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Abstract

The majority of machine learning methods can be regarded as the
minimization of an unavailable risk function. To optimize the latter,
given samples provided in a streaming fashion, we define a general
stochastic Newton algorithm and its weighted average version. In
several use cases, both implementations will be shown not to require
the inversion of a Hessian estimate at each iteration, but a direct up-
date of the estimate of the inverse Hessian instead will be favored.
This generalizes a trick introduced in [2] for the specific case of logis-
tic regression, by directly updating the estimate of the inverse Hes-
sian. Under mild assumptions such as local strong convexity at the
optimum, we establish almost sure convergences and rates of con-
vergence of the algorithms, as well as central limit theorems for the
constructed parameter estimates. The unified framework considered
in this paper covers the case of linear, logistic or softmax regressions
to name a few. Numerical experiments on simulated data give the
empirical evidence of the pertinence of the proposed methods, which
outperform popular competitors particularly in case of bad initializa-
tions.



1 Introduction

Recently, machine learning challenges are encountered in many different
scientific applications facing streaming or large amounts of data. First-
order online algorithms have become hegemonic: by a cheap computa-
tional cost per iteration, they allow to perform machine learning task on
large datasets, processing each observation only once, see for instance the
review paper [3]. The stochastic gradient methods (SGDs) and their av-
eraged versions are shown to be theoretically asymptotically efficient [16,
15, 11] while recent works focus on the non-asymptotic behavior of these
estimates [1, 10, 9]: more precisely, it was proven that under mild assump-
tions, averaged estimates can converge at a rate of order O(1/n) where we
let n denote the size of the dataset (and the number of iterations as well,
in a streaming setting). However, these first-order online algorithms can
be shown in practice to be very sensitive to the Hessian structure of the
risk they are supposed to minimize. For instance, when the spectrum of
local Hessian matrices shows large variations among their eigenvalues, the
stochastic gradient algorithm may be stuck far from the optimum, see for
instance the application of [2, Section 5.2].

To address this issue, (quasi) online second-order optimization has been
also considered in the literature. In view of avoiding highly costly itera-
tions, most online (quasi) second-order algorithms rely on approximating
the Hessian matrix by exclusively using gradient information or by assum-
ing a diagonal structure of it (making its inversion much easier). These
methods result to choose a different step size with respect to the compo-
nents of the current gradient estimate, hence the name of adaptive stochas-
tic gradient algorithms, such as Adagrad [7] or Adadelta [17] methods.

In this paper, we aim at minimizing the general convex function G de-
fined for any i € R? as

G(h) :==E[g (X, h)],

where X denotes the data, and g : & X R? — R is a loss function.



The function G may encode the risk of many supervised or unsupervised
machine learning procedures, encompassing for instance linear, logistic or
even softmax regressions. Having only access to the data points Xj, ..., X,
ii.d. copies of X, instead of the true underlying distribution of X, we pro-
pose to use stochastic Newton methods in order to perform the optimiza-
tion of G, relying on estimates of both the Hessian and its inverse, using

second-order information on g.

Related works. A Stochastic Quasi-Newton method was introduced in
[4], relying on limited-memory BFGS updates. Specifically, local curva-
ture is captured through (subsampled) Hessian-vector products, instead of
differences of gradients. The authors provide a stochastic Quasi-Newton
algorithm which cost is close to the one of standard SGDs. The conver-
gence study in [4] requires the boundedness from above and from below of
the spectrum of the estimated Hessian inverses, uniformly over the space
of parameters, which can be very restrictive. Furthermore, the theoretical
analysis does not include the convergence of the estimates to the inverse
of the Hessian, which cannot ensure an optimal asymptotic behavior of the
algorithm.

A hybrid algorithm combining gradient-descent and Newton-like be-
haviors as well as inertia is proposed in [5]. Under the Kurdyka-t.ojasiewicz
(KL) property, the theoretical analysis of the associated continuous dynam-
ical model is conducted, which significantly departs from the type of con-
vergence guarantees established in this paper.

A truncated Stochastic Newton algorithm has been specifically intro-
duced for and dedicated to logistic regression in [2]. The recursive esti-
mates of the inverse of the Hessian are updated through the Ricatti’s for-
mula (also called the Sherman-Morrison’s formula) leading to only O(d?)
operations at each iteration. Only in the particular case of logistic regres-
sion, optimal asymptotic behaviour of the algorithm is established under
assumptions close to the ones allowed by the general framework consid-
ered in the present paper. Furthermore, the considered step sequence of
the order of 1/7 in [2] may freeze the estimates dynamics in practice, lead-



ing to poor results in case of bad initialization.

In [12], the authors introduced a conditioned SGD based on a precondi-
tioning of the gradient direction. The preconditioning matrix is typically an
estimate of the inverse Hessian at the optimal point, for which they obtain
asymptotic optimality of the procedure under L-smoothness assumption
of the objective function, and boundedness assumption of the spectrum of
all the preconditioning matrices used over the iterations. They propose to
use preconditioning matrices in practice as inverse of weighted recursive
estimates of the Hessian. The proposed conditioned SGD thus entails a full
inversion of the estimated Hessian, requiring O(d®) operations per itera-
tion in general, which is less compatible with large-scale data. Note that
the weighting procedure only concerns the estimation of the Hessian, and
not the whole algorithm as we will suggest in this paper. The choice of the
step sequence in the conditioned SGD remains problematic: choosing steps
of the order 1/n, which is theoretically sound to obtain optimal asymp-
totic behaviour, may result in the saturation of the algorithm far from the
optimum, particularly in case of bad initializations.

In order to reduce the sensitivity to the initialization, an averaged Stochas-
tic Gauss-Newton algorithm has been proposed in the restricted setting of
non-linear regression in [6]. Despite the peculiar case of non-linear regres-
sion, stochastic algorithms are shown to benefit from averaging in simula-

tions.

Contributions. In this paper, considering a unified framework that in-
cludes various applications of machine learning tasks, we propose a stochas-
tic Newton algorithm in which an estimate of the Hessian is constructed
and easily updated over iterations using genuine second order information.
Given a particular structure of the Hessian estimates that will be encoun-
tered in various applications, this algorithm leverages from the possibility
to directly update the inverse of the Hessian matrix at each iteration in
O(d?) operations, with d the ambient dimension, generalizing a trick intro-
duced in the context of logistic regression in [2]. For the sake of simplicity,
a first version of this algorithm is studied choosing the step size of the or-



der O(1/n) where we let n denote the number of iterations. Under suitable
and standard assumptions, we establish the following asymptotic results:
(i) the almost sure convergence, and (ii) almost sure rates of convergence
of the iterates to the optimum, as well as (iii) a central limit theorem for the
iterates. Nevertheless, as mentioned before, considering step sequences of
order 1/n can lead to bad results in practice [6]. In order to alleviate this
problem, we so introduce a Weighted Averaged Stochastic Newton algo-
rithm (WASN) which can benefit from better step size choices and above
all from weighted averaging over the iterates. We then establish the almost
sure rates of convergence of its estimates, preserving an optimal asymptotic
behavior of the whole procedure. This work allows a unified framework
encompassing the case of linear, logistic and softmax regressions, for which
WASN algorithms are derived, coming with their convergence guarantees.
To our knowledge, this is the first time that softmax regression is consid-
ered in applications for second order online methods. The relevance of the
proposed algorithms is illustrated in numerical experiments, challenging

the favorite competitors such as SGDs with adaptive learning rate.

Organization of the paper. The general framework is presented in Sec-
tion 2 introducing all the notation. The set of mild assumptions on G and
g is also discussed. Section 3 presents a general stochastic Newton algo-
rithm and the associated theoretical guarantees. Section 4 introduces a new
weighted averaged stochastic Newton algorithm, followed by its theoreti-
cal study in which optimal asymptotic convergence is obtained. The versa-
tility and the relevance of the proposed algorithms is illustrated in Section
5 in the case of linear, logistic and softmax regressions, both in terms of

theoretical guarantees and numerical implementation on simulated data.

Notation. In the following, we will denote by || - || the Euclidean norm in
dimension d, and by || - [|o, the operator norm corresponding to the largest
singular value in finite dimension. The Euclidean ball centered at ¢ and of
radius r will be noted as B (c, r).



2 Framework

Let X be a random variable taking values in a space X'. The aim of this
work is to estimate the minimizer of the convex function G : RY — R
defined for all h € R? by

where ¢ : X x RY — R,
In this paper, under the differentiability of G, we assume that the first
order derivatives also meet the following assumptions:

(A1) For almost every x € X, the functional g(x, .) is differentiable and

(Ala) thereis 8 € R? such that VG(6) = 0;

(A1b) there are non-negative constants C and C’ such that for all 1 €
RRY,
E [[[Vig (X,1)[] < C+C (G(h) ~ G(6));

(Alc) the functional
S h— E [vhg(x,h) vhg(x,h)ﬂ
is continuous at 0.

Furthermore, second order information will be crucial for the defini-
tion of the Newton algorithms to come, for which we require the following
assumptions to hold:

(A2) The functional G is twice continuously differentiable and

(A2a) the Hessian of G is bounded, i.e. there is a positive constant
Lyc > 0 such that for all 1 € RY,

V2G|, < Ly

op —



(A2b) the Hessian of G is positive at # and we denote by Amin its small-

est eigenvalue, with
Amin(V2G(0)) > 0;

(A2¢) the Hessian of G is Lipshitz on a neighborhood of 6: there are
positive constants Ay2g > 0 and L, g2 > 0 such that for all
h S B (G,szc),
|V2G(h) — VZG(G)HOP < Lyvwe0—h|.
Remark that Assumption (A2a) leads the gradient of G to be Lipschitz
continuous, and in particular at the optimum 6, for any 1 € R, one has

IVGh)|| < Ly [|h =]

Overall, note that all these assumptions are very closed to the ones
given in [14], [15], [11] or [10]. One of the main differences concerns As-
sumption (A1b) in which the second order moments of V;g¢(X,.) are not
assumed to be upper-bounded by the squared errors || - —0]|, but by the
risk error instead, i.e by G(-) — G(6). Note that the first condition may
entail the second one, when considering the functional G to be y-strongly
convex, since for any & € RY, ||h —8|]> < %(G(h) — G(0)). In this re-
spect, Assumption (A1b) can be seen as nearly equivalent as counterparts

encountered in the literature.

3 The stochastic Newton algorithm

In order to lighten the notation, let us denote the Hessian of G at the op-
timum 6 by H = V2G(6). As already mentioned in [2], usual stochastic
gradient algorithms and their averaged versions are shown to be theoreti-
cally efficient, but can be very sensitive to the case where H has eigenvalues
at different scales. With the aim of alleviating this problem, we first focus
on the stochastic Newton algorithm (SNA).
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3.1 Implementation of the SNA

The algorithm. Consider Xj,...,X,, ... ii.d. copies of X. The Stochastic
Newton Algorithm (SNA) can be iteratively defined as follows: for all n >
0,

Opt1 = 0y — ﬁﬁn Vg (Xu+1,6n) (1)

given a finite initial point 6, for cy > 0 and with H, ! a recursive estimate
of H1, chosen symmetric and positive at each iteration. Remark that the
constant cg enables to move less for the first (and probably bad) estimates
without penalizing too much the last iterations. Moreover, one can con-
struct a filtration (F;) verifying that for any n > 0, (i) H, ! and 0,, are
Fu-measurable, and (ii) X,,11 is independent from F,,. Note that if the es-
timate H,, ! only depends on Xj, ..., X,, one can consider the filtration
generated by the current sample, i.e. foralln > 1, F,, = o (Xy,..., Xy).

Construction of H,, ! . When a natural online estimate of the Hessian H,, =
(n+1)"'H, of the form
n
Hy = Ho+ Y ug (X, 0k1) Pk (X, 0k—1) Pk (X, 05—1)" 2)
k=1
with Hy symmetric and positive, is available, a computationally-cheap es-

timate of its inverse can be constructed. Indeed, the inverse H !

a1 can be

easily updated thanks to Riccati’s formula [8], i.e.

1
Hn_—&l = Hn_l — Unp41 (1 + un+1®£+1H;1q>n+l> Hn_lq)n—i-lq);];+1Hn_1 (3)
with ;11 = ®p11 (Xp41,0n) and uy 11 = Uy (Xy41,6,). In such a case,
one can consider the filtration generated by the sample again, i.e. 7, =
o (Xj,...,Xy). In Section 5, the construction of the recursive estimates of
the inverse of the Hessian will be made explicit in the cases of linear, logistic

and softmax regressions.



3.2 Convergence results for the SNA

A usual key ingredient to establish the almost sure convergence of the es-
timates constructed by stochastic algorithms is the Robbins-Siegmund the-
orem [8]. To do so for the stochastic Newton algorithm proposed in (1),
we need to prevent the possible divergence of the eigenvalues of H, " In
addition, to ensure the convergence to the true parameter solution 6, the
smallest eigenvalue of H,, ! should be bounded from below, i.e. Amax (Hn)
should be bounded from above. To this end, we require the following as-
sumption to be satisfied:

(H1) The largest eigenvalue of H, and H, ' can be controlled: there is f €
(0,1/2) such that

Amax (i) =O(1) as  and  Ama (H,jl):o(nﬁ) a.s.

If verifying Assumption (H1) in practice may seem difficult, we will see in
Section 5 how to modify the recursive estimates of the inverse the Hessian
to obtain such a control on their spectrum, while preserving a suitable filtra-
tion. The following theorem gives the strong consistency of the stochastic

Newton estimates constructed in (1).

Theorem 3.1. Under Assumptions (Ala), (A1b), (A2a) (A2b) and (H1), the
iterates of the stochastic Newton algorithm given in (1) satisfy

en a.s. 0.
n——+400

The proof is given in Appendix A.1 and consists in a particular case of
the proof of the almost sure convergence for a more general algorithm than
the SNA one.

The convergence rate of the iterates for the SNA is a more delicate result
to obtain, that requires the convergence of H, and H, 1. This is why we

suppose from now on that the following assumption is fulfilled:



(H2a) If Assumptions (Ala), (A1b), (A2a), (A2b), and (H1) hold,

H, —— H.
n——+oco
Assumption (H2a) formalizes how the convergence of 6, may yield the con-
vergence of H,. Remark that Assumption (H2a) would also imply the con-
vergence of H,, ' Sucha hypothesis will be verified in practical use cases,
mainly relying on the continuity of the Hessian at the solution 6 (see for
instance the proof of the coming Theorem 5.2 in the setting of the softmax
regression). The following theorem gives the rate of convergence associ-
ated to the SNA (1).

Theorem 3.2. Under Assumptions (A1), (A2), (H1) and (H2a), the iterates of
the stochastic Newton algorithm given in (1) satisfy for all 6 > 0,

1+
H@—ﬁnzo<@””> as.

n

In addition, if there exist positive constants a > 2 and C, such that for all h € R?,
E [[IVig(X,m|°] < Ca (1+ R =0]"), (4)

then,
H@—mﬁzo<m”> 0s.
n

The proof of Theorem 3.2 is given in Appendix A.2. This type of results
are analogous to the usual ones dedicated to online estimation based on
Robbins-Monro procedures [16, 15, 10]. Besides, one could note that the
requirements on the functional G to obtain rates of convergence for the
SNA are very closed to the ones requested to obtain rates of convergence
for the averaged stochastic gradient descent [15].

Refining the theoretical analysis of SNA defined in (1), we now aim at
studying the variance optimality of such a procedure. To establish strong
results as the asymptotic efficiency of the parameter estimates, the esti-
mates of the Hessian should admit a (weak) rate of convergence. In this

10



sense, we consider the following assumption:

(H2b) Under Assumptions (A1), (A2), (H1) and (H2a), there exists a positive
constant py such that

—= 2 1
|H, - H| :O<nPH> as.

Assumption (H2b) captures how a rate of convergence of 6, may lead
to a rate of convergence of H,. With this hypothesis at hand, we are able to

establish the optimal asymptotic normality of the iterates (1).

Theorem 3.3. Under Assumptions (A1),(A2), (H1), (H2a) and (H2b), the iter-
ates of the stochastic Newton algorithm given in (1) satisfy

£ -1 -1
\/ﬁ(en—e)mN(o,H TH ),

with® = %(0) := E [V,¢(X,0)V,8(X,0)T].

The proof is given in Appendix A.3. In Theorem 3.3, the estimates (1)
of the SNA are ensured to be asymptotically efficient provided usual as-
sumptions on the functional G matching the ones made in [16, 15, 11]. This
result highlights the benefit of stochastic Newton algorithms over standard
online gradient methods, which have been shown not to be asymptotically
optimal [14], unless considering an averaged version [15].

Note that this result has been achieved independently of the work of
[12].

The central limit theorem established in Theorem 3.3 requires conver-
gence rates of the Hessian estimates by Assumption (H2b). This can been
often ensured at the price of technical results (such as the Lipschitz conti-
nuity of the Hessian or a quite large number of bounded moments of X).
In Section 4.2, we will see how to relax Assumption (H2b) for a modified
version of the stochastic Newton algorithm.
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4 The weighted averaged stochastic Newton algorithm

In this section, we propose a modified version of the SNA, by allowing non-
uniform or uniform averaging over the iterates. This leads to the weighted
averaged stochastic Newton algorithm (WASNA). To our knowledge, this
is the first time that non-uniformity of the weights is allowed in an aver-

aged stochastic Newton algorithm.

4.1 Implementation of the WASNA

The algorithm. As mentioned in [6], considering the stochastic Newton
algorithm ends up taking decreasing steps at the rate 1/7 (up to a matrix
multiplication), which can clog up the dynamics of the algorithm. A bad
initialization can then become a real obstacle to the high performance of
the method. To circumvent this issue, we consider the Weighted Averaged
Stochastic Newton Algorithm (WASNA) defined recursively for all n > 0

by

~ ~ —_1 ~

U1 =00 — Yur1S, Vig (Xn+1/9n) @)
9n+1,r = (1 - Tn+1) 911,1 + Tn+1§n+1; (6)
given

* finite starting points 6o = 6y,

C. .
* ’Ynz(n?z%)ywﬂhcy >0,c), >0and v € (1/2,1),

-1 . . _ . o
e S, a recursive estimate of H~!, chosen symmetric and positive at

each iteration,
* the weighted averaging sequence (7,) that should satisfy

- (1y) is GS(v) for some v < 0, i.e.

n <1 — Tnl) — V. (7)

Ty n——+oo

12



— There is a constant T > max {1/2, —v/2} such that

nt, — T. (8)
n—-4o0

Note that the WASNA may output both 8, and 6,1 -, but only the last
iterate 0,11, benefits from averaging, and with this respect, only the last
iterate 6,11 should be considered.

Moreover, as for the SNA, one can construct a filtration (F;) such that
(i) S, and 0, are F,-measurable and (ii) X,,, 1 is independent from F,.

Construction of S, . The only difference between H,, "and S, is that
the former depends on estimates (60,,), defined in (1) and the latter is con-
structed using the estimates (6, ), (or eventually (0,)n) given in (6). Here
again, if natural Hessian estimates admit the form (2), the Riccatti’s trick

used in (3) can be applied to directly update S,, ! Section 5 will exemplify

. . . 1 L .
the construction of recursive estimates (S,, ), for the Hessian inverse in the

cases of linear, logistic and softmax regressions.

Different weighted versions. By choosing different sequences (Ty)n, ONe
can play more or less on the strength of the last iterates in the optimization.
For instance, choosing 7, = nlﬁ (which is compatible with (7) and (8))
leads to the "usual" averaging in stochastic algorithms (see [6] for instance
for an averaged version of a stochastic Newton algorithm specific to the

non-linear regression setting)

_ 1 no_
911 - n_’_lkg)ek- (9)

Remark that the estimate obtained with standard averaging in (9) is de-

% with w > 0 instead leads

to another version of the weighted averaged stochastic Newton algorithm,

noted by 0,,. When considering 7, =

13



for which the iterates are denoted by 6, ., defined as follows

1 n

O = =i———— Y (k+1)“8;. 10
¥ Zkzo(k"i_l)w];)( + ) k (10)

This particular choice enables to give more importance to last estimates 8,
that should improve on the first iterates. This strategy can be motivated by
limiting the effect of bad initialization of the algorithms.

4.2 Convergence results

As in the case of the SNA, we need to control the possible divergence of the
. ra <1 .
eigenvalues of S, and S, to ensure the convergence of the estimates. To

this end, suppose that the following assumption holds true:

(H1’) The largest eigenvalues of S, and S,, ! can be controlled in the sense
that, there exists € (0, y — 1/2) such that

Amax (Sn) = O(1) as. and A max <§;1) =0 (nﬁ) a.s.

Remark that the main difference between Assumptions (H1’) and (H1) is
the condition B < o — 1/2 instead of 1/2. This condition on g in Assump-
tion (H1") allows to counterbalance the choice of the steps sequence vy, used
in (5). Section 5 will exemplify recursive estimates of the Hessian to ensure
that (H1’) is indeed verified in practice. We now dispose of all the ingredi-
ents to ensure the strong consistency of the estimates given by the WASNA.

Theorem 4.1. Under Assumptions (Ala), (A1b), (A2a), (A2b) and (H1’), the
iterates of the weighted averaged stochastic Newton algorithm given in (5) and (6)

satisfy

A as. as.
6, —— 0 and 0y —— 6.
n—+-00 " n—4oo

The proof is given in Appendix A.1. As expected, averaging does not
introduce bias in the estimates. In order to go further and to derive rates of
convergence for the WASNA, consider the following assumption:

14



(H2a") If Assumptions (Ala), (A1b), (A2a), (A2b), and (H1’) hold,

S

This hypothesis is nothing more than the counterpart of Assumption (H2a)
for the Hessian estimates in the averaged setting. It ensures that the almost
sure convergence of the estimates leads to the convergence of S, and S,, g
With this at hand, we can theoretically derive the rate of convergence of the

non-averaged iterates of the WASNA defined in (5).
Theorem 4.2. Under Assumptions (A1), (A2a) (A2b), (H1’) and (H2a’) hold,
suppose also that there are positive constants 1 > 2 — % and Cy such that

E |[Vag (X)) < G (14 |In—0]*7). a1

Then the iterates of the weighted averaged stochastic Newton algorithm given in

(5) verify that
16, —o|> =0 <1;‘j) a5,

The proof is given in Appendix A.4. Theorem 4.2 involves a standard
extra assumption in (11), which matches the usual ones for stochastic gra-
dient algorithms [14, 11].

In order to derive a central limit theorem for the WASNA, suppose the
following holds:

(H2b") Under Assumptions (A1), (A2a), (A2b), (H1'), (H2a’) and (11), there
is a positive constant ps > 1/2 — /2 such that

IS, —s||=0 <n}9> 0.

Being the counterpart of Assumption (H2b) in the case of the Stochastic
Newton algorithm, (H2b’) allows to translate a rate of convergence of 0,
into a rate of convergence of S,,.

15



Theorem 4.3. Under Assumptions (A1), (A2), (H1'), (H2a’), (H2b’) and in-
equality (11), the iterates of the weighted averaged stochastic Newton algorithm
defined in (6) satisfy

Inn
10en — 01 = O ()

n

and

2
_ L T “1y -1
\/E(Qr,n 9) m]\[ (0, 2T—|—1/H XH )

with & 1= %(0) = E [vhg (X,0) V), (X,e)T].

The proof is given in Appendix A.5. One could note that Assumption
(H2b") is required not only to establish the normality asymptotic of the it-
erates, but also to get the rate of convergence of the iterates of the WASNA
defined in (6). This was not the case for the SNA.

Remark 4.1 (On the asymptotic optimality of weighted versions). Particu-
larizing Theorem 4.3 to the "usual” averaged stochastic Newton algorithm defined
by (9) gives
Vi (0, —0) —— N (0,H'ZH ")
n—s+oco

while considering the weighted version (10) leads to

c (I+w)? 1o
\/ﬁ(ngn - 9) m N <0, WH ZH .

This is striking how using some weighted version of the WASNA can theoretically
degrade the asymptotic variance of the constructed estimates. A possible compro-

(1) oy that

mise remains, however, to consider for alln > 1, 1,11 = T, (e 1)®

1 n -
= In(k +1)0.
Gn,r Z;{l:oln(k—f—l)w kg(:) n( + )Gk
Indeed, with this logarithmic weights choice, one has

£ -1 -1
\/E(en,f—e)mN(o,H >H )
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Here, the non-uniform weighting in play for the WASNA will give more impor-
tance to the last estimates 0,,, while keeping an optimal asymptotic behavior.

If Assumption (H2b’) may represent a theoretical lock for the applica-
tion of Theorem 4.3, it can be by-passed by the following theorem. The
idea is to exploit a particular structure of the Hessian estimates, to derive
the rate of convergence and the asymptotic normality of the WASNA iter-
ates.

Theorem 4.4. Suppose that the Hessian estimates (S,), in the WASNA iteration
(5) is of the form

Si= (st Y wmd@r + Y. Lzl

with So a symmetric and positive matrix, cg > 0, B € (y—1/2)and
i = g (Xi, 0 p-1) € R D) = O (X, 0:41) €RY,

and (Zy )y standard Gaussian vectors in dimension d. Assume that

e forall 6 > 0, there is a positive constant Cs such that for all k,
E | |[7,B D || 1 Fial<C 12
[Huk k% H {Her,k—l—9||§(]nk)1/2+‘5\ﬁk}| k—l} > L4 ( )

e thereisa € (1/2,7) and & > 0 such that

2 Tk2+1 (11‘1 k)l_Hs

k§)<k 1) Vi1 (k+1)2

_ = =T|?
-E |:H1/lkq>kq)k H 1{er,k—l_e|§(lnk)l/2+5ﬁk}‘fk1:| < 400 a.s. (13)

Under the additional Assumptions (A1), (A2a), (A2b), (H1'), (H2a’) and (11),
the iterates of the weighted averaged stochastic Newton algorithm defined in (6)

satisfy
6, — 7|2 =0 <1“n”) 0.5,
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and
2

2T +v

Vn (0, — 0) — N <o, H12H1>

with ¥ := E [vhg(x,e) Vg (X,e)T]

The proof is given in Appendix A.6. The main interest of this theorem
is that it enables to get the asymptotic normality of the estimates without
having the rate of convergence of the estimates of the Hessian, at the price
of a special structure of the latter. More specifically, contrary to [2], no

Lipschitz assumption on the functional
h— E |:1/lk (Xk,h) q)k (Xk, h) q)k (Xk, ]’l)T ’fkfl]

is needed. Note in particular that (13) is verified for all x < 3% since

_ — —T||?
E |:Hukq)kq>k H 1{ng,k—l*QHS(m(k))UZM\ﬁk} ’fk_1:|

is uniformly bounded.
Theorem 4.4 will be particularly useful for the coming practical appli-
cations, since this special structure in the Hessian estimates will be met in

the case of linear, logistic and softmax regressions.

5 Applications

In this section, for different machine learning tasks, we make the weighted
stochastic Newton algorithm explicit, and verify that the associated theo-
retical guarantees hold. Then, for each application, we perform simulations

by comparing second-order online algorithms:

¢ the stochastic Newton algorithm (SNA) defined in (1) with a step in
1/n, similar to the one studied in [2] specifically for the logistic re-

gression;

¢ the stochastic Newton algorithm (SNA) defined in (1) with a step in
1/n%/4;

18



¢ the weighted averaged stochastic Newton algorithm (WASNA) given
in (5) and (6) with standard weighting (t, = 1/(n +1));

¢ the weighted averaged stochastic Newton algorithm (WASNA) given
(n+1)«

T kme and

in (5) and (6) with logarithmic weighting (7, = 1, =
w = 2);

with first-order online methods:

e the stochastic gradient algorithm (SGD) [14] with step 1/n%/4;

¢ the averaged Stochastic Gradient Algorithm (ASGD) [1];
and finally with first-order online algorithms mimicking second-order ones:
¢ the Adagrad algorithm [7], which uses adaptive step sizes using only
first-order information,
¢ the averaged Adagrad algorithm, with standard weighting.

We illustrate their performances in the case of linear, logistic and softmax

regressions, for simple and more complex structured data.

5.1 Least-square regression

Setting & Algorithm. Consider the least square regression model defined
by

Vn>1, Y,=X.0+e,
where X,, € R? is a random vector, § € R? is the parameters vector, and
€, is a zero-mean random variable independent from X,, and (X;, Y;, €;)
are independent and identically distributed. Then, 6 can be seen as the
minimizer of the functional G : R? — R, defined for all & € R? by

G(h) = %113 [(Y - xThﬂ .

The Hessian of G at h is given by V2G(h) = E [XX"] and a natural estimate
is

_ 1 2 T
Hy==>) XX
ni3
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whose inverse can be easily updated thanks to Riccati’s formula leading to
-1
H, =H,' - (1 + XEJrlHn_lXHJrl) H, 'Xp1 X, H, !

where H, = (n+ 1)H,. Then, assuming that H = E [XXT] is positive
and that X and € admits 4-th order moments, entails that all assumptions

of Section 2 are verified and by the law if the iterated logarithm,

|H,—H|f =o ()
n

Then the convergence results of the Stochastic Newton algorithm in Section
3.2 hold. Furthermore, if there is # > 0 verifying 5 > 2 — % and such
that X and € admit moment of order 4 + 47, the convergence results of the
averaged version in Section 4.2 hold.

Simulations. In this section, we fix d = 10, and we choose

0= (-4,-3,2,1,0,1,2,3,4,57T ¢ RY,

-----

X~N <O,diag (%)izl

Hessian associated to this model is equal to diag (%) ‘ " meaning that
i=1,...,
the largest eigenvalue is 100 times larger than the smallest one. Therefore,

10> and € ~ N (0,1). Note that in such a case the

considering stochastic gradient estimates leads to a step sequence which
cannot be adapted to each direction. In Figure 1, we monitor the quadratic
mean error of the different estimates, for three different type of initializa-
tions. In Figure 1, one can see that both averaged Newton methods and the
stochastic Newton method with step size of the order 1/n outperform all
the other algorithms, specially for far intializations (right). The faster con-
vergence of Newton methods or of the Adagrad algorithm compared to the
one of standard SGD can be explained by their ability to manage the diag-

onal structure of the Hessian matrix, with eigenvalues at different scales.

Consider now a more complex covariance structure of the data, such as
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Figure 1: (Linear regression with uncorrelated variables) Mean-squared
error of the distance to the optimum 6 with respect to the sample size for
different initializations: 6y = 6 + roU, where U is a uniform random vari-
able on the unit sphere of R? with ry = 1 (left), 7o = 2 (middle) or ry = 5
(right). Each curve is obtained by an average over 10 different samples
(drawing a different initial point each time).

2
X~ N (0, Adiag (;) AT>
i=1,..d

where A is a random orthogonal matrix. This particular choice of the co-

follows

variates distribution, by the action of A, allows to consider strong corre-
lations between the coordinates of X. In Figure 2, one can notice that the
choice of adaptive step size used in the Adagrad algorithm is no longer suf-
ficient to give the best convergence result in presence of highly-correlated
data. In such a case, both averaged Newton algorithms remarkably per-
form, showing their ability to handle complex second-order structure of
the data, and all the more so for bad initializations (right).

5.2 Logistic regression

Setting. We turn out to a binary classification problem: the logistic regres-
sion model defined by

Vin>1, Y,|X,~B (7‘[ (GTX))
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Figure 2: (Linear regression with correlated variables) Mean-squared error
of the distance to the optimum 6 with respect to the sample size for different
initializations: 6y = 6 + roU, where U is a uniform random variable on the
unit sphere of R?, with rg = 1 (left), ry = 2 (middle) or ry = 5 (right).
Each curve is obtained by an average over 10 different samples (drawing a
different initial point each time).

where Xj, ..., X;, ... are independent and identically distributed random
vectors lying in R? and for all x € R,

__exp()
(x) = TS exp(x)’

Due to the intrinsic non-linear feature of this model, this is not clear how
the covariance structure of the covariates may affect the training phase,

clearly departing from the linear regression setting.

The WASNA. In the particular case of logistic regression, the weighted
averaged version the stochastic Newton algorithm in Section 4.1 can be
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rewritten as:

Gnir =70 (08 Xni1) (1= 7 (072 X001) )

0n11=0n + 7n+l§;1Xn+1 (Yn+1 -7 (92Xn+1))

- (14)
9n+1,r = (1 - Tn+1) 971,1' + Ty+10n41

-1
(St =80 = (14 @ X183 K1) @Sy Xuin XS5

with fp = 6y, bounded, S, - (n+1)S;' and S;! symmetric and

In(n+1)“ with

pOSitiVe, Tn = Czﬂ’liry with Cr)/ >0 al’ld Y S (1/2, 1), Ty = W,

w >0,
Apyl =TT (XZHGM) (1 - (XEHO”’T))

and

B c
dp4+1 = mMax {an—H/ (n—i—ﬂl)ﬁ} ’

withcg > 0and B € (y —1/2).

Choosing v = 1, ¢, = 1and 1, = 1 at each iteration leads to the Newton
algorithm of Section 3 for the logistic regression, which matches the specific
truncated Newton algorithm developed in [2].

We study the convergence rates associated to this instance (14) of the
WASNA in the following theorem.

Theorem 5.1. Suppose that X admits a 4-th order moment and that
E |7 (67X) (1— 7 (67x)) xx"| -0
is a positive matrix. The iterates given by the WASNA defined in (14) verify

(16, — GHZ =0 <11r11;1> as.  and 16,0 — 6> =0 <lnnn> a.s.

Furthermore,

Vi (Be —0) —5 N (o, H*l) .

n—-+4oo
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Finally,

- 1
HS”_HHZZO<nzﬁ> as  and ‘

3;1 — H_1H2 =0 (niﬁ> a.s.

The proof is given in Appendix A.7, and consists in verifying Assump-
tions (A1), (A2a), (A2b), (H1"), (H2a’) to get the convergence rate of Hgn -0
then in verifying Assumptions (A2c) with Inequalities (12) and (13) to get

the convergence rate of ||, — 0||* and the central limit theorem. Remark
that in the context of the WASNA, we get the rates of convergence as for
the direct truncated stochastic Newton algorithm [2], without additional

assumptions.

Simulations. The first logistic regression setting that we consider is given
in [2] and defined by the model parameter 6 = (9,0,3,9,4,9,15,0,7,1,0)T €
R, with an intercept and standard Gaussian variables, i.e. X = (1, QDT) T,
® ~ N (0, Ip). In Figure 3, we display the evolution of the quadratic mean
error of the different estimates, for three different initializations. The New-
ton methods converge faster than online gradient descents, which can be
again explained by the Hessian structure of the model: even if the features
are standard Gaussian random variables, the non-linearity introduced by
the logistic model leads to a covariance structure difficult to apprehend the-
oretically and numerically by first-order online algorithms. In case of bad
initialization (right), the best performances are given by the averaged Ada-
grad algorithm, the stochastic Newton algorithm with steps in O(1/1n%/4),
closely followed by averaged stochastic Newton algorithms. For the latter,
this optimal asymptotic behaviour is enabled in particular by the use of
weights giving more importance to the last estimates (being compared to
the "standard" averagind Newton algorithm). One can see that in such an
example the step choice for the non-averaged Newton algorithm is crucial:
choosing a step sequence of the form 1/7 as in [2] significantly slows down
the optimization dynamics, whereas a step choice in O(1/1n%/%) allows to
reach the optimum much more quickly.

Let us now consider a second example, consisting in choosing 6 € RY
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Figure 3: (Logistic regression with standard Gaussian variables) Mean-
squared error of the distance to the optimum 6 with respect to the sample
size for different initializations: 68y = 6 + roU, where U is a uniform ran-
dom variable on the unit sphere of RY, with ro = 1 (left), 7o = 2 (middle)
or ryp = 5 (right). Each curve is obtained by an average over 10 different
samples (drawing a different initial point each time).

with all components equal to 1, and X ~ N (0, Adiag <§2> y AT)
where A is a random orthogonal matrix. The results are displayec/i“in Fig-
ure 4. In presence of such highly-structured data, the averaged stochastic
Newton algorithms are shown to perform greatly, even more for initializa-
tions far from the optimum (middle and right). One could note that in all
initial configurations (left to right), the stochastic Newton algorithm with
step size in O(1/n) proves to be a worthy competitor, whereas the Adagrad
algorithm becomes less and less relevant as the starting point moves away
from the solution.

5.3 Softmax regression

In this section, we focus on the softmax regression, which can be seen as an
extension of the logistic regression setting to the multi-label classification
case.

Setting. Assume that the number of different classes is K, and that the
model parameters are 6; € R?, ..., 0k € RP. Consider the samples (X3, Y1),
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Figure 4: (Logistic regression with correlated Gaussian variables) Mean-
squared error of the distance to the optimum 6 with respect to the sample
size for different initializations: 8y = 6 + roU, where U is a uniform random
variable on the unit sphere of R?, with o = 1 (left), ro = 2 (middle) or o =
5 (right). Each curve is obtained by an average over 10 different samples
(drawing a different initial point each time).

..., (Xu,Yy),... being independent and identically distributed random vec-
torsin R? x [1,...,K] withforalln > landk =1,...,K,

[ | Xn] o
]I.) Yn - k Xn - T .
Lo €0

Then, the likelihood can be written as
T v. QT X
g ey e

Lo (61,....0k) =[] [ X

K 0IX B
i=1 Zk/zl ewxwsn i=1 Zk/zl e

which leads to the following log-likelihood

n eegxi
gn(91,...,€[<):'210g m
i=1 kK =1 ek
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Then, considering the asymptotic objective function, the aim is to minimize
the convex function G : R? x ... x RY — R defined for all / by

1 X
08\ =k Tx
ZII<</ . eh o X

where (X, Y) is a ii.d. copy of (Xj,Y1). In order to establish convergence

G(h) = —E = E[g(X,Y,h)].

rate for the weighted averaged Newton algorithm in such a setting, we
suppose that the following assumptions hold:

(HS1a) The random vector X admits a second order moment.
(HS1b) The random vector X admits a fourth order moment.

Under Assumption (HS1a), the functional G is twice differentiable and for
allh = (l’l1,...,h[<) € RY x ... XIRd,

i L’h{X ]
X yK X byt
k=1¢

VG(h) = E =E[V,g(X,Y,h)],

nTx
eK _
X (ZK EIIZX 1YK)
L k=1 J

and one can check that VG(6) = 0. Furthermore, computing second-order

derivatives leads to the Hessian, defined for all & by

V2G(h) = E [(diag (X, h)) — (X, h)o(X, h)T) ® XXT}

eth X eth<X T
where 0(X,h) = e = | and ® denotes the Kronecker
Yi—iek Y€k

product. In addition, suppose that
(HS2) The Hessian of G at 0 is positive.

Finally, one can easily check thatat 7 = 6,
V2G(0) = E [vhg(x, Y,0) Vig (X, Y,G)T} .
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The SNA. In the case of softmax regression, the stochastic Newton algo-
rithm can be defined for all n > 1 by

q>n+1 = th (Xn+1/ Yn+1z 911)

1 -1
Opt1 = 0y — ﬁH" Vg (Xu+1, Yn+1,0n)

—1
H;j% = H;Il - (1 + 5n+1ZZ+1H;1Zn+1> ﬁnﬂH;;lZnHZZHH;l

-1
Hun = H !, - (1+ cb,TZHH;j%can) H 1 @il ],
(15)
where 6 is bounded, H, = (n+ 1)H,; L Hy s symmetric and positive,
Bn = cgn~F, withcg > 0and B € (0,1/2), and Z, ..., Z,1q are iid with
Zy ~ N(0,1). To our knowledge, this is the first time that a stochastic
Newton algorithm is made explicit for the softmax regression problem. The

associated convergence guarantees follow.

Theorem 5.2. Under Assumptions (HS1a), (HS1b) and (HS2), the iterates of the
stochastic Newton algorithm defined by (15) satisfy

1
16, — 6] = O <r;”> a.s

and
£ -1
V1 (6, — 6) mN(o,H )
Furthermore,
— 2 1 ——1 112 1
|Hn — H|| :O<;12ﬁ> as.  and HH” ~H 1H :O<;f125> as.

The proof is given in Appendix A.8.2.

As far as we know, this is the first theoretical result covering the softmax
regression using a stochastic Newton algorithm. In such a setting, the SNA
proposes efficient online estimates and the convergence guarantees can be
established with weak assumptions.
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The WASNA. Letusnow consider the weighted averaged stochastic New-
ton algorithm defined recursively for all n > 1 by

n+1 th( n+1s Yn—i—lr Gn,r)
-1
9n+1 = en - 'Yn+1sn th (Xn+1/ Y1, 971)

Onv1,r = (1= Tuy1) One + Tup10n 11 (16)
1
Suby = Sa' = (14 BuniZiaSa Zun1)  Buna Sy Zuni 2] S5

=T o1 = \ loo
(St =80~ (14 @08, ®ut) S, L ®ua®raS L,

with fy = 0 bounded, S, = (n+1)S,!and S, ' symmetric and positive,
Y = cyn~ Y withe, > 0and v € (1/2,1), 7y = %, with w >
0, and B, = cgn P withcg > 0and B € (v —1/2). Finally, Z; are i.i.d
random vectors with Z; ~ N (0, I;). The following theorem gives rates of

convergence of the weighted averaged stochastic Newton algorithm.

Theorem 5.3. Under Assumptions (HS1a), (HS1b) and (HS2), the iterates of the
weighted averaged stochastic Newton algorithm defined by (16) satisfy

(|6 —GH —O<12j> as.  and 16, — 6] _O<lr;n> a.s,
Furthermore,
1 (0, — 6) ﬁN(O,H”).
Finally,
1 -1 _ 1
B —SH _O<n2ﬁ> a.s. and -5 H _O<n2ﬁ> a.s.

The proof is given in Appendix A.8.2. This is the first time to our knowl-
edge that a stochastic Newton algorithm is considered in the softmax re-
gression setting, for which convergence results hold under weak assump-
tions. Note as well that the Riccatti’s trick to update the inverse of the Hes-

sian estimates is particularly appropriate, as the dimensionality of 6 gets
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larger.

Simulations. The considered multinomial regression model is defined in
the case of three-label classification in dimensiond = 3, forall k = 1,2,3,
by

OEX

PIY =kX] = —%
2%21 eGk/X

with 0 = (91T , 92T , 63T )T chosen randomly on the unit sphereof R°. In Fig-
ure 5, we display the evolution of the quadratic mean error of the different

estimates, for three different initializations, for correlated Gaussian vari-

ables X ~ N (0, Adiag (%) 1 AT) where A is an orthogonal matrix

i=1,...,
randomly generated. Results in the case of heteroscedastic Gaussian vari-

ables X ~ N <O,diag <;TZZ> )
i

=1,...,

d) are very similar and can be found in
Appendix B, Figure 6. In Figure 5, one can see that again the averaged
versions (weighted or not) converge faster in the case of bad initial point.
The improvement over the Adagrad algorithm is made clearer as the initial
point is chosen further from the optimum.
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Figure 5: (Softmax regression with correlated Gaussian variables) Mean-
squared error of the distance to the optimum 6 with respect to the sample
size for different initializations: 8y = 6 + roU, where U is a uniform random
variable on the unit sphere of R?, with o = 1 (left), ro = 2 (middle) or o =
5 (right). Each curve is obtained by an average over 50 different samples of
size n = 5000 (drawing a different initial point each time).

6 Conclusion

In this paper, we have given a unified framework to derive stochastic New-
ton algorithms and their new averaged versions. Under mild assumptions,
we have established convergence results, such as almost sure convergence
rates and asymptotic efficiency of the constructed estimates. The differ-
ent proposed methods require the calibration of several hyperparameters,
which can be seen as a limitation for the implementation. Nevertheless,
we believe this work paves the way of genuine second-order online algo-
rithms for machine learning. Indeed, a few different and arbitrary choices
for these hyperparameters, as highlighted in the numerical experiments,
prove the averaged stochastic Newton algorithm to give the best practical
results in most of cases, providing more stability and less sensitivity to bad
initializations. The Riccatti’s trick to directly update the Hessian inverse es-
timates is also very beneficial in practice to reduce the iteration cost usually
attributed to second-order methods. The next step to explore is to optimize
the storage needed by such algorithms, that could become a lock for very
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high-dimensional data.
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A Proofs

Remark that for the sake of simplicity, in all the proofs we consider that

[

co = ¢/, = 0. Indeed, for the cases where cy # 0 or c’y # 0, one can consider
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— 1 —1 — .
H, = nﬁj oHy, and &', = % Then, these estimates have the
Y

same asymptotic behaviors as H,  and S, "
A1 Proof of Theorems 3.1 and 4.1

We only give the proof of Theorem 4.1 since we just have to take ¢, = 1
and v = 1 and exchange S, and H,, to obtain the proof of Theorem 4.1.

Proof of Theorem 4.1. With the help of a Taylor’s decomposition of G,and
thanks to Assumption (A2a),

G (Bus1) = G (6,) + VG (6,)" (Bs1 — 0)
1 ~ 1 ~ ~ ~ ~ ~
+5 (e 9n)T A V2G (81 +t (B0 — 0ys1)) dt (81 — 6y)
~ ~ ~ ~ L ~ ~
<G (8) + VG (8n) (Busr = 8n) + 5 (B — 6

. ~ -1 ~
Then, since 0,41 — 0, = — 71115, Vig (Xut1,6n),

__ - 2
S Vg (Xunt1,04)

~ ~ 5\ T =— ~ L
G (8r+1) = G (B) = 111V G (80)" S, Vg (X1, B) + =200
< G (0n) — 10416 (Bn)" S, Vg (Xus1,0n)

L — ~
%7%—5—1 Snl thg (Xn+1/ 971)

+ I

2
‘Up
Let us denote V,, = G (0,) — G(6). Then, we can rewrite previous inequal-
ity as

s T =—1 ~ L ——1
Vit < Vi = 710:1V6 (82) S, Vg (Xusn,0a) + =55 7741 |[S,

2 ~
|, 1758 (Ko, B)

. . R . . ~ =—1
and considering the conditional expectation, since 6, and S,, " are F,-measurable,

E (Vi1 F] < Vi — 1041VG (6,)7S, VG (6,)

L 2 5\ 12
S [5], E [1Vh8 (Kusn. B P17

+ 5!
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Then, thanks to Assumption (A1b), it comes

'L 12 _ )
E [Vyi1|F] < (1 + =2 |5 )w) Va = Yus1Amin (S0 ) [IVG (62)]°
CL 12
+ %’Y%-ﬁ-l ‘ Snl
op

Remark that thanks to Assumption (H1"),

Z 'Y%H )

n>0

5!

2
’ < 400 a.s.
op

Then, since S,, Ui positive and applying Robbins-Siegmund Theorem, V,
converges almost surely to a finite random variable and

Y usidmin (S [IVG (@) | < o0 pis

n>0

and since, thanks to Assumption (H1'),

Y Yu+1Amin (grjl) =Y T

n>0 n>0 )\max (gﬂ)

1
—— = +00 a5,

this necessarily implies that lim inf, HVG (én) H = 0 almost surely. Since G
is strictly convex, this also implies that

lirr%inf 10, — 0| =0 as and lirr}linf Vi =G (6,) —G(6)=0 as,

and since V;, converges almost surely to a random variable, this implies
that G (6,,) converges almost surely to G(6) and by strict convexity, that 6,

converges almost surely to 6. O
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A.2 Proof of Theorem 3.2

Only the main ideas of the proofs are given here, since it follows the same
strategy of proof as in [2, Theorem 4.2]. Remark that

1 ——
Ot — 0 =0, — 6 — n—HH1VG (0)

1 —
1 + ?HH Cnt1 (17)

6y —6— — HVG (6,) — — (H;l—H—l)vc (62)

n+1 n+1

—1
+ 71Hn Cnt1

1 1 1 1 ——1 1
(1 +1><9 0) = g H o=y (B —H 1) VG (6)

+

" 137 Cni1 (18)
with &1 = VG (6x) = Vig (Xns1,6,) and 8, = VG (6,) — H (6, — 0) is
the remainder term in the Taylor’s decomposition of the gradient. Since 6,
and H, are F,-measurable, and since X, is independent from F,, (&,+1)
is a sequence of martingale differences adapted to the filtration (F,). More-

over, inductively, one can check that

n

0pp1—0 = ——
n+1 n+1k:0

k=0

/

=M1+ =:Ay
(19)

Convergence rate for M, ;. Note that (M,) is a martingale adapted to
the filtration (F,) and since H,, ! is F,-measurable,

L ——1
M), 1 = Z Hy E [§k+l§kT+1|]:k} Hy
—1
= Z H 'E [th (Xi+1,0) Ving (Xis1,66)" !]'"k} H;
—

- Z H,'VG (6) VG (6r)" H
k=0
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L= .
Since H, converges almost surely to H !, since 6; converges almost surely
to 0, and since VG is Ly lipschitz,

1 1 TT-1 as

Moreover, Assumption (Alc) entails that

] ;;)Hk E [th(XkHrG) Vg (X1, 6k) ’}—k] Hy

% HUE [vhg (X,0) vhg(x,e)T} H.

n——+o0

Setting ¥ := E [V,,¢ (X, 0) V,¢(X,0)], one has

n}rl (M), g ——— H'ZH . (20)
Then, applying a law of large numbers for martingales (see [8]), for all 5 >
0,

Ml = o (““’21”) as,
and if inequality (4) is verified,

1 Inn
" [My1a]* = O <n) as.

Convergence rate for A,,. Let us recall that

Ay —— fH—lcs—i ) (H_l—H‘l)VG(G)
T i1~ 1R K

Given that 6, converges almost surely to 6, and since the Hessian is contin-

uous at 9,

1
16| = H/O (V2G (0 +t (6, — 0) — V2G(0))) dt (6, — e)H =o(|6n—0|) as.
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Similarly, since the gradient is Lyg-lipschitz, one can check that

H (ﬁk‘l - H‘l) VG (6,)

=0(||6.—0|) as

and following computation such as Equations (6.27),(6.28),(6.34) and (6.35)
in [2], one has

2 1 2
18212 =0 (5 IMual) s,

which concludes the proof.

A.3 Proof of Theorem 3.3

In order to derive asymptotic normality of the estimates, let us start again
from Equation (19). As we are going to see, the first term will dictate the
speed of convergence, while the other terms will collapse. First, since ()
is a sequence of martingale differences adapted to the filtration (), given
(20) and (4), the Central Limit Theorem for martingales (see [8]) reads as
follows,

1 51 £ —1y7-1
7};)Hk it m/\/’(O,H YH ) 1)

Let us now show that the other terms on the right-hand side of (20) are
negligible. Under Assumption (A2c), and since 6,, converges almost surely
to 0,

16,]| = H/Ol (V2G (0 +t (6, — 6) — V2G(6))) dt (6, — e)H =0 (||9n —0|*) as.

Theorem 3.2 coupled with Toeplitz lemma imply in turn

=0 <(1nn)2+‘5> a.s (22)

n

1
n+1

n
2 o
k=0
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In the same way, the gradient being Ly ;-lipschitz and under Assumption
(H2b), one has

n

y (Hk‘l - H—1> VG ()

k=0

1
n+1

_ 0( (In )2+

nmin{ %erH,l}

) a.s. (23)

The rates obtained in (22) and (23) are negligible compared to the one in
(21), which leads to the desired conclusion.

A.4 Proof of Theorem 4.2

Considering the Weighted Averaged Stochastic Newton Algorithm defined
by (6), Inequality (18) can be adapted such as

~ ~ 1z —1
Ony1—0= (1 —7n11) (en - 9) —Tnt1H 1(571 — TYn+1 (Sn

- Hﬁl) VG (gn) +7n+1§;1§n+1
(24)

with .11 = VG (6,) — Vg (Xp11,0,) and 6, = VG (0,) — H (6, —0) is

the remainder term of the Taylor’s decomposition of the gradient. Since

0,,S, are F,-measurable and Xpn41 is independent from F,, ((an) is a se-

quence of martingale differences adapted to the filtration (F;). Moreover,

inductively, one can check that

n—1 n—1 e 5
00— 0 =Buo (Bo—0) = Y BurrivertH 'O = Y Bukr17kin (Sk - H_1> VG (6k)
k=0 k=0

-1

n
771 ~
+ Y Bukr17k+1Sk Gk (25)
k=0

=M,

with for all k,n > 0 such thatk < n, B, x = H}":Hl (1—1) and B = 1.
Focusing on the last term of (25), applying Theorem 6.1 in [6] and thanks to
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inequality (11)

2

—0 <1“”> as. (26)

n—1 .
Y Buk+17k+15k G e

k=0

Furthermore, one can check that

_ I A
Buol =0 (exp (=0t 7) ),

and the term B, (6o — ) is negligible compared to (26). Considering now
A, and following the proof of Theorem 3.2, one can check that

|6l =0 (6. —06]) as and ||(5,'-H) VG (@)

—o(lp—o0]) as
Let ng such that for all # > ng, 7, < 1. Then, for all n > ny,

1Busall < (1= vns1) [[Ball + s ( (5. —H) VG (0,)))
= (1= mus) 1Al +0 (v |6, = 0]) s
= (1= pus) (1Bl + 0 (voer [| ¥ + B (Bo = ) | + 7ust [Bu])  as

B Inn ¢ -
= (1= yn1+0(yn11)) HAnH +o0 <7n+1 (\/;—FGXP (_1 j,ynl v))) a.s

and applying a lemma of stabilization [8] or with analogous calculus to the

ones of the proof of Lemma 3 in [14], it comes

18] _o<$f) as.

A.5 Proof of Theorem 4.3
Remark that for all n > 0, 8,, - can be written as

n
One—0=]](1—1) (60— +Z H (1—=1) Tes1 (B —0).  (27)
k=j k=0 j=k+1
N———’ N————’
1=Kn,0 =Kk
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with x, , = 1. Remark also that decomposition (24) can be written as

—0) _ g _ (5.~ H 1) VG (8,) +5, G
(28)

Then, decomposition (27) can be written as

L 0 — 60— (Bpyq — 0
911,1 —0= Kn,0 (GO,T - 9) + Z Kk The+1 £ ( = )

n—1
71 <
—H 'Y i Tes10k
k=1 Tk+1 k=0

n—1 _ 4 i - n—l : 1~
— ) kT (Sk —H” ) VG (0c) + Y KugTes1Sk Gt
k=0 k=0
(29)

Let us now give the rate of convergence of each term on the right-hand side

of equality (29).

Bounding ||TT}_; (1 — %) (6o — 0)||: Since nt, converges to T > 1/2,
there is a rank n; such that for alln > n, 0 < 1, < 1, so that for all
n = ne,

n ne—1 n ne n
[Th-w<T]] |1—Tk|exp<z 1—Tk> <JTI1—wlexp (— ) Tk> :O(
k=1 k=1 k=1

k=n,

(30)

k=n,

Then

n

(1—1) (6o,r —0)
k=1

Bounding ZZ;& Kn,kaHSk: Since
< ~ 2
6l =0 (18 —0]) as,

and with the help of Theorem 4.2, for all § > 0, there is a positive random
variable Bs such that

n

n In(+1 146
< Bs Y |kl Tk+1% a.s.

1
Kk Tk 15k
ke = (k+1)7

k=0
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(ln n)1+5

Then, since the sequence ( ) is in GS(—7), applying Lemma 4 in

nvy
[13],
n—1 B (lnn)1+5
Z K kTk+10k|| = 0 <> a.s.
k=0 n

Bounding Y} €, xTi11 (§k_ '“H *1) VG (6): Thanks to Assumption
(H2b") and since the gradient of G is Ly lipshitz, for all § > 0, there is a
positive random variable Bj such that

n—1 n—1 1/2446
. - (In(k +1))
g%wﬂ%@k-—Hl)VGWQ szggymkuml<k+nm+wz as.

(n )1/2+¢5

Then, since the sequence (%) isin GS(—ps —/2), applying Lemma
4in[13],

n—1 1 B _ Inn 1/2+6
I;)Kn,kl'kﬂ (Sk —H 1) VG (0) || =0 (W) a.s.

Oc—0— (01 —0)

: n—1
Bounding ) ;" ©;, Tk 11 T

can check that

: Applying an Abel’s transform, one

nl Ok —0— (Ok1—0)  Knomy Ty (5
— 0T g gy~ (g, 0
k;oxn'kaJrl Vk+1 M (60 =6) Tn (6 =6)
-1

n 1 Tk')/]:1 -
+ ) kT 1V [ 1= (1= 1) —— | (6 — 0)
k=1 Te+1V k1

Thanks to equation (30),

Mmﬂ%_w:o(ﬂ> 0.
g n

Furthermore, thanks to Theorem 4.2,

”“H@H_ewzo<vm”> as.

Yn+1 nl=7/2
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Finally, since 7, is in GS(v),

Tyl - —1 —1
1= (1= T1) 20 =14 (1= Taa) (1 - ) D —(-Tm)
TV i1 ~— Ttl/) Yy — T
:1—%—}-0(%) N N~ :1—%—&-0(%) S~~~
=5ito(5) =1+240(%) =1+2+40(1)
U —
22l
n n
and applying Theorem 4.2, for all § > 0,
n=1 Ty ! < " Ink)1+9
Y KT Vi (1 — (1= Tey1) k_1> 10— 6] =0 (E Kn,kaH(kl_i/z a.s.
k=1 Te+17 k11 k=1

(lnn)1/2+(5

Then, since (W) isin GS (=14 9/2) and applying Lemma 4 in [13]

n—1 - Tk’)’il B (lnn)l/2+5
Y KnkTer1 Vi (1 (1= Te) — | |- 0]l = o ( /2 ) .5

k=1 The+1Y k41
so that
n—1 é —0— g -0 (1 )1/2+(5
k k+1 nn
Z Kk The+1 ( ) =0 (1"//2> a.s.
k=1 Vi+1 n

. _ =1z . . .
Bounding ZZ:(} KnkTk+1Sk Ck+1 : First, remark that this term can be writ-

ten as

n—1 1. n—1 k 1 .
Y npTaSk Cerr =Kno Y [ (1= 1) Tes1Sk Gk
k=0 k=0 j=1

M”
where (M,,) is a martingale term with respect to the filtration (F;), and
k

n—1
(M), = Y (H (1- W) 1Sk B &l B 5
k=0

j=1
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which can be written as
n—1
|
k=0
n—1 k
L (M09 R ve @ ve @)'s

k — ~ ~ —
(1 — Tj)_2> Tk2+1sk 1IE [th (Xk+l/9k) th (Xk+1,9k)T |.Fk:| Skl
=1

Since VG (6,) and S, ! converge almost surely to 0 and H! and applying
Lemma 4 (third equality) in [13],

a.s
—— 0.

n——+oo

2 -1
Kn,OTn

£ ({107 2) 2 'v0 @) vo @7

k=0 \j=1

. 5 .1
Furthermore, since 8 converges almost surely to 6, since S~ converges
almost surely to H~! and thanks to assumption (A1c), there is a sequence
of random matrices R, converging to 0 such that

§1:11E [th (Xk11,0k) Vg (Xk+1,§k)T |J:k] §1:1
—H'E [vhg (X,0) Vig (X,G)T} H™'+ Ry

=X

Applying Lemma 4 (third equality) in [13],

a.s 0

2 -1
Kn’oTn n——4o00

£ (T0-97) 2

k=0 \j=1

Finally, applying Lemma 4 (second equality) in [13],

n—1 k
2 -1 -2 2 ~1y77-1 T —1spy-1
K 0Th I{Z]’[(l—rj) GpH ZH s o HEH
=0 j=1
Then,
Bt (M), s HOE

Then, thanks to inequality (11) and with the help of the law of large num-

44



bers for martingales [8], it comes
My =0 <1n(n)T2"> 0.
Kn,O

which can be written, since nt, converges to T, as

Inn
7,0 My || —O< ” ) a.s.

Furthermore, thanks to inequality (11), the Lindeberg condition for Cen-
tral Limit Theorem for martingales is verified. Indeed, thanks to Holder’s
inequality, for all e > 0,

2
= K0Ty ZHK 0 Ter B [HHk §k+1H 1,(;(}%1Hﬁk—lngHzeK;éTuz ]:k]
K%ﬂ "_1Tf+1 -1 2427 Ty T7<+1
<"y T ([l 7)) 1 H G 2
T k=1 Kieo

Then, applying Markov inequality,

2 n-1

Ln S KnO Z Tk+1 HH H (IE |:H5k+1H2+211 |F]{|> 1+11
Tn k=0 Kk op
1 K n—lT 242y - 242
« LI e [ 1.
Tn k=0 K k0

Furthermore, thanks to Theorem 4.2 as inequality (11) and Assumption
(H2a’), there is a positive random variable B such that

242y n-1 242y
B K0 1
Ly

= 2 1+ 242
€ T, U =0 KkOU

and applying Lemma 4 in [13], this term converges to 0. Then the Lindeberg
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condition is verified and it comes

T
2T+ v

KnoTy /2 M, —>f+ N (0, H—le—l)
n o0

and since nT, converges to T, this can be written as

2

2T+ v

VK, oMy, —>f+ N <0 H—le—1>,
n (o]

which concludes the proof.

A.6 Proof of Theorem 4.4

Let us recall that 6,1 can be written as
~ ~ ——1 ~ —1x
Opi1—0=0,—0—7,41S5, VG (Gn) + Yn+1S,, Cuil-

Then, linearizing the gradient,

=1 ~ —— 1z — 1z
01— 0 = (L= 7us1Sy H) (0 —0) = 7,115, 8n + 1015y Guia,
which can be written as

6u0) (Bus—0)
Yn+1

gn —0= H_lgn + H_lgn + H_l§n+1 (31)

Then, thanks to decomposition (27),

n—1 i (5 B
O — 6 = Kn0 (B0 —60) + H 'Y 5k Ti1 Sk (6 —6) — (1 — 0)
k=0 Y41

. n—1 5
—H 'Y Kk Tes 10k
k=0

n—1
+HY 0k Ter1 Eira- (32)

k=0
Note that the rate of convergence of the first and third term on the right-

hand side of previous equality are given in the proof of Theorem 4.3. For

the martingale term, with analogous calculus as the ones in the proof of
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Theorem 4.3, one can check that

n—1

—1 -

H H Z Kk Tk+1Gk+1
k=0

and

n—1 2
-1 z L T —1y -1
Vn (H IgKn,kaHCkH) p——— IN (0, 2T—|—1/H rH > :
Then, in order to conclude the proof, we have to give the rate of conver-
gence of the second term on the right-hand side of equality (32). Applying
an Abel’s transform,

(S < (ék — 9) - (§k+1 — 9) Kn0T =1 /5 The-1 /5
S =——5, (60—0) ——S 0, — 0
k;OKn,ka—&-l k P Pl (60 —6) " i1 (6n—0)
n
- G — s LG ) O —0
;(Kﬂk 1,)/ k-1 Knk’}’k+ k (k )
=R,

The rate of convergence of the two first term on the right hand side of pre-
vious equality are given (since S, converges almost surely to H™!) in the
proof of Theorem 4.3. Remark that since Sy = Sx_1 + 17 (ﬁk@(@Z - §k4> ,
R, can be rewritten as

= Tk Tk+1
Ry= ) (Knpo1— — Ky, Sk—1 (6 —6)
k=1 Yk ')’k+1

3:Rl,n

Ty 1 B A
S O ZiZ 0, — 0
+1<:Z1 nk,)/kJrlk_'_l(kl ukkk+kﬁkk>(k )

=Ry,

Let us now give the rate of convergence of the two terms.
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Rate of convergence of Ry ,: First, since x,, 1 = (1 — ) Ky k,

T Tt
Ry, = K 1l1-5%)—-—"]8§ 0, —0
1n = Z nk( k i ’)’k+1> k— 1(k )

_ Z nka—H < B Tk) TeVe+1 1) g}{—jl (ék . 9)

k=1 Vk+1 The+17k

Since

Ty —2v + 1
e (),

applying Lemma 4 in [13] coupled with Theorem 4.2, it comes that for all

6>0, ,
(lnn)l 2+6
HRL”!H =0 <nl_’)’/2 a.s.

Rate of convergence of R, ,: Thanks to Theorem 4.2 coupled with lemma
4 in [13], one can check that for all 6 > 0,

1/246
1en — ]| = o (“f‘”)) 0s.

nr/2
Then, let us consider the sequence of events ((),) defined for all n > 0 by
O = {18 — 01| < (n(n)/275912, 180,01 = 0] < (n(m)) /20512
Remark that 1c converges almost surely to 0. Then, one can write R, , as

n—1

Ty 1 = A
Ry, = —_ Sk_1 (0, — 6
2,1 kzzlnkryk+1k+1kl(k )
n—1
Ty 1 (= =T CB_ T\ (5
- - O,.P — 77 0. —0)1
;Kn,k7k+lk+1<uk k k+k5 k k)(k ) af
n
Tk+1 1 Cp >
— K, uCI><D+ 217 9 —0)1q,.
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Applying Lemma 4 in [13], for all § > 0,

n—1
T 15 G 0

K
k; "o k+ 1

=0 (Gnn)l/H&) a.s.

nl—’y/Z

Furthermore, remark that

n—1

Tk+1 1 < Cp > A
Kn, u<I><I> + =72 0, — 0

Tet1 1 ( g ) ]
=K uq)CD + = Zy”Z 0, — 0
n,0 Zl k— 10')’k+1k+1 k¥k*k KB k4K ( k )

Since 1nc converges almost surely to 0,

1 Ter1 1 Cp
ZZF
Fie Wy k+1 Kk

le(I)kCDk + kﬁ

HGk 9}|101§<+oo a.s

k>1

=0 (ky0) as

=0 (1> a.s,
nT

1
T 1
2 Kn,kﬂi (ukd)kcbk + kg Zka> (9 9) IQE

which is negligible since T > 1/2. Finally, let

n—1
Th+1 1 /5
Rsn = 00,3, + L7, 77| |16, — 6] 1
on = Yot Sy [0+ 22 | 16— 10,
3 Tht1 1/2+6 cp
s LK Ink 0Dy + 47, 2F || 1
kzzl n,k\/,yTHk_’_l( ) k*k P kL o
n—1
Tt 1 1/2+46 cp
< Kk Ink uq)kcp + ZkZ 1
k:zl " \/mk%—l( ) k T g trlic || 1o
Z:Ak
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with QO | = {[|6r4-1 — 0| < (In(k))/2"7}. Then, R3,, can be written as

n-1 n—1
Th+1 1 1/246 Th+1 1 1/24+6%
R3, = E Kn k ——(Ink E [Ag|Fr_1] + 2 Kn k ——(Ink Ei
N RNV T 1 (nk) (Bl ] = ')’k+1k—|—1( )

with By = Ay — E [A¢|Fr—1]. Remark that (Z,41) is a sequence of martin-
gale differences adapted to the filtration (F,) defined for all n by F,, =
c((X1,21),...,(Xn, Zy)). Thanks to inequality (12) coupled with lemma 4
in [13],

n—1 1/246
Ti+1 1/2+46 (Inn)
Ink E[A — S.
Z \/,YT_Hk+1(n ) [ k|‘Fk 1] ( nlfly/z a.s
2
Let us now consider a € (1/2,7),and V,, = n® (Zk h Knk\;%k+l (lnk)1/2+5”k> .
Then,
20 2 1+5
n 75 (In(n —1
E [Vu|Fuo1] = 11— Tn’ () Vi1 + nszin( ( 5 ) E [A%U:n,l]
n—1 Yn n

Since

20
— 1
B )
n—1 n n

thanks to inequality (13) and applying Robbins-Siegmund Theorem,

n—1 2
Ty 1 1/2460 1
| = = — .S.
(Z \/’Yk+1k+1(nk) k) O(”M "

which concludes the proof.

A.7 Proof of Theorem 5.1

Verifying (A1). First, remark that for all h € RY, ||V,¢(X,Y,h)| < X.
Then, since X admits a second order moment, Assumption (A1b) is veri-
fied. Furthermore, we have

VG(0) = E[V,g(X,Y,0)] = E [n (eTX) - Y} — [n (eTX) - IE[Y|X]] _
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and (A1la) is so verified. Furthermore, since X admits a second order mo-

ment and since the functional 7 is continuous, the functional
2
S:h—— E [vhg(x, Y, h)Vg(X, Y,h)T} ~E [(Y . (XTh>> XXT]

is continuous on R?, and in particular at 6. Then, (A1lc) is verified.

Verifying (A2a) and (A2b). First, remark that (A2a) is verified thanks to
hypothesis. Furthermore, note that for all 1 € RY,

V2G(h) = E [n (hTX> (1 o (hTX)) XXT}

and by continuity of 7t and since X admits a second order moment, G is

m)|l,p < 3E [IXIP]

and (A2a) is so verified.

Verifying (H1'). Only the mains ideas are given since a detailed analogous
proof is available in [2] (proof of Theorem 4.1). Remark that thanks to Ric-
cati’s formula, we have

1

S, = P (So + 2 akaXk>

and that by definition, a; > kﬁ Then, Amin (Sn) > - +1 Amin (Zk 176 £ X X, )
and one can easily check that

1 c
3 Z kg X XT —> E [XXT] (33)
k=1 k/S k=1

which is supposed to be positive (since V2G(6) is). Then, one can easily

check that
M max <§;1> =0 (nﬂ> a.s.

In a same way, since a; < %, one can easily check that

Amax (g,:l) =0 (1) a.s
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and (H1’) is so verified.

Conclusion 1. Since Assumptions (A1), (A2a), (A2b) as well as (H1') are
verified, Theorem 4.1 holds, i.e 6,, and 0, converge almost surely to 0.

Verifying (H2a’). Only the mains ideas are given since a detailed analogous
proof is available in [2] (proof of Theorem 4.1). Remark that S, can be

written as

— 1
S, = . 1 (So + Z ElkaXk + Z ay — Elk) Xka>

and since a; — a; # 0 if and only if a; > @, it comes thanks to equation
(33),

Furthermore, as in the proof of Theorem 4.1 in [2], one can check, since 6,

1

1
= g ISolloy 575
op

L
n+170 " 1

= Cp T
Z ElkaXk Z 7Xka
k=1

converges to 6, that

Ly axxI =Ly 7r<9T X)(l—n(GT X))XXTLWZG(@)
Ek;”k k4 —;k; T k—1% 7 k—1%k L S
and (H2a’) is so verified.

Conclusion 2. Since Assumptions (A1), (A2a), (A2b), (H1") and (H2a’) are
verified, if X admits a moment of order 2 + 25 with 7 > % — 1, Theorem 4.2

holds, i.e
16, — o] _o<1“”> a5,

Verifying (A2¢). Thanks to Lemma 6.2 in [2], we have for all hy, hy € RY,

 (15) (1 ()~ () (-7 (153)) < g 1 0
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and in a particular case, it comes

172G (1) = VG (o) | 1XIP] 1 = e

1
< E [
7 = 12+/3
and (A2c¢) is verified since X admits a third order moment.

Verifying inequalities (12) and (13). Remark that foralln > 1,

a, X, Xt

1 2
< max {4,%} | X]|° =: C“'5||XH2

so that, if X admits a fourth order moment,
a, X, Xt

E [ aanXE

| <coE[Ix)?]  and ]E[

| < ix]

and inequalities (12) and (13) are so verified.

Conclusion 3. Theorem 4.4 holds, meaning that

Inn L _

2 _ ke _ 1
|60, — 0| —O< ” ) a.s and Vn (0, —0) mN(O,H )
Convergence of S,,. First, let us recall

_ 1 _ n n
Su= So+ Y mXeX + Y (a —ax) Xi X[
n+1 k=1 k=1
Ay

and that

2

1 = ! _
P (So-{—Z(ﬂk—ak)Xng)

k=1

Furthermore, let us split A, into two terms, i.e
n

n
A=Y V?G(0rp-1) + ¥ B
k=1 k=1
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with &, = EkaXkT — V2G (0:x_1). Since (&) is a sequence of martin-
gale differences adapted to the filtration () and since [E [HEk [ |}—k—1} <

LE [HXHﬂ , we have (see Theorem 6.2 in [6]) for all § > 0

Furthermore, since X admits a third order moment, the Hessian is W E [||X]]%]-

1 n

n+1k;Ek

lipschitz and for all 5 > 0, by Toeplitz Lemma,

X Inn 1/246/2
E [IX|) $ e -l = (20

ZVZ Tkl VZG(G) = 12\/* \/ﬁ

which concludes the proof.

A.8 Proofs of Theorems 5.2 and 5.3

In what follows, let us recall that we consider the functional G : RP x ... x
R? — R defined for all h = (hy, ..., hk) by

log 7T
ZkK 1€h X

A.8.1 Some results on the functional G

G(h):=E

Verifying assumption (A1). First remark that

IVag (X, Y, b < VKIIX]|.
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and if X admits a second order moment, (A1b) is verified. Furthermore it
is evident that (A1la) is verified. Indeed, we have

i 0T x
x<euﬁ_muﬁﬂm)

K
Yy

VG(0) =E[E([V,g(X,Y,0)|X]] = E : =0.

eelfx
X e — E [ly=x|X]

K
Yie1€

Furthermore, for all ,

E [th(X, Y, h) Vg (X, y,h)T} —E [vhg(x, Y,0)Vg (X, Y,Q)T}

—F [(U(X,h) —0(X,0)) (¢(X,h) —o(X,0) & XXT] . (34)
and since the functional ¢ is bounded and continuous, by dominated con-
vergence, since X admits a second order moment, (Alc) is verified.
Verifying assumption (A2). First, remark that for all 4, since ||o(.,.)]| is

bounded by VK,

V2G|, < E [1X] o (X, m)] < VKE [|IX]].

Then, if X admits a second order moment, assumption (A2a) is verified.
Furthermore, (A2b) is verified by hypothesis. Finally, let us consider the
functional Fy : [0,1] — R defined for all t by

O+t —6,))" X

Rl = S

Then, for all t € [0,1],

F/(t) o (hk/ — Gk/)T Xe(@k,+t(hk,—9k/))TX e(9k/+(hk/—9k/))TX 25:1 ¢ (hk . gk)T Xe(ek“‘t(hk—ek))TX

Zﬁ:l O+t (l—6)) "X <ZkK:1 e(9k+t(hk*9k))TX) 2

(%)
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First, one can check that for all t € [0, 1],

hy — Oy T Xe(gk'th(hk’*Gk’))TX
‘( ) < e — 0 | 1X])

Z,Ile eOtt(h—0)) "X

Furthermore, applying Cauchy Schwartz inequality,

(O +t(hy—0,))"X K K

€ T

() < |IX]| — E : [ — GkHZ Zez(f’k“(hk*‘;k)) X < ||IX|[16 = H]|-
(Zfﬂ e(Ott(u—6c)) X) k=1 k=1

Then,
0T X hTx
e’w e'v
‘Zf_l JIX T YK X < X ([ = Ol + 116 — R|) - (35)
Then,
lo(X, h) — o (X,60)|| <2VK | X| |6 —h| (36)
and
|diag (o, 0)) — diag (¢(X, b)) < 2VK||X] 0 — ]
Then,

|V2G(6) - V2G(h)| < 6VKE [|X|°] [l 6]

Finally, if X admits a third order moment, the Hessian is 61/KE [HXHS]

lipschitz and assumption (A2c) is so verified.

A.8.2 Proof of Theorems 5.2 and 5.3
We first give the proof of Theorem 5.2.

Proof of Theorem 5.2. Verifying (H1). Remark that

n
/\min (Hn) > )\min (Z ,BkaZkT>
k=1
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and that, since p € (0,1/2),
1-F iﬁ ZZb 22
cgl?ll_/3 k=1 KRSk e K
Then,
|7

! ’ =0 <n5> a.s.

Furthermore, since | V,g(X, Y, h)| < ||X]||, and thanks to assumption (HS1a),

1
n+1

1 & 2 a.s 2
< = y
B ”k;HXkH e [HX” }

n
Y Vg (X, Yie 0-1) Vg (Xi, Ye, 0—1) "
k=1

ans assumption (H1) is so verified.

Conclusion 1. Since Assumptions (Ala), (Alb),(A2a), (A2b) and (H1) are

fulfilled, Theorem 3.1 holds, i.e 8, converges almost surely to 0.

Verifying (H2a). First, let us rewrite H, as

H, = Ho + thg (Xk, Yi, 0k—1) Vg (Xi, Y, 0) +Z Zka

=A,
and we have already proven that

2
1

(e

Furthermore, one can rewrite A, as

Ay=)Y E [th(sz Vi 0c-1) Vg (Xi, Ye, 06—1)" ’fkfl} + ) E
k=1 k=1

with B := Vg (Xi, Y, 0c1) Vig (Xi, Yi, 01) " —E {th (X, Yio, 0k-1) Vg (X, Yie, 0-1)" |1]:k71]'
First, note that if X admits a fourth order moment, IE [H Vg (Xk, Yi, 0k-1) H4 |.7-'k,1} <
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K’E [HXHﬂ , so that applying Theorem 6.2 in [6], for all 6 > 0,

Furthermore, we have proven that if X admits a second order moment,

1 &
n+1,§)ak

(Alc) is fulfilled. Then, since 8, converges almost surely to 6 and by conti-
nuity
1 n

T
—— k;]E [th ( Xk, Yie, 0k—1) Vg (Xie, Yie, 0k—1) |~7'—k—1}

— S E[V,g(X,Y,0)V,g(X,Y,0)] =H,

n——+00
and assumption (H2a) is so fulfilled.

Conclusion 2. If X admits a second order moment, Assumptions (A1),
(A2), (H1), (H2a) are verified and Theorem 3.2 holds, i.e

Inn
16, —6|]* =0 (n> a.s.

Verifying (H2b). Note that thanks to inequalities (34) and (36),

H]E [vhg (X,Y,h) Vg (X,Y, 1) — Vg (X,Y,0) Vj (X, Y,@)T} H <E [Ha(x,h) — (X, 0)| Hxﬂ
< 4KE [[|X]|*] | —6]]>.

Then, thanks to Toeplitz lemma, it comes that for all 6 > 0,

1 T
X — X/ 7 — — _H
n+1k;]E [th( ke Yo Ok—1) Ving (X, Yy, 0—1) " | Fk 1} H
4
R[N ey
“n+1 n+1 = 1 n o
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Then,
[~ HIF=0(55) s

and (H2b) is so verified.

Conclusion 3. If X admits a fourth order moment, Assumptions (A1),
(A2), (H1), (H2a) and (H2b) are fulfilled, so that Theorem 3.3 holds, which

can be written, since
IE [th (X,Y,0) Vig (X, Y,G)T} —H,

as

Vi (0, —0) —E 5 N (O,H‘1> .

n——+oo

O]

Proof of Theorem 5.3. Verifying (H1’) and conclusion 1. If X admits a sec-
ond order moment, with the same calculus as in the proof of Theorem 5.2,
up to take B < v —1/2 instead of B < 1/2, one can check that this assump-
tion is verified. Then, 6,, and 6:,» converge almost surely to 0.

Verifying (H2a") and conclusion 2. If X admits a fourth order moment,
with the same calculus as in the proof of Theorem 5.2, up to take p < v —
1/2 instead of B < 1/2, one can check that this assumption is verified.

Then,
~ 2 Inn
6 el =0 (")

Furthermore, let us recall that
n—1 B
O — 0 = Kup (90,1— - 9) + Z Kk Te+1 (Gk - 9)
k=0

and that |k, 0| = O (n~ 7). Furthermore, applying Lemma 4 in [13], for all
6>0,

n—1 B 1 1/246/2
i o (B2)
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leading, since T > 1/2, to
1+6
o =01 =0 (F22) s

Verifying (H2b). Note that thanks to inequalities (34) and (36),

H]E (Vig (X, Y, 1) Vig (X, Y, ) = Vg (X, Y,0) Vi (X,Y,0)"] |
<E [[lo(X, 1) = o(X,0)[* | X|*] < 4KE [|IX]*] [Ih - 6]>.

Then, thanks to Toeplitz lemma, it comes that for all 6 > 0,

n+1/ ZE [vhg(x"’y"’eﬂf 1) Vig (X, Yi, 07— 1) | Fe— 1} _HH

H 4KE ||X||

| H| {

< + z _
—n+1 n+1 HGTkl QH

=0 <(1n:1131+‘5> a.s.

Then, since p <y —1/2,

= 2 1
|H, - H]| 20(7125> as,

and (H2b) is so verified.

Conclusion 3. If X admits a fourth order moment, Assumptions (A1),
(A2), (HT"), (H2a’) and (H2b’) are fulfilled, and Theorem 4.3 holds, i.e

Inn

||9m—9|\:o<> as  and \/E(GM—G)—U\/(OH)

n n—-+oo

O]
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B Additional figures
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Figure 6: (Softmax regression with heteroscedastic Gaussian variables)
Mean-squared error of the distance to the optimum 6 with respect to the
sample size for different initializations: 6y = 6 4 roU, where U is a uniform
random variable on the unit sphere of RY, with ro = 1 (left), rp = 2 (mid-
dle) or ry = 5 (right). Each curve is obtained by an average over 50 different
samples of size n = 5000 (drawing a different initial point each time).
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