and 90.5% have been

determined for the plane, cylindrical, and spherical diodes operating with terminals of Ge2Sb2Te5 and VO2

with a temperature difference up to 150 K. The obtained rectification factors indicate that the combination

of two phase-change materials is rather high compared to previous radiative thermal diodes concepts based

on single phase-change material. The highest rectification of radiative heat flows is thus obtained for the

spherical diode and the lowest one for the plane diode. These high rectification factors could become

even higher in a narrower interval of temperatures by using phase-change materials with greater emissivity

variations and faster phase transitions than the corresponding ones of Ge2Sb2Te5 and VO2. The obtained

results can thus guide the development of phase-change materials capable of optimizing the rectification

factors of radiative thermal diodes with different geometries.
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