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The recent discovery of electro-active polymers has shown great promises in the field of soft
robotics, and was logically followed by experimental, numerical and theoretical developments. Most
of these studies were concerned with systems entirely covered by electrodes. However, there is
a growing interest for partially active polymers, in which the electrode covers only one part of
the membrane. Indeed, such actuation can trigger buckling instabilities and so represents a route
toward the control of 3D shapes. Here, we study theoretically the behaviour of such partially active
electro-active polymer. We address two problems: (i) the electrostatic elastica including geometric
non-linearities and partially electro-active strip using a variational approach. We propose a new
interpretation of the equations of deformation, by drawing analogies with biological growth, in
which the effect of the electric voltage is seen as a change in the reference stress-free state. (ii)
we explain the nature of the distribution of electrostatic forces on this simple system, which is not
trivial. In particular we find that edge effects are playing a major role in this problem.

Soft robotics is a new, rapidly developing scientific
field. It aims at designing compliant robots able to
move in topographically complex environments or able
to manipulate fragile objects [1–3]. Potential applica-
tions range from artificial heart [4] to bio-inspired loco-
motion [5, 6] or haptic interfaces for virtual reality where
the user feels a feedback force from the interface that he
manipulates[7].

Electro-Active Polymers offer a promising candidate
for building such soft robots. Their large reversible de-
formations (tens of percent strains) under an applied
electric field, triggered a huge interest in academic lab-
oratories over the world [8]. Several types of electro-
responsive polymers have been described in the liter-
ature, such as anionic, ferroelectrics, liquid-crystalline,
electro-rheological [9–11]. In this paper, we are specifi-
cally interested in Electro-Active-Polymers (EAP), which
are the most simple and inexpensive in terms of manu-
facturing [12]. In their simplest form, EAP are indeed
composed of a thin membrane of elastomer covered by
two conductive compliant layers. When an electric field is
applied, the electrodes of this soft capacitor are attracted
to each other, resulting into in-plane isotropic strain. A
wide range of applications of EAPs have been proposed,
they include: robots actuation [13–16] , rotational mo-
tors [17], flapping wings [18, 19], valves [20, 21], actuators
for biological cells [22], Braille displays [7, 23, 24], tun-
able lenses ([25], [26]), artificial chromatophores [27, 28],
tunable diffracting surfaces [29] or phase shifters for mi-
crowave communications [30]. As in the case of piezo-
electric ceramics, this electro-mechanical coupling can
potentially be reversed in EAPs: an electric power may
be harvested from mechanical strain [31–34], or con-
versely, the device may work as a mechanical sensor

[35, 36].

In this article we investigate theoretically the be-
haviour of an electro-active polymer in the case where
its surfaces are not entirely covered by conductive elec-
trodes. This situation is interesting as it leads to buck-
ling instabilities and is a way to obtain out-of-plane
shapes [37–39] through the non-linear response of the
structure. The aim of this article is to clarify three ques-
tions that arise in this problem. Namely, the literature
usually considers membranes completely covered by con-
ductive electrode, and one usually models electrostatic
effects by an electrostatic pressure which is twice the ac-
tual value of the pressure [8], in the case of incompress-
ible elastomers (ν = 1/2). In this article we will refer
to this description as “Pelrine’s approach”. The argu-
ment is based on the superposition of an isotropic stress
(which has no effect on an incompressible material) to
the actual electrostatic pressure on the faces [40]. The
questions we would like to address are: (i) Does this ar-
gument apply to cases where electrostatics is only active
on a portion of the plate? (ii) Does the argument re-
main valid for non-planar buckled states? (iii) Can we
determine the real distribution of electrostatic forces and
relate it to the electromechanical equilibrium of a strip?
Indeed standard approaches [40, 41] provide a calculation
of the mechanical stresses in the material resulting from
the electrostatic loading, and even to adequately predict
the onset of wrinkling and its possible evolution in pull-in
instability [42], but do not provide the real distribution
of electrostatic forces from which they originate.

In this article we use a variational approach to clar-
ify the nature of electrostatic forces acting on an elec-
troactive membrane. Our aim is to make an explicit
link between variational and stress-based approaches of
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the problem (i.e. a direct description of electrostatic
forces on the elastic system), in a detailed way. Partic-
ular attention is paid to the edge of the electrode, from
the mechanical and the electrostatic point of view. We
show that the usually used Pelrine approach of electro-
mechanical coupling extends to these non-uniform acti-
vation in the planar case, but that it misses a modifi-
cation of the bending stiffness due to electrostatic load-
ing. We propose here an alternative analogy, where the
electro-active polymer is seen as undergoing a change in
its reference stress-free state when submitted to electric
voltage. Plasticity, biological growth or chemical swelling
are other cases where the reference state of the material
evolves, and we suggest that electroactive materials may
be seen as analogous to these situations.

The paper is organized as follows : In section 1,
the non-linear out-of plane equilibrium equations for a
partially electro-active plate is derived from a varia-
tional approach, in the asymptotic limit of thin mem-
branes. These equations involve strain discontinuities
at the boundary of the electrodes, and we show how
they lead to electrostatically induced buckling. We dis-
cuss an analogous description in terms of a modifica-
tion of the rest-state. In a second section we turn to
stress-based approaches to analyse the previous results
in term of force distribution. We discuss the ”double
electrostatic pressure” description used in a large body
of literature on electro-active materials and comment on
Maxwell stresses and their interpretation. We finally de-
rive the distribution of electrostatic forces directly ap-
plied by charges on the elastic plate, and show the im-
portance of electrostatic edge effects, and finally conclude
in a last section.

VARIATIONAL APPROACH

We start by defining the model situation that we will
use throughout the article to discuss electroactive cou-
pling. Although we consider here the specific plane strain
geometry of a strip, and later use specific boundary con-
ditions for the sake of simplicity, the discussion presented
is more general.

Parametrisation

We consider the problem of a thin strip of a dielectric
elastic material whose thickness in the reference state is
noted H and whose width is W . A portion of the strip
has conductive faces (represented in grey in Fig.1) which
will be submitted to a difference in electric potential U
(Fig.1). We neglect any stiffening due to the presence of
the conductive material. We start by a general deriva-
tion of the equations, and illustrate later (in section vari-
ations ) the buckling for a case with specific boundary

conditions (the clamped-clamped case, chosen for sim-
plicity). We restrict ourselves to the situation where
the strip is not strained along the transverse Y direction
(plane strain configuration). In the reference state the
coordinates X and Z respectively run along and across
the membrane (Fig. 1a). We will assume small strain, but
follow a geometrically fully non-linear approach, equiva-
lent to Euler’s elastica theory [43]. This beam geometry,
although idealised in comparison with real situations, il-
lustrates the main points of the problem and reveals a
non-trivial force distribution.

H

W

t

FIG. 1. Schematics of the elastic strip partially covered with
compliant electrodes. (a) Coordinates of the reference state.
(b) coordinates in the current state.

For the deformed configuration, we adopt a curvilin-
ear description for the centreline position r0(s), where
s is the curvilinear coordinate running along the centre-
line (Fig. 1b). The local orientation is defined by the
tangential and normal unit vectors

t =
dr0
ds

= (cos θ, sin θ), n =
dt

dθ
= (− sin θ, cos θ). (1)

The position in the transverse direction is denoted by the
coordinate n, so that any point inside the membrane is
described by

r = r0(s)+nn(s) ⇒ dr

ds
= (1−nκ)t,

dr

dn
= n, (2)
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where we introduce the curvature κ = dθ/ds. From these
transformations, one derives the size of an area element
as

d2r = dsdn(1− nκ). (3)

In the reference state the curvilinear coordinate is noted
S; it is assumed flat. In the slender limit it is useful to
introduce the tangential strain averaged over the cross
section of the membrane et which determines the stretch-
ing

ds = (1 + et)dS, (4)

where dS = dX is the curvilinear coordinate in the ref-
erence state. Similarly, we define the averaged normal
strain en(S), defined by

h = (1 + en)H, (5)

Where h is the thickness of the strip in the deformed
configuration.
It will turn out convenient to treat the local angle also

as a function of the reference coordinate, θ(S), so that
the curvature becomes

κ ≡ dθ

ds
=

1

1 + et

dθ

dS
' dθ

dS
. (6)

The approximation in the final step is due to the slender
body assumption, i.e. on the small curvature, (Hκ)2 �
1, so that we can neglect terms involving products of both
κ and et or en [43].

Elasticity

In linear elasticity, the total elastic energy is obtained
by integrating over the reference volume as

Fe =
E

(1 + ν)

∫
d3X

(
1

2
εijεij +

ν

2(1− 2ν)
(εkk)2

)
, (7)

where εij is the linear strain tensor, defined by:

εij =
1

2

(
∂ui
∂Xj

+
∂uj
∂Xi

)
, (8)

and E the Young modulus of the polymer and ν the Pois-
son’s ratio.
Minimisation of these equations with respect to the dis-

placement field gives the equations of linear elasticity.
We now follow the standard slender-body reduction

of these equations (Euler-Bernouilli assumption), as de-
scribed for example in [43], which gives:

εXX = et − κZ, εZZ = en +
ν

1− ν
κZ, εXZ = 0, (9)

where et, en and κ as defined above. We recall that
we have assumed a plane strain configuration, so that

εY Y = εY Z = εXY = 0. In the usual development of the
membrane equations, one makes use of the fact that the
normal stress τZZ = 0, which is used e.g. to eliminate the
normal strain en. In the present context, however, this
is not allowed since the charged conductors will exert a
normal force on the membrane. Hence, we need to retain
en as a variable. Now, we integrate the elastic energy
over the thickness of the layer, inserting (9) in (7), which
yields the elastic energy per unit membrane area,

E

(1 + ν)

∫ H/2

−H/2
dZ

(
1

2

(
ε2XX + ε2ZZ

)
+

ν

2(1− 2ν)
(εXX + εZZ)

2

)
=

1

2
Y
(
e2t +

2ν

1− ν
enet + e2n

)
+

1

2
Bθ′2.

where the prime is used for the derivative with respect to
S. We have introduced the effective stretching modulus
Y and the bending modulus B, defined as:

Y =
(1− ν)EH

(1− 2ν)(1 + ν)
and B =

EH3

12(1− ν2)
. (10)

Finally, the elastic energy per unit width, which is a func-
tional of the fields et(S), en(S) and θ(S), reads:

Fe =

∫
dS

[
1

2
Y
(
e2t +

2ν

1− ν
enet + e2n

)
+

1

2
Bθ′2

]
.

(11)
The first term represents the in-plane energy due to tan-
gential and normal strain, while the second term repre-
sents the plate bending energy.

Electrostatics

The two conductive electrodes form a capacitor main-
tained at constant potential difference U . Denoting by
C the capacitance, the electrostatic energy reads 1

2CU
2.

Elastic deformations of the membrane lead to a change
in the capacitance by δC. The source that maintains the
electrical potential difference U constant brings a charge
UδC to the capacitor, and as such the capacitor receives
a work U2δC performed by the source. By consequence,
at constant potential, the total electrostatic free energy
to be minimised [44] is FU = − 1

2CU
2. To explicitly

perform the minimisation with respect to the elastic de-
grees of freedom, it is convenient to express the energy
in terms of the electrostatic potential φ. Namely, we can
then write as a volume integral over the current state

FU = −1

2

∫
d3x ε|∇φ|2, (12)

Where ε is the permitivity of the membrane. We antic-
ipate that ∇φ = 0 everywhere outside the membrane,
which implies that we neglect the energetic contribution
due to fringe effects near the edge of the plate. Hence, the
integral in (12) runs over the volume of the membrane,
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in the current state. Minimisation of the electrostatic en-
ergy with respect to the potential φ yields the expected
field equation ∇2φ = 0, to be solved inside the deformed
membrane.

Within the same slender body asymptotics ((hκ)2 �
1) as used for the strain field, the gradient of the potential
is approximately constant inside the thin gap and points
normal to the surface. We therefore seek a solution of
the form

φ =
U

h

(
n+

h

2

)
+ (hκ)φ1(n, s), (13)

where n is the local coordinate normal to the surface and
we recall that h = (1+en)H, and φ1(n, s) a function that
remains to be determined. Note the similarity with the
expansion (9) for the strain field, which also consists of a
solution corresponding to a flat membrane complemented
with a curvature correction.

To obtain explicit expressions, we now need to express
the gradient ∇φ and the Laplacian ∇2φ in terms of the
curvilinear coordinates s and n. This can be achieved for-
mally through the transformation defined by (2), which
gives

∇φ =
∂φ

∂n
n +

1

1− nκ
∂φ

∂s
t, (14)

∇2φ ' ∂2φ

∂n2
− κ∂φ

∂n
, (15)

where for the Laplacian we retained only the leading or-
der term in κ; this term originates from t · ∂n/∂s = −κ.
We now insert the expansion (13) in ∇2φ = 0, which
gives to leading order:

∇2φ ' −κU
h

+ (hκ)
∂2φ1
∂n2

= 0. (16)

This equation governing the curvature correction φ1 can
be integrated twice to yield

φ = U

[
n+ h

2

h
+

1

2

(n+ h
2 )(n− h

2 )

h2
(hκ)

]
, (17)

where we imposed boundary conditions φ = U and 0 re-
spectively at n = h/2 and n = −h/2 respectively. Now
that we have solved for the field inside the membrane, in-
cluding the correction due to curvature, we can evaluate
the volumetric energy density

−ε
2
|∇φ|2 = −ε

2

U2

h2
[1 + nκ]

2
. (18)

Once again, we integrate this across the membrane, but
we need to bear in mind that the area element also con-
tains a curvature correction, d2r = dsdn(1− nκ), as de-
rived in (3). With this, we derive the electrostatic energy
density per unit surface of the membrane:

−
∫ h/2

−h/2
dn(1− nκ)

ε

2
|∇φ|2 = −ε

2

U2

h

[
1− 1

12
(hκ)

2

]
(19)

It is worth noting that the same expression can be recov-
ered from the capacity of the capacitor formed by two
coaxial cylinders, which reads:

C =
2πεw

ln
(

1+κh/2
1−κh/2

) . (20)

Indeed, the electrostatic energy per unit perime-
ter − 1

2CU
2/(2π/κ) when expanded for small curvature

κh� 1 leads to equation (19).
We thus find the “slender” expression for the electro-

static energy (per unit width of the plate):

FU = −
∫
ds
ε

2

U2

h

[
1− 1

12
(hκ)

2

]
. (21)

The first term represents the energy stored in a plane
capacitor with conductors separated by a distance h. It is
proportional to the surface – we recall that FU is written
per unit membrane width – and is therefore analogous to
a surface tension [45] but with a negative sign, similarly
to what is observed in electrowetting [46].

Moreover, in analogy to the elastic energy (11), the
electrostatic energy represents a bending rigidity as can
be seen from the term ∼ κ2. The associated electrostatic
bending modulus is

BU =
εU2h

12
' εU2H

12
, (22)

where in the remainder we will keep the leading order in
strain (h ' H). This electrostatic stiffening may also be
computed using Maxwell stress tensor (see Appendix).

Electrostatics is naturally expressed in Eulerian coor-
dinates. When combined with the elastic formulation,
however, it is important to bring this to Lagrangian co-
ordinates. Using the transformations discussed above,
this gives

FU = −ε
2

U2

H

∫
dS

1 + et
1 + en

+

∫
dS

1

2
BUθ

′2. (23)

Like the elastic energy (11), FU is now a functional of
et(S), en(S), θ′(S). Note that for the bending term we
neglect higher order corrections in et, en and κH.

Variations

For the sake of simplicity we choose here specific
boundary conditions. We assume that the position of
both ends of the strip are fixed. In particular, the end
point position, measured from the origin reads:

rend =

∫
dS (1 + et)t. (24)

This constraint will be imposed with a Lagrange multi-
pler, f , which in fact represents the load applied at the
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end of the plate. The total energy to be minimised then
reads

F = Fe + FU =

∫
dS F(et, en, θ), (25)

with the surface density of energy given by

F(et, en, θ) =
1

2
Y
(
e2t +

2ν

1− ν
enet + e2n

)
+

1

2
(B +BU )θ′2

−ε
2

U2

H

1 + et
1 + en

− (1 + et)f · t, (26)

where this expression must be used with BU = 0 and
U = 0 in the portion of the strip that is not covered by
the electrode.

The equilibrium equations are obtained by variation of
θ, et, en. This gives the set of equations

δF

δθ(S)
= −(B +BU )θ′′ − (1 + et)f · n = 0, (27)

δF

δen(S)
= Y

(
en +

ν

1− ν
et

)
+
ε

2

U2

H

1 + et
(1 + en)2

= 0,(28)

δF

δet(S)
= Y

(
et +

ν

1− ν
en

)
− ε

2

U2

H
− f · t = 0. (29)

The terms involving BU and U are only present in the
area covered by electrodes. These equations are valid for
large displacement as they include the complete geomet-
ric non-linearities and can therefore be applied to real-
istic electro-active polymers. In the following, we will
for simplicity consider the small strain limit and replace
1 + en ' 1 and 1 + et ' 1.

Equations (29-28) are in fact a force balance projected
along the normal and tangential direction, and provide
the equations governing the normal and tangential strain,

Y
(
en +

ν

1− ν
et

)
= −HP, (30)

T ≡ f · t = Y
(
et +

ν

1− ν
en

)
−HP. (31)

Here we defined T ≡ f · t as the membrane tension
(induced by the imposed force at the edge), and P as
the electrostatic pressure, defined as the usual attractive
pressure between two parallel conducting plates

P =
ε

2

U2

H2
. (32)

Usually, in plate or beam mechanics, one is not inter-
ested in the normal strain. We therefore eliminate en
and obtain the equation governing the strain et:

T =
EH

1− ν2
et −

1

1− ν
HP. (33)

The total tension consists of the elastic tension of the
membrane (first term), and a compressive (negative) ten-
sion induced by electrostatics (second term). While this

equation for et is the most important for the beam, we
will for later reference also compute the normal strain en,
which reads

EH

1− ν2
en +

1

1− ν
HP = − ν

1− ν
T. (34)

Again, equations (33,34) are also valid in the regions that
are free of electrode, by using P = 0.

Interestingly, at the transition between the conductive
zone and the non covered membrane, P exhibits a dis-
continuity since the electrostatic pressure P drops to zero
outside the electrodes. But since T = f · t is continuous,
this implies that there must be a discontinuity of the
strain et and en at the boundary of the electrode. Fol-
lowing Hooke’s law, this also implies a discontinuity of
the elastic stress, whose physical origin will be discussed
in sections Force transmitted by surface charges and
Edge effects .

We now turn our attention to the bending equa-
tion (27). In the small strain approximation, it then
reduces to the standard elastica equation [47],

(B +BU )θ′′ + f · n = 0, (35)

where the only modification due to electrostatics is the
additional bending rigidity BU , present in the part cov-
ered by electrodes. We also find that the torque (B +
BU )θ′ is continuous across the edges of the electrode and
therefore that the curvature θ′ is either null or discontin-
uous at this boundary. It is instructive to estimate here
the relative magnitude of the electrostatic added stiffness
BU by noting that BU/B = 2P/E(1 − ν2) is on the or-
der of the strains (en, et) in the material, assumed to be
small in the previous derivation. However, for practical
cases where the stretching might be significant, the elec-
trostatic bending rigidity needs to be taken into account.

As a summary the equilibrium equations for this ele-
crostatically activated beam are

(B +BU )θ′′ + f · n = 0

T ≡ f · t =
EH

1− ν2
et −

1

1− ν
HP.

where we emphasise that these equations are valid every-
where on the strip, taking (BU = 0,P = 0) on parts that
are not covered by electrodes. However, we remind the
reader that the discontinuities in P and BU at the bound-
aries of the electrode lead to discontinuities of strains et,
en and curvature θ′.

Equivalent growth model

An alternative way to write the equilibrium for the
strain (33,34) is the form

EH

1− ν2
(et − e0t ) = T. (36)

EH

1− ν2
(en − e0n) = − ν

1− ν
T, (37)
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with

e0t = (1 + ν)
P
E

; e0n = −(1 + ν)
P
E
. (38)

Written in this way, these equations allow another inter-
pretation of the electrostatic loading: applying a voltage
is equivalent to defining a new reference state (e0t , e

0
n),

where by reference state we mean the state attained when
there is no external mechanical loading T .This situation
is similar to cases of inelastic strain, such as those pro-
duced by growth or plastic deformation, which effectively
redefines the reference state. Hence, the electrostatic
loading can be seen as a modification of the rest length of
the strip, and providing a new bending rigidity B +BU .

Geometrically non-linear equations and buckling
instability

To illustrate how the electrostatic loading enters the
equations, let us for example study a simple but geo-
metrically non-linear problem, namely the electrostati-
cally induced buckling instability where the membrane
has its two ends clamped. Under an imposed potential
U on the electrode, the straight solution θ(S) = 0 re-
mains a solution. For this initially flat state t = (1, 0)
and (33) implies that et is piecewise constant. Impos-
ing the constraint of no edge displacement, then implies∫
etdS = et,ULU + et,0(L − LU ) = 0, where LU is the

portion of the membrane that is covered by the electrode
and L is the total length. Then, (33) implies that the
flat state comes with a compressive tension

T = − 1

1− ν
HPLU

L
. (39)

We see that the magnitude of this compressive force in-
creases with the potential U , and depends on the fraction
LU/L that is covered by the electrode. Within the view-
point presented in section equivalent growth model , this
compression has a very simple interpretation, as the strip
can be seen as taking a new rest state which becomes
longer (and stiffer) in the electrode area; for fixed edges
this implies a global compression. The linear stability
analysis of (33) and (35) around this solution shows that
this system is unstable under classical buckling (see [37]
for a study of an axisymmetric case for this buckling
problem). For the simplifying case where the entire mem-
brane with length L is covered with the electrodes, the
electrostatic pressure, and thus et and BU , are uniform
along the membrane. The buckling threshold can be
identified for small perturbations of the elastica equation,
which becomes

θ′′+
HP

(1− ν)(B +BU )
θ = 0. θ(0) = θ(L) = 0 (40)

Defining Euler’s critical load Tc = 4π2(B + BU )/L2 for
clamped-clamped boundary conditions, we thus find

HP
(1− ν)(B +BU )

= 4π2/L2. (41)

This determines the critical electrostatic pressure P, and
thus the critical potential U , for buckling.

STRESS-BASED APPROACH

We have established above the conditions of equilib-
rium from variational principles, offering a systematic
and rigorous route to describe the state of the membrane.
Now we provide a detailed interpretation of these results
in term of stresses (mechanical point of view), and point
out various subtleties associated to finding an accurate
description in terms of a balance of forces. For the sake
of clarity, reasonings will be performed in the simple case
of a flat membrane.

Pelrine’s point of view: Can the electrostatic
coupling be reduced to a homogeneous pressure?

We start by evaluating a common approach found
in the literature on incompressible, electro-active elas-
tomers (Poisson ratio ν = 1/2) [48]: it is often assumed
that the electrostatic effect can be entirely reproduced
by considering a pressure 2P exerted by the electrode on
the membrane, which is twice as large as the electrostatic
pressure acting on a rigid plate capacitor. Considering
a flat membrane, the electrostatic free energy per unit
width is proportional to the covered zone l and inversely
proportional to the thickness h:

FU = −ε
2

U2l

h
(42)

The variation of the free energy FU with respect to the
two degrees of freedom h and l,

dFU =
∂FU
∂h

dh+
∂FU
∂l

dl (43)

reveals the resultant of the forces exerted on the elec-
trode. The variation with respect to h gives a force nor-
mal to the electrode and equal to Pl while the variation
with respect to the length l gives a negative tension equal
to −Ph which must be a force parallel to the electrode.
Noting that the free energy (42) is proportional to the
surface, this force is analogous to a negative surface ten-
sion. Note that volume conservation implies that the
two degrees of freedom are linked by h dl = −l dh, which
means that both terms in eq. (43) are equal, hence Pel-
rine’s doubled pressure equivalence.

To clarify the interpretation proposed by Pelrine, let us
consider the case of a compressible elastic strip submitted
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to a normal stress P/ν on its surface, in the absence of
any electrostatic field. We can solve Hooke’s elasticity
equations in the membrane using (σZZ = −P/ν, σXX =
T/H) and obtain

EH

1− ν2
et −

1

1− ν
HP = T. (44)

Indeed, this is the exact same equation as (33), for ar-
bitrary ν. Hence, replacing all electrostatic effects by a
mechanical pressure amplified by a coefficient 1/ν with
respect to the real electrostatic pressure exerted on a
rigid plate capacitor, we recover the equation for the
in-plane extension that was obtained rigorously through
variational principle [48]. This analogy also provides the
correct equation in cases where the strip is only partially
covered by an electrode.

However, this interpretation is not as successful when
considering the normal strain en. Applying an effective
pressure P/ν leads to

EH

1− ν2
en +

1

ν
HP = − ν

1− ν
T. (45)

Comparing this to the variational result (34), one finds
that the effective pressure approach does not correctly
describe the normal strain en, except for the particu-
lar limit ν = 1/2, i.e. if the material is incompressible.
Hence, we conclude that in the planar case the effect of
electrostatics can be accounted for by an enhanced nor-
mal pressure, but only in the incompressible limit. We
refer to [40] for a justification of this fact based on the
remark that the addition of an isotropic pressure has no
effect on incompressible media.

However, even in this particular case of incompressible
materials (ν = 1/2), there is an additional drawback of
the “double pressure” interpretation when we turn to non
planar states. Applying a pressure 2P on both faces of a
on an element of length ds of elastic strip with a curvature
κ, results in a non-zero net force 2PHκds acting along
the normal n. Defining now f as the internal force in the
strip, the equilibrium balance on an element of length ds
leads to

df

ds
+ 2PHκn = 0

As a consequence, this would lead to a non constant in-
ternal force f , in contrast with previous results. The
torque equilibrium equation (35) would also be different
and simply lead to Bθ′′+f .n = 0. It does not provide the
electrostatically-induced added bending stiffness of the
strip BU . It is therefore not exact that all electrostatic ef-
fects can be completely replaced by a double electrostatic
pressure on the faces of the electrode. This approach does
not extend to geometrically non-linear problems such as
electrostatically induced buckling.

The Maxwell stress approach

To improve upon the stress-based interpretation, we
now turn to a more systematic procedure to finding the
distribution of electrostatic forces inside the elastic mem-
brane. In continuum mechanics, electrostatic effects can
be introduced via the Maxwell stress tensor [41]. It is
defined as a tensor field whose divergence gives the elec-
trostatic force density and reads:

τMij = ε
∂φ

∂xi

∂φ

∂xj
− 1

2
ε
∂φ

∂xk

∂φ

∂xk
δij . (46)

Its derivation is based on the total electrostatic force on
a body, via

Fi =

∫
dV

∂τMij
∂xj

=

∮
dA τMij nj . (47)

One verifies by direct evaluation that

∂τMij
∂xj

= ε
∂2φ

∂x2k

∂φ

∂xi
= −ρ ∂φ

∂xi
, (48)

where in the last step we used Gauss’s law and ρ is the
charge density. So indeed, the divergence of τM gives the
expected force density −ρ∇φ.

From a mechanical perspective, the coupled
electrostatic-elastic problem consists of solving

∂τij
∂xj
− ρ ∂φ

∂xi
= 0, or

∂

∂xj

(
τij + τMij

)
= 0, (49)

with appropriate boundary conditions. This provides the
detailed information of the elastic stress, as well as the
stress resulting from the applied electrostatic forces.

To illustrate this, we consider a flat portion of the
membrane that is covered by the electrode (far away from
the edge). The electrostatic field obtained in (17) has
only a component along z, with ∂φ/∂z = U/h. In the
limit of small deformation we replace z ' Z and h ' H,
so that the Maxwell stress tensor becomes:

τMZZ =
1

2
ε
U2

H2
= P, τMXX = −1

2
ε
U2

H2
= −P. (50)

Note that far away from the edges, τM vanishes every-
where outside the electrodes. We now compute the to-
tal membrane tension by integrating the total stress pro-
jected in the X direction, over the gap between the elec-
trodes. This gives:

T =

∫ H/2

−H/2
τ totalXX dZ =

∫ H/2

−H/2
(τXX+τMXX)dZ = H〈τXX〉−HP

(51)
where 〈τXX〉 is the average elastic axial stress in the
membrane. Using Hooke’s law and the kinematics of (9)
we do recover

T = Y[et +
ν

1− ν
en)]−HP. (52)
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This result is strictly identical to (31), and we see that
the integral of the Maxwell stress gives the correct ten-
sion inside the membrane. We also recover, as previously
deduced from energetics, that the elastic stress is discon-
tinuous at the boundary of the electrode, since the elastic
stress obeys the standard mechanical rule 〈τXX〉 = T/H
outside the electrode. We finally note that by study-
ing Maxwell stress in curved geometries, we may also
recover the electrostatic additional bending stiffness BU
(see Appendix).

Given the symmetric appearance of the elastic stress
τ and the Maxwell stress τM in (49), it is tempting to
give them the same interpretation – namely, as the ac-
tual distribution of elastic and electrostatic force per unit
area acting on the boundary of the body. σ · n gives the
force of elastic origin acting through this surface, and in
this spirit the Maxwell σM ·n would give the electrostatic
force (sum of the elementary charge interaction) acting
on this surface. But this is not the case. For example,
there are no charges in the membrane (excluding the con-
ductors), so that no electrostatic load is directly applied
through any of the surfaces – yet, the Maxwell stresses
are nonzero throughout the membrane. Maxwell stresses
are therefore not the contact stresses applied by charges
within the material, but provide an effective representa-
tion of long range electrostatic forces. In fact there are
different possible choices of Maxwell stress [41].

Force transmitted by surface charges

The actual distribution of electrostatic forces on the
elastic material therefore remains to be determined. We
start by considering the mechanical equilibrium of the
volume enclosed by the dashed contour in Fig. 2a, which
involves both a part of the conductors and of the elastic
membrane. The control surface separating the system
from the external region is chosen along a normal to the
plate, as is done standardly for the mechanical interpre-
tation of surface tension. The boundary on the right is
considered to be a free edge, free of any elastic or elec-
trostatic forcing, so that the total tension T = 0. There
is a resultant electrostatic force, localised in the vicinity
of the left boundary. Namely, the positive charges in the
upper plate inside the control volume are subjected to
a force due to surface charges in both upper and lower
plates outside the control volume. However, those in the
upper plate are in closer proximity, so the resultant force
is dominated by the repulsive interaction – as indicated
by the red arrow. By symmetry, the same argument ap-
plies to the charges of the lower plate inside the control
volume. When explicitly computing the integrals over
the charge densities, one finds the force exerted on the
upper (or lower) plate to be PH/2 oriented to the right
(cf. Appendix). As T = 0, the total repulsive electro-
static force PH must be balanced by a tensile elastic

stress of equal magnitude, oriented to the left (Fig. 2a,
orange arrows).

Considering now the general case (T 6= 0 Fig.2b), the
total force across a section of the membrane (the tension)
can be expressed as T = −HP+ < τXX > H, where the
direct electrostatic force 1

2PH complements that trans-
mitted from one side to the other through the elastic
stress:

τXX =
E

1− ν2
et −

ν

1− ν
P (53)

The total membrane tension T consists of a bulk-elastic
contribution and an electrostatic contribution localised
exactly at the surface. In Fig. 2b, we exemplify the case
where the length of the membrane is kept unchanged i.e.
when et = 0. A fraction, determined by ν, of the vertical
stress of electrostatic origin is redistributed horizontally,
leading to an elastic contribution to the tension, due to
electrostatics, but transmitted as a contact force in the
bulk of the membrane (orange arrows).

++ +++ +++ +++ +++ ++ +++ +++ +++ +++ +

- - - - - - - - - - -- - - - - --- - - - - - - - -- - - - - --

- - - - - - - - - -

++ +++ +++ ++

- - - - - -- - - - - - -

+++ +++ +++ +

- - - - - - - - - -

++ +++ +++ ++

- - - - - -- - - - - - -

+++ +++ +++ +

- - - - - - - - - - -

++ +++ +++ ++

- - - - - -- - - - - - -

+++ +++ +++ +

FIG. 2. (a) Distribution of forces exerted by half of the system
on the other half in a situation where no external tension is
applied. (b) Same, when an external tension is applied to pre-
vent extension (blue arrow). (c) Electrostatic force exerted by
the left part of the capacitor on the sub-system delimited by
the dashed line (red arrow). The electrostatic free energy has
a contribution proportional to the surface, in a close analogy
with a negative surface tension. Accordingly, this energy is as-
sociated with a repulsive force in the plane of the conductors.
It is balanced by an opposite force from the membrane located
at the edge (green arrow). (d) Distribution of surface stress
applied to the membrane (green arrows). The elastic tension
results from the elastic stress applied on the left boundary
(orange arrows). (e) The normal stress exerted by the ca-
pacitor on the elastic membrane can be determined from the
action reaction principle, considering a piece of conductor as
the system.
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Consider now the system enclosed by the very same
contour, but containing only the conductors, as shown in
Fig. 2c. The electrostatic force exerted by the external
region on the system is the same as before (red arrow).
It must be balanced by an opposite force (green arrows)
exerted by the membrane on the electrode, which below
we show to be located at the edge.

Edge effects

So far, the discussion of the electrostatic field has been
simplified by avoiding the proximity of the edges of the
conductor. Namely, the expressions for φ and the result-
ing elastic stress have been evaluated at distances from
the edge large compared to the thickness H, avoiding
fringe effects. In this thin membrane description, (51)
implies a discontinuity of elastic tension H〈τXX〉 near
the conductor’s edge, since T is constant while P sud-
denly vanishes beyond the conductor’s edge. In the light
of Fig. 2c, it is therefore of interest to investigate the
mechanics near the edge, and reveal the origin of the
discontinuity.

In Fig. 2d we consider the free body diagram similar to
Fig. 2a, but now considering the membrane only i.e. ex-
cluding the conducting plate. Hence, no surface charges
are included into the control volume so that there are no
Coulombian forces acting on the system. Instead, there
are only contact forces that act at the boundary of the
enclosed volume. From the action-reaction principle, one
can infer that the normal stress exerted on the membrane
is equal to the electrostatic stress (Fig. 2e). As a conse-
quence, turning back to Fig. 2d, a compressive stress of
magnitude P is exerted on the membrane in the verti-
cal direction. In the horizontal direction, we recall that
the elastic tension on the left boundary has a magnitude
HP, pointing to the left (orange arrow in Fig. 2d). At
equilibrium this horizontal force must be balanced. How-
ever, the right side is free of elastic stress and the surface
charges that gave the balance in Fig. 2b can no longer
come to the rescue, as these are not inside the control
volume. Indeed, the only possibility is that a point force
emerges at the conductor edge, as previously indicated
in Fig. 2c. This point force is the origin of the “discon-
tinuity” of the elastic tension, as observed in the thin
membrane description.

How can such a point force occur? To address this
question, we again change control volume – this time we
consider only the electrostatic forces on the capacitor,
excluding the elastic membrane. The electrostatic forces
on the surface charges of the plate must be directly trans-
mitted to the elastic membrane onto which the plate is
glued (Fig. 2e). The inset of Fig. 3 shows the fringe field
near the edge of the plate, which can be solved analyti-
cally by conformal mapping [49, 50] i.e. using a change
of coordinates preserving orientation and angles locally.

The idea behind this analysis is to take the solution to the
infinite plane capacitor, and then to fold the boundary
by a conformal mapping to match the boundary of the
finite capacitor. The derivation is given in the Appendix.
Based on this analytical solution for φ, we can compute
the surface charge density

σ = −ε∇φ · n, (54)

where n is the normal pointing outward the conducting
plane. Even though the solution is for an infinitely thin
plate, we note that one needs to distinguish between the
“inside” (or “membrane side”) of the plate (n pointing
into the membrane, blue vector in Fig. 3) and the “out-
side” (n pointing away from the membrane, red vector
in Fig. 3). The force per unit area on the conductor will
be along the normal direction and follows as

τn = −1

2
σ (∇φ · n) =

1

2
ε|∇φ|2 =

1

2ε
σ2. (55)

At the edge of the plate, where the normal n turns from
upward to downward, there is indeed a singular horizon-
tal force. In reality, conductors are not infinitely thin
so that the tangential force is not a delta function but a
distributed peak. More precisely, the characteristic thick-
ness of the conductors fixes the typical size over which
the tangential force is spread over space.

Let us now discuss the results from the conformal map-
ping discussed in the Appendix. The exact solution for
the charge density is given in a parametric form. We de-
note by x the horizontal coordinate along the membrane
and locate the right edge at x = 0 so that the membrane
is in the half-space x < 0. The mapping involves the
following coordinate transformation

x = ξ± +
H

2π

(
1− e2πξ±/H

)
, (56)

where ξ+ is the new (non cartesian) coordinate for the
outside part of the capacitor (ξ+ varies logarithmically
with x) and ξ− the inside part of the capacitor (ξ− ' x
asymptotically). The exact solution for the charge den-
sity reads

σ± = ±ε U
H

1

1− e2πξ±(x)
, (57)

where σ± is the surface charge that resides on the exterior
(+) and at the interior (-) of the plate. One verifies that
both inside and outside the capacitor, σ diverges near
the edge according to

σ ∼ ε U
H

√
H

4π|x|
. (58)

Hence, the associated normal stress, which points in op-
posite directions on both sides, presents a 1/|x| diver-
gence,

τn =
1

2ε
σ2 ∼ ε U

2

H2

H

8π|x|
. (59)
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FIG. 3. Normal stress distribution as a function of the dis-
tance to the edge (solid line). Dashed line shows the analytical
asymptotics. Each piece of conductor is associated with two
surface charges, one above and the other below the conductor,
and accordingly, with two normal unit vectors ~n.

One can indeed understand that such a 1/|x| singular-
ity gives a finite horizontal contribution when integrat-
ing around the edge. Namely, we remind that the plate
will in reality have a finite thickness that comes along
with a “rounded” edge, providing a cutoff scale r. In this
rounded section, the normal n has a horizontal contri-
bution. Since furthermore the length of this section is

proportional to r, the integral over stress τn ∼ ε U
2

Hr will
give a finite horizontal contribution ∼ εU2/H ∼ PH.
Hence, the point force indicated in Fig. 2d is due to the
integrable stress singularity at the conductor’s edge.

Finally, we analyse the vertical force on the conductor.
Inside the capacitor, we find that σ− decays to εU/h away
from the edge while outside the capacitor, σ+ decays to
0. Since the normals are pointing in the opposite direc-
tion, the vertical stress τZZ exerted on the electrode (and
hence on the membrane) can be expressed as a difference
of τn between both sides:

τZZ = ε
U2

H2

[
1(

1− e2πξ−(x)
)2 − 1(

1− e2πξ+(x)
)2
]

(60)

This result for τZZ , properly normalised, is represented
in Fig. 3 as a function of the cartesian coordinate x. Close
to the edge, the normal stress diverges as:

τZZ ∼ ε
U2

H2

2

3

√
H

π|x|
. (61)

This vertical force is a weaker singularity than for τn,
and does not lead to a point force at the edge upon inte-
gration.

CONCLUDING REMARKS

We presented a theoretical study of partially active
electro-membranes. We derived the equilibrium equa-
tions of an electrostatically activated beam with varia-
tional techniques. These equations were then written in
an alternative way, allowing a new interpretation in terms
of reference state: the electrostatic solicitation is seen
as defining a new stress-free reference state. The anal-
ogy with swelling, biological growth or plastic deforma-
tion make this point of view particularly convenient when
considering out-of-plane displacement and buckling prob-
lems. Indeed the difficulties arising from elastic strain
discontinuities (whose origin is the singular electostatic
forces at the boundary of the electrode) simply comes
from a difference in rest state in this equivalent frame-
work. We also showed that Pelrine’s approach, often
used, that consists of considering that the electrostatic
solicitation acts as a doubled pressure along the thick-
ness of the membrane leads to the same equation for the
in plane extension. However, for polymers whose Pois-
son ratio differs from 1/2, the doubled pressure does not
yield the correct equation governing the normal strain.
Moreover, by including geometric non-linearities in our
energetic approach we shed light on an electrostatically-
induced added bending stiffness phenomenon. This fea-
ture is missing in Pelrine’s approach which also gener-
ates spurious non-balanced pressure forces. In the sec-
ond section we clarified the intricate balance of forces in
this system. In particular we examined the question of
the doubled pressure along the thickness, and gave an
interpretation of the Maxwell stress tensor. Finally we
considered several control contours, as is often done for
surface tension problems, to understand how forces are
transmitted by the charges. More precisely, by calcu-
lating the electric field at the edges of the electrode, we
elucidate the major role played by the edge effects, and
show that it is the origin of the elastic discontinuity of
the elastic stress highlighted in the previous part.

This work is pertinent for the description of geometri-
cally non-linear slender electro-active plates in the small
strain approximation and in 2D case (elastica). It pro-
vides a better understanding of the physics of dielectric
polymers that might prove useful for further develop-
ments. It remains to be generalised to more general kine-
matics of plates. It would be interesting to also consider
the effect of large strains, which are often generated in
Electro-Active devices. We however expect that the fea-
tures we have presented here (e.g. singular forces at the
border of the electrode leading to discontinuities in elas-
tic strain, equivalent description in terms of a new rest
state) will still be relevant in the more general case.
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APPENDIX

A conformal mapping to solve electrostatics

Definitions

We now zoom at a scale comparable to H, sending con-
sequently the size of the capacitors to infinity. Although
one can use again the Green’s theorem, we will proceed
through a conformal mapping. The 2D space is charac-
terised by the complex coordinate z = x+ iy. We define
the complex potential

w(z) = ψ(x, y) + iφ(x, y), (62)

where φ(z) the electrostatic potential. The lines of iso-ψ
are orthogonal to lines of iso-φ, similar to the stream
function and potential in ideal flow. On the domain
where w(z) is holomorphic, the functions ψ and φ are
harmonic and satisfy the Cauchy-Riemann equations.
Hence, we can write

dw

dz
=
∂φ

∂y
+ i

∂φ

∂x
= −Ey − iEx. (63)

On a conductor the density of charges reads

σ = −ε∇φ · n, (64)

and ∇φ is in the normal direction. Hence, the normal
force per unit area can be computed as(

−1

2
σ∇φ

)
· n =

1

2
ε|∇φ|2 =

1

2
ε

∣∣∣∣dwdz
∣∣∣∣2 . (65)

Conformal mapping

We consider the solution of the infinite plane capacitor,
in the plane ζ = ξ+ iη. We allow η to vary from −h/2 to
h/2, with boundary conditions φ = ±U/2. The solution
of course reads φ = Uη/h, which in terms of the complex
potential gives

w(η) =
Uζ

h
. (66)

One verifies dw/dζ = U/h, so as expected Ey = −U/h
and Ex = 0. Now we perform a mapping from the ζ-plane
to the physical plane of interest, defined by z = x + iy,
according to [51]

z = ζ +
h

2π

(
1 + e2πζ/h

)
. (67)

We verify below that this folds the conductors at η =
±h/2 for ξ > 0 onto the same conductors in the range
ξ < 0. Now, we use that ζ/h = w/U , so that we find

z

h
=
w

U
+

1

2π

(
1 + e2πw/U

)
. (68)

This is a closed form solution w(z) as defined by its in-
verse. The properties of the field and the charge density
are encoded in the derivative

dw

dz
=
dw

dζ

dζ

dz
=
U

h

dζ

dz
. (69)

So, we can derive all results of interest from the map z(ζ)
defined by (67). For simplicity we set h = 1, so that

z = ζ +
1

2π

(
1 + e2πζ

)
. (70)

We find that

dz

dζ
= 1 + e2πζ . (71)

Singularities are encountered at when the derivative van-
ishes, which are found at ζ = ±i/2 (we remind that η
is restricted between -1/2 and 1/2). Indeed, these corre-
spond to the plate edges z = ±i/2. This means that the
field strength (scaled on U/h) reads

dζ

dz
=

1

1 + e2πζ
, (72)

and indeed diverges at the edges. To analyse the nature
of the singularity, we expand the result ζ = i/2, which
gives

dζ

dz
∼ 1

ζ − i
2

. (73)

Expanding the mapping around the point gives

z − i

2
= −π(ζ − i

2
)2, (74)

so that the singularity can be written as

dζ

dz
∼ 1

(z − i
2 )1/2

. (75)

At the plate we can write z = x+ i/2, so that

dζ

dz

∣∣∣∣
up

∼ 1

x1/2
. (76)

This implies that the field, and thus the surface charge,
diverges as 1/x1/2. Next, we write the equations in terms
of the real coordinates as:

x = ξ +
1

2π

(
1 + e2πξ cos 2πη

)
(77)

y = η +
1

2π
e2πξ sin 2πη. (78)

The upper plate is located at η = 1/2. The relation
between x and ξ is not bijective and we well therefore
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note ξ±(x) the two branches of solution corresponding to
the upper and lower side of the plate.

x = ξ± +
1

2π

(
1− e2πξ±

)
(79)

y =
1

2
(80)

For large negative values of ξ one finds ξ− ' x (inside
capacitor), while for large positive values one finds ξ+ '
ln(−2πx)/(2π) (outside capacitor, folded from ξ > 0).
As mentioned, the field is given by

dζ

dz
=

1

1 + e2πζ
=

1

1 + e2π(ξ+iη)
, (81)

which can be seen as a function of x and y by the inverse
of (78). At the upper plate, η = 1/2, this reduces to

dζ

dz
=

1

1− e2πξ±(x)
. (82)

Negative surface tension through the Coulomb law

To determine the electrostatic force exerted on the sub-
system chosen in figure 2a by the rest of the electrodes, we
introduce the Green’s function − ln(r/h)/2πε of the elec-
trostatic interaction in the planar problem [52]. We fo-
cus here on the infinitely extended plane capacitor, with
a uniform surface charge ±σ at y = ±h/2. Evaluated at
the top electrode n = h/2, we find the potential

U

2
≡ φ(x, h/2) = −σ

∫ ∞
−∞

dx′
1

2πε
ln

(
(x− x′)2

h2

)
+σ

∫ ∞
−∞

dx′
1

2πε
ln

(
(x− x′)2 + h2

h2

)
=

σ

2πε

∫ ∞
−∞

dx′ ln

(
x′2 + h2

x′2

)
=
σh

2ε
(83)

We therefore recover the standard law σ = ε∇φ·n, which
gives σ = εU/h for a plane capacitor.

We now divide the membrane into two parts and de-
termine the distribution of forces exerted by one side on
the other. The horizontal component of the electric field
due to the other half membrane therefore reads:

∂xV 1
2
(x, y) =

σ

4πε
ln

(
x2 + (h− y)2

x2 + y2

)
(84)

The electric potential induced by half a capacitor as:

V 1
2
(x, y) =

σ

4πε

∫ ∞
0

dx′ ln

(
(x− x′)2 + (h− y)2

(x− x′)2 + y2

)
(85)

On the capacitor (y = 0), we get:

V 1
2
(x, 0) =

σh

4πε

[
x

h
ln(1 + h2/x2)− 2 tan−1

(
h

x

)]
(86)

The horizontal repulsive force (the opposite of the tension
TU) exerted by one side on the other of the form:

−TU = σ
[
V 1

2
(0, 0)− V 1

2
(∞, 0)

]
=
σ2H

4ε
=
ε

4

U2

H
=
PH

2
(87)

Electrostatic bending stiffness computed from
Maxwell stress tensor

We may also compute the effective bending stiffness
from electrostatic origin using Maxwell stress tensor de-
fined in (46). From the potential computed in a curved
capacitor (17), we deduce the Maxwell stress tensor com-
ponent

τMXX = −ε
2

U2

h2
[1 + Zκ]

2
= −ε

2

U2

h2
[1 + 2Zκ] (88)

at linear order in κ. This lead to a total torque (per unit
width)

M =

∫ Z=h/2

Z=−h/2

(
σXX + τMXX

)
ZdZ = −Bκ−εU

2

h2

[
h3

12
κ

]
= −(B+BU )κ,

(89)
where we have computed the elastic stress σXX from
Hooke’s law and the strains defined in (9). We have
therefore recovered the electrostatically-induced addi-
tional bending stiffness BU with the same expression as
in (22).
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Bücher, Springer US, 2014.
URL https://books.google.fr/books?id=

a1-4BAAAQBAJ

[42] P. Greaney, M. Meere, G. Zurlo, The out-of-plane
behaviour of dielectric membranes: Description of
wrinkling and pull-in instabilities, Journal of the
Mechanics and Physics of Solids 122 (2019) 84 – 97.
doi:https://doi.org/10.1016/j.jmps.2018.09.006.
URL http://www.sciencedirect.com/science/

article/pii/S0022509618305738

[43] B. Audoly, Y. Pomeau, Elasticity and geometry: from
hair curls to the nonlinear response of shells, Oxford Uni-
versity Press, 2010.

[44] L. D. Landau, E. M. Lifshitz, L. P. Pitaevskii, Electrody-
namics of Continuous Media, Butterworth–Heinemann.,
1984.

[45] P.-G. de Gennes, F. Brochard-Wyart, D. Quere, Capil-
larity and Wetting Phenomena: Drops, Bubbles, Pearls,
Waves, Springer, New York, 2003.

[46] G. Lippmann, Relations entre les phenomenes electriques
et capillaires, Ph.D. thesis, Faculté des sciences de Paris
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