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Abstract

The present manuscript is devoted to two works related to the spontaneous

formation of patterns in Nature: venation in leaves and evolution of embryos.

Morphogenetic processes and growth-induced instability phenomena are mod-

elled through analogue experiments. The organization of veins in leaves is sim-

ilar to what is expected from growth in a tensorial stress field that governs

the formation of fractures, while the change in the shape of embryos is related

to the deformation of a shell-like membrane whose properties evolve with time.

The approaches resulting from analogue experiments is a way to explore specific

properties of the media at a macroscopic scale. Thus the manuscript aims to

focus on the analogue experiments, their adaptability to reproduce specific pat-

terns and the relation between both growth-induced instability and mechanical

behaviour of the matter.
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1. Introduction

Morphogenetic processes result in the spontaneous formation of patterns in

Nature, providing various types of breaking the symmetry of initially homoge-

neous systems. In this way different physical, chemical or biological processes
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usually lead to the formation of similar patterns when they can be reduced5

to a similar mathematical structure [1]. Within this framework, the present

manuscript aims to report two particular works initiated by Yves Couder: leaf

venations and the shape change of an embryo during its evolution. The leaf ve-

nation is an optimal transportation network to distribute water and nutrients,

and to collect the products of photosynthesis. Besides, the high-density network10

of veins also exhibits a mechanical resilience of the leave unrelated to transport

[2]. Hence, the venation exhibits a large variety of morphologies whose partic-

ular characteristic is to form closed loops, e.g. the merging of two veins, in the

event of damage to any vein. This characteristic belongs to the class of univer-

sality of the growth in a tensorial field contrarily to the growth in a scalar field15

as often thought. In particular, recent work beyond the scope of the present

manuscript has shown that vein growth and patterns are coordinated through

the differences in mechanical properties between cell types [3]. The first study

aimed to demonstrate that these morphologies correspond to what is expected

from growth in a tensorial stress field such as the mechanical stress that gov-20

erns the propagation of fractures in solids [4, 5, 6]. The second morphogenetic

process reported here is involved during the evolution of embryos: during a spe-

cific stage, the mechanical behaviour of embryos is related to the deformation

of a shell-like membrane. The study particularly aimed to highlight that the

macroscopic deformation of the embryonic membrane is correlated to the local25

evolution of both its thickness and its mechanical properties [7].

In both works, the targeted approaches were investigated by focusing on

analogue experiments intended to reproduce similar patterns. The following

modelled systems were considered: aqueous suspensions of nanoparticles that

solidify during the drying. Depending on the geometry involved, mechanical in-30

stabilities occur to release the mechanical stresses build-up. Such processes are

governed by an energy minimization and foster cross-disciplinary areas specifi-

cally at the junction between Mechanics and Physics.

At the beginning of the 2000s, these works benefited from regular visits

of Yves Couder at the FAST laboratory in the Université Paris Sud. It was35
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a real opportunity and privilege to spend several hours with Yves to observe

the formation of crack patterns under optical microscope, to search the proper

conditions of growth and boundaries to form isotropic patterns, to reveal some

details of directional growth of fractures, to add microscopic defects as nucle-

ation centers to propagate fractures at will [8],... As the laboratory is bordered40

by a forest on the Plateau de Saclay, Yves usually left for a walk and came back

with particular leaves to be observed under the microscope, and to reproduce

similar patterns using drying fractures. As most studies initiated by Yves, ele-

gance and simplicity are combined to powerful physical meaning. This gives a

new dimension to works on mechanical instability induced by drying that were45

firstly initiated by Catherine Allain at the end of the 1990s [9, 10].

The present manuscript is articulated around both morphogenetic processes

stated above. After a presentation of the topics related to morphogenesis, the

manuscript aims to focus on the analogue experiments, their adaptability to

reproduce patterns to explore specific properties of the media at a macroscopic50

scale, and the capacity to tune modelled systems in order to highlight the phys-

ical insights.

1.1. Hierarchical crack pattern

The veins of plant leaves exhibit a large variety of morphologies. By closely

examining a leave, the network of veins provides various lengths and widths, and55

results in isotropic or anisotropic arrangements. In the most common nervation,

called the dicotyledons, a main axial vein grows first. Then secondary veins are

pinnately arranged along the middle vein. The multitude of resulting patterns

provides an optimized network throughout their evolution. Numerical models

showed that the network of veins provides the mechanical rigidity of the leave60

but this is not the single function of venation [11]. Indeed veins progressively

canalise the flow which is physiologically of interest throughout its evolution and

its lifetime. In particular, an essential characteristic of venation is dominated

by the systematic reconnections, e.g. the merging of two veins to form a closed

loop. Such reconnections are visible in the examples shown in figure 1 [4].65

3



The large variety of morphologies exhibited by the veins of plants was often

thought to result from the growth in a concentration scalar field. The study

initiated by Yves Couder shows that many characteristics of venation patterns

correspond to what is expected from growth in a tensorial stress field. Numerous

problems take place where structures grow in a diffusive scalar field [12]. They70

all result in branched tree-like patterns: viscous fingering, growth of a bacterial

colony or diffusion-limited aggregation (DLA) produce branched patterns but

avoid forming closed loops. A different class of patterns are formed in a tensorial

field: the resulting networks are then dominated by reconnections. The struc-

tures produced by the propagation of cracks are the archetype of such patterns.75

In this aim, analogue experiments were investigated on crack formation whose

similar pattern can reproduce venation in different configurations. In particu-

lar, the array of smaller veins of dicotyledons that forms when locally the leaf

growth has become homogeneous and isotropic; the class of monocotyledon is

formed of veins nearly parallel to each other (figure 1c).80

From this work different studies have been developed to understand the

crack networks in materials consisted of a layer deposited on a substrate. This

first section is devoted to the variety of crack patterns whose organization is

governed by the minimization of the energy of the system.

Analogue experiments have been performed in solid gels starting from a85

shallow container, filled by an aqueous dispersion of solid particles (silica beads

whose mean diameter is∼ 10nm). During water removal, the density of particles

increases until the formation of a close-packed network that adheres to the glass

plate (the substrate): a solid layer of approximately constant thickness is formed

in the centre of the container avoiding the anisotropy due to large evaporation90

at the borders. Further evaporation induces pressure gradient in the poroelastic

structure. As a result, the shrinkage at the free surface is frustrated by the

adhesion on the substrate and leads to differential stress over the layer thickness.

This process may cause the layer to crack releasing the mechanical stress.

More generally the crack patterns depend on the applied stress and the way95

the material can resist to this stress. Indeed, the resulting patterns are governed
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a b c

Figure 1: Patterns of veins in vegetal leaves and patterns of cracks in solids. (a-b) Comparison

of the growth of veins and cracks in an isotropic medium. (a) Top- The higher-order veins are

characteristic of a hierarchy which results from their successive order of formation. At each

stage, they are connected in a polygonal pattern. Bottom- A pattern of cracks formed in a

thin layer of dried gel. The resulting pattern exhibits a hierarchy of cracks delimiting adjacent

domains. (b) Top- A detail of venation showing open-ended veinlets. Bottom- Crack pattern:

at the end of the pattern formation, when most of the elastic energy has been released, some

cracks stop growing without reconnecting and thus remain open-ended. (c) Comparison of

the anisotropic growth of veins and cracks. Top- A detail of the venation in Lily of the valley.

The pattern in this monocotyledon is formed of veins nearly parallel to each other. As the

leaf narrows near its tip, the number of veins diminishes. When a vein stops growing, it

reconnects perpendicularly to its nearest neighbour. Bottom- A pattern of cracks obtained in

a dried gel layer having a constant thickness gradient along the vertical direction: the gradient

build-up leads to a parallel array of cracks. Due to the wedge shape of the gel, some cracks

stop growing. When a crack stops growing it connects perpendicularly to its neighbour (top

of the image). (a) and (c): Adapted by permission from Springer-Verlag [4] (2002).
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Figure 2: Two mechanical instabilities in a system film/substrate: (a) channeling crack in the

thickness of the film, or (b) film/substrate separation causing delamination from an edge.

by a minimization of the energy of the system. It is stated that the elastic

energy available for a crack growth requires the energy needed to create new

crack surfaces in the solid [13]. Depending on the energies involved, a variety of

mechanical instabilities can occur, whose two main modes are sketched in figure100

2: crack in the thickness of the film (channeling crack), interfacial crack emerging

from an edge (delamination). Both processes are particularly considered in the

following. A key parameter that controls the elastic energy stored in the layer

is its thickness. Hence, below a critical thickness, hc, the layers are crack-free

as the elastic energy stored in the material is not sufficient to propagate cracks.105

Above hc, the system fails when its strength, that is the maximum stress the

material can withstand, is reached.

The organization of cracks in solid films are dominated by nucleation and

propagation processes [14]. Depending on the material, the most frequent pro-

cess can be either the nucleation of new cracks or the propagation of a pre-110

existing crack network. Since nucleation is more frequent for thin layers or

inhomogeneous materials, propagation is predominant in thick and brittle ma-

terials. Indeed, for thin layers, the growth of the crack stops shortly after their

initiation leading to junction cracks. The nucleation from defects can result

in two-branched cracks in the same direction or star-like patterns with three-115

branched cracks at equal angles of 120◦ each other (figure 3a). Since it costs less
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Figure 3: Crack networks as a function of the layer thickness (each image exhibit final crack

patterns). (a) Star-like patterns with 3 branched cracks at 120o each other nucleated from

nucleation sites (bubbles in the bottom image). (b) Broken network of cracks. (c) Close

network of cracks limiting domains. (d,e) Partial delamination from the substrate confined at

the edge of the domains (d); for thicker layers, inside a particular domain the circular optical

interference fringes display an air gap and encircle an adhering region (bright area in (e)). (f)

Sketch of the growth of cracks in an initially homogeneous stretched medium. (g) When a

crack (2) propagates in the vicinity of a pre-existing crack (1), the crack path (2) is modified

to take into account the stress release of (1).
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energy to create new surfaces at low thickness values, the number of branched

cracks around a defect is expected to increase when the thickness decreases [15].

This is pointed out by the following simple considerations based on energy min-

imization. The energy needed to create new crack surface scales as 2nΓℓh (1),120

Γ being the surface energy of the newly-created interfaces, n being the number

of the branched crack of length ℓ in a layer of thickness h. In the presence of

such a crack, the elastic energy in a cracked layer of thickness h changes by

∆U ∼ ℓh2σ̄2/E (2), where ℓh2 is the volume in which the stress relaxes, and

σ̄ the average stress in a volume element of lateral size ℓ. In the case of dif-125

ferential stress-induced by the drying, the main tensile stress, P , acts on the

bottom surface. The volume-averaged tensile stress in the film, σ̄, and P can

be related using the fact that the average stress in a volume element can be

related to an integral over the forces acting on its boundaries (in the case of wet

particulate coatings | P | can be viewed as the capillary pressure). Hence the130

average stress scales as: σ̄ ∝ Pℓ/h (3) [16]. Combining both the surface (1) and

the elastic (2) energies, taking into account the average stress (3), show that the

number of branched crack, n, decreases when the film thickness, h, increases as:

n ∝ ℓP 2/(ΓE)(ℓ/h)2.

Contrarily, for slightly thicker layers, crack propagation is energetically more135

favourable than for thinner ones. The zigzag pathway is often associated with a

difficult crack propagation. A typical broken network of cracks is shown in figure

3b. For thicker layers, the crack merging is more frequently observed. Finally,

a closed network is formed resulting in adjacent domains exhibiting a more or

less regular size. The pattern exhibits angles between cracks at their junctions140

being mostly near 90o and 180o, as one would expect for T-junctions. Moreover,

the averaged domain size, ℓ′, increases with the layer thickness (figure 3c). As

previously mentioned, the cracks form when the energy cost of creating new

surfaces at the sides of a domain is equal to the elastic energy released during the

cracking. These energetical considerations write this time: ℓ′P 2ℓ′2/(h2E) ∝ Γ.145

It result in the following scaling law valid for a particular range of thicknesses:

ℓ′ ∝ h2/3 [16].
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For still thicker layers the stored elastic strain energy generally overcomes the

adhesion energy of the film attached to the substrate. As a result, another mode

of cracking is energetically preferred: the interfacial cracking that propagates at150

the layer/substrate interface and results in curling the domains. The interface

crack starts generally propagating from the corners of a domain as a result of

the stress concentration there [17]. The nucleation of the interface crack defines

the final shape of the delaminated domain. The energy cost to create new

surfaces competes with the elastic energy mainly due to the fold limiting the155

adhering region from the detached one that tends to be minimized [18]. Here

again, the layer thickness controls the strain energy stored in the volume of the

material and so the final pattern. The final pattern results in delamination that

is either confined to the edges of each domain (figure 3d) or causing each domain

adhering by a single and preferentially circular region for thicker layers (figure160

3e).

Coming back to the case of plane-divided patterns prior to the delamination

process, one specificity of the crack network shown in figure 3b is presented in

the following. Indeed, cracks invade the plane of a layer following well-defined

rules of Physics as shown by the sequence in figure 4 [5, 6]. Generally, a crack165

pathway is formed by tensile stresses in the layer (sketched by the white dashes

in figure 4a). Once the crack is formed, the component of the stress normal to

the crack path is released in its vicinity. Consequently, new boundary conditions

are defined and will affect the pathway of further cracks. Indeed, when a future

crack approaches the existing one, its path is changed due to the stress release170

of the first one. The new crack connects to its neighbor perpendicularly (figure

4b). Hence, a progressive invasion of the plane of the layer takes place. At the

final stage of the hierarchical cracking process, the history of the crack network

formation can be approximately recovered. Indeed, the longer crack is generally

the first to form, the second generation of cracks connect to the first one and so175

on...

Apart from the lengthscale associated with the crack spacing a quantitative

aspect of a crack pattern is the number of sides and neighbours of a particular
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Figure 4: Hierarchical crack formation. Invasion of the plane of the layer by successive

generations of cracks. From left to right: first , second, third and fourth order. In each image

of the sequence a-d, the cracks of higher orders are highlighted in black; in each image the red

arrows highlight one particular crack of a new generation. The final pattern is shown in (e).

domain (see the histogram in 5a). The theorem of Euler on topology states

that the average number of neighbours in an extended network, hierarchical or180

not, must be six. In contrast to the geometrical hierarchy of a crack pattern,

a two-dimensional soap separating the bubbles does not have any hierarchical

structure (figure 5b). The geometric structure of the last is given by reorganiza-

tion phenomena: the lines corresponding to the films are arcs of circles and the

angles at the vertices are adjusted to 120o following the laws of Plateau. Hence,185

the Physics of foams is largely governed by the enduring and symmetrical inter-

action of first neighbours. Such phenomenon is absent in the hierarchical crack

pattern [5, 19].

Another similar pattern whose adjacent domains exhibits several sides and

neighbours equal to 6 is the regular hexagonal tessellation formed by cooling190

shrinkage of sedimentary rocks [20]. Such a pattern is presented in figure 5c: the

cracks are formed simultaneously and appear as star-shaped connections. Con-

trarily to the hierarchical organization of a crack network in a two-dimensional

surface, the formation of a pattern of hexagonal tessellated pavement must be

related to the cooling shrinkage in-depth in the material [21, 22].195

2. Gastrulation

This section is devoted to another morphogenetic process involved in the

mechanical evolution of embryos. During a particular stage called gastrulation,
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Figure 5: Hierarchy or not. (a) Network of cracks in a dried planar gel. The histogram shows

the number of sides (black) and the number of neighbors (white) of 1000 domains in a ceramic

crack pattern; as an example, the domain pointed out by the red dot has 6 neighbors (dashed

lines) but 4 sides. (b) A six sided domain in foam. Reprinted from [19] “Hierarchical crack

patterns: a comparison with two-dimensional soap foams”, Copyright (2020), with permission

from Elsevier. (c) Pattern of hexagonal tessellated pavement, Iceland (Courtesy of J.P. Hulin);

the white dashed indicates the direction of cracks extension.

the embryo undergoes an invagination process. This mechanism appears to be

a generic process that results in the precursor of the formation of the inner200

organs. The process was particularly studied in an archetype, that is the sea-

urchin embryo, mainly for its geometrical simplicity. Indeed, the sea-urchin

embryo exhibits a spherical shape typically small, ranging from about 3 cm to

10 cm in diameter [23]. Before gastrulation, the sea-urchin has a nearly spheri-

cal shell-like membrane that encloses a fluid-filled cavity: the blastocoele. The205

membrane is formed of a single layer of 1000 to 2000 cells: the blastoderm.

During a first stage, a region of the membrane, called the vegetal plate, flattens

while the cohesion of the cells in this region is reduced. Then a reversal of curva-

ture of the membrane takes place, as a buckling process. During a second stage,

the depressed region extends and forms a tube penetrating into the blastocoele210

(see the sketch in figure 6a,b). This deformation is accompanied by movements

of cells within the blastoderm from the external surface to the interior of the em-

bryo. This process modifies locally the thickness and the mechanical properties

of the membrane.
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Figure 6: Sketch of the gastrulation in a Sea Urchin Embryo. During a first stage, a region of

the membrane, called the vegetal plate, flattens and thickens while the cohesion of the cells

in this region is reduced. This precursor of the deformation is caused by some movements

of cells within the membrane. Then a reversal of curvature of the membrane takes place.

The depressed region extends and invaginates. (b) Scanning electron micrograph of external

surface of the early gastrula (Lytechinus variegatus, 500 µm in diameter) showing the re-

verse of curvature of the vegetal plate and the beginning of the invagination process into the

blastocoele; courtesy of J. B. Morrill and L. L. Santos (1985) [23].

The similarity with an analogue experiment captures a stage of evolution of215

embryos without taking into account the movements of cells within the mem-

brane. Different biological assumptions have been put forward to highlight and

explain this process. It is not for us to discuss the validity of these hypotheses.

The analogy particularly highlights that the second stage, e.g. the formation

of an invaginated tube, could also be due to a continuation of a buckling pro-220

cess. This would only require that the shell exhibits inhomogeneous mechanical

properties and that the cohesion of the shell be weaker in the region where the

buckling occurs [7].

Such nearly spheroidal geometry is obtained by depositing a droplet of dis-

persion of nanoparticles on a superhydrophobic substrate. During the water225

removal, the drop firstly shrinks nearly isotropically as the non-volatile com-

pounds are advected to the evaporation surface of the drop. This accumulation

thus leads to the formation of a boundary layer, at the evaporation surface,

through which the concentration changes. When the close packing of particles

is reached, a porous skin behaves mechanically as an elastic shell enclosing a liq-230

uid phase. The formation of such a skin induced by the drying process depends

on the physicochemical properties of the solution and well as the processes of
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diffusion and advection that govern the transport of particles in the dispersion

[24, 25].

The morphological evolution of the shell-shaped membrane depends on the235

mechanical properties of the system. In particular, the more concentrated the

dispersion is, the faster the porous thin skin will form. During later drying,

the water continues flowing through the porous membrane allowing the drop

to shrink as a result of the volume decrease (figure 7a). The skin is capable of

deformation due to the decrease in its inner volume. The successive stages of240

the drop deformation are shown in figure 7 a-c. The compression of the skin,

e.g. in-plane displacement, leads to a length change that requires rapidly a great

deal of energy in comparison with bending, e.g. out-of-plane displacement. This

is a classical result: it corresponds to the first instability observed in the collapse

of thin spherical shells [26]. In the presence of such a depression, extensional245

deformations are not energetically favourable and bending deformations prefer-

entially take place. The depressed region then extends and invaginates inside

the drop (figure 7b,c). During this process, the mechanical behaviour of the

membrane is locally modified resulting in inhomogeneity of the membrane. In-

deed, the evaporation rate through the area of the convex surface decreases250

with decreasing curvature as a result of a quick saturation in water vapour in

the curvature. The single depression at the top of the drop then deepens and

forms an invaginating tube.

Moreover the evolution of the shell-shaped membrane can be investigated in

confined geometry allowing us to precisely capture the second sage of the defor-255

mation [27]. In this way a drop was sandwiched between two parallel circular

glass slides, providing a quasi-2D geometry (figure 8a). The radial evaporation

flux leads to the accumulation of non-volatile species at the liquid/air interface

and results in the formation of skin at the drop surface. Simple energy consider-

ations allow us to explain the continuation of the buckling process as highlighted260

by measurements deduced from the drop evolution (figure 8b) [27]. During the

depression growth, the elastic energy contains the main contribution coming

from the creation of the folds A and B, denoted by configuration I, (inset in

13
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drying

d

Figure 7: Deformation of a drying drop on a superhydrophobic substrate (top view); the

drop is composed of a dispersion of nanoparticles (latex). After a nearly uniform shrinkage

(a - meridian radius = 1.2mm), a depression due to a local buckling takes place (b). The

continuation of the buckling process results in a toroidal shape (c). (d) Sketch of the successive

deformations in side view.

figure 8c). Since the energy concentrated in the folds becomes enormous during

the depression growth, another configuration, denoted by configuration II, is265

energetically more favourable. This is realized by freezing the folds A and B.

Hence, the lateral size of the depression stops increasing and becomes constant.

The elastic energy due to the fold only increases through the growth of the

depression, e.g. apex e shown in inset of figure 8c. The evolution of the drying

drop is governed by an optimization of the energy of the system as highlighted270

by the plain lines in figure 8c.

Finally, this quasi-2D geometry is a way to deal with the stability of such

deformation in the case of a non-uniform membrane or when two depressions

are initially nucleated. As the membrane is non-uniform, we can expect that

only one depression can grow deeper inside the drop during water loss. When275

several depressions take place at the drop periphery (figure 9), only one can last

at the end of the invagination process. Such behaviour is analogous to viscous

fingering development [1] where only one perturbation can grow in a diffusive

field.

3. Conclusion280

The manuscript reports some analogue experiments to understand sponta-

neous formations of patterns in Nature. These results attest of the reliability
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Figure 8: (a) Quasi-2D geometry: a droplet of solution is sandwiched between two circular

glass slides in side view. (b) Deformation of a drop during the drying process in top view

(initial drop diameter = 2 mm). (c) Dimensionless elastic energy of the shell at the periphery

of the drop as a function of the relative surface variation ∆S/S0; U0 is a reference energy

term, UI is the elastic energy whose main contribution comes from the creation of the folds A

and B, and UII is due to the folds A and B + the contribution of the change in length of the

inverted part between A and B. Inset: ideal scheme of the depression formed by inversion of

the circular cap between A and B the asymptotes ∆ and ∆′ limit the fold A. Adapted from

[27].
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R1

R2

Figure 9: Drop exhibiting two depressions whose radii of curvature are R1 and R2 in the

geometry depicted by figure 8a. The superposition of images taken at successive times shows

that only a single depression is continued by an invagination process.

of laboratory experiments to highlight, isolate and then analyse mechanisms of

interest acting in the self-organization of two distinct media: venation in leaves

and deformation of embryos. Moreover, these results support the fact that285

morphogenetic processes are governed by energy minimization of the systems.

One common element to these approaches is to describe out-of-equilibrium sys-

tems involving multi-component objects that strongly interact with each other

at small scales via physicochemical surface interactions or mechanically through

deformation. The main strength of this experimental modelling is based on tun-290

able inter components forces and the diversity of physical properties emerging

here during the drying process [28]. Thereafter, the study related to the crack

network has been extended to different applications by relating the pattern and

the matter, particularly the paintings cracks in artworks [29, 30].
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