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Abstract

We prove a new concentration inequality for U-statistics of order two for uniformly ergodic Markov
chains. Working with bounded m-canonical kernels, we show that we can recover the convergence
rate of [4] who proved a concentration result for U-statistics of independent random variables and
canonical kernels. Our proof relies on an inductive analysis where we use martingale techniques,
uniform ergodicity, Nummelin splitting and Bernstein’s type inequality.

Our result allows us to conduct three applications. First, we establish a new exponential inequality
for the estimation of spectra of trace class integral operators with MCMC methods. The novelty is that
this result holds for kernels with positive and negative eigenvalues, which is new as far as we know.

In addition, we investigate generalization performance of online algorithms working with pairwise
loss functions and Markov chain samples. We provide an online-to-batch conversion result by showing
how we can extract a low risk hypothesis from the sequence of hypotheses generated by any online learner.

We finally give a non-asymptotic analysis of a goodness-of-fit test on the density of the invariant
measure of a Markov chain. We identify the classes of alternatives over which our test based on the L,
distance has a prescribed power.

This work was supported by grants from Région Ile-de-France.
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1 Introduction

Concentration of measure has been intensely studied during the last decades since it finds application in
large span of topics such as model selection (see [46] and [42]), statistical learning (see [14]), online
learning (see [63]) or random graphs (see [17] and [16]). Important contributions in this field are those
concerning U-statistics. A U-statistic of order m is a sum of the form

Z hil,...,im (Xil s JXim )’

1<i; <-<ip<n

where X1,...,X, are independent random variables taking values in a measurable space (E, %) and with

One important exponential iﬁgquality for U-statistics was provided by [4] usmg a Rademacher chaos
approach. Their result holds for bounded and canonical kernels, namely satisfying forall 1 <i; <--- <
i,, <nand for all x4,...,x,, €E,

Ik

inin |loo <0 and Vje[l,n],IEXj[hi1 ,,,,, im(xl,...,xj_l,Xj,xjH,...,xm)]=0.

Houdré and Reynaud-Bouret in [35] improved the constants in the exponential inequality of [4]
for U-statistics of order two. If the kernels are unbounded but if we assume that the random vari-
proved that exponential inequality can still be obtained for the associated U-statistics. It is known that
with heavy-tailed distribution for h; _; (X;,...,X; ) we cannot expect to get exponential inequalities
anymore. Nevertheless working with kernels that have finite p-th moment for some p € (1,2], Joly and
Lugosi in [38] construct an estimator of the mean of the U-process using the median-of-means technique
that performs as well as the classical U-statistic with bounded kernels.

All the above mentioned results consider that the random variables (X;);>; are independent. This
condition can be prohibitive for practical applications since modelization of real phenomena often involves
some dependence structure. The simplest and the most widely used tool to incorporate such dependence
is Markov chain. One can give the example of Reinforcement Learning (see [60]) or Biology (see [59]).
Recent works provide extensions of the classical concentration results to the Markovian settings as
[22, 37, 50, 1, 14]. However, there are only few results for the non-asymptotic behaviour of tails of
U-statistics in a dependent framework. The first results were provided in [9] and [34] where exponential
inequalities for U-statistics of order m > 2 of time series under mixing conditions are proved. Those
works were improved by [56] where a Bernstein’s type inequality for V and U statistics is provided
under conditions on the time dependent process that are easier to check in practice. Their result holds
for geometrically a-mixing stationary sequences which includes in particular geometrically (and hence
uniformly) ergodic Markov chains (see [39, p.6]). If [56] has the advantage of considering U-statistics of
arbitrary order m > 2, their result holds only for state space like R¢ with d > 1. Moreover, they consider
a unique kernel h (i.e. h; ; = h for any iy,...,i,) which is assumed to be symmetric continuous,
integrable and that satisfies some smoothness assumption.

On the contrary, our result holds for general state space and possibly different kernels that are not
assumed symmetric or smooth. We rather work with bounded kernels that are -canonical. This latter
notion was first introduced in [27] who proved a variance inequality for U-statistics of ergodic Markov
chains. In Section B, we give a concrete connection between our result and [56].



1.1 Main results

We consider a Markov chain (X;);>; with transition kernel P : E x E — R taking values in a measurable
space (E,X), and we introduce bounded functions h; ; : E* —» R. Our assumptions on the Markov
chain (X;);>, are fully-provided in Section 2 and include in particular the uniform ergodicity of the
chain and an “upper-bounded” transition kernel P (see Assumption 2). The invariant distribution of the
chain (X;);>; will be denoted 7. We further assume that kernel functions are 7-canonical, namely

Vi,jE[n], VX;J/EE, Eﬂ:hi,j(X:x)zE’lrhi,j(X:y)y
and we denote this common expectation £ h; ;(X, ).

Under those assumptions, Theorem 1 gives an exponential inequality for the U-statistic

Ugear(n) = Z (hi,j(Xi’Xj)_En[hi,j(X:')])-

1<i<j<n
The proof of Theorem 1 can be found in Section 4.

Theorem 1 Let n > 2. We suppose Assumptions 1, 2, 3 and 4 described in Section 2. Then, there exist two
constants f3,k > 0 such that for any u > 0 it holds with probability at least 1 — fSe™*log(n),

Ugee(n) < Klog(n)( [An] Vu + [A+ B\/ﬁ] u+ [ZAJH] u?? +A|:u2 + nJ ),

where

, max

>

j—1
D Byl (X, )]

i=1

S B[ 0.30]

A:=2max||h;|lee, and B? := max | max
i,j i =
j=i+1

[ee] o

and for all i,j € [n], p; ;(X;,X;) := hi,j(Xi,Xj)—]Exlwn[hi,j(Xi,X’)]. The constant k > 0 only depends on
constants related to the Markov chain (X;);>1, namely 8y, [ T1ly,> I T2lly,, L, m and p. The constant 3 > 0
only depends on p. See Section 2 for the definitions of those constants.

Note that the kernels h; ; do not need to be symmetric and that we do not consider any assumption on
the initial measure of the Markov chain (X;);, if the kernels h; ; do not depend on i (see Assumption 4).
Let us mention that depending on whether Assumption 4.(i) or Assumption 4.(ii) holds, we do not obtain
exactly the same bounds and we take the maximum of both results in Theorem 1. By bounding coarsely
the constant B in the proof of Theorem 1, we show in Section 5 that under milder conditions the following
result holds.

Theorem 2 Let n > 2. We suppose Assumptions 1, 2.(i), 3 and 4 described in Section 2. Then there exist
constants f3,k > 0 such that for any u > 1, it holds with probability at least 1 — fe™" logn,

_ 2 2
Usae(n) < xemax||h; || oo logn { = + [E] ’

n(n—1) i b/ i

where the constant k > 0 only depends on constants related to the Markov chain (X;)i»1, namely &y, ||T:ly,

IT5lly,, L, m and p. The constant 3 > 0 only depends on p.

Note that in Theorem 2, we do not ask Assumption 2.(ii) to hold. Theorem 2 shows

2 log(n)loglogn
Ustat(n) = 0]P g( ) 08
n(n—1) n

>

where 0p denotes stochastic boundedness. Up to a log(n)loglogn multiplicative term, we uncover the
optimal rate of Hoeffding’s inequality for canonical U-statistics of order 2, see [38].



1.2 Three applications of the main results

Theorems 1 and 2 are cornerstones to uncover new results that we referred to as applications for brevity.
These “applications” may be understood as new results part of active areas of research in Probability,
Statistics and Machine Learning. Although Theorems 1 and 2 are key steps in these applications, the
results are not a direct consequence of them, and extra analysis has been put to achieve these results. The
three applications are the following.

» Estimation of spectra of signed integral operator with MCMC algorithms (Section 3.1)
We study convergence of sequence of spectra of kernel matrices towards spectrum of integral
operator. Previous important works may include [2] and, as far as we know, they all assume that the
kernel is of positive type. For the first time, this paper proves a non-asymptotic result of convergence
of spectra for kernels that are not of positive-type (i.e., giving an integral operator with positive and
negative eigenvalues). We further prove that independent Hastings algorithms are valid sampling
schemes to apply our result.

* Online Learning with Pairwise Loss Functions (Section 3.2)

Inspired by ranking problems where one aims at comparing pairs of individuals, we study algorithm
with pairwise loss functions. We assume that data is coming on the fly, which is referred to as online
algorithm. To propose realistic scenario, we consider that data is coming following a Markovian
dynamic (instead of considering an i.i.d. scheme). As far as we know, we are the first to study online
algorithms under Markov sampling schemes. Our contribution is three-fold: we introduce a new
average paired empirical risk, denoted .# ", that can be computed in practice; we give non-asymptotic
error bounds between .#" and the true average risk; and we build an hypothesis selection procedure
that outputs an hypothesis achieving this average risk.

* Adaptive goodness-of-fit tests in a density model (Section 3.3)

Several works have already proposed goodness-of-fit tests for the density of the stationary distribution
of a sequence of dependent random variables. In [43], a test based on an L2-type distance between
the nonparametrically estimated conditional density and its model-based parametric counterpart is
proposed. In [5] a Kolmogorov-type test is considered. [13] derive a test procedure for T-mixing
sequences using Stein discrepancy computed in a reproducing kernel Hilbert space. In all the above
mentioned papers, asymptotic properties of the test statistic are derived but no non-asymptotic
analysis of the methods is conducted. As far as we know, this paper is the first to provide a
non-asymptotic condition on the classes of alternatives ensuring that the statistical test reaches a
prescribed power working in a dependent framework.

1.3 Outline

In Section 2, we introduce some notations and we present in details the assumptions under which our
concentration results from Theorems 1 and 2 hold.

In Section 3, we give some applications of our result. We start by providing a convergence result
for the estimation of spectra of integral operators with MCMC algorithms (see Section 3.1). We show
that independent Hastings algorithms satisfy under mild conditions the assumptions of Section 2 and we
illustrate our result with the estimation of the spectra of some Mercer kernels. For the second application
of our concentration inequality, we investigate the generalization performance of online algorithms with
pairwise loss functions in a Markovian framework (see Section 3.2). We motivate the study of such
problems and we provide an online-to-batch conversion result. In a third and final application, we propose
a goodness-of-fit test for the density of the invariant density of a Markov chain (see Section 3.3). We
give an explicit condition on the set of alternatives to ensure that the statistical test proposed reaches
a prescribed power. The proofs of Theorems 1 and 2 are provided respectively in Sections 4 and 5,
while the proofs related to the three applications from Section 3 are given in Section 6, Section 7 and
Sections C.7-C.9 respectively.

A reminder of the useful definitions and properties of Markov chains on a general state space can be
found in Section A.



2 Assumptions and notations

2.1 Uniform ergodicity

Assumption 1 The Markov chain (X;);>; is y-irreducible for some maximal irreducibility measure ¢ on %
(see [48, Section 4.2]). Moreover, there exist 6,, > 0 and some integer m = 1 such that

Vx€E, YAes, &,u(A)<P™(x,A).
for some probability measure u.

For the reader familiar with the theory of Markov chains, Assumption 1 states that the whole space E
is a small set which is equivalent to the uniform ergodicity of the Markov chain (X;);~; (see [48, Theorem
16.0.2]), namely there exist constants 0 < p < 1 and L > 0 such that

IP"(x,-)—mllry < Lp", Yn>0, n—aex €E,

where 7 is the unique invariant distribution of the chain (X;);>; and for any measure w on (E, %), ||w|| v :=
SUP ey | (A)| is the total variation norm of w. From [26, section 2.3]), we also know that the Markov
chain (X;);>; admits a spectral gap 1 —A > 0 with A € [0, 1) (thanks to uniform ergodicity). We refer to
Section A.2 for a reminder on the spectral gap of Markov chains.

2.2 Upper-bounded Markov kernel

Assumption 2 can be read as a reverse Doeblin’s condition and allows us to achieve a change of measure
in expectations in our proof to work with i.i.d. random variables with distribution ».

Assumption 2 There exists 6,; > 0 such that
(1) Vx €E, VA€ X, P(x,A)<6,v(A),

for some probability measure v. We may also assume that

(i1) YAe X, f v(x)P(x,A) = v(A).
x€E

If Assumption 1 and 2.(ii) hold, then v = 7 is the unique (finite) invariant measure of the Markov
chain. We recall that if Assumption 2.(ii) does not hold, one can still invoke Theorem 2 with possible
counterpart of larger constants. For this reason we keep on purpose the notation v in our proof to handle
frameworks where Assumption 2.(ii) does not hold. Assumption 2.(i) has already been used in the
literature (see [44, Section 4.2]) and was introduced in [19]. This condition can typically require the
state space to be compact as highlighted in [44].

Let us describe another situation where Assumption 2.(i) holds. Consider that (E, || - ||) is a normed
space and that for all x € E, P(x,dy) has density p(x, -) with respect to some measure 1) on (E,X). We
further assume that there exists an integrable function u : E — R, such that

Vx,y €E, p(x,y)<u(y).

Then considering for v the probability measure with density u/||u||; with respect to n and & = |[u|;,
Assumption 2.(i) holds.

2.3 Exponential integrability of the regeneration time

We introduce some additional notations which will be useful to apply Talagrand concentration result from
[55]. Note that this section is inspired from [1] and [48, Theorem 17.3.1]. We assume that Assumption 1
is satisfied and we extend the Markov chain (X;);>; to a new (so called split) chain (X,,R,) €E x {0,1}
(see Section A.3 for a construction of the split chain), satisfying the following properties.



* (X,), is again a Markov chain with transition kernel P with the same initial distribution as (X,),,.
We recall that 7t is the invariant distribution on the E.

¢ if we define T; =inf{n > 0:R,,, =1},
Ti+1 = il’lf{n > O :R(T1+~~-+Ti+n)m = 1},
then Ty, T, ... are well defined and independent. Moreover T,, T5,... are i.i.d.

 if we define S; = T; + - + T;, then the “blocks”

Yo=X1, . X 4m1)s  and Y = Xogs 1) -+ -5 Xm(s,, 41210 1> 0,

form a one-dependent sequence (i.e. for all i, o((Y});;) and o((Y});;) are independent). Moreover,
the sequence Y;,Y,,... is stationary and if m = 1 the variables Y,Y;,... are independent. In
consequence, for any measurable space (S, ) and measurable functions f : S — R, the variables

m(Si+1)—1
Z=zH)= D, fX) iz1

j=m(S;+1)

constitute a one-dependent sequence (an i.i.d. sequence if m = 1). Additionally, if f is m-integrable
(recall that 7 is the unique stationary measure for the chain), then

E[Z]= 5;1mffdn.

¢ the distribution of T; depends only on =, P, 6,,, U4, whereas the law of T, only on P, §,, and u.

Remark Let us highlight that (X,), is a Markov chain with transition kernel P and same initial
distribution as (X,,),. Hence for our purposes of estimating the tail probabilities, we will identify (X,,),
and (X,),.

To derive a concentration inequality, we use the exponential integrability of the regeneration times
which is ensured if the chain is uniformly ergodic as stated by the following Proposition.

Proposition 1 If Assumption 1 holds, then
ITilly, <00 and ||Tolly, < oo, D
where || - ||, is the 1-Orlicz norm introduced in Definition 1. We denote T := max(||T; [y, , | T2lly,)-

Proof of Proposition 1.
Since the split chain has the same distribution as the original Markov chain, we get that (X;); is -
irreducible for some measure ¢ and uniformly ergodic. From [48, Theorem 16.0.2], Assumption 1
ensures that for every measurable set A C E x {0, 1} such that 1/(A) > 0, there exists some k, > 1 such
that
sup E[x;*|X; = x] < oo,
X

where 7, := inf{n > 1 : X, € A} is the first hitting time of the set A. Let us recall that T; and T, are
defined as hitting times of the atom of the split chain E x {1} which is accessible (i.e. the atom has a
positive v)-measure). Hence, there exist C > 0 and « > 1 such that,

supE[x™>m X, = x] = sup E[exp(Tgx (1) log(x))|X; =x] < C.
X X

Considering k > 1 such that C'/* < 2, a straight forward application of Jensen inequality gives that

max(|| Tylly,, [ITally,) < k/log(x).
[ ]

Definition 1 For a > 0, define the function v, : R, — R, with the formula v ,(x) = exp(xa) — 1. Then
for a random variable X, the a-Orlicz norm is given by

IX1ly, = inf{y > 0: E[¢4(IX]/7)] < 1}.



2.4 m-canonical and bounded kernels

With Assumption 3, we introduce the notion of 7t-canonical kernel which is the counterpart of the canonical
property from [29].

Assumption 3 Let us denote B(IR) the Borel algebra on R. For all i,j € [n], we assume that h;; :
(B2, 29 %) — (R, B(R)) is measurable and is m-canonical, namely

Vx,y €E, E[h;;(X,x)]=E.[h;;(X,y)].

This common expectation will be denoted I .[h; ;(X,-)].
Moreover, we assume that for all i, j € [n], ||h; j|loo < ©0.

Remarks:

o A large span of kernels are 7t-canonical. This is the case of translation-invariant kernels which have been
widely studied in the Machine Learning community. Another example of 7-canonical kernel is a rotation
invariant kernel when E = $¢7! := {x € R? : ||x||, = 1} with 7 also rotation invariant (see [17] or [16]).

e The notion of m-canonical kernels is the counterpart of canonical kernels in the i.i.d. framework (see
for example [35]). Note that we are not the first to introduce the notion of 7-canonical kernels working
with Markov chains. In [27], Fort and al. provide a variance inequality for U-statistics whose underlying
sequence of random variables is an ergodic Markov Chain. Their results holds for 7-canonical kernels as
stated with [27, Assumption A2].

e Note that if the kernels h; ; are not 7-canonical, the U-statistic decomposes into a linear term and
a m-canonical U-statistic. This is called the Hoeffding decomposition (see [29, p.176]) and takes the
following form

Z (hi,j(Xi’Xj) — Ex y)~renlhij(X, )])

i#j
= Zzi,j(xi,xj) —E,; [Ei,j(x’ )] + Z (Ex~n [hi,j(X:Xj)] —Ex y)vren [hi,j(X’ Y)])
i#j i#j
+ > (B [ (X0 X) ] = By yyemer [, (X, 1)),
i#j

where for all j, the kernel Ei’j is m-canonical with

Vx,y €E, 7li,j(X,}’) =h;j(x,y)—Ex.r [hi,j(x’X)] — By r [hi,j(X:.Y)] .

We will use this method several times in the proofs of our applications (for example in (24)).

2.5 Additional technical assumption

In the case where the kernels h; ; depend on both i and j, we need Assumption 4.(ii) to prove Theorem 1.
Assumption 4.(ii) is a mild condition on the initial distribution of the Markov chain that is used when we
apply Bernstein’s inequality for Markov chains from Proposition 5.

Assumption 4 At least one of the following conditions holds.

(i) Foralli,j €[n], h;; = hy, i.e. the kernel function h; ; does not depend on i.

(i1) The initial distribution of the Markov chain (X;);», denoted y, is absolutely continuous with
respect to the invariant measure 7 and its density, denoted by %, has finite p-moment for some p € (1, 00],

ie
1/p
dy p .
d [ s dn] if p< oo,
oo > ‘ & = f dr fp
Tllrp esssup ‘;—’Ti if p=oo.

In the following, we will denote q = p%l €[1, 00) (with g = 1 if p = +00) which satisfies % + Cll =1



2.6 Examples of Markov chains satisfying the Assumptions

Example 1: Finite state space. For Markov chains with finite state space, Assumption 2.(i) holds
trivially. Hence, in such framework the result of Theorem 2 holds for any uniformly ergodic Markov chain.
In particular, this is true for any aperiodic and irreducible Markov chains using [7, Lemma 7.3.(ii) ].

Example 2: AR(1) process. Let us consider the process (X,),cn on R¥ defined by

XoeRFandforallne N, X,,,=H(X,)+Z,

where (Z,),c are i.i.d random variables in RF and H : R — Rk is an application. Such a process is
called an auto-regressive process of order 1, noted AR(1). We show that under mild conditions, our result
can be applied to AR(1) processes. Before providing a result from [21] giving conditions ensuring the
uniform ergodicity of an AR(1) process, let us introduce some notations.

Notations:

We consider k,d € IN* := IN\ {0} and we denote ||-||; (resp. ||-||4) the euclidean norm on R¥ (resp. on RY).
We need the preliminary notations.

* AL is the Lebesgue measure on R* and L2(R¥, A,,;) is the space of square integrable functions
from R* to RR.

« If v is linear map from R¥ to R¢, we denote ||v|| its norm defined by

Ivil:= sup [[v(x)llg-
llle=1

If some function G : R — R? is differentiable on R¥, we define

1dGll; := \J f I[dGQONPdApep (x).
Rk

We can now state the following result from [21].

Proposition 2 Let us consider R* endowed with its Borel sigma-algebra. Suppose that the random vari-
ables Z,, are i.i.d. with a distribution equivalent to the Lebesgue measure A;,, on R* and with density f,
with respect A;,;,. Assume that

* H is bounded and continuously differentiable with ||H|| + ||dH]||, < oo.
e fy is continuously differentiable and ||f; |l oo + |l fz |2 + [|dfz]l2 < 00.
Then, the Markov chain (X,,), satisfying X .1 = H(X,,) + Z,, is uniformly ergodic.

We keep the assumptions of Proposition 2 and we consider some B > 0 such that ||H||o, < B. Assuming

furter that y — sup f;(y —2) is integrable on E with respect to A,;, we get that Assumption 2.(i)
z€[—B,B]

holds (see the remark following Assumption 2). The previous condition on f; is for example satisfied for

Gaussian distributions. We deduce that Theorem 2 can be applied in such settings that can typically be

found in nonlinear filtering problem (see [19, Section 4]).

Example 3: ARCH process. Let us consider E = R. The ARCH model is
Xn+1 = H(Xn) + G(Xn)Zn-H,

where H and G are continuous functions, and (Z,), are i.i.d. centered normal random variables with
variance o2 > 0. Assuming that inf, |G(x)| > a > 0, we know that the Markov chain (X,,) is irreducible
and aperiodic (see [3, Lemma 1]). Assuming further that |H||o, < B < oo and that ||G||,, <A, we can
show that Assumptions 1 and 2.(i) hold. Let us first remark that the transition kernel P of the Markov



chain (X,,), is such that for any x € R, P(x, dy) has density p(x, -) with respect to the Lebesgue measure

with )
_ 2\ (y —H(x))
plx,y)= (27‘50 ) exp (_W .
We deduce that for any x, y € R we have
-1 (y —H(x))?
p(x,y) > (2n0?)  exp (—},20—%2 > gm(¥),

where

exp (—(g[;i);) ify<—B

gn(y)=(210%)" x{ exp(-Z) ifly|<B
exp (—(y+B)2) ify>B

202a?

With a similar approach, we get

(Y —HE))?

20242 ) < gM(.y);

p(x,y) < (27102)71 exp (

where

2
) exp (—(gl ;i)z ) ify<—B
gu(y)=(2n0?) x{ 1 ifly| <B

_BRY .
exp (—({Uzi)z ) ify>B

We deduce that considering 6,,, = ||g |11, O = llgx /11 and w (resp. v) with density g,,,/11g. 111 (resp. gar /1€ 111)
with respect to the Lebesgue measure on R, Assumptions 1 and 2.(i) hold.

3 Three applications

3.1 Estimation of spectra of signed integral operator with MCMC algorithms
3.1.1 MCMC estimation of spectra of signed integral operators

Let us consider (X,,),»; @ Markov chain on E satisfying the assumptions of Theorem 2 with invariant
distribution 7, and some symmetric kernel h : E x E — R, square integrable with respect to = ® . We
can associate to h the kernel linear operator H defined by

Hf (x) := f h(x, y)f (y)dn(y).

This is a Hilbert Schmidt operator on L?(7) and thus it has a real spectrum consisting of a square
summable sequence of eigenvalues. In the following, we will denote the eigenvalues of H by A(H) :=
(A1, A5,...). For some n € IN*, we consider

-1 1
H, =~ (h(x:. X)) and H, := ~ (1=8: DhX0. X)) i jens

1<i,j<n

with respective eigenvalues A(H,,) and A(H,). We introduce the rearrangement distance &, with Defini-
tion 2 that will be useful to compare two spectra.

Definition 2 Given two sequences x,y of reals — completing finite sequences by zeros — such that

2, 2
le. +yi <oo,
i
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we define the £, rearrangement distance 6,(x,y) as
2 — 2
530, y) = Jnf D (xi = Yo,

where G is the set of permutations with finite support.

Theorem 3 gives conditions ensuring that the spectrum of H, (resp. H,) converges towards the
spectrum of the integral operator H as n — oo. The proof of Theorem 3 is postponed to Section 6.

Theorem 3 We consider a Markov chain (X;);>, on E satisfying Assumptions 1 and 2.(i) described in
Section 2 with invariant distribution 1. We assume that

* the integral operator H is trace-class, i.e. S := Z [A,] < co. Weset A:=sup|A,| < oco.
r=1 rz1

e there exist continuous functions ¢, : E - R, r € I (where I = N or I = 1,...,N) that form an
orthonormal basis of L2() such that it holds pointwise

h(x,y) = > A0, (),

rel

with sup ¢, |l <.
r=1

Then there exists a constant C > 0 such for any t > 0, it holds,

I
P (%52(1(1{), AGH,))? > % 2 > a2+ t)

i>[nl/4)iel

< 32v/nexp (=% min(nt?, vnt)) + plog(n) exp (—$ min (B¢, (%t)”z))-

where for some universal constant K > 0, we have 8 = (KT2KS)_1, ¢ = (KS?>T*). k> 0and > 0 are
constants depending on the Markov chain.

Remark In [2], Adamczak and Bednorz studied the convergence properties of MCMC methods to
estimate the spectrum of integral operators with bounded positive kernels. They show a sub-exponential
tail behavior for the 6, distance between the spectrum of H and the one of the random matrix H,. If
their result holds for geometrically ergodic Markov chains, they assume that the eigenvalues of H are
non-negative. Hence, working with stronger conditions on the Markov chain (X;);, Theorem 3 proves a
new concentration inequality for the §, distance between A(H) and A(H,,) that holds for arbitrary signs
of the eigenvalues of H.

3.1.2 Admissible sampling schemes: Independent Hastings algorithm

One can use the previous result to estimate the spectrum of the integral operator H using MCMC methods.
To do so, we need to make sure that the Markov chain used for the MCMC method satisfies the conditions
of Theorem 2. It is for example well known that Metropolis random walks on R are not uniformly ergodic
(see [48]). In the following, we show that an independent Hastings algorithm can be used on bounded
state space to generate a uniformly ergodic chain with the desired invariant distribution. We provide
another application of our result estimating the spectrum of some Mercer kernels on the d-dimensional
sphere.

Independent Hastings algorithm on bounded state space. Let us consider E C R* a bounded subset
of R equipped with the Borel o-algebra 98(E). We consider a density = which is only known up to a factor
and a probability density g with respect to the Lebesgue measure A;,;, on E, satisfying n(y),q(y) >0
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for all y € E. In the independent Hastings algorithm, a candidate transition generated according to the
law gA;,; is then accepted with probability a(x, y) given by

n(y)q(X))
Tn(x)q(y))’

With an approach similar to Theorem 2.1 from [47], Proposition 3 shows that under some conditions on
the densities 7 and g, the independent Hastings algorithm satisfies the Assumptions 1 and 2.(i).

a(x,y)=min (1

Proposition 3 Let us assume that supq(x) < oo and that there exists 3 > 0 such that
X€EE

M>/5, Vy€E.

n(y)

Then, the independent Hastings algorithm satisfies the Assumptions 1 and 2.(i).

Proof of Proposition 3.
We denote P the transition kernel of the Markov chain generated with the independent Hastings algorithm.
For any x € E, the density with respect to A,,; of the absolutely continuous part of P(x,dy) is p(x,-) =
q(-)a(x, ), while the singular part is given by 1,(+) (fzeE q(z)a(x,z)d)LLeb(z)). For fixed x € E, we have

either a(x,y) =1 in which case p(x,y) =q(y) = Br(y), or else

_ n(y)q(x)
p(x,y)= q(y)—n(x)q(y) =q(x)

nly)
n(x)

Br(y).

We deduce that for any x € E, it holds

P(x,A) = ﬁf m(y)dALep(y),
YEA

which proves that the chain is uniformly ergodic (see Definition 8). Hence Assumption 1 is satisfied.
Assumption 2.(i) trivially holds since E is bounded and sup, . q(y) < oo. |

3.1.3 Estimation of the spectrum of Mercer kernels

In this example, we illustrate Theorem 3 by computing the eigenvalues of an integral operator naturally
associated with a Mercer kernel using a MCMC algorithm. A function K : E x E — R is called a Mercer
kernel if E is a compact metric space and K : E x E — R is a continuous symmetric and positive definite
function. It is well known that if K is a Mercer kernel, then the integral operator Ly associated with K is a
compact and bounded linear operator, self-adjoint and semi-definite positive. The spectral theorem implies
that if K is a Mercer kernel, then there is a complete orthonormal system (¢4, ¢, ...) of eigenvectors
of Lg. The eigenvalues (A;, A,,...) are real and non-negative. The Mercer Theorem (see for instance
see [12, Theorem 4.49]) shows that the eigen-structure of Ly can be used to get a representation of the
Mercer kernel K as a sum of a convergent sequence of product functions for the uniform norm.

To illustrate our purpose, we consider the d-dimensional sphere $¢! = {x € R? : ||x||, = 1}. We
consider a positive definite kernel on $9~! defined by Vx,y € $¢7!, K(x,y) = ¢(x"y) where ) :
[—1,1] — R is continuous. From the Funk-Hecke Theorem (see e.g [49, p.30]), we know that the
eigenvalues of the Mercer kernel K are

1 d—3
A= w(Sd‘Z)J Y(OP(d; 1) (1—12) 7 dt, @)
-1

where P,(d; t) is the Legendre polynomial of degree k in dimension d. For any k € IN, the multiplicity of
the eigenvalue A, is the dimension of the space of spherical harmonics of degree k. In Figure 1, we plot
the non-zero eigenvalues using function 1) : t — (1 + t)?. We plot both the true eigenvalues and the ones
computed using a MCMC approach. To build the Markov chain (X;);>;, we start by sampling randomly X,
on $¢71. Then, for any i € {2,...,n}, we sample
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* a unit vector ¥; € $¢7! uniformly, orthogonal to X;_;.

e areal r; € [—1, 1] encoding the distance between X;_; and X;. r; is sampled from a distribution f :
[-1,1] — [0,1]. We take f, proportional to r — f(S,l)(%) where f(s 1y is the pdf of the Beta
distribution with parameter (5, 1).

Xl-=rl~><Xl~_1+vl—ri2><Yl-.

Since min,¢[_; 17 f¢(r) > 0 and ||f¢[loc < 00, Assumptions 1 and 2.(i) hold (see for example [16]).

then X; is defined by

Figure 1: Consider function v : t — (1 + t)?,
d = 2 and n = 1000. The true eigenvalues can 3n{ % % Estimated eigenvalues
be computed using (2), but in this case, we know True eigenvalues

the exact values of the three non-zero eigenvalues
namely A, = 37, A; = 27w and A, = ©/2. Their 2 14 X
respective multiplicities are 1, 2 and 2. The esti-
mated eigenvalues are the eigenvalues of the ma-
tixH, = 7 (1= 6, )Y (X[ X)), _, ;. where the n
points X, X5, ...,X, are sampled on the Euclidean
sphere $¢~! using a Markovian dynamic.

1y
~

e
S

/\Io 7{1 /\Il A2 }\Iz

3.2 Online Learning with Pairwise Loss Functions
3.2.1 Brief introduction to online learning and motivations

Presentation of the traditional online learning setting Online learning is an active field of research
in Machine Learning in which data becomes available in a sequential order and is used to update the
best predictor for future data at each step. This method aims at learning some function f : E — %
where E is the space of inputs and & is the space of outputs. At each time step t, we observe a new
example (x,,y,) € E x %. Traditionally, the random variables (x,, y,) are supposed i.i.d. with common
joint probability distribution (x,y) — p(x,y) on E x %. In this setting, the loss function is given
asf: % x % — R, such that £(f (x), y) measures the difference between the predicted value f(x) and
true value y. The goal is to select at each time step t a function h, : E — % in a fixed set 5 based on the
observed examples until time ¢ (namely (x;, ¥;)1<i<.) such that h, has “small” risk # defined by

2 () = Ex vy, [ ((RX), V)],

where h is any measurable mapping from E to %.

Online learning is used when data is coming on the fly and we do not want to wait for the acquisition
of the complete dataset to take a decision. In such cases, online learning algorithms allow to dynamically
adapt to new patterns in the data.

Online learning with pairwise loss functions In some cases, the framework provided in the previous
paragraph is not appropriated to solve the task at stake. Consider the example of ranking problems. The
state space is E and there exists a function f : E — R which assigns to each state x € E a label f(x) € R. f
naturally defines a partial order on E. At each time step t, we observe an example x, € E together with
its label f(x,) and we suppose that the random variables (x,), are i.i.d. with common distribution p. Our
goal is to learn the partial order of the items in E induced by the function f. More precisely, we consider
a space S C {h: E x E — R}, called the set of hypotheses. An ideal hypothesis h € 5 would satisfy

Vx,u€eE, f(x)=f(u)< (h(x,u)>=0andh(u,x)=<0).

We consider a loss function £ : 5# x E x E — R such that £(h, x,u) measures the ranking error induced
by h and a typical choice is the 0-1 loss

E(h, x, 1) = Ly(f () ) uy<0} -

13



U-statistics naturally arise in such settings as for example in [ 15] where Clémencon and al. study the
consistency of the empirical risk minimizer of ranking problems using the theory of U-processes in an i.i.d.
framework.

Example: Bipartite ranking problems

We describe the concrete problem of bipartite ranking. We consider that we have as input a training set of
examples. Each example is described by some feature vector and is associated with a binary label. Typically
one can consider that we have access to health data of an individual along time. We know at each time
step her/his health status x, and his label which is O if the individual is healthy and 1 if she/he is sick. In
the bipartite ranking problem, we want to learn a scorer which maps any feature vector describing the
health status of the individual to a real number such that sick states have a higher score than healthy ones.
Following the health status of individuals is time-consuming and we cannot afford to wait for the end of the
data acquisition process to understand the relationship between the feature vector describing the health status
of the individual and her /his sickness. In such settings where data is coming on the fly, online algorithms
are common tools that allow to learn a scorer function along time. At each time step the scorer function is
updated based on the new measurement provided.

Using online learning with a Markovian dynamic Up to now, online algorithms have been widely
studied in the i.i.d. framework. In this work, we aim at providing some theoretical results related to
online learning methods with pairwise loss functions in a Markovian framework.

The theoretical analysis of Machine learning algorithms with an underlying Markovian distribution
of the data has become a very active field of research. The first papers to study online learning with
samples drawn from non-identical distributions were [57] and [58] where online learning for least
square regression and off-line support vector machines are investigated. In [65], the generalization
performance of the empirical risk minimization algorithm is studied with uniformly ergodic Markov chain
samples. In [64], generalization performance bounds of online support vector machine classification
learning algorithms with uniformly ergodic Markov chain samples are proved. Hence the analysis of
online algorithms with dependent samples is recent and several works make the assumption that the
sequence is a uniformly ergodic Markov chain.

With the upcoming application, we are the first - as far as we know - to study online algorithms with
pairwise loss functions and Markov chain samples. Moreover, our result holds for any online algorithm
and thus covers a large span of settings. We motivate the Markovian assumption on the example of the
previous paragraph.

Example (continued): Interest to consider online algorithms with Markovian dynamic

The health status of the individual at time n + 1 is not independent from the past and a simple way
to model this time evolution would be to consider that it only depends on the last measured health status
namely the feature vector x,. This is a Markovian assumption on the sequence of observed health status of
the individual.

We have explained why pairwise loss functions capture ranking problems and naturally arise in several
Machine Learning problems such as metric learning or bipartite ranking (see for example [15]). We have
shown the interest to provide a theoretical analysis of online learning learning with pairwise loss functions
with a Markovian assumption on the distribution of the sequence of examples and this is the goal of the
next section.

3.2.2 Online-to-batch conversion for pairwise loss functions with Markov chains

We consider a reversible Markov chain (X;);>; with state space E satisfying Assumptions 1 and 2.(i),
with invariant distribution 7. We assume that we have a function f : E — IR which defines the ordering
of the objects in E. We aim at finding a relevant approximation of the ordering of the objects in E by
selecting a function h (called a hypothesis function) in a space 5 based on the observation of the random
sequence (X;, f (X;))1<i<n. To measure the performance of a given hypothesis h: E x E — R, we use a
pairwise loss function of the form £(h, (X, f (X)), (U, f (U))). Typically, one could use the misranking loss
defined by

(R, x,u) = Lyes (o) he<o)s
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which is 1 if the examples are ranked in the wrong order and 0 otherwise. The goal of the learning
problem is to find a hypothesis h which minimizes the expected misranking risk

R(h) =B xyeron L, X,X) ]

We show that the investigation of the generalization performance of online algorithms with pairwise
loss functions provided by [63] can be extended to a Markovian framework. Our contribution is two fold.

* Firstly, we prove that with high probability, the average risk of the sequence of hypotheses generated
by an arbitrary online learner is bounded by some easily computable statistic.

* This first technical result is then used to show how we can extract a low risk hypothesis from a
given sequence of hypotheses selected by an online learner. This is an online-to-batch conversion for
pairwise loss functions with a Markovian assumption on the distribution of the observed states.

Given a sequence of hypotheses (h;);<;<, € #" generated by any online algorithm, we define the average
paired empirical risk A" (see (3)) averaging the paired empirical risks M, (see (4)) of hypotheses h,_;,
when paired with X, as follows

n—1
1

= M 3
M= :Z . 3)

=
and M, = — Z ey, X, X)), 4)

n =1

where

¢, =[cxn]forsomece(0,1) and b, =|qlog(n)], 5)

for an arbitrarily chosen g > m where p is a constant related to the uniform ergodicity of the Markov
chain, see Definition 8.

M, is the paired empirical risk of hypothesis h,_, with X,. It measures the performance of the
hypothesis h,_; on the example X, when paired with examples seen before time t —b,,. .#" is the mean
value of a proportion 1 — ¢ of these paired empirical risks. Hence the parameter ¢ € (0, 1) controls the
proportion of hypotheses h,_; whose paired empirical risk M, does not appear in the average paired
empirical risk value .#". The parameter b, controls the time gaps between elements of pairs (X,,X;)
appearing in (4) in such way that their joint law is close to the product law 7 ® © (mixing of the chain is
met). From a pragmatic point of view,

» we discard the first hypotheses that are not reliable, namely we do not consider hypothesis h;
for i < c,—b,. These first hypotheses are considered as not reliable since the online learner selected
them based on a too small number of observed examples.

* since h,_; islearned from Xy, ..., X, , we test the performance of h,_; on X, (and not on some X;
with t —b, + 1 <i < t) to ensure that the distribution of X, conditionally on o (X,...,X,_; ) is
approximately the invariant distribution of the chain 7 (see Assumption 1 and Definition 8). Stated
otherwise, this ensures that sufficient mixing has occurred.

Note that we assume n large enough to ensure that ¢, — b, = 1. For any 1) > 0, we denote A (52, 7)
the L, n-covering number for the hypothesis class 5# (see Definition 3).

Definition 3 (See [62, Chapter 5.1]) Let us consider some 11 > 0. A Lo, n-cover of a set # is a set
{g1,..-,8n} C # such that for any h € 5, there exists some i € {1,...,N} such that ||g; —hllcec < 7.
The L, m-covering number A (#,m) is the cardinality of the smallest L, n-cover of the set F¢.

Theorem 4 bounds the average risk of the sequence of hypotheses in terms of its empirical counterpart .#"
and is proved in Section 7.1.
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Theorem 4 Assume that the Markov chain (X;);»; is reversible and satisfies Assumption 1. Assume the
hypothesis space (A, || - || o) is compact. Let hy,hy,...,h, € # be the ensemble of hypotheses generated by
an arbitrary online algorithm working with a pairwise loss function { such that,

£(h, x1,x5) = @(f (x1) — £ (x3), h(x7, x3)),

where ¢ : R x R — [0,1] is a Lipschitz function w.r.t. the second variable with a finite Lipschitz con-
stant Lip(p). Let & > 0 be an arbitrary positive number and let us consider q = log§(+/1p) for the definition

of b, (see (5)). Then for all c > 0 and for all € > 0 such that € =0 (ng), we have for sufficiently large n

n—1
P (‘ n_lc > R y,)— A"

nt=c,

€ (cn— bn)C(m,T)Ez
25) sz[szw(%,m)ﬂ]bne@(_ 16b2 )

where C(m, 7)™ =7 x 10% x m?72.

Theorem 4 shows that average paired empirical risk .Z" (see (3)) is close to average risk given by

1 n—1
> 20 y).

n—c, &

Quantitative errors bounds can be given assuming that the L, -metric entropy (l.h.s of the next equation)
satisfies
log A (#,1m) = 0(n"),

where f is an exponent, depending on the dimension of state space E and the regularity of hypotheses
of s, that can be computed in some situations (Lipschitz function, higher order smoothness classes, see
[62, Chapter 5.1] for instance). In this case, Theorem 4 shows

L ni%(h )— " ﬁ[logﬁp"}
n—c¢, t=c, t=bn r nﬁ ’

3.2.3 Batch hypothesis selection

Theorem 4 is a result on the performance of online learning algorithms. We will use this result to study
the generalization performance of such online algorithms in the batch setting (see Theorem 5). Hence we
are now interested in selecting a good hypothesis from the ensemble of hypotheses generated by the online
learner namely that has a small empirical risk.

We measure the risk for h,_; on the last n —t examples of the sequence X3, ...,X,, and penalize
each h,_, based on the number of examples on which it is evaluated. More precisely, let us define the
empirical risk of hypothesis h,_;, on {X,,;,...,X,} as

n

o~ n—t\!
F(he_p,,t +1) ;=( ) ) D e X0 X,

k>i,i>t+1

For a confidence parameter y € (0, 1) that will be specified in Theorem 5, the hypothesis T is chosen
to minimize the following penalized empirical risk,

h= hz_, and tearg min (ﬁ(ht_bn, t+1)+c,(n— t)), (6)

c,<t<n—1

where

C(m, 7)1 64(n—c,)(n—c,+1)
¢, (x)= log ;
X Y
with C(m, )™ =7 x 103 x m?72. R
Theorem 5 proves that the model selection mechanism previously described select a hypothesis h
from the hypotheses of an arbitrary online learner whose risk is bounded relative to .#". The proof of
Theorem 5 is postponed to Section 7.2.
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Theorem 5 Assume that the Markov chain (X;);>; is reversible and satisfies Assumptions 1 and 2.(i).

Let hy, ..., h, be the set of hypotheses generated by an arbitrary online algorithm .o/ working with a pairwise

loss £ which satisfies the conditions given in Theorem 4. Let § > 0 be an arbitrary positive number and let us

consider q = log§(+/1p) for the definition of b, (see (5)). For all ¢ >0 such thate = o (ng), if the hypothesis
n—oQ

is selected via (6) with the confidence y chosen as

Yy =64(n—c,+1)exp (—(n —c,)e?C(m, T)/128) s

then, when n is sufficiently large, we have

~ —b 2
P(2(h) > M"+¢) < 32 [w (%ﬂ m) + 1] exp (—(C" d‘éi:';’ﬂg +210gn).

Remark The computation of the regularization term c, (n— t) requires the knowledge of the constants
m and 7 related to the Markov chain. In the case where Assumption 1 holds with m = 1, the chain
regenerates at each time step with probability §,,, and T can be made explicit. The random variables (T;);
have geometric distribution with parameter of success §,, and using the moment generating function,

one can show that || T; ||, = [1H(2(21+§5":"))]71 .

3.3 Adaptive goodness-of-fit tests in a density model
3.3.1 Goodness-of-fit tests and review of the literature

In its original formulation, the goodness-of-fit test aims at determining if a given distribution ¢ matches
some unknown distribution p from samples (X;);>; drawn independently from p. Classical approaches
to solve the goodness of fit problem use the empirical process theory. Most of the popular tests such as
the Kolmogorov-Smirnov, Cramer-von Mises, and Anderson-Darling statistics are based on the empirical
distribution function of the samples. Other traditional approaches may require space partitioning or
closed-form integrals [6], [8]. In [54], a non-parametric method is proposed with a test based on a kernel
density estimator. In the last decade, a lot of effort has been put into finding more efficient goodness of
fit tests. The motivation was mainly coming from graphical models where the distributions are known
up to a normalization factor that is often computationally intractable. To address this problem, several
tests have been proposed based on Reproducing Kernel Hilbert Space (RKHS) embedding. A large span of
them use classes of Stein transformed RKHS functions ([45],[32]). For example in [13], a goodness-of-fit
test is proposed for both i.i.d or non i.i.d samples. The test statistic uses the squared Stein discrepancy,
which is naturally estimated by a V-statistic. One drawback of such approach is that the theoretical results
provided are only asymptotic. This paper is part of a large list of works that proposed a goodness-of-fit
test and where the use of U-statistics naturally emerge (see [45],[23],[11],[24],[25], [28]). To conduct a
non-asymptotic analysis of the goodness of fit tests proposed for non i.i.d samples, a concentration result
for U-statistics with dependent random variables is much needed.

3.3.2 Goodness-of-fit test for the density of the invariant measure of a Markov chain

In this section, we provide a goodness-of-fit test for Markov chains whose invariant distribution has density
with respect to the Lebesgue measure A;,;, on R. Our work is inspired from [28] where Fromont and
Laurent tackled the goodness-of-fit test with i.i.d samples. Conducting a non-asymptotic theoretical study
of our test, we are able to identify the classes of alternatives over which our method has a prescribed
power.

Let X4,...,X, be a Markov chain with invariant distribution 7 with density f with respect to the
Lebesgue measure on R. Let f, be some given density in L?(R) and let a be in ]0,1[. Assuming that f
belongs to L2(IR), we construct a level a test of the null hypothesis ”f = f,” against the alternative ”f # f,”
from the observation (X1, ...,X,). The test is based on the estimation of ||f — fol3 that is ||f ||3 + || folI3 —
2(f, fo)- (f, fo) is usually estimated by the empirical estimator Y., fo(X;)/n and the cornerstone of our
approach is to find a way to estimate || f ||§. We follow the work of [ 28] and we introduce a set {S,,,m € .4}
of linear subspaces of L2(R). For all m in .#, let {p,,l € ¥,,} be some orthonormal basis of S,,. The
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variable
~ 1 1
Op=—"= pi(X)p(X;)
n(n—1) 1;;” i;l !

estimates [|TI; (f)I|3 where IIg denotes the orthogonal projection onto S,,. Then ||f — foll3 can be
approximated by

o~ 2 <
T = O+ 1foll3 = = D folX0,
i=1

for any m in .. Denoting by t,,(u) the (1 —u) quantile of the law of T,, under the hypothesis ”f = f,”
and considering

u, = sup Py ( sup (T,, — t,,(w)) > 0) <a,
u€lo,1[ me.#

we introduce the test statistic T, defined by
Ta = sup (T\m - tm(ua))- 7
me#

The test consists in rejecting the null hypothesis if T, is positive. This approach can be read as a multiple
testing procedure. Indeed, for each m in .#, we construct a level u, test of the null hypothesis ”f = f;”
by rejecting this hypothesis if T,, is larger than its (1 —u,) quantile under the hypothesis ”f = f,”. We
thus obtain a collection of tests and we decide to reject the null hypothesis if for some of the tests of the
collection this hypothesis is rejected.

Now we define the different collection of linear subspaces {S,,,m € .#} that we will use in the
following. We will focus on constant piecewise functions, scaling functions and, in the case of compactly
supported densities, trigonometric polynomials.

e Forall Din IN* and k € Z, let
Ipx = VDl es1y/or-

For all D € IN¥, we define S, p) as the space generated by the functions {Ij, ;,k € Z} and
o= S
9(1,D) = ]lD,k(Xi)]lD,k(Xj)-
n(n—1) keZ i#j=1
* Let us consider a pair of compactly supported orthonormal wavelets (¢,1) such that for all J €
N, {p; =2"2¢(2" - —k),k € Z}U {3 = 2//*p(2/ - —k),j €N, j > J, k € Z} is an orthonormal

basis of L,(R). For all J € N and D = 27, we define S(2,p) as the space generated by the scaling
functions {¢; ;,k € Z} and

~ 1 L
O,p) = mz Z e Xy K (X5).

kEZ i#j=1
* Let us consider the Fourier basis of L,([0,1]) given by

go(x) = 1o 17(x),
gop1(x) = V2cos(2mpx)Ljg,y(x) Vp>1,
gap(x) = ﬁsin(anx)]l[O,l](x) Vp=>1.

For all D € IN*, we define S(; p) as the space generated by the functions {g;, =0,...,D} and

. 1 D n
Oi,0) = mz Z &1(X;)gi(X;).

1=0 i#j=1

18



We denote D; = Dy = IN\{0} and D, = {2/,J € N}. For [ in {1,2,3}, D in D, I, ,, denotes the
orthogonal projection onto S; 5y in L(R). For all I in {1,2,3}, we take 9; C D; with Ujc(y 23,2, # 0
and 2, =0 if the X;’s are not included in [0,1]. Let .4 = {(I,D),l € {1,2,3},D € 9;}.

Theorem 6 describes classes of alternatives over which the corresponding test has a prescribed power.
We refer to Section C.7 for the proof of Theorem 6.

Theorem 6 Let X4,...,X,, a Markov chain on R satisfying the Assumptions 1 and 2.(i), with invariant
measure 1 and initial distribution y. We assume that 1 has density f with respect the Lebesgue measure
on R and let f,, be some given density. Let T, be the test statistic defined by (7). Assume that f,, and f belong
to Loo(IR) and that there exist p;, ps € (1, +00] such that

1 dy

1 dy
C,:=|—-
¥ Hf dApep

fo dArep

where we used the notations of Assumption 4. We fix some y in 10, 1[. For any ¢ €]0, 2[, there exist some
positive constants Cy, C,, Cq such that, setting for all m = (1,D) in A,

< 0Q,
foArebP2

FALebP1

log(3C log(3C
Va(y) = C1||f||ooLnx/Y) + Cy (IIf lloo log(D + 1) + I foll 00) 0g(3¢, /1)
1
+ G ([If oo +1)DR(n,log{3ﬁ¥}),
with )
R(n,u) = logn{% + [%] },

if f satisfies

If = folly > (1 + ) inf {IIf =TI, (I3 + tm(ua) + Vin(1)} ®)
then

P (T, <0)<ry.

In order to make the condition (8) more explicit and to study its sharpness, we define the uniform
separation rate which provides for any y € (0, 1) the smallest distance between the set of null hypotheses
and the set of alternatives to ensure that the power of our statistic test with level a is at least 1 —1y.

Definition 4 Given y €]0,1[ and a class of functions B C L,(R), we define the uniform separation
rate p(®,, B,y) of a level a test &, of the null hypothesis ”f € F” over the class B as the smallest
number p such that the test guarantees a power at least equal to (1 —y) for all alternatives f € % at a
distance p from Z. Stated otherwise, denoting by d,(f, #) the Ly-distance between f and & and by Py the
distribution of the observation (X4,...,X,),

p(®y, B,y)=inf{p>0,Vf € B,dy(f,F) = p = P(®, rejects) > 1—7}.

In the following, we derive on explicit upper bound on the uniform separation rates of the test proposed
above over several classes of alternatives. For s > 0,P > 0,M > 0 and [ € {1, 2,3}, we introduce

BOEM)={f €L,(R)|VDe D, |f —Ts,, (FIZ<PD,||fllec SM}.

These sets of functions include some Holder balls or Besov bodies with smoothness s, as highlighted
in [28, Section 2.3]. Corollary 1 gives an upper bound for the uniform separation rate of our testing
procedure over the classes 985(1)(19, M) and is proved in Section C.9.

Corollary 1 Let T, be the test statistic defined by (7). Assume that for | € {1,2,3}, 9, is {2/,0<J <
log, (n/(log(n)loglogn)z)} or Q. Foralls >0, M > 0,P > 0andl € {1,2,3} such that 9; # 0, there
exists some positive constant C = C(s, a, v, M, || foll oo ) such that the uniform separation rate of the test 11 .o

over 935(”(13, M) satisfies for n large enough

log(n)loglogn ) =
— .

p (17,50, BO(BM),y) < C'P7a (
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Remark In Corollary 1, the condition n large enough corresponds to

loglogn )1/2 n’
1 —_ <P< .
( og(n) n ~ 7 (log(n)loglogn)2s+1/2

For the problem of testing the null hypothesis ”f = 1 ;,” against the alternative f = 1, ,;+ g with g #0
and g € B,(P) where B,(P) is a class of smooth functions (like some Hélder, Sobolev or Besov ball
in Ly ([0, 1])) with unknown smoothness parameter s, Ingster in [36] established in the case where the ran-
dom variables (X;);>; are i.i.d. that the adaptive minimax rate of testing is of order (4/loglogn/n)>/(4s+D,
From Corollary 1, we see that our procedure leads to a rate which is close (at least for sufficiently large
smoothness parameter s) to the one derived by Ingster in the i.i.d. framework since the upper bound on

the uniform separation rate from Corollary 1 can be read (up to a log factor) as ([loglogn]/ n)"s%.

3.3.3 Simulations

We propose to test our method on three practical examples.! In all our simulations, we use Markov chains
of length n = 100. We choose different alternatives to test our method and we use i.i.d. samples from
these distributions. We chose a level a = 5% for all our experiments. All tests are conducted as follows.

1. We start by the estimation of the (1 — u) quantiles t,,(u) of the variables Tm = §m + | fo||§ —
%Z?zl fo(X;) under the hypothesis ”f = f,,” for u varying on a regular grid of ]0,a[. We sam-
ple 5,000 sequences of length n = 100 with i.i.d. random variables with distribution f,. We end up
with an estimation t,,(u) of t,,(u) for any u in the grid and any m € ..

2. Then, we estimate the value of u,. We sample again 5,000 sequences of length n = 100 with i.i.d.
random variables with distribution f,. We use them to estimate the probabilities IP; (sup,,c_4 (T, —

t,,(1)) > 0) for any u in the grid and we keep the larger value of u such that the corresponding
probability is still larger than a. The selected value of the grid is called u,. Thanks to the first step,
we have the estimates t,,(u,) of t,,(u,) foranym e 4.

3. Finally, we sample 5,000 Markov chains with length n = 100 with invariant distribution f. For each
sequence, we can compute T,,. Dividing by 5,000 the number of sequences for which sup,,c ,(T,,—
t,,(u,)) > 0, we get an estimation of the power of the test.

To define comparison points, we compare the power of our test with the classical Kolmorogorov-
Smirnov test (KS test) and the Chi-squared test ( xz test). The rejection region associated with a test of
level 5% is set by sampling under the null for both the KS test and the y? test.

Example 1: AR(1) process Let us consider some 6 € (0, 1). Then, we define the AR(1) process (X;);>1
starting from X; = 0 with foranyn>1,

Xn+1 = GXn + €n+1’

where (&,), are i.i.d. random variables with distribution .4(0,72) with T > 0. From Example 1 of
Section 2.6, we know that Assumptions 1 and 2.(i) hold. The invariant measure 7 of the Markov

chain (X;);>1 is A& (O, 12—22), i.e. 7 has density f with respect to the Lebesgue measure on R with

a3 n2y.2
Vy €R, f(y)zl_ezexp(_u)‘

V2mrT2 272

We focus on the following alternatives

_ 1 (x —p)?
f,u,,oz(x) - W exp| — 202 .

IThe code is available at https://github.com/quentin-duchemin/goodness-of-fit-MC.
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| (n,02) || Our test y2test KS test || lf—£, o2ll2 |

(2,1.5) 0.99 0.85 0.98

0,1) 0.97 0.9 0.8
(—0.2,1.2) 0.86 0.63 0.84 0.17
(0,1.2) 0.81 0.64 0.82 0.16
(0,2) 0.1 0.03 0.29 0.06

Table 1: Estimated power of tests for Markov chains with size n = 100. We worked with 7 =
1,0 =08 and 4 = {(1,i) : i €{1,...,10}}. Hence, the invariant distribution of the chain is ap-
proximately .4(0,2.8). For the y? test, we work on the interval [—5,5] that we split into 100 regular
parts.

Example 2: Markov chain generated from independent Metropolis Hasting algorithm Let us con-
sider the probability measure 7t with density f with respect to the Lebesgue measure on [—3,3] where

Vxe[-3,3], f(x)= %e*xz (3 +sin(5x) +sin(2x)),

with Z a normalization constant such that f —33 f(x)dx = 1. To construct a Markov chain with invariant mea-
sure 7T, we use an independent Metropolis-Hasting algorithm with proposal density q(x) o< exp(—x?/6).
Using Proposition 3, we get that the above built Markov chain (X;);5; satisfies Assumptions 1 and 2.(i).
We focus on the following alternatives

1 _ 2
guo2(x) = Z(u.0?) exp (—%) T_5.37(x),

where Z(u,0?) is a normalization constant such that f 8u02(x)dx = 1. Table 2 shows the estimated
powers for our test, the KS test and the y? test.

| (u,02) || Our test y2test KS test || If—g, 021l |
©0,1) 0.96 0.91 0.9
(0,0.72) 0.93 0.84 0.95 0.23
(0.3,0.7%) 0.92 0.87 0.93 0.19

Table 2: Estimated powers of the tests for Markov chains with size n = 100. We used .# =
{(1,i) : i€{1,...,10}}. For the y? test, we work on the interval [—3, 3] that we split into 100 reg-
ular parts.

Example 3: ARCH process Let us consider some 6 € (—1,1). We are interested in the simple threshold
auto-regressive model (X,,),>; defined by X; =0 and for anyn > 1,

Xn+1 = Glxnl + (1 - 92)1/2€n+1:

where the random variables (£,,),>» are i.i.d. with standard Gaussian distribution. From Example 3 of
Section 2.6, we know that Assumptions 1 and 2.(i) hold. The transition kernel of the Markov chain (X;);>1

is
1 =6k
Vx,y €R, P(x,y)—mexp( 21— 67) )

The invariant distribution 7 of the Markov chain has density f with respect to the Lebesgue measure
on R with ,
1 y Oy )
eR, = —— | —=—— |,
Yy f) = exp( 2 ) ((1_92)1/2
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where & is the standard normal cumulative distribution function. We focus on the following alternatives

1 (x —p)?
f,u,,o2(x) - W exp| — 202 .

Table 3 shows the estimated powers for our test, the KS test and the y? test.

| (u,0?) || Our test  y2test KS test || lf—£, 2ll, |
©,1) 0.98 0.85 0.95 0.3
(1,0.8%) 0.95 0.79 0.88 0.22
(0.5,1) 0.41 0.07 0.55 0.14
(0.6,0.82) 0.44 0.16 0.22 0.036

Table 3: Estimated powers of the tests for Markov chains with size n = 100. We used 6 = 0.8 and .# =
{(1,i) : i€{1,...,10}}. For the y? test, we work on the interval [—20, 20] that we split into 100 regular
parts.

== |nvariant measure 054 == Invariant measure
025 o7 N0.3,0.7%) M0.5,1)

0s
015 04
010 La 02
02
H 01
0.05 == Invariant measure 0.1
MO,2) - - C- - -

-4 -3 2 -1 0 1 2 3 4 -3 -2 -1 0 1 2 3 -4 -3 2 -1 0 1 2 3 4

(a) Example 1 (b) Example 2 (c) Example 3

Figure 2: In solid line, we plot the density of the invariant of the Markov chain for the three examples of
our simulations. In dotted line, we plot the density of the alternative that gives the smaller power on our
experiments.

4 Proof of Theorem 1

In Section 5, we explain succinctly how to easily obtain the proof of Theorem 2 from the one of Theorem 1.
Note that in Theorem 2, Assumption 2.(i7) is not required and thus v may be different from 7. In order
to make the reader easily understand that the proof of Theorem 2 closely follows the one of Theorem 1,
we keep on purpose the distinction between v and 7 in this section.

Let us recall that Theorem 1 requires either a mild condition on the initial distribution of the Markov
chain through or the fact that the kernels h; ; do not depend on i (see Assumption 4). One only needs to
consider different Bernstein concentration inequalities for sums of functions of Markov chains to go from
one result to the other. In this section, we give the proof of Theorem 1 in the case where Assumption 4.(i)
holds. We specify the part of the proof that should be changed to get the result when h; ; may depend on
both i and j and when Assumption 4.(ii) holds. We make this easily identifiable using the symbol /5.

Our proof is inspired from [ 29, Section 3.4.3] where a Bernstein-type inequality is shown for U-statistics
of order 2 in the independence setting. Their proof relies on the canonical property of the kernel functions
which endowed the U-statistic with a martingale structure. We want to use a similar argument and we
decompose U,.(n) to recover the martingale property for each term (except for the last one). Considering
for any [ > 1 the o-algebra G, = 0(X;,...,X;), the notation EE, refers to the conditional expectation with
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respect to G;. Then we decompose Uy,(n) as follows,

Ugear(n) = ZZ (Ej—k+l [hi,j(Xij)] - Ej—k[hi,j(Xi:Xj)])

k=1 i<j

+ 5 (B, [y (X0 X))~ By (X, )]), )

i<j

where t,, is an integer that scales logarithmically with n and that will be specified latter. By convention,
we assume here that for all k < 1, I, [-] := [E[-]. Hence the first term that we will consider is given by

0
U, = Z hg)j)(xi,xj_l,xj),

1<i<j<n

where for all x,y,z €E,
O (x,y,2) =hy (x,2) —f hy (x, w)P(y, dw).
w

We provide a detailed proof of a concentration result for U,, by taking advantage of its martingale
structure following the work of [29, Section 3.4.3]. Reasoning by induction, we show that the ¢, — 1
following terms involved in the decomposition (9) of Ug,,(n) can be handled using a similar approach.
Since the last term of the decomposition (9) has not a martingale property, another argument is required.
We deal with the last term exploiting the uniform ergodicity of the Markov chain (X;);»; which is
guaranteed by Assumption 1 (see [52, Theorem 8]).

4.1 Concentration of the first term of the decomposition of the U-statistic

Martingale structure of the U-statistic Defining Y; = f;} hg(})

2, Y;. Since

(X;,X;_1,X;), U, can be written as U, =

Ej—l[Yj] = E[YJ |X1"-~’Xj—1] =0,

we know that (Uy ), is @ martingale relative to the o-algebras G;, [ > 2. This martingale can be extended
to n =0 and n =1 by taking U, = U; =0, G, = {0, E}, G; = 0(X;). We will use the martingale structure
of (U,), through the following Lemma.

Lemma 1 (see [29, Lemma 3.4.6])
Let (U,,, G,,), m € IN, be a martingale with respect to a filtration G,, such that U, = U; = 0. For each m > 1
and k > 2, define the angle brackets A’fn = A’fn(U) of the martingale U by

Akm = ZEi—l[(Ui — U]

i=1
(and note A’; =0 for all k). Suppose that for a > 0 and all i > 1, E[e*Vi~V=11] < co. Then
(sm LY ST Gm) , meN,
is a supermartingale. In particular, E[e,,] < E[&;] =1, so that, ifA’fn < W’:n for constants w’fn >0 then
E[e®Un] < e 2kz2 €W [

We will also use the following convexity result several times.

Lemma 2 For all 6,,60,,¢ >0,

(O +0) <1 +e)oF+(1+e )10k
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Proof of Lemma 2. Notice that for all 6;,6, > 0 and 0 < ¢ < 1 by convexity,
k _ k
(—91+92) (O o) 1 0k + ——skok,
1+¢ 1+¢ 1+¢ 1+¢ 1+¢

(01 +0,)F < (1 +e) 0k + e D+ )10k =1 +e)0F + (1 +e )10k

By symmetry, this inequality holds for all € > 0, that is, for all 6;,6,,& >0,

so that

O+ 0) <1 +e)of+(1+e )10k

Forall k > 2 and n> 1, we have :

j k

ZE) I[Zh(o (XDX] I’X )i|
<Vki= ZE] .

n
ZZEH

j=2

n j—1
=>"Ei,

j=2

k

Zh( )(XUX] 17X)

k

Z (hi,j(Xi:Xj) - EX’~v[hi,j(Xi:X/)] + EX/~v[hi,j(Xi:X/)] - Ej—l[hi,j(Xi:Xj)])
i=1

k

L (XuX00))

i J

where
Pi,j(X,Z) = hi,j(x>z) - EX’~v[hi,j(x>X/):|>

and

m; ;(x, ) = Exoy[hy (6, X7)] —J h; j(x,2)P(y, dz).

)k.

Using Lemma 2 with ¢ = 1/2, we deduce that

n j—1
k
|
j=2 i=1

i,/ (X, X-1)

ir4j
3\k1 j—1 k n j-1 k
< (E) ZEj—l ZPi,j(Xi,Xj) +3k_1ZEj—1 Zmi,j(Xi,Xj—l)
j=2 i=1 j=2 i=1

Let us remark that

k

211

=2
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n

n
DB
=2

-1
Z mi,j(Xi’Xj—l)
=1

Z(]EX’~v[hlJ(X1’X )]_ j— l[hl](XUX )])

k

Z(EX/NV l](Xl’X )] J 1[hi,f(Xi’Xj)])

k

j-1
E;_ 1|: EX’~v[hi,j(Xi;X/)]_hi,j(Xi;Xj))]
i=1

j—1 k

1| D By [y (X, XD — by (X, X))

i=1




where the last inequality comes from Jensen’s inequality. We obtain the following upper-bound for V,f,

k

-1
ZPi,j(Xi,Xj)

i=1

n
k k—1
vE<2x313 R
=

k

j—1
/
Zpl,](XUX]) B

i=1

j=2

where the random variables (X J’,)j are i.i.d. with distribution v (see Assumption 2). [Ey/ denotes the
J
expectation on the random variable X J’

Lemma 3 (see [29, Ex.1 Section 3.4]) Let Z; be independent random variables with respective probability
laws P;. Let k > 1, and consider functions fi,..., fy where for all j € [N], f; € Lk(Pj). Then the duality
of LP spaces and the independence of the variables Z; imply that

N 1/k N
(; I [lfj(zj)|k]) = - E|gjs(1215|k/<k—n:1 ; E[f,(2)€;(Z)],
where the sup runs over £; € LK/ (k_l)(Pj).

Then by the duality result of Lemma 3,

(vi)"* < (251\4 x 31> I,

j=2

j-1
/
Zpi,j(Xi,Xj)

i=1

k)l/k
1
< (26,,)"/* sup ZZExf[pu(xl,x )X/ )]

$€2 =2 i=1

where £ = {i = (&, E) 5.t V2 < <, £ € LNODO) with Y BIE()HED = 1}.

j=2

= (26,)"" sup Z Z Ey; [pu(xl,x )8, (X )}

Ce4 = 1j=i+1

Let us denote F the subset of the set Z(E, R) of all measurable functions from (E, X) to (IR, 8(RR))
that are bounded by A. We set S := E x F"1. For all i € [n], we define W, by

Vvi = Xi) 0,...,0 :pi,i+l(Xi’ ‘):Pi,i+2(Xi’ ')’ cee ’pi,n(Xi’ ) €S.
—_——

(i—1) times

Hence for all i € [n], W, is o(X;)-measurable. We define for any & = (&,,...,&,) € ]_[?=2 LK/ 0=1(y) the
function

Yw=(x,ps,--,pn) €S, fe(w)= Z f pi(NE;()dv(y).

Then setting & = {f; : 2?:2 Elgj(XJf)lk/(k_l) =1}, we have

n—1
(VY < (26,,) % sup > fe(W)).
fee7 =1

By the separability of the L? spaces of finite measures, & can be replaced by a countable subset Z,. To
upper-bound the tail probabilities of U,, we will bound the variable Vnk on sets of large probability using
Talagrand’s inequality. Then we will use Lemma 1 on these sets by means of optional stopping.
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Application of Talagrand’s inequality for Markov chains The proof of Lemma 4 is provided in Sec-
tion C.2.

Lemma 4 Let us denote

= sup ng(W)

fge?l 1

and

n—1
or=E [Z supfg(Wi)Z:| and by = sup sup |fz(w)|.

i—1 fe€F weS freF
Then it holds for any t > 0,

1 t2 t
P(Z>E[Z]+t)<exp| ———min| — , — s
(Z>Elz]+1) p( RE (4ak bk))

2L
where ||T|| < = -

Using Lemma 4, we deduce that for any t > 0,

1 t2 ot
P (VYR > 28,)V*E[Z]+ (26,,)*t) < e ( min(—,—)),

which implies that for any x > 0,
P ((VOVE > (286, )YFE[Z]+ (26 )20 v/x + (254,) ¥ brx) < exp (—ﬁ) )

Using the change of variable x = k8||T'||?u with u > 0 in the previous inequality leads to

P (U(vnk)l/k > (26,)YFE[Z]+ (26,) Y o 3|ITI|V ku + (25M)1/kk8||1“||2bku) <1.62¢7Y,
k=2

because

et <1.62e7¢

lAZexp( ku)<1/\ﬁ ( —

k=2

Bounding b,. Using Holder’s inequality we have,

by = sup sup |fz(w)]
WeS freF

= sup  sup ZE P (X)E;(X))]
(p2,eesPn)EF™ 1 E€L G2

k/(k—l))(k_l)/k
/

(k—1)/k
S |R/(=1)

) (el
) Bk

< sup sup (]E |p]
(pase-sPp)EF™ 12 L, EIE; (X Y/ k=1 = 15=2

< sup sup (Z E ‘p]

(P2 P )EF™1 B, BIE (X)IH/ D=1

< sup (ZE )Uk

< (et
A:=2max||h; j||oo Which satisfies max||p; ;[lco < A.
i,j L]

bj

where

Here, we used that F is the set of measurable functions from (E, X) to (R, 8(IR)) bounded by A.
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Bounding the variance.

n—1
o= E[Z supf.g(wi)ﬂ

i—1 [:€F
n—1 [ n ’
=) E| sup Z Ex, I:pi,j(Xi’Xj)gj(Xj)]
i—1 C€L \ j=it1

=§E (sup

z": EXJ{ I:le(XnX]/)gJ(XJ/):I

S€L |j=it1

j

where the last inequality comes from the following (where we use twice Holder’s inequality),

<n (BzAk’z)z/k ,

n

Z IEXJ/_ [Pi,j(Xi,X;)‘Ej(XJ/‘)]

sup

E€L |j=it1

n K\ 1/k k/(k—1) (k=1)/k

< sup Z (EX{ ‘pi,j(Xi’X]/‘) ) (E‘gj(XJ/) )

£k j=iv1 '

" AT ke )

< sup Z Ey, |Pi,j(Xi;XJ/-) Z Ey, &(X;)

2 BIEEDIED=1  j=it1 j=i+l

. 1/k
k
< (Z Ex)'. ‘pi,j(Xi;X;) )
j=i+1

< (BZAk—Z)l/k’

where

Zn: Ex~y [p2,(.X)] (10)

B? := max max
toliEE

, max
j

j—1
> Exenlp? (X, )]
i=1

o [ee]

Using Lemma 2 twice and the bounds obtained on b, and O'I% gives for u > 0,

k
[26:)*ELZ] + (28,) o 3IIT | Vi + (26,)/¥k8|IT|[2byu

IA

k
[(26M)”"E[Z] +(285y)/*3ITIIBA* ) v nkeu + (25M)1”‘8||rllzc(nAZ’)A"—z)”"ku}

IA

(1+¢e)128, (E[Z])*+ (1 + e‘l)k‘l[(26M)”k8llrllz((nAz)A"‘z)”kku

k
T (25,)V/43[TII(B2AR2) /X \/n_ku}

< (1467126, (BIZDF + 25, (1 + )% 2 (8IT112)" (nA2)A* 2(ku)*
+(1+ &)1+ eH126,, BIITINF B2A2 (nku) 2.
So, setting

wk = ((1+&)F7125, (E[Z])* +28,,(1 + &7 )*2 (8||r||2)" (nA2)AR2(Ju)k
+(1+ &)+ 7126, 3IITIN* B2A2(nkw)*/?,

27



we have
P(VE<wt Vk>2)>1-1.62¢7", (11)

n

where the dependence in u of w’r‘l is leaved implicit.

Upper-bounding U,, using the martingale structure Let
T+1 :=inf{lE]N:VZI‘ZWﬁforsomekZZ}.

Then, the event {T < [} depends only on X,...,X; foralll > 1. Hence, T is a stopping time for the
filtration (%), where ¢, = 0((X,)ic;7) and we deduce that U] := U,y for | =0,...,n is a martingale
with respect to (%), with Uy = Uy =0 and U} = U; =0. We remark that U/ — U, =U; —U;_, if T >
and zero otherwise, and that {T > j} is %;_; measurable. Then, the angle brackets of this martingale
admit the following bound:

A" =3 U] ~ UL

j=2
n
= 2 Bl = Uy s,
=2
n j-1 k
= ]Ej—l Zh(XUX]—l’X]) ﬂTZj
j=2 i=1
n—1
=D Vi + Vi,
=2
n—1
<wh| D + 10,
j=2
<wk

since, by definition of T, ij < Wlfl for all k on {T > j}. Hence, Lemma 1 applied to the martingale UnT

implies
. k
Ee®r < exp (Z %w’;) )

k>2

. k . . . . . . .
Also, since V© is nondecreasing in n for each k, inequality (11) implies that
P(T<n)<P (Vnk > er(l for some k > 2) <1.62e7".
Thus we deduce that for all s > 0,

k
P(U,>s)<PWU">s,T>=n)+P(T <n)<e “exp (Z %wk) +1.62¢7" (12)

| n
k=2

The final step of the proof consists in simplifying exp (Zkzz z—lfw’;)

k k
D Twh =28y (1 + ) (B2 D)

k=2 k=2

k
+28, Y. %(z + e+ e )R (3||TID* B2AK 2 (nku ) /2
k=2

k
+26y ) %(1 + 7122 (8]1]2)" (nA2)Ak 2 (fur)k

k>2
=a, +ay+as.

28



Bounding a;. Using the inequality k! > (k/e)¥, we have,

_ _ k _
a3 <26y | af(1+ e 2 (8||T|2)" (nA2)A 2 (en)*
k=2
= 25,0 [VAA(L + e D)8ITeu]” D a*2(1 + 1202 (||T|) " A2 (ew)
k=2

252 [ vAA(L + e 1)8||T1%eu ]

fi 1+¢ 1) (8/Ir)?)Aew) " .
o e G DA O S (reTY BT A

Bounding a,. We use the inequality k! > k*/2 because (k/e)* > k*/? for k > e? and for k smaller, the
inequality follows by direct verification. Hence,

a4, <26, » a2 +e+e ) (3T B2A 2 (nu) /2
k=2

=252 +e+e D2 [3ITIBYAU]" > | a*2(2 + e + 1) 2 BTN 2 A2 () K2/
k=2

2512+ + & )2 [3|T||By/nu]’
 1—a2+¢e+e D) 3|TIDA(u)1/2’

for a < ((2+ ¢+ ) BTN AMu)2)~L.

Bounding a;.

The way we bound a; is the only part of the proof that needs to be modified to get the
concentration result when Assumption 4.(i) or Assumption 4.(ii) holds. This is where we
can use different Bernstein concentration inequalities. Here we present the approach when
hi,j = hl)j, Vi,j (i.e. when Assumption 4.(i) is satisfied). We refer to Section C.4 for the
details regarding the way we bound a; when Assumption 4.(ii) holds.

Using Jensen inequality and Lemma 3, we obtain

(E[Z])* < E[Z*]

n—1 n ‘
=E || sup Z Z Ex;[Pi,j(XisX;)gj(X;)]
C€EL =1 j=i+1

- . ;
=k Z By, Zpi,j(Xi:X;)
j=2 i=1
n j—1 k
= ZPI,J(XUXJ/) >
=2 i=1

where we recall that £y, denotes the expectation on the random variable X J’ . One can remark that
J

conditionally to X J’ , the quantity Zf;i pi (X, X ]’,) is a sum of function of the Markov chain (X;);»,. Hence
to control this term, we apply a Bernstein inequality for Markov chains.

Let us consider some j € [n] and some x € E. We define

) m(S;y1+1)—-1
Vie {0}, Zld= D) pilex).
i=m(S;+1)
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By convention, we set p; ; = 0 for any i > j. Let us consider N; = sup{i € N

Then using twice Lemma 2, we have

:mSi,+m—1>j—1}

j—1 k N j=1 ‘
Zpi,j(Xi’X;) = ZZIJ(X) + Z Pi,j(Xi, )
i=1 1=0 i=m(Sy,+1)
e L E k -1 ¢
j k—1
< (E) ZZI (x)| +3 ‘ Z pij(Xi,x)
=1 1=m(SNj+1)
9\k1 LN;/2] j k 9\k1 L(N;—1)/2] ; , o -1 ¢
< (Z) Z Zy ()| + (E) Z Zy, () +3 ' Z pij(X;, x)
=0 =0 l:m(SN].Jrl)
(13)
We have | {;:n(SNj-H)piJ(Xi’x)I <AmTy ;. So using the definition of the Orlicz norm and the fact

that the random variables (T;);~, are i.i.d., it holds for any t > 0,

j—1
t
P Z pijXpx)| 2t [ SP(Ty 4 2 A_)
. m
l=m(SNj+1)
t
< P(max(Ty, Ty) = —)
Am
t t
<P(Ty =2 —)+P(T, = —
(T Am) (T, Am)
t
<4exp(—).
p(Amg
Hence,
k k
j—1 +00 j—1
I Z pi (X, x) =4J P Z pij(Xi,x)| =t |dt
i=m(ij+1) 0 i=m(SNj+1)

1/k

+00 ¢
<4 —
fo exp(—7—)

s4mmryj

0
= 4(Am7) k!,

exp(—v)kvFtdy

where we used that if G is an exponential random variable with parameter 1, then for any p € NN,
E[GP]=Dp!. '

The random variable Zél(x) is 0(X (s, +1)s + - - Xm(s,,,+1)—1)-Measurable. Let us insist that this holds
because we consider that h; ; = h, j, Vi, j which implies that p; ; = p, j, Vi, j. Hence for any x € E,
the random variables (Zél(x))l are independent (see Section 2.3). Moreover, one has that for any [,
]E[Zél(x)] = 0. This is due to [48, Eq.(17.23) Theorem 17.3.1] together with Assumption 3 which gives
that

Vx'€E, Ex..[p;;X,x)]=0.

Let us finally notice that for any x € E and any [ > 0, IZél (x)] <AmTy, 4, SO ||Zél Cly, < Ammax(||Ty ||y, | Tolly,) <
Am~. First, we use Lemma 5 to obtain that

k

k k

[N;/2]

s n—1
2. 20 2. Z(0) 2. Z(x)
=0 =0 =0

where for the last inequality we gathered (15) with the left hand side of (14) from Lemma 5.

E <2 x 4R

>

<IE max
0<s<n—1
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Lemma 5 (see [18, Lemma 1.2.6])

Let us consider some separable Banach space B endowed with the norm || - ||. Let X;, i < n, be independent
centered B-valued random variables with norms L,, for some p > 1 and let ¢; be independent Rademacker
random variables independent of the variables X;. Then

n p n p n p
2PE| D x| <B|D x| <2E|> x| | (14)
i=1 i=1 i=1
and
k p n p
E X.|| <2PFE X, 15
max ; il < ;:e i (15)

Similarly, the random variables (ZiZ +1(%)); are independent and satisfy for any [, ]E[Zél +1()]=0. With

an analogous approach, we get that

k k k

<2 x 4R

L(v;—1)/2]

D L@

=0

n—1

D12 (x)

=0

S

D25

=0

E <E max
0<s<n—1

Let us denote for any j € [n], E the conditional expectation with respect to the o-algebra o (X ]f).
J
Coming back to (13), we proved that

k

j—1
IE|x)'. Zpi,j(Xi:X]/-)

i=1

I N N g -1 ¢
<(2) e | X e +(2) | B Ao +9E| S peix)

1=0 1=0 i=m(Sy, +1)
n—1 ) k n—1 . k

<2x 9By, ;}:z;m(xjf) +2 % 18" Ey, ;:ZQI(X]’) +4(3AmT) k! (16)

It remains to bound the two expectations in (16). The two latter expectations will be control similarly
and we give the details for the first one. We use the following Bernstein’s inequality with the sequence of

random variables (Zél R EI)B

Lemma 6 (Bernstein’s v, inequality, [61, Lemma 2.2.11 ] and the subsequent remark).
IfYy,...,Y, are independent random variables such that EY; = 0 and ||Y;|l, < 7, then for every t > 0,

n 2
1 t t
P E Y;[>t]|<2exp| ——min| —,— | |,

i=1
for some universal constant K > 0 (K = 8 fits).

n—1 2
i 1 t t
] .
]P( l:EO Zy ()| > t) < 2exp (—E mln(—szTZ’A_mT))'

We deduce that for any x € E, any j € [n] and any t > 0,

n—1 )

j
Z Zy 41 ()
=0

[

We obtain

k
E

k
>t)dt

n—1 )
2], ()
=0
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o 1 t2/k tl/k
=2 exp| ——min| ———,—— | | dt.
o K nA2m272° Amt

tz/k tl/k

Let us remark that

—— < St < (nAtm k.
A2m2nt2 T Am7v ( )

Hence for any j € [n],

k

n—1
E | 12020,
1=0
(nATm)k tz/k [e) tl/k
<2 exp| ————— |dt+2 exp| — dt
o KnA2m212 o KAm~

[ee]

n/K
< Zf exp (—v) gvk/z_l (x/fnl/zArm)k dv + ZJ exp (—v) kvF (KAmt)*dv.
0 0
n/K
< 2f exp (—v) gvk/z_l (Rnl/zArm)k dv + 2k x (k —1)!(KAm7)*
0

n/K
<k (\/fnl/zATm)k f exp (—v)v¥* 1 dy + 2kI(KAmT)K,
0

where we used again that if G is an exponential random variable with parameter 1, then for any p € IN,
E[GP] = p!. Since for any real | > 1,

n/K
J exp (—v)vildv
0

+00 n/K
— (_1)r f vr+l—1dv
0

-1 1
rl r+l

(n/K)r+l

<) 3 T Ly
r=0 :
< —(n/lK)l ek,

we get that

n/K
k (ﬁnl/zA’rm)k f exp (—v) v 1dy <2 (ﬁnl/zArm)k e XK (n/K)*? = 2(KnAtm)* e VK,
0

Hence we proved that for some universal constant K > 1,

n—1 )
2], ()
=0

< 4k\(K?*Am7)k,

k

E < 2(KnAtm)f e X + 2k!I(KAmT)

since for all k > 2, e/K(n/K)*/(k!) < 1. Using a similar approach, one can show the same bound for the
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second expectation in (16). We proved that for some universal constant K > 1,

k

n j—1
E[Z] <D B | By | )P, X))
j=2 i=1

k k

+4> (3AmT)*k!
=

n—1 )

J
2.2
=0

n—1 )

]
>3, (X))
[=0

< 2n x 18% x 4k!1(K?Amt)* + 4n(3Am7) k!
= 16n x k!(KAmt)*,

<2x9 ) E | By +2x18 Y B | By,
=2 j=2

where in the last inequality, we still call K the universal constant defined by 18K2.

k
a _
4, =26y (Lo 2]
k=2 7
<326,n Y ak(1+ )" (Kamr)
k=2
<325,na’(1+ e)[KAmT]ZZ ak2(1 + )*2(KAmT)< 2
k>2
326 yna®(1+¢)[KAmt1]?
1—a(l+ &)KAm~

>

for 0 < a < ((1 + £)KAm~) ™. Putting altogether we obtain

k 21472
a aW
exp( E Fwﬁ)ﬁexp(l_ac),

k>2
where
W= 6@(1 +&)2n'2KATm
+ /26,2 + £ + & DV23|T|IBv/nu + /26, A(1 + £ )8||T||> v new,
and

¢ = max [(1 +e)KAtm, (2+ ¢+ ) @ITINAMW)Y?, (141> (8||I‘||2)Aeu:|.

Using this estimate in (12) and taking s = 2W y/u + cu and a = +/u/(W + c4/u) in this inequality yields
P(U, > 2Wvu+cu) <e ™ +1.62e7 < (1+e)e ™.

By taking ¢ = 1/2, we deduce that for any u > 0, it holds with probability at least 1 —(1 +e)e™

0
Zhg )(Xi’Xj—l:Xj)

i<j
< 124/ KAtmy/nu + 184/6|IT|IBvau + 1004/ 6,4, ||IT||?Av/neu®/?
+ 3KATmu + 27A||T || v/nu®/? + 72A]||T||?eu?,

Denoting

K= max(121/5MKATm, 184/ ITl, 1004/ 8 ||T]|%e, 3K Tm, 72||r||2e)
we have with probability at least 1 —(1 +e)e™

> hO0, X 1,X)) < k (AVAVE+ (A+BYR)u+ 24yt + Au?).

i<j
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4.2 Reasoning by descending induction with a logarithmic depth

As previously explained, we apply a proof similar the one of the previous subsection on the t, :=[logn]|
first terms of the decomposition (9). Let us give the key elements to justify such approach by considering
the second term of the decomposition (9), namely

2 (B [y 0 X)) = By o [y (X, X))

n—-2 n

= > 5T AV X X 1)+Z”(X)

i=1 j=i+2
n—2 n—1

= > ALK X, )+Zu X)), (17)

i=1 j=i+1

where

h(x,y,2) = f

w

hi,j(x:W)P(Z;dW)_J hi,j(X,W)PZ(}’;dW)
and

u(x) = f hi 10, w)P(x, dw) — By [hy 141 (X, Xi41)]-
w

We can upper-bound directly |Z::11 u; (X l-)| by 2nmax; ; ||h; ;|| o and we aim at proving a concentration
result for the term

n—2 n—1 n—1 j—1
U =20 37T A X LX) = 0 > DX X)),
i=1 j=i+1 j=2i=1

using an approach similar to the one of the previous subsection. One can use exactly the same sketch of
proof.

* Martingale structure

Using the notation Yj(l) = { 1 hflj)(Xl,X _1,X;), we have U(l) Z;:Zl Yj(l) which shows that (UM),

is a martingale with respect to the o-algebras (G;);. Indeed, we have ]Ej_l[Yj(l)] =0

* Talagrand’s inequality

To upper-bound (Vn")n, we split it as previously namely

n:::ll
j=

n—1

k

Zh(l (XUX 1:Xj)

-1 k

(ﬂ”(xl,x) E;_ 1[1(§.)(Xi,Xj)])

j=2 i=1

where

Il.(j.)(x,z) = f hl-)j(x,w)P(z, dw).

Using as previously Lemma 2 with ¢ = 1/2, we get

n—1 j—1 k
VE=>"TED (Ifj)(xi,xj)—EX/WUE,?(XDX')] + By [ 1) (X, X )] —E”U}j)(xi,x,»)])
j=2 i=1
n—1 j—1 k
< (3/2) 7 Y 1B | D (1000 X)) — By, 1P, X])
j=2 i=1

k

—1
Z(EW O, X1 =B 10X, X))

i=1

n—1
+313
j=2
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Again, basic computations and Jensen’s inequality lead to

n—1 j—1 k k
D B D (B 1L XN - B 100X, X)) Z - Zp“)(xl,X)
j=2 i=1 =

where

pE) (%) = 17 (0, 2) = By, [177 (0, X)].

Hence, using Assumption 1 and Lemma 5 exactly like in the previous section, we get

VE=2x3k IZEJ )

<2 %3k 15MZEX,

k

Zp(”(xl,x )

k

Zp“)(xl,x )| -

Then, one can use the same duality trick to show that the Vnk can be controlled using the supremum
of a sum of functions of the Markov chain (X;);»; using [55, Theorem 3].

Bounding exp(w*a*/k!)

The terms a, and a5 can be bounded in a similar way. For the term a;, we only need to show
that pl(’lj) satisfies [y | pg’lj)(Xi,z)] =0, Vz € E in order to apply as previously a Bernstein’s type
inequality.

Ey, ~n|PEl<)(Xi,Z)]
f dr(x,) f hy (i, w)P(z, dw) — By By [117 (X, X))

=IE,[h; ;(X,)]—E.[h;;(X,-)] (Using Assumption 3)
=0.

Conclusion of the proof
The key element to conclude is to compute the constants A and B. We note A; and B, the counterparts
of the constants A and B. One can easily see that A; =A. Let us give details about B;.

Forany x € E,
By [ (0 (x,X7)]

= f (190, 2) = By 100, )” do(2)

2
=f (J hi,j(x,W)P(z,dw)—f J h; j(x,w)P(a,dw)d v(a)) dv(z)
2 2
=J (f hi’j(x,w)P(z,dw)) dv(z) +J (f f h; j(x,w)P(a,dw)d v(a)) dv(z)
—Z(J f h; j(x,w)P(z,dw)d v(z)) X (f J h; j(x,w)P(a,dw)d v(a))
z w ) w a 5
=J (J hi’j(x,w)P(z,dw)) dv(z)— (J f h; j(x,w)P(z,dw)d v(z))

2
< J h; ;(x, w)? [f P(z,dw)d v(z)} - (J h; j(x,w) | P(z,dw)d v(z)) (Using Jensen inequality)

= Vary..q(h; j(x,X")),
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where Vary,_q denotes the variance with respect to the measure Q defined by YA€ %, Q(A) =

fz P(z,A)d v(z). From Assumption 2.(ii), we have that VA€ %, Q(A) = v(A). Hence, we get that
for any x € E,

By [ (0020, X") | < Vargo, (hy (6, X)) = By [p2,(x, X))
Noticing that Assumption 2.(ii) gives that = = v, we get that

i Ex, [(0PC,X)]

j=i+1

Bf ‘= max | max <B% (18)
L

j—1
D B 07X, )]
i=1

, max
j

o oo

This allows us to get a concentration inequality similar to the one of the previous subsection, namely
for any u > 0, it holds with probability at least 1 — (1 +e)e™,

n—2 n—1

>0 R X LX) < ke (AVAVE+ (A+ By + 24vnud? + Au?)

i=1 j=i+1
Going back to (17), we get that for any u > 0, it holds with probability at least 1 — (1 +e)e™,
(B [y, X)) =By [ (60X )])
i<j
< x(AvVnvu+(A+BVnu+ 2Avnu? + Au®) + nA (19)

One can do the same analysis for the ¢, first terms in the decomposition (9). Hence for any u > 0, it
holds with probability at least 1 — (1 + e)e™"t,,,

> (B[ (0 X1 — By Ty (X, X))]1)

k=1 i<j
< xt, (AVRVU+ (A+Bvn)u + 2Av/nu®? + Au?) + nt A, (20)

4.3 Bounding the remaining statistic with uniform ergodicity

In the previous steps of the proof, we decompose U, in t,, + 1 terms (see (9)). The martingale structure of
the first t,, terms of this decomposition allowed us to derive a concentration inequality for each of them.
It remains to control the last term of this decomposition, namely

Z (]Ej—tn [hi,j(Xi:Xj)J —E.[h;(X,)]),
i<j

where t, = |glogn] with ¢ > (log(1/ p))_l. In the following, we assume that t, < n, otherwise the
last term of the decomposition (9) is an empty sum. Using our convention which states that for all k <
1, E [-]:= E[-], we need to control

n

n—1
> (B, [hi X0 X)] — Enlhy (X, )]).

i=1 j=i+1

Let us consider (X ;)j 1.i.d random variables with distribution 7, and independent of (X;);>;. Using
Assumption 3, we have

Z (Ei—tn [hi,j(Xi’Xj)] —E.[h;(X, 31))

i<j
n—1 n

< D B[Ry (K0 X) —hy (3, X))
i=1 j=i+1

< (D+@)+B)+@),
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Figure 3: Visualization of the partition of the set {(i,j) € [n]®> : i < j} that we use to control the last
term of the decomposition (9) of the U-statistic.

Wlth, denoting Hl] = Ej_tn [hl,J(Xl,X])—hl,J(Xl,XV]):I,

tn

2t,
1):=> > |Hy| <224,

i=1 j=i+1

(2)322 Zn: {Hij’

i=1 j=(2t,+1)

n—1 nA(t,+i—1)

@)= > > |Hyl<nta

i=t,+1 j=i+l

(n=DA(n—t,) n

(4)= Z Z {Hij|-

i=t,2+1  j=t,+i

Figure 3 presents a visualization of the way we are partitioning the sum.
Let us upper-bound (2) and (4) to conclude the proof. First note that for i < j—t,, it holds

E;_,, [hi,j(Xi:Xj)] = f h; ;(X;,2)P*(X;_, ,dz).

z
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We start by upper-bounding (2),

2)= Z Z [he (X0 X)) —hy ;X))
i=1 j=2t,+1
t, n
< sup | —tn[hi,j(xi’Xj)_hi,j(bej):”
i=1 Xi j=2t,+1
t, n
< sup f hy j(x;,2) (PU(X;_, ,dz) —dn(z))
i=1 Y j= 2t,,+1 z
< maxnhl,uooz > J|P‘ (X, dz) —dn(z)]
i=1 j=(2t,+1)
< maxnhi,juooz S 1
v i=1 j=2¢,+1

< maX”hi,j”oontantn'
L]

where L > 0 and 0 < p < 1 are constants related to the uniform ergodicity of the Markov chain (see
Definition 8). With analogous computations, we upper-bound the term (4)

We deduce that

We deduce that

(n=DA—t,) n

W= > ST E, [h e X)—h %, %))]]

IA

IA

IA

IA

IA

i=t,+1  j=t,+i

(n—1)A(n—t,)
SUP Z |]E ,j(xi’Xj)_hi,j(xi:Xj)”
i=t,+1 Xi j= t,+i
(n—1)A(n—t,)
suP Z J i,j(xi,z)(Pt”(Xj,tn,dz)—ch(z))
i=t,+1 Xi =ty

(n=DA(n—t,) n

maxli e >, D f P, dz)—dri(2)

i=t,+1  j=t,+i
(n—1)A(n—t,) n

maxlhylles >, X Lo"

i=t,+1  j=t,+i

Hll?x”hi,j“oonzl'ptn'

(8, [y (0 X )] = Brlhy (X, )])

i<j

< H}?X”hi,j”oo (nsz[" +nt,Lp™ +4t§ + Zntn)
< max||hi’j||oo(2n2Lp‘"+6ntn) (Using t, < n)
ij
< max||hy jlle (2Ln*n9"°8°) + 6nqlog(n)).
ij
X, X E_[h; (X,
n(n—l); J—tn ll( 154 )] [ 1]( )])
log(p) log(n)
< ma.xllhijlloo 4LnT08P) 4 249 —"—
’ n
2L 1
< (—+12 Og(n)), 1)
n
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because p?l°8(M = palo8lP) < n=1 | Indeed 1+ qlog(p) < O because we choose g such that ¢ >
(log(1/p))~. Coupling this result with the concentration result (20) concludes the proof of Theorem 1.
Hence, for any u > 0 it holds with probability at least 1 — (1 + Ke)e™“t,,

2
n(n_l)Zj(hi,j(Xi’Xj)_En[hi,j(X:')])
< b (Aﬁﬁ+(A+Bﬁ)u+2Aﬁu3/2+Au2)+A(ﬂ+(2L+12q)—1°g(n))
n(n—1) n n
< - (2n'<_t”1) (AVAVL+ (A+ By/m)u + 2Avnu®? + Au?) + A(2L + 16q)10gn(n).

5 Proof of Theorem 2

In the proof of Theorem 1, we kept on purpose the distinction between v and 7 to clearly justify that
our approach still works even if Assumption 2.(ii) does not hold. Hence to prove Theorem 2, one only
needs to follow closely the steps of the proof of Theorem 1 and to bound coarsely the constants B2 and
B2 in (10) and in (18) by nA®.

6 Deviation inequality for the spectrum of signed integral opera-
tors

As shown in Section C.5, Theorem 3 is a direct consequence of the concentration result provided by
Theorem 7.

Theorem 7 We keep notations of Section 3.1. Assume that (X,),>1 is a Markov chain on E satisfying
Assumptions 1 and 2.(i) described in Section 2 with invariant distribution 7. Let us consider some symmetric
kernel h : E x E — R, square integrable with respect to m ® 1. Let us consider some R € IN*. We assume that
there exist continuous functions ¢, : E = R, r €I (where I =IN or I =1,...,N) that form an orthonormal
basis of L2(r) such that it holds pointwise

h(x,y) =Y 2,0.()e, (),

rel

with
Ag:= sup A and ||¢/llee <Y, Vrel, r<R.

rel, r<R

We also define hy(x,y) = Zrel’rSernpr(x)tpr(y) and we assume that ||hglleo, [|h — hgllee < ©0. Then
there exists a universal constant K > 0 such that for any t > 0, it holds

1 logn
IP(Z@(A(H),A(HH))Zz(||hR||io+K||h—hR||io) 22 Y A?+t)

i>R i€l
t? n t t1/2
< 1600 L p1 YA
exp( nKmZTzllh—thlgo) B og(n)exp( 16logn{ c c
nt
+ 16R%’exp| ————— .
p( KmZTZRzAI%Tg)

where ¢ = k||h — hgl| oo With k > 0 depending on 6y, || Tyl y, > [ T2lly,> L, m and p. B depends only on p.
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Proof of Theorem 7. For any integer R > 1, we denote

1
Jn
Ang = (X1 X,5) " €RRE

Ky :=Diag(Aq,...,Ag)

HY := X, Kz X nT,R
o= (-5, (), )

We remark that Ai,R = Ig + Ep,, where (ER’")r,s =(1/n) Z?:l (cpr(Xi)cps(Xi) - 5“) for all r,s € [R].
Denoting A(H?) = (14,...,3), we have

Xop = (¢r(Xi)1<i<n 1<r<r € R™R

1/2
IS

55(A(H), A(H,))* < 4[ 8,(A(H), A(H"))? + 5,(A(H"), A(HY))® + 5,(A(HL), A(HY))? + 6,(A(H}), A(H,))* ]

Bounding 6, (A(HR), A(ﬁﬁ)). Using a singular value decomposition of X, z, one can show that A(X,, RKzX nT R)=
A(A,, RKRA, z) Which leads to

55 (AGHR), A(HR)) = 65 (A(KR), AKX, 1K X))

=0, (MKR), A(An,RKRAn,R))
< ”KR _An,RKRAn,R”F;
where the least inequality follows from Hoffman-Wielandt inequality. Using Equation (4.8) from [40,

page 127], we get

n 2
~p N2 1
55 (AHM), A(AN)” < 2|KeEr 2 =2 D Af(;;mxi)sos(xi)—ér,s) : (22)

1<rs<R

Hence,

P (5, (A(HM), AHY)” > t)

1 n
< P 1/§|As| - Sor(Xi)Sos(Xi)_5r,s = \/?/R)
13%19 ( n;
1 n
< > IP( =0 (XD (X)) =6, 2 ﬁ/(ﬁmsn)
1<s,r<R,A,#0 nia
2 _2\—1 nt
< Z 16exp(—(Km T ) R—ZMSPT;?)

1<s,r<R,A,#0

= 16R2exp(—(Km2*z:2)_1 nt ),

R2A2Y:
where the last inequality follows from Proposition 4 and where K > 0 is a universal constant.
Bounding 5,(A(HR), A(HY)).

2
gl
n

5, (A, AHD) < I — I = — (Z hi(xi,xi)) <
i=1
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Bounding 5,(A(HY), A(H,))?.

62(A(H§),A(Hn))2s||ﬁ§—ﬁn||§=%( > (h—hR)(xi,x,-)Z).

1<i,j<n, i#j

Let us consider,
Vx,y €E, my(x,y):=(h—hg)*(x,y) —sp(x) =sp(y) = E g [(h—hr)*(X,Y)],

where sg(x) = E,[(h—hg)*(x,X)]—E ¢, [(h—hg)*(X,Y)]. One can check that for any x € E, E [my(x,X)] =
E,[mg(X,x)] = 0. Hence, my is m-canonical.

1 2
Py ( > (h—hp)(X, X)) ) (23)

1<i,j<n, i#]
1 2 <
= S 2n M)+ S D (X)) + Bl (h—he) (X, V)] 24)
n(n— )1$i,an,i7éj ni3

Using Theorem 2, we get that there exist two constants 3,k > 0 such that for any u > 1, it holds with
probability at least 1 — e " log(n),

1
n(n—1)

u ui?
> mR(Xi,Xj)SK”h—hRHoologn{E\/[E]}.

1<i,j<n, i#]

Let us now consider some t > 0 such that
2
Kllh—thloologn{EV[E] }St. (25)
n n

The condition (25) is equivalent to

t t 1/2
< A
“—”{K||h—hR||oologn (K||h—hR||oologn) }

which is satisfied in particular if ¢t and u are such that

n { t £ 742
=gl ]
logn (Lc c
where ¢ = k||h — hgl|oo- One can finally notice that for this choice of u, the condition u > 1 holds in
particular for n large enough in order to have n/logn > «||h —hg|loot*.

We deduce from this analysis that for any ¢t > 0, we have for n large enough to satisfy n/logn >
K[lh—hglloot™,

P (n(nl_ 1) Z mp(X;, X;) 2 t) < Blog(n)exp (_lorgln {[g] N [5]1/2})‘

1<i,j<n, i#j

Using Proposition 4, we get that for some universal constant K > 0,

P 2 >t |<16exp|—n ¢
n =0 =P T ke =2, )

We deduce that for some universal constant K > 0 it holds

P(i( 2. (h—hR)(Xi,Xj)Z)—Em[(h—hR)Z]zt)

1<i,j<n, i#j

o 2 | n t t71/2
= exp _nKm272||h—hR||%>o P Og(n)eXp(_Mogn{[E]A[z] })

41

n

ZSR(Xi)

i=1




Since E g, [(h—hp)*(X,Y)] =3, A%, we deduce that

i>R,iel 7*i>

P(52(A(H§),A(Hn))2— > )Lth)

i>R,i€l

)+[jlog(n)exp (—41;;,1 {[E] " [5]1/2})'

Hence we proved that for any u > 0 such that n/logn > «||h —hg|lcou ™},

£2
Km272||h —hg||2,

< 16exp (—n

( B, (A, AH, ) > 1 R” +2 mu)

i>R,i€l

< 16 u + B log(n) ( L {[”]/\[“]1/2})
- exp nszlelh—thlzoo plog(n)exp 16logn (Lc c
nu
+ 16R? —_ .
P ( Km%ZRZAng)

Kllh—hglles logn
n

Considering t > 0 and applying the previous inequality with u =t + , We get

1 lo n
P(Zézm(HM(Hn))Zz(nhRnioth—han =L AZ+t)

i>R,i€l

< 16 e log(n) ( n {t tl/z})
< - + — —_NE
<P nKm2’r2||h—hR||200 plog(n)exp 16logn [c] [c]
nt
+ 16R?’exp| ————— |.
Xp( KmZTZRZAgrg)

This concludes the proof of Theorem 7.

7 Proofs of Theorems 4 and 5

In this section, for any k > 0 we denote I, the conditional expectation with respect to the o-algebra o (X1, ..., X;).

7.1 Proof of Theorem 4

By definition of .#", we want to bound

which takes the form

n—1 —
IF.(n—l Z[%(ht—bn)_Ef—bn[Mf]]_ : Z[Mt_Et—bn[Mt]]ZE)

n t=

n—1 n—1
< IP( L Z[%(ht_bn)—Et_bn[Mt]]Z8/2)+IP( L Z[Et_bn[Mt]—Mt]Zs/z). (26)

n—c, & n—c, &

Step 1: Martingale difference We first deal with the second term of (26). Note that we can write

n—1 n—1 b, b, n—

D[y, [M]-M,]= [Be i [M,]— B [M,]] = —Been[M,]].

t=c =c, k=1 k=1

—

~
~
Il

n Cn
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Let us consider some k € {1,...,b,}, then we have that V(k) (B [M]—E 4 [MD/(n—c,) is a
martingale difference sequence, i.e. Et_k[Vt(k)] = 0. Since the loss function is bounded in [0,1], we

have |Vt(k)| <2/(n—c,), t=1,...,n. Therefore by the Hoeffding-Azuma inequality, Y, Vt(k) can be
bounded such that

n—1
]P( : Z“Efk[MrJ—EfkH[Mt]]z%)Sexp(—M)

n— CTl t=c, n

We deduce that

1 5 (1—c)ne?
P(n—cn ;[Et_bn[Mt]—Mt]Zs/Z) Sbnexp(—S—bg), 27)

Step 2: Symmetrization by a ghost sample In this step we bound the first term in (26). Let us start
by introducing a ghost sample {£},<;<,, where the random variables & i.i.d with distribution 7. Recall

the definition of M, and define M, as

M, =

Ze(ht boXeX), M= Z C(hep, X, E)-

”il "il

The difference between M, and M, is that M, is the sum of the loss incurred by h.__on the current
instance X, and all the previous examples X;, j = 1,...,t — b, on which h,_; is trained, while M, is
the loss incurred by the same hypothesis h,_, on the current instance X, and an independent set of
examples §;, j=1,...,t—b,.

First remark that we have

1 n—1
- [%(ht—bn) - Et—bn[Mt]]
1 n—1 _ n—1 ~
= n—c, ~ [e%(ht—bn) - ]Et—bn[Mt]] + —c, ;;1 [Er—bn [Mt] - Et—bn[Mt]] .

Since £ is in [0, 1], the first term can be bounded directly using the uniform ergodicity of the Markov
chain (X;); as follows

D[R (ry)— By, 1]

_n_

= f (A7 Exwnl€lh g, %, X)] = PP (X,_y , d)Exon[Llhe_,x,X)])

_C"t Ch
= — f Ex..[L(h,_ b,» X X)](drt(x) pba (X, b, ,dx))
n t=c,
< f |d7(x) = PP (X, dx))|
n—q, t=c,
< Lph

where we used Definition 8.
It remains to control

[Et—b"[Mt] - Et—bn[Mt]] >
n—c, &
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and we follow an approach similar to [63]. Let us remind that M, and M, depend on the hypothesis he_yp,
and let us define L,(h,_, ) =[E,_ [M,]—E,_, [M,]]. We have

n—1
P (n_lc Z Lt(htfbn) > 8)

n t=c,

1 n—1 N
<P ( sup Z L(h.p )= s)
B,y ey, T i ’
cp—bp 2+ tn—1-bp n
n—1
< Z P (sup L.(h) = s) . (28)
t=c, he#

To bound the right hand side of (28) we give first the following Lemma.
Lemma 7 Given any function f € 3¢ and any t = c,,,
Ve>0, P(L.(f)=e¢)<16exp(—(t—b,)C(m,1)e?).

Proof of Lemma 7.

Note that
L(f)= Et—bn[ﬂt] - IEt—b,l [M,]
t—b,
1 n
= — D, (B, [0 X )] =By, [0, X, X))

n =1
1 -

- t—>b Eg"'” I:EXrNPb”(Xr—bn,'){e(f’Xt’ 6)}] - EXr~an(X,_bn,-){£(f:Xt,Xi)}-

i=1

Hence, denoting m(f,X,_, ,x) = Ex_pin(x,_, {(f, X, x)}, we get

1

L)< —

t—b,
> B [mf. X, )] = m(F. X . X}

noi=1

By the reversibility of the chain (X;);»;, we know that the sequence (X, ,X;_j _1,...,X;) condi-
tionally on X,_; is a Markov chain with invariant distribution 7. Applying Proposition 4 we get that

P(L(f)>elX, )

t—b,
IP( : Z {Bewr [m(f.X 5, D] —m(f, Xy . X))} > € |th,l)

IA

t—>b

n =1

IA

16exp (—(t —b,)C(m, T)Ez) s
for some constant C(m, 7) > 0 depending only on m and 7. Then we deduce that
P(L(f)=e)=E[E{l e | Xc, }]

=E[P{L.(f)>e|X, }]
< 16exp(—(t — b,)C(m,7)e?),

which concludes the proof of Lemma 7.

| |

The following two Lemmas are key elements to prove Lemma 10. Their proofs are strictly analogous
to the proofs of Lemmas 6, 7 and 8 from [63].

Lemma 8 (See [63, Lemma 6]) For any two functions hy, h, € 7€, the following equation holds

|L,(hy) — L.(hy)| < 2Lip(¢)Ilh1 — hy| oo -
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Lemma 9 Let # =S, U---US; and ¢ > 0. Then
1
P (suth(h) > 8) < ZIP supL,(h)=¢|.
hex =1 hes;

Lemma 10 (See [63, Lemma 8]) For any c,, < t < n, it holds

€ (t —b,)C(m,7)e?
]P(:gth(h) > 8) <164 (%’, 4Lip(<p))eXp (— ) )

Combining Lemma 10 and (28), we have

n—1

1 € (c, —b,)C(m, T)e?
]P(n—c ZL[(ht_bn)Zs) < 16%(3&”, 4Lip(cp))neXp(_ 2 )

nt=c,

We deduce that

n—1
: (”—10,1 ; [#(hep,)—Eey, [M]] 2 8/2)
n—1
< P (Lpbn + n_lc Z [Etfbn[lﬁt]—Ean[Mt]] > 5/2)
<

: (ca—by)C(m, 7) (e/2— L")’
164 (32”, m) nexp (— 2 .

Step 3: Conclusion of the proof. From the previous inequality and (27), we get

n—1 n—1
1 1
P R(h,_p )— M, >
(n—c Z (tbn) n—c Z t 5)

e ) (cn—ba)C(m, 7) (e/2— Lp® )’
*BLip(p) )T 4 '

(1 —=o)ne?
8b2

< bnexp( )+16</V(%

Note that (c, — b,)ep? = o (nanl"g(f’)) = o0 (n1+5+ql°g(p)) because by assumptione = o (n‘f).
n—.,oo n—oo

n—oo

However, by choice of ¢ we have

1+<§+qlog(p)=1+5+%mg(p)=o,

and we finally get that (c, — b, )ep® = o0(1). We deduce that for n large enough it holds

oo

(cn—bn)C(m,’r)(a?/Z—Lpb“)2 (¢, —b,)C(m, T)e?
exp| — 7 <2exp|— 16 .

Then, noticing that

(1—c)ne? (c, — b,)C(m, 7)e?
P\ T gpz ) nteo P\ T 16b2 ’

we finally get for n large enough

1 n—1 1 n—1
P R(h,_p )— M, >
(n_c Z (h, b,,) n—c Z t 8)

n t=c, n t=c,
€ (c, —b,)C(m, 7)e>
< 32 H +1(b — .
. [ “/V( ’ 8Lip(<p)) ] "eXP( 16b7
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7.2 Proof of Theorem 5
Let us recall that forany 1 <t <n—2, ﬁ(ht_bn, t+1)= (”;t)_l Z:>i,i2t+l £(h_p,,X;,X;). We define

L(h,x):=1E.[L(h,X,x)]—2(h), and Z(h,x,y) ={L(h,x,y)—L(h,x)—L(h,y)— RZ(h).

Then for any t € {b, + 1, ...,n—2} we have the following decomposition

—~ n—t\! S 2 <
%(ht,bn,tJrl)—.%(ht,bn):( ) > U, X X )+ — >ty X)), (29)

2 k>i,i>t+1 i=t+1

One can check that for any x € E, E, [Z(h,X,x)] =, [Z(h,x,X)] = 0. Moreover, for any hypothe-
sishe #, |[L(h,-, e < 4 (because the loss function ¢ takes its value in [0, 1]). Hence, for any fixed
hypothesis h € 5, the kernel £(h, -, -) satisfies Assumption 3. Applying Theorem 2, we know that there
exist constants 3,k > 0 such that for any t € {b,, + 1,...,n—2} and for any y € (0, 1), it holds with
probability at least 1 —v,

n—t\* & ~
( ) ST Uk, X0 X

1 —t—1
< KM log((B Vel log(n—t+1)/y)%
2 k>i,izt+1 n—

t—1

Note that we used that for u= log((ﬂ Vel)log(n—t+ 1)/)/) > 1 it holds

2
logn{E \ [E] } < 1Oﬁuz.
n Ln n

Using Proposition 4, we also have that for any t € {b, +1,...,n—2} and any ¢ > 0,

n

2
— PIRICIEN'S

]P(
n—t,on

where C(m,7) = (Km?72)™! > 0 for some universal constant K (one can check from the proof of
Proposition 4 that K = 7 x 10 fits). We get that for any t € {b, +1,...,n—2} and any y € (0, 1), it holds
with probability at least 1 —1,

> 5) < 32exp(—C(m, 7)(n—t)e?),

n

2 S ey, X))

n—t .o

log(32/7)2C(m, 7)~1/2
Jn—t )

<

We deduce that for any t € {b,, + 1,...,n—2} and any fixed y € (0, 1), it holds with probability at

least 1 —v,
—~ log(6
s, £+ 1) =R, y)] < Clm, )2\ ED),

Y
t)) = (n—c,)(n—c,+1)

i.e.

P (| %y, .t +1)—R(hyp,)| = ¢, (n— (30)

Based on the selectionA procedure of the hypothesis h defined in (6), the concentration result (30)
allows us to show that 22 (h) is close to <nt1in 1?/Z(ht,bn) +2c,(n — t) with high probability. This is stated
poll

¢, <t<

by Lemma 11 which is proved in Section C.6.

Lemma 11 Let hy,...,h,_; be the set of hypotheses generated by an arbitrary online algorithm .« working
with a pairwise loss £ which satisfies the conditions given in Theorem 4. Then for any y € (0, 1), we have

P (gz(ﬂ) > min_ (R (he,)+2c,(n— t))) <7
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To conclude the proof, we need to show that <min 1%(ht,b )+ 2c,(n—t)is close to .4".
¢, <t<n— n

First we remark that
min %(h[ b,) +2c,(n—t)
c, <t<n—

= min min %(hl b,) +2¢,(n—1)

c,<t<n—1 t<i<n—

< min —— Z(.%(hl b))+ 2¢,(n—10))
. 2 C(m,7)1! 64(n—c,)(n—c,+1)
< R(h;_, )+ I
cnsnt]élr}—l(n t; (hi,) n—t;\ n—i 8 Y
n—1 n—1
. 2 2C(m,t)™! 64(n—c,+1)
< R(h_, )+ 1
cngég—l(n t ; ( b") n—t ;\ n—i 08 Y

n—1

2C -1 64(n—c, +1
tzﬂ(hf—w‘*% (m,7) log (n—c, )),
i=t

< min
c,<t<n-1\ n n—t Y

where the last inequality holds because Z::lt V1/i <24/n—t. Indeed, x — 1/4/x is a decreasing and

continuous function and a classical serie/integral approach leads to

n—t

n—t
;,/1/ig1+Jl %dxzn[zﬁ]’ft <2v/n—t.

' -1
We define .#" := ﬁ Z:'th M,,. From Theorem 4, one can see that for each t =c,,...,n—1,

n—1
1 € (t —b,)C(m,7)e?
i . > n < [ — .
P (n . izgt R(hi_p )= M| +€) < [32% (ﬁ, 8Lip(<p)) + 1:| b, exp( 1607

Let us set

2C(m,7)! log 64(n—c, +1) e

Ktz//tt”+4Q — ”

Using the fact that if min(a;, a,) < min(b,, b,) then either a; < b; or a, < b,, we can write

IP( min %(ht b,)+2c,(n—t)= min K)

CaStsn— c,<t<n—1
) - 2C(m,7)t. 64(n—c,+1)

< . >
- ]P(C"Sr?g’}_l(” t;:%(hl_b”wr“q n—t 08 Y . in K,

n—1 n—1 = 3 — T
= P ng(hi—b)ﬁ"*% 2€(m, 7) log An—co + )ZK[

t=c, n_t P " Tl—t ’}/
= ZIP( tZ%(hlb)»ﬂ"H)

t=cy i=t

(o = by)C(m, 7)e?

< (n— 1|b —
< (n cn)[ ( 81 p(cp))+ ] nexp( 1602
<

€ (c, —b,)C(m, 7)e?
32 g, ———— | +1 — +21 .
[ N ( ’8Lip(<p)) ]e"p( 1607 ogn

Using Lemma 11, we get
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P (?Z(/ﬁ) > min 1//4” + 4\J

c,<t<n—

2C(m,7)! log 64(n—c,+1) N 8)
n—t y

£ (Cn_bn)c(m’T)gz
< +132 FE +1 — + 21
=7 [ "V( ’8Lip(w)) ]eXp( 1607 ogn |

which gives in particular

. -1 —c 41
P (%(h) > "+ 4J 2€0m. 7) log 64n—c, +1) + 8)

n—c, y
—b,)C(m, 7)e?
< v+ [32%(%, _8 )+1]exp _{en=bn)Cm, T +2logn |.
8Lip(¢p) 16b2

We substitute £ with £/2 and we choose y such that 4\/ Zcfl'ff)ﬂ log 64(”;%“) = ¢/2 with n large

enough to ensure that y < 1. We have for any ¢ > 0,
- 2C(m, 7)1, 64(n—c,+1
]P(%(h)z//t”+4\J (m, ) log (n=c, )+£)
n—ec, Y 2
(n—c,)C(m, 7)e? [ ( € ) ] (c, —b,)C(m, T)e?
< 64(n—c,+1 — +132 O, ———— | +1 - +21
(n=cy )eXp( 128 M\ 7 ToLip(e) P (16b,)? ogn

< (e — b,)C(m, 7)e?

32[%(%,m)+1]exp( (16D, )? +210gn),

where these inequalities hold for n large enough.
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A Definitions and properties for Markov chains

We recall some definitions and well-known results on Markov chains that will be useful for the next
sections.

A.1 Ergodic and reversible Markov chains

Definition 5 [52, section 3.2] (p-irreducible Markov chains)

The Markov chain (X;);>1 is said @-irreducible if there exists a non-zero o-finite measure ¢ on E such that for
all A € X with ¢(A) > 0, and for all x € E, there exists a positive integer n = n(x,A) such that P"(x,A) > 0
(where P"(x, ) denotes the distribution of X, conditioned on X; = x).

Definition 6 [52, section 3.2 ] (Aperiodic Markov chains)

The Markov chain (X;);», with invariant distribution 7 is aperiodic if there do not exist m > 2 and disjoint
subsets Aq,...,A, C E with P(x,A;;1)=1 forallx €A; (1 <i<m—1), and P(x,A;) =1 forall x €A,
such that ©(A;) > 0 (and hence 7t(A;) > 0 for all i).

Definition 7 [52, section 3.4 ] (Geometric ergodicity)
The Markov chain (X;);> is said geometrically ergodic if there exists an invariant distribution m, p € (0,1)
and C : E — [1, 00) such that

1P, )= mllyy < CG)p",  Vn>0, m—aex €k,
where ||ull7y := supyey [U(A)].

Definition 8 [52, section 3.3 ] (Uniform ergodicity)
The Markov chain (X;);>1 is said uniformly ergodic if there exists an invariant distribution 7 and constants 0 <
p < 1and L > 0 such that

|P"(x,") —mt|lpy < Lp™, Yn>0, t—a.ex€E,
where ||ullry := supses [u(A)].

Remark A Markov chain geometrically or uniformly ergodic admits a unique invariant distribution.

A.2 Spectral gap

This section is largely inspired from [22]. Let us consider that the Markov chain (X;);»; admits a unique
invariant distribution 7 on E.
For any real-valued, Z-measurable function h : E — R, we define nt(h) := f h(x)dm(x). The set

% (E, %, ) :={h: n(h?) < oo}

is a Hilbert space endowed with the inner product

(1, hs) = f hy (Ohy(x)d (), Yhy, hy € L%(E, %, 70).

The map

-1l :h € Z(E, %, m) = ||kl = v/ {h,h),
is anorm on %,(E, %, ) . ||-||,, naturally allows to define the norm of a linear operator T on %,(E, %, )
as

N.(T) = sup{lIThll : lIhll. = 1}.
To each transition probability kernel P(x,B) with x € E and B € X invariant with respect to 7, we can
associate a bounded linear operator h — f h(y)P(-,dy) on %4,(E, %, 7). Denoting this operator P, we get
Ph(x) = f h(y)P(x,dy), ¥x € E, Yh € Z,(E, %, m).

Let fzo(n) :={he %(E, 2, ) : n(h)=0}. We define the absolute spectral gap of a Markov operator.
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Definition 9 (Spectral gap) A Markov operator P reversible admits a spectral gap 1 — A if

up {128
IRl

Remark Uniform ergocity ensures that the chain admits a spectral gap (see [26, Section 2.3]).

A= :he.&fzo(ﬂ),haéo}<1.

A.3 The splitting method

We describe the construction of the split chain that we use in our proof. Let us consider some Markov
chain (X,), on the probability space (E, X, IP) with transition kernel P. We assume that there exists a
small set C € %, there exist a positive integer m, a constant 6,, > 0, and a probability measure y on E
with the following minorisation condition holds

VxeC, VAex, P"(x,A)=35,ulA).

We give only the construction of the split chain in the case where m = 1 and we refer to [48] for further
details on the construction of the split chain. Each point x in E is splitted in x, = (x,0) € E, = E x {0}
and x; = (x,1) € E; = E x {1}. Each set B in X is splitted in B, = B x {0} and B; = B x {1}. Thus, we have
defined a new probability space (E*, ~*) where E* = Ey UE; and &* = 0(B,,B; : B € &). A measure
on ¥ splits into two measures on E, and E; by defining n* on (E*, £*) through

n*(By) =n(BNC)(1—-6,)+n(BNC)
n*(B1) =n(BNC)6,,.

Now we define a new transition probability P*(-,-) on (E*, ¥*) with

P(x,)* ifx¢é¢Cande=0
P*((x,e),) =14 (1—=6,) " (P(x, ) —6,u*) ifxeCande=0
w ife=1

The split chain associated with (X,,), is then defined as the Markov chain (()?n,Rn))n on E* with tran-
sition kernel P*. After the previous rigorous construction of the split chain, we can give the following
interpretation of the method. Each time the chain reaches C, there is a possibility for the chain to
regenerate. Each time the chain is at x € C, a coin is tossed with probability of success 6,,. If the toss
is successful, then the chain is moved according to the probability distribution u, otherwise, according
to (1—5,,)" (P(x,+)— 6,,u(-)). Overall, the dynamic of the chain is not affected by this coin toss, but
at each time the toss is successful, the chains regenerates with regeneration distribution u independent
from x. In particular if Assumption 1 holds, the whole space is small and if in addition m = 1, the chain
regenerates with probability 6, at each time step.

B Connections with the literature

Let us establish a clear connection between Theorem 2 and the exponential inequality from [56]. We
consider an integer n € IN* and a Markov chain (X;);>; geometrically ergodic on R? with invariant
measure 7. As mentioned in [39, p.6], (X;);>; is in particular geometrically a-mixing (see [56, Section
2]) with coefficient

a(i) < yiexp(—y,i), foralli>1,

where 7,7, are two positive absolute constants. We consider a kernel h : R¢ x RY — R r-canonical,
continuous, integrable and satisfying for some q > 1, f]RZd Igl'h(u)lllullgdu < 00. Then Eq.(2.4) from [56]
states that there exists a constant C > 0 such that for any u > 0, it holds with probability at least 1 —6e™

2 2
—————Uye(n) < 4C|| Z R {AWE +Clog*(n) [E] } ’
n(n—1) no, -
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6471/

4
where A2 = 4 ( ot + k’gn(")) and U (n) = X1, e (AKX ) — B [R(X, )]).

Hence, when we consider a unique kernel function with strong regularity conditions, assumptions on
the Markov chain (X;);>; can be weakened and [56, Theorem 2.1] provides a result that is close to the
concentration inequality of Theorem 2. In a framework where both Theorem 2 and [56, Theorem 2.1]
hold, noticing that for any u > 1,

2 2

log(n)E +logn [E] < log(n)E +1log*(n) [E] ,
n n n n

we deduce that our bound is asymptotically at least as good as the one from [56] (up to a possible log

factor marked in bold).

C Additional proofs

C.1 Hoeffding inequality for uniformly ergodic Markov chains

A large number of different Hoeffding inequalities for Markov chains can be found in the literature such as
in [22],[10],[51] or [31]. We need such concentration result in our applications and our goal is to work
with the milder assumptions possible. More precisely, we want to consider a uniformly ergodic Markov
chain without any assumption on the initial distribution of the chain. As stated in [10, Lemma 1], for a
y-irreducible and aperiodic Markov chain, a Hoeffding inequality with exponents independent of the
initial state of the chain exists if and only if the chain is uniformly ergodic. Some Hoeffding inequalities
for uniformly ergodic Markov chains without condition on the initial distribution already exist (see [31]
or [10]), but they require n to be large enough to hold and can involve quantities related to the chain
that we did not use so far (such that the Drazin inverse of I — P). This is the reason why we propose here
to prove briefly a different Hoeffding inequality for uniformly ergodic Markov chains that holds for any
sample size n, any initial distribution of the chain and that only uses the notations from Section 2.

Proposition 4 Let (X;);>1 be a Markov chain on E uniformly ergodic (namely satisfying Assumption 1)

with invariant distribution 7 and let us consider some function f : E — R such that Ey_.[f(X)] =0 and
IIf llooc <A. Then it holds for any t >0

£2
P >t | <16exp —lmin ﬂ,L s
K nA2m27t2° Amt

for some universal constant K.
In particular; since by definition of T and of the Orlicz norm we have E[T,] < (]E[eTz/ = 1) T < 7, it holds

forany t =0
]P(

D)
i=1

n

D)

i=1

1 2
>t |<16exp _K(m ’r)@ R

where K(m, t) = 2Km?t? for some universal constant K > 0.

Proof of Proposition 4.
Let us consider N =sup{i € N : mS;,; + m—1 > n}. Then,

n N n
DX =Dz+ DL fX)
i=1 =0

i=m(Sy+1)
[(N=1)/2]
Zoi41

[N/2]
Z Z

ST

i=m(Sy+1)

< + + . (3D
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We have |Z?=m(SN S (X;)| <AmTy 4. So using the definition of the Orlicz norm and the fact that the
random variables (T;);>, are i.i.d., it holds for any t > 0,

IP( ST

i=m(Sy+1)

t

>t | <P(T > —
= )_ (N+1—Am)

t
< P(max(T;, T,) = —)
Am
t t
<P(T; =2 —)+P(Ty = —
(T2 )+ P(T, 2 o)
t
< 4e (——)
P AmT

In order to control the first two terms in (31), we need to describe the tail behaviour of the random
variable N with Lemma 12.

Lemma 12 (See [1, Lemma 5])
If||T1||1p1: ||T2||1|[)1 < 7, then

ET.
P(N >R) SZexp(—n 2),

8712
where R =[3n/(ET,)].

The random variable Zy; is 0(X(s,+1)s - - -  Xm(s,,,+1)-1)-Measurable. Hence the random variables (Zy);
are independent (see Section 2.3). Moreover, one has that for any [, E[Z,;] = 0. This is due to [48,
Eq.(17.23) Theorem 17.3.1] together with the assumption that Ex._.[f(X)] = 0. Let us finally notice
forany [ > 0, |Zy| < AmTy 4, so [ Zyly, < Ammax(|[T|ly,, | T2lly,) < AmT. One can similarly get that
(Z3141); are independent with E[Z5,;] = 0 and [|Zy44 ||y, <Am7 for all | € IN. Using these facts we have
forany t > 0,

[N/2] [(N=1)/2]
IP( Z Zyg| + Zyy1| 2 t)
1=0 1=0
[N/2] [(N=1)/2]
nlET.
SIP( > Zy|+ Zotin zt,NSR)+2exp(— 22)
1=0 1=0 87
<P| ma Zs:Z >t/2|+P ma Zs:Z >t/2]|+2e ( HETz)
< X > X > xp | —
o<s<|R/2) | & A oss<|(R-1)/2 | & 241 P\ 82

L[(R-1)/2]

Z Zoi+1

=0

LR/2]

Z Zy

=0

2

SSIP( 2t/6)+31?(

<12 1 t2 t o ( nETz)
<12exp| —= min , exp| — s
P 8 36RA2m272° 6AmT P 812

where we used Lemma 6 in the last inequality.

ET.
> t/6) +2exp (— n8 2) (Using Lemma 13)
T

Lemma 13 (see [41, Proposition 1.1.1]) If X;,X,, ... are independent Banach space valued random variables
(not necessarily identically distributed), and if S; = ZLXI-, then

. < .
P(&%usju > t) < 32%11%”5]” > t/3).

Gathering the previous results, we obtain that for any t > 0

n 2
1 . t*(IET,) t ( nIETZ) ( t
P X)|>t]<12 —= 2 — —
( Zf( J|= t) - EXP( 8 mm(% x 12 x nA2m272’ 12Amr)) TAEP\ T TP e

i=1
Since the left hand side of the previous inequality is zero for t > nA, and since m > 1, we obtain
Proposition 4.

|
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C.2 Talagrand inequality for Markov chains

In the section, we show that in the proof of Theorem 1, we can use the concentration inequality for the
supremum of an empirical process of [55, Theorem 3].

Let us consider the sequence of random variables W = (W, ..., W,) on the probability space (£, .«, IP)
taking values in the measurable space S = E x F™ ! where F is the subset of the set Z(E,R) of all
measurable functions from (E, %) to (IR, 8(R)) that are bounded by A. Note that

{0z r)} U{pyj(x,) : x€E,i,j€[n]} CF.

We define
P = {D €P(F): Vie[n-1LVje{i+1,...,n}, f;(D) € Z},

where & (F) is the powerset of F and where Vi€ [n—1], Vje{i+1,...,n},
figt (B,3) = (B2 (F))
X = Pi,j(X: ).
Then we have the following straightforward result.
Lemma 14 % is a o-algebra on F.

In the following, we endow the space F with the o-algebra & and we consider on S the product o-algebra
given by
S =0c({CxDyx--xD, : CeEX, D;eP Vje(2,...,n}}).

For all i € [n], we define W; by

W=\ X;, O:""0’pi,i+1(Xi;')’pi,i+2(Xi;'):H’:pi,n(Xi;')
~——

(i—1) times
Hence for all i € [n], W; is o(X;)-measurable. Let us consider for any i € [n—1],

®,:(E,2)—> (5,%)

X = X:OF;“':OFapi,i+l(x:');"':pi,n(x:')
(i—1) times
Then, one can directly see that for all i € [n— 1], W; = &;(X;) and by construction of & and &, ®; is

measurable. Indeed, each coordinate of ®; is measurable by construction of & and this ensures that ®; is
measurable thanks to the following Lemma.

Lemma 15 (See [33, Lemma 4.49]) Let (X, ), (X1, %) and (X5, ©5) be measurable spaces, and let f; : X —
X, and fy : X — X,. Define f : X — X7 x X, by f(x) = (f1(x), fo(x)). Then f : (X, %) = (X1 X X5, 2, ®%,)
is measurable if and only if the two functions f; : (X,X) — (X1,%;) and f; : (X,Z) — (X4, %,) are both
measurable.

Then it holds for any i € {2,...,n—1} and any G € &,
P(W,eG|W,,)
=P(®(X;)€G|W_4)
=P(®(X;)€G|X;4)
=P(X; €' (G) | X;y)
=P (X1, %' (G))
=[(2)4PX;1,-)] (G), (32)
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where (®;),P(X;_;, ) denotes the pushforward measure of the measure P(X;_;,-) by the measurable map
;. We deduce that W; is non-homogeneous Markov chain. Moreover, (32) proves that the transition kernel
of the Markov chain (W,), from state i — 1 to state i is given by K(~19 where for all (x, p,,...,p,) €S
and for all G € &,

KO0((x, .22, §) = [(2,P(x, )] (G).

One can easily generalize this notation. Let us consider some i, j € [n] with i < j and let us denote
K@) the transition kernel of the Markov chain (W, ), from state i to state j. Then for all x € E, for all
D2,---,Pr € Fand forall G € &,

K(i’j)((x:pZ: oo ;pn) > G) = I:(q)j)#Pj_i(x: )] (G):
We introduce the mixing matrix I' = (y; ;)1 <; j<n—1 Where coefficients are defined by

Yij := sup sup [|Z(W;|W; =w;) — L(W;|W; =zl 7.

w; €S z,€S

For any w € S = E x F"!, we denote w'" the first coordinate of the vector w. Hence, w(! is an element
of E. Then

Yi; = SUp Sup sup )[(@ )4 P (W, )] (G)— I:(q)j)#Pj_i(zi(l)’ ')] (G)‘

w;€S z,€S GEY

= sup sup sup
w;E€S z,€S GEY

Pt (W, 871(6)) — P (2", &} (G))‘
Pt (wih, ¢) =P (2, C)|

—supsupsup|P’ (x;,C)—PI~ l(xlf,C)|

X; eEx cE CeX

< sup supsup
w;€S z,€S CEX

= sup sup [P~ (x;,-) = () + () = P77 (x, Dy

xiEEX{EE

< sup [P/ (g, ) = w()llpy + sup 1P (x, ) = m(llpy
x;€E x/€E

<2Lp’,

where in the first inequality we used that &; : (E, X)) — (S, ) is measurable and in the last inequality we
used the uniform ergodicity of the Markov chain (X;);>;. We deduce that

n—1

1d+> p'N,

=1

Tl <2L

>

where N; = (ngl?) B represents the nilpotent matrix of order [ defined by
»J J1<i,j<n—1
v 0 otherwise.

Since for each 1 <1 <n—1, ||[N;|| < 1, it follows from the triangular inequality that

2L
ITh<2Lp p" <
Z —

To conclude the proof and get the concentration result stated in Lemma 4, one only needs to apply [55,
Theorem 3] with the class of functions & and with the Markov chain (W, ). Let us recall that & is defined
by F = {fz: 21_, BIE; (XM = 1} where for any & = (&,,...,&,) € [ [1, L¥* D (w),

VW_(X P2 - :pn)EEXFn 1’ fg(W) ZJP](}’)gj(J’)dV(J’)
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C.3 Bernstein’s inequality for non-stationary Markov chains

This subsection is dedicated to the proof of Proposition 5 which is used in the proof of Theorem 1. A
Bernstein type concentration inequality was proved in [37] for stationary Markov chains. Following the
work of [22], we extend the previous Bernstein inequality to the framework of non-stationary Markov
chains with initial distribution that satisfies Assumption 4.(ii). Contrary to Proposition 4, this concentration
handles the setting where the sum involves different functions (f;);. This is of interest for Theorem 1
when we allow the kernel functions h; ; to depend on both i and j.

Proposition 5 Suppose that the sequence (X;);>; is a Markov chain satisfying Assumptions 1 and 4.(ii) with
invariant distribution m and with an absolute spectral gap 1 — A > 0. Let us consider some n € IN* and
bounded real valued functions (f;);<;<, Such that for any i € {1,...,n}, ffi(x)dn(x) =0and ||filleo < ¢
for some ¢ > 0. Let 0> =Y, ffiz(x)drc(x)/n. Then for any € > 0 it holds

. dy &%/(29)
P x)>e | < | LAV
(;fl( 1)_8)_ v n’pexp( Ayno2+Ace )’

where Ay 1= 5 1” and A, = Il,l =t AIL}L>O q is the constant introduced in Assumption 4.(ii). Stated
otherwise, for any u>0it holds

1< 2quA 2quA, o2
P(_Zfi(Xi)> quA Iflleo 4| 29uA20 )S ‘
nizl n n

C.3.1 Proof of Proposition 5.

dx
dr ||,

efu

Let us recall that we denote indifferently I, or IP the probability distribution of the Markov chain (X;);>1
when the distribution of the first state X is y, whereas P refers to the distribution of the Markov chain
when the distribution of the first state X; is the invariant measure .

In [37], they proved that for any 0 < t < (1 —A)/(5c), it holds

n Tl()'2 no_ZAtZ
Eﬁ[efi—lﬂxf)]Sexp(c—z(e“—“—l”m |

We deduce that for any 0 < t < (1—A4)/(5¢q),

n d n
EZ I:etzi:lfi(xi)] S IETE [_X(Xl)etzizlfi(xi)]

/p
< {nc[Jgzef |} fecfersooy
dy n 1/q
J— A qrzl’:lfi(xi)
“dr n’p{E“[e ]}
/a
dy no? no?ag?t? '
<|=£ — (' —tqc—1) + ————
dmi|,, {exp( c? (c gc=1) 1—A—>5cqt
d 2Aqt?
—||&£ xp( (ef°— tqc—1)+—n0 1 ) (33)
dmil, ., qc? 1—A—5cqt

Let us define

(6) = 0 ift<0
1= qcz(etqc tgc—1) ift=>0

and
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0 ift<O

_ no?Aqt?
&) =1 g f0<t< W
400 if t > L2

= 5cq
In order to lower-bound the convex conjugate of the function g; + g,, we will need the convex conjugate
of g, and g, which are provided by Lemma 16. The proof of Lemma 16 can be found in Section C.3.2

Lemma 16 g; and g, are closed proper convex functions with convex conjugates

1970 (£8) ife =0
Ve, eR, gi(e))={ ¢ 'm0 - 34
1 g1( 1) {+ lf&‘1<0 ( )
with hy(u) = (1+u)log(1 +u)—u > 2(+1/3)for any u >0, and

(l—l)Ezh 5ce, .

2 P ife; 20

Ve, €R, g;(é'z) = qno?i 2(na p) f 2 35)
+0Q0 l_fgz <0

— N2
with hy(u) = (( ”Zl 1) = 2(u1+2)'

Since g,(t) = O(t?) and g,(t) = O(t?) as t — 0%, te — g,(t) — g,(t) > 0 for small enough t > 0
and te —g;(t) — g,(t) <0 for t < 0. Hence

(g1t 82)(e)= sup et — g1(t) — go(t) =supet — g, (t) — go(t).
0<t<(1-1)/(5¢q) telR

o If A > 0, then by the Moreau-Rockafellar formula [53, Theorem 16.4], the convex conjugate of g; + g,
is the infimal convolution of their conjugates g7 and g7, namely

(g1+82)(e)= inf{gf(fl) +g,(e3):e=¢€1+&,, €,6€ R}
Using (34) and (35), this reads as

1—2)e? 5
(g1 + g2)"(e) =inf —h1(€16)+( )2h ( CEZ):£=£1+£2, €1,680>0¢.
no? qno? no?i
Bounding h;(u) = 2(1+u/3) and h,(u) > 2(u+2), we have

2,2 2
(g1 +g2)"(¢) = inf L ca (1= 2)ey ! tE=¢g,+6, £,620
gc?2(no2+ce/3)  qno?i 10“2 +4
2 2
€ (1-2)e 1
Zinf{ ! + 2 te=¢g1+¢€y, £,6=07.
2q(no2+ce,/3) 2q  5cey+2no?A

Using the fact that 7 2/a+ €§ /b > (g, +£,)%/(a + b) for any non-negative ¢,, £, and positive a, b yield

€ +s 2
(g1 +)°(e) > inf GRE). e ey £E >0
2q(no2+ce/3)+ == (1 A) (5ceq +2n021)
e2/(2
=inf 1/1 ) q)s s =616y, £,620
Hno?+ce /3+ 25—

=2~ 1=
)
- 1+;n 2+ Scs ’

where we used for the last inequality that for any ¢, > 0

5ce1
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eIf A =0,

no? £1C e?/(2q)
+82)(e) =gj(e)=—h (_) Z nor tce/3
(81 +82)"(e) = g1 (e) qc2 *\no2 no2+ce/3

We deduce from the previous computations that for any ¢, > 0 it holds

IP){ (Zn:fl(xl) = 8)

i=1

<e'E, [efz;f i(Xi)] using Markov’s inequality

no? no?Aqt?
<eft||Z£ exp| —(e'% —tgc—1)+ ————= | using (33
A ||, p(qcz( 1 ) 1—A—>5cqt 8 (33)

dx *

< ‘ 2 exp(~(e: +2)'(6)
Tl p

<=l x g Y

dn m,p €xXp (_ nZ’z/-l(—CZ/B) ifA=0

C.3.2 Proof of Lemma 16

The convex conjugate of g; is usual and follows from easy computations. We focus on the convex conjugate

of g, which requires non-trivial computations.
Let f,(t) =&t — 1"_‘3_’1?;% for any 0 < t < (1—2A)/(5¢q). We have for any 0 < t < (1—21)/(5¢q),

2no?Aqt(1—A —5cqt) + 5¢cq*no?At?

fe©)=¢ (1—A—5cqt)?

Hence, for 0 < t < (1—A)/(5¢cq) such that f/(t) = 0 we have
e(1—A—5cqt)*—2no?Aqt(1 — A —5cqt) — S5cq*no? At?
& g(1—2)?—10e(1 —A)cqt + 25ec2q?t2 — 2no?Aq(1 — A)t + 10nc2cq?At? — 5no?cq?At?
s e(1—2)2—10e(1— A)cqt +25ec?q?t? —2n0?Aq(1 — M)t + 5no?cq?At?
We are looking for the roots of a polynomial of degree 2 in t. The discriminant is
A = (10e(1 —A)cq + 2n0?Aq(1 — A))? — 4e(1 — 1)%(25ec?q® + 5no?cq?A)
= 4(1—A)?q*[(5ec + no?A)? — e(25¢%e + 5n02cA) |
= 4(1—A)*q*[25¢%c? + 10no?Aec + n?0*A? — 25¢%¢* — Sno?cAe |
=4(1-21)%¢? [Snazlec + n20412:|
=4(1-21)*¢*n?c* A% [u+1],

_ 5ce
where u = 25,

Hence, the roots of the polynomial of interest are of the form

10e(1—A)cq + 2no?Aq(1—A) £ VA
2[25ec2q? + 5n02cq2A]
_2(1— A)gno?A [ n‘rc’ffl + 1] + VA
B 10g2cno?A [ 25 +1]
_1-24 utlEvu+d
5cq u+1
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We deduce that the polynomial has a root in the interval [0, %) which is given by

o 1-2 ><u+1—«/u+1
" 5¢q u+1

>

and one can check that this critical point corresponds to a maximum of the function f,. We deduce that
for any € > 0,

no?Aq(t*)?
1—A—5cqt*
{ nUZAQ%X% } { no?Aq(u+1—vu+1) }
:t* £ — :t* c—
12 1—Vurl — —
1—A—chmx% S5cq(u+1) ch(u+1 1/u+1)
*{ nazlq(u+1—\/u+1)} *{ no?a (u+1—\/u_+1)}
=t £ — =t & — X

g, (e)=et"—

Scgvu+1 5c Ju+1
_ 8_8(u+1—vu+1) —t*e{u u+1—u—1+\/u+1}_1—A€Xu+1—\/u+1{u—\/u+1+1}
uvu+1 uvu+1 5cq u+1 u
_ _ )2 12 )e2
:(1 A)gix(\/u_-l-l—l) vu+1—-1 :(1 Ae (Vu+ 1) :(1 Ae hy (1),
q 5¢ u qno? u? qno?A

/ —1)2 . . .
%. However, the function u — +u+ 1 is analytic on ]0,+o0o[ and for any v €

where h,(u) =
10, +o0,

>k
v1+v=2%ak,
k=0

where a, =1 and for all k € IN*, q; = %(% —-1)... %—k+ 1). Hence, we have

Vv+1I-1 vk l1 1 = vk 1.1 1
= Z(2=1)...(Z—k+1D)=> ——=(==1)...(5—k
v ; k! 2575 1 ;(k+1)!2(2 ) (3-0
e vk 1w (v/2)k 2k
I b, ==
2;(“1)' k 2; K Fk+1
>1
1< (v/2)k 1 p 11
> — = — = —
—zz kO 2(v/2+1) 2/v+2’

where we have denoted b, = 1 and for all k € IN*, b;, = (—%) (—% — 1) e (—% —k+ 1). Hence we proved
that for any £ > 0,

(1—2A)e? (1—2)e? 1 . Sce

(e)=——h > X ithu=——.
8(#) qno2 2(uw) = 2qno2 D Y

C.4 Complement for the proof of Theorem 1

In this section, we only provide the part of the proof of Theorem 1 that needs to be modified to get the
result when the kernels h; ; depend on both i and j and when Assumption 4.(ii) holds. Keeping the
notations of Theorem 1, we only want to bound a; using a different concentration result that can allow to
deal with kernel functions h; ; that might depend on both i and j.
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Let us recall that

(E[Z]* <E[Z*] (Using Jensen’s inequality)

k

=E (sup DS, ))
k
=1 (SUPZ Z E] l[pl](Xl’X )gj(X )])

fe€F 1 j=i+1

n
= ]E ]Ej—l
=

(Using Lemma 3)

/
[ |

i=1

n k

= ]E ]Elxl
j=2

j-1
Zpi,j(XbX]/')

i=1

Thus we have

25M Z( a(1+€)K|Cj|]—a(1+€)KE|X/|:|Cj|:|_1)’
2

where C; = Zl 1Pi ](Xi,XJ’,) and where the notation [Ey, refers to the expectation conditionally to
the o- algebra o(Xs,...,X).

Now we use a symmetrization trick: since eX —x —1 > 0 for all x and since e?! 4 ¢7@Xl = g@x 4 g=ax,
adding Iy, [exp (—a(l + e)KIle)] +a(1+e)KEx[|C;|]—1 to a; gives

25 <
0, < B | By [e?FKG]— 1+ By [e RG] -1 ), (36)
1+e¢ =

Let us consider some j € {2,...,n}. Conditionally on o(X),...,X;), C ; is a sum of bounded functions
(by A) depending on the Markov chain. We denote

j—1
vi(X)) = > By alp? (X, X))IX/] < B2
i=1

n — . 1
and V = 377, Evi(X)) < C*B**) (with €* = 37, 317 B[p? (X, X)D).
Remark that
EXpn[Pi,j(Xi,X;NX;]
= By [hi (X0 X)) = By, [hy (X, X1 | X!

f (J (hi,j(xi:X]/') _hi,j(xi’x/)])dn(xi)) dv(x’)

= 0,

where the last equality comes from Assumption 3. We use a Bernstein inequality for Markov chain (see
Proposition 5 in Section C.3). Notice from Taylor expansion that (1—p/3)(e? —p—1) < p?/2 forall p > 0.
Applying (33) with t = a(1 + ¢)K and ¢ = A (using the notations of the proof of Proposition 5), we get

that for a < [(1+ €)K /G(Ayq/3+B+/3/2)I AL(1—A)V2(1 + &)K v (5A,/q(1 — A)"V2 + v/32B)]
]E|X/[ea(1+5)K|Cj|]

a?(1+ 8)2K2qvj(XJ’.) vj(XJ’.)Aaz(l +£)?K?q
x Eyx | exp +
2—2Aqa(1+¢)K/3 1—A—5a(l+¢e)KAq

dy
< 2
i<
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Considering a < [(1+€)K y/q(Ay/q/3+B/3/2)] ' AL(1—A)2(1+€)K g (5A/q(1 — A)"2 + V/3AB)1~
1 and using (36), this leads to
a B 254, Z”:E e a?(1 +€)2K2qvj(X;) vj(X;)Aa2(1+£)2K2q .

T 144 2—2Aqa(l1+¢)K/3 1—A—5a(l+¢e)KAq

dy

zdn

T.p

e Zil o(1+€)K2qv(X])  v;(X)Aha*(1+e)*K2q "
14 P k!'\ 2—2Aqa(1+¢)K/3 1—A—5a(l+¢e)KAq

E)k_l az(l +€)2K2qVJ(XJ/) k
2 2—2Aqa(l +¢)K/3

o (vj(XJ’.)Aaz(l +£)?K?%q
gt

Using Lemma 2
1—A—5a(1+e)KAq) (Using Lemma 2)

- 5M i 3ka2k(1+8)2kK2quV 25M Z3k lk 2k(1+€)2kK2k k
~ 3(1+¢) & (4—4Aqa(1+£)K/3) 3(1+s) —A—5a(1+ £)KAq)*

Sy Z3k 2k(1+8)2kK2k ko2pg2(k-1) 26, i 3kCZBZ(k—1))Lka2k(1+8)2kK2qu
3(1+8) (2—2Aqa(1 +¢e)K/3)k 3(1+e) & (1—2A—5a(1 + £)KAq)
(1+8)C2a2K25Mq 2(‘51\/1C2)»012(1+8)K2
- 2—2Aqa(1+€)K/3—3a2(1+8)2KZBZq 1—A—5a(1 + e)KAq —3B2Aa2(1 + €)?2K2q

(1+¢&)C%a%K?5,,q/2
- 1—Aqa(1l+€)K/3—3a2(1+ ¢)2K2B2q/2
26,,C?Aa?(1+€)K3q(1—2A)!
1z 5(1—A)la(l + £)KAg — 3B2A(1 — A)~1a2(1 + £)2K2q
(1+¢&)C%a®K?%5,,q/2
" 1—a(1+&)K/q(A/q/3+B+/3/2)
26, C*Aa?(1+€)K?q(1—A)7!
1 a(1—A)12(1 +e)K g (5A/q(1 —A)"V2 + v/3AB)

From this bound on a;, one can follow exactly the steps of the proof of Theorem 1 to conclude the proof.

C.5 Proof of Theorem 3.

We consider any R € IN*. We remark that for any x,y € E,

|hR(X,J’)| = r‘Pr(X)%(J’)

R 1/2 R 1/2

< (Z IArIgor(x)Z) X (Z Mrlgor(y)z) (Using Cauchy-Schwarz inequality)
r=1 r=1

<7T’s,

which proves that ||hg||s < T2S. Similar computations lead to ||h —hg||oo < T2S.
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Using Theorem 7 we get for any t > 0,

402
P(%éZ(A(H),A(Hn))Z > L5 (lzk)log“ w2 Y Ai2+t)

i>R,iel
t2 n t t U2
< tsep(-nte e pogtmrens ([ ]a [ ] "))
eXp( nszrzszT“) P og(n)exp( 1610gn{ kY28 kY28
nt
+ 16R? (——)
e*p Km2712R2A274

Choosing R? = [ /1], we get

402
IP(%@(A(H),)L(HH))Z > I5U*0lgn,, Afu)

n i>[nl/4)iel
< 32vnexp(—%¢ min(nt? vnt)) + plog(n) exp (—é min (B¢, (%t)l/z)) ,
n
where % = (KTZKS)_1 and € = (Km27252T4)_1.
C.6 Proof of Lemma 11

Let
T .= arg_ gntlg}—l(%(hf_b") +2c,(n—1t)),

n

and h* = hy._;_is the corresponding hypothesis that minimizes the penalized true risk and let R =
Z(h*, T* + 1) to be the penalized empirical risk of hr._y, . Set, for brevity

Rty =Ryt +1),
and let

T:=arg min (%, +c(n—t S
gc St<n—1( t—b, y( ))

n

where h coincides with hz_, . Using this notation and since
Ri_p + ¢(n=T)<Z" +c,(n—T"),
holds with certainty, we have

P (2(h) > Z(h*) + &)
= P(2(h)>R(M)+8 %7, +c,(n—T)<Z* +c,(n—T")

IA

IP( U {%(hf_bn)>%(h*)+€,§z_bn+cy(n—t)S§*+cY(n—T*)})

¢, <t<n—1
n—1
< D P(R(hep)> R+ 8, Ty, +c,(n—t) ST+, (n—TY),

t=c,
where & is a positive-valued random variable to be specified. Now we remark that if

‘@*bn +c, (n—t) < §*+cy(n—T*), 37)
holds, then at least one of the following three conditions must hold

(1) g/z\r—bn < R(hep,)—c,(n—1t)
(ii) R > #(h*) +c,(n—T")
(iii) R(hep)—R(R)  <2c,(n—T").
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Stated otherwise, if (37) holds for some t € {c,,...,n—1} then
e either t = T* and (iii) holds trivially.
e or t # T* which can occur because
- Q/Z\t_bn underestimates % (h,_, ) and (i) holds.

- &* overestimates % (h*) and (ii) holds.
- nis too small to statistically distinguish #(h,_; ) and £ (h*), and (iii) holds.

Therefore, for any fixed t, we have

P(R(h_p)> R(M)+ 8, Ry, +c,(n—t) <R +c,(n—T"))
< P(Zp <Ry )—c,(n—0))+P(Z* > R(h*)+c,(n—T"))
+P(R(hp)— RN <2, (n—T), R(hp ) > R(H*)+E).

By choosing & = 2c,(n— T*), the last term in the previous inequality is zero and we can write

P(2(h) > R(h*) + 2, (n—T*))

n—1
< D P(Fy, < R(hp)— ¢ (n— )+ (n—c, )P (Z* > R(W*) +c,(n—T*))
o y n—1 N
< (n—Cn)(n Y=+ 1) +(n—c,) {;P (%t_bn > R(hep ) +c,(n— t))} (Using (30))
4 2 Y .
= n—c,+1 +(n=ca) (n—c)(n—c,+1) (Using (30))
Y N
n—cn+1+(n Cn)n—cn+1 T

C.7 Proof of Theorem 6

In the following, P, will denote the distribution of the Markov chain if the invariant distribution of the
chain is assumed to have a density g with respect to the Lebesgue measure on R. We consider ¢ = q; V g,
where q;,q5 € [1, 00) are such that pll + % =1 and piz + % =1.

The main tool of the proof is the Hoeffding (also called canonical) decomposition of the U-statistics é\m'
We introduce the processes U, and P, defined by

n

1 IEN
Uh) = 25 ;1 ROGX)), P =0 0 HKD.

We also define P(h) = (h, f). By setting, for all m € .,

Ho(x,7)= Y (p(x) = a)(pi(y) — @),

lez,
with q; = (f, p;), we obtain the decomposition
O = U,(H,,) + (P, — P)(2M0g, (f)) + T, (I3
Let us consider f in ]0, 1[. Since
—~ 2
IPf(Ta < O) = IPf ( SEE[(Gm + ”fOH% - H ZfO(Xl) - tm(ua)) < O) >
m i=1

we have

: 5 AN
IPf(Ta < 0) < mlg/f/t HD_f (Qm + ||f0||§— EZfO(Xl)_ tm(ua) < 0) .
i=1
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Since ||f —TIs, (A7 = If I3 — ITLs, (FII3, it holds

B+l =2 D FolX)
i=1
= UL+ (B =) ()= I1f —Tls (B + 13+ 161 — 22,7
= U+ (=P ()= IIf —Tls (B +1F = folls + 2P ) — 2, (o),

which leads to

Pp(T, <0) < inf IPf(Un(Hm) +(P, = P)(2Is, (f) = 2f) + (P, = P)2f —2fo) +IIf — foll3

< |If =T, (I3 + tm(ua))- (38)
We then need to control U,(H,,), (P, — P)(2I1g (f)—2f), (P, — P)(2f —2f,) for every m € 4.

Control of U,(H,,). H,, is w-canonical and a direct application of Theorem 2 leads to the following
Lemma (the proof of Lemma 17 is postponed to Section C.8).

Lemma 17 Let us assume that the invariant distribution of the Markov chain (X;);>, has density f with
respect to the Lebesgue measure on R. For all m = (I,D)with |l € {1,2,3} and D € D, introduce {p;,l € ¥,,}
defined as in page 18 and Z,, = n(n;_l) Z:;éj:l H,, (X, X;), with Hy (%, ¥) = Yic e (1)) — (£, p))(p1(y) —
(f,p1))- There exist some constants C, 3 > 0 ( both depending on the Markov chain (X;);>, while C also
depends on ) such that, foralll € {1,2,3}, D € D; and u > 1, it holds with probability at least 1—fe " logn,

|Z(Z,D)| S C(Hf”oo + 1)DR(n:u);
u u 2
where R(n,u) = logn{; + [—] }

n

We deduce that there exist C, 8 > 0 such that for any y € (0,1 A (e"!381logn)) and any m = (I,D) € .,

P, (Un(Hm) <—C(lIflleo + 1)DR(n, log { 3P l;’g“ })) <y/3. (39)

From (38) and (39) we get that

P(1,<0)< L+ inr Pf((Pn—P)(znsm(f)—zf)+(Pn—P)(2f )+ If — o2
I
<Nf =TIy (I + t(ta) + C (I oo + 1)DR(n,1og{M})). 40)
Y

Control of (P, —P)(2IIg (f)—2f). Itis easy to check that there exists some constant C’ > 0 such that
foralllin {1,2}, D in D;,

[2115,,, () =27 ()] < C'lf o

Indeed,

e whenl =1, for any k € Z,

(VD1 p esyyop f) =f VD1 esnyypf COf ()dx < D7V2|f || oo
Hence,

sup [T, , (F)(x)] < SUPZ |(‘/B]1[k/p,(k+1)/p[:f>\ ‘/B]l[k/D,(kﬂ)/D[(X)
x X keZ

< D7f oo sup D VD hptyn eyt (¥) = [ llo-
X kez
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» when ! =2, D=2’ for some J € N and we have for any k € Z,

(rp:f) = f 22p(2'x —k)f (x)dx < ||flloo J 2721p(27x)ldx < 27| f oo ol
Hence,

sup Iy, (FC)| < sup > [(0 50 £)] % 1, (0))

keZ

< 272 fllollilhsup Y 127202 x ~ Rl < ellf ool
X kez

where ¢ > 0 is a constant depending only on ¢ since ¢ is bounded and compactly supported. Stated
otherwise, there is only a finite number of integers k € Z: (which is independent of x and J) such
that for any x € R and any J € Z, 2’ x — k falls into the support of ¢.

Moreover, it is proved in [20, Page 269], that one can take C’ such that for all D in D,

20T, ()X — 2 (X)) < C'lIf [loo log(D +1).
Since )
Ex... (25 (F)X)—2fX)) <4llf lleollTls (f)—FI13
we can deduce using Proposition 5 (see Section C.3) that for all m = (I,D) € .4,

2C"10g(3C, /7)qA1lf ll oo log(D +1)
n

IPf((Pn —P)(2I0,, (f)—2f) <—

2log(3C A oo
2% og( x/:)q aAIf | ||Hsm(f)—fllz)S§-

Considering some ¢ €]0, 2[, we use the inequality Ya, b € R, 2ab < 4a?/e + £b?/4 and we obtain that
foranym=(l,D) € A,

2C’log(3C A llf lloo log(D + 1
IPf((Pn—P)(znsm(f)—ZfH§||Hsm(f)—f||§<_ o x/”qnl“f” 0g(D +1)

~ 810g(3CX/Y)qA2||f||oo) Y

<-. (41)

w

en
The control of (P, — P)(2f — 2f,) is computed in the same way and we get

4108(3C,, /7)qALUIf oo + foll oo
]Pf((Pn—P)(Zf—Zfo)+Zl|f—fo||§<— a0 DAt e * Wle)

3 8log(SCx/r)qullf||oo) -
en -

(42)

W

Finally, we deduce from (40), (41) and (42) that if there exists some m = (I, D) in .# such that

810g(3C, /1) I oo _ 4108(3C, /)2 (If oo + Ifollcc)
(1= £ =l > (1+ &) 1r g (o B e P e | 208G A e *
en n

N 81og(3C, /7)9A:|If lloo N 2C"10g(3C, /7)gA1If 1l oo log(D + 1)
&n n

+ () + C (1 flloo + l)DR(n,log{Sﬁ l;’g”}),
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i.e. such that

1610g(3C, /7)qAx|If ll oo
e&n
log(3C, /7)qA,

(1=2) 1 =l > (1+ 2) 1 — 1 (F)B+

+4(IIf lloo(C’log(D + 1) + 1) + [l foll oo )

+ () + C (If loo + 1)DR(n,log{3ﬁ l;’g” })

then

P (T, <0)<y.
To conclude the proof of Theorem 6, it suffices to notice that for any ¢ €]0,2[, choosing n > 0 such
that 1+n = t—g leads to ¢ = 2‘:—7’”. One can immediately check that the condition ¢ €]0, 2[ is equivalent
_24m _ 242 _

to n €]0, 2[. Noticing further that % =% <% = %, we deduce that for any n €]0, 2[, if

1610g(3C, /1)qA:1If ll o
nn
log(3C, /7)gA;

If = foll3 > (1 + T)){Ilf — T, (I3 +

T 4(1f oo (C'1og(D + 1)+ 1) + [Ifyllos)
Tt + € (1f llos +1)DR(n,log{3’“#}) }

then
P;(T,<0)<y.
C.8 Proof of Lemma 17

Lemma 17 will follow from Theorem 2 if we can show that the function H,, is bounded. Let us denote m =
(I, D) for some | € {1,2,3} and D € ID;. Let us first remark that the Bessel’s inequality states that

> e AP < IfIE= ff(x)f(x)dx < [f oo, (43)

ke,

since ff(x)dx =1land f(x)>0, Vx.
e If [ =1, then we notice that for any k € Z,

VD Ly s s 1yyop, £ = U VD Ly p kp1ypp (Of (x)dx

< ||f||oo\/5J Lyep e+ 1y/pr (X )dx
<D f llco-

Then for any x, y € R it holds

Ho(e, 1< 0 Ipp+ D e )1+ D 1ok P I+ D b £

ke, ke, ke, ke,
< Z Dly/p k1)1 COL3k/p, (ke 1)/01 (V)
keZ
+25UPZ ‘/Blﬂ]k/D,(kH)/D[(z)l X |(\/5]1]k/p,(k+1)/p[,f>| + Z pw, f)I?
Z kez ke,

<D +2|fllos + If lloo>

where in the last inequality we used (43).
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e If | =2 then D = 2’ for some J € IN and we have for any k € Z,

(Qrpf) = J 2722 x —K)f (x)dx < I lloo f 272102 x)ldx < 272 f llooll ol -
We get that for any x,y € R,

Ho(e, 1< D Ipkpe+ D 1) i )1+ D 1ok o I+ D o )2

ke, ke, ke, ke,
<> 2@ x—K)p@y — k) +25up > 27| fllo @ 272102722 =) + D Hpi )P
keZ ? keZ ke,

<2’ +cllelhllf lloo + 11 lloo
=cD+cllolhllflloo + 11 lco,

for some constants c,c¢’ > 0. In the last inequality we used (43) and the fact ¢ is bounded and compactly
supported. Indeed, this implies that there is only a finite number of integers k € Z (which is independent
of x and J) such that for any x € R and any J € Z, 2/ x — k falls into the support of ¢.

o If [ = 3 then we easily get for any x,y € [0, 1],

Hn(e, )1 < D Ipkpe+ D 1) i )1+ D Ik o I+ D o )12

ke, ke, ke, ke,
<2D +4D|If lloo + lIf lo-

We deduce that in any case, H,, is bounded c(1 +||f || oo )D for some constant ¢ > 0 (depending only on ¢)
which concludes the proof of Lemma 17.

C.9 Proof of Corollary 1

Step 1: We start by providing an upper bound on t,,(u,) with Lemma 18.

Lemma 18 There exists a constant C(a) > 0 such that for any m = (I, D) € # it holds,
tm(ug) < Wp(a),

where logl
oglogn
wm(a)=C(a)(ufonoo+1)[DR(H:1°81°g")+ 0 ]

Proof of Lemma 18.
Let us recall that t,,(u) denotes the (1 —u) quantile of the distribution of T,, under the null hypothesis.
One can easily see that |.#| < 3(1 +log, n). So, setting a,, = a/(3(1 + log, n)),

IPfO( sup (T\m - tm(an)) > 0) < Z IPfo(Tm - tm(an) > O)
me# me#

< > a/(3(1+1og, n)
me.#
<a.
By definition of u,, this implies that a,, < u, and for all m € .#,

tn(Ue) < ty(ay)-

Hence it suffices to upper bound t,,(a,). Let m = (I, D) € .#. We use the same notation as in the proof
of Theorem 6 to obtain that

Ty = Up(Hyp) + (P, — PY(2TLs, (£)) = 2P, (fo) + lIfoll3 + ITTs, ()13
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Under the null hypothesis, this reads as

Tm =U,(Hy) + (P, — P)(2Mg (fo) —2fo) — ||fo||§ + ||Hsm(fo)||§
= U,(Hy,) + (P, — P)(2Ms, (fo) — 2fo) — Ilfo — s, (fo)ll5-

We control U, (H,,) and (P, —P)(2I1s (f;) —2f,) exactly like in the proof of Theorem 6.
From Lemma 17, there exist C, 8 > 0 such that for any m = (I, D) € .4, it holds

P, (Un(Hm) < C(llfollo +1)DR (n,log{ml&})) <a,/2. (44)

n

Moreover, since
2105, , (fo) (X)) — 2fo (X))l < C'll foll oo log(D + 1),

and
2
By (2105, (fo)(X) = 2£o(X))" < 4l foll ool Ts, (f0) = foll3,
we get using Proposition 5 (see Section C.3) that for all m = (I,D) € .4,

2C"10g(2C, / a;)qA | foll oo log(D +1)

n

]Pfo((Pn _P)(Znsm(fo) —2fo) >

2log(2C, /a,)qA oo
+2% og( x/an)q 2l foll ||Hsm(fo)_fo||z)3%-

Using the inequality Ya, b € R, 2ab < a® + b2, and the fact that for n > 16, log(D + 1) < log(n? + 1), we
obtain that there exists C” > 0 such that

C//“fO“oolog(zcx/an)log(n)) L%
n -2

IPfO((Pn —P)(2I0g, (fo) —2fo) — ||Hsm(f0)—f0||§ >

We deduce that it holds

£, (T > CUln +1)0R (m10g{ 2281 ) Eolee PO TR

= Oy
n

Noticing that there exists some constant c(a) > 0 such that

{2/3 logn
log 4 ————
a

n

} Vlog(2C,/a,) < c(a)loglogn,
we deduce by definition of t,,(a,) that for some c(a) > 0,

C// 1 1
tm(a,) < c(a)C (I folloo + 1) DR(n,loglogn) + c(a) folloo log ogn

|
Step 2: Proof of Corollary 1.
Let us fix y €]0,1[ and [ € {1, 2, 3}. From Theorem 6 and Lemma 18, we deduce that if f satisfies

I = foll3 > 1+ &) inf I =TT, (I3 + Weepy(e) + VL DY),

then
P/ (T, <0)<y.

It is thus a matter of giving an upper bound for

inf {1 =g, (PIE+ W@+ V()]
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when f belongs to some specified classes of functions. Recall that
BO(BM) = (f € L(R)| VYD € 9, |If =T, (FII; < P*D7,||f oo < M}.

We now assume that f belongs to z%s(l)(P, M). Since ||f — I, D)(f)llz < P2D% we only need an upper
bound for ’

log(3C, /1)

oglogn
%]mnfnw

1
Din£ {PZD_ZS +C(a) (lfolloo + 1) [DR(n, loglogn) +
€9

n

log(3C
+Cy (IIf loo log(D + 1) + ||f0||oo)M +Cs (If oo + 1)DR(n,]og{3ﬁ 1;8“}) }

Using that f belongs to c%s(l)(P, M) and the fact that

R(n,loglogn) VR(n, log { 3P l;)gn }) S log(n)bgl%,

where < states that the inequality holds up to some multiplicative constant independent of n, D and P,
we deduce that we want to upper bound

inf {PzD_ZS + Dlog(n)

loglogn N loglogn + log(D +1)
Deg, n '

n n

Since log(D + 1) < D for all D € 9;, we only need to focus on

logl
inf {PzDzs +D log(n)w}.
Deg, n

1

P2p—2 < Dlog(n)m% if and only if D > (W)m. Hence we define D, by

) ) P4n2 %1?
0g,(D,) :=log, (logz(n)(loglog n)z) |+1.

We consider three cases.

e If D, <1, then P2D™% < Dlog(n)bg% for any D € 9; and by choosing D, = 1 to upper bound the
infimum we get
. loglogn
2
Jnf {If =g, (I + Wiy (e) + Vigoy(1)} < logln) ===

e IfD, > 2llogy(n/(og(mloglogn)®)] ' then p2p=2 > p log(n)logl# for any D € 9; and by choosing D, =
2logz(Ln/(og(mloglogm)) 6 ypper bound the infimum we get

(log(n)loglogn)? )25
" .

inf {ILf = Ths, , (I + W oy(@) + Vo oy (1)} S 2P?Dg™ < 2241 p? (
1

e Otherwise D, belongs to 2; and we upper bound the infimum by choosing D, = D, and we get

log(n)loglogn ) 21

. 2 2
Jnf {ILF =T, (OB + Wigpy(@) + Ve (1)} 5 4P ( -
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The proof of Corollary 1 ends with simple computations that we provide below for the sake of completeness.
Since

log(n)loglogn <pi& (log(n)loglogn)ﬁi1
n

1/2
(lo (n )loglogn) <P

and since )
2\ =T
p2 ((log(n) loglogn) <pi (log(n)loglogn)
n n
23\* 2s+1
o P((log(n)loglog n) <pz (log(n)loglogn)
n
2\ s(2s+1)
o  p> ((log(n)loglog n) ) < (log(n)loglogn)
n
o p (log(n)loglogn)? /2 (log(n)loglogn)l/2
n
=

(log(n) loglog n)2s+1/2’
we deduce that if P is chosen such that

loglogn)l/2 n®
<P< 5
(102 =P'= Qlog(n) loglogmz+172” 4>

then the uniform separation rate of the test 11 ., over % S(Z)(P, M) satisfies

log(n)loglogn ) =

p (Lr,20, BB M), y) < C'P= ( n

(46)

Remark This final statement can allow the reader to understand our choice for the size of the model |.Z|
that we considered. Indeed, we chose for any [ € {1,2,3}, 2, = {2/,0 <J <log, (n/(log(n)loglog n)z)}

in order to ensure that for values of P saturing the right inequality in (45) (i.e. for P ~ W),
the upper-bound in (46) still tends to zero as n goes to +00 for any possible values of the smoothness

parameter s.
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