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THE ALTERNATING PRESENTATION OF U,(gl,)
FROM FREIDEL-MAILLET ALGEBRAS

PASCAL BASEILHAC

ABSTRACT. An infinite dimensional algebra denoted Aq that is isomorphic to a central extension of Uq+ - the positive
part of Uq(gl\z) - has been recently proposed by Paul Terwilliger. It provides an ‘alternating’ Poincaré-Birkhoff-Witt
(PBW) basis besides the known Damiani’s PBW basis built from positive root vectors. In this paper, a presentation
of Aq in terms of a Freidel-Maillet type algebra is obtained. Using this presentation: (a) finite dimensional tensor
product representations for A4 are constructed; (b) explicit isomorphisms from A, to certain Drinfeld type ‘alternating’
subalgebras of Uy (g/l\g) are obtained; (c) the image in U;‘ of all the generators of Ay in terms of Damiani’s root vectors

is obtained. A new tensor product decomposition for Uq(s/l\z) in terms of Drinfeld type ‘alternating’ subalgebras follows.
The specialization ¢ — 1 of Ay is also introduced and studied in details. In this case, a presentation is given as a
non-standard Yang-Baxter algebra. This paper is dedicated to Paul Terwilliger for his 65th birthday.

MSC: 16T25; 17B37; 81R50.
Keywords: Reflection equation; Drinfeld second presentation; Uy(sl2); g-shuffle algebra

1. INTRODUCTION

Quantum affine algebras are known to admit at least three presentations. For Uq(s/l\g), the first presentation
originally introduced in [J85, D86] - referred as the Drinfeld-Jimbo presentation in the literature - is given in terms
of generators {FE;, F;, K Zﬂ|z = 0,1} and relations, see Appendix A. The so-called Drinfeld second presentation was
found later on [D88], given in terms of generators {xi,hy, K*!,C*/2|k € Z,¢ € Z\{0}} and relations. The third
one, obtained in [RS90], takes the form of a Faddeev-Reshetikhin-Takhtajan (FRT) presentation [FRT89]. In these
definitions, note that the so-called derivation generator is ommited (see [CP94, Remark 2, p. 393]). In the following,
we denote respectively U7, UP™ and Uf”s these presentations of U, (s/l\g) In addition, for Uq(s/l\g) note that a fourth
presentation called ‘equitable’, denoted UqI T has been introduced in [IT03]. It is generated by {yli7 kﬂz =0,1}. For
the explicit isomorphism U;T — Uf‘]7 see [IT03, Theorem 2.1].

The construction of a Poincaré-Birkhoff-Witt (PBW) basis for Uq(s/l\g) [Da93, Be94] on one hand, and the FRT
presentation of Ding-Frenkel [DF93] on the other hand brought major contributions to the subject, by establishing
the explicit isomorphisms between UqD 7 UqD " and U(fs (see also [Ji96, Dald]). To motivate the goal of the present
paper, as a preliminary let us briefly review the main results of [Da93, Be94] and [DF93].

e To establish the isomorphism between UqD 7 and UqD "  the main ingredient is the construction of a PBW basis.
In [Da93], it is shown that the so-called positive part of Uq(,@) denoted UP”* - cf. Notation 1.2 - is generated by
positive (real and imaginary) root vectors [Da93, Section 3.1]. The root vectors are obtained using Lusztig’s braid
group action on U, (f) 7 [L93]. Based on the structure of the commutation relations among the root vectors, a PBW basis
for UqD']*Jr is first obtained [Da93, Section 4]. Then, introduce the subalgebras UqD"”, UqDJ’0 of U(F". Thanks to the
tensor product decomposition U,ID'] = UqD']"Jr ® UqD"’0 ® UqDJ’* [L93] and some automorphism of UqD'], the PBW basis
for UP7" induces a PBW basis for U, (sly) [Da93, Section 5]. Then, the explicit isomorphism UP™ — UP7 [Be94]
maps Drinfeld generators to root vectors. See [BCP98, Lemma 1.5], [Dald4].

e To establish the explicit isomorphism between U, f‘s and U, f ", the main ingredient in [DF93] is the construction of
a FRT presentation for Uq(ng), which can be interpreted as a central extension of Uq(s/l;) [FMu02]. In this approach,

the defining relations are written in the form of a Yang-Baxter algebra. Namely, two quantum Lax operators L*(z)
1
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which entries are generating functions with coefficients in two different subalgebras of U, qD " are introduced. They satisfy
certain functional relations (the so-called ‘RTT’ relations) characterized by an R-matrix. The explicit isomomorphism
U(fs — UP" is obtained as a corollary of the FRT presentation of Uq(g/l\g).

In these works, Damiani’s root vectors (or equivalently the Drinfeld generators), associated PBW bases and the
Yang-Baxter algebra play a central role. Later on, these objects found several applications. For instance, the universal
R-matrix is built from elements in PBW bases of Uq(s/l;) subalgebras [Da98]. Also, irreducible finite dimensional
representations of Uq(s/l\g) are classified using U™ [CP91]. A natural question is the following: for Uq(gl\g), is it
possible to construct a different ‘triplet’ of mutually isomorphic algebras other than UqD 7 (or UqI , UqDT and Ufs ?

Recent works by Paul Terwilliger bring a new light on this subject, and give a starting point for a precise answer.
Indeed, in [T18, T19a] Terwilliger investigated the description of PBW bases of Uq(s/l;) from the perspective of
combinatorics, using a g-shuffle algebra V introduced earlier by Rosso [R98]. Remarkably, using an injective algebra
homomorphism U,f) 7+ = V a closed form for the images in V of Damiani’s root vectors of U, qD 7+ - the basic building
elements of Damiani’s PBW basis - was obtained in terms of Catalan words [T18, Theorem 1.7]. Then, in [T19a], he
introduced a set of elements {W_j, Wiy1, Gri1, ék+1|k € N} into the g-shuffle algebra named as ‘alternating’ words.
It was shown that the alternating words generate an algebra denoted U [T19a, Section 5| for which a PBW basis
was constructed [T19a, Theorem 10.1,10.2]. Considering the preimage in UqD 7+ of the alternating words of U, a new
PBW in basis - called alternating - for U, qD 7+ arises, besides Damiani’s one [Da93, Theorem 2]. A comparison between
the images in V of both PBW bases was done, see [T19a, Section 11]. More recently [T19b], a central extension
of the preimage of the algebra U arising from the exchange relations between alternating words, denoted U;’ , has
been introduced. Its generators are in bijection with ‘alternating’ generators recursively built in UqD 7+ and form an
‘alternating’” PBW basis for the new algebra Z/I;r [T19b, Section 10].

In this paper, we investigate further these new ‘alternating’ algebras motivated by the construction of a new triplet of
presentations for Uq(s/l\g). To this aim, following [T19b] we introduce the algebra A, with generators {W _x, W11, Gg11,
Gry1|k € N} - see Definition 2.1. Note that to enable a non-trivial specialization ¢ — 1, the definitions of A, and us
slightly differ. However, for ¢ # 1 A, and Z/{;' are essentially the same object. Also, the center Z of A, is introduced.
Adapting the results of [T19b], the ‘alternating’” PBW basis of A, is given, see Theorem 2.12. Following [T19a],
similarly we introduce the algebra A, with generators {W_x, Wi11, Gri1, Gk+1|k € N}. One has:

(1.1) A2 A, 2.

Let (Wy, W7) denote the subalgebra of Aq generated by Wy, W7. The simplest relations satisfied by Wy, W7 are the
g-Serre relations (2.44), (2.45), of UP7* - see (A.1). Actually, according to [T19a], A, = UP’+ = UP’~. So,
having in mind the isomorphic pair consisting of UqDJ"Ir (or UqDJ’_) and certain subalgebras of Uf’” [Be94, BCP9g],
an ‘alternating’ isomorphic pair is provided by (Wy, W;) and A,. Furthermore, by analogy with [Be94], the explicit
isomorphism Aq — (W, W1) follows from Lemma 2.9 using a map 7 : /Iq — flq. Details are reviewed in Section 2.
For completeness, the specialization ¢ — 1 of A,, denoted A, is also introduced.

The main result of this paper is a presentation for ﬂq which sits into the family of Freidel-Maillet type algebras!
[FMO91] for generic g, see Theorem 3.1. For the specialization A, a FRT type presentation is obtained. It sits into the
family of non-standard Yang-Baxter algebras, see Proposition 3.6. This is done in Section 3. This Freidel-Maillet type
presentation of A, gives an efficient framework for studying in more details this algebra and clarifying its relation with
UP7 (or UIT), UP™ and UFS. The following results are obtained:

_ (a) Tensor product realizations of A, in Uy(sla)® are explicitly constructed. They generate certains quotients of

Ag, characterized by a set of linear relations satisfied by the fundamental generators. See Proposition 4.5. This is
done in Section 4.

ISee also [NC92, Bab92, KuS92].
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(b) Explicit isomorphisms between A, and certain ‘alternating’ subalgebras of Uq(g/l\g), denoted Uq(g/l\g)‘>’Jr and
Uq(gla)®~, are obtained. See Propositions 5.18, 5.20. The main ingredient in the analysis is the use of the Ding-
Frenkel isomorphism [DF93]. As a corollary, similar results for A, and the ‘alternating’ subalgebras of Uy (sl2) follow.

Also, it is shown that A, can be regarded as a left (or right) comodule of alternating subalgebras of Uq(g/l\g). An
example of coaction map is given in Lemma 5.25. See Example 5.26.

(¢) The explicit isomorphism ¢ : (Wg, W1) — Uf‘]"“ given by (2.46) is extended to the whole set of generators of
flq: a set of functional equations that determine the explicit relation between Damiani’s root vectors {Eps4q,, Fnsli =
0,1} € UP”T (or {Fussa, Fsli = 0,1} € UP?7) and the generators of A, is derived, see Proposition 5.27.

The results (b) and (c) are given in Section 5. All together, if we denote /_15 M as the Freidel-Maillet type presentation
of f_lq, we get the isomorphic ‘triplet’

Dit ~ § o~ fFM
U, = A=A

In the last section, we point out a straightforward application of [T19a, T19b] combined with the results of Section
5. One has the ‘alternating’ tensor product decomposition of Uy (sls):

(1.2) Uy(sly) = A @ UP0 @ A2

where AZ(Q)(g Uf J’+(_)) are certain alternating subalgebras of U;D ". The corresponding ‘alternating’” PBW basis is
given in Theorem 6.1.

Let us conclude this introduction with some additional comments. In the literature, it is known that solutions of
the Yang-Baxter equation find many applications in the theory of quantum integrable systems such as vertex models,
spin chains,... They can be obtained by specializing solutions of the universal Yang-Baxter egllation, the so-called
universal R-matrices. As already mentioned, the construction of a universal R-matrix for U,(sl2) (and similarly for
higher rank cases) essentially relies on the tensor product decomposition

(1.3) Uy(sly) = UP @ UPT0 @ UPT—,

and the use of root vectors [KiR90, KhT91, Da98, FMu02, JLM19, JLM20]. Now, the ‘alternating’ tensor product
decomposition (1.2) rises the question of an ‘alternating’ universal K-matrix built from a product of solutions to a
universal Freidel-Maillet type equation. See [CG92, P94, BalKol5, RV16, AV20] for related problems. In view of
the importance of the R-matrix in mathematical physics, it looks as an interesting problem that might be considered
elsewhere.

It should be mentioned that the analysis here presented is also motivated by the subject of the ¢g-Onsager algebra
O4 [T99, B04] and its applications to quantum integrable systems. See e.g. [BK14a, BK14b, BB16, BT17, Tsl8,
Ts19, BP19]. The original presentation of Oy is given in terms of generators A, B satisfying a pair of g-Dolan-Grady
relations. The algebra /lq studied in this paper can be viewed as a limiting case of the algebra A, introduced in
[BS10, BB17]. For A,, the original presentation [BK05a] takes the form of a reflection algebra introduced by Sklyanin
[Sk88], see [BS10]. Let us denote this presentation by AY. Using A$, it has been conjectured that A, is a central
extension of Oy. Initial supporting evidences were based on a comparison between the ‘zig-zag’ basis of O, [IT09]
and the one conjectured for 4, [BB17, Conjecture 1]. Other evidences are also given in [T21a]. More recently, the
conjecture is finally proved [T21b]. So, using a surjective homomorphism A, — O, one gets a triplet of isomorphic
algebras O, = A, = Aqs . Independently, more recently the analog of Lusztig’s automorphism and Damiani’s root
vectors denoted Bstag, Bns+ays Bns for the g-Onsager algebra have been obtained [BKo17] (see also [T17]). In terms
of the root vectors, a PBW basis has been constructed. In addition, a Drinfeld type presentation is now identified
[LW20]. However, at the moment the precise relation between the presentation of O, given in [BKol17] or its Drinfeld
type presentation denoted Of " [LW20] and A, is yet to be clarified. To prove O, = A, = Af provides an ‘alternating’
triplet of presentation for the g-Onsager algebra and Of "= A,, the analysis here presented sketches the strategy that
may be considered elsewhere.
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Clearly, alternating subalgebras for higher rank affine Lie algebras and corresponding generalizations of (1.2) may
be considered as well following a similar approach.

Notation 1.1. Recall the natural numbers N = {0,1,2,---} and integers Z = {0,+1,+2,---}. Let K denote an
algebraically closed field of characteristic 0. K(q) denotes the field of rational functions in an indeterminate q. The
q-commutator [X, Y]q =qXY — ¢ 'Y X is introduced. We denote [x] = (¢* —q~%)/(q—q1).

Notation 1.2. Uf‘] is the Drinfeld-Jimbo presentation of Uq(gi\g). UqDJ"“, UqDJ’O, UqD‘]’_ are the subalgebras of Uf‘]
generated respectively by {Eo, E1}, {Ko, K1}, {Fo, F1}. We also introduce the subalgebras UP*+0 (resp. UP=0)
generated by {Eo, E1, Ko, K1} (resp. {Fo, F1, Ko, K1}).

2. THE ALGEBRA A, AND ITS SPECIALIZATION ¢ — 1

In this section, the algebra /Iq and its specialization ¢ — 1 denoted A are introduced. The algebra Aq is nothing
but a slight modification of the algebra M;‘ introduced in [T19b, Section 3]. Compared with L{;‘ , the modification here
considered aims to ensure that the specialization ¢ — 1 of /_lq is non-trivial. Also, the parameter p is introduced for
normalization convenience. So, part of the material in this section is mainly adapted from [T19b]. Besides, Lemma
2.3 and Lemma 2.4 solve [T19a, Problem 13.1]. At the end of this section, we prepare the discussion for Sections 3
and 5.

2.1. Defining relations. We refer the reader to [T19b, Definition 3.1] for the definition of uqu . We now introduce
the algebra A,.

Definition 2.1. Let 5 € K(q). A, is the associative algebra over K(q) generated by {W_y, Wi 11, Gy 1, Gy |k € N}
subject to the following relations:

(Gy1 — Grr1)

(2.1) [(Wo, W] = [W_p, W] = PR
(2.2) [Wo, Grs1lg = [Grs1, Wolg = pW_j—1,
(2.3) [Ghr1, Wilg = (Wi, Grpa]g = pWaa,
(2.4) (Wi, W_,] =0, (Wii1, W] =0,
(25) (W_, Wea] + [Wietr, W_,] = 0,

(2.6) (W_k, Ger1] + [Gry1, W] = 0

(2.7) [W_i, Goga] + [Grs1, Woi] = 0,

(2.8) [Wk-i-h Gey1] + [Gry1, Weya] =0,

(2.9) [Wis1, Goga] + [Grg1, Wi ] = 0,

(2.10) [Grt1, Geg1] =0, [Grv1, Ges1] =0,
(2.11) [Giy1, Ges1] + [Gry1, Goy1] =0 .

Remark 2.2. The defining relations of A, coincide with the defining relations (30)-(40) in [T19b] of the algebra us
for the identification:

(2.12) W= W, Wipr = Wi,
(2.13) Git1 = q (@ —a)Gks1, Grir1—a (®—a *)Grt1
(2.14) pa N —a ) a—q ).
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Note that there exists an automorphism ¢ and an antiautomorphism S (for ¢, see [T19b, Lemma 3.9]) such that:

(2.15) o: W_p = Wigr, Wipr = Weog, Grpr = Grgr, Grgr = Gryr
(2.16) S W_p — W_g R Wk+1 — Wk+1 N Gk+1 — Gk+1 s Gk+1 — Gk+1 .

For completeness (see [T19b, Note 2.6]) and the discussion in the next section, a set of additional relations can be
derived from the defining relations (2.1)-(2.11), given in Lemmas 2.3, 2.4 below.

Lemma 2.3. In jq, the following relations hold:

(2.17) (W_i, Gelg = [W_y, Gilg, (G, Wotalq = [Go, Witalg,
(2.18) [Gry W_glg = [Ge, W_i]g, [West, Gelg = [Wis1, Gelg-

Proof. Consider the first equation in (2.17). For convenience, substitute ¢ — ¢ + 1 and multiply by p the equality.
From the r.h.s. of the resulting equation, using (2.2) one has:

[ PW_i—1 ,Gily = ¢*Wo Gpi1Gr —Gpyp1WoGy — GeWo Gyt + ¢~ 2 GeGeir Wy by (2.10)
—— —— ——

=[Wo,Gr41]q =GkGry1 =Gy11G

= *WoGr,Gri1 - Gp1WoG —GWoGpp1 + ¢ *Gey1GLWo
| R — ————
=q[Wo,Gr]qGry1+GrWoGey1 =q71Gr11[Wo0,Gr]q+q72Gr11GLWo
= HWO’ Gk]q’ Gf+l]q
= ﬁ[Wflm Gé+l]q 5
which coincides with the 1.h.s. The three other equations are shown similarly. ]

Lemma 2.4. In A,, the following relations hold:

(2.19) [Grs Gos1] — [Gey Graa] = plg + a7 ) ((Weo, Wig]g — (Wi, Wesnly)
(2.20) [Gry Ges1] = [Gey Grsa] = pla + ) ((Wesr, Woielg — (War, Weely)
(2.21) [Grs1. Geralg — [Gest, Gerrlg = pla + a7 1) ((Weg, Wigo] — [Woy, Wega])
(2.22) [Grt1. Ger1lg — [Gest, Grslg = plq + a7 1) ((Wer, Woi—1] — (W1, Woy1]).
Proof. Consider (2.19). One has:
(G Ger1] = [Gr,Gegr — Gey1] = (¢ + ¢ )[Gry [Wo, Wei1]] by (2.1)
= (¢+q¢" GrWo Wep1 — GpWe i Wy — WoWiyy1Gr +Woypr WGy
—— ——
=q2WoGr —pgW _ =q—2GxWo+pg—tW_y

= (q+q ") (Wo, [Gr, Wes]glg — AW g, Weia]g) -
It follows:
Gk, Gea] = [Ge, Gryr] = pla+ a7 ) (W, W]y — Wk, Wegalg) + (¢ + ¢~ 1) [Wo, [Gr, Wega]g — [Ge, Wit 1lglg
—0 by (2.17)

which reduces to (2.19). One shows (2.20) similarly.



6 PASCAL BASEILHAC

Consider (2.22). One has:

PWei1, W_r—1] = [Wost, Wo, Grgilg] = ¢Wo[Wer1, Grra] + ¢ HGra1, Wer1]Wo
+—q‘1 Grr1Grp1 — ———Gpyy Gy + le-a7) q_l)Gk Gy
(q+q 0 T (g ) T (g g ) T
where (2.2), (2.1) and (2.10) have been used successively. Using (2.8) it follows:
—1 _ ~
(2.23) p((Werr, Wop—1] = [Wig, Wopa]) = ﬁ (Gk+1G£+1 - Ge+1Gk+1)
*ﬁ (é£+1Gk+1 - ék+1Ge+1) .

From (2.11), note that:

Gr1Grr1 — Gr1Geg1 = Gr1Grar — Gry1 G

which implies:
(g—q7 ") (GZ+1ék+1 - Gk+1él+1) = [Grt1, Get1lg — [Ges1s Gt
Using this last equality in the r.h.s. of (2.23), eq. (2.22) follows. The other relation (2.21) is shown similarly. a

Remark 2.5. The relations (41)-(46) in [T19b] follow from Lemmas 2.3, 2.4, using the identification (2.12)-(2.14).

2.2. The center Z. For the algebra U, central elements denoted Z,, are known [T19b, eq. (52) and Lemma 5.2]
(see also equivalent expressions [T19b, Corollary 8.4]). With minor modifications using the correspondence (2.12)-
(2.14), central elements in /Tq are obtained in a straightforward manner. Thus, we omit the proof of the following
lemma and refer the reader to [T19b, Section 13] for details.

Lemma 2.6. Forn € N, the element
: S (947" = :
(224) Yn+1 _ Gn+1q7n71 + Gn+1qn q —q Z q n+2kW kWTH-l e+ T Z q7n+1+2k Gk+1 Gt
k=0 k=0
is central in Aq.

Remark 2.7. Central elements for the algebra Z/{;‘ [T19b, Lemma 5.2, Corollary 8.4] are obtained using the identifi-
cation (2.12)-(2.14):
(2.25) RN U ) VAR

Note that the central elements are fixed under the action of (antl)automorphisms of A,. Applying o and S according

0 (2.15), (2.16), three other expressions for Y;, 1 follow (for U, see [T19b, Corollary 8.4]). In particular, for further
convenience, define the combination:

1

(2.26) Ant1 = i mat (

Y1 +0(Yat1)) -

Using (2.5), one has S(A, 1) = Apy1. Thus, A, is invariant under the action of o, S.

Example 2.8.
(227) Al = G1 —|— Cl — (q — q 1)(W0 W1 + Wl WQ),
_ 2
(2.28) Ay = G+ Gy — %(q_lwo Wa + qWo Wy + ¢ Wi W_y + gW_1 W)
(¢—gq"

(GlGl + G16;1)’

(2 +q72) p
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~ 1
(229) As = G3+ G3— %(Q_Q Wo W5 + q2 W5 W, + q_2 WiW_o, 4+ q2 W_o Wl)
(g—q")
*W(W2W—1 + W_iWs)
(q—q ") (ézc1+Gzél)
(> +q2-1) P '

By construction, the elements A, 1 are central in flq. Let Z denote the subalgebra of /lq generated by {A, 11 nen.
By [T19b, Proposition 6.2], Z is the center of A,.

2.3. Generators and recursive relations. Following [T19b], combining the defining relations (2.1)-(2.3) together
with (2.26) it follows:

Lemma 2.9. In Aq, the following recursive relations hold:

2 n
q Z -n
(230) Gn+1 == 2( 7(’L+1 T q P 1 q +2k kWnJrl Et Wk+1 Wk n)
=0

(a—¢hH &
2p(qH g )

g TRk (Gk+1 Gnt + Grt1 Gn—k)

k=0
+q! 1
+(c_772q) [Wn+1, Wo] + §An+1 )

(2.31) Gui1 = Gupr+(q+q ) [Wo, Waia] ,

1
(2.32) W_p1 = E[Wo, Gn+l]q )

1
(233) W’n.+2 - E [Gn+17 Wl] q

Tterating the recursive formulae (2.30), (2.31), (2.32), (2.33), given n fixed, the corresponding generator is a poly-
nomial in Wy, Wy and {Ax11]k =0,...,n}.

Example 2.10. The first generators read:

(2.34) G = qWi Wy — ¢ WoW; + %Al ,

(2.35) W_, = % (¢ + ) WoWi Wy — WAW, — Wi WE) + ;Al( )WO ,

(2.36) Gy = m((q*3 +g WEWL — (6% + ) WP W3 + (g% — ) (Wo WAP Wo + Wy W Wh)
—(g7 P +q P+ 2 HYWoWA Wo Wi + (¢° + ¢° + 29) Wi Wo W,y Wo)
+ %Al(q#_ql)(qwlwo — T WoWs) — i% + %AQ .

Ezxpressions of G, Wo, Gy are obtained using the automorphism o.

Corollary 2.11. The algebra Aq 1s generated by Wy, Wy and Z.
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2.4. PBW basis. Following [T19b, Lemma 3.10], the algebra A, has an N2-grading. Define deg : A, — N x N. For
the alternating generators one has:

deg(W_p) = (k+1,k), deg(Wg41)=(k,k+1),

deg(Gpi1) = deg(Gry1) = (k+ 1,k +1) .
Note that the expressions in Lemma 2.9 are homogeneous with respect to the grading assigment. The dimension d; ;

of the vector space spanned by linearly independent vectors of the same degree (4, j) is obtained from the formal power
series in the indeterminates A\, u:

= D0 digXyd for |\ Jul <1
(i,5)EN
with
s %)
1 1 1 1
A — Z A = -
H( 7/-1’) [:]T[ll_)\fuffll_)\fflﬂfl_)\éuz ) ( hu) [:1_[11_)\ZNZ

In [T19b, Section 10], a PBW basis for Z/{;‘ is obtained. The proof solely uses the defining relations corresponding
to (2.1)-(2.11). The following theorem is a straightforward adaptation of [T19b, Theorem 10.2].

Theorem 2.12. (see [T19b]) A PBW basis for A, is obtained by its alternating generators
{(Woidken s {Geriteen , {Gumiitmen s {Waiitnen
in any linear order < that satisfies
W_j < Gppy < Grgr < Wost Lk LmneN .
Note that combining o, S given by (2.15), (2.16), other PBW bases can be obtained.
2.5. The algebra A,. By construction [T19b], the algebra U/ studied in [T19a] is a quotient of the algebra I/

This quotient is characterized by the fact that the images of all the central elements ZY of [T19b, Definition 5.1] in
U/ are vanishing, see [T19b, Lemma 2.8]. Recall (2.25), (2.26).

Definition 2.13. The algebra A, is defined as the quotient of the algebra A, by the ideal generated from the relations
{Ak+1 = 0|Vk € N}. The generators are {W_j, Wii1, Gry1, Gr11]k € N}.

Following [T19b, Lemma 3.3], let us denote by ~ : /iq — Ay the corresponding surjective homomorphism. It is such
that:

(237) v W_, — W_, s Wk+1 — W}C+1 s Gk+1 — Gk+1 s Gk;Jrl — én+1 .

So, they can be obtained as polynomials in Wy, W; applying 7 to the expressions given in Lemma 2.9, where v(Agy1) =
0 for all k.

In [T19a, T19b], the embedding of U, qD 7+ into a g—shuflle algebra leads to flq, providing an ‘alternating’ presentation
for UqD 4+, Adapting this result to our conventions, it follows:

Proposition 2.14. (see ([T19a, T19b]) A, = UP7+ =P/~
In [T19a, Section 10], an alternating’ PBW basis for U7 is obtained. We refer to [T19a, Theorem 10.1].
Theorem 2.15. (see [T19a]) A PBW basis for A, is obtained by its alternating generators
{Woitken , {Geiiteen s {Wniilnen
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in any linear order < that satisfies
W_p <Gop1 < Wpy1 ,kline N
Wii1 < Gog1 < W_p Jk Uin e N .

Using automorphisms of flq, other PBW bases can be obtained.

2.6. The specialization ¢ — 1 and the algebra A. For the specialization ¢ — 1, according to the identification
(2.13), (2.14), the defining relations [T19b, Definition 3.1] of the algebra U drastically simplify to those of a com-
mutative algebra. Instead, the specialization ¢ — 1 of the defining relations of the algebra Aq lead to an associative
algebra called A, as explained below. To define properly the specialization, we follow the method described in e.g.
[K12, Section 10] (see also references therein).

Let A = K[q]qil (= S'K[q] where S = K[q]\(q — 1)). Let Ua be the A-subalgebra of A, generated by

W_r, Wg1,Gg 1,Gk 1|k € N}. Note that contrary to U, S/Z\Q CP94, page 289], according to the structure of
+ + + q

the defining relations (2.1)-(2.11) for the specialization ¢ — 1 of A, there is no need to introduce other generators.
One has the natural isomorphism of A-algebras Ua ®a K(q) — A;. Consider K as an A-module via evaluation at
q = 1. The algebra

Uy =Up @a K
is the specialization of A, at ¢ = 1. Similarly, one defines Za, and Z; = Za ®a K.

Definition 2.16. A is the associative algebra over K with unit and generators {w_j, wyy1, 8ri18ri1lk € N} satisfying
the following relations:

1.
0 Wep1] = 3 @htrir = Brpetr) s

2.38) [w

239) I:é‘k-y—lawfl] = [Wflagk-l,-l] =16w_f—¢—1 ,

2.40) (Wet1, 8ri1] = [8rors Wes1] = 16Wpqppn

2.41) [W—k, W—e] =0, [Wk+1, We+1} =0, [gk+1,gz+1] =0, [§k+1a§z+1] =0.

Remark 2.17. An overall parameter p. € K* may be introduced in the r.h.s. of (2.39), (2.40).

(
(
(
(

Proposition 2.18. There exists an algebra isomorphism Uy, — A such that:
(242) W_p —w_i, Wiy — wggr, GkJrl = 8kl s ak+1 — ngrl , p—=16, qg—1.

Proof. First, we show how to obtain the defining relations for A from those of A, at ¢ = 1 and p = 16. From eqs.
(2.4), (2.10), one immediatly obtains the four equations in (2.41). From (2.26), one gets

(2.43) Ok+1 = 8ry1 + Bry1

where {J;}ren are central with respect to the algebra generated by {w_x, Wi41,8,1,841|k € N}. This implies the
first equalities in (2.39), (2.40). The second equalities in (2.39), (2.40) are obtained from elementary computation
using the Jacobi identity together with (2.5)-(2.10) and (2.1)-(2.4). For instance:

1 1 1
[W71,Wk+1] = E[[WOagl]aWkJrl] = *E[ [ngkH],Wo} - 1_6[ [Wk+1,Wo],g1] = [Wo,Wk+2]
= [gk+1,wo} =16wp 42 :*%(ék+1*gk+1)

1, .
= §(gk+2 - gk+2) .

By induction, it follows:

1.
[W—€7Wk+1} = [W—é+1aWk+2] == [Wo’Wk+é+1] = §(gk+€+1 — Bhtet1) -
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Similarly, by induction one easily finds:

[§k+1>W76] = [§k+2»W%+1] == [gk+£+1,W0] = 16w_g—¢-1 ,

(Wert,Bep1] = [WerBrya) = = [Wis Brpoqr] = 16Weppra -
Thus, the defining relations (2.38)-(2.41) of A are recovered from the specialization ¢ — 1, p — 16 of the defining
relations (2.1)-(2.11) of A,. The converse statement is easily checked. O

In the following, we call A the specialization ¢ — 1 of A,,.

2.7. Relation with UqD 7% and specialization. The following comments give some motivation for Sections 3 and
5. We first describe the relation between A, and Uq(s/l;) with respect to the Drinfeld-Jimbo presentation, adapting
directly the results of [T19b]. On one hand, recall that the defining relations for UP”*, UP”~ are respectively given
by (A.1), (A.2). On the other hand, inserting (2.35) in (2.4) for £ = 0,¢ = 1 one finds that Wy, W, satisfy the g-Serre
relations:

(244) [W()v [W07 [WO»Wl]q]q—l} = 0 )

(2.45) (Wi, Wi, W1, Wolglg-1] = 0.

Let (Wg, W) denote the subalgebra of Aq generated by Wy, W;. According to [T19b, Proposition 6.4] combined with
Remark 2.2, it follows that the map (W, Wy) — UP7F -

(246) Wy — E4 s W, — Ejy

is an algebra isomorphism. Obviously, a similar statement holds for Uf J=. Let Z* denote the image of Z by the
map (2.46), and similarly Z~ the image associated with the negative part. In both cases, it is a polynomial algebra
[T19b, Section 4]. Adapting [T19b, Proposition 6.5] and using Remark 2.2, by Corollary 2.11 one concludes:

(2.47) A, 2UPI Tzt =2UPl 0z .
For this reason, A, is called the central extension of UP”* (or UP7).

Let us also add the following comment. In view of the isomorphism (2.46), A, can be equipped with a comodule
structure [CP94]. For instance, examples of left (or right) coaction maps can be considered for the subalgebra (W, Wy).
Define the ‘left’ coaction such that

(2.48) A, - UPPH0® A, .

Consider its restriction to (Wq, W;) = UqD 7+, As an example of coaction, we may consider:
(2.49) Wy — Ey®1+ Ko ® W,

(2.50) Wi = E1@1+K @W;.

A ‘right’ coaction could be introduced similarly, as well as a coaction A, — UqD 5=0® A, . In Section 5, a comodule
algebra homomorphism ¢ is obtained, see Lemma 5.25.

_ —~SscC

The relation between A and the Lie algebra sly  can be considered through specialization. Recall the isomorphism
Up p K(¢) — A, and similarly for (Wy, W;) and Z. One has the injection (Wo, W1)a ®a Za — Ua by [K12, Lemma
10.6]. By Lemma 2.9, the latter map is also surjective. Using the fact that (Wp, W1)a and Za are free A-modules, one
calculates:

U =UrRaK = ((Wo,Wi)a ®a Za) @4 K
= ((Wo,Wp)a ®a K) @k (Za @4 K) .
Let (wp,w;) denote the subalgebra of .A. By Proposition 2.18 one has (wg,w;) = (W, W;)a ®a K. The generators
wo, w; satisfy the Serre relations (i.e. (2.44)-(2.45) for ¢ = 1). Recall the Lie algebra s/l\gsc in the Serre-Chevalley
) the subalgebra

)

— —~SC,+ —~SC
presentation of sly with defining relations reported in Appendix A. Denote sl (resp. slo
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generated by {eg,e1} (resp. {fo,f1}). Combining the isomorphism (2.46) and the well-known result about the
—5C, — SO+

specialization ¢ — 1 of Uf‘]"“ given by U(sly ), it follows that the map (wg,wy1) — U(sla ) is an isomorphism.

Also, Z is a polynomial ring in the {Agi1}ren. 21 = Za @4 K = U(z) where z is the linear span of {0x41}ren, see

~SC,+
(2.43). Denote z* the images of z in sly . It follows:
— /\SC, /\SC’f
(2.51) AzU (sl Tert)2u (s er).

The structure of the isomorphisms (2.47) and (2.51) suggests a close relationship between Aq (resp. A) and certain

subalgebras of the quantum universal enveloping algebra Uq(g/l\g) (resp. its specialization U (g/l\g)) To clarify this
relation in Section 5, a new presentation for A, (and A) is given in the next section.

3. A FREIDEL-MAILLET TYPE PRESENTATION FOR A, AND ITS SPECIALIZATION ¢ — 1

In this section, it is shown that the algebra Aq introduced in Definition 2.1 admits a presentation in the form of a
K-matrix satisfying the defining relations of a quadratic algebra within the family introduced by Freidel and Maillet
[FM91], see Theorem 3.1. In this framework, by Theorem 3.1 and Proposition 3.3, several results obtained in [T19b]
for Z/l;‘ are derived in a straightforward manner. For the specialization ¢ — 1, a presentation of the Lie algebra A -
see Definition 2.16 - is obtained in terms of a non-standard classical Yang-Baxter algebra, see Proposition 3.6.

3.1. A quadratic algebra of Freidel-Maillet type. Let R(u) be the intertwining operator (called quantum
R—matrix) between the tensor product of two fundamental representations V; @ V, for V = C? associated with

the algebra Uq(;l\g). The element R(u) depends on the deformation parameter ¢ and is defined by [Ba82]

ug —u" gt 0 0 0
B 0 u—ut g—q! 0
(3.1) R(u) = 0 ¢g—q ' u—u? 0 )
0 0 0 ug—u g !

where u is an indeterminate, called ‘spectral parameter’ in the literature on integrable systems. It is known that R(u)
satisfies the quantum Yang-Baxter equation in the space V1 ® Vo ® V3. Using the standard notation

(32) Rij (u) c End(VZ X Vj),
the Yang-Baxter equation reads
(33) ng(u/’l})ng(u)Rgg,(’U) = Rgg(v)ng(u)ng(u/v) V’LL7’U.

As usual, intoduce the permutation operator P = R(1)/(q — ¢~'). Here, note that Ris(u) = PRy2(u)P = Ray(u).

We now show that the algebra f{q is isomorphic to a quadratic algebra of Freidel-Maillet type [FM91], which can be
viewed as a limiting case of the standard quantum reflection equation (also called the boundary quantum Yang-Baxter
equation) introduced in the context of boundary quantum inverse scattering theory [C84, Sk88]. In addition to (3.1),
define:

(3.4) RO = diag(1,q7",q7",1) .
Define the generating functions:
(3.5) Wiw) => W, U W (u) =Y Wy UTF
keN keN
(3.6) Gi(w) =Y GepU ™', G (u)=> GepU ",
keN keN

where the shorthand notation U = qu?/(q + ¢~ 1) is used. Let k+ be non-zero scalars in K(g) such that
(3.7) p=kik_(q+q ).
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Theorem 3.1. The algebra A, has a presentation of Freidel-Maillet type. Let K(u) be a square matriz such that

(3.8) K(u) = ( UV () . v 9+ (w) + 7’6@(%(11;))
mrnd- () + 5ty ugW-(u)

with (3.5)-(3.6). The defining relations are given by:

(39) R(u/v) (K @ 1) B ([ & K(v) = ([ K@) RO (K & 1) Ru/v) .

Proof. Inserting (3.8) into (3.9), the system of (sixteen in total) independent equations for the entries (K (u));; coming
from the Freidel-Maillet type quadratic algebra (3.9) leads to a system of commutation relations between the generating
functions Wy (u), G+ (u). Using the identification (3.7), after simplifications these commutation relations read:

(3.10) (We(u), Ws(v)] =0,
(3.11) (Wi (u), W_(v)] + [W=(u), Wi(v)] =0,
(312 W = V)P W5 0)] = 2L (G (w)G5 (1) - G ()5 ()
1

(q+q_1)(g:t(u) G=(u) +G=(v) = G+ (v))
(3.13) U~ V) [Gi( ), G=(v)] = p(¢* - q’Z)UV(Wi(U)Wﬂv) —Wa(0)Wx(u)) ,
(3.14) U[G+(v), Wx(u) ]q V[G+(u) (v ]q + p(UW+(u) = VW4 (v)) =0,
(3.15) U[Wx(u), G+ (v) ]q V[W; (u }q + p(UWx(u) = VW4 (v)) =0,
(3.16) [Ge(u), Wy (v)] + [Wi(u),ge(v)] =0, Ye=+,
(3.17) (G (1), G (v)] =0,
(3.18) (G (u ),g, (v)] + [g7 (u),G+(v)] =0.

The commutation relations among the generators of A, are now extracted. Inserting (3.5), (3.6) into (3.10)-(3.18),
expanding and identifying terms of same order in U~*V~! one finds equivalently the set of defining relations (2.1)-
(2.11) together with the set of relations (2.17), (2.18) and (2.19)-(2.22) as we now show in details. Precisely, inserting
(3.5) into (3.10), (3.11), one gets (2.4), (2.5), respectively. Inserting (3.5), (3.6) into (3.12), one gets (2.1), (2.21),
(2.22). Inserting (3.5), (3.6) into (3.13), one gets (2.19), (2.20). Inserting (3.5), (3.6) into (3.14) and (3.15), one gets
(2.2), (2.3) as well as (2.17), (2.18). Inserting (3.5), (3.6) into (3.16)-(3.18), one gets (2.5)-(2.11). As the relations
(2.17), (2.18) and (2.19)-(2.22) follow from the defining relations (2.1)-(2.11) by Lemmas 2.3, 2.4, it follows that the
Freidel-Maillet type algebra (3.9) is isomorphic to A,. a

Remark 3.2. The relations (3.10)-(3.18) coincide with the relations [T19b, Lemmas 13.3,13.4] in the algebra U, for
the identification:

(3.19) Ut Vst

(3.20) Wi(u) = tWT (), Wi(v) = sWT(s),

(3.21) Gy(w) =g M@ —a )G 1), G-(u)r=q (¢ —g)G[t) 1),
(3:22) Gi() = @® —a2)G(s) = 1), G-(v)=q " (@® —q)G(s)— 1),
(3.23) pa N —a ) a—q ).

For completeness, let us mention that an alternative presentation of A, can be considered instead, that involves
power series in u in the opposite direction. Indeed, consider the system of relations (3.10)-(3.18) with (3.5)-(3.6).
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Applying the transformation:

We(u) — —Wz(u g7, Gi(u) = —Ge(u g7,

u ul, q»—)q_l,

and similarly for © — v, one finds that

1 —1471 ~14-1 ky(g+q™ )
(324) K/(u) e < u q W- ( k) . k_ q+q—1)g+( )+ ?qiq—l) >
Fraren G- () + Ul 1W+(“71971>
satisfies the Freidel-Maillet type equation:
(3.25) R(u/v) (K'(u) @ I) (RO)™ (IT® K'(v) = (I®K'(v)) (RO (K'(u) @ I) R(u/v) .

This second presentation of Aq will be used in Section 5.

3.2. Central elements. For the Freidel-Maillet type algebra (3.9), central elements can be derived from the so-called
Sklyanin determinant by analogy with [Sk88, Proposition 5]. Define P, = (1 — P)/2. As usual, below ‘tri3’ stands
for the trace over V; ® Vs.

Proposition 3.3. Let K(u) be a solution of (3.9). The quantum determinant
(3.26) D) = tr22 (P (K () @ 1) RO (I @ K (ug)))
is such that [T'(u), (K(v))] = 0.

Proof. Recall the notation (3.2). Introduce the vector space Vy. With respect to the tensor product Vy @ Vi ® Vs, we
denote:

(3.27) Ko(u)=Ku)@I®I, Ki(u)y=I®K(u eI, Ko(u)=IT®I®K(u) .
Consider the product (a) = Ko(v)'(u):
(a) = Ko(v)triz(PRpKi(u) Ry Ka(ug))

= qKo(v)tria (P RSV RY) Ky (u) R\ Ko (ug)) (using  Pjy = ¢P ROV RY))
= qtria (P Ko(v)RSY RS K1 (u) R Ka(ug))  (using  [Ko(v), Piy) = 0)
= qtrip (PR Ko (v) RV K1 () RE) R Ka(ug)) (using [ (u), RYY] = 0)
= qtriz (P Ry (v/u) Ky (u) R Ko (v) Boy (v/u) R R Ka(ug))  (using (3.9)) .
Then we use [Ko(v),Rgg)] 0, [K2(uq), Rm(v/u)] =0 and
Ro1(v/u)RY) RY = RYRY Ryt (v/u)

to show:

Ko(v)tria (P (u) R Ka(ug)) = qtria(Pry Ry (v/u) Ky (w) RGY Ko(0) R REY Roi (v/u) K> (ug))

= qtria (P Roy! (v/u) Ky (u) RYY RS Ko (v) RGY Ka(ug) Rox (v/u))

Applying again (3.9) to the combination Ko(v)Rég)Kg(uq) and using Roz(v/uq)Ry 0) R@ = RS)R((J1 Ro2(v/uq), it
follows:

(@) = gtria(PraRe (v/u) K1 (w)RGY R Roy' (v/ug) Ko (uq) REY Ko (v) Rz (v/ug) Ror (v/u))
= qtria (P Ry, (v/u) Ky (u) Ry (v/ug) RS REY Ko (uq) REY Ko(v) Roa (v/uq) Rox (v/1)
= qtriz (P Ryt (v/u) Ry (v/ug) K1 (u) RY) K (ug) REY RSy Ko (v) Roa (v/ug) Ry (v/u)).
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Then, using Pj3Ro(z/q)Ro1(z) = Pi(22 — ¢2) (22 — ¢2) /a2, ¢PR\Y R = Py, eq. (3.9) and the cyclicity of the
trace, the last expression simplifies to:
() = qiria(Pp I (u)RYY Ko (ug) RY Ry Ko (v) Pry)
= tryo(PoKy (u) R Ko (ug)) Ko(v)
= T(u)Ko(v) .

Now, define:

I S N
TPy <A( ) <q—q—1>> |

Using the entries of (3.8), by Proposition 3.3 it implies [A(u), Wi (v)] = [A(u),G+(v)] = 0. Using (3.5), (3.6), it
follows:

Corollary 3.4.

(3:28) AW = (q—q e (Wi (W-(uq) + W-()Wy (ug)) - % (G+()9-(ua) + G- ()G (ua) )
— G4 (u) = Gy (ug) = G- (u) — G (ug)
provides a generating function for central elements in Aq.

Expanding A(u) in power series of U = qu?/(q+ ¢~ ), the coefficients produce the central elements of flq given by
(2.26). Namely, by straightforward calculations one gets:

Alw) ==Y U g g™ + ¢ Any

n=0

Remark 3.5. In [T19b, Lemma 13.8], a generating function for central elements is given. By [T19b, Corollary 8.4]
and [T19b, Definition 13.1], alternatively three other generating functions may be considered. For instance:

Z2'(t) = Gla)Gla™'t) —atW T (at)W(¢7't)
a(2¥(t) = Gla)G(g~'t) — W (@)W F(q™'t) .
Using the identification (3.19)-(3.23), the image of the generating function A(u) in the algebra U follows:
Alu) = —q~H(¢* =) (2V (¢ ) +a(2¥(a ') -

3.3. Specialization ¢ — 1. Due to the presence of poles at ¢ = 1 in the off-diagonal entries of K(u) in (3.8), the
relations (3.9) are not suitable for the specialization ¢ — 1. However, it is possible to solve this problem within
the framework of the non-standard classical Yang-Baxter algebra [C83, S83, BabV90, Skr06] in order to obtain an
alternative presentation of A, besides Definition 2.16, viewed as a specialization ¢ — 1 of the Freidel-Maillet type
algebra (3.9). Introduce the r-matrix?

1 0 0 0
~ B 1 0 -1 2u/v O
(329) T(Uy'U) - (u2/v2 — 1) 0 2u/v -1 0
0 0 0 1
solution of the non-standard classical Yang-Baxter equation [BabV90]:
(3.30) [ T13(u1,us) , Tos(uz,us) | = [ Ta1(uz,ur) , T13(ur,us) |+ [ Fas(uz, us) , F12(ur,u2) |,

°Note that this r-matrix can be obtained from a limiting case of a r-matrix considered in [BBC17].
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where Ta1 (u,v) = PF12(u,v)P (= 712(u, v) for (3.29)). Define the generating functions:

o0 (o)
(3.31) wy(u) = Z:W_;CU_IC_1 , w_(u) = Zwk+1U_k_l ,
=0 k=0
(3.32) gr(w) = Y g U, g (=) g UM with U=u?/2.

Proposition 3.6. The algebra A admits a FRT presentation given by
1 /1

(3.33) Blu) =+ (4 g (u) gW(U)>

uwy(u) 7 g4 (u)
that satisfies the non-standard classical Yang-Baxter algebra
(334) [ Bl(u) R BQ(’U) ] = [ ’Fgl(’l},u) s B1(u) } + [ BQ(’U) R ’F12(U,’U) ] .
Proof. Insert (3.33) into (3.34) with (3.29). Define the formal variables U = u?/2 and V = v?/2. One obtains
equivalently:

1

(U = V) [we(w), we(v)] = 5(g2(w) = 9=(u) + g=(v) = g2(v)) ,
(U - V)[ c(w), ws (V)] F e16(Uws(u) — Vws(v)) =0, e==+1,
[9+(u), g5(v)] =0,

[wi( )awi( )] =0, [gi(u)’gi(v)] =0.
These relations are equivalent to the specialization ¢ — 1 of (3.10)-(3.18) (p — 16). Using (3.31), the above equations
are equivalent to (2.38)-(2.41). O

Remark 3.7. For the specialization ¢ — 1, the generating function (3.28) reduces to §(u) = —2(g+(u) + g—(u)).

4. QUOTIENTS OF A, AND TENSOR PRODUCT REPRESENTATIONS

In this section, a class of solutions - so-called ‘dressed’ solutions - of the Freidel-Maillet type equation (3.9) are con-
structed and studied in details by adapting known technics of the so-called reflection equation [Sk88], see Proposition
4.1. By Lemma 4.3, it is shown that the entries of the dressed solutions can be written in terms of the ‘truncated’
generating functions (4.28)-(4.29), whose generators act on N —fold tensor product representations of Uy (slz) according

0 (4.16)-(4.19). Realizations of A, in U,(sl2)®" are obtained, see Proposition 4.5.

4.1. Dressed solutions of the Freidel-Maillet type equation. The starting point of the following analysis is an
adaptation of [Sk88, Proposition 2], [FM91], to the Freidel-Maillet type equation (3.9), thus we skip the proof of the
proposition below. Let Ky(u) be a solution of (3.9). Assume there exists a pair of quantum Lax operators satisfying
the exchange relations:

(4.1) R(u/v) (L(u) @ I) (I ® L(v)) = (I® L(v)) (L(u)®I) R(u/v),
(4.2) R(u/v) (Lo(u) @ I) (I ® Lo(v)) = (I ® Lo(v)) (Lo(u) ® I) R(u/v) ,
(4.3) RO (Lo(w)® I) (I ® L(v)) = (I®L(v)) (Lo(u)®I) R Vu,v.

Using (4.1)-(4.3), it is easy to show that Lg(uv1)Ko(u)L(u/vq) for any v; € K* is also a solution of (3.9) (similar to
[Sk88, Proposition 2]). More generally it follows®

3Here the index [j] characterizes the ‘quantum space’ V1) on which the entries of L(u), Lo(u) act. With respect to the ordering Vjg; ®V]y
used below for (4.16)-(4.19), one has:

2

(4.4) (D Ty Tz = D (Dir(T)e; @ (T ke -

k=1
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Proposition 4.1. Let Ko(u) be a solution of (3.9). Let N be a positive integer and {v;}}_., € K*. Let L(u), Lo(u) be
such that (4.1)-(4.3) hold. Then

(4.5) K™ (u) = (Lo(uvn))in -+~ (Lo(wor)) g Ko(w) (L(w/vi))pm - (L(u/vn))im
satisfies (3.9).

This proposition provides a tool for the explicit construction of so-called ‘dressed’ solutions of (3.9). Below, we
construct explicit examples of such solutions. To this end, we first introduce some known basic material. Recall the
algebra U, (slz) consists of three generators denoted Sx,ss. They satisfy

q233 o q—2$3
(46) [837 Si] = jZSi and [S+7 Sf] = - 1
q9—4q
The central element of U, (sl2) is the so-called Casimir operator:
—1,2s3 —2s3 283 —1,—2s3
(4.7) =9 7T " g5 9T T 4 g g

(g—q')? (¢—q1)?
Let V be the spin-j irreducible finite dimensional representation of U,(sls) of dimension 2j + 1. The eigenvalue w, of
Q) is such that

()

(4.8) wj = (qivﬁ with w(()j) = ¢t g%
Define the so-called quantum Lax operators
1/2,s3 0 1/2 ss _ ,,—1,—-1/2 —s3 ( _ 71)‘9
_(uwg g _ [ugg u -q q q9—q -
(4.9) Lo(u) = ( 0 uq1/2q53) and L(u) = ( (q—q~ 1Sy ug'/2q—*s — u1q1/2q53> :

Recall the R-matrices (3.1) and (3.4). One routinely checks that the relation (4.1) holds. The relations (4.2)-(4.3)
follow as a limiting case of (4.1). Note that the overall factor ug'/? in the expression of Lg(u) is kept for further
convenience only. Let k4, €4 € K. Define:

u—1€+ k—+_1
(4.10) Ko(w)=| = W)
Gqn U &

It is checked that Kpy(u) satisfies (3.9). As a basic example of dressed solution, consider the case N = 1 of (4.5).
Define the four operators in Ug(sls):

(4.11) W(()l) = kyv1g"?S,¢% + e g,
412) WY = k_ug?S_q 0 peq P,
(41) —1y,2s
wy L —(g+q )g™? - _ - s 1= -
(4.13) o= k+k—”%( ) (q(— ) : )+(q2—q Vk_€yvig S g + (¢ — ¢ NEre
(J1) —1),—2s
5 wy —(q@+q )g? - _ - —s —1\- =
(4.14) M = gl <(§_q_1)) ) (@ e g S 4 (- g Vese.

Computing explicitly the entries of (4.5) for N = 1, one finds that the dressed solution can be written as:

(1) 1,2 g kiqu® kiviwd  ee_(g—q7h)

(415) KO@) = | ugWo " —u i e Bl U B e R O (T
g + koqu®  koviwi ee_(q—q7Y) uaWM — u—1u2e
Frate D) T laa D) (@-a 3 kilgta D "1 16~
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4.2. General dressed solutions. The structure of the above solution (4.15) can be generalized to dressed solutions of

arbitrary size as we now show. According to the ordering of the ‘quantum’ vector spaces V(N) = VN ® -+ @ Vg @V,

let us first define recursively the four families of operators {W(_]Z),W,EJE,Q,SE, ,(ﬁlihk =0,1,..,N}, where N is a

positive integer:

—1 2
w _ o _(g=a77) 12g ss o g(N-1) 2 (N-1) UN (N-1)
(4.16) Wi = W (UNC] /28, q% @ G, ) + P OWE, - m][(@ Wi
”Nw(()JN) (N)
(q+q 12 —FH7
—1
L7 (N) (g—q ") (k 1/2g o5 (N 1)) —2s5 (N-1) T W(N 1)
( ) Wk+1 7]{4((]—1—(1_1)2 UNQ q ®§ q ®Wk+1 (q+q_1) ®
odwg™ )
(q+q= )2 " 7
2
(4.18) g](cfii _ (q2 _ q_Q)k_qu_l/ZS_qs3 ® W(j}i*l) _ (q—:_}% 283 ® g _|_ I® gkN 1)
UN’lU(JN) g(N)
(q+gq1)27F 7
2
(419) g](c]i)l _ (q2 _ q_2)k+UNq_1/ZS+q_83 R W]E{X;l) _ (qu#l) —263 ® gk + Vi ® gkN 1)
oRwg’™ s
(q+q=1)27"
Here for the special case k = 0 we identify
. kek(g+q7")?
(4.20) W,gN)lk:o =0, W(,]Ziﬂk:o =0, g](cN)lk:O = gk \k 0= +(q(q—q%))1[(N)
together with the ‘initial’ conditions for £ > 1 (the notation (4.27) is used)
(0) a \"' 0) (0) a \"' (0)
4.21 W) = W owl = Wy
(4.21) " (q+q1> <q+q1>”0 0 h (q+q1) <‘J+‘11>U10 !
k
(4.22) GO _ GO _ ( a ) (0)
k+1 k+1 q+q1 1
where
(4.23) W(go) =€, Wl(o) =é_ and QS)) = Q~§O) =é e (qg—qh.

A crucial ingredient in the construction of dressed solutions by induction from (4.5) is the existence of a set of linear
relations satisfied by the operators (4.16)-(4.19). We proceed by strict analogy with [BK05a, Appendix B], thus we
skip most of the details of the proof. For further convenience, introduce the notation:

N
(4.24) e = (—1)N (H v,§> G

4Although the notation is ambiguous, one must keep in mind that W,EN)|;9:0 #* W(j\,i)hg:o W k+1|k 0 # W 1|k o for any N.
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Lemma 4.2. The operators (4.16)-(4.19) satisfy the linear relations:

N N
(4.25) S MW e =0, ZC(N)W(_H +e™M—o,
k=0
(N (N
(4.26) ch )gk+1 =Y, ch )gk+1
s (N) _ o {\N—k—1 —1\k
with® ¢, = (—1) (g+q ")en—p(ai,az, - ,an),
(41) = = —1)2 (3r)
viw Ere_(g—q ) viw
4.27 a; = —+9 + . ooy =—"LLC " for k=2 .. N.
(420 Fg+a ) T kik(g+q ) SNCETED
Proof. For N = 1,2, the four relations (4.25)-(4.26) are explicitly checked. Then we proceed by induction. O

The result below is obtained after some straightforward calculations similar to those performed in [BK05a, BK0O5b],
thus we just sketch the proof. Introduce the ‘truncated’ generating functions:

N—-1
(4.28) z AN @WE T W @) =3 Wi
k=0 k=0
N—-1 N—1
N N N N)Y/ 5
(4.29) Tlwat . 6w =Y il wét
k=0 k=0
where
N
@30) AV ) =D ()Y g+ en_p(an, az, o an)UPTF with U= qu?/(q+q7") .
p=k
Lemma 4.3. Dressed solutions of the form (4.5) can be written as:
(N) —1—(1\’) ky(gta D) p(N)
(4.31) K(N)(u) - ( uq)/(\j\_;_) (u )—:u( | ) q+q‘1)g W ()) ?q q( )f (u )>
e 0 () + A 0 ) uW () + e

with (4.28)-(4.29) and (4.24).

Proof. For N = 1, one checks that (4.31) coincides with (4.15). Then, we proceed by induction. Assume K™ (u) is of
the form (4.31) for N fixed. We compute ((Lo(uvn41)) 11K W) (w)(L(w/vn41))ng1))ij for 4,5 = 1,2. For instance,
consider the entry (11)x41. Explicitly, it reads:

- s 1 ki(g+q! o o
(I)ny1 = ug <(q — ¢ Huni1¢72S ¢ ® (ng\”(u) + —é_q(—iql)) M) ) + ¢ 0™
+(u2qg?® — v} ) @ W (u )) —u eV

°For the elementary symmetric polynomials in the variables {z;|i = 1, ...,n}, we use the notation:

ek(xl,xg,...,xn) = E TjTjy - “xjk .
1<j1<j2<--<jp<n



THE ALTERNATING PRESENTATION OF Uq(g/l\g) 19

Inserting (4.28), (4.29) and using the definitions (4.16)-(4.19), (4.24) for N — N + 1, after some simple operations
and reorganizing all terms one gets :

N-1
(Mys1 = ug (Z ((a+a ) @) = ana i3 @) WY +<q+q—1>f}VN><u>w£N“>> +u e
k=0
N—-1
s3 N _ N N+1 N N+1) |, (N
+Pm e [ > (qu2 W)~ (a+a OS] )(U)) WY (g ¢ WS e
k=0

=I'(u)

Identifying (11)n4+1 with (KVFY(u))1; leads to a set of constraints. They read:

(4.32) (@+a D w) —ania W) = f W) for k=0,.,N -1,
(4.33) (g+a VW = W

and I'(u) = 0. The solution of the constraints (4.32)-(4.33) is given by (4.30). Using this expression, one finds that I'(u)
coincides with the Lh.s of the first equation in (4.25). By Lemma 4.2, it follows I'(u) = 0, so (11)n41 = (KN+D(u)) 14
By similar arguments, one shows (ij)n4+1 = (K™ +1(u)),; using (4.25), (4.26).

4.3. Realizations of Aq in Uq(8l2)®N. According to previous results, dressed solutions of the form (4.31) automat-
ically generate the finite set of operators (4.16)-(4.19). In this section, we show (4.16)-(4.19) extends to & € N and
provide realizations of A, in U,(sl2)®". To this aim, we need a generalization of Lemma 4.2.

Lemma 4.4. For any p € N, the operators (4.16)-(4.19) satisfy the linear relations:

N N
(4.34) Z WL+ 8p0el =0, S qIWI, 6,08 =0,
k=0
(N) . 5(N)
N N
(4.35) Z gk+1+p Z gk+1+p
k=0

Proof. For p = 0 the four relations hold by Lemma 4.2. For N = 1 and any p > 1, the four relations are checked using
(4.21), (4.22). Then we proceed by induction on N. O

Define fl((IN) as the algebra generated by {W(_JZ), W}gﬁ’ Q,Q:L C;,g]ii |k € N}. We are now in position to give the main
result of this section.

Proposition 4.5. The map A, — fl((IN) given by:
W_y — W(—IZ) s Wipr— Wk+1 v Gry1 = Q,EJR , Gry1 e géﬂ
with (4.16)-(4.19) for k € N and (3.7) is a surjective homomorphism.
Proof. Consider the image of (3.8) such that the generators in (3.5), (3.6) map to (4.16)-(4.19). For instance, one has:

(4.36) Wa(u) = Y whlu—r=t = ZW oty STt

keN k=N
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Using (4.34):

o oo N— _(N)

(N)yr—k—1 _ —~N—p—1 _ 1 N) (N) N—p—1 _ &+ N-1
SIS = SOt o 3 S W - S
= p=

1 N-1 1 N—-1k-1 €(N)
- (Z C](CN)UkN> W, (u) + Z c,(CN)W(N)U*N*”*”k S+ _pg-N-1
k=

N N —p N
CSV ) k=0 Cgv ) 1 p=0 ( )
N ;| Nl N-1 £
I N _ _N—
_ (N) (Z k- N) Wi(w)+ 5 DU k=t () > dMurw (+N)U N-1
k= CN " k=0 p=k+1 CNn

Replacing the last expression into (4.36) and using (4.28), (4.29) and (4.30), one gets:
0 ) () = WY () + w2
Similarly, using (4.34), (4.35) one finds:
15 W) 5 W ) a7 e Y )G () 68 ()

It follows féN)(u)K(u) + K™ (u). Thus, the operators (4.16)-(4.19) for k € N generate a quotient of the algebra A,
by the relations (4.34), (4.35). O

Remark 4.6. For the specialization ¢ — 1 in (4.16)-(4.19), realizations of A in U(sly)®YN are obtained.

5. THE ALGEBRA Ay, ALTERNATING SUBALGEBRAS OF U,(gls) AND ROOT VECTORS

Recall that the quantum affine Kac-Moody algebra U, (;l\g) admits a Drinfeld second presentation denoted U, Dr
with generators {x:, hy, K** Ci1/2|k € Z,0 € Z\{0}} [D88, Be94, Ji96]. For ¢ — 1, this presentation specializes to
the universal enveloping algebra of 512 with generators {:zzk ,hi,clk € Z} - called the Cartan-Weyl presentation - see

g. [Be94, top of page 566]. According to (2.47) (similarly (2.51)), a natural question concerns the interpretation of
flq in terms of subalgebras of U, f " (and similarly for A in terms of subalgebras of S/l\g) Although this problem may
look complicated at first sight for ¢ # 1, it is solved using the framework of Freidel-Maillet algebras combined with
the results of Ding-Frenkel [DF93], as shown in this section. In this section, we fix K = C.

We start with the simplified situation ¢ — 1, see Definition 5.3 and Proposition 5.4.

5.1. The algebra A and ‘alternating’ subalgebras of g;l\g The affine general Lie algebra g/l\g admits a presentation
of Serre-Chevalley type and Cartan-Weyl type, closely related with the presentations of the affine Lie algebra sl

[K85, GOS&6]. Consider the presentation of Cartan-Weyl type for _;\lg In the definition below, [.,.] denotes the Lie
bracket.

—~CW —~
Definition 5.1. (Cartan- Weyl presentation gla ) The affine general Lie algebra gls over C is generated by {;zc,f7 €1,k
€2k, clk € Z} subject to the relations:

(5.1) €i k> €5,e] = kcdi k00

(5.2) levp, 2] = +aj,,

(5.3) 20, 7] = Faicy,

(5.4) [z, 2, | = €140 — €200 + e oke
(5.5) [aF,2,,] =0

and c is central.
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Note the automorphism 6 such that:

(5.6) 0 : xf Oy, ek ek, €krrEg, CrrC.
Let
(5.7) hi, = €1k — €25 -

—~CW —
The subalgebra generated by {xf,hk,dk‘ € Z}, denoted sly , is isomorphic to the affine Lie algebra sla. The
commutation relations are given by (5.4), (5.5) with (5.7) and

(5.8) [P, he] = Okye02ke
(5.9) [hi,aF] = 22, .

—~SC
Recall the Serre-Chevalley presentation sl in Appendix A.

—~5C  ~CW
Remark 5.2. An isomorphism sla ~ — sls is given by:
kors —ho—c, ki—hy, ezl , eraxy, firzy, forral,, c——c.

In view of (2.51), we now study the relation between A and g/l\g Isomorphisms between certain subalgebras of g/l\g
and A can be identified through a direct comparison of the defining relations (5.1)-(5.5) and (2.38)-(2.41). However,
although not necessary for ¢ = 1, to prepare the analysis for ¢ # 1 in the next section it is instructive to exhibit these

isomorphisms using the FRT presentation of U (g/l\g), which follows from U (s/l\g)’s one®.

Introduce the following classical (traceless) r-matrix for an indeterminate z # 1 associated with gl\gi

~lz41) 0 0 0
1 0 T(z+1) -2 0
(5.10) r(z) = z—1 0 —2z %(z +1) 0
0 0 0 —1(z+1)
Note that r12(2) = —ra1(1/2) = —ri2(2)t1t2. It satisfies the classical Yang-Baxter equation
(5.11) [113(21/23) , T23(22/23) | = [ r13(21/23) +7r23(22/23) , T12(21/22) | -

For simplicity, we keep the same notation for the generators of U (s/l\g) and s/l\g Defining;:
ho/2  2xg h 21,
+ _ 0 0 k k k
(5.12) TH(z) = < 0 h0/2> +) 2 (233? _hk> ,
k>1
_ o —h0/2 0 i —h_g _21':k
(5.13) ) = <—2;1:3' h0/2> * ;Z —2F,  hy )’

one checks that the relations”

(5.14) [T%(2),¢] = 0,
(5.15) T3 (2), Ty (w)] = [T7(2) + T (w), ra(2/w)]
(5.16) (11 (2), Ty (w)] = [T} (2) + Ty (w), r12(2/w)] = 2er5(2/w)z/w

Swe expect this presentation appears in the literature, although we could not find a reference. Here it is taken from [BBC17].
"We denote '(z) = %r(z) .
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are equivalent to the relations (5.4), (5.5), (5.8), (5.9), where [.,.] now denotes the usual commutator [.,.] . The FRT
presentation for U(g;z\g) is obtained from (5.12), (5.13) as follows. Define the 2 x 2 matrix

1
Hi(z) =+ 5(6170 + 62,0) + Z Zik(elyik + Ez,ik) I.
E>1
The corresponding pair of Lax operators for U(g/l\g) is given by T;ET (2) = T*(2) + H*(z), and satisfy classical Yang-
Baxter relations that follow from (5.14)-(5.16).

We now relate A to certain subalgebras of g/l\g using the FRT presentation. By straightforward computation, it is
found that

(5.17) B(u) — B (u) = _T;T (u?) =ty or B(u)~ Bt(u)= T;T (u™?) — to
2 2
with ¢t = diag(e1 0, €2,0), satisfy the non-standard classical Yang-Baxter equation (3.34) for the identification 7(u, v) =

—r(u?/v?) —rg, where ro = diag(1/2,—1/2,—1/2,1/2). In particular, let us consider the first map in (5.17). Applying
a similarity transformation:

B~ (u) = —M(u)B~(u)!M(u)~" with M(u) = <(1) —()u)
one finds for instance that
_ . 0 0 _op [ 2€1,—k 2ur”
(5.18) B~ (u) = (2u‘1x0+ 0) * ;“ <2u1xik 22,1

satisfies (3.34) for the symmetric r-matrix (3.29). Similarly, from the second map in (5.17) one gets a second solution
of (3.34) with (3.29):

0 2u'zy ok (2e16 2uTlay
+ o 0 2k 1,k k

According to the structure of the matrices (5.18), (5.19) and the automorphism (5.6), different subalgebras that
combine half of the positive/negative root vectors, together with half of the imaginary root vectors are now introduced.

Definition 5.3.

—~,+

(5.20) glo = {2l @kt eop |k €N}
—~d,*

(521) glg = {xz_tk7l':fk_1761’,]@,1,627,]@,1“{ S N} .

bt —at —

We call gZQD and gl; the right and left alternating subalgebras of gla. The subalgebra generated by {e1 o, €2,0,C} is
—~0

denoted gly .

Inserting (5.18) (resp. (5.19)) into (3.34), the relations satisfied by the generators {xik, €1 44, €2 1¢} are extracted.
They are identical to the defining relations of the subalgebra g/\lgq’Jr (resp. g/l\gbﬁ). Thus, FRT presentations for g/l\2%7
and g,\l2<,+ are given respectively by (5.19), (5.18) satisfying (3.34). Applying the automorphism (5.6) to (5.19), (5.18),
one gets the FRT presentations of g;l\gb’+ and g/l\;’i, respectively.

In particular, combining above results with those of Section 3 it follows:

_ D, _ o~
Proposition 5.4. There exists an algebra isomorphism A — U(glgD ) (resp. A — U(gl; )) such that:

1-k,.— 1-Fk .+ 3—k ~ 3—k
W_p — 2 xk—&-l N Wi — 2 Ty 8r+1 — 2 €1.k+1 8r+1 — 2 €2 k+1

1k, — 1—k, + 3k - 3k
(resp. wop =2 T, Wet1 — 27720, 1 Bre1 27 e k-1, Bpy1 P 27 Te2 g1 -
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Proof. Identify (B (u)) for (5.19), (5.18), to (3.33). O

Observe that the elements 5ki+1 = €1,4+(k+1) T €2,4+(k+1) are central. If we denote 7t = {5;::_5_1}%1\1 and introduce the
~D, —~,—
alternating subalgebras slzD = {x;,x;+1,hk+1|k € N} (resp. slgq = {x:k,xfk_ph,k,ﬂk € N}), in addition to
e e e

(2.51) one has the decompositions glzD = Sl2‘> ®z" and glgq = Slgq @® Z~. So, the images become:

(5.22) G122 (et +680) 0 B = 227 (—hea +61)

(5.23) (resp. 8rr1 227k(h—k—1 + 5k_+1) s Bht1 22ik(—h—k—1 + 5;:“)) -

In the next section, by analogy we use the Freidel-Maillet type presentation given in Section 3 to derive g-analogs
of the isomorphisms of Proposition 5.4.

5.2. The algebra A, and ‘alternating’ subalgebras of U, (g/l\g) The Drinfeld second presentation [GJ02, FMu02]
and FRT presentation of U,(gl2) [RS90, DF93] are first reviewed, see Definition 5.5 and Theorem 5.7. Then, ‘alternat-

ing’ subalgebras of Uq(_;\lg) that can be viewed as g-analogs of (5.20), (5.21) are identified, see Definition 5.12. Using
the Ding-Frenkel isomorphism [DF93], K-matrices K*(u) (or K'*(u)) that satisfy the Freidel-Maillet type equation
(3.9) (or (3.25)) are constructed using a dressing procedure, see Lemmas 5.15, 5.16 or 5.17. By a direct comparison of
the K-matrix (3.8) (resp. (3.24)) to the K-matrix K~ (u) (resp. K'*(u)), explicit isomorphisms from A, to alternating

subalgebras of Uq(g/i\g) are derived, see Propositions 5.18, 5.20. For the first generators, Examples 5.19, 5.21 are given.

5.2.1. Drinfeld second presentation and FRT presentation of Uq(g/l\g). In this subsection, we review some necessary

material. For the quantum affine Kac-Moody algebra U,(slz), there are two standard presentations: the Drinfeld-
Jimbo presentation denoted UqDJ and the Drinfeld (second) presentation denoted UqDT, see e.g. [CP94, p. 392], [Dal4].

For Uq(g/z\g), an analog of Drinfeld second presentation is known [GJ02, FMu02].

Definition 5.5. The quantum affine algebra Uq(g/l\g) is isomorphic to the associative algebra over C(q) with generators
E €10, Ea0, KEY K € Z,0 € Z\{0}}, central elements CEY/2 and the following relations:

(5.24) c\2c12 =1, KK'=K'K=
k ck _ -k

5.25 EirsEju z[]q45z Opte0, Kk =E& kK,

s s k qg—q 2J > s

(]

(5.26) [51,k7X2t] = iTqC:FIk\/QqIH/QXiLZ
(]

(5.27) [&,mxzt] = :FTQCHM/QQ_MVQX%JJ

(5.28) Kt K = g#2xct |

(5.29) xﬁ_lxi qﬂxétxzt-u = qﬂxlf +1 X?-HX% )

C(k—[)/ka ¢ — C—(k—[)/2¢k )
5.30 o] = + +)
( ) [ ko7 ] q— qil

where the 1 and ¢ are defined by the following equalities of formal power series in the indeterminate z:

(5.31) P(z) = Zwkzszexp<q—q thz )
k=0

(5.32) o(z) = Z(bkz:Klexp( q—q- Zh kz),
k=0
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where we denote:
(5.33) b, = ¢*28 ), — ¢ K128,
Note that there exists a g-analog of the automorphism (5.6) such that:
(5.34) 0: xFext, Sror, Er—&Ex, KoK, OO0l gmqt.
In addition, there exists an automorphism:
(5.35) v e K, xg o KT Sl Sy S Eagy, K K, OV2 0 012

The associative subalgebra generated by {xi, hy, K¥', C¥1/2|k € Z,¢ € Z\{0}} is isomorphic to the quantum affine

algebra Uq(s/l;), known in the literature as the Drinfeld second presentation U, f ". The corresponding defining relations
are given by (5.24), (5.28)-(5.30) and

1 ch—C*k
(536) [hk, h[] = 5k+g70E [Qk]QF 5
1
(5.37) [he,x7 ] = j:%[Qlf]qcﬂ’“l/?xgH :

Remark 5.6. Recall the defining relations of UqD‘] in Appendiz A. An isomorphism UqDJ — UqDT is given by (see e.g
[CP94, p. 393]):

(5.38) Ko—CK', Ki—K, Ei—xi, Ey—xxK', Fimx, Fy— K<

Note that it is still an open problem to find the complete Hopf algebra isomorphism between UqD 7 and U, (;3 ". Only
partial information is known, see e.g. [CP91, Section 4.4].

Extending previous works [FRT89, RS90], for the quantum affine Lie algebra of type A such as Uq(g/l;) a FRT
presentation has been obtained in [DF93]. For type B, C, D, see [JLM19, JLM20]. The explicit isomorphism between
the Drinfeld second presentation of Uq(g/z\g) and FRT presentation given in [DF93] is now recalled. Define:

1 0 0 0

_ 0 =L ) g

(5.39) ORI R
2q—q—1 2q—q—1

0 0 0 1

which satisfies the Yang-Baxter equation (3.3). Note that Ris(z) = R5?(z). The above R-matrix is related to the
symmetric R-matrix (3.1) through the similarity transformations:

(640) (Y- 2g) " Blu/e) = M(uh M@)o 1) M)y M)

- u-1/2
= M(u); " M(@)y " Ray (u? Jv?) M(v)oM(u);  with M(u)z( 0 u?/Q)’

Theorem 5.7. (see [RS90, DF93]) Uq(g/l\g) admits a FRT presentation given by a unital associative algebra with

generators {xf7 k;f,g, kﬂ, qic/Q\k € 7,0 € N,j=1,2}. The generators q=¢/? are central and mutally inverse. Define:

(KR K (2)F(2)
(5.41) L*¥(z) = (ei(z)kﬂz) K (2) + ei@)kiﬁ(@#(z))
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in terms of the generating functions in the indeterminate z:

(5.42) ) = (G—q Z PN e () = —(g—q7 ) DM
k=1
(5.43) fJF(Z) = (¢— qil) quk(c/2+1)xi-kzk . F(2)=—(q¢— qil) quk(cﬂfl)xﬁsz ’
(5.44) k;r(z) = ikj_kzk , ki (2) = ikgkz_k , Jj=12.
k=0 k=0
The defining relations are the following:
(5.45) kiokio = kiokio=1,
(5.46) ) R(z/w) (L¥(z)® I) (I ® L*(w)) = (I®L*(w)) (L*(2)®I) }:{(z/w) :
(5.47) R(¢°z/w) (LT (2)@0) (I ® L™ (w)) = (I®L (w)) (LT(2)® ) R(q“z/w) .

For (5.46), the expansion direction of R(z/w) can be chosen in z/w or w/z, but for (5.47) the expansion direction is
only in z/w. Uy(gls) is a Hopf algebra. The coproduct A is defined by:

(5.48) A(L*(2)) = (L* (2q*192)) 1 (L* (27250
and its antipode is S(L*(z)) = L*(2)~L.
Remark 5.8. The inverse quantum Lax operators (5.41) are [DF93, eq. (4.9)]:

-1 + -1 —F (2 + 2)) -1
o4 (Li(z))l((m)) _J;j;”f;f@i v Ft<(k§)§§§>(1)) >

The explicit isomorphism between the FRT presentation of Theorem 5.7 and Drinfeld second presentation of Uq(g/fg)
of Definition 5.5 is given in [GJ02, Section 4]. Introduce the generating functions [DF93]:

(5.50) xE(z) = Zxkisz .

keZ
In terms of (5.42), (5.43), one has:

xF(z) = (g—qg )" (f+(qc/2+1z) - f_(q,c/gﬂz)) ’

X (Z) — (q _ q—l)—l <e+(q_c/2+lz) _ e—(qc/2+1z))
and
o2 — qc/2

The generating functions {ki(z)}i=1 2 are related with the generators {&; 1 }i=1.2 as follows [GJ02, Section 4] (see also
[FMu02)):

(551) k?:( ) = kiO exp ( q - q Z ; $nz )

n=1

where the new generators

(5.52) aim = q" (q\ml/zglm -~ q—lm\/252)m) +azm

Imlg,
_ 2mtmle (1M Eum + 4™ E
(553) azm = ( ( m (1 T q2|m|)1/2 +£2,m y
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are introduced. The generators kfo are such that [kfo, ajm] = [Kf o, k;:o] = 0 for any 7, j and
(5.54) kyo(kio) " =K,  kig(kip) =K.

The commutation relations of Uq(g/i\g) presented in terms of the generators {a; ,|i = 1,2} are given in [GJ02,
Section 4]. Although not reported here, for further analysis some of those are displayed in Appendix B.

In the context of the FRT presentation of U, (g/l\g) [DF93], the explicit exchange relations between the generating
functions (5.42)-(5.44) are extracted from (5.46), (5.47) inserting (5.41). We refer the reader to [DF93, p. 288-292]
for details. In particular, for the following analysis, we will need the asymptotics of some of the exchange relations
displayed in [DF93]. Considering the limits kj‘(O) and k; (00) of (5.44), from [DF93, eqs. (4.24), (4.25), (4.40), (4.41)]
one gets for instance:

(5.55) kipet (w)(kip) ™" = qFle®(w) , kiof (w)(kip) ™' = ¢ F (w),
(5.56) (ko) 'eF(w)kay = qFle®(w) ,  (ky) ' (w)kyy = ¢ F (w)
and from [DF93, eqs. (4.13), (4.14), (4.17)] one gets:

(5.57) kioks (w) = ki (w)kiy , ok (w) =k (w)kify , i#j=12.

To prepare the discussion in further sections, the description of the known embedding Uq(s/l;) — U, (g/l\g) is now

recalled. First, central elements of U, (g/\lg) are constructed using the FRT presentation. Following [FMu02, Section
2.6], define the generating functions:

(5.58) y(2) = k{ (¢ 2)kg (g2) -

By [DF93, eq. (4.17)], note that the ordering of the factors in (5.58) is irrelevant. Using the other exchange relations

in [DF93], one finds [y*(2),e(w)] = [y*(2),f(w)] = [y*(2), ki(w)] = [y*(2),ki(w)] =0 for € = + and any z,w.

Proposition 5.9. (see [FMu02]) The coefficients of the generating function y*(z) are central elements of Uq(g/l\g).

Corollary 5.10. The elements

(5.59) kljF,ok;F,o and  Ym =q"a1m +q a2, for meZ*

are central in Uq(g/\lg).

Proof. Tnsert (5.51) into (5.58). Identify the coefficients of the resulting power series y*(z). O
Note that [Uq(g@), y] =0 fory = kfokzi,m ~m can be independently checked using (5.52), (5.53) and the commu-

tation relations (B.1)-(B.4).

Remark 5.11. In terms of the generators hy,, (5.33) and central elements v, (5.59), the new generators i m,a2.m
entering in (5.51) decompose as:

_q
14 ¢*™

m m

q
hm m) s m = 7 . o
( + Y ) az, 1+ q72m

(5.60) a1m (—hm + ¢ 2" vm)

It is known that the elements (5.59) and C*'/2 generate® the center of Uq(g;l\g). The following arguments are
described in [FMu02] (see also [JLM19]). Denote C the subalgebra generated by (5.59). One has the embedding
UqDT ® C < Uy(gls) . Furthermore, define U’qDT as the extension of UqD’" by /2, K*1/2 and define C' as the
extension of C by (kfokio)l/g. Then, one has the inverse embedding Uq(gl\g) — U"?T ®C'. Tt follows that Uq(g/l\g) and

U’ 57' ® C are “almost” isomorphic. So, one has the tensor product decomposition:

(5.61) Uylgly) 2 UP & C .

81 thank N. Jing for communications on this point. Note that the analogs of yi(z) are known for higher rank affine Lie algebras of type
A,B,C,D [FMu02, JLM19, JLM20].
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For more details, see e.g. [JLM19, Proposition 2.3, Corollary 2.4]. The explicit isomorphism ¢p : Uq(g/\lz) — UqDT ®C
is constructed along these lines. In view of these comments, UqD " can be considered as the quotient of the Drinfeld

type presentation of Uy (5\12) by the relations
(5.62) yr(z) =1 S kli’okzi’o =1 and v, =0 VYmeZ".

Below, we will use the surjective homomorphism ~vp : U, (g/l\g) — UqD " using the presentation of Theorem 5.7. Recall
(5.50) and (5.51). Using (5.60) and setting (5.62), for instance one has:

(5.63) WD(QC/Q) O VD(Xi(Z)) = Xi(z) ;

1 2m
(5.64) Yp(a1,m) Whm ) vp(azm) — —qmiﬁhm 5
(5.65) o (kio(kio) ™) = K

Thus, the FRT presentation of U, (Q;) is obtained as a corollary of [DF93, Main Theorem]. It is given by the image
of (5.46), (5.47) with (5.41) via vp.

5.2.2. Alternating subalgebras Uq(g/l\g)b’i and Uq(gl\g)q’i and K-matrices. By analogy with the analysis of previous
section, we need to identify g-deformed analogs of the “classical” alternating subalgebras (5.20), (5.21). For instance,
consider the elements:

(5.66) CTHEKIxE, O 2 S, Eopsr for kKEN.
Using the defining relations of U, (g/l\g), for k,¢ € N one finds:
[Eik,Eje] =0,
—0/2—1 + [k]q k)2 ~—(k+6) /2 —1 + —0/2p—1 -+ [k]q el Tonl (Gl
[Slyk,C K XZ] = T(] C K Xk—i—é 5 [52,;6,0 K Xé} = — L c~ K™ Xk+€ s
(e+1)/2,— [k]q k/2(k+E41) /2, — (6+1)/2,— [k]q —k/2 (k1) /2 —
[El’k,C er] =1 C Xy o4l s [Sg’k,C X£+1] = 4 C Xy i1 -

Furthermore, the relations (5.29) are left invariant by the action of O~ (*++1)/2K~2 for (++) or the action of C'(F+¢+1)/2
for (——). Also, using (5.28), (5.30) one finds:
1

[CFPK I, 2 ] = p— K™Yot + (¢ — 1) (C—k/zK—lxz) (C(€+1)/2xé—+1> .

According to (5.31), K14, only depends on hy, so it is a combination of &1k, E2k. Thus, we conclude that the

elements (5.66) form a subalgebra of Uy(glz). Other subsets of elements are similarly considered, which form different
subalgebras. It follows:

Definition 5.12.

Uq(‘;\b)b,ﬂ: — {C$k/2K71X%7 Ci<k+1)/2Xz:+1, 817k+17827k+1|]€ c N} ,
Uq(g/l\Q)q’i = {C@k/%ék,Ci(kﬂ)/zxfk_lK, E1—k—1,E 1]k € N} .

We call Uq(g/l\z)b’i and Uq(g/l:z\)q’i the right and left alternating subalgebras of Uq(g/l\g). The subalgebra generated by
{KE!, CEY2Y s denoted U, (gla)°.

In each alternating subalgebra introduced above, the center is characterized as follows. Consider for instance

U, (g/fg)‘>7i. Its center is the subalgebra of C generated by some of the coefficients of the generating function y*(z) as
defined in (5.58).
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Remark 5.13. The center C> (resp. C* ) of Uq(g\lg)b’i (resp. Uq(g\lg)q’i) is generated by v, (resp. Y—m) with
m € N*.

For Uq(gi;), it is known that given a certain ordering the elements {xi", h, KEL CE2|k € 7,0 € Z\{0}} generate
a PBW basis, see [Be94, Proposition 6.1] with [BCP98, Lemma 1.5]. According to (5.33), with a minor modification

in the Cartan sector associated w/iﬁh the decomposition of hy into &, &k, a PBW basis for U, (g/l\g) is obtained. If
one considers the subalgebra U,(gl2)™*, let us choose the ordering:
OV <Oxg < <& 1<Elp< <1 <Ep<-<CVK I <K,
whereas for the subalgebra U, (g}E)“’* we choose the ordering:
xg <CY3xT < <61 <E12< - <Ep<Ean<- < C XL,K<CTYXF K.
It follows:

Proposition 5.14. The vector space Uq(g/l\g)'>7+ (resp. Uq(g/l\g)q’_) has a linear basis consisting of the products
12y (n € N) with x; € Uy(gla)™> " (resp. x; € Uy(gla)®™ ) such that x1 < x9 < -+ <y

Using the automorphism (5.34), PBW bases for Uq(g/\lg)b’_ and Uq(g/l\2)<"+ are similarly obtained.

We now turn to the construction of K-matrices satisfying the Freidel-Maillet type equations (3.9) or (3.25), whose
entries are formal power series in the elements of alternating subalgebras. Assume there exists a matrix K 0 with scalar
entries and two quantum Lax operators L(z), L such that the following relations hold (Rg;(z) = PR12(2)P):

(5.67) Ria(z/w) KY RO Ky = KJ RO KV Ry (z/w) ,
(5.68) Riz(z/w)Li(2)La(w) = Lo(w)Ly(2)Ria(z/w) ,
(5.69) Roy (2/w)(L°)1(L%)2 = (L%)2(L%)1Rar(2/w)
(5.70) (L) RO Ly(w) = Ly(w)RO (L), ,

(5.71) Li(z)RO(L%y = (L°)9ROL,(z) .
Adapting [Sk88, Proposition 2], using the above relations one finds that :

(5.72) K(z) — L(z)K°L°

satisfies the following Freidel-Maillet type equation (for a non-symmetric R-matrix)
(5.73) Ria(z/w) (K(2)® I) RO (I ® K(w)) = (I ® K(w)) R (K(2) ® II) Roi(z/w) .

An example built from the FRT presentation for U, (g/l\g) of Theorem 5.7 is obtained as follows. For the choices
(5.74) L(z) = L™ (2) and L%+ L% =diag((ky,) ", (kio)™") ,

eq. (5.68) holds and using the exchange relations (5.55)-(5.57) it is checked that egs. (5.69)-(5.71) hold. Also, for the
choice

o 0 k?(qug:)l)
(5.75) K" = k_(q+q—) qé

(q—q™1)
it is checked that eq. (5.67) holds. It follows
(5.76) K(2) = K~ (2) = L™ (2)K°L™°
satisfies (5.73). Note that eq. (5.73) is left invariant under the transformation (z,w) — (Az, Aw) for any A € C*.

A solution of (3.9) associated with the symmetric R-matrix (3.1) is readily obtained using the similarity transfor-
mation (5.40).
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Lemma 5.15. The dressed K-matrix

K (u) = u (SEE @ ) ) ) SR () o)
B0 (g (qu?) + € (qu) Ky (qu?) (qu?)) (o) ™ (B8 e (qu) K (qu?) (ki) )

satisfies the Freidel-Maillet type equation (3.9).

Proof. The K-matrix K~ (z) defined by (5.76) satisfies (5.73). Applying the transformation (5.40) to (5.73) and
defining

K™ (u) = M(u)K~ (qu*)M(u) ,
the claim follows. 0

Another solution of (3.9) is obtained as follows. Assume there exists two quantum Lax operators L(z), L° such that
the relations (5.70), (5.71) and

Ro1(2/w)Li(2)La(w) = La(w)Li(z)Rar(z/w) ,
Riz(z/w)(LO)1(L%)s = (L%)o(LO)1 Rua(2/w)
are satisfied. It is straightforward to check that
(5.77) L(z) = (LY(z"")™" and L%+ L0 = diag(k3 o, ki)
obey the above set of relations. Then
(5.78) K(z) = K*(2) = LPORY(LY (27 )7
satisfies (5.73). Using this result combined with the similarity transformation (5.40), it follows:
Lemma 5.16. The dressed K-matriz
(B Dk (1) et (1/qu?)) Belata D gtk (1) qu?) !

B ety (K (1/qu) ™+ (1 qu) kS (1 qu?) et (1/qu?)) (=020 (1/qu?) k5 (1/qu?) )

K*(u) =

satisfies the Freidel-Maillet type equation (3.9).

For completeness, a K-matrix satisfying (3.25) is now constructed along the same lines. To this aim, we consider
the set of relations (5.67)-(5.71) with the substitution:

(5.79) R© — (RO~

For the choices

(5.80) L(z) = L% (z) and L%~ L'"% =diag((ki,) ™", (ki) ™" ,

one finds that

(5.81) K(z) — Kt (2) = LT (2)K°L'+°

satisfies (for the non-symmetric R-matrix)

(5.82) Ruis(2/w) (K(z) © 1) (R)™" (I © K(w)) = (I K(w)) (R)™ (K(2) ® I) Rar(2/w) .

Using (5.40), it follows:
Lemma 5.17. The dressed K-matrix

K ) Tt (B (qu?) P (qu?) (ko) ) BelOhg ) et (qu?) (k) !
_ " 1
Eleta ) (K (qu?) + e (qu)it (qu?) P (au?)) (ko) (B0 et (qu?)i (qu?) (o) )

satisfies the Freidel-Maillet type equation (3.25).
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The entries of the K-matrices are formal power series in the elements of the alternating subalgebras. Consider for
instance the entry (K~ (u))11. One has:

—1
@n = we | EOC G ) )t | by 556)
q ———

=q(ky o)~ (qu?)

B k_(g+q¢ Y _ o
— ulg 7q(q_qi’1 ) @) () (gu?) by (5.51).
N—— —

=K~lexp(—(q—q~1) X522, a1,n(qu?)~™)

Inserting (5.43), one gets:

(K~ (w)n = wug <—k(q2+1)exp< q9-q Zaln qu®) )Zq’“C KT (qu®) ’“‘1> :

k=0

According to Definition 5.12 and (5.52), (5.53), we conclude (K~ (u))11 € Uq(g/l\g)>7+ ® C[[u?]]. Studying similarly the
other entries and repeating the same analysis for K (u) and K'* (u), one finds:
(5.83) (K~ ()i € Uy(gla) " @ Cllw?)] , (K™ (u))i; € Uy(gla)™~ @ C[[w’]],

and (K" (u))i; € Uq(g\lZ)q’_ ® C[[u?] .

5.2.3. Isomorphisms relating A, and the alternating subalgebras U, (g/\lg)‘*i and Uq(g/\lg)q’i. Recall the Freidel-Maillet
type presentation for A, of Theorem 3.1. A direct comparison between the K-matrix (3.8) and the K-matrices K= (u)

previously derived provides explicit maps from f{q to the alternating subalgebras of U, (571\2) Recall the generating
functions (3.5), (3.6) of the algebra A,.

Proposition 5.18. There ezists an isomorphism from A, to U, (g;l\z)D’Jr such that:

(5.84) Wy(u)— —k_(¢*+1)exp ( a—q ch n(qu?) ) > ORI (quA) TR

k=0

(5.85)  W_(u) =~ —ki(q? (Zq’““C“‘“)/Z L(qu?)F 1) eXp< a—q Zaln qu?) ") :

k=0
(5.86) Gi(u) — . _ﬁq_ (exp (—(q —q ") Z al,n(quz)"> - 1) :
(5.87) G-(u) — 7 _ﬁq_l (exp ( (¢g—q Z ag.n(qu®) ”) - 1)

o0
k,£=0

[

Proof. As previously discussed, using (5.42), (5.43) and (5.51), the entries of K~ (u) are power series in qu?. Identifying
(3.8) with K~ (u), one gets the above homomorphism A, — Uq(g/\lg)'>’+ through identifying the generating functions.
It remains to show that it is an isomorphism. Firstly, by analogy with U, (S/Z\Q) [CP94, page 289], U (972) with defining
relations (5.1)-(5.5) is known as the specialization ¢ — 1 of Uq(;\lg). So, the subalgebra Uq(g/l\g)‘>7+ specializes to
U(gla)>* with (5.20). Secondly, by Proposition 5.4 A 2 U(gly)*. Thirdly, by Proposition 2.18 A is the specialization
of A; at ¢ — 1,p — 16. All together, we conclude that the map above is an isomorphism. |
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Identifying the leading terms of the power series, one finds for instance:

Example 5.19. The image in Uq(g/g)‘>’+ of the first generators of A, is such that:

Wo — —k_gK'x}, Wi — —k . CY2x
P = p pla—q ") , 1/2 — po—1 +
G ———— a1, G — — a1+ ——¢ Coxy K xt .
q+q! q+q! (g+qb) ! 0

As a second example, recall the Freidel-Maillet type presentation (3.25) for A, with (3.24). In this case, the
K-matrix (3.24) is compared with the K-matrix K'* (u) of Lemma 5.17. It follows

Proposition 5.20. There ezists an isomorphism from A, to Uq(g/\lz)q’_ such that:

Wi(u™'q™") = ki(g+q” Zq FOR2xC )k“em(q—q Zalfn (qu?) )

o0

W_(ulq™h) = k-(g+q exp | ( ( q—q" Zal n(qu®) ) (Zq’““c (D2t _1K(qu2)’““> :

Gru g™y —L (eXp ( q—q" Zal—n qu?) )—1> :

q—q
G (u gl = # <eXp ( a-q Zaz —n(qu?) ) - 1)
+plg—q7") Y g FIOET N exp ( q9—q Zal _n(qu?) )X 1 Klqu?)F et
k=0 n=1

Example 5.21. The image in Uq(g;l\g)q’_ of the first generators of A, is such that:

Wo +— kixy , Wi — k_qC~12x" K,
P . P plg—q") 12
Gl = ———a1,—1, G1 = ———=a2, 1 + 76’ K
q+qt q+qt (¢g+q71)

So, the alternating subalgebra U, (g}l})‘** (resp. Uq(@)q’*) admits a Freidel-Maillet type presentation given by the
K-matrix K~ (u) (resp. K'T(u)) satisfying eq. (3.9) (resp. eq. (3.25)). Using the automorphism (5.34), a presentation
for Uy(gl2)>~ (resp. Uy(gl2)® ") can be obtained as well.

Finally, let us introduce the alternating subalgebras of UqDT.

Definition 5.22.

Uqu,b,:t _ {OﬂFk/QK—lX%’C:t(k+1)/2xz+1, hk|k c N} 7

UPre® = {CFR2xE,  CEDE, K, hlk € N} .
We call U(P"D’i and UQDM*jE the right and left alternating subalgebras oquDT. The subalgebra generated by {Kil, Cc*/2y
is denoted Uf"o,

As a corollary of (5.61) and Remark 5.13, one has the tensor product decompositions:
Uq(g;l\z)b’i o~ Uqu,D,ﬂ: ®C”, Uq(g/l\g)q’i o~ Uqu,q,ﬂ: ®C .
Recall (5.59).
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Remark 5.23. The alternating subalgebra Ufr’b’i (resp. UqDT’q’i) is the quotient of Uq(g/l\z)b’i (resp. Uq(g/l\g)q’i) by
the ideal generated from the relations {vm+1 = 0] Vm € N} (resp. {y—m—-1 = 0| Ym € N} ).

We conclude this section with some comments. Using the isomorphism of Propositions 5.18, the image of the
generating function A(u) € Z® C|[u?]] defined by (3.28) gives a generating function in C> @ C[[u?]] that looks more
complicated than (5.58). In the context of FRT/Sklyanin/Freidel-Maillet type presentations, this is not surprising
as A(u) and y*(qu?) are built from different quantum determinants (see e.g. [Sk88] for details). However, as a
consistency check one can compare the leading orders of both power series. For instance, let us compute the image in
U, (L(;E)D’Jr of Ay given by (2.27) using the expressions of Example 5.19. After simplifications using (5.28), (5.30), it
reduces to:

2 _
Ay = _Tl)z(qal,l +q tasq) ,

which produces 71 (see (5.59) for m = 1).

5.3. The comodule algebra homomorphism § : A, — Uq(g/l\g)D’J“O ®A,. At the end of Section 2, a coaction map
(Wo, Wy) — Uf J+.0 @ (Wp, W1) has been given. In this subsection, we study further the comodule algebra structure
of A, using the FRT presentation of Theorem 5.7. A coaction formula for all the generators of A, is derived as follows.
Recall the coproduct formulae for the quantum Lax operators (5.48). Take the K-matrix (5.76) and define the new
K-matrix:

(5.88) A(L™(2) KON (L70) = (L™ (¢ "®8)y | (L7 (252 KAL)y [ (L7 -

=(K-(2¢'3%V))y

By construction, it satisfies (5.73) for the non-symmetric R-matrix (5.39). Using the invariance of (5.73) under shifts
in the ratio z/w, it follows that

0K (2) = (L™ () (K~ () (L)

solves (5.73). More generally, starting from any K-matrix satisfying (5.73) and following standard arguments [Sk88]
different types of coactions can be constructed from the FRT presentation. Using (5.40), for a symmetric R-matrix
for instance it yields to:

Proposition 5.24. The Freidel-Maillet type presentation (3.9) of A, associated with R-matriz (5.1) and K-matriz
(3.8) admits a comodule algebra structure. The left coaction is given by:

(5.89) B (1)) = (M) (gu?)M(u) ™) oy (K~ () (L)

A right coaction map is similarly obtained by analogy with (5.78). Now, recall the generating functions (3.5), (3.6).
Also, define U, (glg)D 0 as the alternating subalgebra U, (glg)l> + extended by K, K™

Lemma 5.25. There exists a left comodule algebra homomorphism & : A, — Uq(glg)D’J“O ® A, such that:

V) > ) ok (@) 00 ) (0 + S L )
+ ki (qu?) (kpo) Tt @ Wy (u)

SV-) = e (e () k) 8 (et + S )
b (@) ) 0 () () (Kg) @) @ W)
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5G+w) = ki () (ko) 1 @ G u) + L (K (an)ho) ! — 1) 9 8
k(g + 0k (@) (ko) (qu?) @ W (u)

SG-(w) (K (qu?) (ko)™ + g™ (qud)k (qu?)(Kzo) ™ F (qu?)) & G- (u)
L (g (an) k)™ + e (quky () o) " (an) = 1) @
T kaqu(g+qD)e (qud)ky (qu?)(ky) ™t © Wi () .

Proof. Compute (5.89) using (5.41), (5.40) and (3.8) . Compare the entries of the resulting matrix to §(K (u)) with
(3.8). 0

Expanding the power series on both sides of the above equations using (3.5), (3.6), (5.42)-(5.44) with (5.51), (5.54),
one gets the image by d of the generators of A,. This generalizes example (2.48).

Example 5.26.
(W) = —k gk xfoIl+K'eW,
S(Wy) = -k CYVix{@I+KoW, .

If we define similarly U, (g/l\g)<‘7_’0, note that a right coaction map A, — A, @ U, (g/l\2)<”_70 can be derived along the
same lines.

5.4. Relation between the generators of Aq and root vectors of Uq(s/l\g). Let ap, a1 denote the simple roots
of sly and § = g + a1 be the minimal positive imaginary root. Let R = {nd + ap,nd + ag,mdé|n € Z,m € Z\{0}} be
the root system of sly and R+ = {nd + ap,nd + a1, mdln € N;m € N\{0}} denote the positive root system. Recall
UP7* denote the subalgebra generated by

E,, =F, E., =Ep .

Using Lusztig’s braid group action with generators Ty, T such that Tj : Uq(s/l\g) — Uq(s/l\g), root vectors Eg € Uf‘]’*
for every 8 € RT are defined [Da93, Be94]. Namely, for real root vectors nd + ag,nd + a1 with n € N one chooses

Epstao = (To®)"(Eo)  and  Ensia, = (To®) " (E1)
Here @ : Uq(s/l\g) — Uq(s/l\g) denotes the automorphism defined by:
d(Xo) = X, , d(X;) = X, for X =FE FK*.

For the imaginary root vectors, following [Be94, BCP98] they are defined through the functional equation (note that
[Em;, Emﬁ} = 0 for any n,m):

exp ((q —q) ZEkszk> =14+(q—q¢ "))z with ¢ = Eis—a,Ba, — ¢ Ea, Ers—a, -
k=1 k=0

For the negative root system denoted R~, similarly one defines the root vectors Fjg € UqD 1= for every f € R~
[Da93]. The root vectors of UP”*+ and UP”~ are related as follows (see [Da93, Theorem 2]):

(590) F/g = Q(Eﬂ) VB e RT s
where () is an antiautomorphism of Uq(s/l\g) such that

QE)=F,, QF)=E, QK)=K;' fori=12, QC)=C'and Qg)=q".
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The explicit relation between Drinfeld generators and root vectors has been given in [Be94, Section 4] (see also
[BCPY8, Lemma 1.5]). For Uy(sls), according to above definitions one has the correspondence:

(5.91) X{ = FEksta, » Xpy1 = ~C7 " KEs1 a0 hpi1 = Ci(k+l)/2E(k+1)5 )
(5.92) X:k = Fk5+a1 5 thfl = —Fk5+aoK710k+1 5 h—k—l = C(k+1)/2F(k+1)5
for k € N. From (5.37), one gets the following relations in terms of the root vectors [Da93, Section 3]:
(5.93) [Es, Exstar] = (@ + 0 D Egt1)5401 » [Erstao: Bs] = (@ + 0 ) E(t1)5+a0 -
By induction, root vectors can be written as polynomials in Fy, Fy. For instance:
E; = EEi—q Bk,
1 _ _
Estay = itq ! (ESE, — (1+ ¢ *)EoE1Eo + ¢ °EL\E])
1 _ _
Esta, = i (EoE? — (1+ ¢ *)E1EoE1 + ¢ °E{Ey) .

We now relate the root vectors to the generators of alternating subalgebras. For convenience, compute the image
of UP™* (see Definition 5.22) by the automorphism v (5.35) using (5.33). This alternating subalgebra is denoted

(UPr>*)v. Using (5.91), in terms of root vectors the generators of (UP™>+)” read:

(5.94) CHRPK I 5 CH2%5 = C™*2Eis 0
(5.95) ChD2 s R KT = —q 20" 2B o
(5.96) her1 hip1 = C~FFD2E, s

As an application of Proposition 5.18, a set of functional relations relating the generators offﬁq to the root vectors
of Uf"’+ (or similarly for UqDJ’*) is easily derived. Recall the surjective homomorphism v : 4, — A, = U(P‘]’*, see
(2.37). Consider the image of the generating functions (3.5), (3.6) via ~.

Proposition 5.27. The isomorphism v : A, — Uf""* 1s such that:

T Wi (u) = —k_qlg+q ") exp (—(q ) qun)Ens(quZ)_”) > @ Brsra (qu®)
n=1 k=0

TW-(w)) = kig Ha+q) (Z q’“‘lEm+ao(qu2)"“‘1> exp (—(q -y ;Ena(qﬁ)‘”) :

k=0 n=1 (q” + q_n)

ﬁ —1 - 1 2\—n
(G4 (w) =] <exp ((qq )ZmEna(qu ) ) - 1> :

Proof. Recall the surjective homomorphism «p which acts as (5.63)-(5.65). Consider its restriction to Uq(g;l\g)'>"“7
applied to the r.h.s. of (5.84)-(5.87). The resulting expressions are now in UP"™>* @ C[[u?]]. Then, studying the
relations satisfied by {C*k/zK_lx:, C(kﬂ)/zx,;rl, hi+1} one finds that they are equivalent to the defining relations of
the quotient of U™+ by C'= 1. Apply v and use the identification given in the r.h.s of (5.94)-(5.96) for C' =1. O
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1

Expanding the above power series, for instance set k, — ¢, k_ — —¢~! (which gives p = —q(q + ¢ 1)?) in these

expressions. It follows:

(5.97) Wo — By, Wi — Ey , Gy — qE;5 , (note that Gi— —¢°Es + (¢* —q YHEoEy) ,
1 _
(5.98) W_i— CETEE (=(e=q YEsEL + (¢* + DEs1a,)
1 _
(599) W2 — m (—(q —q 1)E()E§ + (q2 + 1)E§+a0) .

By construction, (UP™%)"/c—1 = UP7*. Using (5.90), an isomorphism A, — UP"*~/c_y = UP7~ is obtained
from the above expressions.

The inverse of the map ¢ is now considered. We want to solve the positive root vectors Ey5ta,, Enstay, Ens in terms
of the generators W_j, Wy11, Gg41. Although we do not have the explicit inverse map between generating functions,
the images of the root vectors in A, can be obtained recursively from Proposition 5.27. For instance,

(5.100) Ey — W, s Eo— Wy s Es — q_1G1W0 s s
(g—q ") -2
(5.101) Esia, — mq GiWo+(1+4q )Wy,
_ -1
(5.102) Estao — M(1‘2W1G1 + (g 2Wy .

(+q71)

Of course, these expressions could be given in a different ordering (see Theorem 2.15) using (2.3) for k = 0.

Finally, let us point that several relations mixing both sets of generators can be readily obtained using (3.9) combined
with Proposition 5.27. Namely, define the image of the K-matrix (3.8) by ¢ as:

(5.103) K'(u) = o«(K(u)) .
Consider the pair of K-matrices {K (u), K*(v)}. They satisfy:
(5.104) R(u/v) (K(u)® I RY (I ® K*(v)) = (I ® K'(v)) R (K(u)® I) R(u/v)

with (3.1). If we define the generating functions Wy (v)"7 = 1o y(Wx(v)), G+ (v)"7 = toy(G+(v)), from (3.10)-(3.18)
one extracts the set of functional relations associated with (5.104).

Remark 5.28. In [T19a, Section 11], the relation between Damiani’s PBW basis and the alternating PBW basis for
Agy has been studied in details within the framework of the q-shuffle algebra. In particular, various relations mizing
both sets of generators have been obtained.

6. THE ALTERNATING PRESENTATION OF Uj(sly) FROM UP/

Define the alternating subalgebra A% = (UP™™ ") /c_y (resp. A = UP™"~ /c—1) as the image of A, by ¢ (resp.
Qo) (see Proposition 5.27) for ky — ¢*, k_ — —q~!. For convenience, let us denote the generators of fl‘; (resp. flj)
by {W?,, WE, 1, G5y, Gy, |k € N} (vesp. {W<,, Wi ,,Gi, 1, G|k € N}) . According to (5.97):

(6.1) WS=E, Wy=E, Wg=F, W'=F.
Recall Proposition 2.14 and Uf 70 = [Ky, K1}. By construction, one gets the tensor product decomposition:
(6.2) Uy(sly) = A5 @ UP™ @ A7 .

Moreover, by Theorem 2.15 an ‘alternating’ PBW basis for Uq(s/l\g) readily follows from the results of [T19a, T19b].
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Theorem 6.1. A PBW basis for Uq(s/l\g) is obtained by its alternating right and left generators

{Wik}keNv {G;H}%Nv {WE+1}neNa {er}reN, {G;]Jrl}sENa {Wtil}tEN

and Ko, K1 in any linear order < that satisfies
W2 <Gl <Wh <Koy<Ki <W2,<Gi,<W, k,t,n,r st €N .

The transition matrix from the alternating PBW basis of Theorem 6.1 to Damiani’s PBW basis for Uq(s/l\g) [Da93,
Theorem 2] is determined by Proposition 5.27 and using the antiautomorphism € (5.90).

Acknowledgments: I am very grateful to Naihuan Jing, Stefan Kolb and Paul Terwilliger for discussions. In
particular, some results were obtained motivated by questions from Paul Terwilliger. I also thank Nicolas Crampé for
gratefully sharing a MAPLE code and discussions. P.B. is supported by C.N.R.S.

APPENDIX A. DRINFELD-JIMBO PRESENTATION OF U, (sl2)

A.1. Drinfeld-Jimbo presentation UP”’. Define the extended Cartan matrix {a;;} (ai = 2, a;; = =2 for i # j).

The quantum affine algebra Uq(s/l\g) over C(q) is generated by {Ej,Fj,KJil}, j € {0,1} which satisfy the defining
relations

K, —K; !

KK =KK,, KK'=K'K =1, KEK '=¢WvE , KFK '=q¢®F 6 |[E,F]=3; -
—q

K3

together with the g—Serre relations (i # j)
(A].) [Ez [Ela l:Ei3Ej}qj|q—l} = 0,
(A.2) |F}, [F, [FiaFj}q]q—J = 0.

The product C' = KyK; is the central element of the algebra. The Hopf algebra structure is ensured by the existence
of a comultiplication A | antipode S and a counit £ with

A(F) = FR1+K '®F,
AK;) = K;®K;,

and

More generally, one defines the N —coproduct AN) : Uq(gi\g) — Uq(gi;) ®--Q Uq(;i;) as
(A.4) AWM = (idx - xidx A)o AN

for N > 3 with A® = A, A = id. Note that the opposite coproduct A’ can be similarly defined with A’ =g oA
where the permutation map o(z ® y) = y @ x for all z,y € U,(sl2) is used.
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A.2. Serre-Chevalley presentation sl . In the definition below, [.,.] denotes the Lie bracket. The affine algebra
sly over C is generated by {e;, fj, k;}, j € {0, 1} which satisfy the defining relations
(ki kj] =0, [kiej] =ae; , [k fi] = —aijfi, e fi] = 6ijks
together with the Serre relations (7 # j)

(A.5) [ei, [ei, [ei,ej]]] = 0,
(A.6) [fiv [fiv [fi,fj]” =0
The sum ¢ = kg + k7 is the central element of the algebra.

For U(gl\gsc), as usual [z,y] — zy — yx.

APPENDIX B. SOME DEFINING RELATIONS OF GAO-JING PRESENTATION OF U,(gl2)

We refer the reader to [GJ02, Theorem 4.16]. From Definition 5.5 and (5.52), (5.53), the following commutation
relations are derived:

(Bl) [ai,ma ai,n] = 0,i=12,

(B.2) [a2,m,a1,n] = _m[mc]q_m5m+n,0 ,
m

(B3) [al,ma "Ef] = i%q¥|m|c/2xi+n )

(B.4) (a2, m, xf] _ ?L:quzijlmlC/zfﬂiJr
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