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THE BOREL CHARACTER

FREDERIC DEGLISE AND JEAN FASEL

ABSTRACT. The main purpose of this article is to define a quadratic
analog of the Chern character, the so-called Borel character, which iden-
tifies rational higher Grothendieck-Witt groups with a sum of rational
MW-motivic cohomologies and rational motivic cohomologies. We also
discuss the notion of ternary laws due to Walter, a quadratic analog of
formal group laws, and compute what we call the additive ternary laws,
associated with MW-motivic cohomology. Finally, we provide an appli-
cation of the Borel character by showing that the Milnor-Witt K-theory
of a field F' embeds into suitable higher Grothendieck-Witt groups of F'
modulo explicit torsion.
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Quadratic forms, topology and A!'-homotopy. The K-theoretic study
of quadratic forms has its origin in Bass’ 1965-66 lectures at the Tata in-
stitute (see [BRG7]), building on Wall’s invariant of a quadratic form; the
zeroth and first groups of what was later called hermitian K-theory appeared
there. It was quickly linked with the so-called ”surgery problem” by Wall
in [WalG6], where the L-group variant was introduced. The term hermitian
K-theory, for Bass’ initial groups and their higher version, was introduced
by Karoubi and Villamayor in their CRAS paper [[XV71] dated from 1971.
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One year earlier, in his famous paper | |, Milnor provided the first links
between K-theory defined via symbols (i.e. Milnor K-theory), Galois coho-
mology and Witt groups, sowing the seed of what has become motivic homo-
topy theory. The theory of Morel and Voevodsky — introduced in 2000 and
originally called A'-homotopy theory — has soon revealed its connections
with quadratic forms under the leadership of Morel. Indeed, the analysis of
Voevodsky’s proof of Milnor conjecture led Morel to the main computation
of A'-homotopy theory up to now: the identification of the 0-th stable ho-
motopy group of the sphere spectrum with the Grothendieck-Witt ring of
the base field k, and further of the Z-graded 0-th stable homotopy group'
with the so-called Milnor-Witt K-theory of k. See | , Cor. 1.25].
Before going further into the quadratic part of motivic homotopy theory,
let us go back in history for a moment; to one of the sources of Beilinson’s
program, the Chern character. From the initial point of view, say over a
smooth k-variety X (more generally, a regular scheme X), this is a ratio-
nal ring isomorphism between the Grothendieck group of vector bundles
over X and the Chow ring of X; an incarnation of Serre’s intersection Tor-
formula. Grothendieck initial’s breakthrough has motivated a thorough line
of research in algebraic topology, which tries to classify spectra (i.e repre-
sentable cohomology theories) in terms of their characteristic classes. After
Quillen and Adams, to any (complex) oriented spectra is associated a formal
group law F(x,y) which expresses the behavior of its associated first Chern
classes with respect to tensor products: For line bundles L and L', we have

(FGL) ci(L® L) = F(e1(L),c1(L)).
This gives the following classical results:

e singular cohomology is the universal such theory with additive FGL;
e complex K-theory is the universal one with multiplicative FGL;
e cobordism is the universal one with the universal FGL.

The topological Chern character is then interpreted as the unique rational
morphism of oriented spectra from the multiplicative one to the additive
one.” Further, rationally, all cohomologies are "ordinary”: a direct sum of
copies of singular cohomologies, in particular oriented.

The notion of oriented cohomology theory was naturally extended to Al-
homotopy theory, giving the following table of analogies:®

topology ‘ geometry ‘ FGL
singular cohomology | motivic cohomology additive
complex K-theory | algebraic K-theory | multiplicative
complex cobordism | algebraic cobordism universal

Lthat is, with respect to the Gy-grading: recall the formula 7o(S°), := [S°, GP, ],

QWhich, in terms of formal group laws corresponds to the exponential power series.

3The universality of motivic cohomology is obtained over any base in [ |; over a
singular base, Quillen algebraic K-theory has to be replaced by homotopy invariant K-
theory | |; the universality of the FGL associated with algebraic cobordism is due to
Levine and Morel | ].
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In the motivic context, the Chern character was constructed by Riou (cf.
[ ]), extending the initial work of Gillet and Soulé (cf. | ]). Despite
this appealing analogy, in rational stable A'-homotopy not all cohomologies
reduce to motivic cohomology. For example, Chow-Witt groups are not
oriented in general. Back to our starting point, Hermitian K-theory, though
representable (over regular bases) is also non orientable, even with rational
coeflicients.

Panin-Walter weak orientations. Motivated by these examples, Panin
and Walter introduced in a series of fundamental papers weaker notion of
orientation (] , ]). Recall that an orientation on a ring spec-
trum E in the stable homotopy category SH(S) can be expressed as the
data for each vector bundle V/X over a smooth S-scheme X of rank n of
an isomorphism, called the Thom isomorphism:

(V) : E¥*(Th(V)) +°= E*~2nn(X)

where E** is the associated (bigraded) cohomology, and Th(E) = E/E*
is the Thom space of E. The idea of Panin and Walter is to ask for the
existence of Thom isomorphisms only for a restricted class of vector bundles;
namely, those corresponding to G-torsors for linear algebraic groups such as
SL,, or Spy, (in which case, n = 2r is even). These give rise to the notions of
SL-orientation and Sp-orientation (the later is weaker; see Definition 2.1.3
for details). The extraordinary cohomology theories mentioned above fulfill
this new axiomatization. Moreover, they are organized in mirror of the
classically oriented cohomologies, as described in the following table:

GL-oriented ‘ SL-oriented
motivic cohomology MW-motivic cohomology
algebraic K-theory | hermitian K-theory/higher GW-theory
algebraic cobordism special linear cobordism.

The term MW-motivic cohomology stands for Milnor-Witt cohomology. It
is to Chow-Witt groups what motivic cohomology groups are to usual Chow
groups. We will denote by Hyw Rg the ring spectrum which represent R-
linear MW-motivic cohomology over a scheme S, and refer the reader to our
conventions at the end of this introduction for more precision. Note also
that higher GW-theory is a shortcut for higher Grothendieck- Witt groups.
This terminology is used in [ ]. Note that higher GW-theory agree with
K-theory of symplectic (resp. symmetric) bundles in bidegree (4n+2,2n+1)
(resp. (4n,2n)).*

Let us focus on the notion of Sp-orientation in this introduction. Recall
that an Sp-torsor corresponds to a vector bundle V equipped with a non-
degenerate symplectic form v, that we call symplectic bundles. Panin and
Walter have associated to any symplectic bundle a quaternionic projective
bundle HP(V, ), equipped with a canonical rank 2 symplectic bundle (see

4At the moment, it is only defined for Z[/2]-schemes so that all our results concerning
higher GW-theory will be stated under this assumption.
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Paragraph 2.2.2 for details) — below, HP> denotes the infinite dimensional
quaternionic projective space. Given these considerations, the beauty of
Sp-orientations, say on a ring spectrum [, is to be perfectly analogous to
classical orientations, as summarized in the following table

GL \ Sp
orientation as a class | ¢ € E>I(P®) b € EV2(HP®)
Thom classes of vect. bundles symplectic vect. bundles
proj. bundle formula | proj. bundles | quaternionic proj. bundles
characteristic classes | Chern classes c; Borel classes b;.

We refer the reader to Section 2 for details on the notions and definitions
appearing on the right-hand side. Given this perfect table, one is naturally
led to wonder what is the analog of formal group laws in in the symplecti-
cally oriented case. The problem with the formula (FGL) in the symplectic
case is that a tensor product of two symplectic bundles is not a symplectic
bundle: indeed, the tensor product of two symplectic forms is not symplec-
tic, but symmetric. However, a triple product of symplectic forms is again
symplectic.

Walter’s ternary laws. This led to the notion of ternary law which we
introduce in this paper following an unpublished work of Walter. The idea
is formally identical to that of formal group laws, except that we work with
P = HPZ over some base S and triple products. Let us give the formula
for the comfort of the reader (see Definition 2.3.2). On P3, we get three
tautological symplectic bundles i;, s, 3. Then i ® Us ® iUz has rank
8, and admits 4 non-trivial Borel classes. In particular, one associates to
an Sp-oriented ring spectrum E over S four power series in three variables
x,, 2z, say:
Fi(x,y,z) = Z ai-jk.xiyjzk,l =1,2,3,4
i,7,k>0

defined by the formula in E**(.S)[[b1 (L), by (Lh2), b1 (LUs)]]:
Fy(by(8), b1 (8h2), b1 (Ug)) == by (Ll @ Uy @ Usg).

The situation is thus notably more complicated than the GL-oriented case.
Nevertheless, one can derive some relations amongst the coefficients aéjk
that we summarize here:

e Degree: aéjk is a cohomology class in E424(S) d=1—i—j — k.

e Symmetry (Par. 2.3.3): for all integers 1, j, k, aéjk = aé»ik = aékj.

o Neutral identities, (Prop. 2.3.4): when E is SL-oriented, one gets
i # 1= algy =0,

13 2 4
ajpo = @309 = 2h, aspg = 2(h —€), azpy =1,

-
4 _
E izoaz’,rfi,o =0,
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where h and € are the image of natural endomorphisms of the sphere
spectrum over S via the ring map End(Sg) — E%(S).°

Our first contribution is to determine the ternary law associated with MW-
motivic cohomology.

Theorem A (See Th. 3.3.2 and Cor. 3.3.5). Let R be a ring of coefficients
and S a scheme such that one of the following conditions hold:

(a) R=1Z, S is a scheme over a perfect field k of characteristic # 2, 3.
(b) R=Q, S is an arbitrary scheme.

Then the SL-oriented ring spectrum Hyw Rg has the following ternary laws:

2h.o(z), =1,
Fi(o,y, 2) = 2(h — €).0(z?) + 2h.o(xy), [ =2,
w2 = 2h.0(2%) + 2h.0(2%y) + 8(2h — €).7y2, =3,

o(xt) — 2h.0(23y) + 2(h — €).0(2%y?) + 2h.o(2?yz), [=4.

Given the preceding tables of analogy, these ternary laws are the analog of
the additive formal group law and we call it the additive ternary laws. The
theorem ultimately reduces to the case (a), and to the ”Witt part” of MW-
motivic cohomology, which represents unramified Witt cohomology. In this
later case, we are able to compute the relevant Borel classes of triple products
of symplectic rank 2 bundles, based on previous computations of Levine (see
[ ]) and on a geometric determination of the associated symplectic form
(this is where we have to assume that 6 € k*; see Appendix 7).

The Borel character. The main contribution of our paper is the con-
struction of the symplectic analog of the Chern character, that we call the
Borel character. Recall that the former was introduced by Grothendieck
as a bridge between Ky-theory and Chow groups, later extended to higher
K-theory and higher Chow groups. In the interpretation of Riou [ ],
it appears as an isomorphism between the rational (homotopy invariant)
K-theory spectrum and the periodized rational motivic cohomology spec-
trum (to reflect Bott periodicity of K-theory). It can also be interpreted as
the unique isomorphism between the universal rational ring spectra respec-
tively with multiplicative and additive formal group laws, reflecting now the
exponential map between these formal group laws.

The method of Riou for building the Chern character uses the classical
toolkit for studying cohomological operations in stable homotopy, as pio-
neered by Adams. In this setting, there is an important conceptual distinc-
tion between the unstable and stable operations. In his fundamental work,
Riou did not only compute all unstable operations in algebraic K-theory,
but he also gave criterion so that these operations can be lifted to stable
ones.

5Note that these elements should be interpreted as the generators of the free abelian
group GW(Z) = (e, h). As quadratic forms, h = (1,—1) and ¢ = —(—1). There is a
canonical map GW(Z) — End(Sz) which is an isomorphism up to torsion.
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In our paper, we extend Riou’s method to the symplectic case, replacing
K-theory by hermitian K-theory. Moreover, we slightly extend the domain
of applicability of Riou’s result by determining all possible natural trans-
formations, for presheaves over the category of smooth S-schemes .“mg,
between the hermitian K-theory KSp, and some cohomology group with
coeflicients in an arbitrary Sp-oriented cohomology. More precisely:

Theorem B (see Theorems 4.1.4 and 4.4.6). Let E be an Sp-oriented ring
spectrum over a regular Z['/2]-scheme S, with Borel classes b; and ring of
coefficients E** = E**(S). Let (n,i) € Z* be a pair of integers.
(1) The following application is a bijection:
(B [[t,,r > 1]]™9)* = Homgets (K Spo, E™)

(Fy)rez = {(B, 1) = F.(b1(D),...,b,(0),0,...)}
where E**[[t,,r > 1]]™ denotes the formal power series with co-
efficients in the graded ring E**, in the indeterminate t,., which are
homogeneous of degree (n,i), each t, being given degree (4,2); U is
a symplectic bundle over some X in . mg, and r its rank.

(2) The following application is an isomorphism of bigraded abelian groups:

E**[[b]] — Homap (K Spg, E**),b™ +— Yo : K Spy — EI™2"

where b is an indeterminate whose bidegree is (4,2); Xn is the natural
transformation defined on a symplectic bundle U over some X in
S mg by the formula — see (4.1.7.a):

b1 1

2y by 0
Xon(U) = bo
\ 1

nby, bp_1 by by

As a matter of terminology, we call the morphisms in (1) (resp. (2)) the
set (resp. groups) of unstable (resp. additive) symplectic operations (or
simply Sp-operation) on E of bidegree (n,i). The proof follows the strategy
designed by Riou, adapted to the Sp-oriented case. We note that some form
of the first assertion already appears in the foundational work of Panin and
Walter | , Th. 11.4].

The next step is to determine stable operations, i.e. natural transfor-
mations of representable cohomology theories compatible with the stability
isomorphism. In contrast with the classical situation, it is more convenient
to consider the (pointed) sphere Hg := (HPY,00)? = 1(4)[8] in the case
of Sp-oriented ring spectra— this is justified by the (8, 4)-periodicity of the
symplectic K-theory spectrum KSp. In this setting and along classical lines,
the stability class associated with any ring spectra E over a base scheme S' is
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the structural class Ug € E%*(Hg) in reduced cohomology such that for any
smooth S-scheme X, the following exterior product map is an isomorphism:

~ . E .
En,z(X+) '7_cr> En+8,z+4(HS A X_|_)

When E is Sp-oriented, one has O’% = b1(841).01 (L) where &l; is the tau-
tological symplectic bundle on the i-factor of Hg. Then given an additive
Sp-operation 6 : KSp, — E™ as above, we define an associated ”desus-
pended” Sp-operation wg(#) on E of degree (n — 8,7 — 4) by the following
commutative diagram:

KSp

KSp(X) —~—— KSpy(H A X)

~

w (6)| Lo
, ~E L
Er-8i-4(X) E™(H A X4).

~

Then a stable Sp-operation is nothing but a sequence (0,,),>0 of unstable
(necessarily additive) Sp-operations such that O, = wy(©,41). Our next
result is the computation of the desuspension of every Sp-operations on
MW-motivic cohomology:

Theorem C (See Theorem 4.3.2). Let R be a ring of coefficients and S a
scheme such that one of the following conditions hold:

(a) R=1Z, S is a scheme over a perfect field k of characteristic # 2, 3.
(b) R=Q, S is a Z[!/2]-scheme.
Then for any integer n > 0, the following relation holds:

WH ()Z?Rn+4) = ¢2n+4'5€§n

where X% is the additive Sp-operation on Hyw of degree (8n,4n) obtained
in Theorem B and a4 is the image in Hg/?W(S) of the following quadratic
form (seen in GW(Z)):

W _ %(271 +4)(2n +3)(2n +2)(2n +1).h if m is even.
T @n 4+ )20+ 2).(202 + A+ 1).h—€) i is odd.

Note in particular that rk(¢2,+4) = (2n+4)(2n+3)(2n+2)(2n+1); con-
sequently this result is coherent with the one obtained by Riou (in | ).6
The main ingredient of this computation is Theorem A.

As a corollary, we obtain the computation of all stable Sp-operations
on rational MW-motivic cohomology and ultimately deduce the announced
construction of the Borel character:

Theorem D (See Theorem 4.4.6, 5.5.1, Par. 5.1.4). Denote by [—,—| maps
in SH(S).

6Recall once again that hermitian K-theory is (8, 4)-periodic whereas algebraic K-theory
is (2, 1)-periodic.
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(1) Let S be the spectrum of Z[1/2] or of a field of characteristic not 2.
Then for any integer n € Z, one has canonical isomorphisms:

Homs;, (K Spo, CHY') ~[KSpg, HywQs(2n) [4n]]

N [KSpg, HuQs(2n)[4n]] ~Q n = 2,
| GW(S)g=Q@® W(S)g n=2i+1,

where the left hand-side denotes the stable symplectic operations on
rational MW-motivic cohomology (whose (4n,2n)-part is given by

rational Chow-Witt groups Eﬁ[@" ).
(2) Let S be a Z[!/2]-scheme. Define the Borel character as the following
map:

b n)n
boy : GWE L2 O By 1w Qs(2n)[4n] & € HuQs(2n)[4n],
n even n odd

where bogy, is the stable operation
GWs = KSpg(—2)[~4] — HyQs(2n)[4n]

corresponding to the unit in Q (resp. GW(S)qg) under the above
isomorphism if n is odd (resp. even) when S = Spec(Z[1/2]), and
obtained by pullback in general. Then bo is an isomorphism of ring
spectra and the following diagram commutes:

boy

GW% @n even HMWQS(QTL) [4%] D @n odd HMQS(QTL) [41’L]

7| |

KGLY che D, e, HuQs(m)[2m).

The right vertical map is obtained by forgetting the Witt part in degrees
0 modulo 4, while the left-hand vertical map is the forgetful functor. In fact,
the Borel character is the sum of the Chern character in even degrees and
a "Witt part”, concentrated in degrees 0 modulo 4. Note moreover that,
from the results of | ], the Witt part is only visible on the characteristic
zero part of the scheme S. This is because it exists, as a morphism of ring
spectra, only modulo torsion.

To conclude this introduction, let us mention that even though the Borel
character is a stable and rational phenomenon, the methods and results of
this paper apply more generally to unstable and integral situations. Indeed,
we note that for a given scheme X, one needs only to invert finitely many
quadratic forms 9,14 appearing in Theorem C in order to get the Borel
character. Presumably, this yields finer results as simply tensoring with
Q. This is somewhat illustrated by the following theorem, which shows
that Milnor-Witt K-theory embeds into suitable hermitian K-theory groups
modulo torsion.
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Theorem E (see Theorem 6.1.1). For any n > 2 and any finitely generated
field extension of k, the composite

KMW (1) 2 qwn(n) Xy gMW ()

is multiplication by v,,m)! € GW(k), where u(n) is the smallest integer of
the form 2 + 4r greater than or equal to n and we have put:

Yoqar! i =po g - .. Yoy

This result can be seen as a generalization of a theorem of Suslin ([ D,
stating that Milnor K-theory embeds into (Quillen) K-theory modulo tor-
sion.

Linked and further works. Our result on computing the ternary laws
of MW-motivic cohomology owes much to the reading of | |, as the
reader will see in the text. The results of Ananyevskiy’s thesis, published in
[ |, are especially linked to the results obtained here. Indeed, Ananyevskiy
computes the ternary laws (without the abstract theory explained here) as-
sociated with higher Witt groups in Lemma 8.2 of op. cit. and build the
minus part of our Borel character in Theorem 1.1 of op. cit..

We plan to come back to explicit computations of the Borel character
in future work, in collaboration with Fangzhou Jin and Adeel Khan. Es-
pecially, we will study the natural question that arises with the analogy
between the Chern and Borel characters: finding the quadratic analog of
the Grothendieck-Riemann-Roch formula. We also plan to compute the
ternary laws associated to some well-known cohomology theories, such as
higher Grothendieck-Witt groups.

Plan. In Section 2, we recall Panin and Walter’s theory of generalized ori-
entations, Borel classes and introduce Walter’s notion of ternary laws.

In Section 3, we compute the ternary laws associated with MW-motivic
cohomology, as explained in Theorem A above. The proof reduces to com-
pute the relevant Borel classes either in Chow groups or in Witt-cohomology.
The last part is the core of the proof and occupies Section 3.2, complemented
with Appendix 7 containing an ”elementary” computation of some threefold
tensor product of symplectic bundles which is central in our computations.

Section 4 is devoted to the implementation of Riou’s method for deter-
mining cohomological operations in the symplectic case. The first subsection
is devoted to prove Theorem B. The second subsection gives some abstract
considerations to determine stable Sp-operations in the general case. The
core of the section is the third subsection which computes the obstruction
to stabilization for MW-motivic cohomology, as explained in Theorem C
above.

In Section 5, we define the Borel character (Definition 5.1.3) and prove
that it is an isomorphism of ring spectra. On the model of the proof of
Theorem A, we treat the plus part and minus part separately. The plus
part can be reduced to the classical case of the Chern character, while the
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minus part can be treated using properties of periodic ring spectra as recalled
in Subsection 5.2 and the ideas of | | suitably extended to arbitrary
base Z[!/2]-schemes.

Section 6.1 contains the proof and statement of Theorem E, based on

ideas of | ]
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NOTATION AND CONVENTIONS

We will fix a base scheme B, which in practice will be the spectrum of
either a perfect field denoted by k, the ring Z[1/2] or Z. We work with
the category .“chp of quasi-compact and quasi-separated B-schemes; all
schemes are supposed to be in .#chp. For certain results, we will also
restrict our attention to regular finite dimensional B-schemes, and we denote
by Zegp the corresponding category.

Unless explicitly stated, we will consider (ring) spectra E over B, and look
at them as absolute (ring) spectra over . chp by putting Ex = f*E for any
f : X — B. Here are the examples that will appear in the present paper:

The case B = Spec(Z): the absolute ring spectra HyZ (resp. HyQ,
KGL), representing integral motivic cohomology (resp. rational motivic
cohomology, homotopy invariant K-theory). See [ | (resp. [ ],

[Cis13]).

We will also define the rational Milnor-Witt motivic ring spectrum as

HMWQ = S@7
where S is the motivic sphere spectrum. We refer the reader to | , Def.
6.1] for a better definition. It coincides with the above one according to Cor.
6.2 of op. cit. Note also that according to [ , Cor. 8.9], one has for
any regular scheme S:
(1.0.0.a) HY (S, Q) ~ CH"(X)g = CH™(X)q & H, (S, W)

where W is the Zariski sheaf over Sg associated to the Witt functor.
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The case B = Spec(Z['/2]): the absolute ring spectra GW (resp. W),

representing higher Grothendieck-Witt groups | , §9] (also called her-
mitian K-theory) (resp. Balmer’s derived Witt-groups) over regular schemes.
For the definition of GW we refer the reader to | ] and | ].7 To

fix our conventions, let us recall that for a regular scheme S:

KOQi_n 1 =0 mod 4,

1.0.0.b GW™(S) = GW3;_,(S) =
( ) (S) 3i—n(5) {KSin—n 1= 2 mod 4,

where KO, (resp. K Sp.) denotes the higher hermitian K-theory of orthog-
onal bundles (resp. symplectic bundles) with the canonical duality (see
again | ]). For the definition of W, we refer to | , Def. 3]
W = GW[n~!] where 7 is the (algebraic) Hopf map.

The case B = Spec(k), k perfect field of characteristic not 2: the absolute
ring spectrum HywZ representing integral Milnor-Witt cohomology as de-
fined in [ ]. We will also consider HKMW (resp. HW) the spectrum
associated with the unramified Milnor-Witt K-theory (resp. Witt-theory),
which represents Chow-Witt groups (resp. unramified Witt-cohomology)
according to [ ]. In particular, we have for any smooth k-scheme S:

(1.0.0.c) H 10 (S) o Hzar (S, KMY) ~ CH(S).

Finally, we will use Morel’s plus/minus decomposition of the Z[!/2]-linear
stable homotopy category (see eg [ ,16.2.1] or [ , Rem. 4]). Recall
in particular the identifications (see [ , 16.2.13] for the second one):

HywQs = Sso+ @ Sso+

1.0.0.d
( ) HyQs >~ Sso+-

2. WEAK ORIENTATIONS

2.1. Definitions and basic properties.

2.1.1. Given a vector bundle V over a scheme X, we let Th(V) = V/V* be
its Thom space in SH(X). Given a spectrum E, and integers (n,i) € Z2, we
put as usual:

E"(Th(V)) = Homgp(x) (Th(V), Ex (i)[n]).

Recall that the Thom space functor is a monoidal functor with respect to
direct sums of vector bundles and tensor products of spectra: Th(E @ F') ~
Th(E) ® Th(F'). In particular, tensor products of morphisms induce an
exterior product:

B Th(E)) @ E™ (Th(F)) — E™" (Th(E © F)),z 0y oy,

"Beware that the spectrum GW is also denoted by KO or KQ in the literature. We
follow here the notation of | ].
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2.1.2. We will consider the following Z-graded algebraic sub-groups of GL:
(2.1.2.a) Sp, — SL. — SL{ — GL..

The n-th graded part of Sp, is Spy, so that the first map is homogeneous
of degree 2. All the other maps are homogeneous of degree 1. They are all
classical algebraic groups except SL{ which was introduced in | , 3.3].
Recall that its n-th graded part is defined® as the kernel of the map

GL, X Gy, — Gy, (g, 1) — t~ 2 det(g).

Letting G = G, be one of these groups, there is a classical correspondence
between G-torsors over a given scheme X and vector bundles E over X
equipped with extra structures. We summarize the situation in the following
table:

group G bundle E with extra structure
SL¢ (E,\, L), L line bundle, A : det E = L?
SL. (E,\), A:det E = AL
Sp. (E,¢), v : E® E — AL symplectic form

Recall that our symplectic forms are always assumed to be non-degenerate.
For short, we will say G-bundle for a bundle equipped with the corresponding
extra structure. Morphisms of G-bundles over X are morphisms of vector
bundles over X which preserve the extra structure in the obvious sense.

One can check that the category 7 (X, G) of G-bundles over X is addi-
tive. Let r = 2 (resp. r = 1) when G = Sp, (resp. in the other cases).
The constant bundle of rank r admits a canonical G-bundle structure and
the corresponding object is denoted by 119(. In particular, given a (ring)
spectrum [E over X, one gets an isomorphism

o E*"(Th(1§)) ~ E®%(1y).

The following definition is a slight extension of the original one due to Panin
and Walter (our reference text will be [ D).

Definition 2.1.3. Consider the above notations. Let E be a ring spectrum
over B, with unit 1x over a B-scheme X. An absolute G-orientation t of E
is the data for every G-bundle U of rank r over a scheme X in .#chp of a
class t(0) € E?"(Th(%)), satisfying the following properties:
Isomorphisms compatibility. ¢*t(0) = t(20) for ¢ : Y — .
Pullbacks compatibility. f*t(0) = t(f~'0) for f: Y — X in Schp.
Products compatibility. (0 & 20) = t(U) - t(20).

Normalization. t(1§) corresponds to 1x via the isomorphism o.

In this situation, we also say that (E, t) is absolutely G-oriented.

This definition is tailored to generalize the classical notion of orientation
in motivic homotopy theory, which corresponds in the above term to a GL-
orientation.

8We follow the convention of | , Rem. 2.8]
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Remark 2.1.4. When .Ychp is the category of smooth B-schemes of finite
type, we will simply say that [E is G-oriented, and t is a G-orientation. This

is the original definition of | ] and | ].
When G = GL, (resp. G = Sp,.), a G-orientation uniquely determines an
absolute G-orientation. Indeed, according to | | (resp. Panin-Walter’s

symplectic projective bundle formula, see recall in 2.2.3), a G-orientation
over a scheme X is determined by a class ¢ € E>Y(P¥) (resp. b € E4?(HP%Y))
whose restriction to PL (resp. HPL) is the suspension of 1x. Thus a G-
orientation of £ over B induces by pullback a G-orientation over any B-
scheme X, and therefore an absolute G-orientation.

On the other hand, we do not know an analogue statement for SL or SL¢
orientations.

Remark 2.1.5. As proved in | , Lem. 1.4], one deduces from the above
definition that given a map ¢ : G — H from Diagram (2.1.2.a), an H-
orientation t on a ring spectrum E induces a G-orientation on E, namely
to ¢y, where ¢, : (X, G) — ¥(X, H) is the additive functor induced by ¢.
We state the following relations between orientations for further use:

orientation = SL‘-orientation = SL-orientation = Sp-orientation.

Ezxample 2.1.6. Here are examples among the spectra that will appear in
this work.

e The absolute ring spectra Hy;R and KGL are oriented (this is clas-

sical, see e. g. | 1.
e The absolute ring spectra GW and W are SLoriented. The case
of hermitian K-theory is proved in | , Th. 5.1]. The case of

derived Witt groups follows from that of hermitian K-theory, given
[ , Def. 3] which gives a morphism of absolute ring spectra
GW — W.

Definition 2.1.7. Let (E,t) be a G-oriented ring spectrum as in the previ-
ous definition.

Then for any scheme X, and any G-bundle ¥ with underlying vector
bundle V' of rank r, we define the associated FEuler class by the formula:

(W) = s* T (W) € B2 (X)

where s : X — V (resp. m: V — Th(V)) is the zero section (resp. canonical
projection map).

When the orientation t is clear from the context, we simply write e(J).
We will apply the same convention for all the other characteristic classes
associated with Sp-orientations. This is harmless in this work as we will
never consider two different such orientations on our ring spectra.

One immediately deduces from the properties of Thom classes the follow-
ing (usual) properties of Euler classes.

Proposition 2.1.8. Consider the assumptions of the previous definition.
Then Euler classes satisfy the following formulas:
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Invariance under isomorphisms. ¢*e(0) = e(2W) for ¢ : TV = .
Pullbacks compatibility. f*e(0) = e(f~10) for f 1 Y — X in Schp.
Products compatibility. e(¥ & W) = e(V) - e(W).

Vanishing. e(0) = 0 whenever ¥ contains a trivial G-bundle as a
direct factor.

2.2. Borel classes.

2.2.1. Symplectic bundles. Let us be more specific about symplectic vector
bundles, introduced in Paragraph 2.1.2.
First recall that any vector bundle V/X admits a symplectification:

w1 (ver (8, 1))

where can : V' — VVV is the usual canonical isomorphism. Using the no-
tation of loc. cit., we get in particular: 157 = §(A!), that we will simply
denote by $ in the sequel. To comply with the classical notations, the di-
rect sum of symplectic vector bundles will be denoted by L. In particular,
HA™) = $H+". More generally, $ sends @ to L.

2.2.2. As explained by Panin and Walter, Sp-oriented ring spectra are anal-
ogous to (GL-)oriented ones. Let us first recall the Sp-projective bundle
theorem. Consider a Sp-bundle (V, ¢) over a scheme X. Panin and Walter
in | | introduced the projective Sp-bundle HP(V, ¢) as the open sub-
scheme of the Grassmannian scheme Gr(2,V’) on which the restriction of ¢
to the canonical sub-bundle of rank 2 is non-degenerate.

We let U be the tautological rank 2 bundle on HP(V, ). By definition,
it is equipped with a symplectic structure ¢ coming from the restriction of
¢ and we set U = (U, ).

The following Sp-projective bundle theorem is due to Panin and Walter;
see | , Th. 8.2] for a proof.

Theorem 2.2.3. Consider the above notations and assume that V has rank
2n. Let p : HP(V,v) — X be the canonical projection, E be an an Sp-
oriented ring spectrum and b = e(i) be the associated Euler class (Def.
2.1.7).
Then the following map is an isomorphism of bi-graded E**(X)-modules:
n
PE(X) —» B (HP(V, 1)), ;> p*(2:).b'.
i=0
2.2.4. Borel classes. 1t is easy to derive from the previous theorem the
theory of Borel classes. Under the above notation, they are the classes
b;(V, ) € E*2/(X) for i > 0 uniquely determined by the following relations:
n
(2.24.2) Y (=1)1b(V,4h).b" " = 0,bo(V,4h) = 1,Vi > n, by(V,4h) = 0.
i=0
In addition, they satisfy the following relations:
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(1) tk(V) = 2n, b (V,¥) = e(V, 1))

(2) Invariance under isomorphisms. b;(%) = b;(2W) for ¢ : BV = .

(3) Pullbacks compatibility. f*b;(0) = b;(f~1Y) for f : ¥ — X in
yChB.

(4) Trivial bundles. b;[$H(A™)] =0 for i > 0, n > 0.

(5) Whitney sum formula. b(0 L 200) = b(V) - b:(W) in E*(X)[t],
where b; denotes the total Borel class:

(2.2.4.b) bi(B) =D bi(V).1

One can reformulate the two last properties by saying that the total Borel
class b; factors through the 0-th symplectic K-theory group, KSp,(X), and
actually induces a morphism of abelian groups, sending sums to products:

(2.2.4.¢) be : KSpo(X)/Z[$H] — E*(X)[t]*.
2.2.5. The symplectic splitting principle. As for the classical Chern classes
(see eg. | , Section 3.2]), one derives from the previous theorem a

splitting principle. Given any symplectic bundle 2 over a scheme X, there
exists an affine morphism p : X’ — X inducing a monomorphism p*
E**(X) — E**(X') with the property that p~1(2) splits as a direct sum of
rank 2 symplectic bundles: p~!(U) = A1 L ... L &,.

One defines the Borel roots of 20 as the Borel classes & = b1(&;) so
that by the preceding Whitney sum formula, the Borel classes of U are the
elementary symmetric polynomials in the variables &;.

As in the classical case, one can compute universal formulas involving
Borel classes of ¥ by introducing Borel roots &;, which reduces to rank 2
symplectic bundles, compute as if ¥ was completely split, and then express
the resulting formula in terms of the elementary symmetric polynomials in
the &;. This principle will be used repeatedly in Section 3.

A particular instance of Borel classes will be useful in the sequel (see
Section 3.2).

Definition 2.2.6. Consider the notations of the previous paragraph. Given
an arbitrary vector bundles V over a scheme X, and an integer ¢ > 0,
one defines its i-th Pontryagin class associated with the Sp-oriented ring
spectrum E as:

pi(V) = b:i(H(V)).

Beware that we do not follow here the conventions of | 15, Def. 7] for
which one uses a different numbering and sign: p;(V) = (—1)%.by (H(V)).

2.2.7. For the next formula, we need some notation. Let u € Ox(X)* be a
global unit on a scheme X. Let us consider the isomorphism 7, : Al — Aﬁ(
obtained by multiplication by w. It induces a morphism of Thom spaces:
Yu : Th(AL) — Th(AL). Following Morel (eg. | , 6.1.3]), we denote by
(u) the corresponding automorphism of 1x in the stable homotopy category
over X. These elements satisfy the following formulas in the group End (1 x):
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(U1) (u) - (v) = (w)

(U2) Vi, (u?) = 1.
The following proposition is mainly due to | |. At present, we don’t
know if it is true for a general Sp-oriented spectrum.

Proposition 2.2.8. Let (E, t) be an SL-oriented ring spectrum, u € Ox (X)*

be a unit, and © > 0 an integer. We write t for the induced Sp-orientation
on E (Remark 2.1.5).

(1) For any Sp-bundle (V,4) of rank 2: t(V,u.yp) = (u).t(V, v
)

).
(2) For any Sp-vector bundle (V,v) over X: b;(V,up) = (u*).b;(V, ).

Here, uip is simply the composition , o 1.

Proof. Let then (V,4) be symplectic bundle. The symplectic form ) cor-
responds to a trivialization of the determinant ¢ : det V' ~ Aﬁ(, while the
symplectic form u corresponds to the composite

detV 5 AL % AL,

The claim now follows from | , Lemma 7.3]. Let us now consider point
(2). We denote by (U, 9) the tautological rank 2 bundle over HP(V, v) (Para-
graph 2.2.2). A straightforward computation shows that the tautological
rank 2 bundle on HP(V, u)) is precisely (U, ut) so that e(U, uyy) = (u)e(U, 1))
by (1). Applying the projective bundle formula (2.2.4.a) for (V,%) and
(V,u.v) respectively, with b = e(U, 1), we get:

B = by (B, )b — . — (—1)b(E, ),
(W™ = (W by (B, uh)b" ™ — = (=1)"b, (B, ua)).
Now we can multiply the first equation by (u") and identify each terms

with the ones of the second equation. Taking into account formulas (U1)
and (U2), one easily concludes. O

Remark 2.2.9. Extending the notations of Paragraph 2.2.7, it will be conve-
nient to introduce the following notation’:

o (Up,...,Up) = (u1) + ...+ (up).
o c=—(—1).
o h=(1,-1).

Extending a classical terminology from the theory of quadratic forms, we
will say that a cohomology class x € E™*(X) is hyperbolic if it is of the form:

x=h.a

using the End(1y)-module structure on E**(X).

9They coincide with the classical notations for the Grothendieck-Witt ring through the
isomorphism of Morel Aut(1,) = GW (k) when X = Spec(k) is the spectrum of a field
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2.3. Walter’s ternary laws.

2.3.1. It appears clearly from the previous section that Borel classes are
to Sp-oriented spectra what Chern classes are to oriented spectra. It is
therefore natural to look for an analogue of the the theory of formal group
law associated to any oriented ring spectrum.

As observed by Walter!?, the first technical problem that arises is the fact
that symplectic bundles are not stable under tensor product. However, if
you consider an odd number of symplectic bundles, then their tensor product
is equipped with a canonical symplectic form — the tensor product of the
symplectic forms of each bundle. The second technical problem is that a
triple product of symplectic bundles of rank 2 is of rank 8. This means we
will have to take into account four non-trivial Borel classes b; fori = 1,...,4.
Once taking into account these differences, we can mimic the construction
of the associated formal group law in classical orientation theory as follows.

Let us fix an Sp-oriented ring spectra (E,t) over an arbitrary scheme X
(Def. 2.1.3). Put E** = E**(X).

We consider the following triple product as an ind-smooth X-scheme:
P = HPY xx HP§ xx HPS. For i = 1,2,3, let {; be the respective
canonical rank 2 symplectic bundle on the i-th coordinate, and let z,y, 2z =
by (Lh1), b1 (Lh2), b1 (L3). According to the symplectic projective bundle theo-
rem 2.2.3, one gets the following isomorphism of E**-bigraded rings:

E™(P) ~ E™ [z, y, 2]],
the ring of power series in three variables. The next definition follows con-

siderations initiated by Walter.

Definition 2.3.2. Consider an Sp-oriented spectrum E. We respectively
associate to E the [-th ternary laws for | € {1,2,3,4} and the total ternary
law:

ﬂ({E, Y, Z) = bl(ul b2y i/[2 ®u3) € E**[[I‘, Y, ZH?

Ft(xv Y, Z) = bt(ul & il2 ®u3) € E**Hw7 Y, Z]][ﬂ
We will generically denote the I-th ternary law as:

Fi(z,y,2) =) al.a'y 2~
i7j7k
According to this definition, the bidegree of ai k> @S an element of the ring

of coefficients E** is given by:

(2.3.2.a) deg(aly) = (1—i—j—k).(4,2).
As in the case of formal group laws associated with oriented ring spectra,
the ternary laws play a universal role: given any rank 2 symplectic bundles

10We refer here to unpublished notes of Walter. Walter does his computations for
smooth k-schemes but as shown below, one can work with arbitrary schemes.
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01,9, V3 over a scheme X, one always gets the computation:
bi (V1 ® Vo @ V) = F1(b1(WV1), b1(V2), b1(V3)),
the substitution being legitimate as the Borel classes b; (*0;) are nilpotent.

2.3.3. It is legitimate to look for an analogue of the axioms satisfied by
formal group laws in the case of ternary laws. Commutativity is obvious, as
the tensor product of three symplectic bundles is commutative. Explicitly,
the coefficient aéjk above is independent of the order of the indices i, j, k:

(2.3.3.2) akjy, = d!

_ 1
=a ikj

ik
In other words, the power series Fj(z,y, z) are symmetric in the variables
x,y, 2. To give examples of ternary laws, it is useful to consider a basis for

the symmetric polynomials in x, y, z. We choose the monomial basis denoted
by:

(2.3.3.b) o(zlyl 2* Z ayb e
(a,b,c)

where the sum runs over the monomials 2%°2¢ in the orbit of 2’y/z¥ under
the action of the permutations of the variables x, y, z. So taking into account
the commutativity constraints, ternary laws can be written

Fi(z,y,z2) Za”kaxyz)
i>j>k

The analogue of the relation F'(z,0) = x is already more involved as
shown by the following formula due to Walter.

Proposition 2.3.4. Let E be an SL-oriented ring spectrum over a scheme
X. We apply the previous definition to the induced Sp-orientation on E
(Remark 2.1.5). Then one gets the following computations:

(1) Using the notation of 2.2.9 and the Aut(1x)-module structure on
E**(X):

Fy(2,0,0) = 1 4 2h.at 4 2(h — €).2°t* + 2h.a3t3 + 212,
In terms of coefficients:
i # 1= algy =0,
atgo = ajoo = 2h, a3eg = 2(h — €), ajgg = 1.
(2) Fy(z,z,0) =0.
In terms of coefficients: >, a;{r_w =0.
Proof. Consider the first assertion. We write 4 = (U, 1)) for &l;. Given that
bi($) = 0 for i > 0 (Paragraph 2.2.4), we get:
Fi(2,0,0) = b (U) ® $H © 9).
We easily obtain an isomorphism of symplectic bundles:

U®H®H~UDHA?) ~ (U2 (U, —y)®?
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According to Proposition 2.2.8, one gets:
be(U,—¢) =1 — (ex).t.
Therefore, the Whitney sum formula (again Paragraph 2.2.4) gives:

be((U) ® H©9) = (1+ )2 (1 — (ex).t)?

so that expanding the last term gives the desired result.

To get the second point, we have to compute bs(U @ U ® $). We claim
that the bundle U R UR $H has a nowhere vanishing section. Indeed, consider
the short exact sequence

0 — det(U) — U ® & — Sym?(U) — 0.

Since 4 is symplectic, we have an isomorphism det(4) ~ O and it follows
that U ® U has a nowhere vanishing section. So does $) and finally we see
that 4 ® 4 ® $ has a nowhere vanishing section. Consequently, its Fuler
class vanishes, hence the result (according to point (1) in Par. 2.2.4). O

Remark 2.3.5. There are also formulas encoding the associativity of the
ternary tensor product of symplectic bundles. Such a formula can be ex-
pressed by considering five rank 2 symplectic bundles. We work over P =
(HP>)> and write 4; for the pullback of universal rank 2 vector Sp-bundle
over the i-th copy of P. The formula then amounts to the equality of total
Borel classes:

bi((Lh @ U ® Usz) @ Uy @ Us) = by (L @ (Lo @ Uz @ Uy) @ Us).

Each of these Borel classes can be computed in terms of the total ternary
law Fy(z,y,z) using the symplectic splitting principle (Remark 2.2.5) and
introducing three Borel roots for each of the rank 8 Sp-bundles i; ® s ® 43
and s ® Uz ® Lly. We will not use these formulas in the sequel, but we will
come back to this in further work.

2.3.6. The oriented case. Suppose that E is GL-oriented, and consider the
induced Sp-orientation (Rem. 2.1.5). In this case, one can express the total
ternary law Fy(z,y, z) in terms of the formal group law associated with the
GL-orientation. Indeed, the Borel classes can be expressed in terms of Chern
classes:

(2.3.6.a) bi(V, ) = (—1) .coi (V).

This is easily seen for a symplectic bundle of rank 2, using the fact that its
first Chern class is trivial. The result for symplectic bundles of higher rank
follows from the splitting principle. So, using the notations of the above
definition, one can use the following equality:

(2.3.6.b) a(lh @U@ Us) = > (-1 .F(z,y,2).t
=2l
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where 4; = (U;, 1;), © = b1(Y;) = —c2(U;). The identity (2.3.6.b) becomes:
Y (D.R(wy 2t = [ F(F(eru, eauz), ezuz),

i=21 e1,e2,e3€{£1}
T =ul,y=u3, z=ui
We are now reduced to a formal computation. Let us state now the easy
case of an additive formal group law. This will be used in the sequel and
gives our first example.

Proposition 2.3.7. Consider the notations above and assume F(x,y) =
x +y. Then, using notations (2.3.3.b), the ternary laws associated with the
Sp-oriented ring spectrum E are:

4.0(x), =1,
Fi(e,,2) = 6.0(x?) + 4.0(zy), [ =2,
nh s = 4.0(x®) — 4.0(x?y) + 40.2y2, =3,

o(x?) — 4.o(23y) + 6.0(2%y?) + 4.0(2?y2), =4
3. TERNARY LAWS ASSOCIATED WITH CHOW-WITT GROUPS

3.1. General principles.

3.1.1. The aim of this section is to compute the ternary laws (Def. 2.3.2)
associated with Chow-Witt groups, or equivalently Milnor-Witt motivic co-
homology. So, in the entire section we will work with the ring of coefficients
A = E** of some SL-oriented ring spectrum E. The ternary laws live in the
ring of formal power series A[[z,y, z]].

One can already obtain the following simple lemma which follows from
the formula for the degree of the coefficients of the ternary laws (2.3.2.a)
and Proposition 2.3.4.

Lemma 3.1.2. Let E be an SL-oriented theory over a scheme X, with co-
efficients ring E** = E**(X). We assume E™ = 0 in degree m.(4,2) for
m #£ 0.

Then the ternary laws associated with & have the following form:

2h.o(z), =1,
Fi(z,y,z) = 2(h — €).0(2?) + afyg.0(zy), =2,
ne Y, 2h.0(x3) + a31y.0(2x%y) + a3y;.7y2, =3,

o(a*) + azy9.0(2%Y) + agog.0(x%y?) + agyy.0(2%y2), 1=4.
using convention (2.3.3.b) for o.
3.2. The case of Witt groups.

3.2.1. We will now determine the ternary laws FZW in the case of Witt
unramified cohomology, represented by HW. The underlying category of
schemes .ch is that of k-schemes for a fixed base field k£ of characteristic
different from 2 (see also Notations page 10).
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We can apply Lemma 3.1.2 to this ring spectrum. Recall moreover that on
HW, one gets e =1 and h = 0. Let us restate the lemma in our particular
case to clarify the situation:

0, =1,
FW(J/’ Y, z) = —2.0'(172) + a%lO‘o(xy)a l=2,
LA a310-0(z%y) + a3y .2yz, [ =3,

o(z') + adg.0(xy) + agyg.0(2%y?) + a5yy.0(2%yz), 1 =4.

Our first step amounts consists in computing ﬂw(x,y,O). We use in
particular the following proposition, which is a combination of results of
Levine and Ananyevskiy.

Proposition 3.2.2. Assume char(k) # 2. Let P = (HP™)3 and ; =
(Uj, i) be the tautological rank 2 symplectic bundle on the i-th coordinate of
P (asin 2.3.1). Putx =0b1(th1), y = b1 (Ls). One can compute the following
Pontryagin classes (Def. 2.2.6) associated with HW :

—2.(.%'2 + yz)a [ = 21
pi’ (U1 ®@Us) =} 0, =3,
(xt +yt) —2.2%2, =4
For the computation of the odd classes, see [ , 7.9]; for the even
ones, see | , Prop. 9.1]. According to our definition, we get

P’ (4 @ Us) = Fi(z,y,0).

So the above proposition already gives us the following relations (corre-
sponding to | = 2,3,4):

(3.2.2.2) a0 =0,
(3.2.2.b) a3 =0,
(3.2.2.c) asio =0, a3e0 = —2.

To get the remaining coefficients, we use the symmetric product Sym™* of
symplectic vector bundles. In fact, the next proposition allows determining
FY (x,2,x) and this will allow us to conclude.

Proposition 3.2.3. Assume that 6 € k*.
Let $1 = (U, ) be the tautological rank 2 symplectic bundle on HP* and x be
its first Borel class. Then the following computations hold in H*(HP*> , W):

(=3+(3)).x, i=1,
(1) bWV (Sym3 ) = S (=4 + (3)).22, i=2,
0, i > 2.
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0, i=1,
—6.22, i=2
2) bV (U®3) = ’ ’
( ) 7 ( ) —8.%3, i=3,
-3z, =4

Proof. Our main tool will be the following computation of symplectic bun-
dles (7.0.5.a):'!

(3.2.3.a) (U2, 0%%) = (U, (2)p) L (U, {6)p) L (Sym’U, ).
Note that applying point (2) of Proposition 2.2.8, we get:
b1 (U, (2)¢) = (2).x, by (U, (6)¢) = (6).z.

We start with the proof of (1). We first do the computation of the left-hand
column. The symplectic bundle Sym?®{l is of rank 4, so that we already
get the required vanishing (by definition, see (2.2.4.a)). We apply the sym-
plectic splitting principle to that bundle (Paragraph 2.2.5): in particular,
after pullback along an affine morphism p : X’ — HP*, Sym? 4 admits a
splitting as two rank 2 symplectic bundles, whose Euler classes we denote
respectively a and . Pulling back the decomposition (3.2.3.a) to X’ yields
a decomposition of 4®3 into a sum of four rank 2 symplectic bundles and
applying the Whitney sum formula of Par. 2.2.4, we get:

(3.2.3.b) bV (U3, 023) = (14 (2)at)(1 + (6)xt)(1 + at)(1 + Bt).
As we already know F}V and F}V (Paragraph 3.2.1 and relation (3.2.2.a)),
we obtain the following equation by computing the coefficients of ¢ and t2:
a+ B+ ((2)+(6).r=0
aB+ (a+B)((2) + (6)).x + (3).22 = —6.2%
Using the relation satisfied by the Borel roots a and (8, we deduce that:
b1 (Sym? &) = ((=2) + (=6)).z, by (Sym®&l) = (=4 + (3)).2>.
To conclude the proof of (1), it therefore suffices to show the following
equality in W (k):
(—2) 4+ (—6) = =3 + (3).

We need only to prove it either for a finite field (if & is of positive character-
istic), either for Q in case k is of characteristic zero. The first case is obvious
as both forms have the same rank and same discriminant, the second case
is obtained via a comparison of residues.

To get (2), it suffices now to finish the computation of (3.2.3.b). But
using the computation above, we obtain:
b)Y (U3, %) = (1 + (2)at)(1 + (6)at)(1 + (=3 + (3))at + (=4 + (3))2*?).

Then, an easy computation allows us to conclude. O

HThis is the very point where the assumption on k is needed.



THE BOREL CHARACTER 23

3.2.4. The case | = 3 and | = 4 of point (2) in the preceding computation
together with relations (3.2.2.b) and (3.2.2.c) yield:

(3.2.4.2) a3y = -8,

(3.2.4.b) 3—6+as, =—3=as, =0.

Let us write the final result for the total ternary law associated with HW
(3.2.4.c)  FNV(x,y,2) = —20(2?).t? — 8.xyz.t3 + [o(z?) — 20(x?y?)].t1.

3.3. Final case. We will now assemble our knowledge of ternary laws in
Chow groups (Proposition 2.3.7), represented over k by the unramified Mil-
nor K-theory HKM, and Witt-cohomology from the preceding section. In-
deed, recall there is canonical map of sheaves:

o : KMV L KM g w.
We use the following lemma:

Lemma 3.3.1. Let P = (HP{)%. Then the morphism induced by ¢ on
cohomology: -

¢« : CH*(P) — CH*(P) ® H*(P,W)
18 injective.

The proof immediately follows from the symplectic projective bundle for-
mula 2.2.3 and the fact ¢ is compatible with the Sp-orientations on each
ring spectra.

This lemma allows us to combine the computations obtained for HKM
and HW respectively.

Theorem 3.3.2. Let k be a field such that 6 € k*. Then the ternary laws
associated with the Sp-oriented ring spectra HKMW (Chow-Witt groups) or
with Hypw (Milnor- Witt motivic cohomology), over k, are:

2h.o(x), =1,
Fi(z,y,2) = 2(h — €).0(z?) + 2h.o(xy), =2,
w2 = 2h.0(x3) — 2h.0(z%y) + 8(2h — €).7yz, [ =3,

o(x?) — 2h.0(23y) + 2(h — €).0(2?y?) + 2h.0(2?yz), =4,
using the notations of (2.3.3.b) and Remark 2.2.9.

Thus, by analogy with the classical oriented case, we introduce the fol-
lowing definition.

Definition 3.3.3. Let A be the ring of endomorphisms of the sphere spec-
trum in SH(Z). We define the additive ternary laws as the power series
Fi(z,y,2),l =1,2,3,4 with coefficients in A defined by the formulas of the
above theorem.

We will say that an Sp-oriented ring spectra E has the additive ternary
laws if for any scheme S in .#ch, the associated ternary laws on Ex are the
additive ternary laws through the canonical map A — E**(X).
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Remark 3.3.4. The computations of the previous section for the unramified
Witt ring spectrum W over k shows that W has the additive ternary laws.
Note however that h = 0 and € = —1 in W (k) so that the formula simplifies
to (3.2.4.c).

With rational coeflicients, the preceding theorem can be generalized.

Corollary 3.3.5. The Sp-oriented ring spectrum HyrwQ over Z has the
additive ternary laws.

Proof. One uses the decomposition:
HywQ ~ 1g ~ 1ot © 1g- ~ HuQ & v. HWg

where v : SpecZ — SpecQ is the canonical open immersion (see | ,
Cor. 6.2]). O

4. SYMPLECTIC OPERATIONS

4.1. Unstable and additive operations.

4.1.1. Let S be any Z[!/2]-scheme. Using a method of Morel and Voevodsky,
Panin and Walter proved in [ , 8.5] that there exists a canonical weak
A'-homotopy equivalence:

(4.1.1.a) HGrg — BSpg.

Moreover, when S is regular, they also prove that one gets an isomorphism
of abelian groups (we refer the reader to [ , Th. 1.3]):

(4.1.1.b) K Spo(S) — [X,Z x BSpg],

where [—, —] denotes the set of morphisms in the unpointed A'-homotopy
category over S. Concretely, to a symplectic vector bundle U over X of
rank 2r the above isomorphism associates the couple (yy,r) where vy :
S — BSpg is the map classifying U and 2r is the rank of *U.

In this section, we will use Riou’s method to classify the following ”oper-
ations”.

Definition 4.1.2. Let E be a spectrum over a regular scheme S. Let (n,1)
be a couple of integers. An Sp-operation (resp. additive Sp-operation) © of
degree (n,i) on E will be a morphism of presheaves of sets (resp. abelian
groups) on .¥mg:

O : KSpy — E™,

We denote the set (resp. abelian group) of such operations by Homgets (K Spg, E™?)
(resp. Homayp, (K Spo, E™"))

4.1.3. Let us now consider an Sp-oriented ring spectrum E over a regular
scheme S. Let us put E** = E**(S), as bigraded ring.
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Recall that, according to | ]12, one can compute the E-cohomology

of symplectic Grassmanians as:
(413&) En’i(HGrS) - (E**[[br’ r > 1]])("7")’

where the exponent on the right-hand side denotes the subgroup of elements
of degree (n,i) with the convention that b, is of degree (4r,2r). Explicitly,
an element of the right-hand side is a formal power series of the form:

(4.1.3.b) F=Y (“a'HieN*bf(i))

where « runs over the applications « : N* — N with finite support and a,
is an element of E** of degree (n — 4.|a|,i — 2.|a]).

Using the method of | ], one deduces a complete description of the
Sp-operations on E.

Theorem 4.1.4. Consider the above notations. Then the canonical map:
Hom (s (Z x HGr, Q®(E(i)[n])) — Homges (K Spo, ™), ¢ — ¢,

is bijective. Moreover, via the identification of the left hand-side with the

set E™(HGrs)%, a sequence of formal power series (Fy),ez of the form

(4.1.3.b) corresponds to the operation which sends a symplectic bundle 0

of rank 2r over a smooth S-scheme X to the (well-defined™®) element of
Or, ([]) := F (b1(D), ..., b,(0),0,...).

where b;(°0) denotes the Borel classes of 0 (Par. 2.2.4).

Note moreover that the map corresponding to ©p, is pointed (for the
obvious base points) if and only if Fy = 0.

Proof. This is a consequence of | , 1.2.9] applied to the inductive sys-
tem of smooth schemes HGre = (HGry q)ndeny and to the H-group E =
Q°°(E(i)[n]). Indeed, formula (4.1.3.a) implies that " HGre does not unveil

phantoms in E” in the sense of | , 1.2.2]. Moreover, "moHGr is gen-
erated by HGr” in the sense of | , 1.2.5] by application of [ ,
8.1]. O
4.1.5. According to | , Lem. 6.2.2.2], for any commutative ring A and

any integer n > 0, there exists a unique family of group morphisms of the
form

vi s (L EA[L], %) = (A, +)
which are natural in A, such that /(1 + a.t) = a” and which vanishes on
1+ t""1 A[[t]]. By analogy with the oriented case, one defines an additive

2This is a corollary of the symplectic projective bundle formula 2.2.4.a, totally anal-
ogous to the case of GL-oriented theories.
13Use the fact b;(V) is nilpotent;
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Sp-operation )Z]QEH of degree (4n,2n) on E. Given any symplectic bundle U
on a smooth S-scheme X, one sets:

(4.1.5.a) X5 (1T]) = ¥ (0e(0)),

where b,(0) is the total Borel class of U, Formula (2.2.4.b). (The latter
formula shows that x5, is indeed additive.) We also put & = 1. Note in
particular that when U = 4l has rank 2, one gets by construction for n > 0

(4.1.5.b) S ([U]) = by ()™

Recall from Panin-Walter’s symplectic projective bundle theorem (Th.
2.2.3) that one obtains an isomorphism of bigraded E**-modules:

E**[[b]] — E**(HPZ), b — by (L1),

where the indeterminate b has degree (4,2). As in | , Prop. 6.2.2.1],
one can compute all the additive Sp-operations on E.

Theorem 4.1.6. Consider the above notations. Let L be the tautological
symplectic bundle of rank 2 on HPZ. Then the canonical morphism of graded
E**-modules

Homap (K Spo, E™) — E™(HPF) ~ E[[b]], ¢ = ¢npg ([U])

is an isomorphism. Moreover, for n > 0, the additive Sp-operation )Z]2En
defined above is sent to b" wvia this isomorphism.

Proof. The injectivity of the map follows from the symplectic bundle prin-
ciple (Par. 2.2.5) and the universal property of HP* ~ BSp,. The last
assertion follows from relation (4.1.5.b). Thus the surjectivity of the map
follows from the existence of the operations {5, . O

4.1.7. The lemma of Riou used in the above proof is a smart way of con-
structing yo,. A more classical way is to use the symplectic splitting prin-
ciple 2.2.5. Indeed, x2,() is uniquely defined in terms of the Borel roots
& of U by the property:

Xon(T) = Zs?.

Thus one can express X2,(0) in terms of the Borel classes of U using the
fact that b; = b;(0) is the i-th elementary symmetric function in the ¢;
and using the classical expression of the symmetric power sum polynomials
in terms of the elementary symmetric functions. For example, a classical
formula in terms of determinant is:

by 1
205 by 0

(4.1.7.2) Ton(T) = bz\
\ 1

nby bp_1 bz by
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A more useful formula is given by Newton’s relations:
(4.1.7.b) Yon — b1Xan—2 + baXon—a + ... + (=1)" b1 %2 + (—1)"nb, = 0.

Ezample 4.1.8. Let us assume that either k is a perfect field £k and R = Z
or k =7Z[1/2] and R = Q. Given any k-scheme X, we define the (Eilenberg-
MacLane) Milnor-Witt (n, ¢)-space over S by the formula

K(Rs(i),n) = Q> (HuwRs(i)[n]).
It is the analogue of the (n, 7)-th Eilenberg-MacLane motivic space K (R(i),n)
(see [ , 86.1] for (n,i) = (2n,n)). According to the absolute purity the-
orem for Milnor-Witt motivic cohomology (see | 1)), this space is stable
under arbitrary pullback between regular k-schemes.

The previous theorem applied to the Sp-oriented ring spectrum Hyw Rg
gives a canonical additive Sp-operation of degree (2n,n):

XK KSpy — Hf\;{,an(—, R) ~ 6\1-/1%",
the last isomorphism being (1.0.0.c) and (1.0.0.a). It corresponds to a mor-
phism of H-groups:
Z x BSpg — K(Rs(2n),4n).

These operations form a base of all the additive Sp-operations over S with
values in Chow-Witt groups CH'%.

4.2. Stable operations and hermitian K-theory.

4.2.1. We now study stable operations over a regular scheme S, still fol-
lowing the method of Riou. A technical difference between symplectic K-
theory and usual K-theory is that the former is (8,4)-periodic while the
latter is (2, 1) periodic. Therefore, the natural sphere that comes into play
is H := (HPYH)M? ~ 1(4)[8]."*

Given any spectrum E over S, we get a tautological stability isomorphism
for any smooth S-scheme X:

of B IHX) S EM(H A XY

where E is the associated reduced cohomology theory. When E admits a
ring structure, this isomorphism can be expressed by the cup-product with
a tautological class ox € E®*(H). When E is in addition Sp-oriented, this
class is induced by by (41)-b1 (Us) € E84(HP! x HP') where &; is the pullback
of the tautological symplectic bundle on the i-th factor.

Similarly, the multiplication map in symplectic K-theory

KSpo(X) B2, grgn (HP! x HP! x X)
induces, according to the symplectic bundle theorem, an isomorphism:
o®¥5P . KSpy(X) — KSpy(H A X3).

14This isomorphism follows from the fact HP' = Q4 and [ ]
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Given an Sp-operation € on a spectrum E of degree (n, ), we define a new
associated Sp-operation wy(#) on E of degree (n — 8,7 —4) by the following
commutative diagram:

KSp

KSp(X) ~ KSpy(H A X4)
(4.2.1.a) wH(g)i J/g
. E ~ .
Er-8i-4(X) — T L Emi(H A X,).

~

In particular, we get two projective systems indexed by integers r > O:
o Homset (KSpo, En+8r,i+4’r‘) & Homset (KSp(], En+81”+8,i+4r+4) o
o HomAb (KSpO7 En+8r,i+4’r‘) & HomAb (K5p07 En+8r+8,i+4r+4) o

Their projective limits agree as stable operations must be additive (see
[Vis19, 3.5)).

Definition 4.2.2. Consider the above notations. We define the abelian
group of stable Sp-operations on E of degree (n,i) as the projective limit of
one of the two projective system above:

Homg; (K Spo, E™") = 7{16111\1] Homgets (K Spg, E"H871+4)
~ lim Homay, (K Spo, E"+8r’i+4’") .
reN

In particular, such an operation is a sequence (0, ) en of additive Sp-operations
O, : KSp — Er+8i+4r qych that for any 7 > 0, O, = wy(0,41).

4.2.3. Recall from | , 6.1] that a naive H-spectrum over a scheme S is
the datum of a sequence (Ey,, oy )nen such that E,, is an object of 774 (S) and
on: HAE, — E,is a map in J(S) whose adjoint map F,, = Qg F, is an
isomorphism. Every spectrum E if SH(S) determines a naive H-spectrum
whose n-th term is E, = Q°°X%E. Reciprocally, any naive H-spectrum
(En,o0y,) admits a lifting to an object of SH(S), and the lifting is unique
provided
R! lim Hom y, (5)(S" A En, En) = 0.
neN

An important example for us is provided by the naive H-spectrum over

any Z[1/2]-scheme S
(Z x BSp,Z x BSp,...)

whose transition maps are all equal to the multiplication by the element
0? € [H,Z x BSpl. corresponding to the element [t; — $].[ty — H] in
KSp,(HP! x HP!), where 4; is the tautological symplectic bundle on the
i-th factor of HP! x HP'. As explained above, this naive H-spectrum lifts
as an object of SH(S). Over S = SpecZ[l/2], the ambiguity in this lift-
ing vanishes according to | , 13.2], thus giving a canonical spectrum
KSpy1/,)- Over an arbitrary Z[!/2]-scheme S, we define KSpg by pullback.
According to | ], one gets a canonical isomorphism in SH(.S):

(4.2.3.2) KSpg ~ GWg(2)[4].
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Let us recall the following proposition from | , Lem. 6.4].

Proposition 4.2.4. Given any spectrum E over S, there is a short exvact
sequence:

0 —»R! }}EHI\II Homap, (K Spo, E" 81447y - — Homgy sy (KSpg, E(i)[n])

— Homg; (K Spo, E™") — 0,
where the transition maps in the left-hand side projective system are given

by the desuspension maps wg (Paragraph /.2.1).

4.2.5. Let k be a perfect field of characteristic different from 2. According
to | , 4.1.2], we get the following vanishing of the Milnor-Witt motivic
cohomology groups of k with integral coefficients:

Hyjw(k,Z) =01if n>m or (m < 0 and n # m).

Regarding rational motivic cohomology, we get from | ] that:

Hyi (2012, Q) = Kiyl (Z[1/2)) © Q@ Hp,™(Q W © Q)
where W is the unramified Witt-sheaf over .“’mg. Given Borel’s computa-
tions of the K-theory of integers, these groups vanish in the same range as
in the previous case.”

Corollary 4.2.6. Assume we are in one of the following cases:
e S is the spectrum of a perfect field k of characteristic not 2, and
R=127;
e S is the spectrum of Z[1/2], and R = Q.
Then for any integer n, the following canonical map, appearing in the pre-
vious proposition, is an isomorphism:

Homgpys) (KSpS,HMwR(Qn) [4n]> = Homg; (KSpo,aﬁ%%”).

4.2.7. Indeed, in view of the vanishing recalled before the corollary, the
projective system appearing on the left-hand side of the short exact sequence
in the previous section is just 0 at each degree. Besides, one can give another
expression for the projective system of the right hand-side appearing in
Definition 4.2.2. Using Theorem 4.1.6, the above vanishing and the fact

H% (S, R) =~ GW(8)g,

we get that the two above groups are given by the projective limit of a tower,
indexed by r > 0, of the form:

(4.2.7.a) o GW(S) RXE sy &5 GW(S) R X B s < -+ -

15 Recall that from the computations of | , Prop. 12.2], one classically derives the
following ones for rational motivic cohomology:
Q (n,m)=(0,0),(1,2r+1),r >0

(4.252)  Hy"(2,Q) = K", (Z)e = .
0 otherwise.
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where we have denoted by )Zé%n :KSpy—> H ;4\;%2/% the additive Sp-operations
of Example 4.1.8. Note that the desuspension operators wpy (Paragraph
4.2.1) are GW(S)-linear. The next subsection is devoted to compute explic-
itly the transition maps in the above projective system.

4.3. Stabilization for Milnor-Witt motivic cohomology.

4.3.1. Consider the notations and assumptions of Corollary 4.2.6 and Para-
graph 4.2.7. According to formula (4.2.7.a), we know a priori that for any
n > 0, there exists an isomorphism class of quadratic form 2,14 € GW(S)r
such that:

(4.3.1.) wit (X 1a) = Vo4 Xon-
For normalization purposes, we put: ¥y = 1o = 1.

Theorem 4.3.2. Consider the above notations. We assume one of the
following hypothesis:

(a) S is the spectrum of a perfect field k such that 6 € k*, and R = Z;
(b) S is the spectrum of Z[1/2], and R = Q.
Then for any integer n > 0, the quadratic form appearing in relation (4.3.1.a)
is:
(4.3.2.a)
Ji@n+49)@2n+3)(2n+2)(2n+1).h if n >0 is even,
Vants = (2n+4)2n+2).((202 +4n+1).h—€) ifn is odd.

Proof. To determine an additive Sp-operation over S, we know from Theo-
rem 4.1.6 that we need only to apply it to the element [{] € KSpo(HPZ).
Going back to the defining diagram (4.2.1.a) for wy, and using the fact
that Y& (80) = by (L) = u", we get the following relation in the cohomology
group HyiH82 T (HP! x HP! x HPY):

(4.3.2.b) Vo — 9) (8o — H)U) = Yon g uiugu®,

where we denoted u; and us for the first Borel class of the tautological
symplectic bundle on the first and second coordinate of HP! x HP! x HPZ.

Using the computation of the ternary laws for Milnor-Witt cohomology,
it is possible to determine 1o,. However, it is possible to simplify substan-
tially this computation by remembering that the class 9, in GW(S)g is
determined by its rank and its class in the Witt ring W (S)g. On the other
hand, we have two canonical maps:

HywRs — HyRg, HuwRs - HWp o

according to | , 3.4.1] and | , (proof of) 4.1.2] under assumption
(a) and | , Cor. 6.2] under assumption (b). These maps induce respec-
tively the rank and the projection map on the cohomology groups in degree
(0,0). Thus, we need only to specialize our computations either to motivic
cohomology or to unramified Witt cohomology. This will be done below in
Propositions 4.3.5 and Corollary 4.3.8. (|
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4.3.3. We consider the hypothesis of Theorem 4.3.2. Recall from | ,
6.2.2.1] that there are canonical operations:

Xi : Z x BGL — K (R(i),2i)

where K (R(i),2i) = Q°°(HyRg(i)[24]) is the motivic Eilenberg-MacLane
space of degree (2i,1).'0

On the other hand, we defined additive Sp-operations by applying Theo-
rem 4.1.6 to the motivic cohomology ring spectrum HyRg:

Yoy Z x BSp — K (R(2i),4i).

Lemma 4.3.4. Consider the above notations and assumptions. Let f :
BSp — BGL be the canonical forgetful map. Then for any n > 0 one has:

2.X2n = X2n © J-
Note that by definition, xo = 1 = xg.

Proof. Let us denote by bZM the Borel classes associated with the canonical
Sp-orientation of HyiRg. We prove the result by induction on n > 1.

For n = 1, and a symplectic bundle (U, ), we get from formulas (4.1.7.a)
and (2.3.6.a), X3X(U,) = bM(U,) = —c2(U). On the other hand, using
[ , 6.2.2.3], we obtain ya = c2(U) — 2co(U) = —2co(U). These two
equalities allow us to conclude. Then the induction step is provided by the
following computation (where we suppress f for readability):

n

X2nt2 = — Z C2iX2n—2i+2 — (2n + 2)can42

i=1

n
= 2.3 ()M aige — (20 2)(- 1)L,
i=1

n
=2 (Z(—l)zbyizMn—zwz + (=)™ (n + 1)57%1) = 2% 12;

i=1
where the first (resp. second, last) equality follows from [ , 6.2.2.3]
(resp. (2.3.6.a) and the induction hypothesis, (4.1.7.b)). O

Proposition 4.3.5. For any n > 0, we have:

wir(Xah14) = (2n+4)(2n + 3)(2n +2)(2n + 1)X30.
Consequently, tk(von+4) = (2n+4)(2n +3)(2n +2)(2n + 1) for any n > 0.
Proof. According to the plus part of formula (4.2.7.a), we have a priori:

~M ~M
WH (X2n+4) = T2n+4-Xon

16 The statements of [ , Section 6.2] are given over a perfect base field k. However,
the proof applies equally to the case S = Spec(Z[!/2]) (or even S = Spec(Z)), R = Q, given
the vanishing of rational motivic cohomology of Spec(Z) due to Borel’s computations (see
footnote 15 page 29).
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where rg,14 is an element of H]?&O(S, R) = R.'" We know from | ,
6.2.3.2] that Qp1(x2n+4) = (2n + 4)x2n+3. Therefore, as 2 is non-zero divi-
sor in R, the proposition follows the previous lemma and the obvious fact:
wH()Zé\;[H_4 of) = Q$1(2%+4) o f. Beware the particular case n = 0, as
X0 = Xo- O
4.3.6. The main point to prove the above theorem is to determine the Witt
part ¥o, 14 € W(S)g of the quadratic form 9,14 € GW(S)g of Paragraph
4.3.1. So we consider the assumptions of this theorem and we let )2% 4
(resp. bV) be the Sp-operation (resp. Borel class) associated with the Sp-

oriented ring spectrum Wpg g. Specializing relation (4.3.2.b), we get for any
n > 0:

X (W = 9) (U — 9)U) = Py guruzu®,
where u; = bll/v(ill), Uy = b‘fV(ﬂQ), U = b‘fv(ﬂ)-

Proposition 4.3.7. Under the above assumptions, we have:

4oy t2 if n is even,

W
U isdl) =
Xon+4(H182tl) {—(Qn +4)(2n + 2)urugu™ if n is odd.

Proof. Put b} = bV (4 4s8l) and X% 4 = Xon, 4 (U1 Lo8h). Let us first start
by computing the Borel classes using the ternary law of unramified Witt
theory, Formula (3.2.4.c) and the relation u? = 0:

0 1 =1,1> 4,
W —2u? i=2,
! —8ujugu 1 =3,
ut 1=4.
We derive from this computation and the Newton’s identity relation (4.1.7.b)
the following relation for n > 2:

(4.3.7.a) Nona = 2u2. X0 — Sujuou. X5y _o — 4u* o 4.

On the other hand, one express the first Sp-operations using again the first
computation and Formula (4.1.7.a):

4y? n =0,
~W _ _
Xonta = § —24uiugu n =1,

4yt n=2.

Finally, one proves the lemma by induction on n using relation (4.3.7.a). O

Corollary 4.3.8. For any n > 0, we have

wH ()2121/1-1-4) = {

0 if n is even,
—(2n+4)(2n +2).X¥  if n is odd.

Ty fact, ronta = rk(Vanta).
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In other words, the image of Yantq in W(S)g is 0 for n even and —(2n +
4)(2n+2) if n is odd.

4.4. Rational stable Sp-operations.

4.4.1. Consider again the notations of Paragraph 4.3.1. The next step is
to provide conditions under which inverting the quadratic forms s, in the
Grothendieck-Witt ring GW(S)g is sensible. For n even, the forms are
hyperbolic and inverting them would erase all quadratic information. Thus,
we are led to consider the multiplicative system Sy, of GW(S)g generated
by {taon|n odd}. Note that

GW(Z)gp ~ Q.h & Q.e ~ GW(Q)g
so we restrict our attention to the case of a perfect field k.

Lemma 4.4.2. Let P be an ordering of k and let sp : W(k) — Z be the cor-
responding signature homomorphism, i.e. the homomorphism characterized
by

1 if a is positive w.r.t. P,

sp((a)) = {

Then sp(Yan+a) = —(2n+4)(2n 4+ 2) # 0 for any odd n € N.

—1 if a is negative w.r.t. P.

Proof. It suffices to observe that 1 is a square, and then is positive w.r.t. P.
It follows that —1 is negative and we conclude. O

Proposition 4.4.3. Let P be the set of orderings of k. Then,
S,'W(k) ~ Q.
pPep
Proof. The above lemma shows that the map
Wk =5 Pz
PeP

induces a well-defined map as in the statement, i.e. we have a commutative
diagram

>s
W(k) " DpepZ

SQZIW(/{) —— Dpp Q.
Besides, the kernel and cokernel of the top homomorphism are 2-primary

torsion. It follows immediately that the bottom map is surjective. Let now
y be in the kernel of

_ s
S, 'W(k) =% P Q,
Pep
We may write y = £ with s € Sy, z € W(k). One deduces:

> sp(@)(Ysp(s) ™ =0
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thus showing that Y  sp(z) = 0. It follows that 2”2 = 0 for some r € N.
Now, we have 8|(2n + 4)(2n + 2) in W(k) and it follows that for any r € N
there exists an odd n such that 2"|(¢)244 - Y2, - ...12). The map is thus
injective. [l

Corollary 4.4.4. The signature and rank homomorphisms induce an iso-
morphism
S,'GW(k) ~ Qe P Q~GW(k) ®Q
PeP
Proof. We have an exact sequence of GW (k)-modules

0—-GW(k)—>ZoW(k)— W(k)/2—=0

Localization being exact, we deduce an exact sequence of S/ LGW (k)-modules.
The above proposition shows that

S,'GW(k) ~ S;'Ze D Q
pep

and we are left to prove that SIZ 17 ~ Q. Let p be an odd prime. Then,
p—21is odd and (2n +4)(2n + 2) = 4p(p — 1) and therefore p is invertible.
As we already know that 2 is also invertible, the result follows. O

4.4.5. Let S = Spec(Z['/2]). We are now in a position to classify all stable
symplectic operations on rational Milnor-Witt motivic cohomology Hyw Qg
of degree (4n,2n), for n € Z.

We first consider the case n = 0. Recall the decomposition in plus and
minus part of Milnor-Witt motivic cohomology:

HywQs = Hyw Qs+ @ HywQs— = HyQgs & Wo.

We consider the additive symplectic operation )2% :ZxBSp - K (Qg(i), 2@')
defined in Paragraph 4.3.3. According to Proposition 4.3.5, we get a stable
symplectic operation (Definition 4.2.2) on rational motivic cohomology by
considering the following sequence:

2 2
~M ~M ~M
<Xo 75X4 7"'a4n!X4n?"'>‘

Applying Corollary 4.2.6, this uniquely corresponds to a map 1o~08r : KSpg —
Hy/Qg and we deduce a map:

-+ .
~ b
bop : KSpg = HyQs — HywQs
where the last map is the canonical inclusion. For any n € Z, we put

bouy : KSpg =~ KSpg(4n)[8n] HywQs(4n)[8n].

By definition, when n > 0, it is induced as above by the following stable
symplectic operation on rational motivic cohomology of degree (4n,8n):

2 2 M
(4.4.5.a) <4n!X4n> mX4n+47 x ) .

bog (4n)[8n]
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For n < 0, just add enough zeroes at the start.
Next we consider the case n = 2. Let us consider the following product:

(4.4.5.b) 1/}2—1—477,! = 1/)2 . ¢6 R ¢2+4n~

Applying the previous corollary, this product of quadratic forms is invertible
in HY\w (S, Q) = GW(S)g = GW(Q)g. Thus, using Theorem 4.3.2, we can
introduce the following stable symplectic operation on rational Milnor-Witt
cohomology over S:

1 1
44.5.¢ Tt v VL R o )
( ) <X2 ¢6!X6 ¢2+4n!X2+4n

Applying again Corollary 4.2.6, it uniquely corresponds to a morphism:

bos : KSpS — HMWQS(Q)[4]'
For n € Z, we put

bog (4n)[8n]
S

bogt4n : KSpg ~ KSpg(4n)[8n] HywQs(2 + 4n)[4 + 8n,

which by definition is induced by the following stable symplectic operation,
for n > 0:

1 1
4.4.5.d e e ) .
( ) <¢2+4n! X2+in V644! X6-+4n

Given now any Z[l/2]-scheme S, the operations bog, defined above can
be defined over S by taking pullback along the unique morphism S —

Spec (Z[1/2]).

Theorem 4.4.6. Let S = Spec (Z[1/2]) or S = Spec(k) with k a perfect field
of characteristic not 2.

(1) Letn € Z be an even integer. Then one has canonical isomorphisms:
HOInSt (Kspo, /C\I‘/I(Q@n) ~ HOHISH(S) (KSpS, HMW@S(2n) [4n])
~ Homgys) (KSpg, HuQs(2n)[4n]) ~ Q

where the first isomorphism is defined in Corollary /.2.6, and the sec-
ond one is the projection on the plus part. Moreover, these Q-vector
spaces are generated by the stable operation boo, defined above.

(2) Letn € Z be an odd integer. Then one has canonical isomorphisms:

Homg (K Spo, ﬁ?@”) ~ Homgp(s) (KSpg, HuwQs(2n)[4n])
~ GW(S)g = Q& W(S)g

where the first isomorphism is defined in Corollary 4.2.6, and these
GW(S)q-modules are generated by the stable operation boa, defined
above.
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Proof. Each statement follows simply from Corollary 4.2.6 and the compu-
tation of the projective system (4.2.7.a), whose transition maps are given by
Theorem 4.3.2 (note that by (8,4)-periodicity of KSpg, one can reduce to
the case n > 0). By construction, we have for any symplectic bundle & over
S equalities bog(4) = )Z((? (4) = rk(4l) and bog(U) = )2(2@(11) = by (L) — apply
(4.1.7.a). This implies that the operations boy, are non-zero. O

4.4.7. Assume S = Spec(Z['/2]) (or Spec(k)). Recall from | , 6.2.3.9]
that for any n > 0, one has:

Homgpy ) (KGL, HyQs(n)[2n]) ~ Q

is generated by the n-th component of the Chern character map ch, :
KGL — Hy,Qg (see footnote 16 page 31 for the case S = Spec(Z[1/2])).
Using the notations of Paragraph 4.3.3, the map ch,, can be viewed as an
H-stable operation as:

1 1
44.7. — Xy Xnds - | -
(4.4.7.a) (n! X G gy X >

Proposition 4.4.8. Under the assumptions of the previous theorem, the
following assertions hold.

(1) For any even integer n, the following diagram is commutative:

boay,

KSp — HywQs(2n)[4n]
7 fis

Chgn

KGL —— H\Qg(2n)[4n]

where f is the forgetful map and iy the inclusion of the plus-part.
(2) For any integer n, the following diagram is commutative:

KSp " Hypy Qs (2n)[4n]
fi ¢p+

cha,,

KGL —= H\Qg(2n)[4n]
where f is the forgetful map and p4 the projection onto plus-part.

Proof. The first point follows directly from comparing formulas (4.4.5.a) and
(4.4.7.a) using Lemma 4.3.4. Consider the second point. The case n even is
implied by the first point. The case n odd reduces to n > 0 (in fact n = 1
is enough). Then one can compare formulas (4.4.5.d) and (4.4.7.a) using
Lemma 4.3.4 and the fact: rk(i2,!) = (2n)!/2 (use Formula (4.3.2.2)) O

5. THE BOREL CHARACTER

5.1. Definition and main theorem.
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5.1.1. We rephrase in the next statement the main theorem of the previous
section, Theorem 4.4.6, in terms of higher Grothendieck-Witt groups. Let
S be a Z[!/2]-scheme S and n € Z be an integer. Using the isomorphism
(4.2.3.a) and the notations of Paragraph 4.4.5, we introduce the following
maps. When n is even,

bog, :GWg ~ KSpg(—2)[—4]

Poean AL gy 06(2 + 20)[4 + 4n] (—2)[—4] ~ Hyiw Qs (2n)[4n]

and when n is odd:
bog, :GWg ~ KSpg(—2)[—4]

p+oboztan(—2)[—4]

HynQs(2 + 2n)[4 + 4n](=2)[-4] ~ HuQs(2n)[4n]

Note that is follows from the construction of the stable Sp-operation bo (see
loc. cit.) that for any integer n € Z, one has:

(5.1.1.a)

boy, :GWg ~ GW g(4n)[8n] boo(dn)[8n],

HMWQS (4n) [8n],

bogt4n :GWg >~ GWg(4n)[8n] HywQs (2 + 4n)[4 + 4n),

where the first isomorphism in each line is obtained by the periodicity of
hermitian K-theory.'®

boz(4n)[8n]

Proposition 5.1.2. Consider the assumptions of the previous theorem.
Then for any integer n € Z, one has:

Q.(i4 boay,) |n| odd,

Homgp(s) (GW s, HuwQs(2n)[4n]) = {GW(S)Q boa,  |n| even

In the odd case, any map GWg — HywQgs(2n)[4n] is zero on the mi-
nus part. The map bog : GWg — HywQg is the unique map such that

bOo(lgw) = IHMW .

Proof. Everything except the statement about bog follows from Theorem
4.4.6. By definition of bog, we get the following commutative diagram:

QW (S) 222~ CHO(S)
Wy
KSp(HP}) (2)

b02*

KSp(HPL) 22+ CH2(HPY)

where (1) is the exterior product with the tautological symplectic bundle
$ on HP!, and (2) is the projection on the factor CHY(S).b1($)), using the
symplectic projective bundle theorem for Chow-Witt groups (here b; denotes

18Which is given by the cup-product with the element ks recalled in Example 5.2.4.
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the Borel class ~for Chow-Witt groups). Thus the statement simply follows
from the fact bog, = X2 = by — formula (4.4.5.c) (resp. (4.1.7.a)) for the
first (resp. second) equality. O

Definition 5.1.3. Let S be a Z[!/2]-scheme. We define the Borel character
over S as the map:

bo, : GWE 22ne . Dy B Qs(2n)[4n] & ) HuQs(2n)[4n]

n even n odd
~ P Ss.q+ (2n)an] & ) Ss.o- (4n)[sn]
neZ ne’

Note that the map (bosy, )nez lands into a direct sum rather than a prod-
uct because the corresponding product is in fact isomorphic to the above
direct sum. This follows as SH(Z[!/2]) is compactly generated by objects
of the form ¥*°X, (¢)[p] for X smooth over Z[l/2] and from the fact that
H, """ "9(X, Q) vanishes for n >> 0 or n << 0. The second isomorphism
follows from the identifications (1.0.0.d).

5.1.4. Note that, according to the properties of boay, boy is compatible with
pullbacks: it is a morphism of Z[!/2]-absolute spectra. Using Proposition
4.4.8, we immediately get the commutativity of the following square:

ng ﬂ) @n even HMW@S(Qn)[4n] ©® @n odd HMQS(zn) [471]

7| |

KGL? che D, ez HuQs(m)[2m]

where f is the natural forgetful map, and the right-hand vertical map is
obtained by the projection on the plus part for the even integer m, 0 for m
odd. In particular, for odd n, the map bog, = cha, of (apply point (1) of
Proposition 4.4.8).

In the remaining of this section, we will prove that for any Z[!/2]-scheme
S, the Borel character bo; is an isomorphism of ring spectra: see Theorem
5.9.1.

5.2. Principle of proof and periodic spectra.

5.2.1. Principle of proof of Th. 5.5.1. To prove that the Borel character
bo; is an isomorphism over any scheme .S, by compatibility with pullbacks
(see Paragraph 5.1.4), it is sufficient to consider the case S = Spec(Z[1/2]).
Moreover we can always use Morel’s decomposition of SH(S)q into its plus
and minus parts.

That being said, we will prove that bo; is an isomorphism by constructing
an explicit inverse bo} using the theory of periodic ring spectra (see definition
below). The advantage of this construction is that bo, will clearly be a
morphism of ring spectra. We will construct boj by separating the plus part
(section) and the minus part (section ).
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The following result is classical (see e.g. | , Prop. 2.6]) in (motivic)
homotopy theory:

Proposition 5.2.2. Let E be a motivic ring spectrum over S. Consider a
pair of integers (n,i) € Z2. Then the following conditions are equivalent:
(i) There exists an element p € E, ;(S), invertible for the cup-product
on E**.
(ii) There exists an isomorphism: p : E(i)[n] — E.

Definition 5.2.3. A pair (E, p) satisfying the equivalent conditions of the
above proposition will be called an (n,)-periodic ring spectrum over S.

We obviously get a .#chp-fibred category of periodic ring spectra. A B-
absolute (n,i)-periodic ring spectrum (E p) is a section of this .#chp-fibered
category.19

Given such a periodic absolute ring spectrum, we get a universal mor-
phism of absolute ring spectra:

(5.2.3.a) op @Sg(m')[rn] DRI Eg
r€Z
with source the (n,i)-periodization of the sphere spectrum.
Ezxample 5.2.4. (1) The K-theory spectrum KGL together with the Bott
element [ is (2,1)-periodic, as an absolute ring spectrum over Z.

Note for normalization purposes that we consider 37 as the element
of KGL2 1(Z) uniquely defined by the following property:

KGLy:(Z) = [12(1)[2], KGLz]** ¢ [P}, KGLz]* —— K\ (P})

Bz [O(=1)] - [0]

where O(—1) is the tautological line bundle on P}.
Note that it follows from the relation ch,(3?) = 6,; that the ra-
tional and plus part of the periodization map:

Jg+ : @HMQS(n) [2n] - KGLg g
neL

is an isomorphism of ring spectra with inverse the Chern character

map:
ch; : KGLg o), @HMQS(n) [2n].
nez
(2) By construction (see | ]), the hermitian K-theory spectrum

GW is (8,4)-periodic, as an absolute ring spectrum over Z[1/2]. We

19; ¢. a collection of periodic (n,)-spectra (Es, ps) for schemes S in .%chp such that

for any morphism f : T — S, f*(ps) corresponds to pr via the given isomorphism
M (Es) ~Er.
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will consider the periodicity element kK € GWg4(Z[1/2]) character-
ized by the property:*’

GWys 4 (Z[1/2]) = [1(4)[8], GW]*t < GWP(P) == KOy (P)

Ky | Ui —[0].

where P = H]P’%[1 ] % HIP’%[1 L il is the tautological symplectic bundle
on HIP)%[1 1] (see Paragraph 2.2.2), and 4 ® 4l is the external product,
seen as a quadratic bundle. Explicitly, Kk = (U; — ) ® (L — $).
It follows from our conventions that for any Z[!/2]-scheme S, the

forgetful map f: GWg — KGLg sends kg to Bg.

(3) The Z[1/2]-absolute ring spectrum W, representing Balmer’s higher
Witt groups, together with the Hopf map 7 is (1, 1)-periodic (see
Section 5.4).

5.3. The plus part.
5.3.1. Given an arbitrary Z[1/2]-scheme S, it follows from [ , Th. 6.1]
and [ , Th. 3.4] that one has a canonical distinguished triangle:
ho~ygr
GWs(D)[1] % GWg L KGLs —7 GWg(1)[2]

where 7 is the Hopf map, f the forgetful map, h : KGLg — GWg is
the "hyperbolization” map and 74 is the multiplication by the inverse of
the Bott element § (Example 5.2.4). As ny = 0 and KGLgs_ = 0, we
immediately deduce the following result.

Lemma 5.3.2. The following exact sequence is split exact in SH(S):

hoyg:
0 GWgy 5 KGLg[271] 2 GWg, (1)[2] — 0.
In other words, KGLg[271] ~ GWg, & GWg, (1)[2].

There is moreover a canonical splitting of the above exact sequence. In-
deed, according to [ ; 3.6, one gets the relation in Endgy sy, (GW sy ):

(5.3.2.a) hof=1—¢€=2

as, by design, e, = —1.

5.3.3. By construction of the hermitian K-theory spectrum and the forgetful

map f (see | , Prop. 3.3]), we get the following commutative diagram:
GW,2(5) <~ KSpy (5)

f s %

KGLy,(S) <— KGL(9),

20While B refers for Bott periodicity, the choice of letter k refers to Karoubi theorem
which implies the periodicity of the spectrum GW (see | , Th. 6.2]).



THE BOREL CHARACTER 41

where 72 is multiplication by B2, and f on the right-hand side is the map
forgetting the hermitian structure. With this notation, we can define the
following element in the positive part of hermitian K-theory:

ps = 50([9]) € GW1,(S)

This element is stable under pullback, so we can erase the base S to simplify
notation. It follows from the above commutative square that f(p) = 2.

The same construction can be done replacing in degree (—4, —2) by re-
placing 8 with 3~!. Thus we get an element p’ € GWJ_F47_2(S) such that
flp) =572

Let us remark that the forgetful map f: GWg — KGLg is a morphism
of ring spectra. This implies that f(p.p') = 1. As f is a monomorphism
on the plus-part, due to (5.3.2.a), we deduce that p is invertible. Thus
(GW4, p) is a periodic absolute (4,2)-spectrum over Z[l/2]. In particular
we get a canonical map by taking the plus part of (5.2.3.a) :

D Ss.1 (2n)4n] =5 GW,.

nez
Note moreover that we get the following relations for any integer n € Z:
2.p" n=2i,
0 n odd.
The first relation follows as f is a morphism of ring spectra, and the second

one from the first and the fact that ho~g o f = 0 (the above lemma). We
immediately deduce from these relations the following lemma.

(5.3.3.a) fp") =B, h(B") = {

Lemma 5.3.4. The following diagram is commutative in SH(S)y:

hO'y@/

GWg, KGLg[1/2] GWg, (1)
T o
@neZ Ss+(2n)—— @mGZ Sg+(m) —= @nGZ Ss+(2n + 1).

As an application, we get the following result which conclude the ”plus-
part” of Theorem 5.5.1.

Proposition 5.3.5. Consider the above notation. The morphism of rational
ring spectra
Op : @SS7Q+(27”L) [47@ — GWS,Q_;_
nel
s an isomorphism, and the following relation hold:

b0t+ OO'p =1.

The first assertion follows from the preceding lemma and point (1) of Ex-
ample 5.2.4. The second assertion follows easily from relation (5.3.3.a), the
commutativity of the square in Paragraph 5.1.4 and again Example 5.2.4(1).
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5.4. The minus part.

5.4.1. Let S be a Z[1/2]-scheme. According to our conventions, there exists
a natural map

GWS — Ws
which induces an isomorphism:

GW&_ — Ws[l/Q].

In particular, Wg[1/2] is (1, 1)-periodic with respect to n and (8, 4)-periodic
with respect to k_ € Wgy which is the image of x under the canonical
projection :GWg — GWg_. The next result generalizes the fundamental
result of | ] to an arbitrary base Z[!/2]-scheme.

Proposition 5.4.2. The canonical map associated to k— € Wg4(S) as in
(5.2.3.a):
ox_ : P Sq-(4n)[8n] - Ws[1/2]
nez
s an isomorphism of ring spectra.

Proof. The map o,,_ is compatible with base change. Recall from | ,
4.3.17] that the family of functors z* for z € S a point of X is conservative.
Thus we are reduced to the case where S is the spectrum of a field (of
characteristic different from 2). Then the result can be reduced to | ,
Corollary 3.5]. In fact, our isomorphism is the inverse of that of loc. cit..
Indeed, the stable operations pg! that compose the latter are defined by

the relation: pl (k™) = Gpm.K"; see | , Definition 2.5], given that the
element $ in loc. cit. is our element x_. [l

Here is the last result needed to conclude the proof of Theorem 5.5.1.

Proposition 5.4.3. For any integers n,i € Z, the following relation holds
. 8(n—1i),4(n—1) .

in Hyw (S):

b04n_(l€i_) = (5;

Proof. Note first that by compatibility with pullbacks, it is sufficient to
treat the case where S = Spec(Z[1/2]). According to the first of the relations
(5.1.1.a), it is sufficient to treat the case n = 0. The case i = 0 follows
from the last assertion of Proposition 5.1.2. The vanishing for n = 0, i # 0
follows as MW-motivic cohomology of Z[!/2] vanishes in degree (8r,4r) for
r = (n—1) # 0, as recalled in Paragraph 4.2.5. (]

5.5. Conclusion. Putting together Propositions 5.3.5, 5.4.2 and 5.4.3, we
get the main theorem of this section:

Theorem 5.5.1. Let S be an arbitrary Z[!/2]-scheme. Then the Borel char-
acter boy (Definition 5.1.3) is an isomorphism of ring spectra with reciprocal
isomorphism:

oy + 0x_ : @S0+ (2n)[4n] © @ Sso-(4n)[8n] —+ GW .
nez ne”
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Note by the way that, taking into account the relation p? = r, and the
identifications (1.0.0.d), one can rewrite the preceding isomorphism as:

Ok + 0kp: @HMWQS(ZLTL) [8n] ® @ H\Qs(4n +2)[8n + 4] = GW g g.
neEL neZ

Remark 5.5.2. As indicated to us by F. Jin, it can be noted that the recip-
rocal isomorphism of the Borel character exists integrally. This is not the
case of the Borel character, as for the Chern character.

6. APPLICATIONS

6.1. A Suslin-type homomorphism. In this section k is a perfect field of
characteristic different from 2. We begin with the construction of a slightly
different model of the spectrum GW. With this in mind, we can use | ,
Theorem 1.3] (in the spirit of | , §2.2]) to observe that the Orthogo-
nal Grassmannian OGr constructed in loc. cit. admits explicit deloopings
Q5" (Z x OGr) for n € N satisfying [, (X4), Q5" (Z x OGr)|y ~ GW}(X)
for any smooth scheme X. In particular, Q]glz(Z x OGr) ~ 7 x HGr. This

allows to define a spectrum whose term in degree n is Q)" (Z x OGr) and
whose bonding maps are the adjoints of the equivalences

O1(Z x OGr) = Qp QY (Z x OGr).

We still denote this spectrum by GW, as it is canonically isomorphic to the
one we considered before. The unit map ¢ : 1 — GW of this spectrum was
explicitly constructed in | |, yielding explicit morphisms

en : (P = Q57 (Z x OGr)

for each n € N. For an integer n € N, we define p(n) € N to be the smallest
integer of the form 4m + 2 greater than or equal to n. Note in particular
that pu(4n 4 2) = 4n + 2 for any n € N. We can define an operation

Xn : Q" (Z x OGr) — K(Z(n),2n)
for any n € N using the commutative diagram
Qo1(Z x OGr) —— Q" (7 < 0Gr)
s
v
K (Z(n), 2n) —— Q" K (Z(p(n)), 2u(n))
in which the vertical maps are isomorphisms. Altogether, we get a composite
(P &3 07(Z x OGr) X8 K (Z(n), 2n)
which induces homomorphisms of sheaves

7 (PYHY) = 7 (Q1(Z x OGr)) — 7 (K (Z(n), 2n))

%
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for each i € N. As [X%, (X4), Q5" (Z x OGr)|y1 ~ GW}(X) for any smooth

),
scheme X, we see that ﬂfl(ﬂlgln(Z x OGr)) is the sheaf associated to

the presheaf GW}, while 71';&1 (K(z(n), 2n)) is the sheaf associated to the

1
presheaf X — Hyf'(X,Z). Setting i = n above and considering sections
on a (finitely generated) field extension L/k, we then obtain a string of
homomorphisms

1 n En,n n )Zn,n n,n
m (PY)"™)(L) = GW(L) = Hyjy (L, Z)
Suppose that n > 2. In light of | , Corollary 6.43] and | , Theorem

4.2.3], we finally obtain homomorphisms

KMW(L) 22 Gwr (L) 222 KMV (L),
We note that the first map coincides (up to a unit) with the map K1V, (L) —

GW1,, (L) induced by the identity KW (L) = GW{ (L) and the ring struc-
ture on both sides ([ , Theorem 4.2.2]).

Theorem 6.1.1. For any n > 2 and any finitely generated field extension
of k, the composite

KMW (L) 8 GWn(L) 2 KM (L)
is multiplication by ¥,m)! € GW(k) according to formula (4.4.5.b), where

wu(n) is the smallest integer congruent to 2 modulo 4 and greater than n.

Proof. We have adjunctions
—~—eff
Hyi (k) = DS (k) S DM (k),

the first one being the classical Dold-Kan correspondence and the second one
being the adjunction of | , §3.2.4]. We can thus consider the resulting
adjunction

——eff
Hai (k) S DM (k).
The image of the object (PY)"™ of H 41 (k) is precisely Z(n)[2n] and the unit
of the adjunction induces a map
N = (PHN — K(Z(n), 2n)
which is in fact the degree n morphism of the unit map of the spectrum

Hyw. It is an explicit generator of [(P1)"", K (Z(n),2n)] ~ GW(k) and

we claim that it induces an isomorphism upon applying wﬁl. In view of

the Hurewicz homomorphism in Al-homotopy theory and [ , Theorem
6.37], we are reduced to show that the unit map

CE ((P1)'™) — Z(n)[2n]

——eff
in the adjunction ng(k) = DM’ (k) induces an isomorphism upon apply-
ing H,,. This is tantamount to showing that the unit map

CE ((Gm)"™) — Z(n)[n]
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induces an isomorphism on Hy, which is the case by | , Theorem 4.2.3].
Now, we have a commutative diagram

(Pl)/\z - 9;1—2(P1)An - Q]gf(") 2(]P>1) p(n)
€2 Q"I €n J/Q;{TL)QEH(R)
Z x HGr —— Q720 (Z x OGr) —— QUM 720 1 (7,5 Ogr)

wu(n)UZQ le 2)~(’n Q#(n) 2X/,L(n)

K (Z(2),4) — Q2K (Z(n), 2n) — Q4" 7K (Z(u(n)), 20(n))

by (a repeated use of ) Theorem 4.3.2 and y30e3 corresponds to by (L), which
is in fact n. Thus X, o€y, corresponds to ¥,,,,)!n2 and consequently we have

Xn ©&n = ¢u(n)'nn
The right-hand side is in fact the composite

(ByNe D0 (1A I e (Z((n)), 20(n)

where the first map (still denoted by 1,,(,,)!) is obtained via the isomorphism
[(PHA", (PHA] 41 = GW (k) of [ , Corollary 6.43]. O

Remark 6.1.2. Let ¢S : 1 — KGL be the unit map of the spectrum repre-
senting K-theory. Using the operations x from K-theory to motivic coho-
mology, one can repeat the above construction to get homomorphisms

V(L) K () KM (L)
The first map factors through Milnor K-theory and we get a commutative
diagram

KMW (L) — " GWn (L) — 2 KMW (L)

| | |

Kn(L) —— K)(L)

En,n

We note that the composite is then equal to u(n)!, showing that the ho-
momorphism K,, (L) — KM(L) is not optimal, in comparison with the map
K, (L) — KM(L) defined by Suslin in | ]. If n = u(n), we guess that
the above homomorphism coincides with the one defined by Suslin, up to a
sign.

Remark 6.1.3. The homomorphism v, ,, : KMW (L) — GW(L) is actually
an isomorphism for n < 3 by [ , §4].  An unpublished result of O.
Rondigs states that this homomorphism is an isomorphism for n = 4 as
well.
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Corollary 6.1.4. Let L be a field and let n > 2 be such that KNW(L) is
Yy(n)!-torsion free. Then, KNW (L) injects into GWr(L).

Remark 6.1.5. As an example, we may consider R, or actually any real closed

field. Indeed, we know from [ , Proposition 2.2] that KMW(R) ~ Z&@ D,
where D is a uniquely divisible group. It follows that KMW(R) always injects
into GW7(R), extending | , Example 4.3.3]. Another example is given
by FF = Q for n > 3 by | , Proposition 2.4], or by any algebraically

closed field with n > 2.

7. APPENDIX: THE THREEFOLD PRODUCT

The purpose of this appendix is to explicitly decompose the threefold
product

U, ¢) © (U, ¢) © (U, )
where (U, ¢) is a symplectic bundle of rank 2. The first lemma is obvious
and we omit its proof.

Lemma 7.0.1. Let U be a rank 2 bundle and let i : N°U — U @ U be the
homomorphism given on sections by s1 A So v §1 ® S — s2 ® s1. Then, we
have an exact sequence

0= A2U 5 U®2? 5 Sym2U — 0.
Tensoring the above by U (say on the right), we obtain an exact sequence
0— (A2U) @ U 245 U3 - (Sym2U) @ U — 0.

Now, we may define a homomorphism j : (A2U) @ U — (Sym?U) ® U on
sections by

(51 A\ s2) ® s3> (5153) @ s2 — (s253) ® s1.

Lemma 7.0.2. We have an exact sequence
0= (A2) @ U L (Sym2U) @ U — Sym3U — 0.

Proof. We may work locally, and thus suppose that U = R? (where R is
a local ring) with basis e, f. We then have a basis e A f of (A2U) and a
basis (e A f) @ e, (e A f) ® f of (A2U) @ U. Their respective images are
(ee)® f—(ef) ®e and (ef) ® f — (ff) ® e which are linearly independent.
Now, the composite of the morphisms are clearly trivial, and therefore the
sequence is exact by an easy dimension count. ([

Lemma 7.0.3. Suppose that k is of characteristic different from 2. Then,
the restriction of =3 to (A2U) @ U along

(i®1): (NPU)QU — U®?

is isometric to (2)p : U — U". In particular, it is non degenerate.
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Proof. Again, we suppose that we work over a local ring R, and thus that
U has a basis e, f. The form ¢ is then characterized by 1 : A2U — R given
by ¥(e A f) = ¢(e, f). An easy computation shows that

(i®1)"(p*)(ie1)
is characterized by ((e A f) ®e) A ((e A f) ® f) = 2¢(e, f)3. We can now

define an isomorphism U — (A2U) ® U by s +— ¢~ (1) ® s and check that
the restriction is precisely (2)¢. O

Remark 7.0.4. In characteristic 2, the above lemma shows that (A2U) ® U
is a sublagrangian of (U®3, p®3).

Consequently, we see that if k is of characteristic different from 2, then
we get a decomposition (U®3,0%3) ~ (U, (2)¢) L ((Sym?U) @ U,¢') for
some form ¢’ that we now determine. We have an obvious homomorphism
Sym?U — U®? (always under the hypothesis that k is of characteristic
different from 2) given by s182 — $1 ® s2 + s2 ® s1. This induces a section of
U®3 - (Sym?U) ® U and we may consider the form induced by this section.

However, it is easier to consider the composite of (A2U)@U 2 (Sym?U) U
with this section and the form induced on (A%2U) ® U.

Lemma 7.0.5. Suppose that k is of characteristic different from 2,3. The
symplectic form induced on N2URU by (U3, 0=3) under the homomorphism

m:N2UQU — U®3

defined by (s1As2)®s3 > $1Q53R 52+ 53051 Ds2— 52 R 53R 81 — 5305287
is isometric to (6)(U, ).

Proof. The same proof as in Lemma 7.0.3 shows that the form on A2U ® U
is locally characterized by ((e A f) @ e) A ((e A f) @ f) = 6p(e, f)3. O

As a consequence, we have
(7.0.5.a) (U2, 6%%) = (U, (2)p) L (U, (6)¢) L (Sym*U, )

where 1 is induced by (U®3,¢®3) under the choice of a reasonable section
U®3 — Sym3U. There is a canonical such map, given on sections by

51 & 82 & 83 = Z So(1) ® So(2) ® Sa(3)
o€ES3

under the hypothesis that char(k) # 2, 3.
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