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SOME REMARKS ON STRONG APPROXIMATION AND APPLICATIONS TO

HOMOGENEOUS SPACES OF LINEAR ALGEBRAIC GROUPS

F. BALESTRIERI

Abstract. Let k be a number field and X a smooth, geometrically integral quasi-projective variety
over k. For any linear algebraic group G over k and any G-torsor g : Z → X, we observe that if
the étale-Brauer obstruction is the only one for strong approximation off a finite set of places S for
all twists of Z by elements in H1

ét(k,G), then the étale-Brauer obstruction is the only one for strong
approximation off a finite set of places S for X. As an application, we show that any homogeneous
space of the form G/H with G a connected linear algebraic group over k satisfies strong approximation
off the infinite places with étale-Brauer obstruction, under some compactness assumptions when k is
totally real. We also prove more refined strong approximation results for homogeneous spaces of the
form G/H with G semisimple simply connected and H finite, using the theory of torsors and descent.

1. Introduction and main results

Motivation. The aim of this short note is to collect together various observations on strong approx-
imation for points on varieties over number fields, with a view towards applications to homogeneous
spaces of connected linear algebraic groups. In particular, in Theorem 1.5 we will show that, if k is
a number field, G is a connected linear algebraic group over k, H ⊂ G is any closed k-subgroup (not
necessarily normal nor connected), and S is any finite set of places containing all the infinite places
such that some non-compactness conditions for the adelic points at S of the semisimple part of G
hold, then the homogeneous space G/H satisfies strong approximation with étale-Brauer obstruction
off S. (A similar result has been recently found independently by Demeio in [Dem20]; see also Re-
mark 1.6.) In the special case when G is semisimple simply connected (e.g. SLn,k) and H is finite,
we will give even more precise statements for strong approximation, using the theory of torsors and
descent (see Theorem 1.10 below). This approach using torsors complements the one trying to obtain
information about strong approximation using the Brauer-Manin obstruction (e.g. [BD13], [Dem17],
[CX18a],[CX18b], [Cao18], [CDX19]). Homogeneous spaces of the form SLn,k /H with H finite and
constant are of particular interest for their connection to the inverse Galois problem: if SLn,k /H
satisfies strong approximation off some finite set S, then it satisfies weak weak approximation (that
is, weak approximation away from some finite set of places), and thus, by [Ser08, §3] and [Eke90],
the inverse Galois problem for H has a positive answer. (In fact, in [Har07] Harari showed that an
even weaker property than weak weak approximation, called hyper-weak approximation, suffices to
guarantee that the inverse Galois problem for H holds.)

Obstruction sets and strong approximation. Let us now give more specific details about strong
approximation and the types of obstruction sets that we are going to use. Let k be a number field
with a fixed algebraic closure k and let Ak the adelic ring of k. Let Ωk be the set of non-trivial
places of k and ∞k ⊂ Ωk be the subset of infinite places. For each place v ∈ Ωk, we write kv for the
completion of k at v. Let X a smooth, geometrically integral, quasi-projective variety over k, where
by “variety over k” we mean a separated scheme of finite type over k. We write X := X×Spec kSpec k.
We now define some useful subsets of the set of adelic points X(Ak), all containing the adelic closure
of X(k).
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Let BrX := H2
ét(X,Gm) be the (cohomological) Brauer group of X. Under our assumptions on X,

it follows by a theorem of Gabber that BrX coincides with the Brauer group defined via Azumaya
algebras (see [dJ]).

Definition 1.1. For any subset B ⊂ BrX, we define the set

X(Ak)
B :=

⋂
α∈B

(xv) ∈ X(Ak) :
∑
v∈Ωk

invv(α(xv)) = 0

 ,

where the maps invv : Br kv → Q/Z are the invariant maps coming from local class field theory.
When B = BrX (respectively, B = Br1X := ker(BrX → BrX)), we call X(Ak)

B the Brauer-Manin
set (respectively, the algebraic Brauer-Manin set) of X.

Recall that, for any linear algebraic group G over k, the cohomology set H1
ét(X,G) classify (X-

isomorphism) classes of G-torsors g : Z → X. Moreover, for any 1-cocycle σ ∈ Z1
ét(k,G), we can

twist any G-torsor g : Z → X by σ to obtain a Gσ-torsor gσ : Zσ → X (see e.g. [Sko01] for more
details). Since the isomorphism classes of Gσ and of the Gσ-torsor gσ : Zσ → X depend on the
class [σ] ∈ H1

ét(k,G) only, we will abuse notation and refer to twisting G-torsors g : Z → X by
σ ∈ H1

ét(k,G), writing gσ : Zσ → X for the twisted Gσ-torsor.

Let Fk (respectively, Fab
k , Fnilp

k , F sol
k ) be the set of all k-isomorphism classes of finite (respectively,

finite abelian, finite nilpotent, finite solvable) linear algebraic groups over k.

Definition 1.2. For ? ∈ {Fk,Fab
k ,Fnilp

k ,F sol
k } and � ∈ { ,Br}, consider the set⋂

F∈?

⋂
[f :Y→X]∈H1

ét(X,F )

⋃
σ∈H1

ét(k,F )

fσ(Y σ(Ak)
�).

We call such a set the

• finite descent set of X, denoted by X(Ak)
ét, if (?,�) = (Fk, );

• finite abelian descent set of X, denoted by X(Ak)
f-ab, if (?,�) = (Fab

k , );

• finite nilpotent descent set of X, denoted by X(Ak)
f-nilp, if (?,�) = (Fnilp

k , );

• finite solvable descent set of X, denoted by X(Ak)
f-sol, if (?,�) = (F sol

k , );

• étale-Brauer set of X, denoted by X(Ak)
ét Br, if (?,�) = (Fk,Br).

If S ⊂ Ωk is a finite subset of places of k, we let

prS : X(Ak)→ X(AS
k ) :=

′∏
v/∈S

(X(kv),X (Ov))

be the natural projection, where X is some smooth and separated model of X over some open subset
of Spec(Ok), and where

∏′ denotes the restricted product (as convention, when v ∈ ∞k we take X(kv)
in the restricted product). The map prS is surjective if

∏
v∈S X(kv) 6= ∅. If ω is some “obstruction”,

we let X(AS
k )ω := prS(X(Ak)

ω). We denote by δ : X(k) → X(Ak) the natural diagonal map. To

ease notation, we denote the closure of prS(δ(X(k)) in X(AS
k ) by X(k)

S
.

Definition 1.3. Let X be a geometrically integral variety over a number field k. Let S ⊂ Ωk

be a finite (possibly empty) subset of places of k. Let ω be some “obstruction” and suppose that
X(Ak)

ω 6= ∅. We say that X satisfies strong approximation off S with obstruction ω if prS(δ(X(k)))
is dense in X(AS

k )ω ⊂ X(AS
k ) with respect to the subspace topology induced by the topology on

X(AS
k ) or, equivalently, if X(AS

k )ω ⊂ X(k)
S

in X(AS
k ).

Main results. We can now state the main results of this short note. We start with the following
observation, which is a corollary of [Cao20, Théorème 1.1].
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Theorem 1.4. Let X be a smooth and geometrically integral quasi-projective variety over a number
field k such that X(Ak)

ét Br 6= ∅. Let G be a linear algebraic group over k and let g : Z → X be a
G-torsor. Let S ⊂ Ωk be a finite (possibly empty) subset of places of k. Suppose that Zσ(AS

k )ét Br ⊂
Zσ(k)

S
for all σ ∈ H1

ét(k,G) such that Zσ(Ak)
ét Br 6= ∅, that is, that the étale-Brauer obstruction

is the only one for strong approximation off S for all Zσ. Then X(AS
k )ét Br ⊂ X(k)

S
, that is, the

étale-Brauer obstruction is the only one for strong approximation off S for X.

Theorem 1.4, together with some recent results on strong approximation for connected linear
algebraic groups, yields the following quite general application to homogeneous spaces of connected
linear algebraic groups.

Theorem 1.5. Let G be a connected linear algebraic group over a number field k and let H ⊂ G be
a closed (not necessarily normal nor connected) k-subsgroup of G. Let S ⊂ Ωk be a finite subset of
places of k with∞k ⊂ S such that the following non-compactness condition holds: viewing G→ G/H
as an H-torsor, for any σ ∈ H1

ét(k,H) we have that
∏
v∈S G

′
σ(kv) is not compact for each non-trivial

k-almost simple factor G′σ of the semisimple part of Gσ. Then G/H satisfies strong approximation
off S with étale-Brauer obstruction.

Remark 1.6. A similar result as Theorem 1.5 has been recently proved, independently and with dif-
ferent techniques, by Julian Demeio (see [Dem20, Theorem 5.0.1]). In his work, Demeio then obtains
further nice results by considering the set X(AS

k )ωS (i.e. the set of points in X(AS
k ) which survive

the obstruction ωS given by, roughly speaking, the “obstruction ω with the places S removed”). In
this paper, we go on a different direction, looking instead at descent obstructions for homogeneous
spaces of the form G/H, where G is semisimple simply connected and H is finite.

Remark 1.7. If k is not totally real, then the non-compactness conditions in Theorem 1.5 are
vacuous.

Remark 1.8. If k[G]× = k
×

, then by the main theorem in [Cao18] we can take S ⊂ Ωk to be any
non-empty finite subset (not necessarily containing ∞k) in Theorem 1.5.

Remark 1.9. There are examples of homogeneous spaces of connected linear algebraic groups for
which strong approximation with Brauer-Manin obstruction is not the only one (see e.g. [Dem17]
for an example of such a homogeneous space G/H with G semisimple simply connected and H finite
nilpotent).

If we specialise to the case when G is a semisimple simply connected linear algebraic group over k
(e.g. G = SLn,k for n ≥ 2) and H ⊂ G is a finite closed k-subgroup, we can obtain more precise results
on strong approximation, using the theory of torsors. Recall that, if F is a subset of (k-isomorphism
classes of) finite linear algebraic groups over k and if X is a variety over k, then

X(Ak)
F :=

⋂
F∈F

⋂
[f :Y→X]∈H1

ét(X,F )

⋃
σ∈H1

ét(k,F )

fσ(Y σ(Ak)).

Theorem 1.10. Let k be a number field and let F ⊂ Fk be a set of (k-isomorphism classes of)
finite linear algebraic groups over k which is geometrically closed under taking quotients in the sense
that if F ∈ Fk is such that there exist F1 ∈ F and F2 ∈ Fk satisfying F (k) = F1(k)/F2(k), then
F ∈ F . Let G be a semisimple simply connected linear algebraic group over k and let H ⊂ G be
any finite closed k-subgroup with H ∈ F . Let S ⊂ Ωk be a finite non-empty subset of places of
k such that

∏
v∈S G

′
σ(kv) is not compact for each non-trivial k-almost simple factor G′σ of Gσ, for

any σ ∈ H1
ét(k,H). Then (G/H) satisfies strong approximation off S with the descent obstruction

associated to F , that is, (G/H)(AS
k )F ⊂ (G/H)(k)

S
.

Example 1.11. Feasible (in the sense of Theorem 1.10) choices for F include: all {finite, finite
abelian, finite solvable, finite supersolvable, finite nilpotent} linear algebraic groups over k. When
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F = Fab
k , then (G/H)(AS

k )f-ab ⊂ (G/H)(k)
S
. Since k[G/H]× = k

×
, by [Har02, Théorème 2] we have

(G/H)(Ak)
Br1 ⊂ (G/H)(Ak)

f-ab, so that (G/H)(AS
k )Br1 ⊂ (G/H)(k)

S
as well; we compare this with

[Bor96] for a similar result concerning weak approximation with algebraic Brauer-Manin obstruction.
When F = F sol

k , we refer to [HW18] for results concerning weak approximation with Brauer-Manin
obstruction in the case when H is supersolvable (in the sense of [HW18, Définition 6.4]), and hence
solvable. It is unclear to the author what the relation between (G/H)(AS

k )Br and (G/H)(AS
k )f-sol is.

When F = Fnilp
k , we know by [Dem17] that there are examples of number fields k, finite non-empty

subsets S ⊂ Ωk of places of k, and homogeneous spaces G/H with G semisimple simply connected
and H finite nilpotent such that strong approximation off S with Brauer-Manin obstrution fails, in

the sense that (G/H)(AS
k )Br is not contained in (G/H)(k)

S
. Explicitly, one can take, for example,

k = Q(
√
−21), S =∞k ∪ {v|2}, G = SL4,k, and H = Q8 (the quaternion group of order 8). By our

Theorem 1.10, these counterexamples by Demarche are all explained by the finite nilpotent descent

obstruction and they show, in particular, that (G/H)(AS
k )Br 6⊂ (G/H)(AS

k )F
nilp
k in such cases.

Remark 1.12. In the light of Theorem 1.10, it would be interesting to study further the relationships
(if any) between descent sets under classes of finite linear algebraic groups and Brauer-Manin sets.

2. Proofs

We now give proofs of the results presented in the previous section.

Proof of Theorem 1.4. Since by [Cao20, Théorème 1.1] we have X(Ak)
ét Br =

⋃
σ g

σ(Zσ(Ak)
ét Br), it

follows that X(AS
k )ét Br = prS(

⋃
σ g

σ(Zσ(Ak)
ét Br)) =

⋃
σ g

σ(Zσ(AS
k )ét Br). By our assumptions, we

deduce that

X(AS
k )ét Br =

⋃
σ g

σ(Zσ(AS
k )ét Br)

=
⋃
σ g

σ(Zσ(k)
S ∩ Zσ(AS

k )ét Br)

⊂
⋃
σ

(
gσ(Zσ(k)

S
) ∩ gσ(Zσ(AS

k )ét Br)
)

⊂
(⋃

σ g
σ(Zσ(k)

S
)
)
∩
(⋃

σ g
σ(Zσ(AS

k )ét Br)
)

⊂ X(k)
S ∩X(AS

k )ét Br

⊂ X(k)
S
,

where in the second-to-last inclusion we have used that gσ(Zσ(k)
S

) ⊂ X(k)
S

for all σ ∈ H1
ét(k,G).

We quickly sketch a proof of this fact. Assume that Zσ(k) 6= ∅, otherwise there is nothing to prove.

Let (zv) ∈ Zσ(k)
S

and consider (xv) := gσ((zv)) ∈ X(AS
k ). Let S0 ⊂ Ωk be a finite set of places such

that the Gσ-torsor gσ : Zσ → X extends to a Gσ-torsor gσ : Zσ → X , where Gσ is a Ok,S0-group
scheme and Zσ and X are integral Ok,S0-schemes. For any finite subset S′ ⊂ Ωk − S, which we can
enlarge without loss of generality so to contain S0 − (S ∩ S0), let∏

v∈S′

Uv ×
∏

v∈Ωk−(S′∪S)

X (Ov) ⊂ X(AS
k )

be a basic open neighbourhood of (xv), where the Uv ⊂ X(kv) are open with respect to the local
topology. Since the torsor gσ : Zσ → X induces a continuous map gσ : Zσ(kv)→ X(kv) with respect
to the local topology, it follows, by continuity, that (gσ)−1(Uv) ⊂ Zσ(kv) is also open. Hence, the
basic open set in Zσ(AS

k ) given by∏
v∈S′

(gσ)−1(Uv)×
∏

v∈Ωk−(S′∪S)

Zσ(Ov) ⊂ Zσ(AS
k )
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contains (zv). Since by assumption (zv) ∈ Zσ(k)
S

, it follows that there exists some z ∈ prS(δ(Zσ(k)))∩∏
v∈S′(gσ)−1(Uv)×

∏
v∈Ωk−(S′∪S)Zσ(Ov). Then gσ(z) ∈ prS(δ(X(k)))∩

∏
v∈S′ Uv×

∏
v∈Ωk−(S′∪S)X (Ov),

and we are done. �

Proof of Theorem 1.5. We have a natural H-torsor structure on G→ G/H. For any σ ∈ H1
ét(k,H),

since Gσ is a connected linear algebraic group over k, it follows by our hypotheses and by [Dem11,
Corollaire 3.20] that Gσ satisfies strong approximation off S with algebraic Brauer-Manin obstruction
(and thus with étale-Brauer obstruction). Hence, Theorem 1.4 yields that G/H satisfies strong
approximation off S with étale-Brauer obstruction. �

Proof of Theorem 1.10. By classical results due to Kneser and Platonov (see e.g. [PR94, Theorem
7.12]), under our assumptions we know that Gσ satisfies strong approximation off S for all σ ∈
H1

ét(k,H). Let π : G → G/H be the natural H-torsor. Using [CDX19, Proposition 6.3], a similar
proof as the one of [Sto07, Proposition 5.17] yields that

(G/H)(Ak)
ét =

⋃
σ∈H1

ét(k,H)

πσ(Gσ(Ak)
ét).

Since Gσ satisfies strong approximation off S, in particular Gσ satisfies strong approximation with
respect to the finite descent obstruction off S (or we could just notice that, since πét

1 (Gσ
k
) = 0, we

have Gσ(Ak)
ét = Gσ(Ak)). Hence, by arguing in a similar way as in the proof of Theorem 1.5, we

deduce that

(G/H)(AS
k )ét ⊂ (G/H)(k)

S
. (2.1)

The fibration obtained by applying the analytification functor (−)an to the HC-torsor GC →
(G/H)C induces the homotopy (exact) sequence

πtop
1 ((GC)an)→ πtop

1 (((G/H)C)an)→ πtop
0 ((HC)an)→ πtop

0 ((GC)an),

where πtop
0 ((GC)an) = 0 since (GC)an is (topologically) connected as GC is (see [Gro71, XII, Propo-

sition 2.4]), and where πtop
1 ((GC)an) = 0 since (GC)an is (topologically) simply connected. In order

to see this last claim, note that by [Gro71, XII, Corollaire 5.2] we have (omitting base-points) that

πtop
1 ((GC)an)
∧

∼= πét
1 (GC). Moreover, since G is simply connected, we have πét

1 (Gk) = 0. By the
Lefschetz principle for étale fundamental groups (see [Sza09, Second proof of Corollary 5.7.6 and
Remark 5.7.8] together with [Gro71, XII] and [Org03]), this is equivalent to πét

1 (GC) = 0. But

since πtop
1 ((GC)an) is finitely generated and abelian, it follows that πtop

1 ((GC)an)
∧

= 0 implies that

πtop
1 ((GC)an) = 0, which proves the claim.
Since H is finite, since ((G/H)C)an is (topologically) connected as (G/H)C is, and by the Lef-

schetz principle for étale fundamental groups, it follows that taking the profinite completion of
πtop

1 (((G/H)C)an) = πtop
0 ((HC)an) yields that

πét
1 ((G/H)k) = πtop

0 ((HC)an)
∧

is finite of size #H(k).
Since (G/H)(k) 6= ∅ and (G/H) is geometrically connected (as it is connected and it has a k-

rational point), by [Sto07, Lemma 5.7(1),(2)] (see also the errata in [Sto]) we have

(G/H)(Ak)
ét =

⋂
i∈I

⋃
σ∈H1

ét(k,Fi)

fσi (Y σ
i (Ak)),

where each fi : Yi → G/H is some Fi-torsor over G/H under a finite linear algebraic group Fi over
k with Fi(k) a quotient of H(k) (in particular, #Fi(k)|#H(k)) and with Yi geometrically connected.
By hypothesis, H belongs to a (k-isomorphism) class F ⊂ Fk satisfying the following property: for
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all F ∈ Fk, if F (k) is the quotient of some F ′(k) by some F ′′(k) with F ′ ∈ F and F ′′ ∈ Fk, then
F ∈ F . It is clear then that Fi ∈ F for all i ∈ I. It follows that

(G/H)(Ak)
ét ⊂ (G/H)(Ak)

F ⊂
⋂
i∈I

⋃
σ∈H1

ét(k,Fi)

fσi (Y σ
i (Ak)) = (G/H)(Ak)

ét

and thus that (G/H)(Ak)
ét = (G/H)(Ak)

F . Hence, by (2.1) the result follows. �
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