N
N

N

HAL

open science

Sharper dispersive estimates and asymptotics for a

Boussinesq-type system with larger ill-prepared initial

data

Frédéric Charve

» To cite this version:

Frédéric Charve. Sharper dispersive estimates and asymptotics for a Boussinesqg-type system with
larger ill-prepared initial data. Asymptotic Analysis, 2023, 131 (3-4), pp. 443-470.

221777 . hal-03009783v4

HAL Id: hal-03009783
https://hal.science/hal-03009783v4

Submitted on 11 Apr 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

10.3233/ASY-


https://hal.science/hal-03009783v4
https://hal.archives-ouvertes.fr

Sharper dispersive estimates and asymptotics for a
Boussinesq-type system with larger ill-prepared initial data

Frédéric Charve*

Abstract

The aim of this article is to extend previous works about the asymptotics of an ill-
prepared fast rotating, highly stratified incompressible Navier-Stokes system. Thanks to
improved Strichartz and a priori estimates, we are able not only to cover a case which
was unanswered in our previous work (allowing bigger ill-prepared initial data) but also to
improve the convergence rates and reduce some assumptions on the initial data. In passing
we also widen the range of some parameters and compare two methods to obtain dispersive
estimates.

1 Introduction

1.1 Geophysical fluids

We refer to [17, 1, 7, 13, 14, 15] for an introduction to the rotating and stratified Navier-Stokes
system called the Primitive System (sometimes also called Primitive Equations) and to [3, 22, 4,
45] for an in-depth presentation. This system aims at describing geophysical fluids located at the
surface of the Earth (thus lying in a large physical domain) under the assumption that the vertical
components of velocity or height are much smaller than their horizontal counterparts. Such a
fluid is influenced by two concurrent ”forces”: first, the Coriolis force induced by the rotation of
the Earth around its axis, and seconds the vertical stratification of the density induced by gravity.

This creates concurrent horizontal and vertical rigidities in the fluid motion and structure,
and to measure their influence on the dynamics of the fluid, physicists introduced the Rossby
and Froude numbers, namely Ro and F'r. The smaller they are, the more influent are these two
forces. Let us consider the Primitive System in the whole space, when both phenomena are of
the same scale (that is we choose Ro = € and Fr = eF with F > 0). In this article, to simplify,
we call € the Rossby number and F' the Froude number, and we write the system as follows:

U. +v. - VU. — LU. + LAU. = 1(-V®_,0),

dive. =0, (PE:)
Ue|t=0 = UO,E'
The unknowns are on one hand U. = (v.,0.) = (v}, v%,v2,0.), where v. denotes the velocity of

the fluid and 6. the scalar potential temperature (linked to the density, temperature and salinity),
and on the other hand ®., which is called the geopotential and gathers the pressure term and
the centrifugal force. The diffusion operator L is defined by

LU, d:ef (vAv., V' AB,),
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where v,/ > 0 denote the kinematic viscosity and thermal diffusivity (both will be considered as
viscosities). The last term e~ !.A gathers the rotation and stratification effects and the matrix A
is defined by

A d:ef

1.2 Weak and strong solutions

As emphasized in [15], the skew-symmetry of A implies that any classical energy method like the
ones used to study the Navier-Stokes system (based on L? or H®/H® inner products), will not
”see” the penalized terms so we easily adapt the Leray and Fujita-Kato theorems. For any fixed
£ > 0, there exist global-in-time weak solutions if Uy . € L?, and a unique local-in-time strong
solution when Uy, € H3 (global for an initial data whose norm is bounded by cvy for some
small ¢ > 0). We also have at our disposal weak-strong uniqueness results and blow up criteria:
denoting as U, the unique strong solution of System (PE.) provided by the Fujita-Kato theorem
and defined on [0, for all 0 < T' < T, if the lifespan T is finite then:

T:
2 _
| IVUOIE, g dr = 11)
Moreover, if Uy . € H* (for some s €] — 3,3[) then we can also propagate the regularity as done

for the Navier-Stokes system. This is true wether F' = 1 (non-dispersive regime, we refer to
[17, 14]) or F' # 1 (dispersive regime).

In the present work, for a fixed F' # 1, our interest is to study the convergence (and obtain
convergence rates) when ¢ goes to zero (that is for fast rotating and highly stratified systems) in
the case of ill-posed large initial data (see below for more details).

1.3 The limit system, the QG/osc decomposition

The limit system as the small parameter € goes to zero (which can first be formally identified
then justified, see for example [17, 7, 8]) suggests a particular decomposition of the initial data
and the solution, which helps studying the asymptotics.

Let us recall that this limit system is a transport-diffusion system coupled with a Biot-Savart
inversion law and is called the 3D quasi-geostrophic system:

{@QQG + 5@@.V§QG — FQQG =0, (QG)

Uoe = (Tga, 0oc) = (=82, 01,0, —F3) A7 Qoa,
where we set Ap = 07 + 03 + F2032, and the operator I is defined by:
T AN (002 + V02 + v/ F202),
The quantity QQG = al%g — 825&2G - F 83§QG is called the potential vorticity.

Remark 1 In general (that is when F # 1 and v # V') ' is a tricky non-local diffusion operator
of order 2. We refer to [12, 13] for an in-depth study of T (neither its Fourier kernel nor singular
integral kernel have a constant sign and no classical result can be used).

Led by the limit system we first introduce for any 4-dimensional vectorfield U = (v, 0) its potential
vorticity Q(U):
QU) Y 8,02 — p0' — Fas0,



then its orthogonal decomposition into quasi-geostrophic and oscillating (or oscillatory) parts
(quite similar to the Leray or Helmholtz decompositions, we refer to [7, 11]):

—0y

def 2}

- 0
—F05

def

UQG = Q(U) A;lﬁ(U), and Uy = P(U) =U-— UQG. (1.2)

We will say that a vectorfield U is quasi-geostrophic when U = QU , and we refer to Proposition
21in [15] (and [17, 7, 8, 13, 14]) for more properties of the associated orthogonal projectors Q and
P. In particular we can rewrite System (QG) into the following equivalent velocity formulation:

(9,5(7@(; + Q(fﬁQg.VﬁQc) — FﬁQG =0,

(ZQG = Q(Uga), (QG)
Ugaii=o0 = Unqa,

Not only can we adapt the Leray and Fujita-Kato theorems to System (QG), but this system
also enjoys more ”2D”-features as described in Theorem 1 below: with additional regularity
assumptions we obtain global existence without asking smallness of the initial data (the global
existence and estimates from [8] in the case of a H! initial data were improved in [10, 15]).

Remark 2 The notion of well-prepared/ill-prepared initial data is related to the closeness of
the initial data to the limit quasi-geostrophic structure, in the sense that its oscillating part is
small/going to zero/large/blowing up as € goes to zero. In the present article we will be able
to obtain global existence for more ill-prepared initial data (that is with larger oscillating parts)
than in [15].

Going back to System (PE.), the strategy is then to introduce 2. = Q(U,), and study separately
Usoc = Q(U:) and Uy osc = P(U:). Let us give a quick view of the survey of the results from
[7, 8,9, 10, 11, 12, 13, 15] presented in Section 1.3 from [15] (there coupled in each case with
the specific use of Strichartz estimates). First, following the methods developped by Chemin,
Desjardins, Gallagher and Grenier in [18, 19, 20] (a general separation of the solution into the
sum of one part close to the limit and some oscillatory part which is small in some spaces thanks
to Strichartz estimates obtained through non-stationnary phase arguments) we focussed not only
on global existence but also on a study of the limit as € goes to zero. In the series of works
[7, 8,9, 10, 11, 15], we obtained the asymptotics for (PE.) when € goes to zero (both in the
general case v # v/ and in the particular case v = v/ where many tools are simplified) in various
configurations of ill-prepared data and we reduced the initial regularity, considered large data or
evanescent viscosities. Let us mention that in [9, 13], we were interested in the vortex patches
setting (inspired by [24, 32]) and we had to study precisely the nonlocal diffusion operator I" of
the limit system (see [12]). Obtaining Strichartz estimates requires the study of the eigenvalues
of the associated matrix (in the Fourier space) to the linearized system (2.15).

In the same spirit, [25, 43, 44] are devoted to the rotating fluid system, [24] focusses on the
non-viscous version of System (PE.), [48] studies the stratified system, and for the periodic case
we refer to [46, 47]. Let us also mention [6] using similar dispersive methods for the 2D-quasi-
geostrophic system. The methods in the non-dispersive case F' = 1 are rather different and there
are only a few works (see [17, 34, 14]).

Another series of articles [28, 31, 35, 36, 38, 39, 37, 40] is devoted to study the global exis-
tence of mild solutions only. In [36] Iwabuchi and Takada study local solutions for the rotating
fluid system. This work was extended in [35] to global existence (with smallness assumptions
for initial data but with large bound). In both articles they follow and extend the dispersive



methods of Dutrifoy in [25]. In [38] (and [39] for the non viscous case) Koh, Lee and Takada
manage to widen the range for the parameters thanks to the use of the Littman theorem, which
extends the classical stationnary phase method to the case where the hessian of the phase can
degenerate, and allows to obtain slightly better dispersive and Strichartz estimates in the sense
that the parameters are in a larger domain (we refer to Section 2 for details). In [37] Iwabuchi,
Mahalov and Takada adapt this to System (PE.) (only in the case v = /) and in [40] Lee and
Takada adapt the result in the case of stratification only (no rotationnal effects), also when v = /.

More precisely, Iwabuchi, Mahalov and Takada obtained in [37] the following Strichartz esti-
mates that we state with our notations:

Proposition 1 (/87] Theorem 1.1 and Corollary 1.2) Assume F # 1 and v = V. If r €]2,4]

and p 6]2,00[(\[@7 ﬁ], there exists a constant C = Cp, , such that if f solves the
2 r 2 r

homogeneous system associated to (2.15), then

)
| follzz-

ep
Ifller ey iry < C—55—1—

31
vala
If s €]%, 2], there exists a constant C' = C(F, s) such that:

g%(sfé)

171l < O sz folle-

. s 6
LRy W THER)

These estimates help them obtaining (when v = v’) through a fixed point argument the following
global well-posedness results for initial data (independant of €) with small quasi-geostrophic part
(see Theorems 1.3 and 1.5 in [37]):

o If s E}%, 2]7 there exist d1,d2 > 0 (depending on v, F, s) such that for any ¢ > 0 and any

initial data Uy = Up,oa + Uo.ose With (Uo.ga; Up.ese) € H? x H*® and

IWoacllyy <o (1.3)
U0 0sell gro < 02620573,

there exists a unique global mild solution in L*(R., W2:3(R3)).

e There exists § > 0 such that for any initial data Uy = Uy g + Upese € H3 with
[0o,qcll,,3 < 6, there exists g9 > 0 such that for any 0 < & < &o, System (PE.) has

a unique global mild solution in C(R,, Hz) N L*(R,, W23 (R?)).

Motivated by this, we generalized in [15] our results from [8, 9, 10] and obtained full asymp-
totics (global existence, limit and convergence rates) for very large ill-prepared initial data (less
regular, depending on € and with a norm reaching the size of a negative power of ). We also
generalized [37] in the sense that we can consider initial data with large quasi-geostrophic part
(with low frequencies assumptions) and provide solutions in homogeneous energy spaces E* both
in the particular case v = v/ and in the general case v # v/. Our methods rely on the special
structures and properties of the 3D quasi-geostrophic system (see Proposition 2 in [15]) and the
main ingredients were precise energy estimates using nonlocal derivation operators, coupled with
improved Strichartz estimates, that we here write in the case v = v/':

Proposition 2 ([15], Proposition 47) Assume F # 1. For any d € R, r > 4, ¢ > 1 and

N
S|

0 €]0,

[M]0,1], pell, B

—

S



there exists a constant Crp g, such that if f solves (2.15) for initial data fo and external force
F..; both with zero divergence and potential vorticity, then

Fa-9

t
PEECTTEE <|fo||1'3;,q +/0 ”Fext(T)”BqudT> ; (1.4)

1_
1723

()

1D llzp 50 < Crpos

Whereazd—f—%—%—%-kg(l_%)'

In Theorems 6, 15 and 21 from [15] we obtained asymptotics with initial oscillating parts of the
size €77 for some v < g (if % + 4 is the high frequency regularity of the initial part, 6 < 3/26 if
v=1v'6<1/2if v # ). If only interested in global existence results, we expect to be able to
consider initial oscillating parts of the size £~% as done in [37], but due to technical limitations
we were not able to do this.

In the present article we will mainly focus on the case F # 1 and v = v/ (we will sometimes
make remarks about the results in the case v # v').

1.4 Statement of the results

We use the same notations as in [15], for s € R and T' > 0 we define the space:
Ef = Cr(H*(R*)) N Lp(H**(R?)),

endowed with the following norm (v = v/):

def

T
1915 1 e+ [ N
0

When T = oo we simply denote E* and the corresponding norm is taken over R} in time.

Let us decompose our general ill-prepared initial data into its oscillating and quasi-geostrophic
parts: Upe = Up.e0sc + Up,e,oq. While the QG-part will converge to some Uy ¢ (without any
smallness condition), we allow the oscillating part to be very large (in terms of the Rossby num-
ber ). The aim of [15] was to generalize [8, 9, 10] and obtain global existence (and explicit
convergence rates) for large initial data, with small extra regularity and the biggest possible
blowing-up initial oscillatory part (as a negative power of ). Let us emphasize that one of
the keys was to use as little as possible energy estimates for the oscillations W, or W2 (which
produce large terms such as exp(||Up c.osc||?) through the use of Gronwall estimates, and do not
allow as large initial data as we wish). This forced us to obtain more flexible Strichartz estimates.

Thanks to an improvement in our dispersive estimates allowing us to cover the range r > 2
in the Strichartz estimates (instead of only r > 4), we will be able to extend the work of [15]
and cover bigger initial data when only seeking global existence in E 3, Namely we obtain global
existence for an initial oscillating part bounded by ce”3 (where ¢ is a small constant) instead of
Ce™7 (with v < % and C' > 0 is free) which is the same as in [38, 37]. In addition our method
provides the limit and convergence rates, which are not studied in [38, 37]. As a by-product, we
manage to reduce the assumptions on the initial oscillating part, and widen the range for the pa-
rameter & in Theorem 15 from [15]. We also explicitely bound the L2L>-norm of | D|?(U. — Ugc)
(for some small 8) by a power of .

Before stating our result let us briefly recall the auxiliary systems involved in the statements
and we refer to [15] for more details (as usual we will systematically write, for f : R — R%,
f-Vf= 2?21 fi0:if). Let us begin with rewriting the primitive system, projecting onto the
divergence-free vectorfields (P denotes the Leray projector):

{atUE — VAU, + LPAU. = —P(U..VU,). L5)

UE\t:O = U0,£~



As in the previous works we also rewrite (QG) as follows (see [8, 15] for details):

6tﬁQG - VAUE + %PA&QG = —P(ﬁQGVﬁQG) + Gb, (QG)
Ugaji=0 = Un,ga-
with G® the divergence-free and potential vorticity-free vectorfield defined as
G* Y pP(Uhe. VUoe). (1.6)

Next we consider the following linear system (whose aim is not only to provide oscillation but
also to absorb the constant term G, we refer to Remark 11 in [15] for details):

— 1 — @GP
{atws VAW, + LPAW, = —G, an

We\t:O = UO,E,OSC

When F # 1 and v = v/, W, is fully oscillatory (contrary to the general case v # v/ where we also
have to deal with its QG-part) and satisfies System (2.15) and therefore enjoys Strichartz-type
estimates. We then define . = U. — Ugg — W,, which satisfies the following system:

8
06 — Lo. + 1PAS. = Y F,

= (1)
deji=0 = Uo.e,.c — Uo,qa,
with: ., ., .
Fy éf —IP’((SE . V&E), F ;f _P(éa : VUQG)7 F3 ;f _P(UQG : V55)7
Y ope. vy, Y -pw..ve.), FY -P(Uge- VW), (1.9)
def def

F Y _P(W. -VUqa), Fs= —P(W..-VW.).

Let us state the following theorem, extending the global existence result for the limit system from
[8] thanks to the improved estimates from [10] (here in the case v = v/'):

Theorem 1 ([15], Theorem 14) Let § €]0, 3] and ﬁO,QG € Hz%% a quasi-geostrophic vectorfield

(that is Uy g = QUo.oc)- Then System (QG) has a unique global solution in E2 9 = EOn Ez+9
and there exists a constant C = Cs, > 0 such that for all t € R,:

~ t ~ ~ ~ 1
2 2 2 F
Gacl? yses+ [ IV00c(r)IE, e < CaullDoallyy s max(l, ool ) (110)

We are now able to state our results. Let us begin with the following extension of Theorem 15
from [15]:

Theorem 2 Assume F # 1 and v = /. For any Cy > 1, ¢ €]0, i[, v €]0, %[ and any ag > 0, if
we define 19 > 0 such that

1) . 1 2
y=(-2m)5 (thatismo= (1)), (1.11)

there exist £9,Bg > 0 (all of them depending on F,v,Cy,,~,«g) such that for all € €]0,e9] and
all divergence-free initial data Uy . = Up ¢ .ga + Uo,e,0sc Satisfying:

1. There exists a quasi-geostrophic vectorfield (70,@(; € H3+% such that

U — [7 1 < (C 5(10’
{II 006 = Uoall 346 < Co (1.12)

||[70,QG||H%+5 < Co.



rl ri . —
2. Uoeposc € H2 N H2T with |Uo e oscll ;35 < Coe™7,

then the following results are true:

1. System (PE.) has a unique global solution U, € E* for all s € [2, 1 +2n00], and if we define

) (NJQG as the unique global solution of (QG) in E'N E%H,
e W, as the unique global solution of (1.7) in Ezn E%H,
. 5e=Us—[7QG—W5,

then for all s € [3, 4 + 2n06]

102115 < Boe™ (203 =1:37+3G=9)) < poemin (coms=e=D),

2. Moreover if, in addition, we ask |Ug.cosc| 1405 1.5 < Coe™7 (for some fixed ¢ €]0,1]
=p) H2+ ﬂH2+

close to 1) then we can get rid of the oscillations: for all n €]0, 2], for all ' €]0, min(n, ¢)|,

—

D172 (U = Uoe)||

3. Finally, if we ask more low-frequency regularity on the initial oscillating part, that is
1 1 . s

Uo.c.osc € H27° N H2T9 with the same condition HUO@@SC”H%“%H%M < Cpe™ 7 (for some

fixed ¢ €]0, 1] close to 1), then the estimates

||5E| e < B()Emin (a07%—’7,%—7+%(%—3)) < Bogmiﬂ(ao7(%—%)5)7

remain valid for all s € [ —né, 5 +nd] (with 0 <71 < min (1 —22, 35 — 1, 35 —2)) and we
also obtain that: _ .
HUE _ UQGHLQLOO < Bogmm(ao.,knoti)7

for any k < 1 as close to 1 as we wish.

Remark 3 1. The first improvement is that we only ask ||U0,5,osc||H%+a < Cpe™ 7 and in points

2 and 3, we only ask [|Uoc,0scll 145 < Coe™7 for some ¢ < 1 close to 1 (instead of

PRSIy
bounding respectively the H2 N H2 1 and Hz=% N H2 norms in [15)).

2. The L2L™> estimate from point 3 is slightly more precise and better than in [15] (where the
convergence rate was emin("‘o’"‘)%)).

3. A particular case of the estimates from point 2 says that (taking ' = n/2) for all n €
10, 2 min(no, ¢)|,

H|D|77%(UE - ﬁQG)HLZLoc < Eoz’:‘min (0‘0»(?7073)6).

4. Our new Strichartz estimates allow us to push a little further the upper bound for § > 0.
More precisely, § < %4 (In Theorem 15 from [15] the result is given for 0 < § < - for
simplicity but the real bound was 0 < § < =, and § < % in [37]). Had we not used the
Littman theorem we would end up with the same result but for § < % (see Section 5.2).

5. In [15] we managed to avoid using energy estimates for the oscillations W, except on two
terms. In the present article, thanks to our extended Strichartz estimates we now do not

use them at all.



6. In the general case v # V', the same improvement can be performed on Proposition 51
from [15] (with r > 2, p < 4/(1 — 2) and slightly better coefficients) but there will be no
other improvement as the convergence rate is limited by terms coming from the various
truncations. Similar estimates on H|D|”%(U8 — UQg)H as in point 2 can be proved
without difficulty.

L2L>

Let us now state the second result of this article, which answers Remarks 19 and 32 from [15]
(and which is the first motivation in the improvement of the Strichartz estimates):

Theorem 3 Assume F # 1 and v = v'. For any Cy > 1, § €]0, i[, and any ag > 0, there exist
€0, mg > 0 (both of them small and depending on F,v,Cy,d, ) such that for all € €]0, gg] and all
divergence-free initial data Uy . = Uy c,0q+Uo,e,0sc With with Uy . g (and ﬁonG) as in Theorem
2 and Uy ¢ osc € H3 N H3+ with

|
[VEY

IlUO,E,OSCHH%+5 S moé€ s

then System (PE.) has a unique global solution U, € Ex.
Moreover if we assume there exists a function m(e) such that m(e) = 0 and:
E—

_3
100,05 cles m(e)e” 2, (1.13)

H

then in addition, if we define (7@(;, W, and 0. as previoulsy, there exists By (depending on
F,v,Cy, d, o) such that we have

18:11 3 < Bo max(e™, m(e)). (1.14)

Remark 4 1. Actually, in the proof of the first case, we obtain that for some C > 1, ”6€||E% <
B min(e*°,mg) < &.

2. Compared to [38, 37] we now reach the same size of £~ % when we only inquire the global
well-posedness in E2. As outlined in Remark 17 in [15], we do not have any smallness
condition on the QG-part (contrary to [38, 37]) and we also provide a convergence rate.
This totally answers Remarks 19 and 32 from [15] as outlined in the following remark.

3. As we consider energy solutions, we still require an extra low frequency regularity for the
initial oscillating part, and extra regularity for the initial QG-part compared to [37] (see
remark 18 in [15]).

Remark 5 We can mirror Remark 32 from [15] as we prove that:

: g1l s ; .
o if Upcose € HZ N H2T° and ||U0,€’OSC||H%+552 < myg, with my small enough, we obtain

global well-posedness in E? fore < €0,

o if |Upcosel|l -1 58% — 0, then in addition ||d.|| .1 goes to zero (even if ||U.|| .1 may blow
+ g
= H?2 e—0 E2 E2

up as € goes to zero),

o if ||U0,57osc||H%+5 < Coe™", with v < 3, then we get a convergence rate of ||d.|| ;. (for all

sc [%, % + 2n0d]) as a positive power of €.

e if, in addition to the previous case, we ask ||Up ¢ osc|| < Coe™" (for some ¢ €

HE+esqprs+e
10,1[), then we can bound |||D|?(U. — Ugg)||121~ (for some small B) by a positive power
of €.



o if Upeose € H27 N H2Y and |[Upcoosell 3o 30 < Cos ™ (for ¢ €]0,1]), with y < 3,

then in addition ||U, — ﬁQgﬂLsz is bounded by a positive power of .

This article is structured as follows: we begin with the new Strichartz estimates, then we improve
the a priori estimates and finally we prove Theorems 2 and 3. For the sake of conciseness we will
only focus on what is new and often refer to [15] for precisions. For the same reason we will give
minimal notational informations about the Littlewood-Paley decomposition and refer to [2] for
an in-depth description. We end the article with a remark about the fact that these new results
can be also obtained without resorting to the Littman theorem (we would then have a slightly
smaller range for the parameter §).

2 Dispersion and Strichartz estimates

Consider the following system where both F.,; and fj are divergence-free (in the case v = v/, we

have L = vA):

O f — (vA - 1P = Foy,

f — (v - A)f t (2.15)
fit=0 = fo-

If we apply the Fourier transform, the equation becomes (see [7, 15] for precisions):

—

615,]?_13(575)]?: Fewta

where
2 &1ée &+ &i&3
—v|&* + 5£f|2 RTEE SFIEP
— 8+8 e’ — §1&2 §283
B(gc) = L - PA= B P ERP
263 _ S163 . 2 S 2
c[¢f? N
0 0 F —v|¢)?

2.1 Eigenvalues, projectors

We begin with the eigenvalues and eigenvectors of matrix B(£,¢). When v = v/, one of the four
eigenvalues is discarded (as its associated eigenvector is not ”divergence-free”), the second one
will correspond to the QG-part, and the last two will correspond to the oscillating part.

We recall that when v = v/, the operator I' reduces to ¥A and we refer to [15] (Proposition
43) for details in the general case (no assumption for v, ') about the following proposition.

Proposition 3 If v = ' the matrix B({,e) = L — %IP’A is diagonalizable when restricted to the
subspace (&1, &2,&3,0)1 and its eigenvalues are (where we denote |€|% = &2 + &3 + F2£3):

H = _V|€|2a
_ - €
A=—vlgf + ZJF‘QP (2.16)
N o 2 _; €17
A= V|£‘ ZEF|5|a

The projectors P;(§, €) (we keep the indicesi € {2,3,4} as in the general case) onto the eigenspaces
corresponding to pu, A and A, are of norm 1 and mutually orthogonal projectors.



Moreover, setting P;(u) = F~(P;(&,€)(W(€))), in the case v = v’ they exactly fit the QG /osc
decomposition (for divergence-free vectorfields) in the sense that:

P:P3+4=P3+P4 andQ:]P’g.

2.2 Strichartz estimates in the case v =/

The main result of this section is stated as follows (we recall the definition of Chemin-Lerner-Besov
spaces as well as some properties in the appendix):

Proposition 4 There exists a constant Cr > 0, such that for any d€ R, r > 2,¢>1, 0 € [0,1]
and p € [1, ﬁ], if f solves (2.15) for initial data fo and external force Fey: both with zero
divergence and Igotential vorticity, then

Crpor 0(-2 t
D1 Pz, < 2255808 x (follag, + [ 1Pl 7). (217)
»q vp sq »q

where

Remark 6 The estimates from [37] (Theorem 1.1 and Corollary 1.2) recalled in Proposition 1
are particular cases of the previous estimates:

2
2
1-2

e To get the first one we simply need to take 6 =
only if 2 € [3(5 — 1),4(3 — 1)]-

r

(2 + 127 — 3) which is possible if and

3

e For the second one, we can choose 0 = 1=

(s — %), which is possible if and only if s € [5, 3].

Proof of Proposition 4: Let us assume that F.,; = 0 (if not, just repeat the following
argument to the Duhamel term). As explained in [15], as fy is divergence-free and with zero
potential vorticity we have:

Jo =Pfo=PPfy =P314Pfo = P14 fo,
and thanks to the orthogonal decomposition

1€ 1€

f=F" (6”52“ By (€, 2) fol€) + o1 -1 m(a@ﬁ(@) ,

so that we write, in order to simplify:

4y

f)y=F71 (e”““’i aH %(5)) :

If ¢ is the truncation function involved in the Littlewood-Paley decomposition, we denote by ¢
another smooth truncation function, with support in a slightly larger annulus than supp ¢ (say
for example the annulus centered at zero and of radii % and 3) and equal to 1 on supp ¢. Let B

be the set: v
B= {$ € C°(Ry x R%R), [[¢llLow, rws)) <1},

then we follow the same classical steps, except that (as done in [25]) we will avoid keeping the
1 functions into some convolution product which was the way we did in (A.88) from [15] (this

10



forces the other term to be estimated in L% and this is where the limitation r > 4 comes from):
for any j € Z and r > 1:

1A fllLrLr = sup/ At x)y(t, z)ddt
YeB

_Csup/ / P FE A ()01 (279€) (8, €)dedt

YeB

[N

A v(t+t) e+t e =~ /
< ClAjfollz Z}é}; U / / FIET 0y (279€)24(t, ) (¥, €)dtdt dg]

. oo oo t
< Csup |4 follz2 [/ / [1L;(
peB o Jo

with L;(o) defined as follows:

(Yo X2 0, (279 DY >||ertdt] . (218)

L)y = [ e o RO = K (o) + (2.19)

where

K;(0)() = / e T ) (279 e . (2.20)

Thanks to the frequency truncation (remember that supp ¢ C C(0, ;,3)) and the classical esti-

mates for the heat kernel in this case (we refer for example to Lemma 2.4 from [2]) we easily get
that:

e D20y 27T DY (#, Ynr < Ce” FEHD s () 1. (2.21)

For the other term we will take advantage of the Riesz-Thorin and Littman theorems. The latter
extends the classical stationnary phase results known for a nondegenerate Hessian (we refer to
Proposition 5 and Theorem 1 from [51] chapter VIII sections 2 and 3) into the case of a Hessian
with k nonzero eigenvalues (we refer to [42] and 5.8 in [50] chapter VIII section B). For the
convenience of the reader we recall this result with our notations:

Theorem 4 (Littman [42, 51]) Assume that i) : R" — R is a smooth function compactly sup-
ported in K and ¢ : R™ — R is a smooth function such that for any ¢ € K, the Hessian D?¢(€)
has at least k nonzero eigenvalues. Then there exists a constant A such that for any A € R and
r e R"™,

E

| [ ety (e)de| < AP+ A2 7 < AR

Rn

Remark 7 As v is compactly supported, using that:

| [ ety (e)dg] < ¢,
Rﬂ,
there exists a constant C such that:
| [ e erire©y6)de| < Cmin(1, A7), (2.22)
R’!‘L

which is the way we will use the Littman theorem in what follows.

Remark 8 Note that thanks to the previous result we do not need anymore to use a verti-
cal Littlewood-Paley decomposition in order to get rid of the singularity and use simple non-
stationnary argument (as done in [18, 20] and in many other works, for example [8, 9, 15]). This
vertical decomposition required a summation in k that was limiting the range of r, 0 as explained
in Remark 13.

11



Even if we do not have to deal with t(¢) x ¢(t') anymore, if we classically write the Young
estimate:

1Lj(o)gller < [[K5(o)l[zellgllzr,

we can only choose s = 7 and as the kernel Kj(o) is estimated in L7 for ¢ > 2 we would still
need r > 4. This problem is avoided dealing with L;(c)g through the Riesz-Thorin theorem (as
done in (25, 38, 37]). First, considering L; instead of K, the L? estimates will not feature any
derivative (no 27) as thanks to the Plancherel formula there exists a constant C' (only depending
on 1) such that :

1L (@)gllL < Cligll L2 (2.23)

Next, using the Young estimate:
1Lj()gllLe < [[K5(a) L=< llg]l Lt (2.24)
and thanks to the change of variable £ = 271, we get K;(o)(x) = 237 Kq(0)(2x) and:
15 () [z < 2] Ko(0)] o<, (2.25)

so that we are reduced to study with the help of the Littman theorem (as is done in [38, 37, 40])
the L*-norm of Ky (see (2.20) for the definition) that we will write as follows when denoting

br(€) = HE:
Ko(o)(z) = / et o (gl de, (2.26)
R3
Let us give some details about the strategy that consists in frequency truncations in order to

decompose the frequency space into zones where we precisely know how many nonzero eigenvalues
are featured by the Hessian D?by which writes:

1_ p2 (1 - &Ar(©9) *515253141?(5) &1&5(2 — EBp())
D?bp(§) = GG —£1683Ap(E) (1 —&AR(€)) £83(2 — &Br(€)) ;
F\ &&(2-€Br(9)) 5253(2—533F(§)) —(f%‘i‘f%)(l—ngF(f))( )
2.27
where we denote 5 ) 5 2

Instead of reasoning with the determinant (as done in [38, 37]) let us simply clearly compute the
eigenvalues of this matrix:

—F {4@(&? @ eyl \/<53 @ +eplthy +4§§<£%+5%)>}

|§|3|§| €] e
L (1 (Pl [P e
~ lePlelr {537 ( €% = \/( €% 22 +4€2(E3+€3) | ¢ (2:28)

One of the last two eigenvalues is equal to zero if and only if £&3 = 0 or &, = 0. More precisely,
if £&3 = 0 and &, # 0 then only one out of the three eigenvalues is nonzero, if £3 # 0 and &, = 0
then two of them are nonzero. When &3 # 0 and &}, # 0 then the three of them are nonzero.

Remark 9 It is interesting to compare this with the case of the rotating fluids system where the

eigenvalues of the hessian of the phase b(§) = f;" are given by

1 /
|£|3{_€37£3i 4|€h|2+€§}7

12



and when &3 = 0 and &, # 0 we get two nonzero eigenvalues instead of only one in our case. This
explains the better improvement (in terms of the power of €) given by the use of the Littman
theorem in the case of the rotating fluids (see [38]) compared to the case of the primitive system

(see [37]).

Once this precision has been given, as in [38, 37] we will simply decompose as follows:

Ko(o)w) = [ ermsrine® (il 1y By (Bl 02 )i

R3

and when ko > 0 is chosen small enough (As supp o1 = C(0, 1,3) and supp x = B(0, ) it suffices
to ask ko < %), we can get rid of the term involving small horizontal and Vertlcal frequencies

and write: s
=3 Kyl
" Koa(o)a) = [ emerimorodh oy Bl gae
Koa(o)) = [ eyl x(|§3|)) (e
Koa(o)) = [ et (2 1y ), eae

Thanks to the study of D?bp, we can apply Theorem 4 (and more precisely the formulation from
(2.22)): there exists Cr > 0 such that for all j € {1,2,3}:

1Ko.5(0)l| L < Crmin(1, |o] %),
which leads to: s
1Ko(0)|lz~ < Cp Y min(1, |o|~#) < Cp min(1, |o|~%).
j=1
Gathering this with (2.25) and (2.24) leads to
P _1
ILj(0)gllz < Cp2% min(1, |o|~2)llg 1,

In terms of norms, together with (2.23), we can write for all € [0, 1]:

ILj (o) L2—r2 < C,

; [}

1L (@)l < Cp2%|o| 2,

and thanks to the Riesz-Thorin theorem, we end up, for all ¢ € [2,00] and 8 € [0, 1], with:
3j(1-2)

—2
I1Zi(@)glir < (€)™ gy gl (2.29)
o q

and together with (2.21), going back to (2.18), we get:

1

. -1 8 . > % h(t)h( ’
183 fllirar < OF F2E0-DA0 DA s sup | [ [T PO |
veB |Jo Jo o |t—t|z20-%)
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with a(t) = e~ 527 || (t, )| 7. Next using the Hardy-Littlewood-Sobolev estimates as we did in
[15] (Proposition 49 with a = §(1 — 2) we also refer to [30, 49, 41]), we get that

2
' < w < _V92. o
/ / ‘t_ﬂ (1 Q)dtdt CllhliEn < € (llexp(=52% )| 6oz )

1 2
1 [4]% 25
<cC (1 [k} 27 ||1/}|Ler> , (2.30)
vE

for m, k € [1,00] chosen so that L =1 — 81— 2) and 1 + = = = that is:

m’

F-p Ty

Remark 10 As we want k > 1 we get the condition p < ﬁ.
We end up with:
c T 16, 2,17 10-D Py
1A fllzerr < % [4(]) — Z(1 _ r))} ci0-2)9i(3-2-2+3 1——))||A Foll L2
vp T

which leads to the result in the homogeneous case. The inhomogeneous case (i.-e. when F,,; # 0)
easily follows applying the very same steps to the Duhamel formula. l

3 Proof of Theorem 3

As a consequence of Theorem 1, we immediately get the following estimates for the external force
term (see Theorem 14 and Proposition 25 from [15] for more details)

Proposition 5 There exists a constant Cy > 0 such that for all § €]0, 3], ﬁo,QG € H2+9(R?)

(with max(1, ||Up, le|H2+5 R3)) < Cy)) and s € [0, 1 4+ 6] (Cs,, being the same as in Theorem 1),

/ IG* ()|l o dr < gCauC2+5, (3.31)
0

Let us recall that (see [8, 15] for details) W, is globally defined and that there exists a constant
Dy (only depending on F, v, d, Cy) such that for any s € [%, % + 4],

€ ?_;75 < ID)O (”UO,E,osc”Q's + 1) ) (332)

Let us also recall that we already know the existence of a local strong solution U, whose lifespan
will be denoted as T*. As Uge and W, exist globally, 6. is well defined in ET% N E%H for all
T < T and we can perform the innerproduct in H* of System (1.8) with J..

In order to bound (Fy|d.) . to (Fs|d:) ., as we wish to get the biggest possible initial data,
we had to use in [15] a different approach from what we did in [8, 9] (in order to resort as little
as possible to (3.32) allowing the largest possible initial data) involving the use of the following
nonlocal operator: for s €]0, 1[, we define

DY f@) = PV [ Z_Pijdy:cspv i Wdy
; f(x) = F(y) F(z) = flz —y)
=G oy Ay =Gl ————"dy (333
@0 Jfoysa Te— P YT 0B e P v (333

Under appropriate assumptions the ?PV” can be removed and we refer to [13, 15] for the following
result:

14



Proposition 6 For any s €]0, 1] and any smooth functions f,g we can write:

|DI*(fg) = (IDI*f)g + fIDI*g + M(f, 9),

where the bilinear operator M, is defined for all x € R? as:

(f(x) = flxz—v))(9(x) — glx —y))

‘y|3+s

R3
Moreover there exists a constant Cs such that for all f,g and all r,r1,72,q1,q2 € [1,00] and

s1, 89 > 0 satisfying:
1 1 1 1 1

- =—+4+—, 1l=—+—, s51+s53=s5,
r 1 ] q1 q2
then we have
MLl < Cellfll gon ol en - (3.35)
71,491 72,92

As the computations are close for Theorems 2 and 3 we will first present the computations in

some general H* and then switch to the specificities of the case s = % For the sake of conciseness

we will focus on the changes, which will only occur in the estimates for Fy (we refer to Section
2.2.1 from [15] for details about the other terms from (1.9)). Let us recall that in [15], the best

we could write was:

<IDPFF(We @ Wo)ll s DI Vel g

L3+2a3 L3—2a3

|(Fs02)

< <2||DS+O‘3WEI|L2WE||L(33 + ||WE|H5+Q3/35|W€||B‘3§2> dellgoss- (3:36)
asg’

Indeed the main constraints were imposed by the fact that we looked for the biggest possible
bound for the initial oscillating part (e~7 with v < g), and the fact that, using Proposition 6 to
estimate Mo, (We, W), we need:
s1,82 >0 and i—l—i:l—i—%.
T1 T9 2 3

As in Proposition 47 from [15] the integration index in the Besov spaces had to be strictly greater
than 4, it was not possible to hope for two uses of the Strichartz estimates, as at least one index
(among 71,7r2) would then be stricly less than 4. We did what we tried at most to avoid: take
r1 = 2 and use the energy estimates for W, together with Strichartz estimates for the other term
(ro was then large as ag > 0 is small).

For the first term in (3.36) (as explained in (2.45) in [15]), taking (d, p, r, ¢, 0) = (0,2, o%, 2, %422))
in the Strichartz estimates, for any az €]0, 4],
S+ag

||WEHL°°H~“+‘*3||WEHL2L:’—3 < Crusase ?

1
DO(HUO,E,OSCH?L‘[H% + 1)5(”[]0,6,086”}'[%% +1).

As we wished for the maximal possible power of € our best option was to take a3 = ¢ + % -5

and then to estimate correctly the second term from (3.36), we needed that ||U07E’OSC||H%QH%+5 <

Coe™ (in fact a bound for the HzT¢ N 219 for some ¢ < 1 close to 1 was sufficient). We
eventually needed § < 3/26.

With our new Strichartz estimates, the integration index is now allowed to be in [2,00] so
choosing in Proposition 6:

12 s+ as

= = — = :2 ad = =
rL=7"2 3+ 203 q1 = Qg2 ) nd s1 = 82 9
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we can write (r; < 4), using that for all p € [2, 00|, 3272 — LP (see [2]):

| (Fsldeyiee| < (DI Well e IWell e +IWel? ) el
3+122a32
< (MDEFeWelg Wz, IVl ) el
3F2a3 2 3F2a3 2 2
3-*—203

C

14
< 1ol + 5

D] W, [|% ||W|| +||WE||4,m , (3.37)
12 12 2

3F2a3 2 3+2a3” B 1y 2
3F2a3’

so that the last terms now become much nicer as we now do not use energy estimates for W,
at all. Next, repeating the bootstrap arguments, if ¢ > 0 is so small that ||6E(0)||H% < g6 (see
(2.37) and (2.38) from [15]) and if we define

T. Y sup{t € 0,77, W' <t]|o-(t)] 3 < %}, (3.38)

then we have, for all ¢t < T.:

v [* ¢ T —o) |77 o
o0+ [ 198 < [||6a<o>||2-s+y ol (7 N VA

Lo Hs L2Fs+1 L=t par

+Tagl? 3 DI W2

gt 1UQG 17 e o IWell7 2 oy
39

ay’

4 ST ST
F g lDIF W o DI, e Wl IVl )]
2

3F3a3 2 3¥2a3 2 L*B 1§,

3t2a3°

¢ T2 2 Ty 2
< exp V{HVUQG 2ot 0 0ol ) s IV el
ag
(3.39)
with p1, p2 to be fixed later and satisfying

1 1 1

— 4+ —=_. 3.40

P op2 2 (3.40)

Now, forcing 0 = % + ¢ in Proposition 4 (we refer to [15] for details) and taking successively
(d,p,7.q,0) in

s+a,2,L2i5+l—s , a,2,§2 60 , (0, 2 32 69 ,
e

1422’ 71—« 2 T3 -2 1—a’a’ 7’ 3-2a
we get:
|||D|S+QWE||L2L1+5M < ]D)oEf(‘H'E_S)(”UOE OSCHH%M +1) ( )
¢ 3.41
Vel |+ IVl 2,y <Dt (Wocel oo 1)

Remark 11 To bound the previous L. BS -type norms, we use Proposition 8 to take advantage

of the Strichartz estimates from Propos1t1on 4 which involve L% Bb .-type norms. For example in
the first estimate, as p,q > 2, we can write that |[We||repe < ||[We HLPBO < ||We ”LPBO .
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In each case, asking 6 €]0,1] and p < @ leads to the conditions (for a; = ag = a > 0

small):
6<1—aq,
b+4-s<i-4%, (3.42)
1 a
0<5-%,
and as the second one has to be satisfied for any s € [%, % + 2n9d], the conditions are verified
when ) ) )
§<min(z — o, - -9 =- -2 (3.43)

Let us continue with the last terms coming from the estimate of Fg: choosing (d,p,r,q,0) =
125+6(%—s)

(HO‘3 4, 3+2a3 12, T3l ), we obtain:
1
IWell o < Dot ¢ el g0 + 1), (3.44)
575452

and 6 < 1 (for any s € [, 3 + 2n0d]) if and only if

1.1 1
(= —sg) < S —= 4
o+ 2(2 s) 16 (3.45)
which is true when 1
as
0< = — —=. 3.46
<;-2 (3.16)

The condition on p (in Proposition 4) leads to § + 4 (4 — s) < 3 which is obviously satisfied.

Remark 12 We emphasize (3.44) is way better than (2.48) from [15] in the case s = 3 (we will

give deta1ls in what follows) but in the case s €)1 s 2 + 2n9d] it does not allow anything better
than v < 5.

Finally, let us precise p; and py to estimate the last term: using Proposition 4 for (d, p,r,¢q) in

12 12
727 07 a732 ’
{6+ om0, O )}

with (for some 6 2 to be fixed later):

_ 3 a 2 611 a
0—1_8—’_1—’_73_;071—’—71(5_?3)’ (347)
_§_%_1+@1_%) :
02=3~ 7% " p T2\ 3)
If we want o1 = 03 = % + §, we can ask that:
2 2
s 22
2 p pr 2
which, combined with (3.40) and (3.47), leads to:
4 4 126 +6(% — )
= df =0y =—"—"—""—2 "¢
(p17p2) (1+S+a371*8*a3)7 an 1 2 372043 3
and we obtain:
s+a l(5+l(l s)
DET Wl ot o, T IWel g g S D02 Wocinel s 1)
3+20¢3 3+2a3’
(3.48)
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and asking 6; €]0, 1] and p; < m leads to:

os1-%, (3.49)
5"‘%(7 S)S _%7

which is satisfied for all s € [3, & + 2106] when

=

1 a3
0< - . 3.50
<173 (3.50)
Contrary to [15] where We needed to impose ag = § —|— — s, nothing prevents us from choosing
a1 = ap = a3 = a €]0, 5[ small and combining (3.43), (3 46) and (3.50), we only need
1 a3
<-—-—= .51
0 < 12 (3.51)

So that the only condition we impose will be § < i and we will choose o = % —26 (which garantees

s —a €]0,1[). Combining (3.39) with (3.41), (3.44) and (3.48), we end-up for all ¢t < T, with
I6:00 + 5 [ IV <

[llég(O)st + Do (8 + ) ([T0.coonell 30 + 1 + 237D e omell 306 + 1))

_1
X exp {]D)O <1 + & (1Uc.onell 25 + 12 + (5 (T0.coosell 35 +1)%) > } (3.52)

Let us now switch to the case s = % to complete the proof of Theorem 3. The previous estimates
turn into:

t
2 v
1001,y +5 [ 1V6()

18- 013 + Do (< (In.c.onell 305 + 1+ (1Vosciosell ;3.5 +1)*)

1
X exp {]D)o (1 + 55(||U0,s,os<2||H%+a +1)2 + ( (1Uo .« OSCHH vt 1)2) 1_0) }
_1
< Do [0+ K. + K2] exp (Do (14 K. + K27 ) )
< Do(e2 + Ko exp (Do(1+ K.) ), (3.53)

where K. = 55||U0,€,osc||2;+5~ We recall that Up . s is large but K. < m3 is small thanks to the
2

assumptions so (3.53) turns into:
2 v [* 2 200 2 2
16,3 +5 [ IVE(T)I, ydr < Do(e™* + mg) exp (Do(1 + m0)>, (3.54)
0

so if we ask mg < 1 then (3.53) is bounded by Dge?P0 (290 + m2), and when e and mg are so
small that

2a0+m <Dy 1 7211)0(%)2
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then we can conclude the bootstrap argument and get T, = T = oo (by the blow-up criterion
(1.1)), which is the first result of Theorem (2). If we ask that, in addition,

_3
||U0,67086||H%+5 <m(e)e 2,

with m(e) — 0 as € goes to zero, then when ¢ is so small that m(e) < 1, (3.53) is bounded by
Dpe?Po (e2%0 4+ m(e)?) and similar arguments allow us to prove global well-posedness and provide
the following convergence rate:

t
14 . ao
160012 + 5 | IVEr)IZdr < Doe™ (min(e", m(e)))?,
0

which concludes the proof of Theorem 3. B

4 Proof of Theorem 2

To obtain the rest of Theorem 2, let us go back to (3.52), which turns into (taking a; = ag =
az > 0): forall s € [2 —nd, 1 +nd] and ¢t < T,

t
[EXGI et g A V6. (7)||2,.dr < Dy [52% T 65*2%@*%@ Do+ (4 55)

Following the lines of the end of Section 2.2 from [15] leads to the conclusion of the boostrap
method and provides the first point. But prior to that, as the previous estimates are for s €
[+ —nd, 5 + nd], the conditions coming from the use of our Strichartz estimates, namely (3.42),
(3.45) and (3.49) (imposed by the fact that all the 6 parameters defined in the use of Proposition
4 lie in ]0,1] and satisfy p < 9(%%)) will have to be fulfilled for this extended range for s, and

we need that (the first condition implies that 0 < ag < min(s,1 — s) which is equivalent to
s+ ag €]0,1]):

(I+ms<3-9,
(1+3)0 <3 - %,
s<t-g
Let us first ask that § <  and put Sy = 1 — 20 (so that § = 1 — %0), then define v according
— bBo

to (1.11). The last condition asks 0 < as < (o, so choosing asz = £2 for some large K > 1, if
K > 4f, then the first condition is implied by the second one (6 < 7 and 1 < 1) and therefore
the condition on 7 €]0, 27| is implied by:

51+ 502 5%) 260(2 - %))
1—28 128 ’
Returning to the original parameters, the condition is fulfilled when

. 7 1 1 9 1 9
< _ar = = I _ 2
0 <7 < min (1 5125 T g ~ DU~ 35 (55— DE 3K))’

, % -1, % - 2), choosing K > max(1,2 — 80) sufficiently large and

— ¢) fulfills the required conditions and allows us to consider (4.55)

0<77§min(

So, when 0 < 77 < min (1 —27
taking a; = ag = a3 = %
forallt < T, and all s € |
that:

(3
1 — 16,2 4+ né]. When ¢ is so small that £270° + (&?277"5)ﬁ <1 we get

116 11%

1
2. <Dy (52‘“0 4+ 5727 4 O (s-3) 4 5257477(57%)) Do (1477074 (210%) T=20)

< D062D06min (2&0,5727,57277(57% ) , (456)
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and the rest of the proof of point 1 follows (as in [15] or in the previous section, if € is so small
=T} = 400).
g

that the right-hand-side is less than v/8C we obtain that T, = T =
Let us continue with the proof of point 3: as in [15], using Lemma 1 with a = 8 = né, and
the previous estimates for s € {3 —nd, 3 + nd}, we deduce:
1
IGcllzozm < W6ellomy , < W0l yz < CUBCl gy gaslul o)
1
<B (Emin(ao,T]o&)smin(am@’r]o*n)g)) 2 . (457)

(0,2,00,1) and for all # € [0, 1], from Proposition 4:

Choosing (d,p,r,q) =
. o'
||WE||L2L<X> < Copex <UOeosc -5+ 9 +/ |Gb(7)|3%+gd7'> ’
B3 0 2,1

b%), and if 6 = 1+b and a = 1 — ¢(1 4 b)(for some

a,8) = (ad,

Using once more Lemma 1 with (

small a,b > 0),

a+1b+(17a) 0 HUO 5 oSCH a.+1b+(1+b)g
a

i T < CoeT . (4.58)

||U0£osc|| 2+9 < ||UOEOSC||
< ||U0€ osc” . 1+r5 UO,E,OSCHH%_H;

1 (for ' €]0,1[), we get
(4.59)

Choosing b = 5
= Do&?(znoinl)ga

”WEHLsz < ]1))05%(%“7(1 2m0))
2}, 15 1)[ and

Asking that a > 0 is equivalent to 7 < 1 — ¢, so if we choose 1 €]0, min (1
n" €]0, min(1 —2%,1—c)], the conclusion follows from (4.57), (4.59) and the fact that we can take
1,17’ > 0 as small as we want:

|U. — Ugalzre = [10c + Wel p2n~
(4.60)

< Bye? (min(ao,n08)+min(ao,(2m0-n)3)) 4 B3 < Byemin(aoknod)

for any k£ < 1 as close to 1 as we wish. B
Let us end with the proof of point 2: for any n €]0,2n[, any 1’ €]0,7n[ and using the previous

estimates for s € {2, 5 +nd}, we get:

Q <C'|||'l)|?7 66 HLQHj_n
7)min(ozo77705)+% min(ao,(WO*g)‘S))' (461)

)|

'5 '5

H'DVI 66||L2L°° < H'DVI 66||L2 L2H2+(T/ n’)é
<ol T < Bee(C

- o317l g geme =70
Doing as in the previous step, but choosing (d,p,r,q) = (1’4, 2, 00,1), we get that for all § € [0, 1],
from Proposition 4:

’ 0 o
DI We| 2y < Coet (IIUoMscII e / IG* (@ d) :

2 1 0 B2,1

(a4,b%) with a,b such that

{

We then take (in Lemma 1) («, ) =

(1—a)+n'd=cd,
(1+4b)+17/6 = 6.

INJSY NI
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Such («, §) exist, we just need to take some n” €]0, 11_;7)6,[, then define b = %, a=1—(1+b) f:Zi
and 6 = 25(1 —7')(1 —n”) (¢ < 1 is close to 1, and the fact that n’ < ¢ is implied by the
first condition). With these choices, we end up with (the last estimate in (4.62) being valid if

0 < <L)

H|D|n/5W€HL2Loo < Dogg(l—n’)(l—n”)—v - Dog(no—%—%(l—n/))é < Dpem—2)9, (4.62)

Since

/ /

(1- %) min(av, 706) + %min(ao, (0 — 1))

2
/ /
>(1- %)(770 - 2)8) + %min(am (10— 5)8) = (0 — )3, (4.63)
we end-up with ) B
H|D|n 6(UE _ UQG)HLzLoo < Bog(no—%)é’

which ends the proof. B

5 Appendix

5.1 Notations, Sobolev spaces and Littlewood-Paley decomposition

We refer to the appendix of [15] for general notations and properties of the Sobolev spaces as
well as the Littlewood-Paley decomposition and the main properties we use. For a complete
presentation, we refer to [2].

Let us mention the following lemma whose proof is close to Lemma 5 from [12] (see also
Section 2.11 in [2]):

Lemma 1 For any «, 8 > 0 there exists a constant C, g > 0 such that for any u € Hs= 2N Hs+P,

then u € 35,1 and:
B

a+pB

a8
frec vl (5.64)

lulls; , < Conslul i

Proposition 7 [2] We have the following continuous injections:

For any p > 1, 32,1 — LP,
For any p € [2,00], 32,2 — LP,
Foranype[1,2], BS, < L.

We end this section by the following proposition dedicated to Chemin-Lerner time-space Besov
spaces: instead of considering LP B -type estimates, the integration in time is performed before
the summation with respect to the frequency decomposition index

Definition 1 [2] For s,t € R and a,b, ¢ € [1, 0], we define the following norm

P — JS|IA .
lullze g, = || (2 1A50lz0) |,

The space E?Bl‘ic is defined as the set of tempered distributions v such that lim;_, ., S;ju =0 in
L0, 8, L (RY) and ul 7, g < oc.
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We refer once more to [2] (Section 2.6.3) for more details and will only recall that we have the
following relations:

Proposition 8 For all a,b,c € [1,00] and s € R:

ifa<ec, Yue€LiBj. llullzpg <lullges;

ifa>c¢, Vue L?Bg,cv ||UHZngc > ”uHL,?Bg’C'

5.2 A remark about the Strichartz estimates

As outlined previously, had we not used the Littman theorem, we would end-up with the very
close following result (whose proof only differs from the proof of Proposition 47 from [15] in that
we use the Riesz-Thorin theorem):

Proposition 9 There exists a constant Cr > 0, such that for any d € R, r > 2, ¢ > 1,
0 €[0,1] and p € [1, ﬁ], if f solves (2.15) for initial data f, and external force Feoy; both

with zero divergence and potential vorticity, then (cy refers to the smaller constant appearing in
the Littlewood-Paley decomposition, usually ¢y = %)

CrCpor 0(_2 t
D1z, < 52528070 x (Wfulag, + [ el 7). (5.65)
t Pr.q Up = . ,q

where

2

" L(1_20)(1_2
Co oy = [AG_Q(l_g)ﬂ —40-2)  23(1-20)0-3)
p,O,r E\p 14 T 1_9-s(—20)1-2)

Remark 13 1. The differences for 0,r (in Proposition 4, » > 2 and 0 € [0,1]) and the
expression of Cp g only come from the fact that if we reproduce the proof of Proposition
47 from [15] and begin with the vertical Littlewood-Paley truncation (AYu = (279 D3)u):

Jj+1
1A fllrrr = 1A fler < Y- IARA; fllopr,

k=—o0

we will have, in the end, to sum (for k < j + 1) the term 2" 71 (1=20)(1=2) which requires
(1—260)(1 — 2) > 0. Using this proposition instead of Proposition 4 would also lead to the
same Theorems 2 and 3 except that we would require § < % instead of § < %.

2. We recall that in our case (shared with [37] and also [40] in the case with only stratification)

It—
one of the truncation (namely Ky 1(0)) presents only one nonzero eigenvalue in the Hessian
of the phase.

using the Littman theorem gives the same power (%,O ® as our first method in [15] because

3. In the case of the rotating fluids (see Remark 9 and [38]) the Littman method allows to get

—= which improves the power of € in the Strichartz estimates into g(l - %), but we pay

[t—t'|
the same ”additional regularity” price as before as 0 = d + % — % — % +6(1— %)

For instance, for (d,p,r,q) = (o, 2, %, 2), we get ef(=%) and o = %—l— g(l — %‘X) in the first
case, and to e2(1-%) and g = % +6(1— %") if we use the Littman theorem. As the initial

regularity is % + § for a small &, we reach the power 3 in both cases taking successively 0
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in {%, #}, which is possible as 0, a are small. So we eventually reach the same result

and the use of the Littman theorem for our considerations does not give any improvement
to the power of ¢.

4. In the case of the rotating fluids system, a visible difference between these two methods
would be clearer when estimating the whole solution, as seen as a inhomogeneous solution
of the linearized (dispersive) equation.

Aknowledgements : This work was supported by the ANR project INFAMIE, ANR-15-
CE40-0011. We thank the anonymous referee for useful suggestions.

References

[1] A. Babin, A. Mahalov et B. Nicolaenko, Strongly stratified limit of 3D primitive equations in
an infinite layer, Contemporary Mathematics, 283 (2001).

[2] H. Bahouri, J.-Y. Chemin, R. Danchin. Fourier analysis and nonlinear partial differential
equations, Grundlehren der mathematischen Wissenschaften, 343, Springer Verlag, 2011.

[3] T. Beale and A. Bourgeois, Validity of the quasi-geostrophic model for large scale flow in the
atmosphere and ocean, SIAM Journal of Mathematical Analysis, 25 (1994), p.1023-1068.

[4] P. Bougeault and R. Sadourny, Dynamique de ’atmosphere et de 'océan, Editions de I’Ecole
polytechnique, 2001.

[5] C.-P. Calderén, Existence of weak solutions for the Navier-Stokes equations with initial data
in LP, Trans. Amer. Math. Soc., 318(1) (1990), p.179-200.

[6]) M. Cannone, C. Miao, L. Xue, Global regularity for the supercritical dissipative quasi-
geostrophic equation with large dispersive forcing, Proc. Lond. Math. Soc., 106 (3) (2013), no.
3, p. 650-674.

[7] F. Charve, Convergence of weak solutions for the primitive system of the quasi-geostrophic
equations, Asymptotic Analysis, 42 (2005), p.173-209.

[8] F. Charve, Global well-posedness and asymptotics for a geophysical fluid system, Commauni-
cations in Partial Differential Fquations, 29 (11 & 12) (2004), p.1919-1940.

[9] F. Charve, Asymptotics and vortex patches for the quasi-geostrophic approximation, Journal
de mathématiques pures et appliquées, 85 (2006), p.493-539.

[10] F. Charve, Global well-posedness for the primitive equations with less regular initial data,
Annales de la faculté des Sciences de Toulouse, 17 (no 2) (2008), p.221-238.

[11] F. Charve, V-S. Ngo, Asymptotics for the primitive equations with small anisotropic viscosity,
Revista Matemdtica Iberoamericana, 27 (1) (2011), p.1-38.

[12] F. Charve, A priori estimates for the 3D quasi-geostrophic system, J. Math. Anal. Appl, 444
(2016), no. 2, p.911-946.

[13] F. Charve, Asymptotics and lower bound for the lifespan of solutions to the Primitive Equa-
tions, Acta Applicandae Mathematicae, 158 (2018), no. 1, p.11-47.

[14] F. Charve, Global well-posedness and asymptotics for a penalized Boussinesq-type system
without dispersion, Communications in Mathematical Sciences, 16 (2018), no. 3, p.791-807.

23



[15] F. Charve, Enhanced convergence rates and asymptotics for a dispersive Boussinesq-type
system with large ill-prepared data, Pure and Appl. Anal., 2 (2020), no. 2, p.477-517.

[16] J.-Y. Chemin, Fluides parfaits incompressibles, Astérisque, 230, 1995.

[17] J.-Y. Chemin, A propos d’un probléme de pénalisation de type antisymétrique, Journal de
Mathématiques pures et appliquées, 76 (1997), p.739-755.

[18] J.-Y. Chemin, B.Desjardins, I. Gallagher and E. Grenier, Anisotropy and dispersion in ro-
tating fluids, Nonlinear Partial Differential Equations and their application, Collége de France
Seminar, Studies in Mathematics and its Applications, 31 (2002), p.171-191.

[19] J.-Y. Chemin, B.Desjardins, I. Gallagher and E. Grenier, Fluids with anisotropic viscosity,
Special issue for R. Temam’s 60th birthday, M2AN. Mathematical Modelling and Numerical
Analysis, 34 (2000), no. 2, p.315-335.

[20] J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier, Mathematical Geophysics: An
introduction to rotating fluids and to the Navier-Stokes equations, Oxford University Press,
2006.

[21] A. Cérdoba, D. Cérdoba, A maximum principle applied to quasi-geostrophic equations,
Comm. Math. Phys., 249 (2004), p.511-528.

[22] B. Cushman-Roisin, Introduction to geophysical fluid dynamics, Prentice-Hall, 1994.

[23] B. Desjardins and E. Grenier, Derivation of the Quasigeostrophic Potential Vorticity Equa-
tions, Advances in Differential Equations, 3 (5) (1998), p.715-752.

[24] A.Dutrifoy, Slow convergence to vortex patches in quasi-geostrophic balance, Arch. Ration.
Mech. Anal. 171 (2004), no. 3, p.417-449.

[25] A. Dutrifoy, Examples of dispersive effects in non-viscous rotating fluids, Journal de
Mathématiques Pures et Appliquées, 84 (9) (2005), no. 3, p.331-356.

[26] I. Gallagher, Applications of Schochet’s Methods to Parabolic Equation, Journal de
Mathématiques Pures et Appliquées, 77 (1998), p.989-1054.

[27] 1. Gallagher, F. Planchon, On global infinite energy solutions to the Navier-Stokes equations
in two dimensions, Archive for Rational Mechanics and Analysis, 161 (2002), p.307-337.

[28] Y. Giga, K. Inui, A. Mahalov and J. Saal, Uniform global solvability of the rotating Navier-
Stokes equations for nondecayng initial data, Ind. U. Math. J. 57, (6) (2008) p.2775-2791.

[29] A. Greenleaf, Principal curvature and harmonic analysis, Indiana Univ. Math. J., 30 (1981),
.519-537.

[30] G.H Hardy, J.E Littlewood, On certain inequalities connected with the calculus of variations,
J. London Math. Soc., 5 (1930), p.34-39.

[31] M. Hieber, Y. Shibata, The Fujita-Kato approach to the Navier-Stokes equations in the
rotational framework, Math. Zeit. 265 (2010), p.481-491.

[32] T. Hmidi, Régularité holderienne des poches de tourbillon visqueuses, Journal de
Mathématiques pures et appliquées, 84(11), (2005) p.1455-1495.

[33] D. Iftimie, The resolution of the Navier-Stokes equations in anisotropic spaces, Revista
Matemdtica Iberoamericana, 15 (1999), p.1-36.

24



[34] D. Iftimie, The approximation of the quasi-geostrophic system with the primitive systems,
Asymptotic Analysis, 21 (1999), no. 2, p.89-97.

[35] Iwabuchi, Tsukasa; Takada, Ryo Global solutions for the Navier-Stokes equations in the
rotational framework. Math. Ann. 357 (2013), no. 2, 727-741.

[36] Iwabuchi, Tsukasa; Takada, Ryo Dispersive effect of the Coriolis force and the local well-
posedness for the Navier-Stokes equations in the rotational framework. Funkcial. Ekvac. 58
(2015), no. 3, 365-385.

[37] T. Iwabuchi, A. Mahalov, R. Takada, Global solutions for the incompressible rotating stably
stratified fluids, Math. Nachr, 290 (2017) no. 4, p.613-631.

[38] Y. Koh, S. Lee and R. Takada, Dispersive estimates for the Navier-Stokes equations in the
rotational framework, Advances in differential equations, 19 (9-10) (2014), p.857-878.

[39] Y. Koh, S. Lee and R. Takada, Strichartz estimates for the Euler equations in the rotational
framework, J. Differential Equations 265 (2014), p.707-744.

[40] S. Lee and R. Takada, Dispersive estimates for the stably stratified Boussinesq equations,
Indiana University Mathematics Journal, 66 (2017), no.6, p.2037-2070.

[41] E.H. Lieb, Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities, Ann.
of Math., 118 (1983), p.349-374.

[42] W. Littman, Fourier transforms of surface-carried measures and differentiability of surface
averages, Bull. Amer. Math. Soc. 69 (1963), p.766-770.

[43] V-S. Ngo, Rotating Fluids with small viscosity, International Mathematics Research Notices
(2009), no. 10, p.1860-1890.

[44] V-S. Ngo, S. Scrobogna, Dispersive effects of weakly compressible and fast rotating inviscid
fluids, Discrete Contin. Dyn. Syst. 38 (2018), no. 2, p.749-789

[45] J. Pedlosky, Geophysical fluid dynamics, Springer, 1979.

[46] S. Scrobogna, Highly rotating fluids with vertical stratification for periodic data and
anisotropic diffusion, Rev. Mat. Iberoam. 34 (2018), no. 1, p.1-58.

[47] S. Scrobogna, Derivation of limit equations for a singular perturbation of a 3D periodic
Boussinesq system, Discrete Contin. Dyn. Syst. 37 (2017), no. 12, p.5979-6034.

[48] S. Scrobogna, Global existence and convergence of nondimensionalized incompressible
Navier-Stokes equations in low-Froude number regime, Discrete Contin. Dyn. Syst. 40 (2020),
no. 9, p.5471-5511.

[49] S.L. Sobolev, On a theorem of functional analysis, Mat. Sbornik 5 (1938), p.471-479.

[50] E. Stein, Singular integrals and differentiability properties of functions, Princeton University
Press, 1970.

[61] E. Stein, Harmonic analysis, real-variable methods, orthogonality and oscillatory integrals,
Princeton Mathematical Series, 43, Princeton University Press, 1993.

25



