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Abstract

We prove a new concentration inequality for U-statistics of order two for uniformly ergodic Markov
chains. Working with bounded 7-canonical kernels, we show that we can recover the convergence rate
of Arcones and Gine (1993) who proved a concentration result for U-statistics of independent random
variables and canonical kernels. Our proof relies on an inductive analysis where we use martingale
techniques, uniform ergodicity, Nummelin splitting and Bernstein’s type inequality where the spectral
gap of the chain emerges.

Our result allows us to conduct three applications. First, we establish a new exponential inequality
for the estimation of spectra of trace class integral operators with MCMC methods. The novelty is that
this result holds for kernels with positive and negative eigenvalues, which is new as far as we know.

In addition, we investigate generalization performance of online algorithms working with pairwise
loss functions and Markov chain samples. We provide an online-to-batch conversion result by showing
how we can extract a low risk hypothesis from the sequence of hypotheses generated by any online learner.

We finally give a non-asymptotic analysis of a goodness-of-fit test on the density of the invariant
measure of a Markov chain. We identify the classes of alternatives over which our test based on the L,
distance has a prescribed power.

This work was supported by grants from Région Ile-de-France.
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1 Introduction

Concentration of measure has been intensely studied during the last decades since it finds application in
large span of topics such as model selection (see Massart (2007) and Lerasle et al. (2016)), statistical
learning (see Clémencon et al. (2017)), online learning (see Guo et al. (2016)) or random graphs (see
De Castro et al. (2020) and De Castro and Duchemin (2020)). Important contributions in this field are
those concerning U-statistics. A U-statistic of order m is a sum of the form

DT hy K X)),

1<iy <<ip<n

where X;,...,X, are independent random variables taking values in a measurable space (E, %) and with
respective laws P; and where h; | ; are measurable functions of m variables h; _; :E™ — R.

One important exponential inequality for U-statistics was provided by Arcones and Gine (1993) using
a Rademacher chaos approach. Their result holds for bounded and canonical kernels, namely satisfying
forall1<i; <---<i, <nandforall x;,...,x, €E,

”hil,--.,imHoo <oo and Vje[l,n], ]EXj[hl-hwim(xl,...,xj,l,Xj,xjH,...,xm)] =0.

Houdré and Reynaud-Bouret in Houdré and Reynaud-Bouret (2002) improved the constants in the
exponential inequality of Arcones and Gine (1993) for U-statistics of order two. If the kernels are
unbounded but if we assume that the random variables h; _; (X;,...,X; ) have sufficiently light tails
(e.g. sub-Gaussian), Giné, Latala and Zinn in Giné et al. (2000) proved that exponential inequality
can still be obtained for the associated U-statistics. It is known that with heavy-tailed distribution
forh; ; (Xi,...,X; ) we cannot expect to get exponential inequalities anymore. Nevertheless working
with kernels that have finite p-th moment for some p € (1, 2], Joly and Lugosi in Joly and Lugosi (2016)
construct an estimator of the mean of the U-process using the median-of-means technique that performs
as well as the classical U-statistic with bounded kernels.

All the above mentioned results consider that the random variables (X;);>; are independent. This
condition can be prohibitive for practical applications since modelization of real phenomena often involves
some dependence structure. The simplest and the most widely used tool to incorporate such dependence
is Markov chain. One can give the example of Reinforcement Learning (see Sutton and Barto (2011))
or Biology (see Suchard et al. (2001)). Recent works provide extensions of the classical concentration
results to the Markovian settings as Fan et al. (2018); Jiang et al. (2018); Paulin (2015); Adamczak
(2007); Clémencon et al. (2017). However, there are only few results for the non-asymptotic behaviour
of tails of U-statistics in a dependent framework. The first results were provided in Borisov and Volodko
(2015) and Han (2016) where exponential inequalities for U-statistics of order m > 2 of time series under
mixing conditions are proved. Those works were improved by Shen et al. (2020) where a Bernstein’s type
inequality for V and U statistics is provided under conditions on the time dependent process that are easier
to check in practice. Their result holds for geometrically a-mixing stationary sequences which includes in
particular geometrically (and hence uniformly) ergodic Markov chains (see (Jones, 2004, p.6)). If Shen
et al. (2020) has the advantage of considering U-statistics of arbitrary order m > 2, their result holds
only for state space like R with d > 1. Moreover, they consider a unique kernel h (i.e. h;, ... =hfor
any iy, ..., i,) which is assumed to be symmetric continuous, integrable and that satisfies some smoothness
assumption.

On the contrary, our result holds for general state space and different kernels h; ; that are not assumed
symmetric or smooth. We rather work with bounded kernels that are -canonical. This latter notion was
first introduced in Fort et al. (2012) who proved a variance inequality for U-statistics of ergodic Markov
chains. In Section B, we give a concrete connection between our result and Shen et al. (2020).



1.1 Main results

We consider a Markov chain (X;);>; with transition kernel P : E x E — R taking values in a measurable
space (E,X), and we introduce bounded functions h; ; : E* —» R. Our assumptions on the Markov
chain (X;);>, are fully-provided in Section 2 and include in particular the uniform ergodicity of the
chain and an “upper-bounded” transition kernel P (see Assumption 3). The invariant distribution of the
chain (X;);>; will be denoted 7. We further assume that kernel functions are 7-canonical, namely

Vi:j’ VX,)/GE, Enhi,j(X’x)zEnhi,j(Xay):

and we denote this common expectation IE;h; ;(X, ).
Under those assumptions, Theorem 1 gives an exponential inequality for the U-statistic

Ugiar(n) = Z (hi,j(Xian)_En[hi,j(X>')]): Z pi,j(Xi,Xj)’

1<i<j<n 1<i<j<n

where for all i, j € [n], p; ;(X;,X;) := h; ;(X;,X;) —E.[h; ;(X,-)]. The proof of Theorem 1 can be found in
Section 4.

Theorem 1 Let n > 2. We suppose Assumptions 1, 2, 3 and 4 described in Section 2. Then, there exist two
constants f3,x > 0 such that for any u > 0 it holds with probability at least 1 — e log(n),

Ugae(n) < x log(n)(C\/ﬂ + [A +2B Jﬁ] u+ [Aﬁ +B log(n)] u?? +A|:log(n)u2 + n] ),

where
Ai:znllé}xnhi,j”oo,
n j—1
B?:= max{mlax Z Ey., [pij(-,X’)] , max Ey.r [pinj(X;)]H },
j=i+1 S i=1 o

and

n j—1

j=2 i=1

with (X ]’ ) ; i.i.d random variables with distribution v (which is defined in Section 2.3). The constant k > 0 only

depends on constants related to the Markov chain (X;);»1, namely 6y, [| Tollo, BT, | Tylly,» | T2lly,> L, A, Py x
and p. The constant 3 > 0 only depends on p. See Section 2 for the definitions of those constants.

Note that the kernels h; ; do not need to be symmetric and that we adopt a mild assumption on the
initial measure of the Markov chain (X;);>;. By bounding coarsely the constant B and C in the proof of
Theorem 1, one can prove that under milder conditions the following result holds.

Theorem 2 Let n > 2. We suppose Assumptions 1, 2, 3.(i), and 4 described in Section 2. Then there exist
constants f3,k > 0 such that for any u > 1, it holds with probability at least 1 — fe™"logn,

2 u u3/2 u1?
2 U () < kmaxliy o logn { = +logn[ %] +1ogn[ 5] |,
n(n—1) ] 2 n n n
where the constant k > 0 only depends on constants related to the Markov chain (X;);>1, namely &, ||T5l2,
ET,, [T1lly,» IT2lly,> L, A, p, x and p. The constant 3 > 0 only depends on p.

Note that in Theorem 2, we do not ask Assumption 3.(ii) to hold. Theorem 2 shows

2 log(n)loglogn
Ustat(n) = ﬁ]P g( ) 08
n(n—1) n

>

where 0p denotes stochastic boundedness. Up to a log(n)loglogn multiplicative term, we uncover the
optimal rate of Hoeffding’s inequality for canonical U-statistics of order 2, see Joly and Lugosi (2016).



1.2 Three applications of the main results

Theorems 1 and 2 are cornerstones to uncover new results that we referred to as applications for brevity.
These “applications” may be understood as new results part of active areas of research in Probability,
Statistics and Machine Learning. Although Theorems 1 and 2 are key steps in these applications, the
results are not a direct consequence of them, and extra analysis has been put to achieve these results. The
three applications are the following.

» Estimation of spectra of signed integral operator with MCMC algorithms (Section 3.1)
We study convergence of sequence of spectra of kernel matrices towards spectrum of integral
operator. Previous important works may include Adamczak and Bednorz (2015) and, as far as we
know, they all assume that the kernel is of positive type. For the first time, this paper proves a
non-asymptotic result of convergence of spectra for kernels that are not of positive-type (i.e., giving
an integral operator with positive and negative eigenvalues). We further prove that independent
Hastings algorithms are valid sampling schemes to apply our result.

* Online Learning with Pairwise Loss Functions (Section 3.2)

Inspired by ranking problems where one aims at comparing pairs of individuals, we study algorithm
with pairwise loss functions. We assume that data is coming on the fly, which is referred to as online
algorithm. To propose realistic scenario, we consider that data is coming following a Markovian
dynamic (instead of considering an i.i.d. scheme). As far as we know, we are the first to study online
algorithms under Markov sampling schemes. Our contribution is three-fold: we introduce a new
average paired empirical risk, denoted .# ", that can be computed in practice; we give non-asymptotic
error bounds between .#" and the true average risk; and we build an hypothesis selection procedure
that outputs an hypothesis achieving this average risk.

* Adaptive goodness-of-fit tests in a density model (Section 3.3)

Several works have already proposed goodness-of-fit tests for the density of the stationary distribu-
tion of a sequence of dependent random variables. In Li and Tkacz (2001), a test based on an Lz-type
distance between the nonparametrically estimated conditional density and its model-based para-
metric counterpart is proposed. In Bai (2003) a Kolmogorov-type test is considered. Chwialkowski
et al. (2016) derive a test procedure for T-mixing sequences using Stein discrepancy computed in
a reproducing kernel Hilbert space. In all the above mentioned papers, asymptotic properties of
the test statistic are derived but no non-asymptotic analysis of the methods is conducted. As far as
we know, this paper is the first to provide a non-asymptotic condition on the classes of alternatives
ensuring that the statistical test reaches a prescribed power working in a dependent framework.

1.3 Outline

In Section 2, we introduce some notations and we present in details the assumptions under which our
concentration results from Theorems 1 and 2 hold.

In Section 3, we give some applications of our result. We start by providing a convergence result
for the estimation of spectra of integral operators with MCMC algorithms (see Section 3.1). We show
that independent Hastings algorithms satisfy under mild conditions the assumptions of Section 2 and we
illustrate our result with the estimation of the spectra of some Mercer kernels. For the second application
of our concentration inequality, we investigate the generalization performance of online algorithms with
pairwise loss functions in a Markovian framework (see Section 3.2). We motivate the study of such
problems and we provide an online-to-batch conversion result. In a third and final application, we propose
a goodness-of-fit test for the density of the invariant density of a Markov chain (see Section 3.3). We
give an explicit condition on the set of alternatives to ensure that the statistical test proposed reaches a
prescribed power. The proof of Theorem 1 is provided in Section 4, while the proofs related to the three
applications from Section 3 are given in Section 5, Section 6 and Sections C.5-C.7 respectively.

A reminder of the useful definitions and properties of Markov chains on a general state space can be
found in Section A.



2 Assumptions and notations

2.1 [Initial distribution of the Markov chain

Assumption 1 The initial distribution of Markov chain (X;);>1, denoted y, is absolutely continuous with
respect to the invariant measure 7 and its density, denoted by %, has finite p-moment for some p € (1, c0],

ie
ay [P\ .
oo > d_x = [n(ﬁ ) ifp < oo,
T llzp esssup Z—ft if p=o00.

In the following, we will denote q = p%l €[1,00) (with ¢ =1 if p = +00) which satisfies zln + (11 =1.

In this paper, we go beyond the classical and restrictive framework of stationary Markov chains and
we rather work with Assumption 1. We use this assumption when we apply Hoeffding and Bernstein’s
inequalities for Markov chains provided by Fan et al. (2018) and Proposition 4. Hence Assumption 1
is a technical hypothesis which is not inherent to our result and may be changed by applying another
concentration inequalities for sums of functions of Markov chains. In the following, we will denote
indifferently IP, or IP the probability distribution of the Markov chain (X;);>; when the distribution of the
first state X is y, whereas P, will refer to the distribution of the Markov chain when the distribution of
the first state X, is the invariant measure 7.

2.2 Minorization condition

Assumption 2 The Markov chain (X;);> is Y-irreducible for some maximal irreducibility measure ¢ on
(see (Meyn and Tweedie, 1993, Section 4.2)). Moreover, there exists 6,, > 0 such that

Vx €E, VAex, 6&,u(A)<P(x,A).
for some probability measure .

Assumption 2 is required to derive a Talagrand type inequality for empirical processes of a Markov chain
adapted from Adamczak (2007). For the reader familiar with the theory of Markov chains, Assumption 2
states that the whole space E is a small set which implies the uniform ergodicity of the Markov chain (X;);>;
(see (Meyn and Tweedie, 1993, Theorem 16.0.2)), namely there exist constants 0 < p < 1and L > 0
such that

|P"(x,") —7t|lpy < Lp™, Yn>0, t—a.ex €E,

where 7 is the unique invariant distribution of the chain (X;);>; and for any measure w on (E, %), ||w||ry :=
SUP ey |w(A)] is the total variation norm of w. From (Ferré et al., 2012, section 2.3)), we also know that
the Markov chain (X;);>; admits a spectral gap 1 —A > 0 with A € [0, 1) (thanks to uniform ergodicity).
We refer to Section A.2 for a reminder on the spectral gap of Markov chains.

2.3 Upper-bounded Markov kernel

Assumption 3 can be read as a reverse Doeblin’s condition and allows us to achieve a change of measure
in expectations in our proof to work with i.i.d. random variables with distribution .

Assumption 3 There exists 6,; > 0 such that
() Vx €E, VA€, P(x,A)<6,v(A),

for some probability measure v satisfying

(i1) YAe X, f v(x)P(x,A) < v(A).



Assumption 3.(ii) holds when v is the invariant measure 7 of the Markov chain and

P(x,A)
sup sup <
xeE aex.  T(A)

with the convention 0/0 = 0. We recall that if Assumption 3.(ii) does not hold, one can still invoke
Theorem 2 with possible counterpart of larger constants. Assumption 3.(i) has already been used in the
literature (see (Lindsten et al., 2015, Section 4.2)) and was introduced in Del Moral and Guionnet (1999).
This condition can typically require the state space to be compact as highlighted in Lindsten et al. (2015).

Let us describe another situation where Assumption 3.(i) holds. Consider that (E, || - ||) is a normed
space and that for all x € E, P(x,dy) has density p(x,-) with respect to some measure 1 on (E, ). We
further assume that there exists an integrable function u : E — R, such that

Vx,y €E, p(x,y)=<u(y).

Then considering for v the probability measure with density u/||u||; with respect to n and &, = ||ul|;,
Assumption 3.(i) holds.

2.4 Exponential integrability of the regeneration time

We introduce some additional notations which will be useful to apply Talagrand concentration result
inspired from Adamczak (2007). We assume that Assumption 2 is satisfied and we extend the Markov
chain (X;);>; to a new (so called split) chain ()?n,Rn) € E x {0, 1} (see Section A.3 for a construction of
the split chain), satisfying the following properties.

* (X,), is again a Markov chain with transition kernel P with the same initial distribution as (X,),.
We recall that 7 is the invariant distribution on the E.

* if we define T; =inf{n >0:R, =1},
Ty =inf{n>0:Ry . yr4n =1}
then Ty, T,,... are well defined and independent. Moreover T,, Ts,... are i.i.d.

* if we define S; = T; + - - + T}, then the “blocks”
Yo=(X,....X7,), and Y;=(Xs,,...,Xs,,), >0,

form a one-dependent sequence (i.e. for all i, o((Y});;) and o((Y});;) are independent). Moreover,
the sequence Y7,Y,,... is stationary and the variables Y;,Y7,... are independent. In consequence,
for any measurable space (S, %) and measurable functions f : S —» R and g; : E — S , the variables

Si+1

Z=7z(f)= Y, fg&X)), iz1,

j=Si+1
constitute an independent sequence.

* the distribution of T; depends only on 7, P, C, &,,, 4, whereas the law of T, only on P, C, §,, and u.

To derive concentration of measure inequality, we need the exponential integrability of the regeneration
time described, namely
IT1lly, <00 and [|Tplly, < oo, €]

where || - [[ 4, is the 1-Orlicz norm introduced in Definition 1.

Definition 1 For a > 0, define the function v, : R, — R, with the formula v ,(x) = exp(xa) — 1. Then
for a random variable X, the a-Orlicz norm is given by

IX1ly, = inf{y > 0: E[¢4(IX]/7)] < 1}.



Since Assumption 2 holds, the description of the splitting method provided in Section A.3 shows
that the split chain regenerates at each time step with probability 6,,. We deduce that the random
variables (R;); are independent and identically distributed with Bernoulli distribution with parameter &,,.
Hence under Assumption 2, the regeneration times are sub-exponential random variables as stated by (1).

Remark: Let us highlight that (X,,),, is a Markov chain with transition kernel P and same initial distribution
as (X,),. Hence for our purposes of estimating the tail probabilities, we will identify (X,), and (X,),.

2.5 m-canonical and bounded kernels

With Assumption 4, we introduce the notion of 7t-canonical kernel which is the counterpart of the canonical
property from Giné and Nickl (2016).

Assumption 4 For all i,j € [n], we assume that h; ; is 7t-canonical, namely
Vx,y €E, E [h;(X,x)]=E.[h;;(X, )]

This common expectation will be denoted I .[h; ;(X,-)].
Moreover, we assume that for all i, j € [n], ||h; j|loo < ©0.

Remarks:

o A large span of kernels are m-canonical. This is the case of translation-invariant kernels which have been
widely studied in the Machine Learning community. Another example of 7-canonical kernel is a rotation
invariant kernel when E = $97! := {x € R? : ||x||, = 1} with 7 also rotation invariant (see De Castro et al.
(2020) or De Castro and Duchemin (2020)).

o The notion of m-canonical kernels is the counterpart of canonical kernels in the i.i.d. framework (see
for example Houdré and Reynaud-Bouret (2002)). Note that we are not the first to introduce the notion
of m-canonical kernels working with Markov chains. In Fort et al. (2012), Fort and al. provide a variance
inequality for U-statistics whose underlying sequence of random variables is an ergodic Markov Chain.
Their results holds for 7-canonical kernels as stated with (Fort et al., 2012, Assumption A2).

e Note that if the kernels h; ; are not 7-canonical, the U-statistic decomposes into a linear term and
a m-canonical U-statistic. This is called the Hoeffding decomposition (see (Giné and Nickl, 2016, p.176))
and takes the following form

> (e (X0 X)) = Ege yymonlhi (X, 1)])

i#
= D> k(X0 X)) = By [ 06 )]+ D (B [0 X )] = Bgx yyener [ (X, V)])
i#j i#]
+ Z (EX~7I [hi,j(Xi:X)] - E(X,Y)~7t®n [hi,j(X’ Y)]) >
i#

where for all i # j, the kernel R-,j is m-canonical with

Vx,y €L, ﬂi,j(X,J’) =h;;j(x,y)—Ex.r [hi,j(X,X)] —FExon [hi,j(X;y)] .

We will use this method several times in the proofs of our applications (for example in (21)).

2.6 Examples of Markov chains satisfying the Assumptions

Example 1: Finite state space. For Markov chains with finite state space, Assumption 3.(i) holds
trivially. Hence, the result of Theorem 2 holds for any irreducible and aperiodic Markov chain for which
the transition matrix has at least one column with all non zero coefficients. Those conditions ensure that
Assumption 2 holds.



Example 2: AR(1) process. Let us consider the process (X, ) < on R defined by
XoeRFandforallne N, X,,,=H(X,)+Z,

where (Z,),c are i.i.d random variables in R* and H : R* — R* is an application. Such a process is
called an auto-regressive process of order 1, noted AR(1). We show that under mild conditions, our result
can be applied to AR(1) processes. Before providing a result from Doukhan and Ghindes (1980) giving
conditions ensuring the uniform ergodicity of an AR(1) process, let us introduce some notations.

Notations:

We consider k,d € IN* := IN\ {0} and we denote ||-||, (resp. ||-||4) the euclidean norm on R¥ (resp. on R?).
We need the preliminary notations.

e Ay, is the Lebesgue measure on R* and L2(R, A,,;) is the space of square integrable functions
from R* to R.

* If v is linear map from R¥ to R¢, we denote ||v|| its norm defined by

vl == sup [[v(o)lla-
lelle=1

If some function G : R — RY is differentiable on R¥, we define

ldGll; := \J f dGQ)IPALes(dox).
Rk

We can now state the following result from Doukhan and Ghindes (1980).

Proposition 1 Let us consider R* endowed with its Borel sigma-algebra. Suppose that the random vari-
ables Z, are i.i.d. with a distribution equivalent to the Lebesgue measure A;,, on R* and with density f,
with respect A;,;,. Assume that

* H is bounded and continuously differentiable with ||H||, + ||dH]||, < o0.
e f, is continuously differentiable and ||f; |0 + |Ifz|l5 + |ldfzll2 < 00.
Then, the Markov chain (X,,), satisfying X1 = H(X,,) + Z,, is uniformly ergodic.

We keep the assumptions of Proposition 1 and we consider some B > 0 such that ||H||,, < B. Assuming

furter that y — sup f;(y —2) is integrable on E with respect to A;,;,, we get that Assumption 3.(i)
z€[—B,B]

holds (see the remark following Assumption 3). The previous condition on f; is for example satisfied for

Gaussian distributions. We deduce that Theorem 2 can be applied in such settings that can typically be

found in nonlinear filtering problem (see (Del Moral and Guionnet, 1999, Section 4)).

Example 3: ARCH process. Let us consider E = R. The ARCH model is
Xn+1 = H(Xn) + G(Xn)ZrHl’

where H and G are continuous functions, and (Z,), are i.i.d. centered normal random variables with
variance o2 > 0. Assuming that inf, |G(x)| > a > 0, we know that the Markov chain (X,,) is irreducible and
aperiodic (see (Ango Nze, 1998, Lemma 1)). Assuming further that ||H||o, < B < oo and that |G|, <A,
we can show that Assumptions 2 and 3.(i) hold. Let us first remark that the transition kernel P of the
Markov chain (X,,),, is such that for any x € R, P(x,dy) has density p(x, -) with respect to the Lebesgue

measure with
e —H(x))Z)

ey =(2n0%) eXp( 202G(x)?



We deduce that for any x, y € R we have

. 2
p(x,y) = (2n02) " exp (—m) > gn(¥),

202q2

where

exp(~Sor ) ify <—B
gn(y) = (2n02)—1 X { exp (—sz;z) if|ly|<B
exp (—M) if y>B

202qa2

With a similar approach, we get

O —HG)®

p(x,y) < (2m0?) " exp (—( S ) < gn(y),

where

exp (—(g' ;i);) ify<—B
suly)= (27102)_1 x{ 1 if |y| <B
exp (—(Zy ;2?22) ify>B

We deduce that considering 6., = ||gll1, 6 = llgu 1l and u (resp. v) with density g,,,/||gm 11 (resp. gu /1€ 111)
with respect to the Lebesgue measure on R, Assumptions 2 and 3.(i) hold.

3 Three applications

3.1 Estimation of spectra of signed integral operator with MCMC algorithms
3.1.1 MCMC estimation of spectra of signed integral operators

Let us consider (X,,),>; a Markov chain on E satisfying the assumptions of Theorem 2 with invariant
distribution 7, and some symmetric kernel h : E x E — R, square integrable with respect to © ® . We
can associate to h the kernel linear operator H defined by

Hf (x):= J h(x, y)f (y)n(dy).
E

This is a Hilbert Schmidt operator on L?(7) and thus it has a real spectrum consisting of a square
summable sequence of eigenvalues. In the following, we will denote the eigenvalues of H by A(H) :=
(A1, As,...). For some n € IN*, we consider

~ 1 1
Hn = ; (h(Xl,XJ)) and Hn = ; ((1 - 5i,j)h(Xi’Xj))1Si,j§n 5

1<i,j<n

with respective eigenvalues A(H,,) and A(H,). We introduce the rearrangement distance &, with Defini-
tion 2 that will be useful to compare two spectra.

Definition 2 Given two sequences x,y of reals — completing finite sequences by zeros — such that
STet < oo,
i
we define the {, rearrangement distance 6,(x,y) as
2 s 2
530e,y) = Jnf D (xi = Yo,
1

where G is the set of permutations with finite support.

Theorem 3 gives conditions ensuring that the spectrum of H,, (resp. ﬁn) converges towards the
spectrum of the integral operator H as n — 00. The proof of Theorem 3 is postponed to Section 5.
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Theorem 3 We consider a Markov chain (X;);>, on E satisfying the Assumptions of Theorem 2 with invariant
distribution 1. We assume that

* the integral operator H is trace-class, i.e. S := Z [A.| < co. We set A :=sup|A,| < oo.
r>1 rzl

* there exist continuous functions ¢, : E - R, r € I (where I = N or I =1,...,N) that form an
orthonormal basis of L?( ) such that it holds pointwise

R, y) =D A (), (),

rel

with sup ||¢,lleo < T.
r=1
Then there exists a constant C > 0 such for any t > 0, it holds,

3
P(%52(A(H),A(Hn))zz@+ > Af+t)

i>[nl/41,iel

dy
< A
<4n 7

exp (6 min e, Vi) + plogtr) e~ min(6,(#012) .
m.p log*®n

where 3B = (256T21<S)_1, ¢ = a(A)"' (128¢S2T*) and a(A) = 2. k > 0 and B > 0 are the constants
introduced in Theorem 2. q, p and y are defined in Assumption 1.

Remark: In Adamczak and Bednorz (2015), Adamczak and Bednorz studied the convergence properties
of MCMC methods to estimate the spectrum of integral operators with bounded positive kernels. They
show a sub-exponential tail behavior for the &, distance between the spectrum of H and the one of the
random matrix H,,. If their result holds for geometrically ergodic Markov chains, they assume that the
eigenvalues of H are non-negative. Hence, working with stronger conditions on the Markov chain (X;);,
Theorem 3 proves a new concentration inequality for the &, distance between A(H) and A(H,,) that holds
for arbitrary signs of the eigenvalues of H.

3.1.2 Admissible sampling schemes: Independent Hastings algorithm

One can use the previous result to estimate the spectrum of the integral operator H using MCMC methods.
To do so, we need to make sure that the Markov chain used for the MCMC method satisfies the conditions
of Theorem 2. It is for example well known that Metropolis random walks on IR are not uniformly ergodic
(see Meyn and Tweedie (1993)). In the following, we show that an independent Hastings algorithm
can be used on bounded state space to generate a uniformly ergodic chain with the desired invariant
distribution. We provide another application of our result estimating the spectrum of some Mercer kernels
on the d-dimensional sphere.

Independent Hastings algorithm on bounded state space. Let us consider E C R* a bounded subset
of R¥ equipped with the Borel o-algebra 8(E). We consider a density 7t which is only known up to a factor
and a probability density g with respect to the Lebesgue measure A;,;, on E, satisfying 7(y),q(y) >0
for all y € E. In the independent Hastings algorithm, a candidate transition generated according to the
law gA;,; is then accepted with probability a(x, y) given by

ﬂ'(y)q(X))
" n(x)q(y)
With an approach similar to Theorem 2.1 from Mengersen and Tweedie (1996), Proposition 2 shows

that under some conditions on the densities © and q, the independent Hastings algorithm satisfies the
Assumptions 2 and 3.(i).

a(x,y)= min(l

11



Proposition 2 Let us assume that supq(x) < oo and that there exists 3 > 0 such that
X€E

M>[5, Vy €E.

n(y)

Then, the independent Hastings algorithm satisfies the Assumptions 2 and 3. (1).

Proof of Proposition 2:
We denote P the transition kernel of the Markov chain generated with the independent Hastings algorithm.
For any x € E, the density with respect to A,,; of the absolutely continuous part of P(x,dy) is p(x,-) =
q(-)a(x,-), while the singular part is given by 1,.(-) (fzeE q(z)a(x,z)?tLeb(dz)). For fixed x € E, we have

either a(x,y) =1 in which case p(x,y) =q(y) = Br(y), or else

_ n(y)q(x)
p(x,y)= q(y)—ﬂ(x)q(y) =q(x)

() |
n(x)

Br(y).

We deduce that for any x € E, it holds

P(x,A)=f3 f (Y ALen(dy),
YEA

which proves that the chain is uniformly ergodic (see Definition 8). Hence Assumption 2 is satisfied.
Assumption 3.(i) trivially holds since E is bounded and sup,c; q(y) < oo. ]

3.1.3 Estimation of the spectrum of Mercer kernels

In this example, we illustrate Theorem 3 by computing the eigenvalues of an integral operator naturally
associated with a Mercer kernel using a MCMC algorithm. A function K : E x E — R is called a Mercer
kernel if E is a compact metric space and K : E x E — R is a continuous symmetric and positive definite
function. It is well known that if K is a Mercer kernel, then the integral operator Ly associated with K is a
compact and bounded linear operator, self-adjoint and semi-definite positive. The spectral theorem implies
that if K is a Mercer kernel, then there is a complete orthonormal system (¢4, ¢4, ...) of eigenvectors
of Lg. The eigenvalues (A;, A,,...) are real and non-negative. The Mercer Theorem (see for instance
see (Christmann and Steinwart, 2008, Theorem 4.49)) shows that the eigen-structure of Ly can be used
to get a representation of the Mercer kernel K as a sum of a convergent sequence of product functions for
the uniform norm.

To illustrate our purpose, we consider the d-dimensional sphere $¢! = {x € R? : ||x||, = 1}. We
consider a positive definite kernel on $9~! defined by Vx,y € $¢7!, K(x,y) = (x'y) where 1 :
[—1,1] — R is continuous. From the Funk-Hecke Theorem (see e.g (Miiller, 2012, p.30)), we know that
the eigenvalues of the Mercer kernel K are

1 d—3
A= w(S"‘Z)J Y(OP(d; 1) (1—1¢2) * dt, 2)
-1

where P, (d; t) is the Legendre polynomial of degree k in dimension d. For any k € IN, the multiplicity of
the eigenvalue A, is the dimension of the space of spherical harmonics of degree k. In Figure 1, we plot
the non-zero eigenvalues using function ) : t — (1 + t)2. We plot both the true eigenvalues and the ones
computed using a MCMC approach. To build the Markov chain (X;);»,, we start by sampling randomly X
on $¢71. Then, for any i € {2,...,n}, we sample

* a unit vector Y; € $¢~! uniformly, orthogonal to X;_;.

e areal r; € [—1, 1] encoding the distance between X;_; and X;. r; is sampled from a distribution f :
[-1,1] — [0,1]. We take f, proportional to r — f(s’l)(%) where fs 1y is the pdf of the Beta
distribution with parameter (5, 1).

12



then X; is defined by
Xi=rixXi+/1-r?xY,.

Since min,¢[_; 1) f¢(r) > 0 and [|f¢||oc < 00, Assumptions 2 and 3.(i) hold (see for example De Castro
and Duchemin (2020)).

Figure 1: Consider function v : t — (1 + t)?,
d = 2 and n = 1000. The true eigenvalues can 3n{ % % Estimated eigenvalues
be computed using (2), but in this case, we know True eigenvalues

the exact values of the three non-zero eigenvalues
namely A, = 37, A; = 27w and A, = ©/2. Their 2] X
respective multiplicities are 1, 2 and 2. The esti-
mated eigenvalues are the eigenvalues of the ma-
trix H, = 7 (1= 6, (X[ X)), _, ;. where the n
points X, X5, ...,X, are sampled on the Euclidean
sphere $¢~! using a Markovian dynamic.

e
S
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3.2 Online Learning with Pairwise Loss Functions
3.2.1 Brief introduction to online learning and motivations

Presentation of the traditional online learning setting Online learning is an active field of research
in Machine Learning in which data becomes available in a sequential order and is used to update the
best predictor for future data at each step. This method aims at learning some function f : E —» %
where E is the space of inputs and % is the space of outputs. At each time step t, we observe a new
example (x,,y,) € E x %. Traditionally, the random variables (x,, y,) are supposed i.i.d. with common
joint probability distribution (x,y) — p(x,y) on E x &. In this setting, the loss function is given
asf: % x % — R, such that £(f (x), y) measures the difference between the predicted value f(x) and
true value y. The goal is to select at each time step t a function h, : E — % in a fixed set 5 based on the
observed examples until time t (namely (x;, ¥;)1<;<.) such that h, has “small” risk # defined by

Z(h) = B yy~p[ L(A(X), V)],

where h is any measurable mapping from E to % .

Online learning is used when data is coming on the fly and we do not want to wait for the acquisition
of the complete dataset to take a decision. In such cases, online learning algorithms allow to dynamically
adapt to new patterns in the data.

Online learning with pairwise loss functions In some cases, the framework provided in the previous
paragraph is not appropriated to solve the task at stake. Consider the example of ranking problems. The
state space is E and there exists a function f : E — R which assigns to each state x € E alabel f(x) € R. f
naturally defines a partial order on E. At each time step t, we observe an example x, € E together with
its label f(x,) and we suppose that the random variables (x,), are i.i.d. with common distribution p. Our
goal is to learn the partial order of the items in E induced by the function f. More precisely, we consider
aspace # C {h: E x E — R}, called the set of hypotheses. An ideal hypothesis h € # would satisfy

Vx,ueE, f(x)=f(u)e (h(x,u)=0andh(u,x)<0).

We consider a loss function £ : ## x E x E — R such that £(h, x,u) measures the ranking error induced
by h and a typical choice is the 0-1 loss

(R, x, 1) = 15 (o) (e <o} -

U-statistics naturally arise in such settings as for example in Clémencon et al. (2008) where Clémencon
and al. study the consistency of the empirical risk minimizer of ranking problems using the theory of
U-processes in an i.i.d. framework.
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Example: Bipartite ranking problems

We describe the concrete problem of bipartite ranking. We consider that we have as input a training set of
examples. Each example is described by some feature vector and is associated with a binary label. Typically
one can consider that we have access to health data of an individual along time. We know at each time
step her /his health status x, and his label which is 0 if the individual is healthy and 1 if she/he is sick. In
the bipartite ranking problem, we want to learn a scorer which maps any feature vector describing the
health status of the individual to a real number such that sick states have a higher score than healthy ones.
Following the health status of individuals is time-consuming and we cannot afford to wait for the end of the
data acquisition process to understand the relationship between the feature vector describing the health status
of the individual and her /his sickness. In such settings where data is coming on the fly, online algorithms
are common tools that allow to learn a scorer function along time. At each time step the scorer function is
updated based on the new measurement provided.

Using online learning with a Markovian dynamic Up to now, online algorithms have been widely
studied in the i.i.d. framework. In this work, we aim at providing some theoretical results related to
online learning methods with pairwise loss functions in a Markovian framework.

The theoretical analysis of Machine learning algorithms with an underlying Markovian distribution of
the data has become a very active field of research. The first papers to study online learning with samples
drawn from non-identical distributions were Smale and Zhou (2009) and Steinwart et al. (2009) where
online learning for least square regression and off-line support vector machines are investigated. In Zou
et al. (2009), the generalization performance of the empirical risk minimization algorithm is studied with
uniformly ergodic Markov chain samples. In Xu et al. (2014), generalization performance bounds of
online support vector machine classification learning algorithms with uniformly ergodic Markov chain
samples are proved. Hence the analysis of online algorithms with dependent samples is recent and several
works make the assumption that the sequence is a uniformly ergodic Markov chain.

With the upcoming application, we are the first - as far as we know - to study online algorithms with
pairwise loss functions and Markov chain samples. Moreover, our result holds for any online algorithm
and thus covers a large span of settings. We motivate the Markovian assumption on the example of the
previous paragraph.

Example (continued): Interest to consider online algorithms with Markovian dynamic

The health status of the individual at time n + 1 is not independent from the past and a simple way
to model this time evolution would be to consider that it only depends on the last measured health status
namely the feature vector x,. This is a Markovian assumption on the sequence of observed health status of
the individual.

We have explained why pairwise loss functions capture ranking problems and naturally arise in several
Machine Learning problems such as metric learning or bipartite ranking (see for example Clémencon et al.
(2008)). We have shown the interest to provide a theoretical analysis of online learning learning with
pairwise loss functions with a Markovian assumption on the distribution of the sequence of examples and
this is the goal of the next section.

3.2.2 Online-to-batch conversion for pairwise loss functions with Markov chains

We consider a reversible Markov chain (X;);»; with state space E satisfying Assumptions 2 and 3.(i),
with invariant distribution 7. We assume that we have a function f : E — R which defines the ordering
of the objects in E. We aim at finding a relevant approximation of the ordering of the objects in E by
selecting a function h (called a hypothesis function) in a space 5 based on the observation of the random
sequence (X;, f (X;))1<i<n. To measure the performance of a given hypothesis h : E x E — R, we use a
pairwise loss function of the form £(h, (X, f (X)), (U, f (U))). Typically, one could use the misranking loss
defined by
ECh, 2,1) = 14 (o (e <0}

which is 1 if the examples are ranked in the wrong order and 0 otherwise. The goal of the learning
problem is to find a hypothesis h which minimizes the expected misranking risk

R(h) =B xyeron L, X,X") ]
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We show that the investigation of the generalization performance of online algorithms with pairwise
loss functions provided by Guo et al. (2016) can be extended to a Markovian framework. Our contribution
is two fold.

* Firstly, we prove that with high probability, the average risk of the sequence of hypotheses generated
by an arbitrary online learner is bounded by some easily computable statistic.

* This first technical result is then used to show how we can extract a low risk hypothesis from a
given sequence of hypotheses selected by an online learner. This is an online-to-batch conversion for
pairwise loss functions with a Markovian assumption on the distribution of the observed states.

Given a sequence of hypotheses (h;);<i<, € #" generated by any online algorithm, we define the average
paired empirical risk A" (see (3)) averaging the paired empirical risks M, (see (4)) of hypotheses ht,bn
when paired with X, as follows

n—1
1

= M 3
M= :Z . 3)

1
and M, :=—— > U(hy X0 X)), @

n =1

where

¢, =[cxn]forsomece(0,1) and b,=/|qlog(n)], 5)

for an arbitrarily chosen q > m where p is a constant related to the uniform ergodicity of the Markov
chain, see Definition 8.

M, is the paired empirical risk of hypothesis h,_, with X,. It measures the performance of the
hypothesis h,_;, on the example X, when paired with examples seen before time ¢t —b,,. .#" is the mean
value of a proportion 1 — ¢ of these paired empirical risks. Hence the parameter ¢ € (0, 1) controls the
proportion of hypotheses h,_;, whose paired empirical risk M, does not appear in the average paired
empirical risk value .#". The parameter b, controls the time gaps between elements of pairs (X,,X;)
appearing in (4) in such way that their joint law is close to the product law 7 ® 7 (mixing of the chain is
met). From a pragmatic point of view,

» we discard the first hypotheses that are not reliable, namely we do not consider hypothesis h;
for i < c,—b,. These first hypotheses are considered as not reliable since the online learner selected
them based on a too small number of observed examples.

* since h,_; islearned from Xy, ..., X, , we test the performance of h,_;, on X, (and not on some X
with t —b, + 1 <i < t) to ensure that the distribution of X, conditionally on o (X;,...,X,_; ) is
approximately the invariant distribution of the chain 7t (see Assumption 2 and Definition 8). Stated
otherwise, this ensures that sufficient mixing has occurred.

Note that we assume n large enough to ensure that ¢, — b, > 1. For any 11 > 0, we denote A4 (#,n)
the L, m-covering number for the hypothesis class ## (see Definition 3).

Definition 3 (See (Wainwright, 2019, Chapter 5.1)) Let us consider some 1) > 0. A Lo, m-cover of a set €
isaset{g,...,gn} C I such that for any h € 5, there exists some i € {1,...,N} such that ||g;—hl|co < 7.
The L, m-covering number A (5, n) is the cardinality of the smallest L, n-cover of the set F¢.

Theorem 4 bounds the average risk of the sequence of hypotheses in terms of its empirical counterpart .#"
and is proved in Section 6.1.

Theorem 4 Assume that the Markov chain (X;);>; is stationary, reversible and satisfies Assumptions 2
and 3.(i). Assume the hypothesis space (#, || - ||o) is compact. Let hy,hy,...,h, € # be the ensemble of
hypotheses generated by an arbitrary online algorithm working with a pairwise loss function £ such that,

£(h, x1,x3) = @(f (x1) — £ (x3), h(x1, x3)),
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where ¢ : R x R — [0,1] is a Lipschitz function w.r.t. the second variable with a finite Lipschitz con-
stant Lip(p). Let & > 0 be an arbitrary positive number and let us consider q = logg(% for the definition

of b, (see (5)). Then for all ¢ > 0 and for all € > 0 such thate = o (ng), we have for sufficiently large n
1

n—1
€ (1—c)ne?
P Z(h — A" > <22 5, —— |+11|b —_— .
(”_Cn; (hes,) = A _6)_ [W( ’8Lip(g0)) ]”eXp( 8b2 )

Theorem 4 shows that average paired empirical risk .Z" (see (3)) is close to average risk given by

1 n—1
> Rk y,).

n—c, &

Quantitative errors bounds can be given assuming that the L., -metric entropy (l.h.s of the next equation)
satisfies
log A (#,1) = 0(n"),

where f is an exponent, depending on the dimension of state space E and the regularity of hypotheses
of #, that can be computed in some situations (Lipschitz function, higher order smoothness classes, see
(Wainwright, 2019, Chapter 5.1) for instance). In this case, Theorem 4 shows

1 9 logﬁn
R(h,_p, )— A" | = O .
n_CntZZC ( t bn) ]P|: nﬁ :|

3.2.3 Batch hypothesis selection

Theorem 4 is a result on the performance of online learning algorithms. We will use this result to study
the generalization performance of such online algorithms in the batch setting (see Theorem 5). Hence we
are now interested in selecting a good hypothesis from the ensemble of hypotheses generated by the online
learner namely that has a small empirical risk.

We measure the risk for h,_; on the last n —t examples of the sequence Xj,...,X,, and penalize
each h,_;, based on the number of examples on which it is evaluated. More precisely, let us define the
empirical risk of hypothesis h,_, on {X,,y,...,X,} as

n

— n—t\!
%(ht—bn’t-i_l) = ( ) Z Z(hl.‘—bn)‘Xvi:Xvk)-

2 k>i,i>t+1

For a confidence parameter y € (0, 1) that will be specified in Theorem 5, the hypothesis T is chosen
to minimize the following penalized empirical risk,

ﬂzh? and t€arg min (ﬁ(ht_bn,t+1)+cy(n—t)), (6)

c,<t<n—1

where

A 4(n— —c,+1
Mﬂ:%a)bgm )=+ 1)
X Y
with a(A) := % where 1 —2A > 0 is the spectral gap of the Markov chain (X;);>; (see Definition 9).

Theorem 5 proves that the model selection mechanism previously described select a hypothesis h
from the hypotheses of an arbitrary online learner whose risk is bounded relative to .#". The proof of
Theorem 5 is postponed to Section 6.2.

Theorem 5 Assume that the Markov chain (X;);> is stationary, reversible and satisfies Assumptions 2

and 3.(i). Let hy,...,h, be the set of hypotheses generated by an arbitrary online algorithm .« working with
a pairwise loss £ which satisfies the conditions given in Theorem 4. Let & > 0 be an arbitrary positive number
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and let us consider q = 105(+/1p) for the definition of b, (see (5)). For all € > 0 such thate = o (ni), if the
n—oQo
hypothesis is selected via (6) with the confidence y chosen as

y=4(n—c,+1)exp (—(n — cn)eza(l)_1/256) s
then, when n is sufficiently large, we have

IP(%(E)Z//[”—Fs) SZ[W(%,m)+1]exp(—%+210gn).

Remark: The computation of the regularization term c,(n — t) requires the knowledge of the spectral
gap of the Markov chain. If the estimation of the spectral gap of a Markov chain is known to be a difficult
task, several efficient methods have been recently proposed to solve it such as in Qin et al. (2019).

3.3 Adaptive goodness-of-fit tests in a density model
3.3.1 Goodness-of-fit tests and review of the literature

In its original formulation, the goodness-of-fit test aims at determining if a given distribution ¢ matches
some unknown distribution p from samples (X;);>; drawn independently from p. Classical approaches
to solve the goodness of fit problem use the empirical process theory. Most of the popular tests such as
the Kolmogorov-Smirnov, Cramer-von Mises, and Anderson-Darling statistics are based on the empirical
distribution function of the samples. Other traditional approaches may require space partitioning or
closed-form integrals Baringhaus and Henze (1988), Beirlant et al. (2008). In Rudzkis and Bakshaev
(2013), a non-parametric method is proposed with a test based on a kernel density estimator. In the last
decade, a lot of effort has been put into finding more efficient goodness of fit tests. The motivation was
mainly coming from graphical models where the distributions are known up to a normalization factor
that is often computationally intractable. To address this problem, several tests have been proposed
based on Reproducing Kernel Hilbert Space (RKHS) embedding. A large span of them use classes of
Stein transformed RKHS functions (Liu et al. (2016),Gorham and Mackey (2017)). For example in
Chwialkowski et al. (2016), a goodness-of-fit test is proposed for both i.i.d or non i.i.d samples. The test
statistic uses the squared Stein discrepancy, which is naturally estimated by a V-statistic. One drawback of
such approach is that the theoretical results provided are only asymptotic. This paper is part of a large
list of works that proposed a goodness-of-fit test and where the use of U-statistics naturally emerge (see
Liu et al. (2016),Fan (1997),Butucea et al. (2007),Fan and Ullah (1999),Fernandez and Gretton (2019),
Fromont and Laurent (2006)). To conduct a non-asymptotic analysis of the goodness of fit tests proposed
for non i.i.d samples, a concentration result for U-statistics with dependent random variables is much
needed.

3.3.2 Goodness-of-fit test for the density of the invariant measure of a Markov chain

In this section, we provide a goodness-of-fit test for Markov chains whose invariant distribution has
density with respect to the Lebesgue measure A;,;, on R. Our work is inspired from Fromont and Laurent
(2006) where Fromont and Laurent tackled the goodness-of-fit test with i.i.d samples. Conducting a
non-asymptotic theoretical study of our test, we are able to identify the classes of alternatives over which
our method has a prescribed power.

Let X4,...,X, be a Markov chain with invariant distribution = with density f with respect to the
Lebesgue measure on R. Let f, be some given density in L?(R) and let a be in ]0,1[. Assuming that f
belongs to L2(IR), we construct a level a test of the null hypothesis ”f = f,” against the alternative ”f # f,”
from the observation (X;,...,X,). The test is based on the estimation of ||f — foll2 that is ||f ||Z + IIfoll3 —
2(f, fo)- (f, fo) is usually estimated by the empirical estimator y.,_, fo(X;)/n and the cornerstone of our
approach is to find a way to estimate ||f ||§. We follow the work of Fromont and Laurent (2006) and
we introduce a set {S,,,m € .4} of linear subspaces of L(RR). For all m in .#, let {p,,] € ¥,,} be some
orthonormal basis of S,,. The variable

~ 1 I
O = =1 Z Z p(X)pi (X))

leZ,, i#j=1
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estimates ||TIs (f )||§ where IIg denotes the orthogonal projection onto S,,. Then ||f — follﬁ can be
approximated by

5 A 2 <
T = B+ 1foll3 = = D 1 folX0),
i=1

for any m in .. Denoting by t,, (1) the (1 —u) quantile of the law of T,, under the hypothesis ”f = f,”
and considering

u, = sup Py ( sup (T,, — t,,(w)) > 0) <a,
ue]o,1[ me#

we introduce the test statistic T, defined by
Ta = sup (?m - tm(ua))- )
me#

The test consists in rejecting the null hypothesis if T, is positive. This approach can be read as a multiple
testing procedure. Indeed, for each m in .#, we construct a level u, test of the null hypothesis ”f = f;”
by rejecting this hypothesis if T,, is larger than its (1 —u,) quantile under the hypothesis ”f = f,”. We
thus obtain a collection of tests and we decide to reject the null hypothesis if for some of the tests of the
collection this hypothesis is rejected.

Now we define the different collection of linear subspaces {S,,,m € .#} that we will use in the
following. We will focus on constant piecewise functions, scaling functions and, in the case of compactly
supported densities, trigonometric polynomials.

e Forall Din IN* and k € Z, let
Ipx = VYDlyyp (kery/or-

For all D € IN¥, we define S(; p) as the space generated by the functions {I, s, k € Z} and

~ 1 n
ba.py = mz Z 1p (X)) 1p i (X;).

keZi#j=1

* Let us consider a pair of compactly supported orthonormal wavelets (¢,1) such that for all J €
N, {p; =272 -—k),k € Z}U {3 = 2//*(2/ - —k),j €N, j > J, k € Z} is an orthonormal
basis of L,(R). For all J € N and D = 27, we define S(2,py as the space generated by the scaling
functions {¢; 4,k € Z} and

—~ 1 I
Oy = ——= Z Z 05Xk (X5).

n(n—1) keZ i£j=1

* Let us consider the Fourier basis of L,([0,1]) given by

8o(x) = 1o 17(x),
8ap—1(x) = V2cos(2mpx)Ljo13(x) Vp=1,
gop(x) = ﬁsin(anx)]l[O,l](x) Vp>1.

For all D € IN¥, we define S(; p) as the space generated by the functions {g;,l =0,...,D} and

D n
§(S,D) = ﬁz Z gaX)gX;).

1=0 i#j=1
We denote D; = Dy = IN\{0} and D, = {2/,J € N}. For [ in {1,2,3}, D in D, I, ,, denotes the
orthogonal projection onto S; 5y in L(R). For all I in {1,2,3}, we take 9; C D; with Ujc(y 23,2, # 0
and 95 = 0 if the X;’s are not included in [0,1]. Let .# = {(I,D),1 €{1,2,3},D € 9;}.

Theorem 6 describes classes of alternatives over which the corresponding test has a prescribed power.
We refer to Section C.5 for the proof of Theorem 6.
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Theorem 6 Let X1,...,X, a Markov chain on R satisfying the Assumptions 2 and 3.(i), with invariant
measure 1t and initial distribution y. We assume that 1 has density f with respect the Lebesgue measure
on R and let f,, be some given density. Let T, be the test statistic defined by (7). Assume that f, and f belong
to Loo(R) and that there exist p;, ps € (1, +00] such that

1 dy

1 dy
C,=|=
¥ Hf d2peb

fo dArep

We fix some v in 0, 1[. For any ¢ €]0, 2[, there exist some positive constants C;, C,, C5 such that, setting for
allm=(l,D)in 4,

< OQ.
foArebP2

FALebP1

10g(3C, /7) log(3C., /1)
Vm(r)=cl||f||00¥+c2(||f||oolog(p+1)+||f0||o<,)—og nm
1
+C3(lIf llo +1)DR(n,log{3/5¥}),
with ) o .
R(n,u):10gn{;+logn[;] -HOgn[H] },
if f satisfies
I1f = folly > (1 +) inf, {IIf =15, (I3 + tmua) + Vi (1)} ®)
then

P (T, <0)<7y.

In order to make the condition (8) more explicit and to study its sharpness, we define the uniform
separation rate which provides for any y € (0, 1) the smallest distance between the set of null hypotheses
and the set of alternatives to ensure that the power of our statistic test with level a is at least 1 —y.

Definition 4 Given y €]0,1[ and a class of functions 8 C L,(RR), we define the uniform separation
rate p(®,, B,y) of a level a test &, of the null hypothesis ”f € F” over the class B as the smallest
number p such that the test guarantees a power at least equal to (1 —v) for all alternatives f € % at a
distance p from Z. Stated otherwise, denoting by d,(f, #) the L,-distance between f and & and by Py the
distribution of the observation (Xq,...,X,),

p(&,, B,v)=inf{p >0,Yf € B,dy(f,F) = p = P(®, rejects) >1—y}.

In the following, we derive on explicit upper bound on the uniform separation rates of the test proposed
above over several classes of alternatives. For s > 0,P > 0,M > 0 and [ € {1, 2,3}, we introduce

BOPM)={f €L,(R)|VDe D, |f —Ts,, (P2 <PD,||flle <M}.

These sets of functions include some Holder balls or Besov bodies with smoothness s, as highlighted in
(Fromont and Laurent, 2006, Section 2.3). Corollary 1 gives an upper bound for the uniform separation
rate of our testing procedure over the classes 985(1)(13, M) and is proved in Section C.7.

Corollary 1 Let T, be the test statistic defined by (7). Assume that for | € {1,2,3}, 9, is {2/,0 <J <
log, (n/(log(n)loglogn)z)} or . Foralls >0, M > 0,P > 0andl € {1,2,3} such that 9; # 0, there
exists some positive constant C = C(s, a,, M, || foll oo ) such that the uniform separation rate of the test 11 .o

over %S(l)(P, M) satisfies for n large enough

log(n)loglogn ) =

p (17,50, BO(BM),y) < C'P7a (
’ n

Remark: In Corollary 1, the condition n large enough corresponds to
S

loglogn)l/2 n
1 —_— pP< .
( og(n) n = 7 (log(n)loglogn)?s+1/2

A
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For the problem of testing the null hypothesis ”f = 1 ;;” against the alternative f = 1 ,;+ g with g #0
and g € B,(P) where B,(P) is a class of smooth functions (like some Holder, Sobolev or Besov ball
in L,([0,1])) with unknown smoothness parameter s, Ingster in Ingster (1993) established in the
case where the random variables (X;);»; are i.i.d. that the adaptive minimax rate of testing is of or-
der (4/loglogn/n)>/™*1)_ From Corollary 1, we see that our procedure leads to a rate which is close (at
least for sufficiently large smoothness parameter s) to the one derived by Ingster in the i.i.d. framework
since the upper bound on the uniform separation rate from Corollary 1 can be read (up to a log factor)

as ([loglog n]/n)‘*s%.

3.3.3 Simulations

We propose to test our method on three practical examples.! In all our simulations, we use Markov chains
of length n = 100. We choose different alternatives to test our method and we use i.i.d. samples from
these distributions. We chose a level a = 5% for all our experiments. All tests are conducted as follows.

1. We start by the estimation of the (1 — u) quantiles t,,(u) of the variables T,, = §m + || f0||§ -
%Zle fo(X;) under the hypothesis ”f = f,” for u varying on a regular grid of ]0, a[. We sam-
ple 5,000 sequences of length n = 100 with i.i.d. random variables with distribution f,. We end up
with an estimation t,,(u) of t,,(u) for any u in the grid and any m € ..

2. Then, we estimate the value of u,. We sample again 5,000 sequences of length n = 100 with i.i.d.
random variables with distribution f,. We use them to estimate the probabilities IP;, (sup,,c Jﬂ('j"\m -
t,,(1)) > 0) for any u in the grid and we keep the larger value of u such that the corresponding
probability is still larger than a. The selected value of the grid is called u,. Thanks to the first step,
we have the estimates t,,(u,) of t,,(u,) for any m € 4.

3. Finally, we sample 5,000 Markov chains with length n = 100 with invariant distribution f. For each
sequence, we can compute T,,. Dividing by 5,000 the number of sequences for which sup,,c ,(T,, —
t,(u,)) > 0, we get an estimation of the power of the test.

To define comparison points, we compare the power of our test with the classical Kolmorogorov-
Smirnov test (KS test) and the Chi-squared test ( xz test). The rejection region associated with a test of
level 5% is set by sampling under the null for both the KS test and the y? test.

Example 1: AR(1) process Let us consider some 6 € (0,1). Then, we define the AR(1) process (X;);>1
starting from X; = 0 with foranyn > 1,

Xn+1 = eXn + £n+1:

where (&,), are i.i.d. random variables with distribution .4#(0,72) with T > 0. From Example 1 of
Section 2.6, we know that Assumptions 2 and 3.(i) hold. The invariant measure 7 of the Markov

chain (X;);>; is & (O, 1f—22), i.e. m has density f with respect to the Lebesgue measure on R with

/1 _ N2 N2 2
VyeR, f(y)= 16 eXp(—u).

V2mT2 272

We focus on the following alternatives

fu,a2(x) =

1 (_(x—u)z)
Vano? P\ T 202 )

I The code is available at https://github.com/quentin-duchemin/goodness-of-fit-MC.
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| (n,02) || Our test y2test KS test || lf—£, o2ll2 |

(2,1.5) 0.99 0.85 0.98

0,1) 0.97 0.9 0.8
(—0.2,1.2) 0.86 0.63 0.84 0.17
(0,1.2) 0.81 0.64 0.82 0.16
(0,2) 0.1 0.03 0.29 0.06

Table 1: Estimated power of tests for Markov chains with size n = 100. We worked with 7 =
1,0 =08 and 4 = {(1,i) : i €{1,...,10}}. Hence, the invariant distribution of the chain is ap-
proximately .4(0,2.8). For the y? test, we work on the interval [—5,5] that we split into 100 regular
parts.

Example 2: Markov chain generated from independent Metropolis Hasting algorithm Let us con-
sider the probability measure 7t with density f with respect to the Lebesgue measure on [—3,3] where

Vxe[-3,3], f(x)= %e*xz (3 +sin(5x) +sin(2x)),

with Z a normalization constant such that f —33 f(x)dx = 1. To construct a Markov chain with invariant mea-
sure 7T, we use an independent Metropolis-Hasting algorithm with proposal density q(x) o< exp(—x?/6).
Using Proposition 2, we get that the above built Markov chain (X;);5; satisfies Assumptions 2 and 3.(i).
We focus on the following alternatives

1 _ 2
guo2(x) = Z(u.0?) exp (—%) T_5.37(x),

where Z(u,0?) is a normalization constant such that f 8u02(x)dx = 1. Table 2 shows the estimated
powers for our test, the KS test and the y? test.

| (u,02) || Our test y2test KS test || If—g, 021l |
©0,1) 0.96 0.91 0.9
(0,0.72) 0.93 0.84 0.95 0.23
(0.3,0.7%) 0.92 0.87 0.93 0.19

Table 2: Estimated powers of the tests for Markov chains with size n = 100. We used .# =
{(1,i) : i€{1,...,10}}. For the y? test, we work on the interval [—3, 3] that we split into 100 reg-
ular parts.

Example 3: ARCH process Let us consider some 6 € (—1,1). We are interested in the simple threshold
auto-regressive model (X,,),>; defined by X; =0 and for anyn > 1,

Xn+1 = Glxnl + (1 - 92)1/2€n+1:

where the random variables (£,,),>» are i.i.d. with standard Gaussian distribution. From Example 3 of
Section 2.6, we know that Assumptions 2 and 3.(i) hold. The transition kernel of the Markov chain (X;);>1

is
1 =6k
Vx,y €R, P(x,y)—mexp( 21— 67) )

The invariant distribution 7 of the Markov chain has density f with respect to the Lebesgue measure
on R with ,
1 y Oy )
eR, = —— | —=—— |,
Yy f) = exp( 2 ) ((1_92)1/2
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where & is the standard normal cumulative distribution function. We focus on the following alternatives

1 (x —p)?
fu,az(X)—WeXp ——or )"

Table 3 shows the estimated powers for our test, the KS test and the y? test.

| (u,02) || Our test yZtest KS test || If—£, 521l |
0,1 0.98 0.85 0.95 0.3
(1,0.8%) 0.95 0.79 0.88 0.22
(0.5,1) 0.41 0.07 0.55 0.14
(0.6,0.8%) 0.44 0.16 0.22 0.036

Table 3: Estimated powers of the tests for Markov chains with size n = 100. We used 6 = 0.8 and .# =
{(1,i) : i€{1,...,10}}. For the y? test, we work on the interval [—20, 20] that we split into 100 regular
parts.

—— Invariant measure 05{ = Invariant measure
M0.3,0.7%) N0.5,1)

0.6 04
0.20
05
03
015 04
010 03 02
02
01
0.05 —— Invariant measure o1
0, 2) . _ S — .

(b) Example 2

(a) Example 1 (c) Example 3

Figure 2: In solid line, we plot the density of the invariant of the Markov chain for the three examples of
our simulations. In dotted line, we plot the density of the alternative that gives the smaller power on our
experiments.

4 Proof of Theorem 1

Our proof is inspired from (Giné and Nickl, 2016, Section 3.4.3) where a Bernstein-type inequality is
shown for U-statistics of order 2 in the independence setting. Their proof relies on the canonical property
of the kernel functions which endowed the U-statistic with a martingale structure. We want to use a
similar argument and we decompose Uy,(n) to recover the martingale property for each term (except for
the last one). Considering for any [ > 1 the o-algebra G; = o(Xy,...,X;), the notation [E; refers to the
conditional expectation with respect to G;. Then we decompose U, (n) as follows,

Ustar(n) = Z Z (Ej—k+1[hi,j(Xi’Xj)] - Ej—k[hi,j(xiaxj)])

k=1 i<j
+ (B, [y (X, X )]~ B[Ry (X, 1), ©)
i<j
where t,, is an integer that scales logarithmically with n and that will be specified latter. By convention,
we assume here that for all k < 1, I, [-] := [E[-]. Hence the first term that we will consider is given by

0
Z hg’j)(Xianfl’Xj),

1<i<j<n

Uu,=

where for all x,y,z €E,

WO (x,y,2) = h;(x,2)— J hy;(xx,w)P(y, dw).
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We provide a detailed proof of a concentration result for U, by taking advantage of its martingale
structure following the work of (Giné and Nickl, 2016, Section 3.4.3). Reasoning by induction, we show
that the t, —1 following terms involved in the decomposition (9) of Uy, () can be handled using a similar
approach. Since the last term of the decomposition (9) has not a martingale property, another argument
is required. We deal with the last term exploiting the uniform ergodicity of the Markov chain (X;);>,
which is guaranteed by Assumption 2 (see (Roberts and Rosenthal, 2004, Theorem 8)).

4.1 Concentration of the first term of the decomposition of the U-statistic

Martingale structure of the U-statistic Defining Y; = Z{;} hg,oj) (X;,Xj_1,X;), U, can be written as U, =
2, Y;. Since
E]*l[Y]] = E[Yv] |X1’ .. "Xjfl] = 0:

we know that (U )y, is @ martingale relative to the o-algebras G;, | > 2. This martingale can be extended
to n =0 and n =1 by taking U, = U; =0, G, = {0, E}, G; = 0(X;). We will use the martingale structure
of (U,),, through the following Lemma.

Lemma 1 (see (Giné and Nickl, 2016, Lemma 3.4.6))
Let (U,,, G,,),m € IN, be a martingale with respect to a filtration G,, such that Uy = U; = 0. For each m > 1
and k > 2, define the angle brackets A’:n = Al:n(U) of the martingale U by

A= B (U= Uiy )]
i=1
(and note AX = 0 for all k). Suppose that for a > 0 and all i > 1, E[e®U"U11] < co. Then
(gm = eaUm_ZkZZ akAl:n/k!’ Gm) , m e ]N,
is a supermartingale. In particular, E[e,,] < E[e;] =1, so that, ifA’,‘n < w’,‘n for constants W’r‘n > 0; then
E[e%Un] < eZiea @ Wh/k!

We will also use the following convexity result several times.

Lemma 2 For all 6,,0,,€ >0,
(6, +6) < (L+e)1of +(1+e )05

Proof of Lemma 2. Notice that for all 6;,6, > 0 and 0 < ¢ < 1 by convexity,

0, + 6, \ 0, ee10,\ 1 P
(—1 2) =(—+ = 0F + ——e %ok,
1+¢ 1+¢ 1+¢ 1+¢ 1+¢

so that
(0,460 < (L+e)10f + e * DA +e)10f =1+ &) 10f +(1+e ok

By symmetry, this inequality holds for all € > 0, that is, for all 6;,0,,¢ >0,

(6, +6) < (L+e)1of +(1+e )"0k
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Forall k > 2 and n> 1, we have :
n j—1 k
0
ZE] I[Zh( )(XUX 19X])i|
j=2 i=1
<Vki= ZE] .
- ZEi—l
j=2
n j—1
- ZEi—l
j=2

k

Zh(O)(XnX] 17X )

k

Z( o (X0 X)) = Balhy j(X, )]+ B[Ry (X, )] — By [y (X0, X )1)
i=1

k

( i, (X“XJ) + mi’j(Xi;Xj—l))

where
pij(x,2) = hy j(x,2) = Eq[h; (X, )],

and

mi,j(x’.y) = Eﬂf[hl,](X’)]_J hi,j(x:Z)P(y: dZ)

i

k n
k—1
+3 E E, ,
=2

Using Lemma 2 with ¢ = 1/2, we deduce that
n j—1

Vri( SZEl_l( Zpi’j
=2 i=1

3\k-1 2 j—1
<(3) -

j=2 i=1

Let us remark that

i,/ (X, X-1)

>4 j

i» J

-1 k
Z m (X, Xj-1)
i=1

n j—1 n =t ¢
DB, Zmi,j(Xi,Xjfl) ZEJ 1| 2 (Brlhy ;06 )] = By [hy (X, X;)]1)
- i=1 =2 i=1
’ n |Jj-1 k
= (E [h (X,')]—Ej_l[hi,j(Xi:Xj)])
=2 | i=1
g j-1 k
= Ej_l[Z(En[hi,j(X,')]_hi,j(Xi:Xj))i|
=2 i=1
g j-1 k
<> E, (E,[h (X,')]—hi,j(Xi:Xj))
j=2 i=1

where the last inequality comes from Jensen’s inequality. We obtain the following upper-bound for Vnk,

n k
k k-1
VE<2x31Y R
=2

-1
Zpi,j(xi’xj)
im1

k

n Jj—1
<2x3'5y, ZEj—l Zpi,j(XbXJ/') >
=2 i=1

where the random variables (X J’ ) ; are i.i.d. with distribution v (see Assumption 3).
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Lemma 3 (see (Giné and Nickl, 2016, Ex.1 Section 3.4)) Let Z; be independent random variables with

respective probability laws P;. Let k > 1, and consider functions fy,..., fy where for all j € [N], f; € Lk(Pj ).
Then the duality of L? spaces and the independence of the variables Z; imply that

N 1/k N
(ZE[vj(zjnk]) = sup > B[f(Z)E,2))],
=1 S BIE;(Z)H/ D=1 j=1

where the sup runs over £; € Lk/(k_l)(Pj).

Then by the duality result of Lemma 3,

k)l/k
j—1

< sup ZZEJ {pu(xl,x )E;(X] )]

§€L =2 i=1

-1
Zpi,j(Xi,XJ/-)

where ¥, = {g =(Ey...,E)5.t.¥2<j<n, & e LNED() with Z]E|gj(x;)|’</<k-1> = 1}.

Jj=2
SUPZ Z E] 1[pl](Xl’X )gj(X )i|

S€L = 1 j=i+1

Denoting & (E, R) the set of measurable functions from E to IR, we define the measurable functions g; :
E— Z(E,R)"!fori>1by

VX € E; gi(x) = (0, . -’O:pi,i+1(x:'): .. -3pi,n(x: )) if 1 <i<n-— 1:

and
g =(0,...,0)ifi >n.

We define further forany & = (&,,...,&,) € [ |1, L¥* D(») and any p,, ..., p, € F(E,R)""" the function
fe(pas- - ,pn)—Z f p;(0)E;(x)d v(x).
Then setting & = {f; : 2?:2 Elgj(XJf)lk/(k_l) =1}, we have
n—1
WAk < (25M)1/k;u52f5(gi(xi)).
&7 =1

By the separability of the L? spaces of finite measures, & can be replaced by a countable subset Z,.
To upper-bound the tail probabilities of U,, we will bound the variable Vnk on sets of large probability
using Talagrand’s inequality. Then we will use Lemma 1 on these sets by means of optional stopping.

Application of Talagrand’s inequality for Markov chains Let us denote
n—1
Fy = sup Y f:(g,(X,))
fee7 =

and let us define the asymptotic weak variance

= supVarZ,(fz)/ET,.
feeZ

We also consider T = || Ty |y, V [ T2ll,y, and by = SUPf,c o Izl oo
We apply a tail inequality for suprema of empirical processes for Markov chains provided with
Proposition 3. The proof is postponed to Section C.1.
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Proposition 3 Let n € IN*. Let us consider two measurable spaces (S, %) and (E, %) and a set of measurable
functions (g;);> with g; : E = S.

Let X,,X,,...,X, be a Markov chain with values in E, satisfying Assumption 2, with unique invariant
distribution 7. Let us denote T > 0 such that || Ty ||y, || T2ll,, < T. Consider moreover a countable class & of
measurable functions f : S — R, such that for any f € Z, ||f|lco < a and

Viz1, BEx..[f(gX))]=0. (10)
We assume further that
Vi>n, VfeZ, f(&())=0. (11
Define the random variable
Z=sup > f(g:i(X))|,
feZ |iq

and the “asymptotic weak variance”

o2 = supVarZ,(f)/ET,.
fez

Then, there exists a universal constant K > 0 such that for all t > 0,

1 (¢ t
P(Z=KEZ +t) <Kexp — 7 min —_— | ].

no?’ t3(ET,)talogn

The proof of Proposition 3 is postponed to Section C.1. We get that for any ¢t > 0,

(o7 ey s )
P(F, = KE[F;]+t) <Kexp e min| —— .

no?’ t3(ET,) " by logn

We deduce that for any t > 0,

1 t? t
P ((VYk > (28,,)Y*KE[F 25,k t) <K ——min| —
(Vx> (256) [F ]+ (26,)"*t) < Kexp 7 min no?" TET,) Thylogn ) )’

which implies that for any x > 0,
_ X
P (V)% = (26,)*KE[F, ]+ (26,,)/*y/noZx + (28,) /¥ x7*(ET,) " by logn) < K exp (_E)’

where K > 0 is a universal constant. Using the change of variable x = kKu with u > 0 in the previous
inequality leads to

P (U(vnk)lfk > (26,)/*KE[F, 1+ (28,)% \/no?kKu + (28 )/ kKut®(ET,) " by log n) <1.62Ke™",
k=2

because

o0
1
1A E exp(—ku)Sl/\T=(e“/\
pa et(er—1)
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Bounding b,. Using Holder’s inequality we have,

n

be=_ sup  maxsup| > B[py(x.X)EX))]
SILEEEMED=1 t xSy
n k 1/k k/(k—1) (k—1)/k
< sup max sup Z (E‘pi,j(x,X]{) ) (E‘éj(XJ’.) )
T BIEEDMED=1 T X T
. AVE L ) (k=1)/k
< sup max sup Z E‘pi’j(x,XJ’.) Z E Q(XJ’.)
TILEIEEMED=1 T X\ T j=i+l

t X

. A\
< maxsup Z ]E’pi,j(x,XJ’.)
j=it1

S (BZAk_Z)l/k,

where
A:=2max||h; j|| oo Which satisfies max||p; jllco <A,
L i,j
and
n j—1
2. 2 (. v/ 2 .
w3 [0 e S]] |
j=i+l 0o i=1 o)
Bounding the variance.
T,+T,
E[T,]o} = sup Var Z f:(X)
feeZ i=T,+1
T1+T, n
= sup Var Z Z E; 4 [p;(X;, X)DE;X )]
£ {=T,+1 j=it+1

< 2(B22) B2,

where the last inequality comes from the following (where we use twice Holder’s inequality),

[ /141, 2
swpl || > > B[ (XL X)DE(X)]
L =T, +1j=i+1

T+T, n 2
sup E (Z ZE,-_l[|pi,j(xi,x;)|k]”km[|5j(x;)|k/<k—”]<’<—”/’<)

<
£ =T, +1 j=i+1
[ (141, [ n vk, o, (k=1)/k\ 2
< swpE || > (Z Ejlupi,j(xi,x;ﬂk]) (Z Eusj(x;nk/(“)])
£e i=T,+1 \j=i+1 =
T+T, n 1/k
< E Z (Z Ej—1[|Pi,j(Xi:XJ/-)|k:|)
i=T,+1 \j=i+1
< (BZAk_z)Z/k]E[TZZ].

Using Lemma 2 twice and the bounds obtained on b, and 01% gives for u > 0,
k
[(28,)V*KELF,] + (26,) /% y/no?kKu + (26)/*kKut>(ET,) " by logn |
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< [(25M)1/kKE[F1] +v2(268,)/(B2A2) VR E[ T21(ET,) /v nkKu
k
+ (26, kKut?(ET,) 1 (B2A2) /¥ 1og n:|
< (1+e) 126, KK (EF) +(1+ g—l)k—l[(25M)1/’<kKur3(1ET2)—1(BZAk—z)l/k logn
k
+ \/5(25M)1/k(32Ak_2)1/k“Tz“z(ETz)_l/Z \% nkKu:|
< (1+)26, K5 (EF)" +26,,(1 + £ ) 2(kKu)* t3*(ET,) *B*A 2 log" n

+ (14 &) (1 + 715126, B2A 2| T, | K (ET,) /2 (2nkKu)*/2.
So, setting
wk 1= 268, (1 + &) KK [(BF,)* ] +26,,(1 + )22 (kKu)* t** (ET,) *B2Ak2logk n
+28y(2+ e + e ) IB2AN 2| T, | (ET,) /% (2nkKu)*/2,

we have
P(VE<wt Vk>2)>1-1.62Ke™, (12)

n

where the dependence in u of W]; is leaved implicit.
Upper-bounding U, using the martingale structure Let
T+1:=inf{l€]N:Vlk2W’r‘l for some k > 2}.

Then, the event {T <[} depends only on X3,...,X; foralll > 1. Hence, T is a stopping time for the
filtration (%), where ¢, = 0((X,);c;}) and we deduce that U] := Uj,r for | =0,...,n is a martingale
with respect to (%;); with UOT =U,=0and UlT = U; = 0. We remark that UjT - UjT_1 =U;—Uj,ifT>]j
and zero otherwise, and that {T > j} is %;_; measurable. Then, the angle brackets of this martingale
admit the following bound:

AW =3 B[] ~ UL

j=2
n
= ZE]‘—HU]‘ _Uj71|k]lTZj
j=2
n j—1 k
ZZ]Ej—l Zh(Xij—l;Xj) Lrs;
j=2 i=1
n—1
k k
= ‘/J ]lT,j+Vn]lT>n
j=2
n—1
Swfl Z]szj+]1T>n
j=2
<wk

. . e e k k . . . T
since, by definition of T, Viswy for all k on {T > j}. Hence, Lemma 1 applied to the martingale U,
implies

k

Ee®Ur < exp (Z i—!w’;) .

k>2
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. k . . . . . . .
Also, since V© is nondecreasing in n for each k, inequality (12) implies that
P(T <n) <P(VF>wk for some k >2) < 1.62Ke™.

Thus we deduce that for all s > 0,

k
P(U,>s)<PU =5, T=n)+P(T <n)<e *exp (Z %w’;) +1.62Ke™". (13)
>2

The final step of the proof consists in simplifying exp( =2 z—Tw’;)

k k
Sk =26, %(1 + &) KK (EF, K
k=2 k=2

k
+25y Y. %(2 + &+ & )L B2AR 2 T, K (B T,) ™2(2nkKu)H/?

k>2

k
+25y %(1 + e V2R 2 (kKu)K T3F (ET,) *B2AK21ogk n
k=2
= al + a2 + a3.

Bounding a;. Using the inequality k! > (k/e)*, we have noting §(¢) := eK(1 + & 1)?(ET,) 73,

a; <28y, Z ak(1 4 )2 (eku) 3K (ET,) *BA2log" n

k>2
=26y Z k(1 + e 1) 25(e) u*B*A* 2 logk n
k>2
=26,,a%(1+ 1) 25(e)*u’B? log? nz ak5(e)FukAk1ogk n
k>0

(v/25,B(1+& 1) us(e)log n)2 a?
= M A (e)logn , for a < (uAs(e)logn)™t.

Bounding a,. We use the inequality k! > k*/? because (k/e)* > k*/2 for k > e? and for k smaller, the
inequality follows by direct verification. Defining n(¢) := v2K(2 + € + £ 1)|| T, ||,(ET,) /2, we have

a4, <26y Y ak(2+ e + e TIB2A2| T, |S(BT,) /A (2nKu)k/2

k=2

=20y Z ak(2+ & + e In(e)*B2A 2 (nu)*/?
k=2

=262+ ¢+ ) In(e)*B%(nu)a? Z akn(e) Ak (nu)*/?

k=0
_26(2+e+ e (an(e)B)* nu
B 1—aAn(e)y/nu ’

for a < (An(e)v/nu)~t.
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Bounding a,. Let us recall that

(E[F, Dk < ]E[Ff] (Using Jensen’s inequality)

k
sup ng(xa)

=

k
=E (SUPZ Z ]E] 1[pl](Xl’X )gj(X )])

Eegl 1 j=i+1

n k

=E : E; 4 Zpu(Xl,X) (Using Lemma 3)

k
= ]Elxl

j—1
Zpi,j(xi:x;)
i=1

Thus we have

25M Z( [e“0+KIG] — (1 + £)K By [IC;1 ] — 1)’

2

where C; = Zl 1Di J(Xi,XJ’.) and where the notation IEy, refers to the expectation conditionally to
the o- algebra o(X5,....X)).

Now we use a symmetrization trick: since eX —x —1 > 0 for all x and since e®! 4 ¢ = ¢ax 4 g=ax
adding Ey [exp (—a(1 + €)K|C;|)]+ a(l + e)KE . [|C;|]— 1 to a; gives

25
a(1+€&)KC; —a(1+€)KC;
a; < Tte E]EZ (E e J]—1+E|X [e i1— 1). (14)

Let us consider some j € {2,...,n}. Conditionally on o'(Xs,...,X)), C ; is a sum of bounded functions
(by A) depending on the Markov chain. We denote

j—1

vi(X) =By alp? (X, X))IX/] < B2
i=1

;nd 1% k: hzy:z EvE(x)) < ¢2B** D (with ¢2 =37, S E[p?(X;, X)D.
emark that

Exi~n[Pi,j(Xi:X;)|X;]
= Ex.x [hi,j(XbXJ/-) —E.[h;;(X,)] |X]/]

= f hi,j(xi:X;)ﬂ'(dxi) —E.[h;(X,)]

= 0,

where the last equality comes from Assumption 4. We use a Bernstein inequality for Markov chain (see
Proposition 4 in Section C.2). Notice from Taylor expansion that (1—p/3)(e? —p—1) < p?/2 for all p > 0.
Applying (33) with t = a(1 + €)K and ¢ = A (using the notations of the proof of Proposition 4), we get
that for a < [(1+ €)K yq(Ay/@/3+B+/3/2)I P A[(1—A) 21+ e)K yq (5Ayq(1—A)"V2 + V/32B)]™?

]E|X/[ea(1+5)K|Cj|]

a?(1+ 8)2K2qvj(XJ’.) vj(XJ’.)Aaz(l +£)?K?q
x Eyx | exp +
2—2Aqa(1+¢)K/3 1—A—5a(l+¢e)KAq

dy
< 2
i<
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Considering a < [(1+&)K y/G(A/q/3+B+/3/2)] ' AL(1—A)2(1+€)K /G (5Ay/q(1 — A) /2 + /3AB) ]!
1 and using (14), this leads to

a 25, < |: . ( a?(1+ e)szqvj(X;) vj(X;)Aaz(l +¢)?K?q ) B :|

9 «;_x = 2—2Aqa(l1+¢)K/3 1—A—5a(l+¢e)KAq
T
mp
k
= 2u Zn:il (1 +ePK*qvi(X]) v (XDAa*(1+€)*Kq
1+£J.=2k:1 k!'\ 2—2Aqa(1+¢)K/3 1—A—5a(l+¢e)KAq
k
28y o i 1 (3)k—1 a?(1+e)’K>qv;(X})
C14e¢ S k2 2—2Aqa(1l+€)K/3
26y T 1 vi(X)Aa?(1+e)’K3q
+ Z —3k1 (Using Lemma 2)
1+e¢ a2 k! 1—2A—5a(1+¢)KAq
< Su i 3" (1 + ) K*q"'V 25y szmk a®* (1 +&)*K*q*
" 3(1+e) & (4—4Aqa(l+€)K/3)k 3(1+s) A—5a(l + £)KAg)
6M ZSk 2k(1+8)2kK2k kcsz(k 1) 25M i 3kczBZ(k—l)Aka2k(1+8)2kK2qu
3(1+8) (2—2Aqa(1 +¢e)K/3)k 3(1+e) & (1—2A—5a(1 + £)KAq)
B (1+8)C2a2K25Mq 2(‘51\/1C2)»012(1+8)K2
"~ 2—24ga(l+€)K/3 —3a2(1 + £)2K2B2 1 A—5a(1 + ¢)KAg —3B21a2(1 + ¢)2K?2
q q q— q
(1+¢&)C%a%K?5,,q/2

- 1—Aqa(1l+€)K/3—3a2(1+ ¢)2K2B2q/2
26,,C?Aa?(1+€)K3q(1—2A)!
1 5(1 —A)1a(l+e)KAq—3B2A(1—A)1a2(1+ ¢)2K2q
(1+¢&)C%a®K?%5,,q/2
" 1—a(1+&)K/q(A/q/3+B+/3/2)
26, C*Aa?(1+€)K?q(1—A)7!
1 a(1—A)12(1 +e)K g (5A/q(1 —A)"V2 + v/3AB)

k 21472
a a W
exp(ZFW)“"P(l_ac)’

k>2

Putting altogether we obtain

where
1/2
L1 (14 )20 /26, K(1 + AV2(1—2)"1/2)
mp
+(2+¢+ 8_1)_1/271(8)3\/ 26 nu+4/28,B(1+ ¢ 1) 'us(e)logn,
and

¢ = max [(1 +e)KVAAVT/3+B+/3/2), (1-2)V2(1 + e)K /g (5A4/G(1 —2) 2+ V/32B)
An(e)y/nu , A5(e)ulog n}.

< max |:(1 +e)K(1—A)"V2,/q(5(1 —A)"V?A/q +Bv3), An(e)v/nu , As(e)ulog n].
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Using this estimate in (13) and taking s = 2W y/u + cu and a = +/u/(W + c4/u) in this inequality yields
P (U, >2Wu+ cu) <e " +1.62Ke™ < (1+Ke)e ™.

By taking ¢ = 1/2, we deduce that for any u > 0, it holds with probability at least 1 — (1 + Ke)e™
(0)
Zhi,j (Xian—ij)
i<j

dy
dm

1/2
V3q6, K1+ AY2(1 =)V Cvu+ 2V 9K|| Ty ||, (ET,)"Y2B /26, nu
.p

3
+2v2eK /6, (ET,) 'v°Bu/?logn + 5K(1 — A2 /q(5(1—A)"V?A/q +BV3)u
+ 9A|| T, |1, (BT,) "2 VKnu®? + 9AK(ET,) ' t3eu? logn,

Denoting

dy
= 4 A
K max( HdTC

2v2eK /5, (ET,) 7%, ;m — )2 yq(5(1— )2 Yg+ V3), 9Tl (BT) VYK,

1/2
V3q8 K (1 + AY2(1— )72, 27/ 9K|| T, |l,(ET,) V/24/26,, ,
,p

9K(ET2)173e),

we have with probability at least 1 — (1 + Ke)e™
Zhﬁf’j)(xi,xj_l,xj) <k (Cvu+(A+2Bvn)u + (Avn + Blogn))u®? + Alog(n)u?).
i<j

4.2 Reasoning by descending induction with a logarithmic depth

As previously explained, we apply a proof similar the one of the previous subsection on the t, :=[logn]|
first terms of the decomposition (9). Let us give the key elements to justify such approach by considering
the second term of the decomposition (9), namely

D (B [hy (X0 X)) ] = By [y (X, X)])

i<j
n—2 n n—1
- Z Z hg,lj)(Xi’Xj—Z’Xj—l) +Zui(Xi)
i=1 j=i+2 =
n—2 n—1 n—1
- Z Z hg,lj)(Xi’Xj—l’Xj) +Zui(Xi), (15)
i=1 j=i+1 =
where
hf,lj)(x! _y,Z) = f hi,j(x, W)P(Z, dW) - J hi,j(x, W)Pz(y, dw)
and

u;(x) = f hi i1 (e, w)P(x,dw) — E;_1[h; ;11 (X;, X;41)].

We can upper-bound directly |ZI:11 u; (X i)’ by 2nmax; ; ||h; ;|lcc and we aim at proving a concentration
result for the term

n—2 n—1 n—1 j—1
L ._ (€8] _ [€))
U® =" h00 XL x) =0 > WD X LX),
i=1 j=i+1 j=2 i=1

using an approach similar to the one of the previous subsection. One can use exactly the same sketch of
proof.
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* Martingale structure

Using the notation Yj(l) = f; hg’lj) (X;,X;_1,X;), we have Ur(ll_)1 = Z;:zl Yj(l) which shows that (UM),

is a martingale with respect to the g-algebras (G;);. Indeed, we have Ej_l[Yj(l)] =0.

* Talagrand’s inequality

To upper-bound (Vnk)n, we split it as previously namely

n—1 j—1 k
k._ (€3]
VEi= D B DX X, X))
j=2 i=1
n—1 j—1 k
=D B, (If,?(xi,xj) — Bl (X, )]+ B[Ry (X, )] - Ej_l[zﬁj)(xi,xjn) ,
j=2 i=1

where

Il.(j.)(x,z) = J h; j(x, w)P(z,dw).

Using as previously Lemma 2 with ¢ = 1/2, we get

n—1 j—1 k
AR DY (If,?(xi,xj) — B[hy (X, )]+ B[Ry (X, )] - Ej_l[ffj)(xi,x,-)])
j=2 i=1
n—1 j—1 k
— 1
< (3/2)7 2 B | DL (1) X)) — By X, ])
j=2 i=1
n—1 j—1 k
+37Y TE (Balhy ()] - By 1 (X)) |
j=2 i=1

Again, basic computations and Jensen’s inequality lead to

n—1 j—1 k n—1 j—1 k
1

DB D (Balhy () —E DL X)D) | =D B Y p D, x))

j=2 i=1 j=2 i=1

where

p0e,2) =10 (x,2) — B lhy (X, ).

Then, one can use the same duality trick to show that the Vnk can be controlled using the supremum
of a sum of functions of the Markov chain (X;);>; using Proposition 3.

* Bounding exp(w’; ak/k)

The terms a, and a; can be bounded in a similar way. For the term a;, we only need to show
that pg,lj) satisfies By | plg’lj)(Xl-,z)] =0, Yz € E in order to apply as previously a Bernstein’s type
inequality.

By ~rlp} ) (X;,2)]
= J n(dxi)J hi,j(xi:W)P(Z’dW)_En[hi,j(X; ]

=E.[h;;(X,)]—E.[h;;(X,-)] (Using Assumption 4)
=0.

* Conclusion of the proof
The key element to conclude is to compute the constants A, B and C. We note A;, B; and C; the
counterparts of the constants A,B and C.
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Computing A;.
1
Ay i=2max|h;llco < 2max|lh jlloo =4,

Computing B;. We start by expressing ( a )) with respect to (pi’j)z.

(pPe,2))? = (I 5(x,2) — B[y (X, 1)

2
(J h; j(x,w)P(z,dw) —E.[h; ;(X, )])

2
(j hy ;(x, W)—En[hi,j(X,')]]P(z,dW))

f h; j(c,w) —E[h; ;(X, -)]]2 P(z,dw), (Using Jensen’s inequality)
=f pi’j(x,w)zp(z,dw).

We recall that

Z By [(00P(,X")]

j=i+1

ZEM[(p(”)Z(X 9]

B = max {max max

S

[ee]

We have for all j and z € E,

j—1

ZEM[(p“))Z(x z) SZJ J pi,j(x, w)*P(z, dw)m(x)

i=1

f fpl](x w)?n(x)P(z,dw)
—f ZEx~n [p:;(X,w)*] P(z,dw)

i=1

j—1
< Z Ex~r [pi,j(X: ')2]

i=1

o0

We have for all i and x € E and using Assumption 3.(ii),

Z Ex [ (0022, X)] < f f pi,j(x, w)*P(z, dw) »(2)
j=i+lJzdw

Jj=it+l

f pij (e, w)*v(dw)
j=i+1Jw

Z Exiny [pi,j("X/)z]

j=it+1

o

Hence, B? < B>.
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Computing C;. Using again Assumption 3.(ii),

n—1 n
=2, > B[0Pt x))]

i=1 j=i+1
n—1 [ n
2
RADI f fpi,,-(xi,w)P(z,dw)v(dz)
i=1 j=i+lJzJdw
n—1 [ n
<D B ZJPEJ(Xi,w)v(dw)
i=1 j=i+lJw
n—1 n
=2 2. B[ x))]
i=1 j=i+1
=C2.

This allows us to get a concentration inequality similar to the one of the previous subsection, namely
for any u > 0, it holds with probability at least 1 — (1 + Ke)e™,

hﬁ}j)(xi,xj_l,xj) <k (Cvu+(A+2Bvn)u+ (Avn +Blogn))u®? + Alog(n)u?)
Going back to (15), we get that for any u > 0, it holds with probability at least 1 — (1 + Ke)e™,
Z (B [ (X0 X)) ] = Ejp [y (X1, X )])

i<j

< K (Cﬁ +(A+2Bv/n)u + (Avn + Blogn))u®/? +Alog(n)u2) +nA (16)

One can do the same analysis for the ¢, first terms in the decomposition (9). Hence for any u > 0, it
holds with probability at least 1 — (1 + Ke)e™“t,,

D> (Bl (X X)) = By Thy (X, X)]1)

k=1 i<j
< xt, (Cﬁ + (A+ 2BVn)u + (Avn + Blog n)u®/? +Alog(n)u2) +nt,A. 17

4.3 Bounding the remaining statistic with uniform ergodicity

In the previous steps of the proof, we decompose U, in t,, + 1 terms (see (9)). The martingale structure of
the first t,, terms of this decomposition allowed us to derive a concentration inequality for each of them.
It remains to control the last term of this decomposition, namely

Z (]Ej—fn [hi,j(Xi’Xj)J —E.[h;(X, 1),

i<j

where t, = |qlogn| with ¢ > (log(1/p))". In the following, we assume that t, < n, otherwise the
last term of the decomposition (9) is an empty sum. Using our convention which states that for all k <
1, E [-]:= E[-], we need to control

n—1 n
Z Z (B, [hi,j(Xi’Xi)]_En[hi,j(X;')])-

i=1 j=i+1
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Figure 3: Visualization of the partition of the set {(i,j) € [n]®> : i < j} that we use to control the last
term of the decomposition (9) of the U-statistic.

Let us consider (X ;)j 1.i.d random variables with distribution 7, and independent of (X;);>;. Using
Assumption 4, we have

S, [he (X0, X,)] = Bl (X, 1)

i<j
n—1 n

< D0 By [hi (X X)) —hy (X))
=1 j=it1

< (M+@)+B3)+4),

Wlth, denoting Hl] = E]‘_tn [hl’J(Xl,X])_hl,J(Xl,Xv]):I,

tn

2,
1):=> > |Hy| <224,

i=1 j=i+1

(2):22 zn: {Hij:

i=1 j=(2t,+1)

n—1 nA(t,+i—1)

@)= > > |Hy<nea

i=t,+1 j=i+l

(n=DA(n—t,) n

@= >, > |H

i=t,+1 Jj=t,+i

Figure 3 presents a visualization of the way we are partitioning the sum.
Let us upper-bound (2) and (4) to conclude the proof. First note that for i < j—t,,, it holds

E;_,, [hi,j(Xij)] = f h; ;(X;,2)P* (X, ,dz).

z
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We start by upper-bounding (2),

2)= Z Z [he (X0 X)) —hy ;X))
i=1 j=2t,+1
t, n
= sup | —t, [hi,j(xi’Xj)_hi,j(bej):”
i=1 Xi j=2t,+1
t, n
< sup f hy j(x;,2) (PU(X;_, ,dz) — n(dz))
i=1 Y j= 2t,,+1 z
< maxnhl,uooz > J|P‘ (X, dz) — m(dz)|
i=1 j=(2t,+1)
< maxnhi,juooz S 1
v i=1 j=2¢,+1

< maX”hi,j”oontantn'
L]

where L > 0 and 0 < p < 1 are constants related to the uniform ergodicity of the Markov chain (see
Definition 8). With analogous computations, we upper-bound the term (4)

We deduce that

We deduce that

(n=DA—t,) n

W= > ST E, [h e X)—h %, %))]]

IA

IA

IA

IA

IA

i=t,+1  j=t,+i

(n—1)A(n—t,)
SUP Z |]E ,j(xi’Xj)_hi,j(xi:Xj)”
i=t,+1 Xi Jj=t,+i
(n—1)A(n—t,)
suP Z J i,j(xi,z)(Pt”(Xj,tn,dz)—ﬂ(dz))
i=t,+1 Xi =ty

(n=DA(n—t,) n

maxli oo >, D f P (X, d)—(dz)

i=t,+1  j=t,+i
(n—1)A(n—t,) n

maxlhyllo X5 X, Lo"

i=t,2+1  j=t,+i

Hll?x”hi,j“oonzl'ptn'

(8, [y (0 X )] = Exlhy (X, )])

i<j

< H}?X”hi,j”oo (nsz[" +nt,Lp™ +4t§ + Zntn)
< max||hi’j||oo(2n2Lp‘"+6ntn) (Using t, < n)
ij
< max||hy jlle (2Ln*n1"°8) + 6nqlog(n)).
ij
X, X E_[h; (X,
n(n—l); J—tn ll( 154 )] [ 1]( )])
log(p) log(n)
< ma.xllhijlloo 4LnT08P) 4 249 —"—
’ n
2L 1
< (—+12 Og(n)), (18)
n
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because p?l°8(M = palo8lP) < n=1 | Indeed 1+ qlog(p) < O because we choose g such that ¢ >
(log(1/p))~. Coupling this result with the concentration result (17) concludes the proof of Theorem 1.
Hence, for any u > 0 it holds with probability at least 1 — (1 + Ke)e™“t,,

D (00 %)) — Br[hy (X, 1)

Tl(n - 1) l<]
< (2K_t" (Cvu+(A+2Bvn)u+ (Avn+Blogn))u®/? + Alog(n)u?) +A(4 LL+12 )log(n))
< n(2n—1) (Cvu+@A+ 2B1/_)u+(A«/_+BIOgn))u3/2+Alog(n)u2)+A(2L+16q) g(n)

5 Deviation inequality for the spectrum of signed integral opera-
tors

As shown in Section C.3, Theorem 3 is a direct consequence of the concentration result provided by
Theorem 7.

Theorem 7 We keep notations of Section 3.1. Assume that (X,,),>1 is a Markov chain on E satisfying the
Assumptions of Theorem 2 with invariant distribution 7. Let us consider some symmetric kernel h : EXE — R,
square integrable with respect to © ® 1. Let us consider some R € IN*. We assume that there exist continuous
functions ¢, : E— R, r €I (where ] =N or I =1,...,N) that form an orthonormal basis of L*(r) such
that it holds pointwise
h(x,y) = > 20,0, (),
rel
with
Ag:= sup |A|and ||¢/lleo <Y, Vrel, r<R.
rel, r<R
We also define hg(x,y) = Zrel, r<r M@ ()9, (y) and we assume that ||hg|| e, ||h — hgllee < ©0. Then for
any t > 0, it holds

( B, AP = (gl + el —h2) 2 S AZH)

i>R,iel
dy
2
|

( Ok e )+/31 () ( . {[t]A[t]mA[t]m})
ex —Q n—— og(n)ex —_—— - - -
o 7 128qIIh— g2, EIEP\ " 1610g*n \Lel " Le c

dy ( _, nt )
= exp|—aA) ——= |-
mp 2qR2A3YE

dn
where ¢ = k||lh — hglloo With k > 0 depending on Oy, | Ts|la, ETs, (| Ty ||y, IT2lly,, L, A and p. B depends

only on p. Finally we denoted a(A) = M

+ 2R?

Proof of Theorem 7. For any integer R > 1, we denote

XH,R \/— _____

Angi= (XHT’RXH’R)UZ € RRxR
Ky :=Diag(A4,...,Ag)
HY := X, oKz X,
HY = ((1-5,) (ﬁﬁ)i’j)lg’jgn .
We remark that Ai,R = Ip + Ep,, where (ER’")r,s =(1/n) Z?:l (cpr(Xi)nps(Xi) - 5r’s) for all r,s € [R].
Denoting A(HR?) = (A4, ..., 43), we have
5,(A(H), A(H,))* < 4[5,(A(H), A(H)) + 5,(A(H), A(HD))® + 5,(A(HL), A(HR))? + 5,(A(H), A(H,))*].
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Bounding 6, (A(HR), A(ﬁﬁ)). Using a singular value decomposition of X, z, one can show that A(X,, RKzX nT R)=
A(A,, rRKrA, z)) which leads to

55 (AGHR), A(R)) = 65 (A(Kp), AKX, KX, )

=0, (A(KR), A(An,RKRAn,R))
< [IKr — A rKrA, RlF»

where the least inequality follows from Hoffman-Wielandt inequality. Using Equation (4.8) from (Koltchin-
skii and Giné, 2000, page 127), we get

n 2
~n.\2 1
55 (A(HR), A(ARN)” < 2|KeErnll2 =2 Af(;;sor(xi)ws(xi)—ér,s) : (19)

1<rs<R

Hence,

P (5, (AHY, AN > t)

1 n
< > P(ﬁw = 6 (X)e (X)) — 6, zﬁ/R)
n#
1<s,r<R i=1
1 n
< 2 IP( = D@ X X) =5, zﬁ/(ﬁmsn)
n+<
1<s,r<R,A,#0 i=1
dy nt
< 2 '— exp (—Za(l)_l—)
1<5,r<R,A,£0 A || 2qR2| A2 T4
dy

2R?

dm

nt
exp (—01(/1)‘1 —) ,
wp qR2AZYS

where the last inequality follows from Hoeffding’s inequality for Markov chains from (Fan et al., 2018,
Theorem 2.3).

Bounding 5,(A(HR), A(H))2.

TR RY\2 SR Rz _ L C 2 ”hR”io
0,(A(H,), A(H;)) SlIHn—Hnllp—ﬁ i§=1hR(Xi>Xi) < "
Bounding 6,(A(H®), A(H,))*.
R 2 SR o2 L 2
65(A(H), A(H,))" < [[H, —H,[I; = = E (h—hp)(X;, X;)" |
M \i<ij<n, i#j

Let us consider,

mg(x,y) := (h—hg)*(x, ¥) = sp(x) = 5r(¥) = Erer[(h — hp)*(X, V)],

where sz(x) = E[(h—hg)*(x,X)]—E [ (h—hg)*(X,Y)]. One can check that for any x € E, IE.[mg(x,X)] =
E,[mg(X,x)] = 0. Hence, my is m-canonical.

1
v ( >, (h—hR)(Xi,Xj)Z) (20)

1<i,j<n, i#j
1 2 <
= L > MK+ 2D ) + Bl (h— PO YL (1)
n(n— )1£i,an,i;éj ni3
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Using Theorem 2, we get that there exist two constants 3,k > 0 such that for any u > 1, it holds with
probability at least 1 — e log(n),
1
n(n—1)

u u3/2 u7?
Z mR(Xl-,Xj)SK||h—hR||oologn{;vlogn[;] Vlogn[;] }

1<i,j<n, i#j
Let us now consider some t > 0 such that
3/2 2
K||h—hR||oologn{Evlogn[E] Vlogn[g] }St. (22)
n n n

The condition (22) is equivalent to

‘ ‘ 2/3 ‘ 1/2
usn A A ,
{K”h_hR”oolOgn (Kllh—thlooIngn) (Kllh—thlooIngn) }

which is satisfied in particular if ¢t is chosen such that

n { t t 2/3 t 1/2}
u= AN AN — ,
10g4/3n I:C] [C] |:C]
where ¢ = k||lh — hgl|loo- One can finally notice that for this choice of u, the condition u > 1 holds in
particular for n large enough in order to have n/log®n > x||h — hglloot —*.

We deduce from this analysis that for any t > 0, we have for n large enough to satisfy n/log®>n >
Kllh—=hglloot™,

P(n(nl_ 1) Z mp(X;,X;) = t) Sﬁlog(n)exp(_log“%n{[E]A[E]Z/SA[E]UZ})'

1<i,j<n, i#j

Using Hoeffding’s inequality for Markov chains from Fan et al. (2018), we get

2 dy a t2
= >t |<2|%£ MO i L —
(n = )— Hdn ﬁ,pe"p( ) g =Rl

We deduce that it holds

P(l( 2 (h—hR)(Xi,Xj)z)—Em[(h—hR)Z]zt)

1<i,j<n, i#j
dy
2 A
H dm

n

ZSR(Xi)

i=1

2

oo s peseren (e (GG

Since E g, [ (h—hr)*(X,Y)] = Do g i A2, we deduce that

1P(52(A(H§),A(Hn))2— > A?zr)

i>R,i€l

dy t2 n t t72/3 L2
< o] e —agyne T Vep AL,
Hdn n,pexp( a(A) n32q||h—hR||?X,) B og(n)exp( 4log*?n \Lc c c
Hence we proved that for any u > 0 such that n/log® n > «||h — hglleot™?,
1 , g2, ,
]P _62(A(H)7A(Hn)) > —+ Z Ai +u
4 n i>Riel
dy u? n u u?3 ruil/?
< of22) ep(-arine e progmenn(-— o {[EA[ET A [4] )
Hdn n’pexp( a(A) n128q||h—hR||§x,) 5 og(n)exp( 1610g"°n \Lc c c
dy nu
+ 2R?||-£& e —aA) ' ——— |.
dr ||, Xp( a(2) 2qR2A§Tg)
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Kllh—hglleo log® n
n

Considering t > 0 and applying the previous inequality with u =t + , we get

1 log® n
P(Zézum),x(ﬂn)fa(||hR||io+r<||h—hR||io) EXe x?+t)

i>R,iel
dy ( _ t2 n t £12/3 /2
< 2 exp| —a(A) 'n————— |+ Blog(n)exp ——{[—]/\[—] /\[—] }
‘d b 128q||h — hgll2, 16log*®n Lc c c
dy nt
+ 2R2 -— ex —al_l— .
7| p( ) 2qR2A}%TI§)

This concludes the proof of Theorem 7.

6 Proofs of Theorems 4 and 5

In this section, for any k > 0 we denote I, the conditional expectation with respect to the o-algebra o (X1, ...

6.1 Proof of Theorem 4

By definition of .#", we want to bound

which takes the form

n—1 n—1
IP( L Z[%(ht_b")—lEt_bn[Mt]]— L [Mt—E[_bn[Mt]]Zs)

n—=¢ey (= n—=¢c, =

n—1 n—
< IP(H_IC Z[%(h[—bn)_Et_bn[Mt]]Z8/2)4—1?( Z E.p [M.]— t]zg/z), (23)

nt=c,

Step 1: Martingale difference We first deal with the second term of (23). Note that we can write

n—1 n—1 b, b, n—1
DBy, MI-M]= D> (B M- Ee o [M,]]= ZZ —Been[M,]].
t=c, t=c, k=1 k=1 t=c

Let us consider some k € {1,...,b,}, then we have that V( ) = = (B [M]-E_[MD/(n—c,) is a
martingale difference sequence, i.e. ]Et_k[Vt(k)] = 0. Since the loss function is bounded in [0, 1], we

have [V¥)| < 2/(n—c,), t=1,...,n. Therefore by the Hoeffding-Azuma inequality, 3, V"’ can be
bounded such that
P( 1 ni[Et—k[MJ—Et_m[Mt]]z : )Sexp(_w).
n—c¢, t=c, 2bn Sb%
We deduce that
(s SEm-m ] o
(n - Cn t=c, b ‘ td= 8/2) S bn exp( Bb% ) . (24)
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Step 2: Symmetrization by a ghost sample In this step we bound the first term in (23). Let us start
by introducing a ghost sample {£},<;<,, Where the random variables &; i.i.d with distribution 7. Recall

the definition of M, and define M, as

M, =

tfbn:XUXi)’ Mt =

tfbn’Xt: 51)

The difference between Z\7[t and M, is that M, is the sum of the loss incurred by h,_;, on the current
instance X, and all the previous examples X;, j = 1,...,t — b, on which h,_; is trained, while M, is
the loss incurred by the same hypothesis h,_, on the current instance X, and an independent set of
examples &;, j=1,...,t —b,.

First remark that we have

1 n—1
— [%(ht—bn)_Et—bn[Mt]]
n t=c,
1 n—1 ~ 1 n—1 ~
= [R () — By, [M,]] + D [ Bey, [M, 1= By [M,]].
n—c, & n—c, &

Since £ is in [0, 1], the first term can be bounded directly using the uniform ergodicity of the Markov
chain (X;); as follows

n—

1
n_lc [‘%(ht*bn)_Etfbn[Mt]]

= f (n(dx)Exr[€(h,—p , 3, X)]— PP (X, , dx)Ex . [€(hp,, X, X)])

n—1
= n_lc ZJ EX'VTL’[E(ht—bnax:X)](Tf(dx)_Pb"(Xt_bn,dX))

n t=c €E

< f |m(dx) — PP (X, , dx)|
< Lp",

where we used Definition 8.
It remains to control

1 & .
n—c, ; [Ef*bn[Mt] - Etfbn[Mt]] 5

and we follow an approach similar to Guo et al. (2016). Let us remind that M, and M, depend on the
hypothesis h,_;, and let us define L,(h,_; ) = []Et,bn[Mt] — IE)H,”[Mt]] . We have

( ZL(htb)n)

< ]P( sup ZL(hrb)>€)
Ry by ina, LN t=
n—1
< Z P (sup Lt(/ﬁ) > 3) . (25)
t=c, hex

To bound the right hand side of (25) we give first the following Lemma.

Lemma 4 Given any function f € #¢ and any t > c,,,

Ye>0, P(L.(f)=e¢)<exp(—(t—by)a(r) e?).
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Proof of Lemma 4.
Note that

L(f)= Et—bn [Mt] - Et—bn[Mt]

1 t—b,
= 5 2 (B [0, X E)] = By, [0, X, X))
noj=1
1 t—b,
= — 23 Beor [Bx o, o (L. X0 ] = By, o (L. X0 XY
noj=1

Hence, denoting m(f, X, ,x) = Ex <pon(x,_, 1€(f, X, x)}, we get

t—b,

S (e [ Xy, O] - (X X0}

noi=1

L(f) =

By the reversibility of the chain (X;);>;, we know that the sequence (X;_; ,X,_ _3,...,X;) condition-
ally on X,_;, is a Markov chain with invariant distribution 7. Applying Hoeffding’s inequality for Markov
chains (see (Fan et al., 2018, Theorem 2.1)) we get that

P(L(f)>elX, )

t—b,
S P(t_lb Z {Bevr [m(f, X, €] —m(f, X oy, X))} = & |thn)

noi=1

< exp (—(t - bn)a(l)_lsz) .
Then we deduce that
P(L(f)=e)=B[E{l )y | X, }]

=E[P{L()=elX,,}]
<exp(—(t—bya(A)'e?),

which concludes the proof of Lemma 4.
|

The following two Lemmas are key elements to prove Lemma 7. Their proofs are strictly analogous to
the proofs of Lemmas 6, 7 and 8 from Guo et al. (2016).

Lemma 5 (See (Guo et al., 2016, Lemma 6)) For any two functions h,,h, € 5, the following equation
holds

|L,(hy) — L.(hy)| < 2Lip(¢)llh; — hsll oo

Lemma 6 Let ## =S, U---US; and € > 0. Then

!
P (suth(h) > s) < ZIP (suth(h) > s).
=1

hest hes;

Lemma 7 (See (Guo et al., 2016, Lemma 8)) For any c,, < t < n, it holds

€ (t —b,)a(A) te?
P (:g;Lt(h) > s) < L/V(%”, 4Lip(<p))eXp (_f) .

Combining Lemma 7 and (25), we have

n—1 ~ L
]P(n_lcn;Lr(hr—bn)ZE)sJV(% £ )nexp(_(cn b,)a(A) 8)_

> 4Lip(p) 4
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We deduce that

n—1

IP( S [RGB ~ M) = e/z)

n—c, &

IA

n—1
P(Lp”"+ ! Z[E[_b"[MfJ—Et_b"[Mf]]25/2)

n—c, &

_ -1 7 b)2
JV(%’ £ )nexp(—(cn ba)a(A) (8/2 e ))

" 8Lip(¢) 4

Step 3: Conclusion of the proof. From the previous inequality and (24), we get

n—1 n—1
1 1
P R(h,_p )— M, >
(n_c Z (h, bn) n—c Z t 8)

n t=c, nt=c,

(1—c)ne? € (¢, —ba(A)™ (5/2 - Lpb")2
< bnexp(—T)+ﬂ(%,m)nexp(— ) .

Note that (¢, — b, )ep® = o (nanlog(f’)) = o0 (n1+‘5+q1°g(f’)) because by assumptione = o (ng).
n—oo n—.,oo n—oo

However, by choice of ¢ we have

1+¢

1+&+qlog(p)=1+&+ ———=log(p) =0,
and we finally get that (¢, — b, )ep®" =0 (1). We deduce that for n large enough it holds
n—
(ca = b))~ (e/2—Lp™)" (ca — b)a(A) e?
exp| — 7 <2exp|— 6 .

Then, noticing that

nexp (_(cn - bn)a(;\)—lsz) _0 (b exp (_(1 —c)ne? ))
16 " 8b2 ’

n

we finally get for n large enough

n—1 n—1
1 1
P R(h,_p )— M, =
(n—c Z (tbn) n—c Z t 8)

nt=c, n t=c,

< [Z/V (%", m) + 1] b, exp (——(1 _8;);82) .

6.2 Proof of Theorem 5
Let us recall that forany 1 <t <n—2, Z(h,, t +1) = (";t)_l Disiiser1 L, X, X ). We define

L(h,x):=E_.[L(h,X,x)]—2%(h), and Z(h,x,y) ={L(h,x,y)—L(h,x)—L(h,y)— % (h).

Then for any t € {b, + 1, ...,n—2} we have the following decomposition
— n—t\"! S 2 §
R(hp t+1)—R(h_p) = ( ) ) D1 Uhep. XoX)+—— > Uy, X)) (26)
£ n—t 4
k>i,i>t+1 i=t+1
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One can check that for any x € E, E, [Z(h,X ,x)] =E, [Z(h,x,X )] = 0. Moreover, for any hypothe-
sis h € 22, ||Z(h, > Mloo < 4 (because the loss function £ takes its value in [0, 1]). Hence, for any fixed
hypothesis h € 5, the kernel £(h, -, -) satisfies Assumption 4. Applying Theorem 2, we know that there
exist constants 3,k > 0 such that for any t € {b,, + 1,...,n—2} and for any y € (0, 1), it holds with
probability at least 1 —y and for n large enough,

-1 n
(n_t) > Uy, X0 X)) log((B v e")log(n — t +1)/7)".

< Klog(n— t—1)
2 k>i,izt+1 n—

t—1

Note that we used that for u = log((ﬂ Vel)log(n—t+ 1)/)/) > 1 it holds

3/2 2 1
logn{gvlogn[g] Vlogn[g] } = o(ﬂuz).
n n nl J notoo n

Using Hoeffding’s inequality for Markov chains (see (Fan et al., 2018, Theorem 2.1)), we also have
that for any t € {b,+ 1,...,n—2} and any ¢ >0,

"

where a(A) = % We get that for any t € {b, + 1,...,n—2} and any y € (0, 1), it holds with probability
atleast 1 —1v,

2 S k)

n—t. o5

> 8) <2exp(—qta(A)H(n—t)e?),

2 n
— D Uy, X)

i=t+1

log(2/v)2a(1)'/?
vn—t '

We deduce that for any t € {b, + 1,...,n—2} and any fixed y € (0, 1), it holds with probability at
least 1 —y for n large enough,

|Z (R, t+1) = R (R )| < a(x)l/Z\J@,

Y
n—c,+1)

<

ie.

P(|Z(hip,, t + 1) =R (hep )| = c,(n—1)) < (n—c, ) 27)

Based on the selectiorl procedure of the hyRothesis h defined in (6), the concentration result (27)
allows us to show that 2 (h) is close to <r£1in 1.%(ht_bn) +2c,(n — t) with high probability. This is stated
c,<t<n—

by Lemma 8 which is proved in Section C.4.

Lemma 8 Let hy,...,h,_; be the set of hypotheses generated by an arbitrary online algorithm .«/ working
with a pairwise loss £ which satisfies the conditions given in Theorem 4. Then for any y € (0, 1), we have

P (,%’(ﬂ) > <nt1<in_1((%’(ht_bn) +2c,(n— t))) <r.

To conclude the proof, we need to show that <min 1%(ht_b )+2c,(n—t)is close to .4".
¢, <t<n— n
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First we remark that

min %(ht b,) +2c,(n—1t)

c,<t<n—1

= c<Hflgnl . t<IILlI1 R(hi_p )+ 2c,(n—1)

—1

s Jfn o Zg R (hi_p,) +2¢,(n—1))
5 a(A), 4n—c)(n—c,+1)
= cnglgr}l( Z%(hl b)+_Z\ n_ilog Y
i ! 2 2a(1) ;. 4n—c,+1)
= cnsr?ég—l(n_t;%(hibu)+mlzg\ ——log .

n—1
i 2a(1), 4n—c,+1)
& m( D e |

where the last inequality holds because Z::lt V1/i <24/n—t. Indeed, x — 1/4/x is a decreasing and
continuous function and a classical serie/integral approach leads to

n—t

n—t : 1 .
;,/1/131+J1 ﬁdx=1+[2ﬁ:|l ‘<ovn—t.

We define . :=ﬁ2fn_:1tMm.FromTheorem 4, one can see that foreach t =c¢,,...,n—1,
1 & € (1—c)ne?
(- Stz e ) < [ (ot gt ) 1 b5,
(n_t; (hip,) = A, ) SLin(7) n €XP 852
Let us set
2a(A 4n—c,+1
Ktz//lt”+4q o t)log (n—cn )+8
n— Y

Using the fact that if min(a;, a,) < min(by, b,) then either a; < b; or a, < b,, we can write

IP( Imn %(ht b,) +2c,(n—t) = <H[1in 1K)
1 < 2a(A). 4n—c,+1) .

< IP(C <n;lil;ll 1(n_tZ%(hi_bn)+4\J — log » )chsngll_th)

~ ~ 2a()L) 4(n—c +1)
: tz ( ;%(hl ¥ N n—t Y ZKI)

n— n—1
_ Z ( S b)wnﬂ)

_ 2

: (n_c”)[z‘/v(%’ 8Li;(s0))+1]b”EXp(_(l sglm )
<

€ (1—c)ne?
2 S, ——— 1 ——— 421 .
["V( ’sLip(so))’L ]exp( 82 Ogn)

Using Lemma 8, we get

- 2 e +1
]P(Qi’(h)z min /ﬂt”+4\J A g M= )+e)
c,<t<n—1 n—t ’)/

€ (1—c)ne?
< +1{2 H,——— |+1 ——— 421
=7 [‘/V( ’8Lip(30)) ]eXp( 8b7 ogn)’
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which gives in particular

P(%@ r +4\] 2900, e ) H)

€ (1—c)ne?
< +12 H, —— +1 ——— 421 .
’ [‘/V( 8L1p(<,0)) ]eXp( 8b2 Og”)

We substitute ¢ with £/2 and we choose y such that 44/ ZnaT(?) log w = ¢/2 with n large enough
to ensure that y < 1. We have for any ¢ > 0,

P (%(ﬁ) > 4"+ 4\J 200 Hnzatl) e)

n—c, Y
< 4n—-c,+1)ex —M +[2</V(%” ;)+1]ex —M+Zlo n
= n P\ T 12820 *16Lip(p) P 8b? 8
<

€ (1—c)ne?
2 H,——— |+1 ——— 421
[ ’16Lip(so)) Je ( 8b2 °g")’

where these inequalities hold for n large enough.
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A Definitions and properties for Markov chains

We recall some definitions and well-known results on Markov chains that will be useful for the next
sections.

A.1 Ergodic and reversible Markov chains

Definition 5 (Roberts and Rosenthal, 2004, section 3.2) (y-irreducible Markov chains)

The Markov chain (X;);>1 is said @-irreducible if there exists a non-zero o-finite measure ¢ on E such that for
all A € X with ¢(A) > 0, and for all x € E, there exists a positive integer n = n(x,A) such that P"(x,A) > 0
(where P"(x, ) denotes the distribution of X, conditioned on X; = x).

Definition 6 (Roberts and Rosenthal, 2004, section 3.2) (Aperiodic Markov chains)

The Markov chain (X;);», with invariant distribution 7 is aperiodic if there do not exist m > 2 and disjoint
subsets Aq,...,A, C E with P(x,A;;1)=1 forallx €A; (1 <i<m—1), and P(x,A;) =1 forall x €A,
such that ©(A;) > 0 (and hence 7t(A;) > 0 for all i).

Definition 7 (Roberts and Rosenthal, 2004, section 3.4) (Geometric ergodicity)
The Markov chain (X;);> is said geometrically ergodic if there exists an invariant distribution m, p € (0,1)
and C : E — [1, 00) such that

1P, )= mllyy < CG)p",  Vn>0, m—aex €k,
where ||ull7y := supyey [U(A)].

Definition 8 (Roberts and Rosenthal, 2004, section 3.3) (Uniform ergodicity)
The Markov chain (X;);>1 is said uniformly ergodic if there exists an invariant distribution 7 and constants 0 <
p < 1and L > 0 such that

IP"(x, ) —mt|lyy < Lp", Yn>0, n—aex€E,
where ||ull7y := supyey [U(A)].

Remark: A Markov chain geometrically or uniformly ergodic admits a unique invariant distribution.

A.2 Spectral gap

This section is largely inspired from Fan et al. (2018). Let us consider that the Markov chain (X;);>;
admits a unique invariant distribution 7 on E.
For any real-valued, Z-measurable function h : E — R, we define nt(h) := f h(x)m(dx). The set

% (E, %, n) :={h: n(h?) < o0}

is a Hilbert space endowed with the inner product

(1, hs) = f hy (Ohy(x)7(dx), Yhy, hy € L%(E, 2, 70).

The map

-1l :h € Z(E, %, 7) = ||kl = v/ {h,h),
is anorm on %,(E, %, ) . ||-||,, naturally allows to define the norm of a linear operator T on %,(E, %, )
as

N.(T) = sup{lIThll : lIhll. = 1}.
To each transition probability kernel P(x,B) with x € E and B € X invariant with respect to 7, we can
associate a bounded linear operator h — f h(y)P(-,dy) on %4,(E, %, 7). Denoting this operator P, we get
Ph(x) = f h(y)P(x,dy), ¥x € E, Yh € Z,(E, %, m).

Let fzo(n) :={he %(E, 2, ) : n(h)=0}. We define the absolute spectral gap of a Markov operator.
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Definition 9 (Spectral gap) A Markov operator P reversible admits a spectral gap 1 — A if

Ph
A= sup{ ”Hh””” :he Z)(n), h# 0} <1.
T

Remark: Uniform ergocity ensures that the chain admits a spectral gap (see (Ferré et al., 2012, Sec-
tion 2.3)).

A.3 The splitting method

We describe the construction of the split chain that we use in our proof. Let us consider some Markov
chain (X,), on the probability space (E, %, IP) with transition kernel P. We assume that there exists a
small set C € %, there exist a positive integer m, a constant §,, > 0, and a probability measure u on E
with the following minorisation condition holds

VxecC, VAex, P"™(x,A)=8,u(A).

We give only the construction of the split chain in the case where m = 1 which corresponds to our setting
(see Assumption 2). Each point x in E is splitted in x, = (x,0) € E, = Ex{0} and x; = (x,1) € E; = Ex{1}.
Each set B in ¥ is splitted in By = B x {0} and B; = B x {1}. Thus, we have defined a new probability
space (E*,¥*) where E* = EyUE; and ¥* = 0(B,, B; : B € 2). A measure 1 on % splits into two measures
on E, and E; by defining n* on (E*, ©*) through

n*(By) =n(BNC)(1—-6,)+n(BNC)
n*(B1) =n(BNC)5,.

Now we define a new transition probability P*(-,-) on (E*, ©*) with

P(x,)* ifx¢é¢Cande=0
P*((x,e), ) =4 (1—6,) " (P(x,") —6,u*) ifxeCande=0
w* ife=1

The split chain associated with (X,,), is then defined as the Markov chain ((X,,R,)), on E* with tran-
sition kernel P*. After the previous rigorous construction of the split chain, we can give the following
interpretation of the method. Each time the chain reaches C, there is a possibility for the chain to
regenerate. Each time the chain is at x € C, a coin is tossed with probability of success 6,,. If the toss
is successful, then the chain is moved according to the probability distribution u, otherwise, according
to (1—5,,)"t (P(x,-)— &,,u(-)). Overall, the dynamic of the chain is not affected by this coin toss, but
at each time the toss is successful, the chains regenerates with regeneration distribution u independent
from x. In particular if Assumption 2 holds, the whole space is small and at each time step, the chain
regenerates with probability 6,,.

B Connections with the literature

Let us establish a clear connection between Theorem 2 and the exponential inequality from Shen et al.
(2020). We consider an integer n € IN* and a Markov chain (X;);»; geometrically ergodic on R¢ with
invariant measure 7. As mentioned in (Jones, 2004, p.6), (X;);>; is in particular geometrically a-mixing
(see (Shen et al., 2020, Section 2)) with coefficient

a(i) < yiexp(—y,i), foralli=>1,

where y;,7, are two positive absolute constants. We consider a kernel h : R? x R — R 7-canonical,
continuous, integrable and satisfying for some g > 1, f]RZd |F h(u)lllullgdu < 00. Then Eq.(2.4) from Shen
et al. (2020) states that there exists a constant C > 0 such that for any u > 0, it holds with probability at

least 1 —6e™ 5 )
u u
U <aclhl {41 + crogtm[ 4] ],
n(n—1) n n
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4

where A2 = 4 ( ot + k’gn(")) and U (n) = X1, e (AKX ) — B [R(X, )]).

Hence, when we consider a unique kernel function with strong regularity conditions, assumptions on the
Markov chain (X;);>; can be weakened and (Shen et al., 2020, Theorem 2.1) provides a result that is
close to the concentration inequality of Theorem 2. In a framework where both Theorem 2 and (Shen
et al., 2020, Theorem 2.1) hold, noticing that for any u > 1,

3/2 2 2
log(n)E +1log’n [E] +1log’n [E] < lo<°72(n)E +1log*(n) [E] ,
n n n n n

we deduce that our bound is asymptotically at least as good as the one from Shen et al. (2020) (up to a
possible log factor marked in bold).

C Additional proofs

C.1 Proof of Proposition 3

Step 0: Preliminaries The proof follows closely the one of Theorem 7 in Adamczak (2007). The only

difference lies in the fact that the random variables Z; (defined in the next paragraph) are not identically

distributed and independent but they are only independent in our case. This is due to the presence of

the functions (g;); whereas R. Adamczak is controlling sup ZLI f(X;). To make the reader understand
fez

easily the difference between our proof and the one of Adamczak (2007), we will add comments with the
marker O along the proof highlighting approaches different from Adamczak (2007).

In all the proof, K will denote a universal constant that may change from line to line.

Step 1: Decomposition and notations For a function f € & let us define

TyAn

Zo=Zo(f) = Y fge(Xi))
k=1

and recall the variables S; and

Si+1

Zi=7(f)= Y, fl&X)), i=1

k=S;+1
Recall also that Z;’s form a independent sequence. Using this notation, we have
n
F@OD) + -+ F(@uX ) =Zo+- -+ Zy + Y. (X)), (28)
Syrtl

with
N:=sup{ieN : S;;; <n},

where sup @ = 0 (note that N is a random variable). Thus Z, represents the sum up to the first regeneration
time, then Z,,..., Zy are independent blocks between consecutive regeneration times, included in the
interval [n], finally the last term corresponds to the initial segment of the last block.

Step 2: Controlling the first and last blocks from (28) Lemma 9 provides a control for the first block
involved in (28).

Lemma 9 If ||T:[ly, < T and ||f|lec < a, Vf €Z, then forall t >0,

P(sup|Zo(f)] > t) < 2exp(——).
fez at
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Proof of Lemma 9. We have sup|Z,(f)| < aTy, so using the definition of the Orlicz norm, ]P(suplZO( =
fez
t) <P(T; = 7) < 2exp(—2-). [ ]

The next lemma provides a similar bound for the last summand on the right handside of (28). It is a little
bit more complicated, since it involves additional dependence on the random variable N.

Lemma 10 If ||T;|ly,, | T2y, < 7, then forall t >0,
—t
P(n—S >t)<Kexp| ——— |.
( N+1 ) p(KTlOgT)

In consequence, if ||f |loo < a, Vf € Z, then

—t
P| sup >t <Kexp(—).
feF Katlog~t

Proof of Lemma 10. One can proceed exactly as the proof of Lemma 3 from Adamczak (2007). [ ]

Z F(&X)

k=Sy41+1

Step 3: Tail behaviour of N In order to control the middle term of the decomposition (28), we need to
describe the tail behaviour of the random variable N with Lemma 11.

Lemma 11 (See (Adamczak, 2007, Lemma 5))
KTy, IT2lly, <, then

P(N > [3n/(ET,)]) < Kexp( L “]ETZ)

T2
Lemma 11 is proved using the following Bernstein’s inequality.

Lemma 12 (Bernstein’s v inequality, (Van Der Vaart and Wellner, 2013, Lemma 2.2.11) and the subsequent
remark).
IfYy,...,Y, are independent random variables such that EY; = 0 and ||Y;|ly, < 7, then for every t > 0,

< 1 t2 ¢

i=1
Step 4: Controlling the middle term of the decomposition (28) Let us denote R = |3n/(IET,)]. Then

we have

Zz(f) :|+t N<R)+Kexp(_;]E2Tz)

i=1
—nlET.
ZZ(f) +t,N<R +Kexp( n 2).
K2
Using the inequality

i=1
max a, — max b, < max(a —b,), Yke IN*, V(as,b) e R%*,
1<s<k 1<s<R 1<

ZZ(f)

i=1

(sup |Zo(f)+- -+ Zy(F)] > maxE{sup

=IP(sup |Z,(f)+ -+ Zy(f) > maxE[sup
feg

<IP(max sup |Z,(f)+--+Z,(f)| > maXIE[sup
fe
we get that

1<s<R

max Sup 1Z:(F) + -+ Z,(f)| — max I} qug
ss= e

Zs:Zi(f)H
i=1
ZS:Zi(f)H]-
i=1

< max |sup(|Z;(f)+ -+ Z(f))—E|sup
1<s<R fez feg
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0O Lemma 13 is the counterpart of (Adamczak, 2007, Lemma 4). We cannot keep the same Lemma because
the random variables (Z;(f)); are not identically distributed in our framework.

Lemma 13 (see (Kwapien and Woyczynski, 2002, Proposition 1.1.1)) If X;,Xs, ... are independent Banach
space valued random variables (not necessarily identically distributed), and if S; = ZleXi, then

. < .
]P(Qf‘s’i”%” > t) < 3{2}&15)§<]P(||SJ|| > t/3).

I+
5520 [|2 v e Z2E)
ZS:Zi(f) _HETZ)

+1t/3, N <R|+Kex
i=1 } / ) p( K2

Using this result with Lemma 13 leads to

ZS:Zi(f)

i=1

P| sup |Z,(f)+ -+ Zy(f)| > max E| sup
fez 1<s<R fez

S]P(max [sup |Zl(f)+---+Zs(f)|—E|:sup
1<s<R fezF cF

<3 max P| sup |Z;(f)+---+Z,(f)| > E| sup
1<s<R fez feg

<K 1 . t2 t LK (—nIE‘,T2 )
<Kexp|—=min , ex] ,
P K n(IETy)"VarZ; * atlog(3n/(ET,)) P K2

where in the last inequality, we used (Adamczak, 2007, Theorem 4) combined with Pisier’s inequality
(Lemma 14).

Lemma 14 (Pisier’s inequality, see Pisier (1983)) For independent real random variables Y1, . ..,Y,, we have

maXIYi|’
i<n

<K Y|, logn.
o rngaHXII illy, logn

Combining the previous results, we get that

n
;:f(gi(Xi)) > Klnslfs)%zEﬁlelg

P Z.(f)| +
(sue[> S )

1 t? t
< K —— mi
- exp( K mln(n(]ETz)lVaer ’ aTlog(Bn/(ETZ))))

+Kexp(_

nIET2) 4K ( —t ) +2exp( t )
exp| ——— exp(——).
K12 P Kartlogt P art

Thus, Proposition 3 will follow if we prove that

S

Zzi(f)
1

i=

max [Esup +K13a/ET,. (29)

< KEsup
1<s<R feF feF

D> Feix))
i=1

Step 5: Bounding max; ;< [Esup |Zf:1 Z; (f)|
feg

Step 5-1: Submartingale property Recall that Y, = (X3,...,Xr,), V; = (X5 41,---,Xs,,) fori > 1 and
consider a filtration (&;);>o defined as

gi = O-(YO>~'-’Yi):

where we regard the blocks Y; as random variables with values in the disjoint union U?lei, with the
natural o-field, i.e. the o-field generated by U ©®' (recall that ¥ denotes our o-field of reference
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in E). Note that sup |Z?=1 Z(f )| is a submartingale with respect to (%;). Indeed, notice that Z;(f) is
fez

measurable with respect to o(Y;) for i € N and f € &) and for any s > 1 and any f € &,

s+1
E[;gg ;zi(f)‘ ‘9
_E|:SUP Zz(f)+zs+1(f)' '95:|
feF i1

ol

> max{E[ZZi(szm(f) 9] B {Zzi(mzm(f) ‘ 9}}
i=1 i=1
=max{Zzi(f)+E[zs+1(f) gz} : —ZZi(f)—E[ZSH(f) ‘ 9]}
i=1 i=1

and since Z,; is 0(Y,,,) measurable - and thus independent of &, - we have

i=1

Zzi(f)+zs+l(f)‘ ‘9

|: s+1(f) ‘ :| s+1(f):|

see for example (Adamczak, 2007, equation (16)) combined with our assumption (10).

We deduce that for any s > 1 and any f € Z,

s+1

ZZ(f)' 'ff

which proves the sup |Z?=1 Zi(f ){ is a submartingale with respect to (%;) by taking the supremum
fez

sup

over f € Z in the previous inequality.
Thus we have

ZZ(f) ZZ(f)

O In Adamczak (2007), the previous expectation is splitted in 12 terms that are identically distributed. In
our case, the random variables (Z;(f)); are not identically distributed and we need to follow a different
approach. We split the integral into two parts, depending on the event

max [Esup

< Esup
1<s<R feg

Q:={12N <R}.

Step 5-2: Working on Q. Assume |[n/(4IET,)] > 1. Remark that
T, —ETslly, <2 Tally, <27,

and recall that (T;);>, are i.i.d. Then, using Bernstein’s inequality Lemma 12, we obtain
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P (12N < [3n/(ET,)])
P (N < n/(4ET,))
P (N <|n/(4ET,)])

[n/(4ET,)]+1
:]p( 5 Tizn)
i=1

[n/(4ET,)]+1

(T, > n/2)+1P( Z (T; —E[T,]) = n/2— Ln/(41ETz)J1E[T2])

i=2

IAIN

IA

IA

i=2

1 2/16
2¢77 + 2exp | —— min nn#,i
K [mJTz 4t

—n/t 1 . nET2 n
2e +2exp| ——min|{ ——=, —
K 472 " 47

[n/(4ET,)]+1
27T+ P( > (T,—E[LD>n/4

IA

IA

< Ke—n]ETZ/(KTZ)_

If [n/(4IET,)] < 1, the above inequality holds trivially. Therefore,

R
Esup | Y Z,(f)|1q

fe7 iz

R
< GZETiH]la

i=1
< an||T,|l,4/P(©) (Using Cauchy-Schwarz inequality)
< Katne "PTL/K™) < ka3 /ET,. (30)

Step 5-3: Working on Q2°. Now we will bound the remaining part

R
Zzi(f)
i=1

Let us notice that T; is measurable with respect to o(Y;_;) for i > 1. We have fori > 1,

Esup 1.
T

{N+1<i}={T1+--+ T, >n}eF,

and {N +1 <0} =0, so N + 1 is a stopping time with respect to the filtration &;.
We have

Esup
feg

R
Zzi(f)
i=1

[3n/(ET,)JA12(N+1)

Z(f)

L1on>3n/ETy))

IA

Esup
fegz

]E[]E sup
feg

Loy (3n/@ETy)

i=1
12(N+1)
Z Zi(f)' 'g[3n/(]ETZ)JA12(N+1)}]112(N+1)>L3n/(]ET2)Ji|

i=1

INA
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12(N+1)

Z Zi(f)

i=1

12(N+1)
Z(f)

i=1

Esup
feg

Loy 30/

IA

E[sup :|, (31

fegz

where in the first inequality we used Doob’s optional sampling theorem together with the fact that
sup |Z?=1 Zi(f )| is a submartingale with respect to (%;) (notice that Z;(f) is measurable with respect
fez

to o(Y;) fori € N and f € &). The second equality follows from the fact that {12(N+1) > |3n/(ET,)]} €
P3n)E1)M2v+1)- Indeed for i > |3n/(IET,)], we have
{12(N +1) > [3n/(ETy) [} n{[3n/(ET,) | A 12(N + 1) < i}
= {12(N + 1) > |3n/(ET,) |} € Z|3n/cET,)) € Fi>
whereas for i < |3n/(IET,)], this set is empty.
Using the fact that f(g;(X;)) =0 for all i > n (see Assumption (11)), we get that

} = E{;gg 2 ZZi(f)

ZZi(f) < Esup
i=1 n i=0

12(N+1)

> Z(f)

i=1

E| sup +ar. (32)
feF fez

Combining the above estimate with (30) gives

R
Zzi(f)

i=1

Esup
fez

+ar,
fez |

<Kat®/ET, + Esup Zf(gi(Xi))
i=1

which concludes the proof following the comment (29).

C.2 Bernstein’s inequality for non-stationary Markov chains

This subsection is dedicated to the proof of Proposition 4 which is used in the proof of Theorem 1 and
in the proofs of our applications. A Bernstein type concentration inequality was proved in Jiang et al.
(2018) for stationary Markov chains. Following the work of Fan et al. (2018), we extend the previous
Bernstein inequality to the framework of non-stationary Markov chains with initial distribution that
satisfies Assumption 1.

Proposition 4 Suppose that the sequence (X;);», is a Markov chain satisfying Assumptions 1 and 2 with
invariant distribution © and with an absolute spectral gap 1 — A > 0. Let us consider some n € IN* and
bounded real valued functions (f;)1<i<n Such that for any i € {1,...,n}, ffi(x)ﬂ:(dx) =0and ||filles < ¢
for some ¢ > 0. Let 0> =Y, [ f2(x)m(dx)/n. Then for any & > 0 it holds

- ¢%/(2q)
]P(;fi(Xi)Z s) < . exp (_A—znaz +A1ce)’

where A, 1= % and A, := %]l a=o0+ %]l a>0- q is the constant introduced in Assumption 1. Stated otherwise,
for any u> 0 it holds

1< 2quAL|If oo 2quA, o2
n =1 n n

C.2.1 Proof of Proposition 4.

dx
dr

dx
dr

e—u

m,p

Let us recall that we denote indifferently I, or IP the probability distribution of the Markov chain (X;);>1
when the distribution of the first state X is y, whereas P refers to the distribution of the Markov chain
when the distribution of the first state X; is the invariant measure 7.

58



In Jiang et al. (2018), they proved that for any 0 < t < (1 —A)/(5¢), it holds

no?it? )

2
N no
I, [ 200 ] < eXp(c_z(etc_ S p g

We deduce that for any 0 < t < (1—A)/(5¢q),

n d n
El I:etzl’:lfi(xi)] < ]En [_X(Xl)etzl’:lfi(xi)]

p n 1/
S {]E ‘ (Xl :|} {]ET[ [equleﬁ(Xi)]} 4
_||9% e, Ao LM
=zl tE-ler =]
/4
dx no? no?ag?t? )1
S5 —(e"—tqc—1)+ ————
dn T,p {exp( c? (e ac ) 1—A—cht§
dy no® ., no?\Aqt?
e — (e —tge—1)+ ———|. 33
dm 'n:,pexp(qc2 (e 1 ) 1—7(,—56qt (33)

Let us define

() = 0 ift<0
S1lH)= qcz(etqc tgc—1) ift=>0

and
0 ift<0
_ no?Aqt?
gz(t) = T—J—5eqt ifo<t< W
1-A
+00 ift> == 5eq

In order to lower-bound the convex conjugate of the function g, + g, we will need the convex conjugate
of g, and g, which are provided by Lemma 15. The proof of Lemma 15 can be found in Section C.2.2.

Lemma 15 g; and g, are closed proper convex functions with convex conjugates

norh (LCZ) ife; =20
Ve G]R, * &)= qc? 1\ no = 34
1 g1( 1) { +o0 if51<0 ( )
with hy(u) =1 +u)log(1+u)—u=> 2(+1/3)for any u >0, and
(1 A)ff h SCEZ . > O
Ve €R, g,(e0) = ‘o ha(iory l.f“«‘z = 35)
+00 ife, <0

— N2
with hy(u) = (( ”Zl 1) = 2(u1+2)'

Since g,(t) = O(t?) and g,(t) = O(t?) as t — 0%, te — g,(t) — g»(t) > 0 for small enough t > 0,
and te —g;(t) — g,(t) <0 for t < 0. Hence

(g1+82)(e)= sup et —g1(t) — go(t) = supet — g1 (t) — g5(t).
0<t<(1-1)/(5¢q) teR

o If A > 0, then by the Moreau-Rockafellar formula (Rockafellar, 1970, Theorem 16.4), the convex
conjugate of g; + g, is the infimal convolution of their conjugates g} and g3, namely

(g1+82)(e)= inf{gf(€1)+ gy(e2) e =61+, €1,65 € R}-
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Using (34) and (35), this reads as

2 1—Q)e2 5
(81+82)(e) = inf{r;%hl (%) + (qnaz)lz h, (nézi) cE=g)+ 6y, 61,65 > 0} .
n

. 2
Bounding h;(u) = m and h,(u) > m, we have

(g +gy@zint] Lo (N5 1 >0
+ g)>in + te=¢61+6y, £1,6 2
§178 qc22(no2+ce;/3) | qno2A %4_4 R
g2 1—2)e2 1
> inf ! +( 2 te=¢g,+¢€y, £1,60=20¢.
2q(no2+ceq/3) 29  5cey+2n02A

Using the fact that ¢2/a + €2/b > (&, + £,)*/(a + b) for any non-negative ¢, &, and positive a, b yield

e +6,)?
(g1 +8,)"(e) = inf GRE). e tey e >0
2q(no2+ce /3)+ (1 A) (5ceq +2n021)
2
2

= inf 1/1 ) q)s T iE=E1 16, 6,620

H5no?+cey /3 + 25 — 4

2/(Zq)
- i+in 2+ Scs ’

where we used for the last inequality that for any ¢; > 0,

5cs1

ce /3 —

eIf A =0,
i) o /(29

(81 + 22 (6) = g1(e) = "o L
817 82 -4 T qc2 "\no2) T no2+4ce/3’

We deduce from the previous computations that for any ¢, > 0 it holds

P, (Zfi(xi) > s)
i=1

<e'E, [etzy:lf i(Xi)] using Markov’s inequality

no? no?iqt?
< et || 24 — (e' —tgc—1)+ ——2 i 33
<e In npexp(qc2 (e gc—1) = 7—s5cqt using (33)
d
<| | e+ g
Tl p
__ /29 ;
S‘d—x x{ exp( i?/’léz;fci) ifA>0
dr ||, exp(—ngzﬂg/a) ifA=0

C.2.2 Proof of Lemma 15

The convex conjugate of g; is usual and follows from easy computations. We focus on the convex conjugate
of g, which requires non-trivial computations.

Let f,(t) =&t — 1"_‘;2_’1?;; for any 0 < t < (1—2A)/(5¢q). We have for any 0 < t < (1—21)/(5¢q),

2no?Aqt(l1—A —5cqt) + 5cq®*no?At?
fg/(t)zg_ q q 5 q .
(1—A—>5cqt)
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Hence, for 0 < t < (1—2A)/(5¢cq) such that f/(t) = 0 we have
e(1—A—5cqt)? —2n02Aqt(1— A —5cqt) —5cq?nc?At? =0
& e(1—2)?—10e(1 — A)cqt +25ec?q*t? —2n02Aq(1 — A)t + 10no?cq?At? —5n0%cq?At? =0
= e(1—2)?—10e(1— A)cqt + 25ec*q*t? —2no?Aq(1 — A)t + 5no?eq?At*>  =0.
We are looking for the roots of a polynomial of degree 2 in t. The discriminant is
A = (10e(1 — A)cq + 2n02Aq(1 — 1))* — 4e(1 — 1)*(25ec?q> + 5n02cq?A)
=4(1-21)%¢? [(Se‘c +no?1)? —¢g(25c%¢ + SHGZCA)]
= 4(1—A)*q*[25¢%c? + 10no?Aec + n?0*A? — 25¢%¢% — 5no?c e |
=4(1—1)*¢? [SHUstc + nza‘%z]
=41 -2)*¢*n?0* A [u+1],
5ce

where u = 25
Hence, the roots of the polynomial of interest are of the form

10e(1 —A)cq + 2noAq(1 —A) £ VA
2[25ec2q2 +5n02cq? 1]
2(1—A)qnoA[ 25 + 1]+ VA
B 1Oq2cn02}»|:,15;25/1 + 1]
_1-2 u+iz Vu+1
5cq u+1

We deduce that the polynomial has a root in the interval [0, ©2) which is given by

> ch

e 1-2 N u+l—+vu+1
" 5cq u+1

>

and one can check that this critical point corresponds to a maximum of the function f,. We deduce that
for any € > 0,

. nffz?tq(t*)z

* =¢t
gz(s) — A —>5cqt*

u+17\/u+1 }

2
{ no A’q ch T ut1r
+1—vu+1
1-A-— ch 5cq . u+1u

no?Aq(u+1—vu+1)
5cq(u+1) 5cq( +1—1/u+1)

t*

nazlq u+1—Vu+1)
Scgvu+1
{ no2i u+1—«/ﬁ)}

Vu+1
u+1—m)
=)
+1— u—1+«/F
{ u+1 }
1—A€Xu+1—«/m{u—1/m+l}
5cq u+1
(1—%)81
q

u

Y
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(1= (Vu+1-1)°
~ qno?A u?

_(1—-2)¢?
= “qnoa hy(w),

(Vu+1-1)?
uz

where h,(u) = . However, the function u — +u+ 1 is analytic on ]0,+oo[ and for any v €

10, + o0,

ViFi—1 s=avkl1o1
S Gk
% p— k! 2°2
= vk 11 1
= “(=—1 Z—k
;(k+1)!2(2 )(2 )
1§: vk
== by
24 (k+1)!
_1i(v/2)’< 2k
-5 k
244kl k+1
>1

1 1
:—V2+1_1/2:— B
2(/ ) V2 4/v+2

where we have denoted b, = 1 and for all k € IN*, b, = (—%) (—% — 1) e (—% —k+ 1). Hence we proved

that for any £ > 0,

(1—2)e?
no?i

1—2A)e? 1 5
( )e x with u = ——

h > .
2) 2 2qno2i  u+2 no2i

g,(e)=

C.3 Proof of Theorem 3.

We consider any R € IN*. We remark that for any x,y € E,

R
Iha (e, 301 = | D 240, ()0, (1)

r=1

R 1/2 R 1/2
< (Z Ikrlcpr(x)z) x (Z |Ar|cpr(y)2) (Using Cauchy-Schwarz inequality)
r=1

r=1

<728,

which proves that ||hg||s, < T2S. Similar computations lead to ||h —hg||oo < T2S.
Using Theorem 7 we get for any t > 0,

3
P(%%WH), A(H,))* = BCACIL. S DL A t)

n i>R,i€l

Ay in—t log(n) e (eI e Al ]m}
- — |+ - A A
LR\ T g ey ) TP TR ep | m s Wierzs 1 Leres KT2S

dy _, nt
il exp (—a(l) —ZqR2A2T4 ) .

dy
< 2||l—=
- Hdn

+ 2R?

T,p
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Choosing R? = [ /1], we get

1 T4S2(1 +«x)log® n
P (Z5Z(A(H), AH,))? = . + > A2+ t)

i>[nl/4)iel

< 4n

=1 exp (—‘6 min (ntz, \/ﬁt)) + B log(n) exp (_Ls min (% t, (B, (® t)l/Z)) ,
Al log*® n

where 8 = (256"1‘21<S)_1 and ¢ = a(A)"* (128¢S2T1*).
In particular it holds for any t > 0

1 T4$2(1+«)log®n
P (152(1(H), A(H,))* = - + Z A2+ t)

i>[nl/4]iel

< 4n

dm

exp (=% min (nt?, v/nt)) + B log(n) exp (— min(%t,(%t)l/z)).

n
p log4/3 n

C.4 Proof of Lemma 8
Let
T* = argc SIIt1<iInl_l(<%(ht_bn) + ZCY(Tl — t)),

and h* = hy._;_is the corresponding hypothesis that minimizes the penalized true risk and let R =
Z(h*, T* + 1) to be the penalized empirical risk of hr._y, . Set, for brevity

Ry, = Ry, t+1),
and let N .
T :=arg cnsntlg—l('%t_b“ +c, (n—t)),
where h coincides with hs. Using this notation and since
Riy +¢,(n—T)S R +c,(n—T"),
holds with certainty, we have
P (2%(h) > Z(h*) + &)
= P(2(M)>R(M)+8,Rr_,, +¢,(n—T) <R +c,(n—T"))
=P ( U {2(ts)>20)+8,Fy, +c,(n—t) ST +c,(n— T*)})
cu<t=n—1

n—1

D IP(R(h) > RO+ E, R, +,(n— ) < T +c,(n—T"),

t=c,

IA

where & is a positive-valued random variable to be specified. Now we remark that if
Ry, +c,(n—t) <R +c,(n—T"), (36)
holds, then at least one of the following three conditions must hold

() R, <R(h,_p)—c,(n—t)
(ii) 7 > R(h*) +c,(n—T")
(iii)) R(h_p)—R(MH) <2 (n—T").
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Stated otherwise, if (36) holds for some t € {c,,...,n—1} then
e either t = T* and (iii) holds trivially.
e or t # T* which can occur because
- Q/Z\t_bn underestimates % (h,_, ) and (i) holds.

- &* overestimates % (h*) and (ii) holds.
- nis too small to statistically distinguish #(h,_; ) and £ (h*), and (iii) holds.

Therefore, for any fixed t, we have

P(R(h_p)> R(M)+ 8, Ry, +c,(n—t) <R +c,(n—T"))
< P(Zp <Ry )—c,(n—0))+P(Z* > R(h*)+c,(n—T"))
+P(R(hp)— RN <2, (n—T), R(hp ) > R(H*)+E).

By choosing & = 2c,(n— T*), the last term in the previous inequality is zero and we can write

P(2(h) > R(h*) + 2, (n—T*))

n—1
< D P(Fy, < R(hp)— ¢ (n— )+ (n—c, )P (Z* > R(W*) +c,(n—T*))
o y n—1 N
< (n—Cn)(n Y=+ 1) +(n—c,) {;P (%t_bn > R(hep ) +c,(n— t))} (Using (27))
4 2 Y .
= n—c,+1 +(n=ca) (n—c)(n—c,+1) (Using (27))
Y N
n—cn+1+(n Cn)n—cn+1 T

C.5 Proof of Theorem 6

In the following, P, will denote the distribution of the Markov chain if the invariant distribution of the
chain is assumed to have a density g with respect to the Lebesgue measure on R. We consider ¢ = q; V g,
where q;,q5 € [1, 00) are such that pll + % =1 and piz + % =1.

The main tool of the proof is the Hoeffding (also called canonical) decomposition of the U-statistics é\m'
We introduce the processes U, and P, defined by

n

1 IEN
Uh) = 25 ;1 ROGX)), P =0 0 HKD.

We also define P(h) = (h, f). By setting, for all m € .,

Ho(x,7)= Y (p(x) = a)(pi(y) — @),

lez,
with q; = (f, p;), we obtain the decomposition
O = U,(H,,) + (P, — P)(2M0g, (f)) + T, (I3
Let us consider f in ]0, 1[. Since
—~ 2
IPf(Ta < O) = IPf ( SEE[(Gm + ”fOH% - H ZfO(Xl) - tm(ua)) < O) >
m i=1

we have

: 5 AN
IPf(Ta < 0) < mlg/f/t HD_f (Qm + ||f0||§— EZfO(Xl)_ tm(ua) < 0) .
i=1
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Since ||f —TIs, (A7 = If I3 — ITLs, (FII3, it holds

~ 2
B+ lfoll3 == D 1 foX)
i=1

= Up(Hp) + (P, —P)2I, (F) = IIf =T (A5 + IFI13 + 1foll3 — 2P, (fo)
= Up(Hp) + (P, —P)2I, (F) = IIf =T (A5 + If = foll3 +2P(fo) — 2P, (fo),

which leads to

Py (T, <0) < migfﬂIPf(Un(Hm)+(Pn_P)(ZHSm(f)_zf)+(Pn_P)(2f_2f0)+“f_f0||§

<|If =T, (I3 + tm(ua))' (37)
We then need to control U,(H,,), (P, —P)(2Ilg (f)—2f), (P, —P)(2f —2f,) for everym € /.

Control of U,(H,,). H,, is m-canonical and a direct application of Theorem 2 leads to the following
Lemma (the proof of Lemma 16 is postponed to Section C.6).

Lemma 16 Let us assume that the invariant distribution of the Markov chain (X;);>, has density f with
respect to the Lebesgue measure on R. For all m = (I, D) with [ € {1,2,3} and D € D,, introduce {p;,l € £,,}
defined as in page 18 and Zy, = sy oy HonXo X, with Hyy (6, ) = B, (1) = (F, P (pr(3) —
(f,p1)). There exist some constants C,3 > 0 ( both depending on the Markov chain (X;);»; while C also
depends on ) such that, foralll € {1,2,3}, D € D; and u = 1, it holds with probability at least 1—fe " logn,

1Za,py)l < CIf lloo +1) DR(n, u),
where R(n,u) = logn{% +logn[%]3/2 +logn[%]2} .
We deduce that there exist C, 8 > 0 such that for any y € (0,1 A (e"!3B1logn)) and any m = (I,D) € .,
P, (Un(Hm) <—CUlfllos + 1)DR(n, log {?’/ﬂ%})) <y/3. (38)

From (37) and (38) we get that

P (T, <0)< L+ inf Pf((Pn—P)(znsm(f)—zf)+(PH—P)(2f 2+ If —foll?
!
< NIf =T, (FI2 + tu) + C U lloo + 1)DR(n,log{M})). (39)
Y

Control of (P, —P)(2ITg (f)—2f). Itis easy to check that there exists some constant C’ > 0 such that
for all [ in {1,2}, D in Dy,

2115, ()06 =2 (6| < C'lf o
Indeed,

* when!l =1, forany k € Z,

(VD1 p esyyop f) =J VD1 esnyypf (Of ()dx < D7V2|f || oo
Hence,

sup [T, , (F)(x)] < SUPZ |(‘/B]1[k/p,(k+1)/n[:f>\ VD1 gres1ypp (%)
x X keZ

< D7f oo sup D VD hptyn eyt (¥) = [ llo-
X kez
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» when ! =2, D=2’ for some J € N and we have for any k € Z,

(rp:f) = f 22p(2'x —k)f (x)dx < ||flloo J 2721p(27x)ldx < 27| f oo ol
Hence,

sup Iy, (FC)| < sup > [(0 50 £)] % 1, (0))

keZ

< 272 fllollilhsup Y 127202 x ~ Rl < ellf ool
X kez

where ¢ > 0 is a constant depending only on ¢ since ¢ is bounded and compactly supported. Stated
otherwise, there is only a finite number of integers k € Z: (which is independent of x and J) such
that for any x € R and any J € Z, 2’ x — k falls into the support of ¢.

Moreover, it is proved in (DeVore and Lorentz, 1993, Page 269), that one can take C’ such that for all D
in D,

20T, , (F)(X) —2f (X)) < C'[f | oo log(D + 1)
Since

Exr (20, (F)(X) =2 (X)) < 4llf lloo L5, (F) — £112,

We can deduce using Proposition 4 (see Section C.2) that for all m = (I,D) € .4,

2C"10g(3C,, /1)qA:1|If ll oo log(D + 1)
n

IPf((Pn —P)(2I05, (f)—2f) <—

2102(3C, /7)8A1f loa
2% 0g(3C, /1)qAIf I ||Hsm(f)—f||z)§§-

Considering some ¢ €]0, 2[, we use the inequality Ya, b € R, 2ab < 4a?/e + £b?/4 and we obtain that
foranym=(l,D) € A,

_ 2C"10g(3C, /7)qA1If lloo log(D + 1)

Py ((Pn —P)(2M (f)—2f)+ ZIIHsm(f)—fllﬁ <

n
8log(3C A oo
_ 810g(3C, /gy | )sf. w0
en 3
The control of (P, — P)(2f —2f,) is computed in the same way and we get
€ 410g(3C, /7)qA1(IIf oo + Il folloo)
IPf((Pn_P)(zf_sz)+Z”f_fO”g <- z "
8log(3C A 00
_ 8log(3C, /Y)gAlIf )31. @)
en 3

Finally, we deduce from (39), (40) and (41) that if there exists some m = (I, D) in .# such that

810g(3C, /7)qAlIflloo  410g(3C, /7)aAL(IIf lloo + Ilfolloo
(1—§)||f—fo||§ - (1+ Z)Ilf—ﬂsm(f)ll% 08(3C, /MIeAsllf lloo  4108BC, /1)aA(IIf lloo + [lfolloo)
&n n

N 810g(3C, /7)qAsIf lleo N 2C"10g(3C,, /1)qA:1 |1 f Il oo log(D + 1)
En n

+ () + C (1 lloo + 1)DR(n,1og{3ﬂl%}),
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i.e. such that

1610g(3C, /7)qAx|If ll oo
e&n
log(3C, /7)qA,

(1=2) 1 =l > (1+ 2) 1 — 1 (F)B+

+4(IIf lloo(C’log(D + 1) + 1) + [l foll oo )

+ () + C (If loo + 1)DR(n,log{3ﬁ l;’g” })

then

P (T, <0)<y.
To conclude the proof of Theorem 6, it suffices to notice that for any ¢ €]0,2[, choosing n > 0 such
that 1+n = t—g leads to ¢ = 2‘:—7’”. One can immediately check that the condition ¢ €]0, 2[ is equivalent
_24m _ 242 _

to n €]0, 2[. Noticing further that % =% <% = %, we deduce that for any 1 €]0, 2[, it holds

1610g(3C, /1)qA:1If ll o
nn
log(3C, /7)gA;

If = foll3 > (1 + T)){Ilf — T, (I3 +

T 4(1f oo (C'1og(D + 1)+ 1) + [Ifyllos)
Tt + € (1f llos +1)DR(n,log{3’“#}) }

then
P (T, <0)<7y.
C.6 Proof of Lemma 16

Lemma 16 will follow from Theorem 2 if we can show that the function H,, is bounded. Let us denote m =
(I, D) for some | € {1,2,3} and D € ID;. Let us first remark that the Bessel’s inequality states that

> e AP < IfIE= ff(x)f(x)dx < [f oo, (42)

ke,

since ff(x)dx =1land f(x)>0, Vx.
e If [ =1, then we notice that for any k € Z,

VD Ly s s 1yyop, £ = U VD Ly p kp1ypp (Of (x)dx

< ||f||oo\/5J Lyep e+ 1y/pr (X )dx
<D f llco-

Then for any x, y € R it holds

Ho(e, 1< 0 Ipp+ D e )1+ D 1ok P I+ D b £

ke, ke, ke, ke,
< Z Dly/p k1)1 COL3k/p, (ke 1)/01 (V)
keZ
+25UPZ ‘/Blﬂ]k/D,(kH)/D[(z)l X |(\/5]1]k/p,(k+1)/p[,f>| + Z pw, f)I?
Z kez ke,

<D +2|fllos + If lloo>

where in the last inequality we used (42).
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e If | =2 then D = 2’ for some J € IN and we have for any k € Z,

(Qrpf) = J 2722 x —K)f (x)dx < I lloo f 272102 x)ldx < 272 f llooll ol -
We get that for any x,y € R,

Ho(e, 1< D Ipkpe+ D 1) i )1+ D 1ok o I+ D o )2

ke, ke, ke, ke,
<> 2@ x—K)p@y — k) +25up > 27| fllo @ 272102722 =) + D Hpi )P
keZ ? keZ ke,

<2’ +cllelhllf lloo + 11 lloo
=cD+cllolhllflloo + 11 lco,

for some constants c,c¢’ > 0. In the last inequality we used (42) and the fact ¢ is bounded and compactly
supported. Indeed, this implies that there is only a finite number of integers k € Z (which is independent
of x and J) such that for any x € R and any J € Z, 2/ x — k falls into the support of ¢.

o If [ = 3 then we easily get for any x,y € [0, 1],

Hn(e, )1 < D Ipkpe+ D 1) i )1+ D Ik o I+ D o )12

ke, ke, ke, ke,
<2D +4D|If lloo + lIf lo-

We deduce that in any case, H,, is bounded c(1 +||f || oo )D for some constant ¢ > 0 (depending only on ¢)
which concludes the proof of Lemma 16.

C.7 Proof of Corollary 1

Step 1: We start by providing an upper bound on t,,(u,) with Lemma 17.
Lemma 17 There exists a constant C(a) > 0 such that for any m = (1, D) € . it holds,
tm(Ue) < Wy(a),

where logl
oglogn
wm(a)=C(a)(ufonoo+1)[DR(H:1°81°g")+ 0 ]

Proof of Lemma 17.

Let us recall that t,,(u) denotes the (1 —u) quantile of the distribution of Tm under the null hypothesis.
One can easily see that |.#| < 3(1 + log, n). So, setting a, = a/(3(1 + log, n)),

IPfO( sup (?m - tm(an)) > 0) < Z IPfO(Tm - tm(an) > 0)
me# men

< > a/(3(1+1og, n))
me#
<a.
By definition of u,, this implies that a,, < u, and for all m € .,

tm(Ug) < tp(ay).

Hence it suffices to upper bound t,,(a,). Let m = (I, D) € .#. We use the same notation as in the proof
of Theorem 6 to obtain that

Ty = Up(Hp) + (P, — P)(2Ms, (f)) = 2P, (fo) + I foll3 + IITLs, (F)113-
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Under the null hypothesis, this reads as

Tm =U,(Hy) + (P, — P)(2Mg (fo) —2fo) — ||fo||§ + ||Hsm(fo)||§
= U,(Hy,) + (P, — P)(2Ms, (fo) — 2fo) — Ilfo — s, (fo)ll5-

We control U, (H,,) and (P, —P)(2I1s (f;) —2f,) exactly like in the proof of Theorem 6.
From Lemma 16, there exist C, 8 > 0 such that for any m = (I, D) € .4, it holds

P (Un(Hm) < C(lfolles +1) DR (n,log{zﬂi&})) <a,/2. (43)

n

Moreover, since
2105, , (fo) (X)) — 2fo (X))l < C'll foll oo log(D + 1),

and
2
By (2105, (fo)(X) —2£f,(X))” < 4l foll oo 1T, (fo) — foll3,
we get using Proposition 4 (see Section C.2) that for all m = (I,D) € .4,

2C"10g(2C, / a;)qA | foll oo log(D +1)

n

]Pfo((Pn _P)(Znsm(fo) —2fo) >

2log(2C, /a,)qA oo
+2% og( x/an)q 2l foll ||Hsm(fo)_fo||z)3%-

Using the inequality Ya, b € R, 2ab < a® + b2, and the fact that for n > 16, log(D + 1) < log(n? + 1), we
obtain that there exists C” > 0 such that

C//“fO“oolog(zcx/an)log(n)) L%
n -2

IPfO((Pn —P)(2I0g, (fo) —2fo) — ||Hsm(f0)—f0||§ >

We deduce that it holds

~ C" |l folloo log(2C,, /a,) log(n
IPfO(Tm>C(Ilfolloo+1)DR(n,log{2ﬁIOgn})+ llfolloo log(2C, /a,,) log( ))San.
a, n

Noticing that there exists some constant c(a) > 0 such that

{2/3 logn
log 4 ————
a

n

} Vlog(2C,/a,) < c(a)loglogn,
we deduce by definition of t,,(a,) that

C// 1 1
tm(a,) < c(a)C (I folloo + 1) DR(n,loglogn) + c(a) folloo log ogn

|
Step 2: Proof of Corollary 1.
Let us fix y €]0,1[ and [ € {1, 2, 3}. From Theorem 6 and Lemma 17, we deduce that if f satisfies

If = foll3 > (1 + e) jnf IIf — s, (I3 +W(, D)) + V(I D)(Y),

then
P/ (T, <0)<ry.

It is thus a matter of giving an upper bound for

inf {1 =g, (PIE+ Wo(@) + V()]
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when f belongs to some specified classes of functions. Recall that
BO(BM) = (f € L(R)| VYD € 9, |If =T, (FII; < P*D7,||f oo < M}.

We now assume that f belongs to z%s(l)(P, M). Since ||f — I, D)(f)llz < P2D% we only need an upper
bound for ’

log(3C, /1)

oglogn
%]mnfnw

1
Din£ {PZD_ZS +C(a) (lfolloo + 1) [DR(n, loglogn) +
€9

n

log(3C
+Cy (IIf loo log(D + 1) + ||f0||oo)M +Cs (If oo + 1)DR(n,]og{3ﬁ 1;8“}) }

Using that f belongs to c%s(l)(P, M) and the fact that

R(n,loglogn) VR(n, log { 3P l;)gn }) S log(n)bgl%,

where < states that the inequality holds up to some multiplicative constant independent of n, D and P,
we deduce that we want to upper bound

inf {PzD_ZS + Dlog(n)

loglogn N loglogn + log(D +1)
Deg, n '

n n

Since log(D + 1) < D for all D € 9;, we only need to focus on

logl
inf {PzDzs +D log(n)w}.
Deg, n

1

P2p—2 < Dlog(n)m% if and only if D > (W)m. Hence we define D, by

) ) P4n2 %1?
0g,(D,) :=log, (logz(n)(loglog n)z) |+1.

We consider three cases.

e If D, <1, then P2D™% < Dlog(n)bg% for any D € 9; and by choosing D, = 1 to upper bound the
infimum we get
. loglogn
2
Jnf {If =g, (I + Wiy (e) + Vigoy(1)} < logln) ===

e IfD, > 2llogy(n/(og(mloglogn)®)] ' then p2p=2 > p log(n)logl# for any D € 9; and by choosing D, =
2logz(Ln/(og(mloglogm™)] t ypper bound the infimum we get

(log(n)loglogn)? )25
" .

inf {ILf = Ths, , (I + W oy(@) + Vo oy (1)} S 2P?Dg™ < 2241 p? (
1

e Otherwise D, belongs to 2; and we upper bound the infimum by choosing D, = D, and we get

log(n)loglogn ) 21

. 2 2
Jnf {ILF =T, (OB + Wigpy(@) + Ve (1)} 5 4P ( -
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The proof of Corollary 1 ends with simple computations that we provide below for the sake of completeness.
Since

log(n)loglogn <pi& (log(n)loglogn)ﬁi1
n

1/2
(lo (n )loglogn) <P

and since )
2\ =T
p2 ((log(n) loglogn) <pi (log(n)loglogn)
n n
23\* 2s+1
o P((log(n)loglog n) <pz (log(n)loglogn)
n
2\ s(2s+1)
o  p> ((log(n)loglog n) ) < (log(n)loglogn)
n
o p (log(n)loglogn)? /2 (log(n)loglogn)l/2
n
=

(log(n) loglog n)2s+1/2’
we deduce that if P is chosen such that

loglogn)l/2 s
<P<
( ( ) - (log(n) loglog n)2s+1/2 ? (44)

then the uniform separation rate of the test 11 ., over % S(Z)(P, M) satisfies

log(n)loglogn ) =

p (Lr,20, BB M), y) < C'P= ( n

(45)

Remark: This final statement can allow the reader to understand our choice for the size of the model |.# |
that we considered. Indeed, we chose for any [ € {1,2,3}, 2, = {2/,0 <J <log, (n/(log(n)loglog n)z)}

in order to ensure that for values of P saturing the right inequality in (44) (i.e. for P ~ W),
the upper-bound in (45) still tends to zero as n goes to +00 for any possible values of the smoothness

parameter s.
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