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Refining the indeterminate I into many levels of indeterminacy is a way to explore many neutrosophic algebraic structures.This paper introduces the concept of n-cyclic refined algebraic system of sub-indeterminacies as a new way to refine a neutrosophic indeterminate I. This idea will be used to introduce the notion of n-cyclic refined neutrosophic ring and to study its AH-substructures. Also, this work presents the concept of n-cyclic refined neutrosophic modules with many related structures.
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• = ( , )

. Through this paper, we will define another closed algebraic operation between sub-indeterminacies, which allows us to build a new refined neutrosophic system and new n-refined neutrosophic algebraic structures.

We say that , … , is an n-cyclic refining system of indeterminacies if it has the following binary operation . = ( ) . For example if = 4, we have { , , , } as 4-cyclic refining system with: = , = , = , = .

We remark that n-cyclic refining system , … , has a cyclic group structure with order n.

Another important remark is about that the elements of any n-refined neutrosophic ring are exactly equal to the elements of n-cyclic refined neutrosophic ring; but the products between elements are totally different according to the definition of multiplication between sub-indeterminacies, which means that we get a new kind of refined neutrosophic rings. Hence, there is a lot of similarity between this work and our paper [START_REF] Smarandache | n-Refined neutrosophic Rings[END_REF], that is because we use the same symbols and ordering of phrases.

For easy expression, we assume that = and = . For all possiple values of j.

Preliminaries

Definition 2.1: [START_REF] Smarandache | n-Refined neutrosophic Rings[END_REF] Let (R,+, ) be a ring and ; 1 ≤ ≤ be n subindeterminacies. We define (I)={ + + ⋯ + ; ∈ } to be n-refined neutrosophic ring. Definition 2.2: [START_REF] Smarandache | n-Refined neutrosophic Rings[END_REF] (a) Let (I) be an n-refined neutrosophic ring and P = { + + ⋯ + : ∈ }, where is a subset of R, we define P to be an AH-subring if is a subring of R for all i. AHS-subring is defined by the condition = for all , .

(b) P is an AH-ideal if is an two sides ideal of R for all , the AHS-ideal is defined by the condition = for all , .

(c) The AH-ideal P is said to be null if = = {0} for all i.

Definition 2.3: [8]

Let ( M, +, .) be a module over the ring R then (M(I) ,+, .) is called a weak neutrosophic module over the ring R, and it is called a strong neutrosophic module if it is a module over the neutrosophic ring R(I).

Elements of M(I) have the form + ; , ∈ , i.e M(I) can be written as ( ) = + .

Definition 2.4: [START_REF] Alhamido | AH-Substructures in Neutrosophic Modules[END_REF] Let M(I) be a strong neutrosophic module over the neutrosophic ring R(I) and W(I) be a non empty subset of M(I), then W(I) is called a strong neutrosophic submodule if W(I) itself is a strong neutrosophic module.
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(b) is a module homomorphism.

n-Cyclic refined neutrosophic rings Definition 3.1:

Let (R,+,×) be a ring and ; 1 ≤ ≤ be n indeterminacies. We define (I)={ + + ⋯ + ; ∈ } to be n-cyclic refined neutrosophic ring.

Operations on (I) are defined as:

+ = ( + ) , × = × = , × ( ) ,
Where × is the multiplication on the ring R.

It is obvious that (I) is a ring in the algebraic ordinary concept.

Definition 3.2:

Let (I) be an n-cyclic refined neutrosophic ring, it is called commutative if = for all x , y ∈ (I). If there is 1∈ (I) such that 1. = . 1 = , then it is called an n-cyclic refined neutrosophic ring with unity. (a) Let (I) be an n-cyclic refined neutrosophic ring and P = ∑ = { + + ⋯ + : ∈ } where is a subset of R, we define P to be an n-cyclic AH-subring if is a subring of R for all , n-cyclic AHS-subring is defined by the condition = for all , .

(b) P is an n-cyclic AH-ideal if is a two-sided ideal of R for all , the n-cyclic AHS-ideal is defined by the condition = for all , .

(c) The n-cyclic AH-ideal P is said to be null if = = {0} for all i.

Ideals and subrings by classical meaning need not to be defined, that is because they are well defined in classical studies.

Theorem 3.5:

Let (I) be an n-cyclic refined neutrosophic ring and P is an AH-ideal, (P,+) is an abelian group with ≤ and r.p∈ for all p ∈ and r ∈ .

Proof :

Since is abelian subgroup of ( , +) and . ∈ for all ∈ , ∈ , the required result follows. Proof :

The proof is similar to the case of n-refined neutrosophic rings in [START_REF] Smarandache | n-Refined neutrosophic Rings[END_REF].

Definition 3.8:

Let (I) be an n-cyclic refined neutrosophic ring and P = ∑ be an n-cyclic AH-ideal, the AH-radical of P can be defined as -( ) = ∑ ( ) .

Theorem 3.9:

The AH-radical of an AH-ideal is an AH-ideal in any n-cyclic refined neutrosophic ring.

Proof :

The proof is similar to the case of n-refined neutrosophic ring in [START_REF] Smarandache | n-Refined neutrosophic Rings[END_REF]. Let (I) be an n-cyclic refined neutrosophic ring and P = ∑ be an n-cyclic AH-ideal:

(I)/P is a ring with the following two binary operations

∑ ( + ) + ∑ ( + ) = ∑ ( + + ) , ∑ ( + ) × ∑ ( + ) = ∑ ( × + ) .
Proof :

The proof is similar to Theorem 3.12 in [START_REF] Smarandache | n-Refined neutrosophic Rings[END_REF].

Definition 3.12:

(a) Let (I), (I) be two n-cyclic refined neutrosophic rings respectively, and : → be a ring homomorphism.

We define n-cyclic refined neutrosophic AHS-homomorphism as follows: Proof :

: (I)→ (I); (∑ ) = ∑ ( ) . (b) is an n-cyclic refined neutrosophic AHS-isomorphism if it is a bijective n-cyclic refined neutrosophic AHS- homomorphism. (c) AH-Ker f = ∑ ( ) = {∑ ; ∈ }.
(a) Since ( ) is a subring of T, then f(P) is an n-cyclic AH-subring of (I). (f) It is similar to the classical case.

Definition 3.14:

(a) Let R(I) be a commutative n-cyclic refined neutrosophic ring, and P = ∑ be an n-cyclic AH-ideal, we define P to be a weak prime n-cyclic AH-ideal if is a prime ideal of R for all .

(b) P is called a weak maximal n-cyclic AH-ideal if is a maximal ideal of R for all .

(c) P is called a weak principal n-cyclic AH-ideal if is a principal ideal of R for all .

Theorem 3.15:

Let (I), (I) be two commutative n-cyclic refined neutrosophic rings with an n-cyclic refined neutrosophic AHShomomorphism : (I)→ (I):

(a) If P = ∑ is an n-cyclic AHS-ideal of (I) and Ker( ) ≤ ≠ (I):

(a) P is a weak prime n-cyclic AHS-ideal if and only if f(P) is a weak prime AHS-ideal in f( (I)).

(b) P is a weak maximal n-cyclic AHS-ideal if and only if f(P) is a weak maximal n-cyclic AHS-ideal in f( (I)).

(c) If Q = ∑ is an n-cyclic AHS-ideal of (I), then it is a weak prime n-cyclic AHS-ideal if and only if ( ) is a weak prime in (I).

(d)if Q = ∑ is an n-cyclic AHS-ideal of (I), then it is a weak maximal AHS-ideal if and only if ( ) is a weak maximal in (I).

Proof :

Proof is similar to Theorem 16.3 in [START_REF] Smarandache | n-Refined neutrosophic Rings[END_REF]. 6) + ( 6) + ( 6) + ( 6) + 

Theorem 3. 3 :

 3 Let (I) be an n-cyclic refined neutrosophic ring. Then (a) R is commutative if and only if (I) is commutative, (b) R has unity if and only if (I) has unity, (c) (I) = ∑ = {∑ ∶ ∈ }. Proof: It is trivial, and similar to the classical case. Definition 3.4:

Definition 3. 6 :

 6 Let (I) be an n-cyclic refined neutrosophic ring and P = ∑ , Q = ∑ be two AH-ideals, we define:P+Q = ∑ ( + ) , P∩Q = ∑ ( ∩ ) .Theorem 3.7:Let (I) be any n-cyclic refined neutrosophic ring, P = ∑ , Q = ∑ be two n-cyclic AH-ideals, then P+Q, P∩Q are n-cyclic AH-ideals. If P, Q are n-cyclic AHS-ideals ,then P+Q, P∩Q are n-cyclic AHS-ideals.

  be an n-cyclic refined neutrosophic ring and P = ∑ be an AH-ideal, we define the n-cyclic AHfactor R(I)/P = ∑ ( ⁄ ) = ∑ ( + ) ; ∈ . Theorem 3.11:

Theorem 3. 13 :

 13 Let (I), (I) be two n-cyclic refined neutrosophic rings respectively and be an n-cyclic refined neutrosophic AHS-homomorphism : (I)→ (I). Then (a) If P = ∑ is an n-cyclic AH-subring of (I), then f(P) is an n-cyclic AH-subring of (I), (b) If P = ∑ is an n-cyclic AHS-subring of (I), then f(P) is an n-cyclic AHS-subring of (I), (c) If P = ∑ is an n-cyclic AH-ideal of (I), then f(P) is an n-cyclic AH-ideal of f( (I)), (d) P = ∑ is an n-cyclic AHS-ideal of (I), then f(P) is an n-cyclic AHS-ideal of f( (I)), The inverse image of an n-cyclic AH-ideal P in (I) is an n-cyclic AH-ideal in R(I).

( b )

 b Holds by a similar way to (a). (c) Since ( ) is an ideal of f(R), then f(P) is an n-cyclic AH-ideal of f(R(I)). (d) It is similar to (c). (e) We have ( ) ⁄ ≅ ( ), by definition of n-cyclic AH-factor and -( ) we find that ( ) ⁄ ≅ ( ( )).

Example 3. 16 :

 16 Let =the ring of integers, = be the ring of integers modulo 6 with multiplication and addition modulo 6, we have:(a) : → ; ( ) = 6 is a ring homomorphism, ( ) = 6 , the corresponding 4-cyclic AHShomomorphism between (I), (I) is:

( 6 )

 6 ; , , , , ∈ .(b) =< 2 >, =< 3 >are two prime and maximal and principal ideals in R, , , , , ∈ } is a weak prime/ maximal 4-cyclic AH-ideal of (I).

  6 ≤ , , ( ) = {0,2,4}, ( ) = {0,3}, ( ) = ( ) + ( ) + ( ) + ( ) + ( ) which is a weak maximal/ prime/principal 4-cyclic AH-ideal of (I).

  P={0,4} is an ideal of R, √ ={0,2,4,6},
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(I)={0,1, , , , 1 + , 1 + , 1 + , + , + , + + , + , 1 + + + , 1 + + , 1 + + , 1 + + }.

We can remark that elements in the n-cyclic refined neutrosophic ring are exactly equal to elements in the corresponding n-refined neutrosophic ring; but the products of them are different.

n-Cyclic refined neutrosophic polynomial rings Definition 4.1:

Let (I) be a commutative n-cyclic refined neutrosophic ring and : (I) → (I) is a function defined as ( ) = ∑ such that ∈ (I), we call P an n-cyclic refined neutrosophic polynomial on (I).

We denote by (I)[x] to be the ring of n-cyclic refined neutrosophic polynomials over (I).

Since (I) is a classical ring, then (I)[x] is a classical ring. Let P(x) = ∑ ( ) a neutrosophic polynomial over (I) we define the degree of P by deg P = max(deg ).

n-Cyclic refined neutrosophic modules

International Journal of Neutrosophic Science (IJNS)

Vol. 12, No. Let (M,+,.) be a module over the ring R, we say that

} is a weak n-cyclic refined neutrosophic module over the ring R. Elements of ( ) are called n-cyclic refined neutrosophic vectors, elements of R are called scalars.

If we take scalars from the n-cyclic refined neutrosophic ring ( ), we say that ( ) is a strong n-cyclic refined neutrosophic module over the n-cyclic refined neutrosophic ring ( ). Elements of ( ) are called n-refined neutrosophic scalars.

Remark 5.2:

Addition on ( ) is defined as:

Multiplication by a scalar ∈ is defined as:

. ∑ = ∑ ( . ) .

Multiplication by an n-cyclic refined neutrosophic scalar = ∑ ∈ ( ) is defined as:

Where a ∈ M, m ∈ R, I I = I ( ) .

Theorem 5.3 :

Let (M,+,.) be a module over the ring R. Then a weak n-cyclic refined neutrosophic module ( ) is a module over the ring R. A strong n-cyclic refined neutrosophic module is a module over the n-cyclic refined neutrosophic ring (I).

Proof:

It is similar to the classical case.

Example 5.4:

Let = be the finite module of integers modulo 2 over itself, we have:

(a) The corresponding weak 2-cyclic refined neutrosophic module over the ring is
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Theorem 5.7:

Let ( ) be a weak n-cyclic refined neutrosophic module over the ring R, ( ) be a nonempty subset of ( ).

Then ( ) is a weak n-cyclic refined neutrosophic submodule if and only if:

Proof:

It holds directly from the fact that is ( ) is a submodule of ( ).

Theorem 5.8:

Let ( ) be a strong n-cyclic refined neutrosophic module over the n-cyclic refined neutrosophic ring ( ), ( ) be a nonempty subset of ( ). Then ( ) is a strong n-cyclic refined neutrosophic submodule if and only if:

Proof:

It holds directly from the fact that is ( ) is a submodule of ( ) over the n-cyclic refined neutrosophic ring ( ). ( . + . ) = . ( ) + . ( ) for all , ∈ ( ), , ∈ ( ).

A weak n-cyclic refined neutrosophic homomorphism can be defined by the same.

Definition 5.17:

Let : ( ) → ( ) be a weak/strong n-cyclic refined neutrosophic homomorphism, we define:

Theorem 5.18:

Let : ( ) → ( ) be a weak n-cyclic refined neutrosophic homomorphism. Then (a) ( ) is a weak n-cyclic refined neutrosophic submodule of (I).

(b) ( ) is a weak n-cyclic refined neutrosophic submodule of ( ).

Proof:

(a) is a module homomorphism since ( ), ( ) are modules, hence ( ) is a submodule of the module ( ), thus ( ) is a weak n-cyclic refined neutrosophic submodule of ( ). 

International Journal of Neutrosophic Science (IJNS)

Vol. 12, No. 2, PP. 81-95, 2020 DOI: 10.5281/zenodo.4278999 94

Conclusion

In this paper, we have defined the n-cyclic refined neutrosophic ring and n-cyclic refined neutrosophic polynomial ring as new generalizations of the concept of refined neutrosophic set, we have introduced and studied n-cyclic AHstructures such as:

n-cyclic AH-ideal, n-cyclic AHS-ideal, n-cyclic AH-weak principal ideal, n-cyclic AH-weak prime ideal.

Also, we have introduced the concept of n-cyclic refined neutrosophic modules as a direct aapplication of n-cyclic refined neutrosophic rings. In the future, we aim to define and study some n-cyclic refined neutrosophic algebraic structures such as n-cyclic refined neutrosophic vector spaces, and groups. Another application of n-cyclic refined system can be in the theory of decision making and neutrosophic programming in a similar way of classical refined neutrosophic set.